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ABSTRACT

We show that a discontinuity either in a wave function or its derivative, corresponding to a jump or a kink, causes ripples in Wigner phase
space. In the free time evolution, these structures give rise to interference fringes in the probability density represented in spacetime.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0260470

The time-dependent Schridinger equation describes the time
evolution of a wave function, but how do we prepare the initial
wave function? An experimental technique routinely employed
in matter wave optics starts from an energy eigenfunction of a
binding potential and then suddenly removes the potential. The
so-prepared wave function may exhibit a discontinuity, which
in the subsequent time evolution manifests itself in fringes in
spacetime. This phenomenon of diffraction in phase space is not
limited to quantum mechanics but constitutes an ear mark of
wave physics.

I. INTRODUCTION

Analyzing a quantum phenomenon from different points of
views often leads to deeper insights and new effects. Indeed, the var-
ious formulations of quantum mechanics, such as matrix mechanics
a la Heisenberg," wave mechanics a la Schrodinger,” or the path
integral approach a la Feynman,’ frequently produce complemen-
tary explanations. In the present article, we employ the Wigner
phase space distribution function to explain the appearance of

interference fringes in the free time evolution of discontinuous wave
functions.

A. Stationary waves in potentials with jumps and
kinks

The sudden approximation is an important tool in quantum
mechanics.” An instantaneous change of a potential does not alter
the quantum state but strongly influences its subsequent dynamics.

This feature stands out most clearly for an energy eigenstate of
the original potential, which is obviously no longer an eigenstate of
the new potential and, therefore, has to be expanded into its station-
ary states. Applications of sudden transitions range from molecular
physics, where the corresponding transition probability amplitudes
carry the name Franck-Condon factors,® to nuclear physics,” or the
photon statistics of a squeezed state.®

The box potential that is constant over a finite region of space
jumps to an infinite value at the boundaries. The corresponding
infinitely steep and infinitely tall walls create energy wave functions,
which vanish outside of the box. As a result, the Franck-Condon
factors of two displaced box potentials do not add up to unity.’
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Chaos

In order to resolve the mystery of the missing probability,
we have considered’ the transition probability amplitudes between
energy eigenstates of two suddenly displaced irrigation canal poten-
tials. In contrast to the box, the canal does not display jumps but
kinks due to the finite steepness of the walls.

In this analysis, we have noticed’ rapid oscillations in the tails
beyond the upper Franck—-Condon maximum. They result’

...from the interference of secondary WKB waves created by
scattering the original waves off the sharp corners of the irrigation
canal.

Kinks in a potential act'’ as sources of new waves modifying
the energy wave functions and manifesting themselves in the rapid
oscillations of the Franck-Condon factors. This effect is opposite to
the goal of the stealth plane'' to avoid reflections from corners.

B. Freely propagating waves with jumps and kinks

The phenomenon of sharp corners in a potential as the origin of
secondary waves'’ represents one side of the coin. The manifestation
of sharp corners, that is, kinks in wave functions rather than poten-
tials, in fringes in spacetime constitutes the other side. We devote
our present article to the analysis of this effect and, in particular,
study the influence of jumps and kinks in the wave function on its
subsequent free dynamics.'>"

The most familiar example is the scattering of a scalar wave
from a sharp edge, that is, a half-plane giving rise to an intensity
distribution in the far field governed by the Cornu spiral."” Starting
from the domain of the shadow, the intensity increases and oscil-
lates around a steady state in the bright regime. We show that these
oscillations are indeed a consequence of fringes in spacetime caused
by the jump of the wave function at the sharp edge.

Deeper insight into the scattering from a sharp edge springs
from Wigner phase space.'”'® Whereas the initial wave function
prepared by the edge is constant and non-zero over the accessi-
ble half-line, the corresponding Wigner function displays oscillatory
waves with positive and negative values. These ripples in phase space
give rise to intensity variations in the far-field distribution due to
the shearing effect of the initial Wigner function induced by the free
time evolution.

Our interest in this problem stems from a much more involved
analysis'’ of the dynamics of a neutron bouncing from a mirror
in the linear gravitational potential of the Earth. In the so-called
gBounce,'*"” the spacetime representation of the probability density
displays prominent fringes” in the short time limit, reminiscent of
quantum carpets.”’ =’ In these investigations, the initial wave func-
tion was the displaced ground state of the linear potential with an
infinitely steep and an infinitely tall wall. The ground state wave
function of this potential vanishes underneath the wall, but increases
linearly in the immediate neighborhood outside of the wall, creating
a kink.

We emphasize that our analysis corresponds to a situation in
which we suddenly remove not only the infinitely tall wall confining
the particle but also the linear potential. In this case, the gBounce
wave function undergoes free time evolution.

However, in the gBounce setup,' only the wall is removed and
the linear potential remains. As a result, now, the wave function
experiences the propagator of a particle in the presence of a constant
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force. Since in the short-time limit the two expressions will agree this
elementary calculation provides a first insight into the fringes found
in simulations of the gBounce experiment.

An even more complicated situation arises when there is an
additional infinitely tall wall down stream. In this case, the propa-
gator is determined by all bound states. However, a discussion of
this arrangement'” goes beyond the scope of the present article.

In order to focus on the essentials of the creation of fringes in
spacetime from jumps and kinks in wave functions, we employ three
elementary models. To start with, we consider two examples of wave
functions having a jump in their values. We then turn to one in the
derivative. We conclude with the exact displaced ground state wave
function of gBounce. In all cases, we calculate the corresponding
Wigner function and discuss its free time evolution.

C. Overview

Our article is organized as follows: in Sec. II, we consider the
influence of the restriction of a particle to positive coordinates, on
the Wigner function, and point out the associated phenomenon of
diffraction in Wigner phase space.">'° We then identify ripples in
the Wigner function originating from a discontinuity either in the
wave function or its first derivative. For this purpose, we analyze
in Sec. I1I the four wave functions and their corresponding Wigner
functions: The Heaviside step function and the discontinuous expo-
nential function display a jump in the wave function at the origin.
In contrast, the modified exponential and the gBounce wave func-
tions are continuous at the origin but show a discontinuity in the
first derivative. The ripples are most pronounced for the Heaviside
step function.

