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Abstract

At its heart, a Josephson-photonics device combines macroscopic superconduct-
ing electronics and microscopic quantum optics. It consists of a dc-voltage biased
Josephson junction that is connected in series to one or a few microwave cavities.
Cooper pairs can tunnel incoherently across the junction by depositing their en-
ergy 2eVdc in the microwave cavities, creating photonic excitations in them. Many
parameters, such as the eigenfrequencies/ (LC )� 1=2 or zero-point �uctuations
/ (L=C)1=4 of the microwave cavities, can be experimentally designed; other pa-
rameters, such as the strength of the Josephson nonlinearity and the dc voltage
are easily modi�ed in situ. In this way, Josephson-photonics devices constitute a
versatile source of microwave photons with a wide variety of features extending
from the classical to the deep quantum regime. To make them of use for quantum
technological applications that rely on a well-de�ned phase of the microwave light,
a crucial drawback must be overcome. The dc voltage does not provide a stable
reference phase to Josephson-photonics devices, as it is subject to experimental
noise, such that all phase information is lost.
In this thesis, we develop the �eld of Josephson photonics in two directions:
As �rst main result, we resolve the issue of phase instability in Josephson pho-
tonics. The phase can be stabilized either by injection locking to a small external
signal with a stable and well-de�ned reference phase or by mutual synchronization
to a second device. An alternative approach mitigates the issue for some use cases
by optimizing an ansatz to reconstruct the undi�used stationary quantum state
from experiments with phase di�usion.
Secondly, we show how Josephson-photonics devices can be used for the challeng-
ing task of reliably detecting single itinerant microwave photons. The �Inelastic
Cooper Pair Tunneling Photon Multiplier� exploits a resonance condition, where
the energy provided by the dc voltage enables a multiplication process from one
incoming to n outgoing photons. This process can be staged to reach a large num-
ber of outgoing photons. Here, we model itinerant Gaussian single-photon pulses
of length T with Mølmer's approach. Further, we de�ne a detection scheme based
on heterodyne quadrature measurement of the output signal. Most importantly,
we show that realistic devices can achieve a detection e�ciency of84:5% with a
small dark-count rate of10� 3=T, promising to outperform competing schemes.
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Introduction

The Nobel Price 2025 in physics, awarded to John Clarke, Michel Devoret and
John Martinis, honored the �discovery of macroscopic quantum mechanical tun-
nelling and energy quantisation in an electric circuit�. The recent Nobel-Prize
winners have shown that the phase di�erence of a Josephson junction � amacro-
scopic quantity � is a quantum mechanical variable [1�3]. Thus, they demon-
strated that quantum e�ects do not only appear in microscopic systems such as
electrons, photons, or small molecules. These breakthrough experiments advanced
the �eld of superconducting electronics, which is now �rmly established as one of
the leading platforms for quantum technological applications. Most prominently,
novel technologies such as quantum information processing encode quantum bits
in macroscopic variables of superconducting electric circuits.
The control of singlemicroscopic systems, where, e.g., a quantum bit is encoded
in the polarization of a single photon or in the quantum state of a single photonic
mode, is the heart of many other quantum technologies. Such photonic technolo-
gies in the quantum-optics regime provide powerful tools for quantum communica-
tion, enabling protocols for quantum teleportation or quantum key distribution for
secure encryption of messages. Further examples comprise quantum sensing and
metrology, where, for instance, image resolution can be enhanced, precise mea-
surement is achieved with quantum interferometry, and squeezed states are used
for the detection of gravitational waves.

Recent years have witnessed a growing connection between the macroscopic quan-
tum electronics of superconducting devices and microscopic quantum optics. On
one hand, techniques from quantum optics are used for tasks in macroscopic su-
perconducting quantum electronics with typical energy scales in the microwave
regime. For instance, circuit quantum electrodynamics, which studies the inter-
play between microwave photons and qubits, uses techniques from quantum optics
for qubit readout with microwave resonators. On the other hand, superconducting
devices, especially through the development of Josephson parametric ampli�ers [4],
have been applied to problems and applications that originally arose in quantum
optics. Using microwave photons generated by superconducting circuits, quantum
teleportation has been experimentally achieved [5], Bell tests [6] can be performed,
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Introduction

and a microwave quantum radar [7] has used a quantum-illumination protocol and
shown a true quantum advantage.

For the �eld of Josephson photonics, the topic of this thesis, the interplay between
macroscopic superconducting quantum electronics and microscopic quantum optics
is the eponymous foundational aspect. A Josephson-photonics device consists of a
dc-voltage biased Josephson junction that is connected in series to one or a few mi-
crowave resonators. Cooper pairs can tunnel inelastically across the junction if they
can deposit their energy2eVdc in the microwave resonators. In 2011, pioneering
work in the experimental groups of D. Estève (CEA Paris-Saclay, France) [8] and
A.J. Rimberg (Dartmouth College Hanover, USA) [9] experimentally illustrated
the fundamental operating principle. These experiments have since spurred further
experimental and theoretical studies showing the versatility of Josephson-photonics
devices by shifting the focus from the enhancement of the Cooper-pair transport
to characteristics of the microwave light created in the resonators. Due to the non-
linearity of the Josephson junction, the microwave light displays features ranging
from the (semi)classical to the deep quantum. Especially the quantum properties
of the microwave light have sparked interest in using Josephson-photonics devices
for quantum technological applications. By carefully engineering the zero-point
�uctuations / (L=C)1=4 of the microwave mode, high impedances can be reached.
This implies that the nonlinearity of the Josephson junction becomes apparent
at the few-photon level, such that the cavity ultimately behaves as an e�ective
two-level system [10] that may constitute a single-photon source. Furthermore,
two-mode squeezed microwave light [11], a key resource for quantum radars, or
dissipative cat qubits [12] for quantum computation in continuous-variable sys-
tems can be created in setups that contain two microwave cavities. However, the
beauty of creating nontrivial microwave light with a simple dc voltage comes with
a severe drawback. A dc voltage does not provide a stable phase for the microwave
light and unavoidable experimental noise perturbs its phase. As a direct conse-
quence, the carefully created states of microwave light, such as squeezed states or
cat states, are hidden from direct observation. That poses a detrimental problem
for applications that fundamentally rely on an observable stable phase of light
when exploiting quantum advantages.

One result of this thesis is the presentation of solutions to mitigate the issue of
phase instability in Josephson photonics. The devices perform autonomous self-
sustained oscillations, i.e. long-lasting oscillations whose oscillation amplitude is
stable when the system is perturbed by noise. However, their oscillation phase is
neutrally stable and thus easily perturbed by external noise sources. However, this
drawback can also be used as an advantage: The oscillation phase is also sensitive
to external stable oscillations, and a reference phase can be provided by techniques
of injection locking. There, the system may synchronize its oscillations to a small
reference signal with a well-de�ned phase. Injecting a tiny ac voltage may thus sta-
bilize the phase of Josephson-photonics devices and protect against noise. Phase
stabilization can also be achieved by mutual synchronization. When coupling two
devices with neutrally stable phase, they may enter a synchronized state where
their relative phase is stable and protected. Exploiting nonlinear behavior of the
superconducting devices, Josephson photonics serves as an ideal platform to study
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Introduction

the fundamental dynamics of injection locking and synchronization from the clas-
sical to the quantum regime. Most importantly, however, we show that injection
locking and synchronization enable the usage of Josephson-photonics devices as
stable sources for quantum applications.

In the second part of this thesis, we utilize Josephson-photonics devices not as
sources but as detectors of single microwave photons. In the optical regime,
avalanche detectors or superconducting nanowire single-photon detectors exploit
the impact of a single photon with energies in the order of terahertz for detection.
However, microwave photons with energies in the gigahertz regime require much
more sensitive detectors. Despite some recent advances, the reliable detection of
single microwave photons with unknown arrival times remains an open topic. Any
progress in this direction has the potential to become an important ingredient for
quantum state readout, quantum communication protocols, and quantum sensing
such as the quantum radar.
Here, we tackle the detection of single microwave photons using a Josephson-
photonics device dubbed the �Inelastic Cooper Pair Tunneling Photon Multiplier�.
It takes advantage of a resonance condition for the dc voltage that involves the dif-
ference of resonator eigenfrequencies to convert one excitation in a �rst resonator
to n excitations in a second one. A single microwave photon impinging from an
input transmission line is resonantly absorbed by the device and multiplied, by
the energy provided by the dc voltage, ton excitations that leak into an output
transmission line. While an experiment has illustrated this basic principle of deter-
ministic photon-number multiplication for coherent continuous-wave input signals
[13], here we investigate ampli�cation and detection of true quantum input, i.e. a
temporal Gaussian input pulse in a single-photon Fock state. Speci�cally, we will
show that the performance indicators for single-photon detection with Josephson-
photonics devices compare favorably to competing schemes.

This cumulative thesis is structured as follows. In a theory part, we �rst explain
and review fundamental principles and properties of Josephson-photonics devices
in Sec. 1.3. We speci�cally highlight how intracavity states with interesting quan-
tum properties, such as quantum states showingZk-symmetry (see Sec. 1.4.1)
or dissipative cat qubits (Sec. 1.4.2), can be created. Presenting further quantum
technological applications, we show how Josephson-photonics devices are used as a
single-photon source (Sec. 1.5.1) and how to generate two-mode squeezed states for
a quantum radar (Sec. 1.5.2). The basic idea of the scheme for multiplication and
detection of single microwave photons is reviewed in Sec. 1.6. After discussing the
detrimental e�ect of voltage noise on phase-sensitive quantum states, like squeezed
states andZk-symmetric states in Sec. 1.7, the following Sec. 2 introduces basic
notions and hallmark signatures of self-sustained oscillators, injection locking and
synchronization. We conclude the theory part by presenting a brief theoretical de-
scription of itinerant quantum pulses of (microwave) light in Sec. 3, summarizing
a recent approach introduced by K. Mølmer, and a heterodyne detection scheme
by quadrature measurement of a resonator's output, which helps to understand
fundamental ideas used in our publication on single-photon detection.

The results of this thesis are documented in three publications and one preprint
completed during my PhD work, as well as three brief additional sections with
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Introduction

related unpublished work. First, we present how the phase of Josephson-photonics
devices can be stabilized by injection locking and synchronization. Pub.(i ) in
Sec. 4.1.1 incorporates an additional in-series resistor forming a low-frequency en-
vironment that enables the description of self-sustained oscillations that can be
injection locked and synchronized in the classical regime. In order to reduce the
noise, circuit designs with other low-frequency environments may prove bene�-
cial. In Sec. 4.1.2, containing unpublished results that constitute an extension of
Pub. (i ), we speci�cally discuss how the classical dynamics of injection locking is
modi�ed by a general impedance. Translating our insights to the quantum regime,
Pub. (ii ) presents how a Josephson-photonics device can be injection locked and
synchronized in presence of shot noise (see Sec. 4.2.1). Pub.(iii ) in Sec. 4.2.2 an-
alyzes the paradigmatic example of injection locking of squeezed quantum states
for technological applications. Unpublished work in Sec. 4.2.3 focuses on stabiliz-
ing cat qubits in a regime that is dominated by classical Johnson-Nyquist noise.
Finally, an alternative approach can be used to mitigate the issue of phase insta-
bility in Josephson-photonics devices (c.f. unpublished results in Sec. 4.2.4). By
measuring only a few experimentally accessible expectation values, the quantum
state without phase di�usion can be reconstructed with an ansatz.
As a second part of the results, the ampli�cation and detection of single microwave
photons using Josephson-photonics devices is studied in Sec. 5.1. Pub.(iv ) an-
alyzes the device in di�erent parameter regimes for incoming temporal Gaussian
single-photon pulses of lengthT. We �nd that realistic setups can achieve a detec-
tion e�ciency of 84:5%with a dark count rate of 10� 3=T, promising to outperform
existing approaches for single microwave-photon detection.

12



PART A

Fundamentals





Fundamentals of Josephson
Photonics 1

A Josephson-photonics device consists of a dc-voltage biased Josephson junction
that is connected in series with one or a few microwave resonators. In each su-
perconducting part of the Josephson junction, Cooper pairs, which are pairs of
electrons, exist at the Fermi energy inside the superconducting energy gap. If the
Josephson junction is biased by a dc voltage below the superconducting gap and
e�ects of an electromagnetic environment can be neglected, there is no directed
Cooper-pair current. Instead, Cooper pairs can tunnel inelastically across the
junction when their energy2eVdc can be absorbed by some environment. In this
regime, known as the dynamical Coulomb blockade, e�ects of the environment on
the characteristics of the Cooper-pair current have been studied extensively [14�
18]. One particular environment that enhances a directed Cooper-pair current is
realized by the use of microwave resonators. Then, when the dc voltage is applied
at resonance, Cooper pairs can tunnel inelastically by creating photonic excitations
in the microwave cavities, which can be observed. In 2011, pioneering work in the
experimental groups of D. Estève (CEA Paris-Saclay, France) [8] and A. J. Rim-
berg (Dartmouth College Hanover, USA) [9] has shown a �rst proof of this concept.
This investigation of thebright side of the Coulomb blockadehas since sparked the
development of a �eld coined Josephson photonics with a number of experiments
[8�11, 13, 19�24] and theoretical works [12, 25�52] that shift the focus from the
characteristics of the Cooper-pair current to photonic properties of the microwave
light in the LC -resonators. In Josephson-photonics devices, many parameters,
such as the eigenfrequencies/ (LC )� 1=2 or zero-point �uctuations / (L=C)1=4 of
the microwave cavities, can be speci�cally designed, while other parameters, like
the strength of the Josephson nonlinearity and the dc voltage can easily be ad-
justed in situ. Hence, a variety of photonic states of the microwave cavities can be
created with rich and nontrivial features ranging from the classical to the quantum.
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1 Fundamentals of Josephson Photonics Part A

Here, we start by describing the basic operating principle in more detail (Sec. 1.1).
After providing an overview (Sec. 1.2) of di�erent operating regimes and applica-
tions, we proceed with an in-depth theoretical description of Josephson-photonics
devices operated in the semiclassical and quantum regime in Sec. 1.3, o�ering a
mathematically sound basis. Sec. 1.4 then highlights the (steady-state) properties
of the microwave cavities, where we, e.g., review in detail how cat states, which
form quantum bits (qubits) in continuous-variable systems, can be generated and
used for quantum computation. Further, Josephson-photonics devices can be used
as microwave sources by emitting quantum microwave light. For example, they
can be operated as a single-photon source emitting antibunched light [10, 22, 31,
32]. Entangled microwaves [11, 19, 36, 37], which could, for instance, be used
in a quantum radar, can be generated by accessing the resonance condition for
two-mode squeezing. Recent proposals have presented a scheme for ampli�cation
[20, 21, 24] and detection [13, 41] of microwave photons (also see Sec. 1.6).
However, Josephson-photonics devices su�er from a drawback. The dc voltage
�uctuates due to noise and cannot provide a reference phase. As a direct conse-
quence, the dc-voltage noise leads to instability of the phase of the quantum states
in the resonators (Sec. 1.7). Providing schemes to address this shortcoming, such
as phase stabilization by injection locking or the reconstruction of the quantum
state by measuring very few accessible expectation values, is a central aspect of
this thesis, which is discussed in Secs. 2 and 4.
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1.1 Basic Operating Principle Part A

1.1 Basic Operating Principle

In Josephson-photonics devices, a Josephson junction [see Fig. 1.1(a)] is commonly
constructed from two superconducting metals separated by an insulating oxide re-
gion. Below a critical temperature, superconductors have an energy gap� around
the Fermi energy, EF � � . Cooper pairs, which are pairs of (quasi-)electrons
with opposite momenta and spin, condensate into a macroscopic quantum state,
the ground state of the superconductor, which is energetically centered at the
Fermi energy [53]. The Bardeen�Cooper�Schrie�er (BCS) ground state of a bulk
superconductor is a coherent superposition of states with di�erent numbers of
Cooper pairs, such that the conjugate variable, the phase of the BCS condensate,
is a well-de�ned macroscopic order parameter [54].

Josephson relations and the Josephson e�ects

Classically, the phase di�erence' J = ' L � ' R between the two superconductors is
related to the voltage and current across the junction by the Josephson relations

d' J

dt
=

2e
~

VJ (1.1)

I CP = I crit sin(' J ) : (1.2)

These relations describe the dc- and the ac Josephson e�ect [55]:

ˆ dc Josephson e�ect

Without applied dc voltage, the phase di�erence' J = ' 0 is constant, yield-
ing a directed Cooper-pair currentI CP = I crit sin(' 0) across the junction [see
the yellow line in Fig. 1.1(b)].

ˆ ac Josephson e�ect

An applied dc voltage that is smaller than the superconducting gap,eVdc <
2� , e�ectively shifts the energy levels between the left and right supercon-
ductor. From the Josephson relations, we �nd an ac current, oscillating
with frequency ! dc = 2eVdc=~. If the e�ects of an electromagnetic environ-
ment can be neglected, there is no directed Cooper-pair current [green line
in Fig. 1.1(b)].

