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Abstract
Long-term climate projections require running global Earth system models on timescales of hun-
dreds of years and have relatively coarse resolution (from 40 to 160 km in the horizontal) due to
their high computational costs. Unresolved subgrid-scale processes, such as clouds, are described
in a semi-empirical manner by so called parameterizations, which are a major source of uncer-
tainty in climate projections. Machine learning (ML) models trained on short high-resolution
climate simulations are promising candidates to replace conventional parameterizations. In this
work, we take a step further and explore the potential of quantumML, and in particular quantum
neural networks (QNNs), to develop cloud cover parameterizations. QNNs differ from their clas-
sical counterparts, and their potentially high expressivity turns them into promising tools for
accurate data-driven schemes to be used in climate models. Here we perform an extensive com-
parative analysis between several QNNs and classical neural networks (NNs), by training both on
data coming from high-resolution simulations with the ICOsahedral Non-hydrostatic weather and
climate model (ICON). Our results show that the overall performance of the investigated QNNs
is comparable to that of classical NNs of similar size, i.e. with the same number of trainable para-
meters, with both approaches outperforming standard parameterizations used in climate models.
Our study also includes an analysis of the generalization ability of the models as well as the geo-
metrical properties of their optimization landscape. We furthermore investigate the effects of finite
sampling noise, and show that the training and the predictions of the QNNs are stable even in this
noisy setting. This work critically investigates the applicability of quantumML to learn meaning-
ful patterns in climate data, and is thus relevant for a broad range of problems within the climate
modeling community.

1. Introduction

One of the requirements for improving mitigation and adaption strategies against climate change is
the ability to perform reliable long-term climate projections using climate models. Climate models are
numerical models that simulate the evolution of the various components of the Earth system [1, 2].
In a climate model, the equations governing the dynamics of the atmosphere are discretized on a grid
with horizontal extension on the order of tens of kilometers, to enable ensembles of climate projec-
tions over several decades. Due to this relatively coarse horizontal resolution, current climate models
are still affected by systematic biases compared to observations, despite continuous improvements [3, 4].
At these horizontal resolutions, important physical processes such as clouds, convection or turbulence
cannot be resolved, and their effect must be re-introduced in the climate model in an approximate man-
ner by so-called parameterizations [5–7]. The structural and parametric uncertainties in conventional
parameterization schemes are a source of the aforementioned remaining biases [3, 8–10]. Machine learn-
ing (ML) models are promising candidates to replace conventional parameterizations [10–13]. Several
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uses of ML for parameterizations have been proposed in the literature, with prominent applications to
radiation [14–17], convection (using different approaches such as random forests [18], or neural net-
works (NNs) [19–22]) and cloud cover [23, 24]. One of the strategies in employing ML is to develop
data-driven schemes trained on coarse-grained data coming from high-resolution climate simulations,
where convection and clouds are more explicitly resolved. While enabling numerous improvements, the
use of ML also introduces several challenges [12]. These include the need of complex yet trainable mod-
els to encompass various physical scenarios, the need of large amounts of training data, and the ability
to generalize to unseen climate regimes [12].

In this work, we explore whether quantum ML (QML) [25–27] can yield novel data-driven
approaches that help address these challenges. We address this question by focusing on a specific
parameterization task, that of cloud cover, and analyzing a specific type of QML approach known as
quantum NNs (QNNs) [28]. A QNN is a sequence of operations implemented on a real or simulated
quantum computer, that depend on trainable parameters and define a trainable transformation of the
data that is provided as input [28]. Due to the fundamentally different nature of how data is encoded
and operations are implemented in quantum computers, QNNs constitute a different type of ansatz
compared to classical NNs. Several theoretical works have highlighted their higher expressivity for certain
tasks [29, 30] (i.e. their ability of representing classically intractable functions), their good generalization
capability [31–34], and provided hints to their well-behaved optimization landscape which may result in
a good trainability [35]. Our aim is to perform a thorough comparative analysis between quantum and
classical NNs on the selected parameterization task, to assess whether QML models lend themselves to
learning patterns in climate-specific data better than their classical counterparts.

Broadly, the field of QML expands in several directions, including supervised learning for regres-
sion and classification [28], generative modeling [36–39] and kernel methods [40, 41]. The number
of QML applications to classical problems and datasets is rapidly growing (e.g. classical computer vis-
ion datasets [42, 43], high-energy physics and astrophysics datasets [44–46], clinical datasets [47, 48],
anomaly detection [49], natural language processing [50, 51], to name a few), thus potentially increasing
its scope beyond purely quantum-related problems. There is also growing interest in the application of
quantum computing and QML in the context of weather and climate science (for instance, for solving
the underlying differential equation [52–54], developing emulators [55], climate data analysis [56, 57],
or addressing sustainability challenges [58, 59]; see also [60–62] for reviews on the topics). The applic-
ation of QML to classical data is still in its infancy. This is due to the noise and limited size of current
noisy intermediate-scale quantum (NISQ) devices [63], which limit the complexity of the algorithms
that can be run, and the amount of classical data that can be effectively loaded on a quantum device
[27]. Furthermore, simulating large-scale quantum algorithms on classical computers is known to be
computationally hard [64]. The tests reported in the literature provide an empirical standpoint of the
field, and it is still unclear how much quantum advantage can be distilled from QML in the long run.
For instance, certain provably trainable QML models could be classically simulated [65–67], and for sev-
eral experiments in the literature it is hard to disentangle quantum and classical contributions to the
performance [68, 69]). Nevertheless, these empirical studies are important for understanding the applic-
ability of QML, and our comparative analysis provides a thorough assessment for a highly relevant task
in climate modeling.

The specific task we address here is the parameterization of cloud cover, that is, determining the
cloudy fraction of a climate model’s cell based on the cell’s state variables. Accurately estimating the
cloud cover from large-scale variables is a crucial task for climate models [70], as cloud cover is often
used as input in subsequent parameterizations [71, 72]. Traditional parameterization schemes often dia-
gnose cloud cover primarily as a function of relative humidity [73–76], a simplified approach that limits
their ability to capture complex sub-grid variability [77]. Classical ML based on NNs has proven benefi-
cial in improving the accuracy of cloud cover parameterizations [23] with respect to the aforementioned
approaches. Building on these results, we analyze the performance of QNNs as data-driven cloud cover
parameterization schemes and compare them with their classical counterparts. We perform numerical
simulations training and evaluating QNNs and classical NNs on coarse-grained data coming from high-
resolution simulations with the ICOsahedral Non-hydrostatic weather and climate model (ICON) [78],
which were part of the DYnamics of the Atmospheric general circulation Modeled On Non-hydrostatic
Domains (DYAMOND) project [79, 80]. The training data is described in section 2. Following [23], we
train and evaluate the models offline, i.e. without coupling them with the dynamical core of the climate
model. The quantum and classical models, described in section 3, are compared on several aspects:
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• Prediction accuracy (section 4.1), i.e. performance metrics (cloud cover biases and mean devi-
ations, horizontally and vertically resolved), for models with comparable size (number of trainable
parameters).

• Generalization capabilities (section 4.2), i.e. the number of training data required to achieve a certain
prediction accuracy, for models with comparable size.

• Trainability (section 4.3), i.e. the number of training epochs required for the classical or quantum
model to reach its optimal configuration.

On these tests, our QNNs perform comparably to standard NNs, thus highlighting the applicability of
QML to a specific, yet highly relevant, parameterization. Furthermore, since quantum devices require
repeated measurement rounds, also called shots, to estimate the QNNs’ outputs [81], we also investigate
the effects of finite number of shots, in view of a practical implementation. We do so for both the train-
ing and the prediction stage of QNNs, and show that our QNNs can train stably even in presence of
such finite sampling noise. This is shown in section 5. Our work highlights an important and timely use
case of QML while also discussing its potential limitations, and is an important contribution the study
of quantum or quantum-inspired improvements of climate projections.

2. The training data

The training data used in this work is obtained from global high-resolution ICON simulations, from the
DYAMOND project [79, 80, 82]. These simulations offer an improved representation of clouds and con-
vection compared to simulations at climate model resolutions [83]. They consist of 40 simulated days
starting on the 1st August 2016, and 40 simulated days starting on the 20th January 2020, with a resol-
ution of approximately 2.5 km in the horizontal, on a global domain with three-hourly outputs. In both
cases, the first 10 days have been discarded as spin-up time of the simulation, to have training and test-
ing datasets more closely representing physically realistic conditions.

Following [84] we define a high-resolution grid cell to be cloudy (cloud cover = 1) whenever a
meaningful cloud condensate (cloud water or cloud ice) amount is detected (i.e. when specific cloud
condensate content exceeds 10−6 kg kg−1) and to otherwise be cloud-free (cloud cover = 0). Such a bin-
ary setting of cloud cover is much more sensible at the high horizontal and vertical resolution of the
storm-resolving model simulations than at coarse climate model resolutions (since at these high resolu-
tions clouds are much more likely to occupy entire grid cells).