We then demonstrate in Sec. IV that the ripples in Wigner
phase space manifest themselves® in the free time evolution in
fringes in spacetime. For the Heaviside function, the fringes are most
prominent but softened for the other cases. We conclude in Sec. V/
by briefly summarizing our results and providing an outlook.

In order to keep the article self-contained, we have included
several appendixes presenting detailed derivations. In Appendix A,
we obtain an alternative expression for the Wigner function in
terms of the diffraction kernel and verify that the Wigner func-
tion of the Heaviside step function satisfies this integral relation. We
then perform in Appendix B the integration of the Wigner function
for the modified exponential function and express in Appendix C
the Wigner function of the gBounce wave function in terms of an
integral, which allows us to obtain a qualitative understanding of
its behavior. Moreover, we prove that this Wigner function also
obeys the diffraction integral equation derived in Appendix A. We
dedicate Appendix D to the free time evolution of the Heaviside
step function as well the exponential and the modified exponential
functions. In Appendix E, we address the corresponding problem
for the gBounce wave function and find an integral representation
convenient for a numerical evaluation.

Il. DIFFRACTION IN THE WIGNER PHASE SPACE

In this section, we consider the Wigner function of a wave func-
tion that is non-vanishing for positive coordinates only. We show
that this restriction of the particle to the positive half-line leads in
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the definition of the Wigner function to a finite region of integra-
tion and, thus, to a diffraction in phase space. This feature stands
out most clearly in an implicit expression for the Wigner func-
tion in the form of an integral equation with a diffraction kernel.
Throughout the article, we consider the one-dimensional problem
of a non-relativistic particle of mass m and coordinate z.

A. Finite integration in a Wigner function

For the sake of simplicity, we assume the discontinuity either in
the wave function or its first derivative to be at the origin and study
the wave function

¥ (2) = 0 (2) (2). (1

Here, ® denotes the Heaviside step function, and the wave function
¢ = ¢(2) for positive coordinates is real.

To gain deeper insight into the influence of a discontinuity in
the wave function, we recall the definition'>'°

_ 1 = iky 1 % Y Yy
wsh= & ooyl o
of the Wigner function living in quantum phase space formed by the
coordinate z and the wave vector k.
When we substitute Eq. (1) into Eq. (2), we find the expression

Wy (z,k) = © (2) W,(z, k), (3)
where
_ 1 * ik Yy y
W, (z, k) = Eﬁzzdye Yo (z—!— z)(p(z—z). (4)

Here, we have used the identity*

o(z-2)e(:+2)=0@6 (1 -2) 5)

and the fact that ¢ is real.

Hence, the restriction of the wave function v to positive val-
ues only, as described by Eq. (1), has three characteristic effects on
the Wigner function Wy,: (i) it is the product of a Heaviside func-
tion and the Wigner function of W,,, (ii) for this reason, the phase
space of Wy, is restricted to the domain of positive coordinates only,
and (iii) it replaces the infinite domain of integration by a finite one,
given by the coordinate z.

Moreover, we note the symmetry relation

Wy (2, —k) = Wy (2, k), (6)

which follows immediately from Eq. (4) upon replacing the integra-
tion variable y by y = —y. In the examples discussed in our article,
this symmetry is apparent.

B. Diffraction kernel in the phase space

The finite region of integration in the Wigner function W, cre-
ates a sinc function familiar from diffraction phenomena.' This fact
stands out most clearly in the examples discussed in Sec. I1I but also

pubs.aip.org/aip/cha

from the integral equation
Wy (z,k) = © (z)/ dK'Wy (2, K)D(2z,k + K), (7)

derived in Appendix A which contains the diffraction kernel

Dlau) = l sin(ua)’ 8)
T U

as well as the Wigner function Wy,.

Although, any Wigner function Wy, which corresponds to
a wave function restricted to a half-line, must satisfy the integral
equation, Eq. (7), this relation does not specify W, uniquely. This
feature is obvious since Eq. (7) is solely a consequence of the fact that
¥ vanishes for negative values of z and does not contain any infor-
mation about the form of the discontinuity, that is, either a jump in
¥ or in its first derivative.

Nevertheless, Eq. (7) demonstrates that the finite region of
integration in Eq. (4) defining the Wigner function W, creates a
diffraction in phase space, expressed by the diffraction kernel D, and
contained in the convolution of W, and D. This convolution is only
in the wave vector variable but not in the coordinate.

1. RIPPLES IN THE WIGNER PHASE SPACE

In Sec. II, we have shown that the restriction of the particle
to positive coordinates only, leads in the Wigner function to the
integration over a finite region of the coordinate analogous to the
diffraction from a single slit."* In this section, we show that this
phenomenon leads to ripples in Wigner phase space and illustrate
them using four examples where the wave function either jumps or
displays a kink.

A. Discontinuity in the wave function

We start our discussion with a wave function, which vanishes
for negative coordinates but jumps at the origin either to a constant
function or to an exponentially decaying function. In both cases,
we obtain elementary analytical expressions for the corresponding
Wigner functions.

1. Jump to a constant wave function

To identify the effect of the discontinuity of the wave function
on the Wigner function most clearly, we set

p(2) =1, ©)
that is,
V() =0(2), (10)
and Eq. (4) reduces to the expression
Lsin ko)

We(z, k) = O (2) = =Dz k), (11)

k
shown in Fig. 1(a) and given by the diffraction kernel, Eq. (8).
Hence, at a given coordinate z, the Wigner function W, is a
sinc function in the wave vector k with a dominant maximum at
k = 0 and a characteristic decay of 1/k. It oscillates between positive
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FIG. 1. Ripples in Wigner phase space caused by a jump (left column) in, or a kink (right column) of a wave function. In (a) and (b), we show the Wigner functions W
and W, resulting from the wave functions v, and v, with a discontinuity, and in (c) and (d), we display the resulting Wigner functions W and W, associated with the wave
functions v and 14 with a discontinuity in the first derivative. In the corresponding back drops, we depict the probability densities (not to scale) in position or wave vector
space obtained by integrating the Wigner function over k or z. Since /¢ is not normalizable, there does not exist a wave vector distribution in (a). The Wigner functions W
and W, shown in (c) and (d) lead to similar probability densities shown by solid curves. The dashed curves in (c) and (d) correspond to the Wigner functions displayed in

(d) and (c). Here, we have used the decay parameter 8 = 1.

and negative values, giving rise to the ripples in Wigner phase space
apparent in Fig. 1(a).