If the applied dc voltage is smaller than the superconducting gap, an electromag-
netic environment capable of absorbing the energy~! dc enables directed Cooper-
pair tunneling. This e�ect can be resonantly enhanced by speci�cally engineering
microwave modes as an electromagnetic environment. In the regime of the dy-
namical Coulomb blockade, where the tunneling process of Cooper pairs can be
treated as a perturbation, the dc current can be calculated for an arbitrary envi-
ronment [14�18] by the so-calledP(E)-theory [56, 57], which describes the ability
of an environment to provide or absorb energy. An example is a resistive environ-
ment with constant impedance (in Fourier space), which can be modeled quantum
mechanically as an in�nite set of nondegenerate harmonic oscillators. A resistor
thus allows for the absorption of any amount of energy, enabling inelastic Cooper
pair tunneling. If, instead, the electrical environment consists of one or very few
microwave cavities with sharp and well-de�ned eigenfrequencies, the Cooper pairs
can tunnel inelastically when their energy2eVdc matches these resonances, c.f. the
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1.1 Basic Operating Principle Part A

Figure 1.1: Basic operating principle of a Josephson-photonics device. (a) A Joseph-
son junction consists of two superconducting metals, separated by an insulating region
(gray). At temperature T = 0 K , Cooper pairs exist at the Fermi energyEF inside an
energy gap of size2� . A �nite dc voltage shifts the energy levels between the left and
right superconductor by an amount eVdc. (b) A directed supercurrent (yellow line) can
exist without applied dc voltage and is determined by the phase di�erence between the
junctions [compare Eqs. (1.1) and (1.2)]. A directed current (green) can only �ow when
eVdc > 2� and is at large voltages calculated from the normal state resistanceRN of
the junction (compare black dashed line). (c) A single-mode Josephson-photonics device
speci�cally fabricates a singleLC -oscillator connected in series to a dc-biased Josephson
junction. The microwave resonator can be quantized to a harmonic oscillator with level
spacing~! a and constitutes an electromagnetic environment of the junction. When bi-
asing the junction well below threshold,eVdc � 2� , a directed Cooper-pair current can
only exist if the excess energy2eVdc of an inelastically tunneling Cooper pair is reso-
nantly absorbed by the microwave cavity. (d) Various resonances can be accessed, where
each Cooper pair e�ectively createsk excitations in the cavity when 2eVdc � k~! a (here
shown for k = 1 ). The microwave mode thus enables a directed Cooper-pair current
even when voltage-biasing below the gap [illustrated fork = 1 ; 2; 3 (b), see red lines]. In
experiments, the resonator is coupled to transmission lines and subject to single-photon
loss with rate 
 a.

red curve in Fig. 1.1(b). Rather than only studying the e�ect of the environment
on the Cooper-pair current, the focus can be shifted to the photonic side by ana-
lyzing the quantum state and emission properties of the microwave modes.

The bright side of the Coulomb blockade

In the Josephson-photonics device of Fig. 1.1(c), we consider a singleLC -resonator
connected in series to the Josephson junction as a speci�c electromagnetic envi-
ronment. An LC -circuit can be described quantum mechanically by a harmonic
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oscillator with eigenfrequency! a. Having been quantized, the phasê' (i.e. the
integrated voltage Vcav across the resonator) and the chargêQ on the capacitor
plates are a pair of canonically conjugate variables and are therefore identi�ed
with position and momentum of the harmonic oscillator. If the applied dc voltage
is tuned on resonance with the microwave cavity,2eVdc � ~! a [compare to Fig.
1.1(d)], an inelastically tunneling Cooper pair emits its excess energy into the mi-
crowave cavity and thus creates a single photonic excitation in it. In experimental
setups, dissipation for the microwave resonator is introduced by capacitive cou-
pling to a transmission line, into which it emits microwave radiation that can be
measured. The competition between photon creation processes by the tunneling
Cooper pairs and photon emission from the resonator into the transmission lines
due to the resonator's �nite lifetime 1=
 a will eventually yield stationary states of

Figure 1.2: Pioneering experiment showing thebright side of the Coulomb blockade.
(a) A dc-voltage biased Josephson junction is connected in series with an impedance
Z (� ) that can be described by a series of harmonic oscillators. When biased below the
gap, the energy2eVdc � � (in the �gure, V = Vdc) of an inelastically tunneling Cooper
pair transfers excitations into one or several microwave cavities. (b) In the experimental
setup, the Josephson energy is tunable by using a Superconducting Quantum Interfer-
ence Device (SQUID). The Cooper-pair current (here calledI ) and the electromagnetic
power P�W emitted from the cavities can be measured separately using a bias tee. The
fundamental mode has a low quality factorQ0 � 9:4, shifting the focus on the emission of
the microwave resonators. (c) The fundamental mode around� � 6 GHz [the impedance
in the top panel corresponds to the �rst red peak in theIV -curve of Fig. 1.1(a)] can be
excited by a tunneling Cooper pair when the circuit is biased atV � h� 0=(2e) � 12� V,
con�rmed by the measured Cooper-pair rate� CP and photon rate � ph that show a pro-
nounced peak around this voltage. A second small peak aroundV � 24� V � 2� 0

corresponds to the resonance condition, where each tunneling Cooper pair e�ectively
creates two excitations in the microwave cavity. Since the applied Josephson energy
EJ � 1:9h� 0=Q0 is small compared to the resonance, the microwave cavity stays close to
equilibrium, such that P(E)-theory applies. Theory �ts calculated by P(E)-theory are
shown as solid lines.
[Reprinted �gure with permission from M. Hofheinz, F. Portier, Q. Baudouin, P. Joyez,
D. Vion, P. Bertet, P. Roche, and D. Esteve,Physical Review Letters106, 217005 (2011).
Copyright (2011) by the American Physical Society; included in this thesis as reference
[8]. ]
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the microwave cavity. To observe the radiation emitted from a few-photon quan-
tum state of the microwave resonators, a low quality factorQ = ! a=
 a � O (10) is
used in experiments [8, 11, 19].
The basic concept, that each tunneling Cooper e�ectively creates one photon in
a microwave cavity, has been con�rmed in the pioneering experiment [8] (com-
pare Fig. 1.2). In the presented setup, the electromagnetic environmentZ (� )
[top plot of Fig. 1.2(c)] consists of many harmonic modes at odd integer mul-
tiples � n = (2 n + 1) � 0 of the fundamental mode of a microwave resonator. It
uses a Superconducting Quantum Interference Device (SQUID), which is e�ec-
tively a Josephson junction with tunable Josephson energy. A bias voltage of
Vdc � 12� V corresponds to the single-photon resonance of the fundamental mode
� 0 � 6 GHz. The junction is driven weakly, i.e. the photon loss rate
 a of the cavity
[c.f. Fig. 1.1(d)] is faster than the rate of tunneling Cooper pairs, such that the
resonator remains close to its ground state. Then, there is no back-action on the
junction and Cooper pairs tunnel incoherently. The bias-tee shown in Fig. 1.2(b)
separates the resonator's microwave radiation measurement from the low-frequency
bias voltage and from the current measurement, enabling an independent measure-
ment of the rate of emitted photons (around the fundamental resonance) and the
rate of tunneled Cooper pairs. There is clear evidence that the measured photon
rate matches the measured Cooper pair rate, c.f. Fig. 1.2(c). Furthermore, the
voltage can be tuned to the two-photon resonance of the fundamental mode such
that each tunneling Cooper pair creates two photons at once. The hallmark sig-

Figure 1.3: Detected power spectral densityS of the emission from the microwave
modes of a two-mode Josephson-photonics device [19]. (a) The Josephson-photonics
device consists of two microwave modes with eigenfrequencies� a � 4:9 GHz and
� b � 6:7 GHz and low quality factors Qa = � a=� a � 25 and Qb � 35, which are connected
in series to a Josephson junction, fabricated as a Superconducting Quantum Interference
Device (SQUID) with tunable Josephson energy. Here,EJ =h � 0:343 GHz, such that the
P(E)-theory is applicable. (b) The left color panel shows two clear emission peak along
the line 2eV = h� (here again the dc voltage is di�erently named,V = Vdc), which cor-
respond to single-photon resonances of mode� a and mode� b respectively. The leftmost
panel is a cut ofS along2eV = h� . The right color panel shows two emission peaks along
the line 2eV = 2 � h� , which corresponds to the two-photon resonance of a single mode� a

(and mode � b, respectively). Additionally, the vertical green line 2eV = h(� a + � b) cor-
responds to the resonance condition, where a photon pair (one excitation in each mode)
is created by an inelastically tunneling Cooper pair. The rightmost panel is a cut along
the green line. Red solid lines are predictions calculated byP(E)-theory.
[Reprinted �gure with permission from M. Westig, B. Kubala, O. Parlavecchio, Y.
Mukharsky, C. Altimiras, P. Joyez, D. Vion, P. Roche, D. Esteve et al., Physical Re-
view Letters 119, 137001 (2017). Copyright (2017) by the American Physical Society;
included in this thesis as reference [19].]
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nature is the visible peak of the photon emission rate atVdc � 24� V (where there
is no other mode of the resonator at2� 0), c.f. the inset of Fig. 1.2(c).

Microwave emission spectrum of Josephson-photonics devices

Ref. [19] uses a Josephson-photonics setup with two nondegenerate microwave cav-
ities, Fig. 1.3(a). They detect the output power spectral density of the microwave
cavities as a function of the frequency of the output power and of the applied
dc voltage. First, emission was observed along the line2eVdc � h� [left panel of
Fig. 1.3(b)], when the applied dc voltage approximately meets the single-photon
resonance condition2eVdc � h� a or 2eVdc � h� b, such that each tunneling Cooper
pair creates one excitation in cavitya or cavity b. Further increasing the dc voltage,
they also observed emission along the line2eVdc � 2h� [right panel of Fig. 1.3(b)].
When the dc voltage is approximatelyVdc � 2h� a � 20� V, each tunneling Cooper
pair creates two photons in cavitya (accordingly for Vdc � 2h� b � 28� V and
cavity b). Finally, emission is also observed when the dc voltage is adjusted to
2eVdc � h(� a + � b). Then, the excess energy of a tunneling Cooper pair creates one
excitation in cavity a and one excitation in cavityb. In the cases where two pho-
tons are created by one tunneling Cooper pair, the cavities emit these photons with
random frequencies� 1 and � 2 that match the creation process,2eVdc = h(� 1 + � 2).
Thus, the emitted photons are frequency-correlated. For the two-photon resonance
condition, this will yield quantum entanglement [11, 36, 37].
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1.2 Overview of Operating Regimes and Device Applica-
tions

The combination of the nonlinearity of the Josephson junction and experimentally
controllable parameters allows for a vast amount of possible parameter regimes.
While the resonance frequency, the quality factor and the zero-point �uctuations
of a microwave cavity can be experimentally fabricated, the dc voltage and the
Josephson energy (through SQUIDs) can be tuned in situ (see Tab. 1.1).

The versatile platform and the development of a theoretical framework beyond
P(E)-theory [25, 27] have opened the �eld to explore diverse and novel physical
phenomena. A semiclassical regime with nearly classical high cavity occupations
far from equilibrium can be reached when the Josephson energy is much larger
than the photon loss rates of the high-Q cavities (whereQ � O (103)) [9, 27, 28,
33, 58, 59], whereas states deep in the quantum regime with prominent quantum
e�ects are found for weakly driven low-Q resonators. Through the interplay of the
photonic states of the microwave cavities with tunneling Cooper pairs, information
and statistics about the granular charge transport across the junction can be gained
by measuring microwave emission [32, 34, 38]. By increasing the inductance-to-
capacitance ratio, the zero-point �uctuations can reach� 0 � O (1) [10, 23]. On
one hand, this enables the study of higher-order resonances withk-photon creation

Parameter De�nition Additional remarks

Universal constants

magnetic �ux quantum � 0 = h=2e

quantum of resistance RQ = h=(2e)2

Josephson junction

Josephson energy EJ = I crit � 0=(2� ) tunable in situ by a SQUID

gap energy � � =kB & O(1 K)

Circuit operation

operating temperature T T � O (10 mK) � ~! a
kB

� �
kB

dc-voltage bias ! dc = Vdc 2�= � 0 ~! dc � �

Resonator

resonance frequency ! a = 2�� a = 1=
p

LaCa ! a � O (10 GHz) � � =~

single-photon loss rate 
 a

quality factor Qa = ! a=
 a Qa � O (101 to 103)

zero-point �uctuations � 0 =
q p

La=Ca �=R Q � 0 � O (10� 1 to 1)

Table 1.1: Summary of parameters and their de�nitions of a (single-mode) Josephson-
photonics device [compare Fig. 1.1(c)] with approximate orders of magnitude that are
achievable or have typically been used in experiments [8�11, 13, 19, 20, 22�24].
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processes that are proportional to� k
0 and highly unlikely in quantum optics (see

Sec. 1.4.1). On the other hand, speci�c values of zero-point �uctuations can also
block speci�c photonic transitions to higher cavity occupations, which in turn
a�ects the charge transfer and e�ectively creates a single-photon source that emits
antibunched light [10, 22, 31, 32].
In this way, the platform naturally translates the study of fundamental physics to
technological applications.

ˆ Single-photon source [10, 22, 31, 32], qubits andn-level systems [44]
Fabricating � 0 =

p
2, the transition between Fock statesj1i and j2i of the

microwave cavity can be blocked, preventing higher state occupations in the
microwave resonator. It now functions like a qubit and emits antibunched
light. In a similar way, n-level systems can be designed, c.f. Sec.1.5.1.

ˆ Source of entanglement [36] and (two-mode) squeezing [11, 19, 29, 33, 37]
Two-mode squeezed microwave photons can be generated by using a photon-
pair resonance condition (compare Fig. 1.3) and may be used in a quantum
radar [60, 61] (see Sec. 1.5.2 for details).

ˆ Josephson laser [59, 62]
The superconducting cavities can enter a lasing state far from equilibrium
when driven at a multi-photon resonance.

ˆ Generation of Fock states [35]
In a theoretical proposal of a Josephson-photonics setup with a storage and
an auxiliary cavity, Fock states can be stabilized, preparing an on-demand
source of them.

ˆ Cat states for quantum computation [12, 48]
Using two-mode Josephson-photonics devices that are biased at a resonance
condition involving the di�erence of the resonance frequencies, two-photon
driving and damping can be e�ectively engineered. The resulting stationary
states are close to cat states. The platform is therefore a promising candidate
for quantum computation (see Sec. 1.4.2).

ˆ Ampli�cation of microwave signals [20, 21, 24]
Josephson-photonics devices are simple dc-powered ampli�ers that allow for
signal ampli�cation close to the quantum limit.

ˆ Microwave-photon detectors [13, 41, 51]
Recent developments, involving a resonance condition similar to that used for
the generation of cat states, realize microwave-photon detectors by photon-
number multiplication. Recent developments have shown the working prin-
ciple for coherent continuous-wave input signals (Sec. 1.6).

While LC resonators are typically driven by an ac signal [63], Josephson-photonics
devices convert a constant voltage into microwave light. The advantage and sim-
plicity of a dc-powered and on-chip source for microwave photons comes with
the disadvantage that a constant voltage is not able to provide a reference phase
of the phase-space angle for the resonators' quantum states. The e�ect on all
phase-sensitive experiments and applications is detrimental, since many quantum
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features such as entanglement (i.e. of two-mode squeezed states) or interference
fringes of cat states will be hidden or destroyed by voltage noise.

In this thesis, we address two topics:

(1) Phase stabilization of Josephson-photonics devices (theory in Sec. 2 and
results in Sec. 4)

We explicitly show that the platform constitutes a so-called self-sustained
oscillator, which can be synchronized and injection locked to a small and
external ac-signal. In this way, the phase-space angle of the quantum states
can be stabilized, enabling the use of Josephson-photonics devices in techno-
logical applications, while fundamental synchronization dynamics like phase
slips or the sharpening of an oscillation spectrum can be studied in both the
classical and the quantum regime.

As an alternative approach to partially resolve the issue of an absent phase
reference, we show how the quantum state without phase di�usion can be
reconstructed by measuring only very few experimentally accessible expec-
tation values and optimizing an ansatz for the quantum state.

(2) Single microwave-photon detection (theory in Sec. 3 and results in Sec. 5.1)

While the multiplication of an incoming classical (coherent continuous-wave)
signal has been demonstrated [13], single-photon detection has not yet been
achieved in Josephson-photonics devices. We combine Mølmer's approach,
which theoretically describes itinerant microwave photons, with a heterodyne
detection scheme to characterize the device in di�erent parameter regimes
that ensure high single-photon detection e�ciencies and promise to outper-
form existing schemes.