The data is then coarse-grained to a horizontal resolution of approximately 80 km (corresponding
to an R2B5 ICON grid, a typical climate model resolution), and vertically from 58 to 27 model levels
below an altitude of 21 km, following [23, 24]. The coarse graining procedure followed here is based on
calculating the mean value of the high-resolution state variables (including cloud cover) over the tar-
get (coarser) grid cells. We refer the reader to [23] (appendix A) for a detailed description of the coarse
graining procedure and to [23, 24] where the corresponding coarse graining and processing scripts are
provided. and The resulting cells have an area of approximately 6.4× 103 km2, and their vertical exten-
sion varies with the model level. The vertical resolution of the bottom-most cells is approximately 0.1
km, and increases to up to 2 km for the top layers, following the terrain-following hybrid sigma height
grid of ICON [78]. After coarse-graining, cloud cover in a given cell can take any value between 0 and
1, representing the fraction of the cell that is occupied by clouds. Given that cloud cover cannot exist
in the absence of cloud condensate, we remove from the dataset all the cells where the total amount
of cloud condensate (per cell) is zero. This results in a dataset which is more balanced, i.e. where the
cloud-free samples are less over-represented. The resulting distribution of cloud cover is shown in
figure 9(g) in appendix A (the removal of condensate-free cells reduces the number of cloud-free cells
by roughly one order of magnitude).

The coarse-grained state variables chosen as predictors for the cloud cover in the corresponding
model cell are chosen among the following ones:

• qv [kg kg−1]: specific humidity,
• qc [kg kg−1]: specific cloud water content,
• qi [kg kg−1]: specific cloud ice content,
• T [K]: air temperature,
• p [Pa]: pressure,
• hw =

√
u2 + v2 [m s–1]: magnitude of horizontal wind component (with u and v being the zonal and

meridional components, respectively),
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• zg [m]: geometric height at full level,
• ϕ [rad]: latitude.

The selection of these variables is based on previous works on ML-based cloud cover parameterizations
[23, 24]. The distributions of these variables on the training dataset is shown in figure 9 in appendix A.
These constitute the inputs to the QNNs described in the following sections. For every model cell, our
QNNs diagnose the cell cloudiness based on (a subset of) the above cell’s state variables.

3. QNNs as parameterizationmodels

The approach we use to construct our QNN-based parameterization for cloud cover is summarized in
figure 1. The data resulting from the coarse-graining procedure described above constitute the training
dataset D = {xi,yi}i, where xi ∈ RN denotes the selected coarse-grained state variables used as inputs and
yi ∈ R the output corresponding to the coarse-grained cloud cover clc(xi), for the ith model cell (at a
specific spatial location and point in time). These data are used for training our QNNs in a supervised
manner, i.e. optimizing the QNNs’ free parameters such that their output for a given input xi approxim-
ates clc(xi) as closely as possible. QNNs are based on a parameterized quantum circuit (PQC) realizing
the unitary operator Ûθ(x), depending on the inputs x and on the union of all sets of trainable para-
meters θ ∈ RD. During optimization, all parameters in θ are adjusted so that the distance between the
QNN output fθ(x) and clc(x) for all x ∈ {xi}i is minimized. In the following, we discuss the details of
our implementations of Ûθ(x) and how the QNN output fθ(x) is constructed.

3.1. Architecture choice
A schematic visualization of the PQC forming the backbone of our QNNs is shown in figure 2. In this
work, the number of qubits is equal to the number N of input features, i.e. the components of the vec-
tor x. Before the application of the QNN circuit, all the qubits are initialized in the |0⟩ state. The first
step in the QNN development is the encoding of the classical inputs x in the state of the qubits. In our
implementation, we encode the input features as angles of single-qubit x rotations, which results in the
encoding layer

Ŝ(x) =
N∏

n=1

e−i xn2 σ̂x
n , (1)

where xn is the nth component of x and σ̂x
n being the Pauli matrix generating the rotation of the nth

qubit around the x axis. Noting that e−i xn2 σ̂x
n |0⟩= cos( xn2 )|0⟩− i sin( xn2 )|1⟩, it is easy to understand that

the functions this encoding generates are trigonometric functions of the inputs xn, and that applying
Ŝ(x) to the qubits several times, i.e. re-uploading the data [85, 86], increases the number of Fourier fre-
quencies that our model can capture [86, 87]. We refer the reader to appendix B for a more explicit dis-
cussion of the QNN functional form.

The second step in the QNN development is to introduce trainable parameters. We do so by intro-
ducing so called variational blocks, denoted with V̂(ϑ(k)) (with k= 1, . . .,nenc), depending on train-
able parameters ϑ(k), as elements of the PQC implementing the QNN. These interleave subsequent
applications of Ŝ(x), which amount to nenc data re-uploads. Additionally, to further increase the num-
ber of trainable parameters, additional nvar variational blocks Ŵ(φ(ℓ)) (with ℓ= 1, . . .,nvar), depend-
ing on trainable parameters φ(ℓ), are applied at the end of the PQC. The specific form of the V̂(ϑ(k))
and Ŵ(φ(ℓ)) variational blocks is specified later on in this section. Importantly, these blocks contain
entangling operations, i.e. circuit operations that correlate different qubits and therefore generate correl-
ations among the different input features xn. The resulting unitary operator describing the PQC reads as

Ûϑ,φ (x) =
nvar∏
ℓ=1

Ŵ
(
φ(ℓ)

) nenc∏
k=1

(
V̂
(
ϑ(k)

)
Ŝ(x)

)
, (2)

where the subscripts ϑ,φ denote the dependence on the sets ϑ= {ϑ(k)}k and φ= {φ(ℓ)}ℓ.
As third and last step of the QNN implementation, after the PQC computation, the expectation

values

⟨σ̂z
n⟩ϑ,φ (x) = ⟨0|Û†

ϑ,φ (x) σ̂z
n Ûϑ,φ (x) |0⟩ (3)
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Figure 1. Schematics of our approach for developing a QNN-based parameterization. We coarse-grain high-resolution data to the
target resolution, and construct a training dataset with coarse-grained state variables x as inputs and the corresponding coarse-
grained cloud cover clc(x) as output. The dataset is used to train a QNN, i.e. to optimize the parameters θ so that the QNN out-
put fθ(x) approximates clc(x).

Figure 2. Schematics of our QNN architecture. The data x is uploaded nenc times as angles of single-qubit rotations (blue boxes).
In our implementation, each input feature is uploaded to the same qubit each time. These re-uploading gates are interleaved with
variational blocks V̂(ϑ(k)) containing entangling gates and trainable parameters ϑ(k) (k= 1, . . . ,nenc). Afterwards, a sequence of
nvar variational blocks Ŵ(φ(ℓ)) (ℓ= 1, . . . ,nvar) are applied. In the end, the expectation values of σ̂z on all qubits are measured,
and a weighted average of those is performed, with trainable weights w and a bias term b. The result fθ(x) should approximate
clc(x) after training the parameters θ = {{ϑ(k)}k,{φ(ℓ)}ℓ,w,b}.

are measured on the output state, and their weighted average with trainable weights w is computed,
finally yielding the QNN prediction as

fθ (x) = b+
N∑

n=1

wn ⟨σ̂z
n⟩ϑ,φ (x) , (4)

with wn being the nth component of w, b an additional trainable parameter (bias), and θ summarizing
all the parameters ϑ, φ, w, and b.

In this work, we focus on two architectures for the encoding and variational blocks in Ûϑ,φ(x). We
label the resulting QNN architectures with XYZ and ZZXY. For the XYZ circuit architecture, the encod-
ing blocks take the following form

V̂XYZ (ϑ) = R̂yy

(
ϑ(2N−1)→(3N−3)

)
R̂xx

(
ϑN→(2N−2)

)
× R̂zz

(
ϑ1→(N−1)

)
,

(5)

where R̂αα(ϑ) =
∏N−1

n=1 e
−iϑn

2 σ̂α
n σ̂α

n+1 , with σ̂α
n being the α= x,y,z Pauli matrix acting on the nth qubit,

and ϑi→j denoting the slice of ϑ from the ith to jth component. The variational blocks for XYZ read as

ŴXYZ (φ) = R̂x

(
φ(3N−2)→(4N−3)

)
× R̂yy

(
φ(2N−1)→(3N−3)

)
× R̂xx

(
φN→(2N−2)

)
R̂zz

(
φ1→(N−1)

)
,

(6)

where R̂α(φ) =
∏N

n=1 e
−iφn

2 σ̂α
n . For the ZZXY architecture the encoding and variational blocks take the

following form

V̂ZZXY (ϑ) = R̂y

(
ϑN→(2N−1)

)
R̂zz

(
ϑ1→(N−1)

)
, (7)
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and

ŴZZXY (φ) = R̂y

(
φ2N→(3N−1)

)
R̂zz

(
φ(N+1)→(2N−1)

)
× R̂x (φ1→N) .