These ripples are reminiscent of the waves caught in the bay
formed by the inflection point of the classical trajectory correspond-
ing to an energy eigenstate in a Morse potential.”>*° They also appear
in numerous Wigner functions of quantum systems, such as the
hydrogen atom,””* or closed shell atoms,” and manifest themselves
in fringes decorating anticaustics.” In these examples, the waves can
be understood with the help of the cord construction’ as an inter-
ference in phase space. However, in the present case, there is no
classical trajectory and, thus, no cord construction.

In the neighborhood of the positive z axis, W, is positive and

The negative parts of W, contained in the ripples are necessary
in order to satisfy the marginal property,

f dk Wy (z.k) = ¥ ), (12)

oo

valid for any square integrable function, which for W, given by
Eq. (11), reads

°9 f "k Si“(,sz) 0@ = %@ (13)

Here, we have used the integral relation

grows on the z axis linearly with z without a bond. This dominant e dx sinx . (14)
behavior reflects the fact that v, is not normalizable. . x
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and the identity
0’ = 0. (15)
In the backdrop of Fig. 1(a), we display the constant probability

density | (2)|%, resulting from W, by integration over k.

We note that there exists also the marginal property'>'®

/ dz Wy (z.k) = ¥ (0, (16)

where ¥ = (k) denotes the Fourier transform of the wave func-
tion ¥ = ¥ (2). Since V¥, is not normalizable, this marginal property
cannot lead to convergent results.

It is interesting that apart from the Heaviside function, the
diffraction kernel D given by Eq. (8) and the Wigner function W
in Eq. (11) are identical. Due to the convolution identity, Eq. (A15)
of two diffraction kernels derived in Appendix A, Wy, satisfies the
diffraction integral, Eq. (7).

2. Jump to an exponential wave function
Obviously, the exponential wave function
¢e(2) = Noe #* (17)
with the normalization constant

N, = \/ﬁ, (18)

and the decay parameter S is normalizable.
In this case, the corresponding Wigner function W,, for

Ve(2) = O (2) p.(2) (19)
following from Eqgs. (4) and (17), reads

N? sin(2kz
Wa(a k) = © (2) e g2pe 02K (20)
bid k
Here, we have used the identity
e Plety/2) o=Plz—y)2) _ o=2Pz (21)

reducing the integral in Eq. (4) for the Wigner function to that of the
constant wave function ..

Hence, the only change is a position-dependent exponential
term, combined with the normalization constant Ng. Both originate
from the normalization of ¢, and multiply the Wigner function W,
corresponding to ¥, leading us to the connection

W, = Nee 7w, (22)

The consequences of this change from a constant to an expo-
nentially decaying wave function are clearly visible in Fig. 1(b). In
the neighborhood of the positive z axis and for large values of z, W,
is governed by the exponential term in Eq. (20). For small values of
z, the linear growth still dominates creating in this way a maximum
where these two behaviors merge into each other.

The exponential prefactor in Eq. (22) has an additional effect. It
reduces the amplitudes of the ripples, a feature that stands out most
clearly in a comparison of Figs. 1(a) and 1(b).

We conclude our discussion of W, by noting that it satisfies the
diffraction integral equation, Eq. (7). At this point, it is important

pubs.aip.org/aip/cha

that the convolution is only in the variable k. For this reason, the
product of a function that only depends on the coordinate, and W,
which is a solution, is also a solution.

B. Discontinuity in the derivative

So far, we have discussed the influence of a discontinuity in
the wave function on the corresponding Wigner function. We now
address the analogous problem for a discontinuity in the derivative
of a wave function and illustrate our results using two examples:
(i) a decaying exponential function multiplied by the coordinate and
(ii) an energy wave function’>* of a particle, such as an atom™* or a
neutron’® moving in the Earth’s gravitational field” in the presence
of an infinitely tall and infinitely steep potential wall.

1. Kink in the modified exponential

For the sake of simplicity, we start our discussion with the
modified exponential wave function,

@c(2) = Nyze #? (23)

with the normalization constant Ny = /483.
According to Appendix B, the Wigner function W associated
with the wave function

Yi(2) = O (2) pr(2) (24)

with a kink, following from Eq. (4), now reads

(25)

N? i
Wileh) = © (2) e [Sm (2k2) _ ) cos (Zk‘ﬂ .
T

k3 k2

When we compare this expression for W, to the one, Eq. (20),
corresponding to the Wigner function W, of a wave function with a
jump, we find that Wy is still some sort of sinc function as a function
of k, multiplied by the exponential decaying as a function of z. How-
ever, now the characteristic decay of W in k is governed by 1/k?
instead of 1/k, as shown in Fig. 1(c). As a result, the ripples in phase
space are slightly weaker than for a wave function with a jump.

2. Kink in gBounce wave functions

In the case of a quantum particle bouncing on a mirror in the
Earth’s gravitational field, the energy eigenfunctions are of the form
of Eq. (1), and the Heaviside step function ® results from the mirror
placed at z = 0. Here, we assume that the particle cannot enter the
surface of the mirror creating the condition v (z) = 0 for z < 0.

For z > 0, the energy wave functions™

¢n(2) = NpAi(kz — €,) (26)
are given in terms of the Airy function® Ai, and the boundary condi-
tion at the mirror enforces the dimensionless energy €, = —a, to be
determined by the nth zero a,, of the Airy function with Ai(a,) = 0.
The parameter

2m*g s
K= ( = ) (27)

with the unit 1/length involves the acceleration g and makes the
argument of Ai dimensionless, and the normalization constant’

Chaos 35, 033150 (2025); doi: 10.1063/5.0260470
© Author(s) 2025

35, 033150-5

€0:52:01 920T UdoteN 91


https://pubs.aip.org/aip/cha

Chaos ARTICLE

N, = /k/|Ai'(a,)| contains the first derivative Ai' of the Airy
function.