In order to provide a sound background on Josephson-photonics devices, we now
proceed to review their fundamental properties and some of the applications dis-
cussed above. Before that, we �rst o�er a theoretical description with tools for
an in-depth study of Josephson-photonics devices. Hence, the following Sec. 1.3
may be omitted without loss of continuity and serves as a reference for detailed
mathematical derivations of the equations used throughout the thesis.
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1.3 Theoretical Framework of Josephson Photonics

Before we focus on the properties of Josephson-photonics devices and their appli-
cations in more detail in the following sections, we �rst provide a solid theoretical
foundation which comprehensively derives some of the mathematical expressions
used throughout the thesis. It is not directly required for the understanding of the
other following sections, and may only be used as technical support if needed.

Josephson-photonics devices are superconducting electric circuits. They can be
operated in a semiclassical regime with high resonator populations, where a set
of di�erential equations of motion describe the dynamics (see Sec. 1.3.1), and
gracefully bridge the gap into the quantum regime (Secs. 1.3.2 and 1.3.3), where
only a few cavity excitations are present.

1.3.1 Classical Equations of Motions for Single-Mode Devices

We consider a dc-voltage biased electric circuit, where a parallelRaLaCa-circuit is
connected in series to a Josephson junction [similar to Fig. 1.1(b) when replacing
the LaCa-circuit therein by an RaLaCa-circuit]. The classical equations of mo-
tion are found by applying Kirchho�'s laws and the classical Josephson relations,
Eqs. (1.1) and (1.2). Using the general phase-voltage relation_' = 2eVcav=~ for the
resonator (with analogous de�nitions for the total voltageVtot and the voltageVJ

across the junction), Kirchho�'s voltage law

_' tot = _' J + _' (1.3)

can be directly integrated. The total current of the parallelRaLaCa-circuit is �xed
by the Cooper-pair current,

I CP (t) = I crit sin(' J ) =
~
2e

�
_'

Ra
+

'
La

+ Ca •'
�

: (1.4)

The resulting di�erential equation

•' + 
 a _' + ! 2
a ' =

2e
~


 aI crit Ra � sin
�

2e
~

Vdct � ' � �
�

(1.5)

describes a harmonic oscillator with massm / Ca that is nonlinearly driven by the
Josephson junction. The integration of the Kirchho�'s voltage law amounts to a
constant phase� . As also shown in Tab. 1.1 of Sec. 1.2, the applied dc voltage can
be associated with a driving frequency! dc = 2eVdc=~ and the resonator's (angu-
lar) resonance frequency is de�ned as! a = ( LaCa)� 1=2. The quantum-mechanical
single-photon loss rate can be related to the resistive part of theRaLaCa-circuit
with the damping constant 
 a = 1=(RaCa). Most crucially, the oscillator's po-
sition variable ' appears inside a time-dependent sine function, and its classical
behavior can be described as a damped motion in a potential, consisting of a time-
independent harmonic part and a time-dependent modulation by a sine-wave (see
Fig.1.4). While chaotic motion may be the result of large Josephson driving, we
restrict the discussion throughout the thesis to the condition where the Josephson
driving can be treated as a weak perturbation of the harmonic oscillator potential.
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Figure 1.4: Classical potential energy of a single-mode Josephson-photonics device
[compare Fig. 1.1(b)]. (a) The harmonic oscillator with position variable' and quadratic
potential E pot

cav = m! 2
a ' 2=2 is driven by the Josephson junction [c.f. Eq.(1.5)], yielding

a time-dependent potential E pot
JJ = � EJ cos (2eVdct=~ � ' ), which is plotted at a �xed

time (the explicit time-dependence is indicated by the green arrow). (b) For largeEJ �
m! 2

a, the drive of the Josephson junction leads to a complete distortion of the harmonic
potential, resulting in a complex and potentially chaotic motion of the cavity phase
' . (c) When EJ � m! 2

a, the potential of the Josephson junction yields small wiggles
on a harmonic potential. It can be interpreted as weak time-dependent and periodic
perturbation of the harmonic oscillator. Throughout this thesis, we stay in parameter
regimes of weak perturbations from (c).

For instance, very weak (EJ n m! a) and resonant (! dc � ! a) driving by the
Josephson junction, such that' � 2� , yields the linear equation of motion of a
driven damped harmonic oscillator

•' + 
 a _' + ! 2
a ' �

2e
~


 aI crit Ra � sin (! dct � � ) (1.6)

that will approximately perform steady-state oscillations with the driving fre-
quency ! dc. In the phase space spanned by position and momentum of the res-
onator, the steady state in the rotating frame is then given by a constant point
with a stable amplitude and a phase-space angle that is �xed by a constant phase
� . We will review the limiting case of linearly driven damped oscillation in the
quantum regime, resulting in a (nearly) symmetric distribution around a �xed
point (see Fig. 1.5 of Sec. 1.4.1.1). We want to emphasize already here that
Josephson-photonics devices are actually self-sustained oscillators with a neutrally
stable phase-space angle, whereas we explicitly note in Sec. 2.1 that a driven
damped harmonic oscillator is not a self-sustained oscillator. To accurately model
the physically correct behavior, the classical and quantum models derived here will
be extended in Sec. 4. For this purpose, Pubs.(i ) to (iii ) will incorporate an addi-
tional small in-series resistorR0, which yields a time-dependent phase� ! ' R0 (t).
Since the phase' R0 will turn out to be the crucial missing element to describe
phase di�usion and phase stabilization in Josephson-photonics devices, our deriva-
tions here explicitly include a constant phase� , which otherwise would give a
physically irrelevant constant phase shift and could be omitted.
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1.3.2 Single-Mode Devices in the Quantum Regime

We start with the quantum description of a single-mode Josephson-photonics de-
vice.

Quantum Hamiltonian

Within circuit quantum electrodynamics [63], a theoretical model beyondP(E)-
theory can be derived [25, 27], yielding the quantum Hamiltonian

Ĥ = ~! aâyâ| {z }
= Ĥ cav

� EJ cos
�
! dct � � + � 0(ây + â)

�

| {z }
= Ĥ J

(1.7)

that describes a cavity (with free HamiltonianĤcav) that is nonlinearly driven by
the Josephson junction (with driving HamiltonianĤJ ). The cavity is the quantized
version of the classicalLaCa-oscillator (for variable de�nitions, see Sec. 1.3.1 or
Tab. 1.1 in Sec. 1.2). Its phase (i.e. the integrated voltage across the resonator)
and the charge on its capacitor plates

'̂ = � 0(ây + â) (1.8)

Q̂ = i
e

� 0
(ây � â) (1.9)

can be interpreted as position and momentum operators that ful�ll the canonical
commutation relation

[ ^'; Q̂] = 2ie : (1.10)

Lindblad master equation

In experimental setups, the cavity is capacitively coupled to transmission lines.
The sample is cooled to temperaturesT � O (10 mK) in a dilution refrigerator
(c.f. Tab. 1.1), which is typically much smaller than the resonator's resonance
frequency~! a=kB � O (100 mK), such that thermal excitations of the microwave
cavity can be neglected to a very good approximation. In the theoretical model, it
is therefore justi�ed to describe the environment as a zero temperature heat bath
(which is used throughout this thesis). Dissipation of cavity photons into transmis-
sion lines is then su�ciently well described (using the Markovian approximation)
by the Lindblad operator

L̂a =
p


 a â : (1.11)

Thus, within the Born-Markov approximation, the reduced dynamics of the mi-
crowave cavity is modeled by the Lindblad master equation

d
dt

�̂ lab = �
i
~

[Ĥ; �̂ lab ] +

 a

2

�
2â�̂ lab ây � âyâ�̂ lab � �̂ lab âyâ

�

| {z }
= D L̂ a

[�̂ lab ]

; (1.12)

where �̂ lab describes the density matrix in the laboratory frame.

The Hamiltonian (1.7) is not only nonlinear but also explicitly time-dependent.
Speci�c resonance conditions allow us to simplify the theoretical description by
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moving to a rotating frame and performing a rotating-wave approximation of the
driving Hamiltonian ĤJ , for which the dynamics on fast time scales are neglected.
The rotating-wave approximation is justi�ed for weak driving, i.e. whenEJ � ~! a,
which is a typical parameter regime considered in the experiments.

Rotating-frame transformation

A transformation of the Lindblad master equation to the rotating frame (with a
unitary Ûa) modi�es all operators involved. The density matrix

�̂ = Ûa �̂ lab Ûy
a (1.13)

describes the quantum state of the system in the rotating frame and will be used
throughout this thesis if not explicitly stated otherwise. The transformation to
the rotating frame is summarized in Box 1.1. With analogous calculations, the
dissipative term DL̂ a

[�̂ ] remains formally unchanged by the transformation.

Box 1.1: Rotating-Frame Transformation for Ĥ

Rotating-Frame Hamiltonian

Ĥ rot = ~� âyâ + E �
J

�
ĥy

rot + ĥrot

�
(1.14)

ĥrot = �
1
2

ei (! dc t � � )ei� 0 ây exp[i� a; rot ] ei� 0 â exp[� i� a; rot ]

= �
1
2

1X

l=0

1X

m=0

(i� 0) l+ m

l ! � m!
âyl âm ei (! dc t � � )ei ( l � m)� a; rot (1.15)

phase of rotating frame detuning renormalized Josephson energy

� a;rot (t) = ! a;rot t + � a;0 � = ! a � ! a;rot E �
J = EJ e� � 2

0=2

rewrite the driving Hamiltonian Ĥ J

� ĤJ = � EJ
2 ei (! dc t � � )ei� 0 (ây+ â) + h :c: (Euler formula)

� EJ ei� 0 (ây+ â) = EJ e� [i� 0 ây ; i� 0 â]=2
| {z }

) E �
J = EJ e� � 2

0=2

ei� 0 ây
ei� 0 â (Baker-Campbell-Hausdor�)

) ĤJ = � E �
J

2 ei (! dc t � � ) ei� 0 ây
ei� 0 â + h :c: = E �

J

�
ĥ + ĥy

�

de�nition and action of the unitary transformation

Ûa = ei� a; rot ây â )
Â â âyâ ei â

Ûa Â Ûy
a â e� i� a; rot âyâ ei â exp[� i� a; rot ]

) calculation of Ĥ rot = Ûa(Ĥcav + ĤJ )Ûy
a + i~ _̂UaÛy

a yields the main results
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Rotating-wave approximation (RWA)

The Hamiltonian can become time independent for speci�c resonance conditions
of the dc-voltage drive. When a dc voltage

2eVdc � k ~! a (k 2 N0) (1.16)

is applied, each tunneling Cooper pair e�ectively createsk excitations in the cavity.

Box 1.2: Rotating Wave Approximation (RWA) of the Hamiltonian

RWA-Hamiltonian in the Rotating Frame

ĤRWA = ~� âyâ�
E �

J � k
0

2k!
:
�
i ke� i� âk + ( � i )kei� âyk

� Jk

�
2� 0

p
âyâ

�
�k!

(� 0

p
âyâ)k

:

(1.17)

� ~� âyâ�
E �

J � k
0

2k!

�
i ke� i� âk + ( � i )kei� âyk

�
(if � 2

0ĥayâi � 1)

(1.18)

k-photon resonance frequency of rotating frame

! dc � k ! a ! a;rot = ! dc
k = ! a � �

RWA (neglecting fast oscillating terms in ĥrot yields the condition m = k + l)

) ĥRWA = � i k

2 e� i� P 1
l=0 (� 1)l � 2l + k

0
(l+ k)! �l ! â

yl âl+ k [in frame de�ned by � a;rot (t) = ! dc
k t]

closed expression for ĥRW A

� use normal ordering of operators âyl âl+ k = :
p

âyâ
2l+ k ak

p
ây â

k :

� compare to Bessel function Jk (x) =
P 1

l=0
(� 1) l

(l+ k)! �l !

� x
2

� 2l+ k

) in lowest order � 1
k!

� x
2

� k for x � 1

Starting from the Hamiltonian in Eq. (1.14), we perform a rotating wave approxi-
mation. Box 1.2 summarizes the main steps to �nd the closed form, Eq. (1.17), that
elegantly highlights the imposed resonance condition. Fundamentally, it describes
the creation / âyk (annihilation processes/ âk) of k photons in the microwave
cavity by a single forward (backward) coherently tunneling Cooper pair. This the-
oretical model can also be applied to the stronger driving regime, where the cavities
are driven far out of equilibrium, which cannot be captured byP(E)-theory. The
nonlinearity of the Josephson junction gives rise to higher-order processes, where
the tunneling process of a single Cooper pair is accompanied by the creation and
subsequent annihilation of multiple virtual cavity photons without changing the
total number k of e�ectively created photons. They are captured by normally-
ordered Bessel functions of the �rst kind [64]. (The normal ordering, signaled by
colons, means that all creation operators are positioned to the left of all annihila-
tion operators.) In the limit of small Bessel function arguments, such that higher-
order processes can be neglected, the Hamiltonian takes a simple form, Eq. (1.18).
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It reduces to a coherently driven damped cavity (k = 1) and single-mode squeezing
(for k = 2) known from quantum optics [65, 66] and serves as accessible starting
points (see Sec. 1.4.1) to introduce the dynamics in Josephson-photonics devices.

1.3.3 Two-Mode Devices in the Quantum Regime

In principle, multiple cavities can be connected in series to a Josephson junction.
Since this thesis only analyzes single- or two-mode devices, we brie�y summarize
the results for two cavities and avoid showing results for a general Hamiltonian
with N modes. All derivations are straightforward and follow the steps shown in
Box 1.1 and 1.2 of Sec. 1.3.2.
Let us consider a dc-voltage biased Josephson junction that is connected in series
to two nondegenerate cavities with eigenfrequencies! � , single-photon loss rates
 �

(� = a; b) and zero-point �uctuations � 0 and � 0, which are de�ned analogously to
the single-mode case.

Lab-frame and rotating-frame Hamiltonian

The two-mode Hamiltonian

Ĥ = ~! aâyâ + ~! b̂byb̂ � EJ cos[! dct � � + � 0(ây + â) + � 0(b̂y + b̂)] (1.19)

is transformed to the rotating frame

Ĥ rot = ~� aâyâ + ~� b̂byb̂+ E �
J (ĥrot + ĥy

rot ) (1.20)

ĥrot = �
1
2

1X

la =0
ma =0

1X

lb=0
mb=0

(
(i� 0) la + ma

la! � ma!
(i� 0) lb+ mb

lb! � mb!
âyla âma b̂ylbb̂mb �

ei [! dc t � � +( la � ma )� rot
a +( lb� mb)� rot

b ]
o

(1.21)

using the unitary transformation1 Û = Ûa 
 Ûb. Here, we have de�ned the renor-
malized Josephson energyE �

J = EJ e� (� 2
0+ � 2

0 )=2 (compared toE �
J = EJ e� � 2

0=2 for the
single-mode case) and detunings� � = ! � � ! �; rot between the resonance frequencies
and the rotating-frame frequencies.

Lindblad master equation

Both cavities are coupled to zero-temperature heat baths, yielding a Lindblad
master equation (in the rotating frame)

d
dt

�̂ = �
i
~

[Ĥ rot ; �̂ ] + DL̂ a
[�̂ ] + DL̂ b

[�̂ ] (1.22)

with Lindblad collapse operatorsL̂ � =
p


 � �̂ .

Rotating-wave approximation

A rotating wave approximation is performed for the resonance conditions2 ! dc �
ka! a + kb! b, where each tunneling Cooper pair e�ectively createska photons in

1Û� = exp[ i� �; rot � y� ] and � �; rot = ! �; rot t + � �; 0 for � = a; b are de�ned as in Sec. 1.3.2
2ka ; kb 2 N0, ka + kb 6= 0 and kb! b � ka ! a > 0
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1.3 Theoretical Framework of Josephson Photonics Part A

cavity â and kb photons in cavity b̂. Recently, ideas emerged beyond simple multi-
photon creation processes [12, 13, 20, 21, 24, 41, 48, 51], which consider processes
at frequency di�erences, like! dc � kb! b � ka! a (where each tunneling Cooper
pair and ka photons from cavity â create kb photons in cavity b̂). Box 1.3 thus
summarizes the results for both resonance conditions

! dc �

(
kb! b + ka! a case 1

kb! b � ka! a case 2
: (1.23)

Box 1.3: RWA in Two-Mode Josephson-Photonics Devices

RWA for Case 1: ! dc � kb! b + ka! a

ĤRWA =
~�

ka + kb

�
âyâ + b̂yb̂

�
+ E �

J

�
ĥRWA + ĥy

RWA

�
(1.24)

ĥRWA = �
� ka

0 � kb
0

2ka!kb!
i ka + kbe� i� : âka b̂kb

Jka

�
2� 0

p
âyâ

�
ka!

� ka
0

p
âyâ

ka

Jkb

�
2� 0

p
b̂yb̂

�
kb!