(8)

We refer the reader to appendix C for a comparison with other investigated types of QNNs. In this
work, the investigated QNNs are numerically simulated in Python using the Pennylane library [88] and
optimized with JAX [89].

3.2. Input features and pre-processing
The components of the input vector x are chosen among the cell’s state variables listed in section 2,
namely specific humidity qv, specific cloud water content qc, specific cloud ice content qi, temperature T,
pressure p, horizontal wind hw, geometric height at full level zg, and latitude ϕ. Given the different mag-
nitudes and distributions of these input features, it is necessary to suitably transform and re-scale them
so that they can be encoded as angles in our PQCs. For the features T, p and zg we found it sufficient
to perform a min-max (linear) re-scaling within the interval [0,π]. For the features qv, qc, qi and hw
the situation is slightly more complex, since their distribution is sharply peaked at 0 and contains long
decaying tails, in particular for qc, qi. For these features we perform a non-linear transformation spe-
cifically constructed to (i) make the input feature distribution more uniform, so as to better distinguish
from each other the values close to 0, and (ii) retain the input feature variability in the tails, which are
associated with physical scenarios we are interested in distinguishing (such as deep convective regimes
or extreme events). To achieve these objectives, we apply a logarithmic transform on these inputs, whose
details are provided in appendix A. These input transformations are reminiscent of the cumulative dis-
tribution function of the features (which is known to map to uniform distributions). However the log-
arithmic dependence of our transformation functions on the input feature allows for retaining the vari-
ability in the tails of the input distribution, which otherwise would be all mapped to values very close to
1. The transformed features qv, qc, qi and hw are then multiplied by a factor π, and become approxim-
ately distributed in the interval [0,π], so that they can be used as angles in the PQCs. To enable a proper
comparison between quantum and classical NNs, the same input transformations are used in both cases.

As an additional pre-processing step further enhancing the performance of our networks, it is bene-
ficial to learn a transformed version of cloud cover, i.e. to set the outputs yi in the training set to
yi = g(clc(xi)), with g denoting a suitable transformation function. The transformation function g is
constructed to have the training outputs yi approximately uniformly distributed in the interval [0,1],
given that the original cloud cover distribution is sharply peaked at 0 and 1, as we show in appendix A.
An explicit expression of this transformation is given in appendix A.

3.3. Training QNNs
In an actual implementation of QNNs on quantum devices, the training of the parameters θ is achieved
via a quantum–classical feedback loop [90, 91]. At each iteration of this loop the QNN is run on the
quantum device for given parameters θ and the cost function is computed, and its value is used to pro-
pose new parameters to be used in the QNN at the next iteration. In our case, the computations of the
QNN which would take place on a quantum device are simulated numerically. The cost function we
minimize for training is the mean squared error (MSE) over the training dataset D of size Ntrain = |D|,
computed as

MSED(θ) =
1

Ntrain

Ntrain∑
i=1

(
fθ(xi)− yi)

)2
, (9)

with yi = g(clc(xi)). The parameters θ are updated using gradient descent methods. Specifically, we use
the Adam optimizer [92]. This requires the ability of calculating the gradients of the cost function with
respect to the parameters efficiently, which for QNNs can be done using the parameter-shift rule [93,
94]. In our case all the gate generators are (one half times) Pauli operators multiplied by the variational
parameters, and we can use the following form for the parameter-shift rule

∂⟨Ô⟩ϑ
∂ϕj

=
1

2

(
⟨Ô⟩ϑ+π

2 ej
−⟨Ô⟩ϑ−π

2 ej

)
, (10)
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Table 1. Summary of the quantum (upper table) and classical (lower table) architectures used in the main text. For the quantum
models, N refers to the number of qubits, corresponding to the number of features, and nenc and nvar to the number of encoding and
variational blocks in the PQC, respectively. For the classical models, the number of nodes in the hidden NN layers is shown (the first
‘visible’ layer is the input layer with N input nodes, and the last layer is the output layer with one node). Both classical NNs use tanh
activations. D is the number of trainable parameters.

QNN N nenc nvar D Input features

XXY8
5,3 8 5 3 201 {qv,qc,qi,T,p,zg,hw,ϕ}

ZZXY8
2,7 8 2 7 200 {qv,qc,qi,T,p,zg,hw,ϕ}

XXY6
4,2 6 4 2 109 {qv,qc,qi,T,p,hw}

ZZXY6
2,5 6 2 5 114 {qv,qc,qi,T,p,hw}

NN Hidden layers D Input features

NN8
12,6,2 12→ 6→ 2 203 {qv,qc,qi,T,p,zg,hw,ϕ}

NN6
8,3,7 8→ 3→ 7 119 {qv,qc,qi,T,p,hw}

with ⟨Ô⟩ϑ = ⟨0|Û†
ϑ Ô Ûϑ|0⟩, where Ô is a generic observable and Ûϑ is the unitary corresponding to the

PQC with parameters ϑ (analogous rules for the derivatives w.r.t. φ apply), where we dropped the pos-
sible dependence on the inputs x. Applying this formula to our instances of PQCs, we obtain the gradi-
ents of the expectation values ⟨σ̂z

n⟩ϑ,φ(x) and use them for computing the derivatives of equation (9).

4. Results in the noiseless regime

In this section we present the results from our QNNs in the absence of sampling noise, i.e. with the
expectation values ⟨σ̂z

n⟩ϑ,φ(x) evaluated to numerical precision. This allows us to more directly assess
the learning and representational capabilities of our networks in the context of cloud cover parameteriza-
tions, and to make a better comparison with other existing classical schemes.

4.1. Evaluation of QNN predictions and comparison with classical schemes
We start by presenting the results of our QNNs trained and evaluated on the DYAMOND dataset, com-
paring them with classical methods such as classical feed-forward NNs and a traditionally used cloud
cover parameterization scheme. To enable a fair comparison between the representational capability of
QNNs and classical NNs, we restrict the architectures of the latter to a number of trainable paramet-
ers (approximately) equal to that of our QNNs. The specific details of the QNN and NN architectures
are given in table 1 (with further details on the classical architectures in appendix D). For quantum and
classical NNs, these design choices are optimized for reaching the best performance for a fixed number
of trainable parameters. All compared models are given the same input features and are trained with the
same number of training data for the same number of epochs. The influence of the number of training
data on the performance of the networks and the analysis of the training dynamics is analyzed in the
next sections. Here we focus on the evaluation of the predictions of the trained quantum and classical
networks, while comparing them with a standard cloud cover scheme that sets the baseline of what is
commonly used in climate models.

The quantum and classical network architectures presented in this section use the eight input fea-
tures {qv,qc,qi,T,p,zg,hw,ϕ} (corresponding to the XXY8

5,3, ZZXY
8
2,7, and NN8

12,6,2 models in table 1).
All networks are trained for 200 epochs on Ntrain = 2× 105 training data from the coarse-grained
DYAMOND dataset, with samples randomly selected at random locations in space and time. After train-
ing, we evaluate the networks on a testing dataset Dtest, extracted from the coarse-grained DYAMOND
dataset. As for the training set, the testing samples are extracted at random locations in space and time
(with care taken in not making them overlap with the training samples). We furthermore kept a selected
day as additional testing set for investigating the spatial distribution of the biases (shown in figures 3(c)–
(f), discussed later in this section). Besides the MSE defined in equation (9), another metric we use to
evaluate the performance of our networks is the R2 coefficient of determination defined as:

R2 = 1− MSEDtest

VarDtest (clc)
, (11)

where VarDtest(clc) denotes the variance of the true cloud cover value over the testing dataset. Further
evaluation metrics for our networks are discussed in appendix E. As a baseline to compare our QNNs to
cloud cover schemes currently used in climate models, we use a version of the parameterization scheme
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Figure 3. Evaluation of quantum neural networks (QNNs) compared to a classical NN and the Xu–Randall scheme. (a) and (b)
show the vertical profiles of the mean cloud cover (i.e. the horizontally averaged cloud cover for each model layer) for the XYZ
(blue) and ZZXY (orange) QNNs, respectively. These are compared with the predictions from a classical NN (grey), and from the
Xu–Randall scheme (green). The insets show the corresponding vertically resolved R2 coefficients. The shaded areas correspond
to the spread (minimum to maximum) over an ensemble of 20 training instances (i.e. training the model on the same data but
starting from different random initial parameters). Panels (c), (d), (e) and (f) show global maps of the difference between the
predicted and the true vertically averaged cloud cover for a specific simulated day (29 February 2020, 15:00 UTC+00:00), for
predictions from the XYZ QNN, ZZXY QNN, the classical NN and the Xu–Randall scheme, respectively. All networks are trained
for 200 epochs with Ntrain = 2× 105 training data. Remark: the MSE and R2 shown here are calculated on the non-transformed
output, i.e. after applying the inverse output transform clc= g−1( f ).

developed by Xu and Randall [75, 95], which is a semi-empirical scheme defined by:

clcXR =min
{
1, RH(qv,p,T)

β
(
1− e−α(qc+qi)

)}
, (12)

where α= 4.034× 104 and β= 0.9942 are parameters whose values we optimized (via standard MSE
minimization) to reach the best performance over our training dataset. In the above equation, RH
denotes the relative humidity which is calculated as:

RH(qv,p,T) =
pv (qv,p)

ps (T)
=

p

ps (T)

qv
0.622+ 0.378qv

, (13)

where pv(qv,p) is the water vapor pressure and ps(T) is the saturation vapor pressure (calculated accord-
ing to [96]).