We now analyze manifestations of the kink in the
eigenfunction,

Vn(2) = O (2) 9 (2), (28)

in the corresponding Wigner function W,. For this purpose, we
substitute ¢, given by Eq. (26) into the expression, Eq. (4), for the
Wigner function. Unfortunately, to the best of our knowledge, there
does not seem to be an analytical expression for this integral.

Nevertheless, we can gain some insight into the behavior of W,
when we cast in Appendix C this integral into the form

NZ 00
W, (z,k) = O (2) 21/371—;/ du Ai[u? + 27 (kz — €,)]

x D (2z,k — 27u), (29)

which contains explicitly the diffraction kernel D given by Eq. (8). It
is, therefore, not surprising that W), satisfies the diffraction equation,
Eq. (7), as also shown in Appendix C

In Fig. 1(d), we depict the numerically evaluated W;, which
displays features reminiscent of the examples discussed earlier. In
particular, we recognize again the ripples in phase space, however,
with a stronger damping than before.

IV. FRINGES IN SPACETIME

We now turn our attention to the dynamics of wave functions
with a discontinuity and show that ripples in Wigner phase space
lead to fringes in spacetime. In particular, we study the free time
evolution of a wave function, Eq. (1), which enjoys non-vanishing
values for positive coordinates only. Here, we employ two different
tools: (i) the propagator of the wave function of a free particle given’
by a quadratic phase factor and (ii) the propagator of the Wigner
function consisting'>'® of the product of two delta function in z and
k, ensuring propagation along classical trajectories.

A. Fresnel transform vs shearing

For this purpose, we first recall’ the propagator
. 2
Gy (2 t|zg) = Ny (e V=0 (30)
of a free particle with the normalization constant

N, (1) = &: (31)

and the abbreviation
m
2nt
Hence, the Huygens integral determining the propagated wave
function

a(f) = (32)

V(zt) =f dzy Gy (2 t1zo) ¥ (20) (33)

o0

reduces for wave functions of the type of Eq. (1) to the expression

V(z 1) = N,y(D) / dz O’ 4 (7)), (34)
0

pubs.aip.org/aip/cha

It is interesting to compare and contrast the propagation of the
wave function v, given by Eq. (33), in terms of the rather opaque
Fresnel transform, with the propagation'>'®

o0 o0
Wis k) = / dz / dk Gy (@ k. Hzon ko) Wo(zon ko) (35)
—00 —00

of the initial Wigner function Wy(z, k) = W(z, k;t = 0) along the
classical trajectories expressed by the propagator

GW(Z, k, tlZO, ko) =4 [Z - (Zo + %kt>] 1) (k — ko) . (36)

Indeed, the first delta function ensures that a particle reaches
the coordinate z only along the Newton trajectory starting at t = 0
at zy. The second delta function reflects conservation of momentum
hk as required by free motion.

When we use the two delta functions to perform the integration
in Eq. (35), we arrive at the expression

Wz, k;t) = W, (z - %t, k) (37)

corresponding to a shearing of the initial Wigner function W.

Obviously, points in phase space with larger k move faster com-
pared to ones with smaller k and, therefore, move further during
the time t. Points on the coordinate axis, corresponding to k = 0,
remain at rest.

B. From ripples to fringes

So far, we have considered the time evolution of an arbitrary
initial state in the frameworks of the Schrédinger wave function and
the Wigner function. We now apply these results to the four exam-
ples discussed in Sec. I1I. For details of the integration, we refer to
Appendixes D and E.

1. Scattering from a sharp edge: Constant wave

The problem of the propagation of a constant wave function,
which jumps at the origin from a vanishing value to a non-vanishing
one, such as the wave function v, Eq. (10), corresponds to scattering
a scalar wave off a sharp edge."” In this case, Eq. (34) reduces to the

expression
Yelz, t) = %erfc[—,/ O{Tt)zi| (38)

10 erfc as verified in

in terms of the complementary error function
Appendix D.

In Fig. 2(a), we display the probability density || in time and
space, and fringes in spacetime emerge from the origin. They are a
consequence of the ripples in the Wigner function, which experience
a shearing due to the free time evolution.

In order to bring this fact out most clearly, we show in Fig. 3
the time evolution of the Wigner function W, of the constant wave
function . given by Eq. (11) for four typical times. Here, we
use a two-dimensional representation of W, rather than the three-
dimensional one of Fig. 1 to better highlight the influence of the
phase space ripples. Indeed, positive and negative values of W, are
indicated by bright or dark colors.

According to Eq. (37), the propagation of W, due to free
motion leads to a shearing of the initial Wigner function. As a result,

| 2
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FIG. 2. Fringes in spacetime caused by a jump (left column) in or a kink (right column) of a wave function. In (a) and (b), we show the probability density in spacetime resulting
from the free propagation of the initial wave functions v/, and v, whereas in (c) and (d), we depict the same phenomenon for v and v4. In the course of time, the sharp
edge in (a) at z = 0 moves to the right while developing ever more sidelobes. This phenomenon is less pronounced in the three other examples due to the fact that the fringes
are not carved into a constant background as in (a), but appear in the tails of the original maximum, which is slowly decaying while spreading. However, we emphasize that
in the short-time limit, the wave packets v and v, depicted in (c) and (d), briefly focus as apparent from the temporary increase of the central maximum. Here, we have
used the decay parameter 8 = 1.

the ripples move to the right or left depending on the sign of k. Since
they appear for non-vanishing values of k, they move faster than
the dominant maximum along the z axis and, thus, modulate this
background, which leads to fringes in the probability density when
integrated over k as expressed by the marginal property, Eq. (13).
The long-time limit yields the familiar probability density governed
by the Cornu spiral."*

2. Scattering from a sharp edge: Decaying wave

Next, we turn to the time evolution of the wave function v,
defined by Eq. (17) and find according to Appendix D the expression

Y (z,t) = \/ge_ﬂze% erfc[b(z, t)], (39)

with the abbreviation

bz ) = _,/@ |:z+ 2i5(t)] (40)

|2

In Fig. 2(b), we display the resulting probability density |,
in time and space. Again, we find fringes in spacetime. However,
in contrast to the corresponding distribution of v, they are not as
pronounced. The reason for this behavior is the reduced amplitude
of the ripples of the corresponding Wigner function W,.