� kb
0

p
b̂yb̂

kb
:

(1.25)

� �
� ka

0 � kb
0

2ka!kb!
i ka + kbe� i� âka b̂kb (if � 2

0ĥayâi ; � 2
0ĥbyb̂i � 1) (1.26)

resonance condition rotating-frame frequencies detunings

! dc = kb ! b + ka! a � � k b! b;rot + ka! a;rot = ! dc � a = � b = �
ka + kb

RWA for Case 2: ! dc � kb! b � ka! a

ĤRWA =
~�

ka + kb

�
b̂yb̂ � âyâ

�
+ E �

J

�
ĥRWA + ĥy

RWA

�
(1.27)

ĥRWA = �
� ka

0 � kb
0

2ka!kb!
i ka + kbe� i� : âyka b̂kb

Jka

�
2� 0

p
âyâ

�
ka!

� ka
0

p
âyâ

ka

Jkb

�
2� 0

p
b̂yb̂

�
kb!

� kb
0

p
b̂yb̂

kb
:

(1.28)

� �
� ka

0 � kb
0

2ka!kb!
i ka + kbe� i� âyka b̂kb (if � 2

0ĥayâi ; � 2
0ĥbyb̂i � 1) (1.29)

resonance condition rotating-frame frequencies detunings

! dc = kb ! b � ka! a � � k b! b;rot � ka! a;rot = ! dc � a = � � b = � �
ka + kb

The result of Eq. (1.25) illustrates the resonance condition of case 1, whereka

photons in cavity â and kb photons in cavity b̂are created by each tunneling Cooper
pair. These processes are again renormalized by higher-order processes involving
multiple cavity photons (indicated by normally-ordered Bessel functions). In the
limit of small Bessel-function arguments and forka = kb = 1, the Hamiltonian
reduces to the quantum optical version of two-mode squeezing (see Sec. 1.5.2).
If, on the other hand, the applied dc-voltage is resonant to the process where each
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tunneling Cooper pair annihilateska photons from cavity â and createskb photons
in cavity b̂, we �nd Eq. (1.28). Photon ampli�cation and photon multiplication
schemes (see Sec. 1.6) as well as the generation of cat states, Sec. 1.4.2, use resonant
driving at frequency di�erences.
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1.4 Intracavity States Created by Josephson-Photonics Devices Part A

1.4 Intracavity States Created by Josephson-Photonics De-
vices

The versatility of Josephson-photonics devices enables the creation of microwave
light with properties ranging from (nearly) classical to the deep quantum regime.
To illustrate these properties, we focus on the internal resonator dynamics for
cases where the dc-voltage is adjusted to speci�c resonance conditions of di�erent
nontrivial photon creation processes. In the long-time limit, the system will even-
tually reach a stationary state (which is constant in the rotating frame) where the
microwave resonators internally exhibit nontrivial properties, likek-fold symmet-
ric quantum states (discussed in Sec. 1.4.1) or cat states (Sec. 1.4.2) that can be
used for quantum applications. Understanding how intracavity state properties
manifest in the properties of the emitted radiation is often a more complex issue.

1.4.1 k-Photon Resonances in Single-Mode Devices

When the dc voltage is adjusted to the resonance condition

2eVdc � k ~! a (k 2 N0) ; (1.30)

each tunneling Cooper pair will e�ectively createk excitations in a single mi-
crowave cavity. Suchk-photon creation processes are proportional to thek-th
power of the zero-point �uctuations, � k

0 (c.f. Box 1.2 in Sec. 1.3.2 for technical
details). In contrast to quantum optics, wherek-photon creation processes are
proportional to the k-th power of the �ne structure constant, � k � 137� k and
hence are strongly suppressed for largerk, Josephson-photonics devices can be
designed with large zero-point �uctuations� 0 � 1 [10, 23], such that multi-photon
resonances up tok = 6 have been experimentally observed [23].
Since the cavity is coupled to transmission lines, dissipation from the cavity (with
mean life time1=
 a) will balance out the k-fold photon creation process, and a sta-
tionary state is reached that can exhibit strong quantum properties. Thek-photon
resonant drive will manifest itself in aZk-symmetry of the microwave resonator,
which can be illustrated by the steady-state Wigner function in the phase space
of the cavity.

1.4.1.1 k = 1: Coherent States and Their Modi�cations

For the single-photon resonance condition (k = 1), each tunneling Cooper pair
e�ectively creates one excitation in the microwave cavity [c.f. Fig.1.1(d) in Sec. 1.1].
On resonance,! dc = ! a, and in the frame rotating with ! dc, the Hamiltonian (see
Eq. (1.17) in Sec. 1.3.2)

ĤRWA =
E �

J � 0

2
: (iei� ây � ie� i� â)

J1(2� 0

p
âyâ)

� 0

p
âyâ

: (1.31)

�
E �

J � 0

2
(iei� ây � ie� i� â) (if � 2

0ĥayâi � 1) (1.32)

crucially contains a coherent drive term/ E �
J � 0ây + h :c:, which is amended by a

Bessel function (the colons signal normal ordering of operators).
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Figure 1.5: Steady-state Wigner functions for the single-photon resonance,2eVdc =
~! a. A single-mode Josephson-photonics device is simulated under rotating wave ap-
proximation and in the rotating frame. The Wigner functions are plotted in the phase
space de�ned by� = x+ ip of the microwave cavity with zero-point �uctuations � 0 = 1=2.
(a) Weak driving results in a near-coherent stationary state. In this limit, the steady-
state cavity occupation ĥni st � 1:16 stays small, such that nonlinear e�ects may be
neglected and the dynamics is governed to good approximation by Eq. (1.32) with the
steady state �̂ � j � st i h� st j (compare main text). The phase-space angle of the steady
state is determined by the phase of the drive,� � = � = 0 . (b) An increased drive results
in steady-state Wigner functions that are distorted in angular direction due to nonlinear
corrections of the Bessel functions [compare Eq. (1.31) and the explanation given in the
main text]. (c) A bifurcation, where two �xed points branch out along a circle, occurs
when driving beyond a threshold (see main text). In all cases, the steady-state Wigner
function shows aZk=1 -symmetry in the phase space.

For weak drive, cavity occupations remain small such that the fraction with the
Bessel function can be approximated to1. Then, the Hamiltonian reduces to a
coherently driven damped harmonic oscillator known from quantum optics [65,
66]. Consequently, the steady state is a coherent state [compare Fig. 1.5(a)] with
amplitude

� st =
E �

J � 0

~
 a
ei� � : (1.33)

The angular direction, i.e. the phase-space angle� � of the coherent state, is �xed
by the phase� of the driving term. Increasing the e�ective drive of the approx-
imated Hamiltonian shifts the coherent state further away from the origin of the
phase space with a steady-state cavity occupation ofĥni st = j� st j2. Josephson-
photonics devices with small zero-point �uctuations of a high-Q cavity that are
strongly driven, E �

J � 0 � ~
 a, can reach a regime with a (nearly classical) coherent
stationary state far from the origin [9, 27, 28, 33, 58, 59].

The nonlinearity of the full model limits the growth � st / E �
J � 0 of the approxi-

mated Hamiltonian. Fig. 1.5(b) shows that stronger driving will not merely shift
a coherent state to larger amplitudes. First, increasing the drive results in steady-
state Wigner functions whose amplitude� st grows linearly with E �

J � 0. Due to
increased cavity occupations, Bessel-function arguments grow and their nonlinear
corrections become more important [compare Eq. (1.31)] and distort the previously
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near-symmetric phase-space distribution in angular direction.

When driving is further increased, there exists a critical pointE
�
J � 2

0
~
 a

= z1=[4J0(z1)]
[z1 � 1:84 is the position of the �rst maximum of J1(z)] [27], where the steady-
state occupation number saturates and beyond which the phase-space distribution
is broadened in the angular direction [38]. The phase-space distribution then splits
into an equal mixture of two components with opposite momenta [Fig. 1.5(c)].
Nevertheless, all steady-state distributions show aZ k=1 symmetry in phase space.

1.4.1.2 k = 2: Single-Mode Squeezing

By tuning the dc voltage to the two-photon resonance (k = 2 and ! dc = 2! a), the
drive yields the RWA-Hamiltonian

ĤRWA =
E �

J � 2
0

4
: (ei� ây2 + e� i� â2)

2 � J2(2� 0

p
âyâ)

(� 0

p
âyâ)2

: (1.34)

�
E �

J � 2
0

4
(ei� ây2 + e� i� â2) (if � 2

0ĥayâi � 1) : (1.35)

The approximate form is also well known from quantum optics and describes a
driven damped parametric ampli�er. The resulting steady state (in a frame ro-
tating with ! a) shows squeezed states in phase space. Fig. 1.6(a) illustrates a
squeezed state where the �uctuations in the quadraturep = Im � are smaller than
vacuum �uctuations (squeezed quadrature). Fluctuations in the other quadrature
x = Re � are enhanced (anti-squeezed), such that the quantum state ful�lls Heisen-
berg's uncertainty relation. As in the case of single-photon resonance (k = 1), the
direction of the squeezing ellipse in the phase space is determined by the phase�
of the drive. The e�ective driving strength E �

J � 2
0=~
 a is the squeezing parameter

that �xes the amount of squeezing in the steady state. When driving beyond the
threshold E �

J � 2
0 � ~
 a, the approximate squeezing Hamiltonian becomes unphysi-

cal. Maximal squeezing can be reached, where the �uctuations in one quadrature
are reduced by3dB below vacuum noise [67], when the approximate Hamiltonian is
driven at threshold. A damped classical harmonic oscillator that is parametrically
driven below threshold does not exhibit steady-state oscillations, with vanishing
amplitude � st = 0. However, the amplitude� st = 0 is the stable �xed point of the
quantum mechanical squeezing ellipse.

The Bessel nonlinearity of the full Hamiltonian regularizes the unphysical behav-
ior of the driven damped parametric ampli�er. Close to the threshold, the shape
of the Wigner function appears more stretched than a mathematical ellipse [see
Fig. 1.6(b)], before it splits into two components with stable �xed points when
increasing the drive beyond the threshold [Fig. 1.6(c)].
Above a second critical threshold atE �

J � 2
0 = ~
 az2=[4J1(z2)] [wherez2 � 3:05is the

maximum of J2(z)] [27], these two components will split again [c.f. Fig. 1.6(d)].
This overall behavior is comparable to the single-photon resonance, where the
steady-state Wigner functions now exhibit aZ k=2 symmetry in the phase space.
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Figure 1.6: Steady-state Wigner functions (as in Fig. 1.5) of a Josephson-photonics
device with � 0 = 1=2 driven at the two-photon resonance,2eVdc = 2 � ~! a. (a) For weak
driving, the Bessel function arguments remain small and the system can be approxi-
mated by the Hamiltonian Eq. (1.35). The steady state is squeezed, where the standard
deviation in one quadrature (here the quadraturep = Im � ) is smaller than the vacuum
noise, while the �uctuations in the other (anti-squeezed) quadrature exceed the vacuum
�uctuations [compare the solid blue ellipse to the vacuum �uctuations (white circle)].
The squeezing angle is determined by the phase of the drive, here� = �= 2. (b) Close
to the �rst threshold E �

J � 2
0 = ~
 a, the Wigner function starts to split into two parts,

resulting in an elongated shape. (c) Above the �rst threshold, two stable �xed points
form at opposite directions in phase-space, (d) which themselves split and branch out
along a circle when driving beyond a second threshold (given in the main text). All
steady-state Wigner functions areZk=2 -fold symmetric (c.f. Figs. 1.5 and 1.7).

1.4.1.3 Zk-Symmetry in Phase Space

Higher resonances (k > 2) with the RWA-Hamiltonian

ĤRWA = ~� âyâ�
E �

J � k
0

2k!
:
�
i ke� i� âk + ( � i )kei� âyk

� Jk

�
2� 0

p
âyâ

�
�k!

(� 0

p
âyâ)k

: (1.31)

will result in higher-order squeezed states, i.e. stationary states with a Wigner
function that shows aZk-symmetry in phase space. While the action of the higher-
order squeezing operator

D̂k(r ) = exp
�
r âyk � r � âk

�
(1.36)

on the vacuum state diverges fork > 2 [68�71], we have observed similar con-
vergence problems for the time evolution towards a stationary state of a driven
and damped system described by the approximated Hamiltonian. This suggests
that single-photon damping might not be strong enough to reach a stationary
state. However, the full Josephson-photonics model with Bessel nonlinearities can
limit the drive, and a stationary state can be reached despite mere single-photon
loss. Fig. 1.7 shows such steady states fork = 3 and illustrates that a simple
change of the Josephson energy can create complex stationary states in the mi-
crowave resonator, while the dc bias changes the character of the microwave states.

The immediate technological advantage of higher-order single-mode squeezed states
(k � 3) in Josephson-photonics devices is left for further research, whereas similar
higher-order resonances are, for instance, used in two-mode Josephson-photonics
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devices to generate cat states (Sec. 1.4.2 and Sec.4.2.3) and to achieve photon
multiplication and detection of single microwave photons [Sec. 1.6 and Pub.(iv )
in Sec. 5.1].

Figure 1.7: Steady-state Wigner functions (as in Fig. 1.5) of a Josephson-photonics
device with zero-point �uctuations � 0 = 1 for the k-photon resonance,2eVdc = k �
~! a, where herek = 3 . Increasing the drive from (a) to (d), the system �rst shows
(a) weak, then (b) more strongly pronounced three-fold symmetric Wigner functions
centered around the phase-space origin. (c) Increasing the drive beyond a �rst threshold
will result in three (in general k) �xed points on a circle. (d) Each �xed point splits
into two when the system is driven beyond a second threshold. In general,k-photon
resonance conditions will yieldZk -symmetric Wigner functions in the phase space, where
the orientation is �xed by the phase � of the drive.

1.4.2 Dissipative Cat Qubits for Quantum Computation

Quantum computers manipulate quantum bits (qubits) to encode and process in-
formation in ways that classical computers cannot. Fundamental quantum prop-
erties, such as entanglement or superposition, can only be used when the qubits
have a su�ciently long coherence time. However, in order to perform quantum
computations, the qubits cannot be isolated and any environment induces deco-
herence and di�erent error channels in the qubits [72].
One countermeasure is quantum error correction [73, 74] that uses many physical
qubits to redundantly encode the information of a single logical qubit. Di�erent
error channels yield distinguishable signatures (error syndromes). It is possible to
identify and correct speci�c types of errors, such as bit-�ip and phase-�ip errors,
without collapsing the quantum state. Nevertheless, quantum error correction has
two major limitations:

� Adding physical bits possibly introduces new decoherence channels.

� The need of multiple physical qubits signi�cantly increases the hardware
overhead.

Using a continuous-variable system, like a harmonic oscillator, the two coherent
statesj0i = j+ � i and j1i = j� � i (with the same amplitudej� j but opposite phase)
can de�ne the computational basis states of a qubit. The cat states

jC �
� i / j � i � j � i (1.37)
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then form the complementary basisj�i . Attractive advantages of using a cavity
mode to encode qubits emerge [75�78]:

+ The in�nite-dimensional Hilbert space of a resonator can be used to redun-
dantly encode quantum information.

+ When j� j2 is large, the two computational basis states are delocalized in a
resonator's phase space.

This delocalization directly leads to the fact that, for cat qubits, bit-�ip errors
(associated with the Pauli matrix � x ), where the quantum state of a qubit changes
betweenj0i $ j 1i , can be exponentially suppressed [78�81]

� j0i$j 1i / j � j2e� 2j� j2 (1.38)

when increasing the number of photons� j � j2 of the computational basis states.
State-of-the-art proposals reach bit-�ip times that exceed ten seconds [82]. Con-
sequently, there is less need to correct bit-�ip errors, which signi�cantly reduces
the hardware overhead of error correction codes [83, 84].

The focus of error correction in cat-qubit systems is thus on correcting phase-�ip
errors. Such errors are associated with the Pauli matrix� z and �ip the cat states
jC+

� i $ j C �
� i . Single-photon loss of the resonator induces such phase �ips and is

the dominant dissipation channel of resonators coupled to an environment. How-
ever, it has been shown that the rate of phase �ips increases only linearly with the
number of photons [78�81],

� jC+
� i$j C �

� i / j � j2 : (1.39)

Thus, it is bene�cial to have a large number of photons,j� j � 1, which exponen-
tially suppresses bit-�ip errors. As an immediate disadvantage, phase-�ip errors
due to single-photon losses grow linearly and become the dominant type of error.
It is possible to stabilize and correct the phase-�ip errors of cat states by continu-
ous parity measurements [85, 86]. Nevertheless, the cat mode should have a high
quality factor to suppress single-photon losses.

In the following, we will start by de�ning cat states in more detail and summarize
their main properties (Sec. 1.4.2.1). While cat states occur naturally as the ground
states of parametric Kerr oscillators [87�89], we focus on dissipative cat states,
which emerge as stationary states of a driven damped system (see Sec. 1.4.2.2).
In Sec. 1.4.2.3, we will explain why Josephson-photonics devices are an attractive
platform for cat qubits states.