The QNN and NN predictions and their comparison with the Xu–Randall scheme are shown in
figure 3. Looking at the vertical mean cloud cover profiles, we see that the quantum and classical NNs
accurately predict the true profile (denoted by the dashed black line), while the Xu–Randall scheme
exhibits visible biases throughout the whole vertical extent up to approximately 17 km, where the
amount of condensate is so low that no cloud cover is diagnosed. Furthermore, quantum and clas-
sical networks are comparable also in terms of the prediction spread over the 20 training instances per-
formed (where each instance corresponds to a training run starting from a randomly initialized para-
meter set). To better address the differences between the accuracy of QNNs and of classical NNs, we
consider the vertically resolved R2 coefficient in the insets. There we can see that, while both types of
networks achieve a good prediction performance, the classical NN has a slightly better performance with
a higher R2 value of approximately 0.01 throughout the whole vertical extent. The drop in R2 value for
all architectures for altitudes above 15 km is due to the fact that at such high altitudes there is very low
probability of observing clouds, meaning that the variance of cloud cover over the testing set at those
altitudes is close to zero. Similar conclusions can be drawn from the global bias maps shown in panels
(c), (d), (e) and (f) of figure 3. There, we show the bias of vertically averaged cloud cover with respect
to the coarse-grained DYAMOND data for a selected day used for testing. As before, we see that the
Xu–Randall scheme has the strongest prediction biases, whereas XYZ, ZZXY and NNs all achieve sim-
ilar performances. In particular, we observe that all these networks show similar spatial distributions of
the biases, with NNs achieving slightly lower MSE compared to the quantum architectures. We do not
have a conclusive explanation for the slightly better performance of classical NNs over our QNNs for
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our task. However, we find it plausible that the NNs used here as comparison (which are the best per-
forming ones on our task—see appendix D for details on them) may be slightly better suited for our
task, in terms of the functional properties they can access. More specifically, as mentioned in section 3.1
and further explained in appendix B, our QNNs can be seen as combinations of trigonometric func-
tions with a number of frequencies (per input feature) bounded by the number of re-uploads. This
functional form, although sufficient to reach a good accuracy overall, may be not enough to paramet-
erize potentially sharp dependencies. In contrast, the NNs used here consist of sequential applications of
functions of exponential nature (namely tanh functions, see appendix D for details). This makes them
potentially better suited to capture strongly non-linear (in the sense of rapidly changing) functions. Let
us for example focus on the modest negative bias in the snapshot of vertically averaged cloud cover over
Amazonia in the QNNs predictions, a bias which is less pronounced in the case of classical NNs. This
region is characterized by strong land-atmosphere coupling and frequent deep convection events with
properties and occurrence that are peculiar to Amazonia and different from other rain forests such as the
Congo [97]. These deep convective events are often characterized by rapid shallow-to-deep transitions
[98, 99] governed by the evolution of free-tropospheric stability during the diurnal cycle [100]. From the
perspective of QNN functional properties, the Amazonia bias observed here might be a hint of a slightly
reduced representational performance of our QNNs compared with the classical NNs in this deep con-
vective regime, likely characterized by strongly non-linear dependencies among state variables [98, 99].
However, a more thorough climatological analysis would be required to confirm this hypothesis.

We point out that this is not a universal deficiency of general QNNs. The representational per-
formance of QNNs depend on the data encoding chosen, and one can adopt different and more flex-
ible encoding strategies encompassing an increased set of frequencies [101], or different types of basis
functions [102]. Investigating these options is subject of future work. Overall, our QNNs show very sim-
ilar performance to the classical networks with both achieving a high prediction accuracy and moderate
cloud cover biases, thus demonstrating that QML can yield suitable models to predict patterns in climate
data. A further analysis of the QNN biases, e.g. investigating their vertical profiles, could help to detect
the specific meteorological conditions where they struggle, and to devise strategies to improve them. In
the next sections, we compare our QNNs with classical NNs on further aspects beyond the standard per-
formance metrics.

4.2. Generalization in quantum and classical NNs
In this section, we address the in-distribution generalization ability of our QNNs and compare it to that
of classical NNs. In-distribution generalization refers to whether a supervised learning model can gen-
eralize to unseen data extracted from the same distribution of training data. Here, our goal is to under-
stand whether QNNs show better generalization abilities by requiring less training data to reach the same
test performance. To this end, for both types of networks, we compute the scaling of the performance
metrics (R2 and MSE) with the size Ntrain of the training dataset, where the metrics are computed on
a testing dataset Dtest of size 2× 105 following the same distribution as the training set. Here, we use
slightly smaller networks compared to the previous section, to reduce the training runtime of the QNNs
for gathering sufficient statistics for our training instances. Specifically, we use the architectures repor-
ted in table 1 with six input features. In the comparison, both R2 and the MSE (figure 4) show a scaling
with Ntrain that is very similar for the classical and quantum networks. The degradation of the predic-
tion performance happens approximately at the same value of Ntrain, and furthermore no significant
difference between our XYZ and ZZXY models can be seen. The MSE loss on the testing dataset fol-
lows approximately a 1/

√
Ntrain scaling for Ntrain ⩾ D until saturation due to model deficiency starts to

occur, which is consistent with the scaling laws reported in the works on generalization in QML [32,
33]. Classical and quantum NNs follow approximately the same scaling with the same pre-factors, and,
consistently with the observations in the previous section, we see that for large values of Ntrain the clas-
sical NNs achieve a slightly better prediction performance.

4.3. Trainability from the perspective of information geometry
In this section, we analyze the training dynamics of our QNNs and NNs, and try to establish a connec-
tion with the geometrical properties of their optimization landscape, along the lines of [35]. The authors
of [35] use tools from information geometry, in particular the Fisher information matrix (FIM), set-
ting them in relation with the trainability of a model, and introduce a quantity called ‘effective dimen-
sion’, which they use to prove generalization bounds. They conduct numerical experiments comparing
classical and quantum NNs, and empirically show that QNNs have a better behaved (i.e. more evenly
spread) FIM spectrum and a higher effective dimension, which in their experiments results in a faster
and more stable training compared to classical networks. Motivated by these empirical observations, here
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Figure 4. Scaling of network performance with size of the training set Ntrain. The grey points correspond to the tested classical
NNs (the six architectures with six input features discussed in appendix D), with one point corresponding to a specific training
instance for the given Ntrain, starting from randomly initialized parameters. The blue and the orange data correspond to the XYZ
and the ZZXY QNNs, respectively. We plot 10 training instances per Ntrain value and architecture. For the QNNs, the dots indic-
ate the mean over the training instances for a given Ntrain, while the shading denotes the spread (minimum to maximum). The
main panel shows the R2 score, the inset the MSE, both calculated over a test set of size 105. Remark: the MSE and R2 shown here
are calculated on the non-transformed output, i.e. after applying the inverse output transform clc= g−1( f ).

we conduct a similar experiment. Specifically, for each quantum and classical network tested, we draw
an ensemble of random parameter configurations (here consisting of 200 samples), and use it for con-
structing an ensemble of training instances on the one hand, and to calculate the FIM and the models
effective dimension on the other hand. Before presenting the results, we briefly recap the definition and
meaning of the FIM and effective dimension.