3. Scattering from a soft edge due to apodization

Since the wave function v is continuous at z = 0, we can inter-
pret the subsequent time evolution as the result of the scattering
of a scalar wave off a soft edge, that is, one with apodization. In
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FIG. 3. From ripples in Wigner phase space to fringes in spacetime illustrated by the free time evolution of the Wigner function W, corresponding to the wave function v,
depicted here at four characteristic times. The free motion causes a shearing in phase space of the initial Wigner function represented by color plots. Bright and dark colors
indicate positive and negative values of the function as suggested by the scale on the right. In the course of time, the ripples of the initial Wigner function of Fig. 1(a) get
pushed more and more to the right for positive k, and to the left for negative k, and due to their oscillatory behavior alternating between positive and negative values create

fringes in the tails of the probability density obtained by integrating over k. The scaling gs of the two orthogonal axes defining Wigner phase space is identical in the four
pictures.
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Appendix D, we then perform the Huygens integral for ¥ and find

Ni g 1 iz
z, ) = e*ﬁze o [ ——e'7T
Vi(z, 1) 3 \ a0

—b(z,1)?
X {b(z, terfc[b(z, t)] — e\/}} . (41)

The probability density ||* shown in Fig. 2(c) displays three
characteristic features: (i) the appearance of fringes throughout
spacetime originating at the starting position of the wave packet,
(ii) the maximum of the wave packet is not at the origin of space

and time, and (iii) there seems to be a focusing effect’ of the wave
packet for t > 0.

4. gBounce wave function

Finally, in Appendix E, we perform the Huygens integral for
the gBounce wave function, Eq. (26), and find

_No " [eOT y
Ya(zt) = yp /mdyerfc: ; |:2a(t) z”

1, K2
X exp {1 gy — yz—}—(/cz—e,,)y . (42)

4a(t)

In Fig. 2(d), we depict the numerically evaluated ground state
probability density |1/, (z, £)|, which displays the same characteristic
features as ||? in Fig. 2(c), but with a dampened amplitude.

V. CONCLUSIONS

How does a discontinuity in the wave function, or in its first
derivative, manifest itself in the free time evolution? In the present
paper, we have addressed this question with the help of the Wigner
function.

For this purpose, we have studied the time evolution of a free
particle prepared initially in four different states corresponding to
four different wave functions in position space: The Heaviside step
function and the exponential display a jump in the wave func-
tion at the origin. The modified exponential and the gBounce wave
function show a discontinuity in the first derivative.

The choice of the first three examples is motivated by the fact
that these wave functions enjoy Wigner functions determined by
analytic expressions. Although we could not find an analytic expres-
sion for the Wigner function of the gBounce wave function, we
could still derive an integral representation, which allowed us to
gain insight into this function. The unifying property of the Wigner
functions discussed in this article is ripples in phase space. Here, the
Wigner functions oscillate between positive and negative values.

The free time evolution of the Wigner function is given by a
shearing of the initial distribution, and the ripples translate into
fringes in spacetime. They are most pronounced in the case of the
Heaviside step function. However, they also appear in the case of
the gBounce function but are less visible. In this way, the fringes
in spacetime are generalizations of the oscillations in the far-field
distribution of the scattering from a sharp edge.

pubs.aip.org/aip/cha

We expect these ripple-induced fringes not only to appear
in the free time evolution, but also in the presence of a linear
potential as provided, for example, by a constant gravitational field.
The gBounce system would be the perfect setup to observe the
discontinuity fringes of spacetime.
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APPENDIX A: WIGNER FUNCTION WITH A
DIFFRACTION KERNEL

In this appendix, we perform the integration over the finite
domain of the coordinate in the definition, Eq. (4), of the Wigner
function with the help of the Fourier transform of the wave function.
This analysis brings to light the diffraction kernel.

Indeed, we find an implicit equation for the Wigner function
as a solution of an integral equation. The Wigner function of a wave
function restricted to a half-line is a convolution of the Wigner func-
tion with the diffraction kernel. We first derive this equation and
then illustrate it using the example of the Wigner function W, cor-
responding to the wave function v, with a jump to a constant value
atz=0.

1. Integral equation

We start our derivation by recalling the identity
©%(2) = O (2) (A1)

for the Heaviside step function ®, which allows us to express the
wave function v, given by Eq. (1), in the rather unusual form,

V(2) =02 ¥ (2. (A2)

When we substitute this expression into the definition, Eq. (2),
of the Wigner function, we can use the property, Eq. (5), of ® to
create finite limits in the integration over y but still keep i rather
than ¢ in the integrand, leading us to the expression

2z

Wy (2 k) = % /_22 dye®ry* (z+ g) v (z— %) . (A3)

When we compare this representation of W, to the one of
Eq. (4), the wave function y rather than ¢ appears in the integrand.
Needless to say, Eqs. (A3) and (4) are identical due to the identity,
Eq. (A1), of the Heaviside step function.

However, the appearance of ¢ now allows us to employ the
Fourier transform,

- 1 ©
=— [ dze®y(2), A4
Y (k) Nz /; . ze™Y(2) (A4)
of ¢ with its inverse
1 o0 o~
=— [ dke ™Yk A
¥ (2) N e Y (k) (A5)

For the one-sided wave function, Eq. (1), we find

~ 1 o0 .
k=—= [ dze*o(2), A6
v (k) T /0 ze™p(2) (A6)
and its inverse given by Eq. (A5) reads
V(o) = / A7 8(z— 2)p(2). (A7)
0

The integration of the delta function over positive coordinates only
creates the Heaviside step function, in complete agreement with
Eq. (1).

pubs.aip.org/aip/cha

Next, we substitute the representation, Eq. (A5), of ¥ into
Eq. (A3), and arrive at the expression

@ 00 o] ) - -
Wy = f_ dk, /_ dk, eC17R 7% (k) ¥ (k,)

1 (= 1

which after performing the integration over y leads us to the
representation

Wy = % :: dk; /;: dk, eki=kzq)x (k1) v (k2)

x D [ZZ,k + %(kl + kz):| , (A9)

where we have introduced the diffraction kernel
D(a,u) = % /_Z dye™ = %w (A10)

It is useful to introduce the new integration variables,
k_=k, —k, k+E%(k1 + k), (A11)
resulting in

Wy, =0 f h dk, Wy (2, k) D2z, k + k), (A12)

where we have introduced the abbreviation

- 1 [ . k_\ - k_

Wy (z,k) = — dk_e* =y (k+ — k——1, (A13
e i ) ok). o
which is the definition of the Wigner function in the wave vector
space defined by Eq. (A4).