1.4.2.1 Cat States Form Qubits for Quantum Computation

The two-legged cat states used for universal quantum computation [76, 77, 90]

jC+
� i = N+ (j� i + j� � i ) =

e�j � j2=2

p
2(1 + expf� 2j� j2g)

1X

n=0

2� 2n

p
(2n)!

j2ni (1.40)

jC �
� i = N � (j� i � j� � i ) =

e�j � j2=2

p
2(1 � expf� 2j� j2g)

1X

n=0

2� 2n+1

p
(2n + 1)!

j2n + 1i

(1.41)
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are superpositions of two coherent states

j� i = e�j � j2=2
1X

n=0

� n

p
n!

jni (1.42)

with the same amplitude j� j but opposite phase. They di�er in their even and
odd photon-number parity [compare Fig. 1.8(d)], which is measured by the parity
operator

�̂ =
1X

n=0

(� 1)n jni hnj : (1.43)

Its expectation value is equal to the value of the Wigner function at the origin
[compare Fig. 1.8(b,c)]. Two coherent states with the same amplitude but opposite
phases are approximately orthonormal when their amplitude is su�ciently large,

h� j � � i = e� 2j� j2 ! 0 (j� j ! 1 ) : (1.44)

Then, they de�ne the two computational basis states

j0i � =
jC+

� i + jC �
� i

p
2

� j � i (1.45)

j1i � =
jC+

� i � j C �
� i

p
2

� j� � i (1.46)

of a logical qubit, with the cat states as the complementary basisfj�i = jC �
� ig .

1.4.2.2 Cat Qubits in Dissipative Systems

In order to generate cat states, a resonator modêc must be subject to an e�ective
two-photon drive by a Hamiltonian

Ĥ2ph = � 2(ĉy2 + ĉ2) ; (1.47)

and to an e�ective two-photon loss with the Lindblad dissipatorL̂2 =
p


 2ĉ2 [76]. It
is easy to see that the coherent statesj� � i (and all superpositionsc+ j� i + c� j� � i )
with

� =

r
2� 2

~
 2
e� i�= 4 (1.48)

are the stationary states of the Lindblad master equation that incorporates the
two-photon drive and two-photon dissipation. This can be achieved by coupling
the cat mode ĉ to a bu�er mode b̂ that is additionally linearly driven by an ac
microwave signal. The e�ective Hamiltonian

Ĥ e�
2ph = ( ~g2b̂̂cy2 + Emw b̂y) + h :c: (1.49)

engineers two-photon drive and two-photon loss for the high-Q cat modeĉ (hosting
long-living cat states):
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ˆ Two photons can be created in resonator̂c by annihilation of a photon in
mode b̂. This process is possible becauseb̂ is driven by a microwave signal
and therefore weakly occupied. Without the drive, the bu�er mode would
be in the ground state and the Hamiltonian processes would be absent.

ˆ The reverse Hamiltonian process/ b̂yĉ2 annihilates two photons by creating
one excitation in resonatorb̂. Since b̂ has a low quality factor, it directly
emits the excitation into the environment with single-photon loss rate
 b

and engineers a two-photon loss of the cat modêc with an e�ective rate


 2 =
4g2

2


 b
: (1.50)

Figure 1.8: Creation of cat states with Josephson-photonics devices. (a) When the dc
voltage is set to2eVdc � 2! c � ! b, each tunneling Cooper pair creates two photons in the
cat cavity ĉ by annihilating one photon from the bu�er mode b̂, which is directly driven by
a resonant microwave signal with strengthEmw sent through the transmission line. The
direct microwave drive enables the forward tunneling process of Cooper pairs, creating an
e�ective two-photon drive of the high-Q cat cavity. The back-tunneling process enables
an e�ective two-photon loss (with rate 
 2 � 
 a, see main text) by the annihilation of
two ĉ-photons together with the creation and fast emission of a photon in the low-Q
bu�er mode (with large single-photon loss rate 
 b). The steady-state Wigner function
W (� ) of the cat cavity in the phase-space (spanned by� = xc + ipc) is close to (b) the
jC+

� i cat state when starting in the ground state, j0i c (t = 0) , or (c) the jC �
� i cat state

when starting in the state j1i c (t = 0) . In (b), larger zero-point �uctuations � 0 = 0 :4
show a weak deformation of the distribution around the �xed points with opposite phase,
which is nearly not noticeable in (c) where� 0 = 0 :15. The even/odd parity of the state
W (� ) (� ) is directly connected to the value� ~W (� ) (� = 0) = h�̂ i = � 1 at the origin and
(d) to the population of only even/odd Fock states.
[Other parameters: Emw = E �

J � 2
0� 0 = 0 :135~
 b, � dc = � mw = 0 , � = � mw = 0 , � 0 = 0 :3.

(See Fig. 1.5 for color scale of Wigner functions.)]

1.4.2.3 Dissipative Cat Qubits in Josephson-Photonics Devices

Cat states can be realized in Josephson-photonics devices (see Fig. 1.8) by a circuit
that consists of a low-Q bu�er modeb̂ (with eigenfrequency! b, loss-rate
 b and
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zero-point �uctuations � 0) and a high-Q cat cavity ĉ (with eigenfrequency! c, loss-
rate 
 c and zero-point �uctuations � 0). The e�ective two-photon processes can be
created by applying the resonance condition [12, 48]

2eVdc � ~(2! c � ! b) ; (1.51)

such that each tunneling Cooper pair will e�ectively create two photons in cavity
ĉ by annihilating one excitation from cavity b̂. An additional microwave drive for
the bu�er mode can be realized by sending an ac signal through the transmission
line, such that the coupling scenario corresponds to a Hamiltonian contribution of
the form

x̂mw /
�
m̂yei (! mw t+ � mw ) + m̂e� i (! mw t+ � mw )

�
: (1.52)

Within rotating-wave approximation, the Hamiltonian of a Josephson-photonics
device then takes the form (compare Sec. 1.3.3)

Ĥcat = ~� mw b̂yb̂+ ~
� dc + � mw

2
ĉyĉ + Emw (e� i� mw b̂y + ei� mw b̂) (1.53)

+
E �

J � 0� 2
0

4
: (ie� i� b̂yĉ2 � iei� b̂̂cy2)

J1(2� 0

p
b̂yb̂)

� 0

p
b̂yb̂

J2(2� 0

p
ĉyĉ) � 2

� 2
0

p
ĉyĉ

2 : ;

whereE �
J = EJ e� (� 2

0 + � 2
0 )=2. The detuning of the microwave drive and the dc volt-

age, respectively, are de�ned by� mw = ! b � ! mw and � dc = 2! c � ! b � ! dc.

In order to implement a stable cat state and fast quantum gates [76], the platform
should ideally have the following properties:

ˆ The e�ective two-photon loss rate
 2 should be large.

ˆ Since single-photon losses induce phase �ips, the cat modeĉ should exhibit
a low single-photon loss rate
 c � 
 2.

ˆ Kerr and cross-Kerr terms introduce amplitude-dependent dephasing and
distortions. Thus, they are among the most harmful parasitic processes that
hamper cat-state generation and should be carefully suppressed.

Proposal Amplitude g2 Parasitic Kerr terms

transmon / EJ � 0 � 2
0

~ � p ĉy2ĉ2, b̂y2b̂2, b̂yb̂̂cyĉ

asymmetrically-threaded SQUID / EJ � 0 � 2
0

~ � p suppressed by symmetries

autoparametric / EJ � 0 � 2
0

2~ ĉy2ĉ2, b̂y2b̂2, b̂yb̂̂cyĉ

Josephson-photonics devices / EJ � 0 � 2
0

~ no parasitic Kerr terms

Table 1.2: State of the art of dissipative cat qubits. Proposals either use a transmon
con�guration [77], an asymmetrically-threaded SQUID [78], or an autoparametric super-
conducting circuit [79] to create the e�ective Hamiltonian from Eq. (1.49). Except for
Josephson-photonics devices [12, 48], the proposal are either constrained by an ac pump
signal � p � 1, strongly limiting the e�ective two-photon driving amplitude g2, or they
introduce parasitic Kerr terms.
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In the Josephson-photonics platform, the driving strengthg2 = E �
J � 0� 2

0=~ of the
two-photon generation and dissipation process is not limited by a small pump
power � p � 1=10, unlike other systems, c.f. Tab. 1.2. As a direct advantage,
according to the arguments presented in [48], the two-photon loss rate can be
increased by a factor of100compared to other setups, such that the two-photon loss
can be engineered1000times larger than the single-photon loss rate,
 2 � 103
 c,
signi�cantly reducing phase-�ip errors. Also, Kerr terms do not exist, such that
the dc-driven cat qubit is protected against such parasitic nonlinearities. However,
Josephson-photonics devices su�er from a detrimental drawback (see Sec. 1.7).
The dc voltage lacks a stable reference phase. Due to voltage noise, the microwave
cavities have a neutrally stable phase-space angle, and the Josephson-photonics
device therefore su�ers from dephasing. In Sec. 4.2.3, we thus use injection locking
(compare Sec. 2.1) to stabilize the phase of a cat state, enabling their usage in
quantum computing.
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1.5 Josephson-Photonics Devices as Versatile Sources of Mi-
crowave Photons

Josephson-photonics devices can generate stationary states with strong quantum
properties in the resonators. In addition, the photons emitted from the microwave
cavities have interesting quantum features and can be used in applications. Here,
we �rst highlight the application of Josephson-photonics devices as a signal photon
source emitting antibunched photons (Sec. 1.5.1), which will show the in�uence
of zero-point �uctuation on the internal system dynamics. Additionally, we show
in Sec. 1.5.2 how photons emitted by two-mode squeezed states can be used in a
quantum radar.

1.5.1 Single-Photon Source and the Role of Zero-Point Fluctuations

The k-photon resonance condition, where each forward (backward) tunneling Coo-
per pair e�ectively creates (annihilates)k excitations in the cavity, is nicely re-
�ected in the powers of creation and annihilation operators,

�
âk + âyk

�
in the

Hamiltonian. These operators are amended by normally-ordered Bessel functions,
which themselves are diagonal in the Fock basis and describe nonlinear higher-order
processes involving multiple virtual cavity photons. The nonlinear driving terms
can be understood by analogy to the Franck-Condon e�ect that describes vibronic
transitions in molecules [see Fig. 1.9(a)]. The Josephson driving Hamiltonian of a
single-mode device can be expressed as a displacement operator

ĤJ / D̂1(i� 0) + D̂ y
1(i� 0) (1.54)

with D̂1(i� 0) = ei� 0 (ây+ â) . As explained in Fig. 1.9(a), the intensity of transitions
between two vibronic energy states� and � 0 depends on the overlap of their dis-
placed wave functions,I / j h � 0j D̂1(� q) j� i j 2, where � q is the relative distance
between the two nuclei of the molecule. For the Josephson driving Hamiltonian,
we can equivalently calculate the overlaphnj D̂1(i� 0) jmi between two Fock states.
Here, the zero-point �uctuations assume the role of the shift in distance between
the nuclei of the molecule in Fig. 1.9(a). For speci�c values of the zero-point �uctu-
ations, the transitions between di�erent energy levels can be blocked in Josephson-
photonics devices. To be precise, we calculate the nonzero (normalized) transition
matrix elements

Tm+ k;m = hm + kj : âyk Jk(2� 0

p
âyâ) � k!

� k
0

p
âyâ

k : jmi =
L (k)

m (� 2
0)

L (k)
m (0)

� hm + kj âyk jmi (1.55)

for the k-photon resonance condition of a single-mode Josephson-photonics de-
vice. We �nd that the matrix entries of the powers of the creation operator,
hm + kj âyk jmi =

p
(m + k)!=m! are modi�ed by generalized Laguerre polynomi-

als.

Speci�cally, we choose the single-photon resonance condition (k = 1), where each
tunneling Cooper pair creates one photonic excitation in the microwave cavity,
Fig. 1.9(b). The Hamiltonian drives transitions between neighboring Fock states
jmi and jm + 1i . While the transition between the ground statej0i and the �rst
excited state j1i depends only trivially on the zero-point �uctuations, T1;0 = 1,
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Figure 1.9: (a) Franck-Condon principle. The electronic ground stateE1 and excited
state E2 of a molecule is depicted. Its internal energy can be changed by vibronic excita-
tions (labeled with � for the electronic ground state and� 0 for the �rst electronic excited
state) describing oscillations of the nuclei. The vibronic states are here approximated as
wave functions of a harmonic oscillator. Electronic transitions occur at a signi�cantly
faster rate than vibronic transitions due to the heavy mass of the nuclei compared to
electrons, such that during an electronic transition the distance between the nuclei can
be assumed constant. The electronic transitions can therefore be drawn as a vertical
arrow in the energy diagram and involve vibronic transitions between states� of the
electronic ground state and� 0 of the electronic excited state. The Franck-Condon prin-
ciple explains that the intensity I / j h � 0j D̂ (� q) j� i j 2 of an electronic transition strongly
depends on the overlap between the involved vibronic energy levels. Since the ground
state of a harmonic oscillator (� = 0 ) has no nodes, its overlap with any other Fock state
is always nonzero. In contrast, vibronic transitions that do not involve the ground state
can have zero overlap and may be blocked at speci�c nuclear distances. (b) Hamilto-
nian transition matrix elements Tm+ k;m = hm + kj D̂ (i� 0) jmi of a Josephson-photonics
device [here shown for the single-photon resonance,k = 1 , c.f. Eq.(1.55)] depend, anal-
ogously to Franck-Condon physics, on the overlap between displaced Fock states. The
strength of the zero-point �uctuations determine the transition amplitude to higher Fock
states, which can be blocked when� 0 is a root of the respective matrix element (indi-
cated by dashed vertical lines). The Josephson-photonics device reduces to an e�ective
(Nmax + 1) -level system, when the cavity is initially in the ground state. An e�ective
two-level system can be engineered by a microwave cavity with� 0 =

p
2 (green line).

all other transition matrix elements between neighboring Fock states depend on
Laguerre polynomials.

For instance, the transition between the �rst and second excited state

T2;1 =
p

2
L (1)

1 (� 2
0)

L (1)
1 (0)

=
2 � � 2

0p
2

can be blocked by fabricating� 0 =
p

2. Compared with Fig. 1.9(a), this means
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Figure 1.10: (Left) The measured (red dots) and theoretical (blue dashed line) inten-
sity correlation function g(2) (� ) = ĥay(0)ây(� )â(� )â(0)i =ĥayâi 2 for a Josephson-photonics
device with a single microwave cavity with zero-point �uctuations � 0 � 0:98 and mean
steady-state occupation ofn = ĥayâi = 0 :08 shows a strong suppression at� = 0 , which
indicates photon antibunching. (Right) The value g(2) (� = 0) as a function of mean
cavity occupation n. The black line is a theoretical prediction without accounting for
the �nite detection bandwidth of the experiment.
[Reprinted �gure with permission from C. Rolland, A. Peugeot, S. Dambach, M. Westig,
B. Kubala, Y. Mukharsky, C. Altimiras, H. le Sueur, P. Joyez et al., Physical Review Let-
ters 122, 186804 (2019). Copyright (2019) by the American Physical Society; included
in this thesis as reference [10].]

that the state j� 0 = 1i is shifted by just the right amount, such that its overlap with
the state j� = 2 i vanishes. When the system is initially prepared in the ground
state, the only accessible energy levels are the Fock statesj0i and j1i . It thus
behaves like a qubit that is well protected from unwanted excitations to higher
energy levels.

A signature of this e�ect is the suppression of the two-time intensity correlation
function g(2) (t + �; t ) [65] at zero time delay� = 0 (see Fig. 1.10), which means
that the probability of two photon detection events at the same time is strongly
reduced. The system thus emits antibunched photons and thus constitutes a bright
but non-deterministic single-photon source [10, 22, 31, 32]. However, compared to
alternative schemes based on superconducting qubits [91�96], Josephson-photonics
devices do not require a complex pulse sequence to generate antibunched photons.
By choosing speci�c roots of higher-order Laguerre polynomials,L (1)

Nmax
(� 2

0), an
(Nmax + 1) -level system can be fabricated [10, 37, 44]. The advantage of the pos-
sibility of blocking speci�c Hamiltonian transitions will, for example, be exploited
in Pub. (iv ) (see Sec. 5.1.1) in order to be able to detect single microwave photons.
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1.5.2 Quantum Radar as an Application of Two-Mode Squeezing

When the dc voltage is tuned to the resonance condition2eVdc � ~(! a + ! b) [see
Fig. 1.11(a)] in a Josephson-photonics device containing two resonatorsâ and b̂,
the Hamiltonian is given by

Ĥ � ~� dc
âyâ+ b̂yb̂

2
+

E �
J � 0� 0

2
:
�

âb̂e� i� + âyb̂ye+ i�
� J1

�
2� 0

p
âyâ

�

� 0

p
âyâ

J1

�
2� 0

p
b̂yb̂

�

� 0

p
b̂yb̂

: :

(1.56)

A tunneling Cooper pair creates two photons with frequency! 1 � ! a in cavity â
and ! 2 � ! b in cavity b̂. Although the frequencies! 1 and ! 2 of the two photons
vary for each tunneling process, their sum is �xed and exactly matches the ex-
cess energy of each tunneling event,! 1 + ! 2 = 2eVdc. The Cooper pairs therefore
create correlations and, indeed, frequency entanglement between the resonators.
The stationary states of the resonators are two-mode squeezed and thus number-
correlated [11, 19, 29, 33, 36, 37]. Two-mode squeezed microwave light is more
commonly generated by three- or four-wave mixing in Josephson parametric am-
pli�ers, Josephson parametric converters, or Josephson traveling wave parametric
ampli�ers that require an ac-pump signal and parametric downconversion [4, 97,
98]. Instead, a Josephson-photonics device uses a dc voltage to generate entangled
states of light.