The FIM describes the geometrical properties of the parameter space of a parameterized model
[103]. It is a central tool in the field of information geometry, as it defines a metric in the model space,
i.e. the space of functions a parameterized model can represent [103–105]. While the FIM is typic-
ally defined for probabilistic models, its definition can be extended to the regression models studied
here (see [106, 107] and appendix F for details). In this case, the elements of the FIM are computed as
follows

Fj,k (θ) = Ex

[
∂fθ (x)

∂θj

∂fθ (x)

∂θk

]
≈ 1

|D|
∑
x∈D

∂fθ (x)

∂θj

∂fθ (x)

∂θk
,

(14)

with Ex denoting the expected value over the input distribution, which is empirically approximated by
averaging over the (training) dataset D. The FIM F is a D×D positive semi-definite matrix. Giving rise
to a metric in model space, the FIM encodes information on which directions in the parameter space
lead to appreciable changes in the outputs of the model, and which directions are instead less influential
or redundant. This information is reflected in the spectrum of the FIM: an evenly spread and non-zero
spectrum indicates that all parameters are almost equally contributing to independent model changes,
whereas the presence of small or zero eigenvalues means that the corresponding parameters (or linear
combinations thereof) are irrelevant. Based on this observation, the FIM spectrum becomes a useful
indication of the capacity of a model to effectively explore its parameter space, ‘making use’ of all its
degrees of freedom. This capacity, according to [35], may also be beneficial during training. The (nor-
malized) effective dimension introduced in [35] is constructed to capture this capacity, and is defined as

d̂eff =

2 log

(
1
VΘ

´
Θ

√
det

(
ID + cNdata F̂(θ)

)
dθ

)
D log cNdata

, (15)
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Figure 5. (a) Spectra of normalized FIM for classical NN (grey), and the XYZ (blue) and ZZXY (orange) QNNs. The dots corres-
pond to the mean value over the 200 random parameter initializations, while the shading denotes the spread (minimum to max-

imum). To estimate the FIM we use 9× 106 input data. The normalized effective dimension d̂eff is also reported in the legend. (b)
Training curves for 200 training instances for classical NN (grey), XYZ (blue) and ZZXY (orange) QNNs. Here, Ntrain = 105.

where cNdata =
Ndata

2π logNdata
with Ndata ≡ |D| being the number of input data samples, D the number of para-

meters, and F̂(θ), the normalized FIM, defined as

F̂(θ) =
D

1
VΘ

´
Θ
tr(F(θ))dθ

F(θ) , (16)

with 1
VΘ

´
Θ
tr
(
F(θ)

)
dθ ≈ 1

M

∑M
m=1 tr

(
F(θm)

)
. The d̂eff is normalized to the dimensionality of the para-

meter space D, hence being bounded in [0,1]. Furthermore, it is computed from averages over the para-
meter space, hence depending solely on the architecture choices and the input distribution.

Equipped with these definitions, we can now present the results of our experiments. From the spec-
tra of the normalized FIM shown in figure 5(a) we can make two observations. First, on average the
QNNs have larger FIM eigenvalues and a flatter spectrum, and second, the spread over the 200 para-
meter samples is larger for NNs compared to the QNNs. This reflects in the higher value of d̂eff for the
QNNs, as reported in the legend. These different geometrical properties of quantum and classical NNs
are consistent with those observed in [35], and therefore prompt us in investigating whether our QNNs
also show a faster and more stable training for the problem at hand.

The results on the training dynamics of our networks are shown in panel (b) of figure 5. There, we
observe that both quantum and classical architectures train to approximately the same value of the loss
function, with the classical NN achieving slightly lower loss. The behavior of the training loss, in par-
ticular the speed at which the training has approximately converged, is very similar when comparing
classical and quantum networks, unlike the observations in [35]. Therefore, for our test case we can-
not pinpoint a strong relationship between the geometrical properties described before and the effective-
ness of training (similar observations have been also reported in recent works [108, 109]). We refer the
reader to appendix F for a further analysis of the relation between training dynamics and FIM, which
also includes tests on other NNs and QNNs. We conclude this section by mentioning that the trainabil-
ity aspects investigated here concern only the training dynamics of QNNs for a fixed number of qubits,
and that in this work we are not addressing the problem of barren plateaus, i.e. the increasing occur-
rence of large and flat regions in the optimization landscape for larger number of qubits, expected to
affect general QNN architectures [110–112].
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5. Influence of shot noise

In a real quantum device, the expectation values ⟨σ̂z
n⟩ϑ,φ(x) used in our QNNs would need to be estim-

ated from a finite number of repeated measurements, also called shots, on the output quantum state.
This introduces statistical fluctuations, i.e. shot noise, in the estimates for ⟨σ̂z

n⟩ϑ,φ(x). In this section we
analyze the effects of shot noise on the training and performance of our QNNs, and their dependence
on the number nshots of measurement shots. Furthermore, we present an application of the variance reg-
ularization technique introduced in [113] to our use case, and show that it can help to reduce the effects
of shot noise in the training and subsequent inference stage of our QNN models.

5.1. Training and inference with shot noise
We now analyze the influence of shot noise on the training dynamics and on the prediction perform-
ance of our QNNs. To this end, it is instructive to recall how shot noise influences the predictions of our
QNNs. The QNNs’ predictions fθ(x) are calculated from a weighted average of the expectation values
⟨σ̂z

n⟩ϑ,φ which, in a realistic quantum device, would be estimated from a finite number nshots of meas-
ured bit-strings as

Estnshots [⟨σ̂z
n⟩ϑ,φ] =

1

nshots

nshots∑
s=1

b(s)n , (17)

with b(s)n ∈ {−1,+1} denoting the nth ‘bit’ of the sth measured bit-string. Let us call zn ≡ Estnshots
[⟨σ̂z

n⟩ϑ,φ] (we drop here the dependence on x, ϑ and φ for notational convenience). The zn are random
variables with covariance given by

Cov [zm,zn] =
⟨σ̂z

mσ̂
z
n⟩− ⟨σ̂z

m⟩⟨σ̂z
n⟩

nshots
. (18)

Using this, we can calculate the variance of the final prediction as

Var [fθ (x)] =
N∑

m,n=1

wmwnCov [zm,zn] , (19)

with wn being the nth trainable weight in w (see equation (4)). Every QNN evaluation for calculating
both predictions and gradients (with the parameter-shift rule) is then affected by statistical fluctuations
which in general negatively impact the training and prediction performance of the model.

We start by analyzing the training dynamics with a finite nshots for the XYZ and ZZXY networks. The
results are shown in panels (a) and (b) of figure 6, where we plot the training MSE during the train-
ing epochs for different nshots (fixed throughout the training) for both the XYZ and ZZXY architectures,
respectively. The different curves with the same color correspond to different training instances obtained
by starting from the same initial parameter set, but with different shot noise realizations. For both archi-
tectures it is visible that for nshots sufficiently large (i.e. on the order of 104) the training is successful,
closely following the noiseless training curve. For smaller values of nshots, the MSE is minimized in the
initial iterations before the training becomes unstable, which likely happens when the gradients’ mag-
nitude becomes comparable to the noise in the gradients’ evaluation. These results demonstrate that
there is a regime where our QNNs train stably in the presence of shot noise, albeit it being relatively
costly in the number of necessary circuit evaluations. We discuss in the next section a method targeted
towards minimizing these costs.

Second, we analyze the performance of our QNNs on a testing dataset when varying nshots.
Specifically, we use the optimal network parameters configurations for both QNNs obtained after train-
ing in the noiseless regime, and test how a finite nshots (in particular smaller than 104) affects their pre-
diction performance. A useful metric we compute to understand the (average) impact of shot noise on
the test set is the mean prediction variance (MPV), which is defined on a dataset D as

MPVD (θ) =
1

|D|
∑
xi∈D

Var [fθ (xi)] . (20)

The results are shown in panel (c) of figure 6, where we plot the R2 and the MSE for different nshots for
the XYZ and ZZXY architectures. From these results it is clear that the quality of the predictions rap-
idly degrades for nshots < 104 while it is stable for larger values. The slight difference between the two
architectures can be attributed to the difference in the value of the MPV, which is indicated in the plot.
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Figure 6. (a) and (b) Training curves for XYZ (blue) and ZZXY (orange) QNNs, respectively, for different values of nshots used
in the evaluation of predictions and gradients. The different solid lines correspond to different training instances performed
starting from the same initial parameter configuration, but with different shot noise realizations. The dashed line corresponds to
the noiseless limit, i.e. predictions and gradients evaluated to numerical precision. Here, Ntrain = 105. (c) Test set performance
of XYZ (blue) and ZZXY (orange) QNNs trained in the noiseless regime, against nshots used at inference, for a test set of size 2×
105. Remark: The MSE and R2 shown here are calculated on the non-transformed output, i.e. after applying the inverse output
transform clc= g−1( f ).

Specifically, the ZZXY architecture has a slightly lower MPV, which results in a lower number of shots
needed to achieve a given accuracy. The MPV, capturing this difference, becomes therefore a crucial
ingredient for the method presented in the next section.