Since Wy, = Wy, we arrive at the implicit equation

W, (2, k) = O(2) / dk' W, (z,K)D(2z,k + K) (A14)

for the Wigner function W,,. Indeed, Wy, appears on both sides of
the equation but gets integrated over the wave vector kK’ with the
diffraction kernel D on the right-hand side.

2. Convolution of two diffraction kernels

At the very heart of the phenomenon of diffraction in phase
space is the integral relation

/ dk, D(a, ky)D(a, k + ki) = D(a, k), (A15)

which demonstrates that the diffraction kernel D given by Eq. (A10)
is an eigenfunction of the diffraction integral.

It is interesting that the identity, Eq. (A15), is also central to
numerical methods based on sinc functions.’* Although it has been
discussed extensively in this context, we now rederive it for the sake
of completeness.
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For this purpose, we substitute the definition, Eq. (A10), of D
into the left-hand side of Eq. (A15) and evaluate the integral

I = % [ N dk, Smgi*a) Sm[;f:,{’i””. (A16)
With the identities
i;zl[L_ ! } (A17)
ki k+ke klks k+ks
and

sin[(k + k, )a] = sin(ka) cos(k,a) + cos(ka) sin(kya)  (A18)
together with
sin(kya) = sin[—ka + (k + ky)al, (A19)
or

sin(kya) = — sin(ka) cos[(k + k)a] + cos(ka) sin[(k + k. )a],
(A20)

we arrive at the representation
1 sin(ka) 1 cos(ka) I
Tm ok T m ko
of the integral I. where we have introduced the abbreviations

(A21)

1 (= sin(2kya)  sin[2(k + k. )a]
L=n[mM+{ 2k, 2(k +ky) } (422)
and
Y sin®(kpa)  sin?[(k + k,)al
=g [ T ]

The integral I, vanishes since the integrand is antisymmetric in
the integration variable k., and with the integral relation

. .
/ dx BX _ o (A24)
oo x
we arrive at
I, =1, (A25)
and, thus, at
1 sin(ka
= Lt (A26)
Tk

which yields with the definition, Eq. (A10), of D the identity,
Eq. (A15).

APPENDIX B: WIGNER FUNCTION OF THE MODIFIED
EXPONENTIAL

In this appendix, we evaluate explicitly the Wigner function Wy
of the modified exponential wave function,

a
=—Ny— (e77), Bl
@ (2) k38 (e7%) (B1)
given by Eq. (23). Here, we have already replaced the linear argu-
ment z by the derivative with respect to the decay parameter S,
which simplifies the integration in Eq. (4) over y.

pubs.aip.org/aip/cha

Indeed, when we substitute Eq. (B1) into the definition, Eq. (4),
of W,, we can factor the differentiations with respect to 8;, and B,
out of the integral, and find the expression

2 2 2.
W, = Nka_{e—(ﬂ1+ﬁz)z/ Zdye[ik—%(ﬁl—ﬁz)]y}
-2z

"= 2 piop ®

Pr1=pr=B

Here, we first differentiate with respect to the two parameters
and then set them equal, as indicated by the vertical line at the end
of the equation.

The integral immediately leads us to the formula

, (B3)
B1=B2=P

NZ 32 efzﬁlzeZikz _ efzﬁzze—zikz
W, = £ —
27 3B10B> ik—5(Bi1 — B2)

which after the differentiation with respect to 8, and B; yields the
expressions

Mo o 1
T2 | [ik— 48— )]

1 . :
x E [e—ZﬂlzeZIkz _ e—Zﬁzze—szz]

1 )
+- (_e—zﬂzze—Ztkz) (_22)} (B4)
ik — %(ﬂl - B2) br=Pr=p
and
2 —1(—
w, = [—( D(=2) <_1> (1) e 22i sin(2kz)
2r | (ik) 2/ \2
1(_1) _ —2Bz 2ikz
5 (ik)z( 2z)e “F<e
(=1)(=29) ( 1 _ﬂmﬂw] B
Ty (2)(e =] .

Here, we have already set §; = 8, = B but have not combined yet
all the factors as to keep track of their origins.
After minor algebra, we arrive at

W, = ﬁe’zﬁz [sin(Zkz) _, COS(ZkZ)] .

5 z 2 (B6)

2

Needless to say, we could have also found this formula by
performing directly the integral, Eq. (4), defining the Wigner func-
tion W, without introducing the two differentiations. However, in
this case, the quadratic contribution in y arising from the linear
dependence of ¢,, which is from the identity

s

can also be evaluated by a second derivative with respect to . It is
interesting to note that in this approach, it is not a differentiation
with respect to 8; and B, but twice with respect to .
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APPENDIX C: WIGNER FUNCTION OF THE gBOUNCE
WAVE FUNCTION

The Wigner functions W, of the gBounce energy eigenfunc-
tions v, given by Eq. (28) have been previously analyzed” by
numerically integrating the corresponding integral following from
the definition, Eq. (4), of the Wigner function. In the present
Appendix, we cast this integral into a form, which makes it easy to
read off the qualitative features of W,,. Moreover, we verify that W,
satisfies the diffraction integral equation.