An entanglement witness is the visible squeezing in the phase space. The total
Wigner function depends on two quadratures of both cavities and is de�ned on
a four-dimensional phase space. For visualization purposes, six two-dimensional
marginal phase spaces can be de�ned by integrating the total Wigner function over
the other two quadrature variables [compare Figs. 1.11(b,c)]. The Hamiltonian
process contains a two-mode squeezing operation/ âyb̂yei� + h :c: that depends on
the relative phase� and acts in the joined Hilbert space of both microwave modes.
Thus, it entangles their quantum states. Since no processes that act only on a single
mode, such as a single-mode squeezing operation/ ây2 + h :c:, are present, the re-
duced quantum state of both cavities is rotationally symmetric; in fact, it is a ther-
mal state with �uctuations larger than the vacuum state, c.f. Fig. 1.11(b). There-
fore, no information about entanglement can be accessed through the marginal
Wigner function of each individual resonator. Instead, squeezing is only visible in
a mixed marginal phase space, Fig. 1.11(c).

Beyond their application in parametric ampli�ers [99], this fact enables the usage
of two-mode squeezed states for a wide range of quantum information tasks, such
as in protocols for quantum key distribution [100, 101], quantum sensing [102,
103], quantum teleportation [5, 104] and secure remote state preparation [105].
Here, we want to present one speci�c possible application, the quantum radar [60,
61].

A (classical) radar sends out microwaves that are re�ected by an object and
recorded. From the received signal, information about the distance, the direction
and the velocity of the object can be obtained. In a classical radar, the recorded
signal (with frequency � � mw in the microwave range) is strongly overlayed by
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Figure 1.11: Quantum radar as application of two-mode squeezing. (a) A Josephson-
photonics device, where two microwave modes with eigenfrequencies! a=b and e�ective
single-photon loss rates
 a=b are connected to a Josephson junction, is dc-voltage biased at
the resonance condition2eVdc � ~(! a + ! b). Each tunneling Cooper pair then e�ectively
creates one excitation in each cavity. Photons leaking from the cavities could be used
in a protocol for a quantum radar. While an idler photon (leaked from cavity â) is
kept, a photon from cavity b̂ is emitted by an antenna as signal into the environment.
When re�ected by an object, the signal photon can be absorbed. When signal and
idler are simultaneously measured, the quantum radar can theoretically achieve a6dB
signal-to-noise improvement compared to classical radars, which send/receive a strong
electromagnetic wave. (b) The steady-state Wigner function of a single cavity (here the
signal cavity b̂) shows a thermal distribution with larger quadrature standard deviation
(c.f. blue circle) than vacuum �uctuations (white circle). The sent thermal state appears
for the object as part of the background radiation. (c) Squeezing, that arises from
the photon-pair production in di�erent cavities by a single tunneling Cooper pair, is
hidden in the mixed phase space. Its phase-space angle depends on the relative phase
� of the coherent Hamiltonian process. Squeezing is only observable upon correlation
measurement of signal and idler.
[Parameters: 
 a = 
 b, � 0 = � 0 = 1=10, E �

J = 500~
 a, � = 0 = � . (See Fig. 1.5 for color
scale of Wigner functions.) ]

thermal background radiation at room temperatureTRT becausekB TRT � h� mw .
This implies that a strong signal must be used. Thus, a classical radar of this
type cannot be used for covert detection. The object being monitored can detect
the signal and implement countermeasures. In addition, jamming of the signal
frequency with other electromagnetic radiation becomes possible.
To understand the principle of a quantum radar, we �rst consider a single entangled
pair of photons [see Fig. 1.11(a)]. One photon is sent out (signal photon) like in a
classical radar, but the second photon (idler) is kept. Upon receiving a signal, the
sent signal photon can be identi�ed by a coincidence measurement with the idler
photon, whereby background photons arriving at other times can be eliminated.
The theoretically proposed quantum illumination protocols use two-mode squeezed
states that can be created, for instance, by a Josephson-photonics device, where the
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quantum states of the microwave cavities are emitted into transmission lines, and
the signal line is fed onto the object. The quantum state of each individual mode
looks thermal, and entanglement is hidden in the mixed marginal phase space. As a
�rst direct advantage, true covert observation becomes possible because the object
cannot distinguish the sent signal from the background radiation. To exploit the
full quantum advantage, a correlation measurement of signal and idler is required.

Early-stage experimental realizations of quantum radars present a proof of concept
of the protocols and can claim to show quantum advantage [7], but also su�er from
technological challenges [106�111]:

+ Improved signal-to-noise ratio for weak signal strengths

Quantum radars show enhanced detection e�ciency when operated in envi-
ronments with weak signal strength compared to a bright background noise
by exploiting quantum entanglement. Therefore, they are only marginally
a�ected by signal jamming. The advantage is still preserved by residual
quantum correlations even when entanglement is mainly lost.

+ No possibility of interception

Since entanglement is hidden in the mixed phase space, the sent signal looks
thermal and covert observation is possible because the monitored object
cannot distinguish the signal from background radiation.

+ Increased information per measurement

Exploiting quantum correlations, a measurement in quantum radars can po-
tentially gather more information than in classical radars.

� Technological e�ort

The generation of two-mode squeezed states requires quantum systems con-
trolled in cryostats at millikelvin temperatures. Sending entangled micro-
waves into and receiving them from a room-temperature environment with-
out heating the cryostat is a pressing issue. The need of quantum memories
to store the idler state, while the signal travels to the object and back, in-
crease the technological e�ort.

� Recent experiments only allow short-range detection

The maximal achievable coherence times of quantum memories signi�cantly
limit the detection distance. Recent experiments with an object at room
temperature could demonstrate a working setup in detection ranges of ap-
proximately one meter [107], using a simple delay line instead of a quantum
memory.

� Unknown signal arrival time

To exploit quantum advantage, the signal and idler photon should be mea-
sured at the same time. Quantum radars, therefore, typically require knowl-
edge of the expected arrival time or have to perform sweeps prolonging the
time till an object can be detected. Current experiments only use quantum
radars to determine whether an object is present in a speci�c position of
interest.
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1.6 Josephson-Photonics Devices as Detectors of Microwave
Photons

The reliable detection of single microwave photons is an open topic. Typical energy
scales are in the gigahertz range, and thus multiple orders of magnitude smaller
than optical photons with energies in the order of terahertz. Whereas optical de-
tectors, such as avalanche photodiodes or superconducting nanowire single-photon
detectors [112, 113] rely on the strong impact of a single impinging optical photon
and operate at room temperature, microwave photon detection is fundamentally
more challenging. The weaker impact of microwave photons requires highly sensi-
tive detectors that have to operate at millikelvin temperatures and low noise levels.
Single-photon detectors in the microwave regime are an essential ingredient to en-
able a number of protocols of quantum information, quantum communication, and
quantum sensing, such as improved sensing of signals from electron-spin resonance
[114, 115], the detection of Josephson radiation [116], the measurement-based re-
mote entanglement [117] and readout [118, 119] of superconducting qubits and the
fundamental physics quest for detecting axions [120�122].

Various schemes for single microwave-photon detection have been proposed and
experimentally implemented (for more information, see the reviews in [123�125]).
They comprise threshold detectors, where an impinging photon switches a cur-
rent biased Josephson junction into the resistive state [122, 126�130], and various
setups where the photon is absorbed in a microwave cavity and interacts with a
quantum system whose state can be measured [131�135]. The properties of these
schemes are tailored to meet various requirements. However, each scheme has their
individual drawback: Nonlinear or non-unitary detectors map all incoming states
onto the same output state and are typically gated or must be reset. Therefore,
they su�er from dead time and lack photon-number sensitivity. The latter is cur-
rently also true for more linear bolometers [116, 119, 136�138]. Only for pulses
arriving at a predetermined time, it has been possible to distinguish between di�er-
ent photon-number states. Likewise, di�erent schemes report di�erent achievable
e�ciencies of photon detection, dark count rates or dead time and may excel in
some of these criteria, while lacking in others.

Recently, a Josephson-photonics setup, known as the Inelastic Cooper Pair Tunnel-
ing Photon Multiplier (ICTPM) [13, 41, 51], has been put forward as a promising
candidate for single microwave-photon detection. Number multiplication has been
studied theoretically and implemented for continuous coherent-wave input that
uses two microwave modes which are connected in series to a dc-biased Josephson
junction and coupled to transmission lines, Fig. 1.12. Similarly to the idea of cat-
state generation in Sec. 1.4.2 (for details, see Secs. 1.3.2 and 1.3.3), a dc voltage
bias at 2eVdc=~ = n! b � ! a yields the Hamiltonian

Ĥ �
E �

J � 0� n
0

2n!
(âb̂yn + âyb̂n ) : (1.57)

In the steady state, both cavities are in the vacuum state. The Josephson junction
only drives photon conversion processes between the two resonators and no direct
photon excitations. When a single resonant microwave photon impinges from the
left transmission line onto the system, it can be resonantly absorbed by cavitŷa,
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Figure 1.12: (a) The single-stage Inelastic Cooper Pair Tunneling Photon Multiplier
(ICTPM) consists of two microwave cavities, which are connected in series to a dc-voltage
biased Josephson junction. Both cavities are capacitively coupled to transmission lines
(TL). (b) When the circuit is biased at resonance2eVdc + ~! a � n! b (shown for n = 3 ),
a tunneling Cooper pair converts one excitation in cavityâ into n excitations in cavity b̂.
Without input, both cavities are in the ground state. When a single microwave photon
impinges on the system from the input transmission line, it can be resonantly absorbed
by cavity â and the conversion process driven by the junction transfers the excitation to
cavity b̂, which emits n photons in the output transmission line. Deterministic conversion
to n outgoing photons (with vanishing re�ection of the photon at cavity â) can be achieved
for resonant input [41].

which enables a photon multiplication process driven by the Josephson junction: a
tunneling Cooper pair annihilates one photon from cavitŷa and createsn photons
in cavity b̂. Photons can then leak from cavitŷb into the right transmission line
and subsequently be measured in an experiment by heterodyne detection of the
quadratures (compare Sec. 3).

In order to enhance photon detection e�ciency, the photon multiplication process
must be e�cient such that a high probability of photon conversion is achieved,
leading to the following considerations:

ˆ Direct re�ection of the incoming signal at cavity â must be avoided.

ˆ When cavity b̂ has leaked one photon into the right transmission line, the
reverse Hamiltonian process, where Cooper pairs tunnel against the bias and
(re)-create a photon in cavity â by annihilating n photons from cavity b̂,
is o�-resonant and energetically forbidden. Resonator̂b then emits all n
photons into the right transmission line.

ˆ Before the cavityb̂emits a photon, the reverse conversion process is possible,
where a photon in cavityâ is created andn cavity-b̂ photons are annihilated.
Subsequent photon emission from cavitŷa into the left transmission line will
lead to signal loss and must be avoided.

ˆ An analysis [41] has shown that perfect photon conversion is possible for
an impinging weak and perfectly resonant continuous-wave microwave sig-
nal. An impedance-matching argument yields the optimal Josephson-driving
strength

E �
J;opt =

~
p


 a
 b

� 0� n
0

p
n � n! ; (1.58)

for which such perfect photon conversion is realized.
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ˆ For single-photon input, both resonators can e�ectively be treated as two-
level systems with statesfj 0i a ; j1aig and fj 0bi ; jnbig . An analytic expression
for the frequency-dependent transmission function can then be derived [41].

Multiplication factors n � 4 are realistic for experiments. For largern, the dc
voltage becomes much larger than the eigenfrequencies involved and spontaneous
excitation of the modes becomes more likely. This in turn triggers the Hamiltonian
multiplication process without an incoming signal and would result in a dramatic
increase of dark counts. The problem can be circumvented by implementing a
device with two or more multiplication stages.

The two-stage ICTPM extends the single-stage multiplier by a second circuit (see
Fig. 9 from Pub. (iv ) in Sec. 5.1.1). In the �rst circuit, photon multiplication with a
factor n1 is achieved between cavitieŝa and a high-quality central resonator̂c. The
second multiplication stage converts each excitation from̂c to n2 excitations in b̂.
Again, perfect photon conversion can be achieved by tuning the Josephson energies
[41]. In contrast to single-stage multiplication, where the Bessel nonlinearities in
Eq. (1.57) can be neglected (compare Sec. 1.5.1 where we show that the transition
from vacuum to the leveljnb = ni is una�ected for a driving / b̂yn + h :c:), cavity
ĉ is occupied up to Fock statejnc = n1i . The transitions between cavityĉ and b̂
are in�uenced by zero-point �uctuations even for single-photon input into cavity
â. Internal dynamics, such as Rabi oscillations of excitations between cavitiesb̂
and ĉ yields markedly di�erent physics and more complicated dynamics.

The fundamentally novel scheme for photon detection in an ICTPM has so far only
been studied for classical input, i.e. coherent continuous-wave signals. Pub.(iv )
(see Sec. 5.1.1) analyzes the single- and two-stage device for true quantum input
(single-photon wavepackets) and presents a scheme for the detection of Gaussian
single-photon pulses by heterodyne quadrature measurement. The theoretical in-
gredients to simulate temporal quantum pulses and heterodyne quadrature mea-
surement are summarized in Sec. 3. The ICTPM can be combined with other novel
detection schemes in Josephson-photonics devices, where (higher-order) resonances
similar to the condition above mimic photon avalanches, or in setups that involve
a spectator cavity and realize strong projective measurement of a resonator, and
thus promise to outperform existing microwave photon detection schemes.
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1.7 Phase Instability in Josephson Photonics

The applications and quantum states discussed above, e.g., cat states (Sec. 1.4.2),
k-fold symmetric states (Sec. 1.4.1), or two-mode squeezed states for a quantum
radar (Sec. 1.5.2) crucially rely on a stable phase-space angle of the quantum
states in order to exploit quantum properties like entanglement or coherent su-
perpositions. For instance, the symmetry of thek-fold symmetric quantum states
manifests itself in �nite expectation valuesĥak i , while two-mode squeezed states
possess �nite expectation values likeĥab̂i that depend on the relative phase be-
tween the cavities. The phase-space angle fork = 1 or the squeezing direction for
k = 2 are directly related to the phase of expectation valuesĥai or ĥa2i , respec-
tively.

Figure 1.13: Phase instability in Josephson photonics. (Top row) A �xed dc voltage
is associated with a driving phase2eVdct=~ � � , which becomes the constant� in the
rotating frame that de�nes the orientation, i.e. the phase-space angle, of the steady-state
Wigner functions. (Bottom row) Due to �uctuations �V of the dc voltage, the phase-
space angle of the Wigner functions is e�ectively averaged,� ! � (t) /

Rt
0 �V (� ) d� . As

a direct consequence, the quantum mechanical steady-state under in�uence of voltage
noise is a diagonal density matrix. (a)-(c) For the k-photon resonance (of single-mode
devices), theZk -symmetry of the Wigner functions (in top row) is lost and the experi-
mental steady-state Wigner functions are rotationally symmetric. (d) Due to integration
over two phase-space quadratures, the noise-averaged squeezing ellipse of a two-mode
squeezed state can assume a more rectangular shape.
[Methods: The steady-state Wigner functions under in�uence of voltage noise (bottom
row) were obtained by assuming quasistatic Gaussian noise (see main text) and averag-
ing manysteady-state solutions for randomly sampled, Gaussian distributed detunings�
around the mean� = 0 with standard deviation � = 
 a=10.
The Wigner functions (for color scale see Fig. 1.5) from the top row have been shown in
Fig. 1.5(b), Fig. 1.6(b), Fig. 1.7(c) and Fig. 1.11(c)]
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Figure 1.14: Reconstruction of expectation values from experiments with phase di�u-
sion.
(a) Experimental measurement of the normalized two-time correlation functionsg(2)

� (� )

[c.f. Eq. (1.59)] and g(2)
ab;sym(� ) (similarly de�ned) of the output �elds of a Josephson-

photonics setup with two microwave cavitiesâ and b̂. Several plots are shown for dif-
ferent steady-state resonator populationsn = ( ĥayâihb̂yb̂i )1=2. The starting time of the
measurement is always the steady-state. In the long-time limit,g(2)

� should (theoretically

without voltage noise) approach a nonzero constant value,g(2)
�; 1 . Instead, g(2)

� (� ) exper-

imentally decays on short times to a shoulder value and completely decays tog(2)
�; 1 = 0

in the long-time limit. The latter decay is caused by the �uctuations of the applied dc
voltage. (b) The value g(2)

�; 1 can be recovered by �tting a Gaussiang1 � e� 2(��� )2
to the

experimental data outside the shoulder region (indicated by dashed vertical lines in the
two top panels). The �tted Gaussian (black line) in the bottom panel correctly describes
the experimental decay ofjg(2)

� (� )j outside the shoulder region. The �tted height of the

shoulder (magenta dot) recovers the long-time valueg1 � g(2)
�; 1 without phase di�usion.