5.2. Variance regularization
In this section, we discuss the variance regularization technique introduced in [113] and apply it to our
QNNs for cloud cover. Variance regularization is a technique aimed at reducing the effects of measure-
ment shot noise in the training and inference stage of a QML model. This is achieved by adding to the
loss function (here the MSE) a term which is proportional to the variance of the output of the model,
in order to simultaneously minimize both terms (if possible) and therefore obtain a model requiring
fewer shots to be evaluated, both during and after training [113]. In our context, the loss function that
we minimize in the training reads as

LD (θ;λ) =MSED (θ)+λMPVD (θ) , (21)

where MPVD(θ) is defined in equation (20) and λ is a regularization parameter. In general, the eval-
uation of MPVD(θ) requires measurements in addition to those performed for evaluating the model
output. In our case however, we can estimate both MSE and MPV from the same set of measurement
shots, since fθ(x) is constructed only from σ̂z expectation values. Calculating the gradients of LD(θ;λ)
can be done with the same parameter-shift rule of equation (10), therefore this changing of the loss does
not result in additional training overhead.
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Figure 7. Variance regularization results. (a) and (b) Post-training mean squared error (MSE) and mean prediction variance
(MPV) on testing set for XYZ and ZZXY QNNs, respectively. The color scale refers to the value of λ, the training is performed
in the noiseless regime, with 2× 105 training data for 150 epochs, and 2× 105 testing data points are used. (c) and (d) Noisy
training curves using variance regularization with λ= 0.005 for XYZ (c) and ZZXY (d) QNNs, respectively. The upper row
(solid lines) shows the mean squared error (MSE), the middle row (dashed lines) shows the mean prediction variance (MPV).
The different color shades correspond to different nshots used, while the six different curves with the same colors correspond to
six different training instances (from the same initial parameters, but different shot noise realizations). The lower row (dash-
dotted line) shows the difference between the MSE without variance regularization and the MSE with variance regularization
(∆VRMSE≡MSEno var. reg. −MSEvar. reg.). The shading correspond to the spread over the training instances.

We test this technique on our two QNN architectures in the same setting as in the previous section.
The regularization parameter λ is chosen to be constant during training, although we remark here that
[113] also proposes a dynamical regularization approach which may further improve the training. The
results are shown in figure 7. Training the QNNs with variance regularization in the noiseless regime
(figures 7(a) and (b)) shows that there exist values of λ for which the MPV can be reduced of more
than one order of magnitude while still keeping the MSE low (i.e. below 10−2). In other words, these
results show that there are regions of the QNNs’ parameter space where both the prediction error and
the prediction variance can be low, and that variance regularization can effectively target them provided
one chooses a suitable value for λ.

With these positive results, we move on to applying variance regularization with a finite nshots, to
assess whether a finite λ can help in stabilizing the training even when nshots < 104 (figures 7(c) and
(d)). From both panels it is evident that a value of λ= 0.005 is already sufficient to stabilize the training
even for a relatively low nshots = 100. For a better comparison with the case of no variance regularization,
we also show the difference with respect to the training MSE in the previous section (figure 6(a)), in the
lower row of panels (c) and (d). For nshots < 104, the difference ∆VRMSE≡MSEnovar. reg. −MSEvar. reg.
remains positive throughout the training, indicating a better training performance when using a finite
λ. For a large number of shots nshots ⩾ 104, the difference is very small or negative, which indicates that
in this regime adding the MPV to the loss contrasts the MSE minimization. For further minimizing the
MSE one could continue the training potentially gradually decreasing λ, as mentioned above and done
in [113]. Overall, the results presented here show that variance regularization is an effective approach for
achieving a stable training of a QNN even with a moderate number of shots.

6. Discussion and outlook

In this paper we explore the potential of QNNs as parameterization schemes in climate models, focus-
ing on the specific case of cloud cover parameterizations. With the goal of predicting cloud cover from
coarse-grained state variables, we compare different QNN architectures with classical NNs of similar size
(i.e. similar number of parameters) on several aspects: prediction accuracy, generalization ability and
trainability. In all these aspects, the investigated QNNs show a similar overall performance to classical
NNs, at least in absence of finite sampling noise. Our classical and quantum NNs show a higher predic-
tion accuracy compared to standard parameterizations such as the Xu–Randall scheme which are oper-
ationally used in climate models (see also [23, 24] for a comparison of NNs with the Sundqvist scheme
[74], operationally used in ICON-A [78]). Furthermore, our analysis shows that QNNs can be trained
to learn a meaningful cloud cover even in the presence of finite sampling noise, which is an important
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observation for their implementation on actual quantum devices. Overall, these observations are prom-
ising indications of the applicability of these models to learn patterns in climate data, while also high-
lighting potential architectural limitations that need to be addressed in future work. An important aspect
concerns the QNNs representational capabilities and the functional form they can represent. In this work
we used relatively standard QNN architectures based on angle encoding of the inputs, which are known
to represent trigonometric functions with a number of accessible frequencies bounded by the number
of re-uploads [86, 87]. For a limited number of re-uploads, this structure may be suboptimal for repres-
enting rapidly varying (highly non-linear) functions. The design of QNNs with a stronger inductive bias
(i.e. a better suited functional form) requires further investigation of the specific meteorological condi-
tions leading to these prediction deficits, such as those observed in this work over Amazonia, and likely
involves more flexible input encoding strategies. For example, other strategies for accessing an exponen-
tially large set of frequencies have been devised [101], and different types of basis functions, different
than trigonometric ones, can be encoded [102], and potentially designed to fit the problem at hand.

Besides the application to cloud cover parameterizations, our work opens up several directions for
further investigating the applicability of QML in climate models. We outline those in the following, while
also discussing criticalities and potential limitations associated to them.

A first extension to our work would be to study the performance and learning behavior of the pro-
posed architectures for problems of larger size, which would require moving away from the cell-based
approach we took here, by considering also neighboring model cells (as done in [23] in the context of
classical NNs). Furthermore, while we have performed a thorough analysis of possible QNN models, we
are aware that our architecture search is not exhaustive. Notable interesting examples to investigate in
future works could include quantum convolutional NNs [114] or QNNs with measurement feedforwards
[115–118]. While increasing the size of the problem, and thus the number of qubits, may introduce
trainability issues such as barren plateaus with increasing number of qubits [110–112], we note that
there exist architectures that are immune to such problems [119], and parameter initialization strategies
to mitigate them [120–123].

Our construction could be also tested on parameterization schemes other than cloud cover. Changing
the parameterization scheme would likely result in a more complex learning task, which may also
increase the chance of observing a separation between the quantum and classical ML algorithms for
the considered dataset. In fact, it is to a large extent unknown what types of classical datasets are better
suited to quantum learning models than to a classical ones, and extensive tests on several architectures
and datasets as done here are very valuable to pinpoint features that may help answering this question.

Going beyond regression, another interesting extension would be to re-frame the parameterization
learning problem in a probabilistic setting. Specifically, one could build quantum generative models [36–
39] for learning the full probability distribution of the process considered (here cloud cover). Switching
to generative modeling, a task that is to some extent more natural to quantum computing, may increase
the chance of observing a separation between the quantum and classical models for the given problem
[29].

Finally, another direction concerns the online implementation of the proposed QNNs, i.e. their coup-
ling to the dynamical core of the climate model solving the Navier–Stokes equations. While QNNs con-
sisting of a small number of qubits can be numerically simulated and thus in principle be readily used
within a climate model, a larger number of qubits would require the coupling of a quantum device to
the dynamical core. This quantum–classical coupling, especially at the level of high-performance com-
puting facilities, poses challenges that are subject of active research (see, e.g. [124] for a recent review
on the topic). Furthermore, given that parameterization schemes need to be run for every cell of the
model at every time-step, such a coupling could become impractical in terms of computation runtime,
given the high amount of data to be transferred between classical and quantum processors, and the
need of running quantum computations multiple times to acquire predictions with sufficient accuracy.
To address this limitation, a possibility would be to build classical surrogates [125–128] of the trained
QNNs, to be then used online. In this way, the quantum device would be used only in the development
stage of the parameterization, and our work lays a solid basis for developing such a workflow. Another
possible direction are quantum-inspired methods such as tensor networks [129], which already find
applications as (Q)ML models for data analysis [130–133], in classical data compression and loading
[134–136], and generative modeling [137–139].
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Appendix A. Input and output distributions and transformations

In this appendix we discuss the input and output transformations that we applied to the DYAMOND
data before feeding them to our classical and quantum models. For the input features, the idea behind
the transformation is to make the feature distribution more uniform within a specified interval, and to
still retain the input feature variability in the tails, which can be associated with physical scenarios we
are interested in capturing. The transformation function we designed in this case reads as

h(x) =

log

[
1+(e− 1)

(
x

xhigh

)b
]
− h0

(
b,xlow,xhigh

)
1− h0

(
b,xlow,xhigh

) , (22)

where h0(b,xlow,xhigh) = log

[
1+(e− 1)

(
xlow
xhigh

)b
]
and xlow,xhigh corresponding to the (approximate) min-

imum and maximum value of the given feature x estimated on the training dataset. We used the follow-
ing parameters for the input features:

• specific humidity qv [kg/kg]: b= 0.25, xlow = 10−7, xhigh = 0.025,
• cloud water qc [kg/kg]: b= 0.25, xlow = 0, xhigh = 0.00145,
• cloud ice qi [kg/kg]: b= 0.25, xlow = 0, xhigh = 0.00055,
• horizontal wind hw [m/s]: b= 0.5, xlow = 0.0015, xhigh = 115.0.