1. Alternative representation

When we substitute the wave function, Eq. (28), into the
definition, Eq. (4), of the Wigner function and introduce the new
integration variable £ = ky/2, we arrive at the expression

W,(z, k) = %Ni 1 <ICZ — €, E;Kz) (C1)
KT K
with the integral
1Gpa = [ deePaicronic-o, ()

which with the help of the definition™

Ai(x) = % /m dt exp |:i (%P + xt)] (C3)

of the Airy function takes the form

1 a o0 oo
I=— / de / dny / dt, eGPt
a2 J o7 ) —s0
B4+
X exp {i [% +o(h + tz)] } . (C4)

Next, we interchange the integration over £ with the ones over
t; and t, and obtain

1 o0 o0 248
o f e 2% )

sin [(2p +t — tz)a]

C5
24+t -t =2
which with the substitutions
1
L=t —1h t+55(t1 + f), (Co)
that is,
t_t—i—lt Hh=t lt (C7)
1 =htot h=h-ot,
and the identity
B+ 2 1
! 2= 5 i'i— Etit.,_, (C8)

yields

B oodt sin[(2p+t_)a]
Tt )T 2p+t

x /Oo dt+exp{i|:§2ti+ Gtz_ +2;> t+]}. (C9)

Finally, we carry out the integration over ¢, by recalling the
integral representation, Eq. (C3), of the Airy function together with
the substitution t = 2'3t,, and with u = 27%*¢_, we arrive at the
expression

I

3 poo inle 2%3
=2 [ duai [1? +2%¢] sin[p + 2%1a]

C10
T oo zp + 22/3u ( )

When we substitute this representation of I into the formula,
Eq. (C1), for the Wigner function W,,, we find

NZ o]
W,(z, k) = O (2) zlﬂn—; / du Ai[1? + 27 (kz — €,)]

sin [ (2k + 27ux)z]

Cl11
2k + 2%Puk (C11)

or
Wa(zk) = O (2N, / h du A(z, ) D2z, k + 2 Puk), (Cl12)

where we have recalled the definition, Eq. (A10), of the diffraction
kernel D and have introduced the abbreviations

N, = rl (C13)
b
and
Az u) = Ai[u? + d,(2)] (C14)
with the displacement
du(z) = 27 (kz — €,). (C15)

To gain deeper insight into the qualitative behavior of the func-
tion, it is instructive to split the remaining integration over u into its
negative and positive domain,

Wo(z, k) = © (2) N, /00 du A(zu) [Di(z. ks w) + D_(z, ks w)],
’ (C16)
with
Dil(z ks u) = DRz k+ 2 Puk). (C17)

In this representation, the symmetry, Eq. (6), with respect to
the coordinate axis is apparent.

We conclude this analysis of the Wigner integral, Eq. (C2), for
the gBounce wave function by noting that the method of the sta-
tionary phase'® when applied to Eq. (C9) may yield deeper insight
into the form of the Wigner function. However, we postpone this
approach to a future publication.
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2. Qualitative behavior

Now, we are in the position to study characteristic features of
the Wigner function W, corresponding to the gBounce wave func-
tion ¥, based on the integral representation, Eq. (C16). For the sake
of simplicity, we first restrict our analysis to the ground state cor-
responding to n = 1. We conclude by briefly discussing the general
case.

We start by identifying the origin of the ripples in the Wigner
function exemplified on the top of Fig. 4 as a function of k for
z=1. For this purpose, we first note that the integration in
Eq. (C16) runs over positive values of u only, and the inte-
grand consists of the product of the shifted Airy function
A = A(z;u) and the two diffraction kernels D, (z, k; u), given by
Eq. (C17).

For a fixed z, the Airy function defining A is shifted to the right
by the amount d, (z) creating a maximum along the positive u axis
as shown by the orange curves in Fig. 4. For values of u beyond this
maximum, we observe the characteristic exponential decay of the
Airy function. Hence, it is the extension of the Airy function in u
that determines the region of integration.

Next, we address the influence of D, shown in Fig. 4 by the
green curves, on the integration. For a fixed wave vector k, the two
components Dy of the diffraction kernel D have a maximum at
u = F2"k /i with decaying oscillations on both sides.

Wi(z=1,k)

0.1F

ARTICLE pubs.aip.org/aip/cha

Hence, for increasing values of k displayed in Fig. 4 indicated
on the top curve by arrows, the two dominant maxima of D_ and
D, shift to the right and left, respectively. Since the integration is
restricted to the positive domain only, the main contribution of D
to the integral arises from the component D_ corresponding to a
shift to the right.

We can now understand the appearance of the ripples depicted
on the top of Fig. 4. Indeed, the integrand of the Wigner function,
shown in Fig. 4 by the blue lines, consists of the shifted Airy function
A, which is independent of k, and the diffraction kernel D moving
to the right along the u axis with increasing k. The peaks and valleys
of D_ move through the integration region resulting in an integrand
with either mainly positive (a) and (d) or negative (b) values, or as
many positive as negative contributions (d) as shown in the individ-
ual panels of Fig. 4. Hence, the Wigner function displays oscillations
along the k axis.

Next, we address the behavior of the Wigner function for a
fixed k and growing values of z as exemplified on the top of Fig. 5.
In this case, the dependence of A on z becomes important. Indeed,
due to the position dependence of the displacement d;, Eq. (C15),
the Airy function, along with its exponential tail, experiences a shift
to the left as demonstrated in Fig. 5 for four values of z marked again
on the top curve by arrows. Therefore, the region of integration gets
reduced, and we expect to see an exponential decay along the z axis
in the Wigner function.

(@) (b)

(© (d)

— Integrand — D(z,k=1;u)

v ‘ 2 3

A(Z; 1)

FIG. 4. Origin of the ripples in the Wigner function W; corresponding to the gBounce ground state wave function 4, explained by the integral representation, Eq. (C16).
On the top, we depict W as a function of k for z = 1. Below, we show for four different characteristic values (a)—(d) of k indicated on the top curve by arrows, the shifted Airy
function A = A(z; u) (orange line), the integration kernel D = [D, (z, k; u) + D_(z, k; u)] (green line), and the integrand (blue line), given by their product, as a function
of the integration variable u. The axes in the four pictures are identical. For increasing k, D with its oscillatory wings moves to the right, and as a result, the integral oscillates

as well, in complete agreement with the top curve.
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FIG. 5. Origin of the exponential decay (top) of the Wigner function W; corresponding to the gBounce ground state wave function v for fixed k = 1 but increasing z using
the integral representation, Eq. (C16). On the top, we depict W; as a function of z for k = 1, and below, we show for four different characteristic values (a)—(d) of z, indicated
on the top curve by arrows, the shifted Airy function A = .A(z; u) (orange line), the diffraction kernel D = [D..(z, k; u) + D_(z, k; u)] (green line), and the integrand
(blue line), given by their product, as a function of the integration variable u. The axes in the four pictures are identical. Due to the motion of the decaying part of A to the

left, the integral and, thus, the Wigner function W; decay.