The experimental data can be divided by the �tted Gaussian (green curve). The height
of the lateral constant region (magenta lines) are an alternative estimate ofg(2)

�; 1 without
phase di�usion.
[Reprinted �gure with permission from A. Peugeot, G. Ménard, S. Dambach, M. Westig,
B. Kubala, Y. Mukharsky, C. Altimiras, P. Joyez, D. Vion et al., Physical Review X
11, 031008 (2021). Copyright (2021) by the American Physical Society; included in this
thesis as reference [11].]

A signi�cant impact of biasing the devices with a dc voltage is the lack of a refer-
ence phase. Consequently, Josephson-photonics devices generate quantum states
with neutrally stable phase-space angle which can be easily a�ected by noise. Small
�uctuations of the dc voltage then e�ectively average the phase-space angle of the
stationary quantum state and mask its quantum properties. Fig. 1.13 shows the ef-
fect of noise onk-fold symmetric states and on squeezing in the mixed phase space
for two-mode squeezed states. Information about the phase, like the direction of
the coherent state, the squeezing angle or the orientation of the three-fold sym-
metric shape, is inevitably lost. Instead, the e�ective phase-averaged quantum
states are rotationally symmetric in the total phase space [resulting in possibly
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1.7 Phase Instability in Josephson Photonics Part A

rectangular Wigner densities in the mixed phase space for two-mode squeezing,
c.f. Fig. 1.13(d)] and expectation values likeĥak i or ĥab̂i vanish.

In Josephson-photonics devices that generate two-mode squeezed light, one exper-
imentally observable quantity is the two-time correlation function

G(2)
� (� ) = ĥay(� )b̂y(� ) â(0)b̂(0)i ! jh âb̂i st j2 (if � ! 1 ) ; (1.59)

from which the steady-state expectation valuejĥab̂i st j2 can be extracted (starting
at some arbitrary time t = 0 in the steady-state). Instead, measurements [see
Fig. 1.14(a)] show a decay ofG(2)

� (� ! 1 ) ! 0, proving the loss of phase infor-
mation and entanglement [11].

In this thesis, we present two solutions to overcome the issue of the neutrally
stable phase, which are either able to partially recover lost phase information or
completely stabilize the phase-space angle.

ˆ Phase stabilization by injection locking and synchronization (Sec. 4)

The neutrally stable phase can not only be perturbed by noise but also be
adjusted by other external signals. The phase-space angle can be stabilized
by providing a reference phase, either by mutual synchronization between two
devices or by injecting a phase-stable external signal. As one central result of
this thesis, we show how to extend the model of Josephson-photonics devices
to enable a theoretical description of injection locking and synchronization.
By including a �nite in-series resistance into the model, the device becomes a
self-sustained oscillator with a realistically �uctuating voltage source which
is susceptible to injection locking and synchronization.

ˆ Reconstruction of expectation values (Sec. 4.2.4)

A �uctuating voltage, e.g., for the case of two-mode squeezing with the
Hamiltonian

Ĥ � ~� dc
âyâ + b̂yb̂

2
+

E �
J � 0� 0

2
(âb̂e� i� + âyb̂ye+ i� ) ;

results in a slowly time-dependent phase� ! � (t) when �xing the rotat-
ing frame to the theoretically perfect dc-voltage. Alternatively, the rotating
frame could be adapted [resulting in a time-dependent detuning� dc(t)]. As-
suming quasistatic Gaussian noise, the in�uence of �uctuations can then be
modeled by sampling values for� dc from a Gaussian distribution and averag-
ing all results in the same rotating frame. The lost expectation valuejĥab̂i st j2

can be recovered by �tting the decayingG(2)
� (� ) with an envelopee� 2(��� )2

that captures the e�ect of this averaging. Extracting in a similar manner
from the measurements a few lost expectation values and using an ansatz,
the full Wigner function of the steady state without phase di�usion can be
reconstructed in some parameter regimes.
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Phenomenology of Injection
Locking and

Synchronization 2
In 1665, Christiaan Huygens discovered synchronization in pendulum clocks [139].
When weakly coupled by a shared support (compare Fig. 2.1), two pendulum clocks
can adjust their rhythm over time, leading to long-lasting and stable synchronized
oscillations.
Since then, the nonlinear phenomenon has been studied in both natural and en-
gineered systems in all �elds of science [140�144]. In biology and neuroscience,
synchronization has been observed, for example, in synchronously �ashing �re�ies
[145], pacemaker cells of the heart [146], neurons of the brain [147], or the cir-
cadian rhythm regulating the sleep-wake cycle of animals and plants [148]. The
adjustment of rhythms is also a widespread phenomenon in music, where people
synchronize when singing, dancing, or giving applause. Further examples range
from chemistry, where oscillating enzyme and autocatalytic reactions are studied
[149], and climate research (seasons, monsoon cycles and El Niño), to technological
applications like clock synchronization, electrical oscillators, and beyond.

d e f i n i t i o n

Synchronization and Injection Locking
Synchronization is the adjustment of rhythms between two or more self-
sustained periodic oscillators due to weak interaction.

Injection locking is a variant of synchronization, where the frequency and
phase of self-sustained oscillators are entrained to an external stable signal.

Synchronization can occur only in self-sustained oscillators, i.e. oscillators that
perform long-lasting autonomous oscillations driven by an internal energy source.
These oscillations do not have a preferred phase, resulting in a neutrally stable
oscillation that is sensitive to perturbations.
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2 Phenomenology of Injection Locking and Synchronization Part A

Figure 2.1: Experimental sketch from Huygens illustrating the synchronization of pen-
dulum clocks. Both clocks are attached to a shared support, which weakly couples the
two pendulum clocks. The way of coupling may lead to synchronization of the oscillations
of the pendulum clocks. In contrast, directly connecting both pendulums by a rigid rod
also leads to the same oscillation of both pendulums, but the coupling would then be too
strong to describe the dynamics by synchronization.
[Original drawing from C. Huygens, Oeuvres complètes de Christiaan Huygens, �Publiées
par la Société hollandaise des sciences�, Vol.1, p. 658 (La Haye, M. Nijho�, 1888-1950);
included in this thesis as reference [139].
Reproduced from Arkady Pikovsky, Michael Rosenblum, and Jürgen Kurths, �Synchro-
nization: A Universal Concept in Nonlinear Sciences�, (Cambridge University Press,
2001); included in this thesis as reference [140]. ]

Phase stabilization and frequency pulling (Sec. 2.2.1) are well known in laser
physics [150, 151]. Several generic models exist, such as the van der Pol oscillator
[152�160], which exhibits self-sustained oscillations, while the Kuramoto model
[161, 162] and Adler's theory [163] reduce the full dynamical description by equa-
tions of motion for all phase-space variables to the behavior of the di�erences
between the involved oscillation phases. For many years, synchronization and in-
jection locking have only been observed in nonlinear classical systems. The ability
to control individual quantum systems has paved the way for studying systems in
the quantum regime that classically show synchronization behavior, like the van
der Pol oscillator, and systems [164�172], such as spins and mechanisms [173�179]
without classical analogs.
Josephson-photonics devices, operable in both the semiclassical and the deep quan-
tum regime, provide a platform well-suited to study how classical synchronization
dynamics and its signatures are transferred to the quantum realm. They are
self-sustained oscillators with a neutrally stable phase-space angle that can be
perturbed by dc-voltage �uctuations due to shot noise of the tunneling Cooper
pairs (see Sec. 1.7). Previously, locking experiments have been performed in a
multi-mode Josephson-photonics setup [59, 62]. In order to provide an in-depth
theory (see Sec. 4), we give a comprehensive summary of the phenomenology of
injection locking and synchronization in the following sections. In Sec. 2.1, we
will de�ne self-sustained oscillators and stress why only this family of oscillators
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2 Phenomenology of Injection Locking and Synchronization Part A

can be injection locked and synchronized. After reviewing the most important
hallmarks of injection locking in Sec. 2.2.1, we speci�cally discuss the Adler theory
in Sec. 2.2.2. Although synchronization and injection locking are closely linked
to noise, the Adler theory and the phenomenological description of the hallmarks
do not include perturbations. E�ects of noise, such as phase slips, are therefore
brie�y summarized in Sec. 2.2.3.
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2.1 Self-Sustained Oscillators Part A

2.1 Self-Sustained Oscillators

The e�ect of synchronization can only be observed in special oscillatory systems,
called self-sustained oscillators (SSOs), which undergo autonomous limit-cycle os-
cillations in their steady-state. Their stability property with a stable oscillation
amplitude but a neutrally stable oscillation phase is crucial for synchronization.

d e f i n i t i o n

Self-Sustained Oscillator (SSO)
A self-sustained oscillator is a nonlinear system that autonomously performs
a periodic and long-lasting oscillatory motion.

Limit-cycle oscillations

The long-lasting periodic motion of an SSO is typically described in the phase
space spanned by its position and momentum variables, where it follows a closed
loop, the limit cycle . After each time periodT = 2�=! 0, a classical SSO (with
the oscillation frequency! 0) reaches the same point in the phase space. Here, we
restrict the explanation to one spatial dimension and dimensionless phase-space
variables f ~x; ~pg. Then a general limit cycle can be parametrized by the complex
amplitude a(t) = r (t)ei� (t ) , consisting of a periodic radial componentr (t) = r (t+ T)
and the phase of the oscillation� (t). Although arbitrary shapes of the limit cycle
are possible, the position and momentum of an SSO (with massm) can, in the
simplest case, be expressed as

x(t) = x0 sin(! 0t + � 0) (2.1)

p(t) = mx0! 0 cos(! 0t + � 0) ; (2.2)

where the limit cycle is a circle in dimensionless coordinates,~x = x=x0 and
~p = p=mx0! 0 [compare Fig. 2.2(b)]. Here, the radial component is trivially con-
stant, r (t) = 1 , and the phase of the oscillation increases linearly with time,
� (t) = ! 0t + � 0. In the frame, which rotates with ! 0, the motion can easily be
described by a constant vector with phase-space angle� 0.

Stability properties of the oscillation

The stability of an SSO is crucial to observe synchronization e�ects. We con-
sider an SSO in its steady-state, which is subject to a small external perturbation
[Fig. 2.2(b)]. In the rotating frame, its oscillation amplitude and phase are then
weakly disturbed by a small amount,r ! r + �r and � 0 ! � 1 = � 0 + �� . After
a long time, the SSO re-establishes its original amplitude, which is stable against
small perturbations. However, the phase-space angle of the oscillation does not
return to its original value. It is neutrally stable, such that all points on the limit
cycle are equivalent. Although the general form of the oscillation (as characterized
by x0 and ! 0 above) is independent of how the SSO was initially brought into
motion, its phase-space angle indeed depends on the initial conditions. Noise can
e�ectively move the SSO along its limit cycle, leading to perturbations in the os-
cillation frequency, which is now only on average given by! 0. The property of an
easily adjustable, neutrally stable phase makes an SSO vulnerable to perturbation,
but also enables it to be synchronized to other systems.
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Figure 2.2: (a) Schematic sketch of a pendulum clock. A rod pendulum is connected
to an escapement mechanism that rotates as the pendulum oscillates. A gear, around
which a string with a suspended mass is wound, tends to rotate as the mass descends
due to earth's gravitational pull. The bottom (top) arm of the escapement can stop the
rotation of the gear at times when the pendulum is at the most left (right) position of
its oscillations (here shown for the bottom arm), allowing the gear to rotate only by one
tooth at a time. In between, the mass descends and releases potential energy, part of
which is transferred to the pendulum in form of a small kick when the gear is stopped by
the escapement. The resulting pendulum oscillation is long-lasting due to the internal
energy source from the descending mass.
(b) In its steady state, the pendulum (or any SSO) performs an autonomous periodic
oscillation. In the phase-space, spanned by position and momentum of the SSO, the
motion of the phase-space point can be described by a closed loop, the limit cycle. In
the simplest case, e.g., for the motion of a pendulum clock shown here, the closed loop is
a circle with constant amplitude. Then, in a co-rotating frame, the phase-space point is
�xed on the limit cycle with constant phase-space angle� 0. External noise may perturb
the amplitude and phase-space angle (still considered in the rotating frame). After some
time, the SSO will return to its original stable amplitude. Since the phase is neutrally
stable, the phase-space angle after relaxation is di�erent from� 0. (c) Schematic interplay
between internal energy supply and energy dissipation of a self-sustained oscillation. At
steady-state oscillation amplitudex0, the energy dissipation balances the energy supply.
If the oscillation amplitude is increased,x > x 0 due to some perturbation, the energy
dissipation is stronger than the supplied energy and the oscillation amplitude decreases
again to x0. Analogously, the energy supply is dominating over the dissipated energy
when a perturbation decreases the oscillation amplitudex < x 0. As result, the amplitude
x0 is re-established. At zero amplitude, the energy supply and the dissipated energy
vanish. The two curves can only intersect atx = 0 and at x0 when the dynamical
equations of motion are nonlinear.

Key features of an SSO

In order to show the properties described above, an SSO must have the following
key features:

ˆ Internal energy source and dissipation
Any physical system interacting with its environment is subject to dissipa-
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tion. Energy that is dissipated to the environment inevitably leads to decay
of an oscillation. In order to show long-lasting and autonomous oscillations,
an SSO must possess an internal energy source that balances the dissipated
energy. An example is the pendulum clock, where the energy supplied by a
mass attached to a string [see the explanation in Fig. 2.2(a)] balances the
dissipation su�ered by other components.

ˆ Nonlinearity
The internal energy supply and the dissipated energy strongly depend on the
oscillation amplitude [Fig. 2.2(c)]. At some �nite oscillation amplitude x0,
dissipation compensates the internal energy supply of an SSO.

� When an external perturbation increases the oscillation amplitude,x >
x0, dissipation dominates over the internal energy supply. Consequently,
the oscillation amplitude decreases tox0.

� When an external perturbation decreases the oscillation amplitude,
x < x 0, then the supplied energy is stronger than dissipation and the
oscillation amplitude increases tox0.

The amplitude x0 is thus the steady-state amplitude of the SSO that is
stable against perturbations. At zero oscillation amplitudex = 0, no energy
is supplied or dissipated. The two curves of the supplied energy and the
dissipated energy can only intersect atx = 0 and at x0 when the system
dynamics is governed by nonlinear equations of motion.

Counterexamples: Systems without self-sustained oscillations

At �rst glance, some systems may appear to show self-sustained oscillations be-
cause their stationary state is similar to Eqs. (2.1) and (2.2). However, the crucial
property of an SSO is its stable amplitude and its neutrally stable phase. Here, we
brie�y discuss simple counterexamples that do not show self-sustained oscillations.

ˆ The undriven and undamped harmonic oscillator

•x + ! 2
0x = 0 (2.3)

performs steady-state oscillationsx(t) = x0 sin(! 0t + � 0). However, the
oscillation amplitude is not stable becausef � x(t) for any real factor f also
solves the linear equations of motion. The steady-state oscillation amplitude
depends on the initial conditions. Hence, the system is not an SSO.

ˆ A damped harmonic oscillator

•x + 
 _x + ! 2
0x = 0 (2.4)

will reach the steady-state solutionx(t) = 0 . It can not be an SSO, since
there is no long-lasting steady-state oscillation.

ˆ The driven damped harmonic oscillator

•x + 
 _x + ! 2
0x = F0 sin(! J t) (2.5)
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has the steady-state solution

x(t) = x0 sin(! J t + � 0) :

Although the system is damped with loss rate
 , energy is supplied by the
drive with strength F0 and the steady-state solution itself looks similar to
the case discussed above: both the amplitude

x0 =
F0p

(! 2
J � ! 2

0)2 + 
 2! 2
J

and the phase-space angle

� 0 = arctan
�


! J

! 2
J � ! 2

0

�

are �xed by the drive, and hence are stable. This oscillation is forced and
not self-sustained, such that synchronization cannot occur.
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2.2 Hallmark Signatures of Injection Locking and Synchro-
nization

In Sec. 4, we will focus mainly on injection locking of a Josephson-photonics device
to an external signal with stable reference phase. To illustrate the signatures of
injection locking and synchronization, here we study the case of an SSO that is
injection-locked to an external drive. We speci�cally consider an SSO that per-
forms steady-state oscillationsx(t) / sin(! 0t + � 0) and a weak periodic locking
drive / � sin(
 t + � � ) with a frequency that is close to the oscillation frequency
of the SSO,
 � ! 0. These sections �rst explain how and why the oscillation
frequency of an SSO is pulled towards the locking frequency, and under which
conditions injection-locked states can exist. Although injection locking stabilizes
the oscillation phase of the SSO against noise, the phenomenological description
of injection locking in Secs. 2.2.1 and 2.2.2 does not account for external pertur-
bations. Noise (included in Sec. 2.2.3) is e�ectively able to drive the system out
of the stabilized state.