For all the features, these parameters have been manually selected to achieve a good balance between
uniformity and distinguishability of the values in the tail of the resulting distribution. The so construc-
ted transformations yield values approximately distributed in the interval [0,1]. The remaining input fea-
tures are transformed using a simple min-max scaling, and all features (including those listed above) are
scaled within the interval [0,π] (i.e. we multiplied the above h(x) by a factor π). The transformations for
qv, qc and qi and the resulting histograms of the transformed values are shown in figure 8. In our exper-
iments, the input features are then rescaled to the interval [0,π].

Also the output transformation function g(x) is constructed in order to have the training outputs
(targets) in a more uniform distribution compared to the original one in the DYAMOND dataset, which
in our case improved the performance of both our quantum and classical models. The transformation
function is invertible, and reads as

g(x) =
1

2
+

1

π
arcsin

[
2

(
ebx

a − 1

eb − 1

)c

− 1

]
(23)

with parameters a= 1.29407913, b=−3.20011015, c= 0.70308237, which have been chosen in order to
have approximate uniformity. The transformation and the resulting transformed outputs histogram are
shown in panels (g) and (h) of figure 8.

Appendix B. QNNs as Fourier models

In this appendix, we provide a brief description of the mapping between QNNs and Fourier models,
which we hinted at in section 3.1. A full derivation can be found in [86, 87]. Our QNNs are of the form

fθ (x) = ⟨0|Û†
θ (x)M̂Ûθ (x) |0⟩ , (24)
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Figure 8. Input and output transformation functions and histograms. (a) Histogram of specific humidity qv in the training data-
set (blue) and transformation function h(x) (red). (b) Histogram of the transformed h(qv). (c) Histogram of cloud water qc in
the training dataset (blue) and transformation function h(x) (red). (d) Histogram of the transformed h(qc). (e) Histogram of
cloud ice qi in the training dataset (blue) and transformation function h(x) (red). (f) Histogram of the transformed h(qi). (g)
Histogram of cloud cover clc in the training dataset (blue) and transformation function g(x) (red). (h) Histogram of the trans-
formed g(clc).

where M̂ is a given observable (e.g.
∑N

n=1wnσ̂
z
n in the main text) and Ûθ(x) is the unitary operator

describing the PQC (e.g. equation (2) in the main text). We consider the situation in the main text,
i.e. that of angle encoding of the form Ŝ(x) = R̂α(φ) =

∏N
n=1 e

−iφn
2 σ̂α

n (α= x,y,z), with nenc layers of
data re-uploading. In this situation, it is easy to show [86, 87] that the QNN output takes the following
form:

fθ (x) =
∑
ω∈Ω

cω (θ) eiω·x , (25)

i.e. a linear combination of trigonometric functions eiω·x (here · denotes the scalar product of two real
vectors), where the coefficients cω(θ) carry the dependence on the trainable parameters θ and satisfy
cω(θ)∗ = c−ω(θ) to have fθ(x) ∈ R. The frequencies ω = (ω1, . . .,ωN) available to the model depend on
the encoding and the number of re-uploads, and we have

ωn ∈ {−nenc,−nenc + 1, . . .,nenc − 1,nenc} , (26)

for n= 1, . . .,N. This means that the number of accessible frequencies to our QNN models, i.e. their
Fourier expressivity, is bounded by the number of data re-uploads nenc, and hence they are biased to
accurately learning trigonometric functions with the corresponding number of Fourier modes.

Appendix C. Other QNN architectures tested

In this appendix we provide the details of the other QNN architectures tested in our work but not
shown in the main text. The CNOT-PBC architecture contains as entangling gates CNOT gates arranged
in a chain ring pattern. The encoding layer for this architecture is ŜCNOT−PBC(x) = R̂x(x). The encoding
blocks for the CNOT-PBC read as

V̂CNOT−PBC (ϑ) = R̂z

(
ϑ(N+1)→2N

)
× R̂y (ϑ1→N) ĈNOTPBC ,

(27)

with ĈNOTPBC = ĈNOTN,1
∏N−1

n=1 ĈNOTn,n+1, and the variational blocks as

ŴCNOT−PBC (φ) = R̂x

(
φ(2N+1)→3N

)
R̂z

(
φ(N+1)→2N

)
× R̂y (φ1→N) ĈNOTPBC .

(28)
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The CNOT-NN architecture contains as entangling gates CNOT gates acting between neighboring qubits
in a chain. The encoding layer for this architecture is ŜCNOT−NN(x) = R̂x(x). The encoding blocks for the
CNOT-NN read as

V̂CNOT−NN (ϑ) = R̂z

(
ϑ(N+1)→2N

)
R̂y (ϑ1→N) ĈNOTNN , (29)

with ĈNOTNN =
∏N−1

n=1 ĈNOTn,n+1, and the variational blocks as

ŴCNOT−NN (φ) = R̂x

(
φ(2N+1)→3N

)
R̂z

(
φ(N+1)→2N

)
× R̂y (φ1→N) ĈNOTNN .

(30)

The IONS architecture contains as entangling operation one that is naturally implemented in trapped

ions quantum simulators, generated by a long-range Hamiltonian of the form
∑N−1

n=1

∑
m<n

σ̂x
n σ̂

x
m

m−n , com-
ing from the laser coupling of the ions internal states to the center-of-mass vibrational mode of the ion
chain. The IONS architecture takes as input the state

∏N
n=1 Ĥn|0⟩ with Ĥn being the Hadamard gate on

qubit n. The encoding layer for this architecture is ŜIONS(x) = R̂z(x). The encoding blocks for the IONS
architecture read as

V̂IONS (ϑ) = R̂y

(
ϑ2→(N+1)

)
ÛIONS (ϑ1) , (31)

with ÛIONS(ϑ) = exp(− iϑ
2

∑
n<m

σ̂x
n σ̂

x
m

m−n ), and the variational blocks

ŴIONS (φ) = R̂y

(
φ(2N+2)→(3N+1)

)
ÛIONS

(
φ(2N+1)

)
× R̂z

(
φ(N+1)→2N

)
R̂x (φ1→N) .

(32)

Additionally, we also experimented with augmenting the CNOT-PBC and CNOT-NN architectures with
higher-order angle encoding layers of the form ŜHONE(x) = R̂x(x[2]) R̂x(x), with x[2] being a vector with

(N− 1) components which are computed from x as x[2]m = xm xm+1

2π .

Appendix D. Details on classical NNs tested

In this appendix we detail the structure of the classical NNs used as comparison for our QNNs. The
NNs presented here are the result of an extensive architecture search with the constraint of keeping the
number of parameters approximately equal to that of the QNNs discussed in the main text. We start
from the networks taking as inputs the eight input features {qv,qc,qi,T,p,zg,hw,ϕ}, and containing a
number D of trainable parameters between 200 and 210. In the following lists, the number denotes the
number of nodes in the given layer, and in parentheses we write the activation function used.

• 8 (inputs) → 10 (tanh) → 7 (tanh) → 4 (tanh) → 1 (linear—output).
• 8 (inputs) → 9 (tanh) → 4 (tanh) → 9 (tanh) → 4 (tanh) → 1 (linear—output).
• 8 (inputs) → 8 (tanh) → 8 (tanh) → 6 (tanh) → 1 (linear—output).
• 8 (inputs) → 12 (tanh) → 6 (tanh) → 2 (tanh) → 1 (linear—output): best performing, chosen for
figure 3.

• 8 (inputs) → 10 (tanh) → 10 (tanh) → 1 (linear—output).
• 8 (inputs) → 8 (tanh) → 8 (tanh) → 4 (tanh) → 4 (tanh) → 1 (linear—output).

For the networks taking as inputs the six input features {qv,qc,qi,T,p,hw}, containing a number D of
trainable parameters between 109 and 120, we used the following layouts.

• 6 (inputs) → 8 (tanh) → 3 (tanh) → 7 (tanh) → 1 (linear—output): best performing, chosen for
figure 5.

• 6 (inputs) → 6 (tanh) → 5 (tanh) → 5 (tanh) → 1 (linear—output).
• 6 (inputs) → 7 (tanh) → 3 (tanh) → 7 (tanh) → 2 (tanh) → 1 (linear—output).
• 6 (inputs) → 8 (tanh) → 3 (leaky-ReLU) → 3 (tanh) → 2 (tanh) → 2 (leaky-ReLU) → 2 (tanh) → 1
(linear—output).

• 6 (inputs) → 10 (tanh) → 4 (tanh) → 1 (linear—output).
• 6 (inputs) → 5 (tanh) → 5 (tanh) → 4 (tanh) → 4 (tanh) → 1 (linear—output).
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All the architectures in the last list are the ones also used for generating the plots in figures 4 and 11.
For these architectures as well as for the quantum ones, the initial learning rate for the Adam optimizer
is set to 0.001 and the batch size to 100, which are approximately optimal settings in both classical and
quantum cases for our problem.