For excited states, that is, n > 1, the shift d,(z) of A increases
with n. Depending on the coordinate z, A now has up to n max-
ima inside the positive domain. Hence, the integration interval gets
enlarged, but the overall behavior of the functions involved does
not change. Therefore, we still expect the Wigner function to dis-
play oscillations along the k axis and an exponential decay along the
z axis. For a pictorial representation of W, for n > 1, we refer to
Ref. 37.

3. Diffraction integral

We conclude this appendix by verifying that W, in the form of
Eq. (C12) satisfies the diffraction integral, Eq. (A14). Here, we apply
the convolution identity Eq. (A15).

From Eq. (C12), we find for the right-hand side of Eq. (A14)
the expression

RS = BN, /oo du A(z; w) T (), (C18)

where we have interchanged the order of integrations and intro-
duced the abbreviation

Jw) = / dk D(a, k' + 27 u)D(a, k + k), (C19)

o0

with a = 2z.

With the help of the convolution identity, Eq. (A15), we imme-
diately arrive at

J W) = D(a, k — 2"V ux), (C20)
which with the help of the relation, Eq. (A1), reduces to
RS=W,, (C21)

where in the last step, we have introduced the integration variable
1 = —u and recalled the expression, Eq. (C12), of W,,.

APPENDIX D: TIME-EVOLVED WAVE FUNCTIONS

In this Appendix, we derive expressions for the free time evolu-
tion of the three model wave functions, v, ¥, and ¥, determined
by Egs. (10), (19), and (24), respectively. Throughout this Appendix,
we use the propagator, Eq. (30), of a free particle.

In the three examples, the time-evolved wave functions follow
from the integral

Tup) =N [z et oy
0

where N, = N,(¢) and a = «(t) are given by Egs. (31) and (32),
respectively.
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Indeed, we find immediately

Ve(zt) =1(z, 58 =0) (D2)
and
Ve(zt) = NeZ(z t; B) (D3)
together with
0
Vi(z, 1) = _Nkﬁz(z B). (D9)

When we complete the square, the integral Z, defined by
Eq. (D1), takes the form

w2 [ olomr BV
I:Npefﬂzeﬂ/‘ dz, ¢ (Z ZOJrM) > (D5)
0

. . _ . 2
which with the substitution —# = ia(z — zy + %) leads us to the
result

1 4, 8
7= Ee Bzeisa erfe(b), (D6)

b(z,t) = —/ 0@ |:z+ 2i5(t)] . (D7)

Here, we have recalled the definition, Eq. (31), of the normalization
factor N, of the propagator, as well as the definition"’

with

erfc(z) = % /oo dte™" (D8)

of the complementary error function.
From the expression, Eq. (D6), for the integral Z and the
definition, Eq. (D7), of b, we find from Eq. (D2) the result

Yz, t) = %erfc(—,/ @z) . (D9)

When we substitute the expression, Eq. (D6), into the formula,
Eq. (D3), we arrive at

Ve(z, 1) = \/ge—ﬂze% erfc[b(z 1)]. (D10)

Here, we have also used the definition, Eq. (18), of N,.

In order to find the time evolution of the modified exponential
function given by Eq. (D4), we need to differentiate the integral Z,
Eq. (D6), with respect to 8, leading us to the expression

I 1 ig? ] d
% = Ee‘ﬁze% {erfc (b) [—z+ %] + @erfc(b)} . (D11)

From the definition, Eq. (D8), of the complementary error

function, we find

d 2
d—zerfc(z) = —ﬁe’zz, (D12)
and thus,
d 1 2
—erfc(b) = e Ve, (D13)
o

Hence, the time-evolved modified exponential wave function
reads

Ni _g, i B 1
= —— Zo'da —erf _— ! .
Y 2e e’ { erc(b) |:Z+2ia]+ _jme e '
(D14)

The definition, Eq. (D7), of b allows us to simplify this expres-
sion and arrive at

ip? 1 » -0
Yz, t) = —%e_ﬂze‘% \/;e’? |:erfc(b)b — eﬁ:| . (D15)

Hence, the probability density [y|? is then given by

ezﬁz

N2
Vi@ O = e {Ierfc(b) b’ +
4o T

_2
N

where the asterisk denotes the complex conjugate.

Re [erfc(b*) b*e_bz]} , (D16)

APPENDIX E: TIME-EVOLVED gBOUNCE WAVE
FUNCTION

In this Appendix, we cast the integral, Eq. (34), for the free time
evolution of the gBounce wave function ¢,, given by Eq. (26), into a
form, which allows its numerical evaluation.

The free time evolution is determined by the integral

fo¢]
L(z,t) = N,(HN, / dzy €07 Ai(zo —€,),  (E1)
0

and when we recall the definition, Eq. (C3), of the Airy function, we
find

N,N, [* o . 130 ez —
I, = ;nn/ dZO/ dye’“(z’z‘])ze[” Hw—eny] (E2)
0 —00

Completing the square and using the substitution —7* = i (z,
+ ky/20 — z)?, we get

NN, [i [ * S e e,
I, =2 i/ dy/ dre e [3;/ e )y], (E3)
2 o J

r0(132)

with ro(y;2) = /% (52 — z).
With the definition Eq. (D8) of the complementary error func-
tion and the definition, Eq. (31), of N,,, we finally arrive at

N, [~ / {15~ 2 +ez—en)
I,=—"2 dyerfc[ O—,t <Q — z)] e1[3y e y], (E4)
47 ) o i \2a

which allows us a numerical evaluation.
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