Appendix E. Other evaluationmetrics

In this appendix we discuss further metrics that can be used to evaluate our quantum and classical net-
works beyond MSE and R2. The additional metrics we compute measure the distance between the distri-
butions of the model predictions and the distribution of cloud cover in a testing dataset. Specifically, we
calculate the Hellinger distance:

HD(P,Q) =
1√
2

∥∥√P−
√

Q
∥∥
2
, (33)

where P and Q are the predicted and the true (discretized) probability distributions for cloud cover, and
∥ · ∥2 denotes the Euclidean norm. Additionally, we calculate the Wasserstein distance

WD(P,Q) = inf
Π∈Γ(P,Q)

E(x,y)∼Π (∥x− y∥) , (34)

where Γ(P,Q) is the set of all joint probability distributions that have P and Q as marginals (we calcu-
late WD using the SciPy package in Python).

Figure 9. Output distributions. (a) Histogram of predicted (blue) and true (black) clc from ZZXY QNN. (b) Histogram of true
vs. predicted clc for ZZXY QNN (logarithmic color scale). (c) Histogram of predicted (orange) and true (black) clc from classical
NN. (d) Histogram of true vs. predicted clc for classical NN (logarithmic color scale). (e) Histogram of predicted (brown) and
true (black) clc from Xu–Randall scheme. (f) Histogram of true vs. predicted clc for Xu–Randall scheme (logarithmic color scale).
The histograms are obtained for a testing set of 6× 106 data points. We report also the values of the mean squared error (MSE),
R2 coefficient, Hellinger distance (HD) and Wasserstein distance (WD) on the same testing set.

In figure 9 we show the histograms of the outputs from our ZZXY and NN architectures (the XYZ
architecture has very similar performance and we do not show it here), compared with the Xu–Randall
scheme, for the QNNs with eight input features used in section 4.1, and report also the values of the
additional distance metrics just discussed. The histograms together with the additional metrics further
confirm the observations made in the main text, namely, that the quantum and classical NNs perform
comparably on the task at hand, with the classical ones being slightly better, while both outperform
the Xu–Randall scheme. In figure 10 we show these metrics together with the MSE for all the QNNs
tested in this work, including those not shown in the main text but described in appendix C. Here we
can observe that all QNNs tested have comparable performance in the noiseless case, which is why we
show only two types of QNNs in the main text.
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Figure 10. Evaluation metrics for the different QNNs tested: mean squared error (MSE, in blue), Hellinger distance (HD, in
orange) and Wasserstein distance (WD, in green). HD and WD have been rescaled in order for all the metrics to have values in
the same order of magnitude (scaling factor in the legend). The shaded area corresponds to the spread over 20 training instances.
All QNNs for this plot have six input features {qv,qc,qi,T,p,hw}, the number of trainable parameters is between 110 and 120,
and are trained with 2× 105 training data for 150 epochs.

Appendix F. Details on Fisher informationmatrix (FIM) calculation and other
trainability metrics

In this appendix, we give more details on the calculation of the FIM presented in the main text, and
provide a further analysis of the training dynamics of our networks. We start by deriving the formula
used for calculating the FIM in our case of regression with MSE loss function. For a statistical model
p(x,y;θ) the elements of the FIM are defined as [103–105]

Fj,k (θ) = E(x,y)∼p

[
∂ logp(x,y;θ)

∂θj

∂ logp(x,y;θ)

∂θk

]
, (35)

which can be rewritten as

Fj,k (θ) = E(x,y)∼p

[
∂ logpθ (y|x)

∂θj

∂ logpθ (y|x)
∂θk

]
, (36)

by noticing that p(x,y;θ) = p(x)pθ(y|x), with pθ(y|x) being the model output probability conditioned
on the input x. The quantity ℓ(y,x;θ) =− logpθ(y|x) corresponds to the negative log-likelihood, a typ-
ical loss function used for statistical models. In our case, with our networks outputting a deterministic
value fθ(x) the loss function corresponds to the MSE, which amounts to setting pθ(y|x) =Nfθ(x),σ2(y)
for a fictitious σ [106, 107]. Therefore, using ∂θjpθ(y|x) = σ−2( fθ(x)− y)∂θj fθ(x), we can rewrite the
FIM as

Fj,k (θ) = Ex

[ˆ
Nfθ(x),σ2 (y) ( fθ (x)− y)2 σ−4

× ∂fθ (x)

∂θj

∂fθ (x)

∂θk
dy

]
.

(37)

Performing the Gaussian integration over y, we finally arrive at

Fj,k (θ) = σ−2Ex

[
∂fθ (x)

∂θj

∂fθ (x)

∂θk

]
, (38)

which is proportional to the definition given in equation (14).
We now move on to discussing further aspects of the training dynamics of our networks beyond the

training curves shown in figure 5 in the main text. To this end, we not only monitor the value of the
MSE loss during training, but also track the dynamics of the parameters θ, viewing each training exper-
iment starting from a random parameter configuration as a walker in the parameter space. We denote
with θ(m)(t) (m= 1, . . .,M) the parameter configuration of the mth walker at a selected training step t.
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Figure 11. Analysis of training dynamics of classical and quantum networks. (a) Mean squared displacement (MSD) evolution
during training. Here each step corresponds the evolution after 100 batch updates during the Adam optimization (we use 105

training samples, so each epoch consists of 1000 batch updates with a batch size of 100). The dashed lines are guides to the eye

indicating specific slopes. (b) Integrated MSD (over time) against normalized effective dimension d̂eff. (c) Spread of MSE loss

function averaged over all training epochs plotted against d̂eff. (d) Spread of MSE loss function averaged over the final 25 train-

ing epochs plotted against d̂eff. (e) Trace of parameter correlation matrix C averaged over all 200 training instances (walkers),

plotted against d̂eff. (f) Mean spread of final parameters plotted against d̂eff. The error bars correspond to the estimated statistical
uncertainty bootstrapped from the 200 random parameter realizations. All networks have six input features and the number of
trainable parameters is between 109 and 120.

A quantity that is natural to analyze when looking at ensembles of random walkers is the mean squared
displacement (MSD), defined as

MSD(t) = ∥θ (t)−θ (0)∥2 ≡ 1

M

M∑
m=1

∥θ(m) (t)−θ(m) (0)∥2 , (39)

see figure 11(a). We observe the same qualitative behavior for both classical and quantum networks, with
the initial dynamics being faster (super-diffusive), then progressively slowing down to a sub-diffusive
regime when the gradients have significantly decreased in magnitude. Interestingly, it appears that for the
QNNs tested here this slow-down of the training dynamics happens faster compared to classical NNs.
Attempting to correlate this observation with the geometrical properties of the models captured by the
FIM, we consider the integrated MSD, 1

T

∑T
t=1MSD(t) as function of the normalized effective dimen-

sion d̂eff defined in equation (15) (figure 11(b)). While we still observe a difference between classical
and quantum architectures, no clear correlation between the integrated MSD and the value of d̂eff can
be seen. The absence of a clear correlation between the training dynamics and d̂eff can also be seen in
panels (c) and (e). In panel (c) we plot the average of the spread of the MSE loss during training, which
we compute as

〈√
Var(MSE)

〉
evo

=
1

Nepochs

Nepochs∑
j=1

√
Var(MSE( j)) , (40)

where Var(MSE( j)) is the variance of the training MSE at epoch j, calculated over the different walk-
ers. In panel (e) we show the trace of parameter correlation matrix C averaged over all M walkers, as a
measure of the cumulative variance of the parameters during their evolution. Specifically, the parameters
correlation matrix for the mth walker is calculated as

C(m) =
1

T
Θ(m)⊤Θ(m) , (41)

where Θ(m) is a (T×D) centered data matrix with elements Θ(m)
t,i = θ

(m)
j (t)− 1

T

∑
t θ

(m)
j (t). The eigen-

vectors of C(m) associated to the largest eigenvalues denote the directions along which the parameters
have changed the most, and the associated eigenvalues their variance. Hence

tr(C)≡ 1

M

M∑
m=1

tr
(
C(m)

)
(42)
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gives an estimate of the parameters cumulative variance during the evolution. Despite the two quantities
sharing similar behavior, from panels (c) and (e) no correlation with d̂eff can be concluded. The same
holds when focusing on only the final part of the training dynamics, as shown in panel (d), as well as
when looking at the mean spread of the final parameters 1

D

∑D
i=1Var(θ

f
i), with θfi = θi(T) and the vari-

ance taken over the walkers ensemble, which is shown in panel (f). Thus, to summarize, in our analysis
we see no clear correlation between the geometrical properties captured by the FIM and the training
dynamics of our networks.

In particular, we expect the effectiveness of training to be dependent not only on the model ability to
effectively explore the parameter space, but also on how well the functions it can represent are suited to
the problem at hand (i.e. its inductive bias), an aspect to which the FIM is agnostic. We refer the reader
to [109] for a recent work on this topic. Hence, given the slightly better performance of NNs on our
task, their structure may be more favorable for learning cloud cover, which in turn has a positive impact
on the training dynamics.
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