Without a locking drive, � = 0, there is an initial detuning between the frequency
of the locking drive and the oscillation frequency of the SSO,

� 0 = 
 � ! 0 : (2.6)

When a locking signal is applied, the steady-state oscillation frequency of the SSO
becomes dependent on the strength� of the signal and on the initial detuning,
! 0 ! ! 0(�; � 0). The SSO is said to be injection locked to the external drive if the
frequency mismatch

� (�; � 0) = 
 � ! 0(�; � 0) (2.7)

between the locking signal and the new steady state of the SSO vanishes (compare
Fig. 2.3).

Mutual synchronization, e.g., between two SSOs, can be described analogously.
Then � 0 describes the initial frequency mismatch and� the coupling strength
between the SSOs. The frequency mismatch� (�; � 0) after coupling arises from the
di�erence between the SSOs' oscillation phases.

2.2.1 Locking Region, Frequency Pulling and the Arnold Tongue

Locking region

We �x the strength of the locking drive and analyze the dependence of the fre-
quency mismatch� (�; � 0) on the initial detuning � 0:

ˆ � = 0: The locking signal is turned o�.
The frequency mismatch is trivially given by � = � 0 [see brown line in
Fig. 2.3(a)].

ˆ � > 0: The locking signal is turned on.
We �x the strength of the locking signal [� 1 and � 2 in Fig. 2.3(a)]. If the
initial detuning between the locking drive and the oscillation frequency of
the SSO is su�ciently large compared to the locking amplitude, the system
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cannot be synchronized. The locking signal is then barely able to in�uence
the oscillation frequency of the SSO, resulting in� � � 0 [c.f. the yellow
and blue lines of Fig. 2.3(a) at large� 0]. However, the locking strength is
strong enough to obtain an injection locked state,� = 0, for smaller initial
detunings. For each �xed strength of the locking drive, there exists a critical
detuning � c(� ), at which a sharp transition occurs between the locked and
unlocked state. Thelocking region , j� 0j < � c(� ), expands as the strength
of the locking drive increases.

Frequency pulling

We now consider a �xed initial detuning � 0, such that the locking drive is still
nearly resonant with the oscillation frequency of the SSO,� 0 � ! 0. In Fig. 2.3(b),
the locking strength� is varied. Above a critical (but still weak) locking amplitude
� c(� 0), the SSO becomes injection locked to the external signal. Below the critical
locking amplitude, � < � c, the oscillation frequency of the SSO is modi�ed but not
completely shifted to the locking frequency. The oscillation frequency of the SSO
is pulled towards the locking frequency when increasing� .

Figure 2.3: Hallmarks of injection locking (weakly coupling an SSO to an external ref-
erence) and synchronization (weakly coupling two SSOs). (a) Fixing a coupling strength
� , the frequency mismatch a long time after coupling,� (�; � 0), depends on the initial
detuning � 0. In the uncoupled case (brown),� (0; � 0) = � 0. A coupling strength weak
compared to the initial detuning � 0 merely modi�es the frequency mismatch after cou-
pling, � (�; � 0) � � 0 (yellow and blue curve at large � 0). At su�ciently small initial
detunings below a critical detuning � c, an injection locked (or synchronized) region ap-
pears with � (�; � 0) = 0 . The locking region grows with larger � . (b) Fixing the initial
detuning, a small locking signal merely changes the frequency mismatch. A critical lock-
ing strength exists where the SSO is injection locked to the external signal (or where two
SSOs synchronize). The frequency of the SSO is then pulled towards the frequency of the
injected signal. (c) The two-dimensional plots from (a) and (b) are cuts (colored lines)
in speci�c directions of � (�; � 0). The injection locked (or synchronized) region, where
� (�; � 0) = 0 (gray shaded), is called the Arnold tongue.
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Arnold tongue

Summarizing the above �ndings in a three dimensional plot of� (�; � 0) gives a
complete description of the parameters for which the SSO can be injection locked.
The region where� (�; � 0) = 0 [gray shaded in Fig. 2.3(c)] is called the Arnold
tongue.

2.2.2 Reduced Description of Locking with Adler's Theory

Since the amplitude of the SSO is stable, the dynamics of injection locking can be
reduced from the full equations of motion to a description that only involves the
oscillation phases [163]. In the injection-locked state, the oscillation frequency of
the SSO equals the frequency of the locking drive. De�ning the phase di�erence

 (t; �; � 0) = [
 t + � � ] � [! 0(�; � 0) + � 0] (2.8)

between the oscillation phase of the injected signal and of the SSO, a locked state
corresponds to the condition that becomes constant in time,_ (t) = 0 .

Adler equation

In general,! 0(�; � 0) is a nonlinear function with a nontrivial time derivative, such
that exact calculations of its time derivative strongly depend on the speci�c prob-
lem. Assuming a weak and resonant locking signal, a calculation of the time
derivative [140, 163] yields the Adler equation

d
dt

 = � 0 + � � q( ) (2.9)

with a general periodic functionq( ). For the moment, we restrict ourselves to
the simplest case whereq( ) = sin(  ), such that the Adler equation simpli�es

d
dt

 = � 0 + � � sin( ) : (2.10)

When � � � c = � 0, there exist constant solutions, where_ = 0. From Eq. (2.10),
these are given by locked = � + arcsin (� 0=�) (mod 2� ) [c.f. Fig.2.4(b)] and �x the
position of the now stabilized phase-space angle� 0 of the SSO with respect to the
locking phase.

Adler potential

Eq. (2.10) can be interpreted as the motion of a massless �ctitious phase particle
with position  in a tilted �washboard� potential

VWB ( ) = �
Z

_ d = � � 0 + � cos( ) ; (2.11)

as shown in Fig. 2.4. Due to the missing second derivative in Eq. (2.10), the motion
is overdamped and the critical locking drive� c de�nes the onset of minima locked

in the potential, in which the �ctitious particle is trapped. If the locking strength
is too small, � < � 0, such that the potential does not exhibit any minima, there
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Figure 2.4: Motion of the e�ective massless phase particle with position in a wash-
board potential. (a) For � < � 0, the potential does not exhibit minima, allowing the
phase particle to glide down the slope. Since is the di�erence between the oscillation
phase of the SSO and the injection signal, the SSO is not injection locked. At times, the
increase of is slower (faster), when the phase particle moves through shallow (steeper)
potential regions. (b) When � > � 0, potential minima form at  locked (see main text), in
which the initially moving phase particle will be trapped. Then, _ = 0 and the SSO is
injection locked to the external signal.

is no locked solution. The motion of the �ctitious particle is then described by a
quasi-periodic function, ful�lling  (t + T) =  (t) + 2 � with some periodT. By
separation of variables in Eq. (2.10) and integration over one period

Z 2�

0

d 
1 + �

� 0
sin( )

=
Z T

0
� 0 dt (2.12)

we calculate the corresponding frequency

� (�; � 0) = 2 �=T =
q

� 2
0 � � 2 : (2.13)

The phase particle moves faster on steeper parts of the potential and slower on
�at regions. On average, the particle moves with velocity� (�; � 0), which can
therefore be interpreted as the frequency di�erence between the locking drive and
the oscillation frequency of the SSO in the unlocked scenario (compare Fig. 2.3).

2.2.3 E�ects of Noise

Until now, the description of injection locking and synchronization has been limited
to a discussion without the explicit in�uence of noise induced by the environment.
Noise is always present in real physical systems, which will modify the theoretical
description of injection locking and synchronization.
To illustrate the e�ect of noise, we discuss speci�c observable phenomena shown
in Fig. 2.5.

a) Broadening of the phase-space distribution

Without locking signal, the Adler potential is linear. When choosing speci�cally

 = ! 0, it is constant, since here trivially _ = 0. The steady-state of (and
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Figure 2.5: E�ects of noise on the injection-locking dynamics of an SSO. (a) When the
locking signal is located far away from the zero-noise locking region [brown curve in (e)],
the phase particle descends even without noise in the washboard potential (top plot). The
oscillation spectrum S(! ) [see (d)] of the SSO is nearly unmodi�ed (purple delta-peak).
Noise yields random time-dependent tilts�� 0 of the potential. Alternatively, this can
be described by di�usion of the phase particle in a nearly linearly decreasing potential
that is constant in time [motion shown in green in top plot of (a)]. An initial probability
distribution of the phase-particle's position p( ; 0) [bottom plot of (a)] will not only
descend, but its variance is growing due to noise. This gives a broadened oscillation
spectrum of the SSO [yellow curve in (d)]. (b) Deep in the locking region [see� (b) in (e)],
the locking signal con�nes the phase , which di�uses around the minimum. Weak noise
� 0 is not strong enough to push the phase particle out of the potential well. An initial
phase distribution will stay in the minimum and will be broadened only marginally. The
SSO stays injection locked, resulting in a sharp peak of the oscillation spectrum (red
line) at 
 = ! 0 + � (b) . (c) Close to the boundary (but inside) of the zero-noise locking
region [see� (c) in (e)], noise is able to push the particle out of the potential minimum.
The phase stays con�ned to a minimum for a long time (green points in top plot). It
can however slip quickly into the next potential minimum, where it again stays con�ned
for long times. The hallmark of phase slips is the emergence of peaks ofp( ; t ) at other
minima [bottom plot of (c)]. (d) Due to noise, the sharp transition between locked and
unlocked regime at� 0 = � is smoothened, such that� (�; � 0) is not vanishing close to the
boundaries of the locking region.

the phase-space angle of the SSO) is �xed to a speci�c value that depends on the
initial conditions. However, it is neutrally stable, as illustrated by the �at po-
tential. Noise will e�ectively perturb the oscillation phase of the SSO by slightly
tilting the potential randomly in time. This causes the frequency of the SSO to
�uctuate, ! 0 ! ! (t), leading to a broadened oscillation spectrum. The phase 
undergoes a random walk induced by the noise force_ � ! 0 � ! (t). Consequently,
 (mod 2� ) is equally distributed in the steady state and any information about
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the phase-space angle is lost.

Far away from the (zero-noise) locking region, [Fig. 2.5(a)], the SSO is merely
a�ected by the locking signal even when considering no external perturbations.
Noise then only marginally changes the motion of the phase particle. The Adler
potential mainly exerts a force _ � � 0 leading to a descending phase particle .
A small additional force from the external noise slightly slows down the motion at
some times and accelerates it at other times.

b) Protecting the phase-space angle against weak noise

Deep in the locking regime [c.f. Fig. 2.5(b)], the phase particle is trapped inside one
of the minima and would stay there when external perturbations can be neglected.
Weak noise results in a marginal broadening of the phase distributionp( ). The
system remains injection locked and is protected against weak noise. To estimate
how well the system is protected, the e�ective noise strength can be compared to
the height of the potential well.

c) Phase slips

Inside, but close to the boundary of the zero-noise locking region, the Adler po-
tential exhibits shallow minima, in which the phase particle would be trapped
without external perturbations. If the potential well is small enough, such that
noise can drag over the potential barrier, a fast slipping motion of can occur
until it may be re-trapped in the next potential minimum. Such quick changes of
 by (multiples of) 2� are called phase slips. The dynamics of the SSO can be
divided into an injection locked state, where �uctuations of stay small for a long
time, which is interrupted by short phase slips.

Locking region

The three cases discussed above correspond to di�erent regimes of the locking
curve in Fig. 2.5(e).

a) When a detuned locking signal is too weak to lock the system, noise will only
marginally modify the motion of the phase particle. The frequency di�erence
with applied locking signal is approximately given by the initial detuning.

b) A strongly locked system is protected against weak noise. Deep in the locking
regime, the average frequency di�erence_ = � (�; � 0) with applied locking
signal is still vanishing (to a good approximation).

c) Without noise, the application of an injection locking signal results in a sharp
transition between the locked and unlocked regions (c.f. Fig. 2.3). Noise
smoothens the crossover between the two di�erent regions. At the borders of
the locking region, the average velocity no longer vanishes, since noise leads
to phase slips. A stronger locking signal results in fewer phase slips and in
better protection of the SSO's phase-space angle against noise.
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Itinerant Microwave
Photons 3

Itinerant microwave pulses are temporally con�ned propagating electromagnetic
�elds. By carrying and transporting quantum information, they open the door
for various tasks and applications in quantum information processing, quantum
sensing and quantum communication [123, 124]. Naming only a few examples, the
vast amount of applications includes the generation of quantum states for quantum
teleportation [5, 104] and quantum key distribution [100, 101], or state readout
[180] and state transfer [181] used for quantum computational tasks. Further, they
enable the characterization of physical properties of open quantum systems, such
as frequency-dependent transmission and re�ection coe�cients.

In this thesis, we speci�cally focus on the detection of itinerant single-photon
pulses in the microwave regime that travel through a transmission line and in-
teract with a Josephson-photonics device, as described in Sec. 1.6 and Pub. (iv )
in Sec. 5.1.1. The device is designed to convert single-photon pulses impinging
from an input transmission line into pulses ofn leaking photons into the output
transmission line. Such a photon-multiplication scheme can enhance detection ef-
�ciency of the single-photon microwave pulse. Since the photon pulses in this case
fall comfortably within the broader frequency range supported by the transmission
line, any dispersion within the line can be ignored. It is thus su�cient to intro-
duce temporal modes of quantum light in Sec. 3.1. Further, we review Mølmer's
approach, which theoretically describes the interaction of quantum pulses of light
with a generic quantum system. Finally, we introduce the stochastic Schrödinger
equation, which unravels the Lindblad master equation and describes heterodyne
detection (Sec. 3.3) of the quadratures of quantum �elds leaking from a quantum
system.
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3.1 Itinerant Photon Pulses

We focus on the case where our quantum system (i.e. the Josephson-photonics
device) interacts at a single coupling point with a microwave �eld travelling in a
transmission line and assume a frequency range where dispersion in the transmis-
sion lines can be ignored. This interaction can then be modeled using temporal
pulses [182�184] that are either sent to or received from the system via the trans-
mission lines. Since the transmission lines support a wide range of microwave
frequencies, an oftentimes convenient mode decomposition is given by the basis
of plane waves. Then the time-dependent creation operatorây(t), which is now
the �eld of the transmission line at some arbitrary point, is decomposed into an
in�nite set of harmonic-oscillator modes

ây
! =

1
p

2�

Z 1

�1
ei!t ây(t) dt (3.1)

with orthonormal basis functionsf ei!t =
p

2� : ! 2 (�1 ; 1 )g such that

� (! � ! 0) =
1

2�

Z 1

�1
e� i! 0tei!t dt : (3.2)

Each modeây
! therefore describes a monochromatic electromagnetic wave with

frequency! , which is continuous in time (i.e. an in�nitely long pulse).

Alternatively, any di�erent set of orthonormal basis functionsf uk(t) : k 2 N0g can
be used, which can be linked to the plane-wave basis by a unitary transformation.
Itinerant quantum pulses with a given temporal mode envelopeu(t) can therefore
be expressed as some superposition of basis functions

u(t) =
Z 1

�1
f (! ) ei!t d! =

1X

k=0

gk uk(t) (3.3)

with amplitudes f (! ) or gk respectively. In this context, the bosonic operator
de�ned by

ây
u =

Z 1

0
ây(t) u(t) dt (3.4)

creates a single excitation in a mode with temporal envelopeu(t).

Having introduced a vector space for the modes, we want to highlight two sides of
quantum optics.

1) The temporal envelope of the pulses of (microwave) light is de�ned in the
modal vector space. Its relationship to the wave description of light within
classical optics is governed by Maxwell equations, which are linear, ensuring
that the superposition principle holds for electromagnetic waves.

2) The operatorây
u is de�ned in the linear (quantum mechanical) Hilbert space.

Fock states are often used as a convenient basis for describing photons.

This double linearity of quantum optics enables a description of the same system
state from di�erent perspectives.
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3.1.1 Entanglement and the Temporal Mode Basis

The close connection between the classical mode description and quantum mechan-
ics can be explained by a simple example. We consider two orthonormal modesu1

and u2. The quantum state

j i = j1u1 i j 1u2 i = ây
u1


 ây
u2

jvaci (3.5)

is factorizable and contains a photon in each mode, created by application of
the respective creation operators on the (multi-mode) vacuum statejvaci . Two
di�erent orthogonal modesu� = u1 � u2p

2
can be de�ned. Written in this basis, the

quantum state is obviously entangled,

j i =
j2u+ i j 0u � i � j 0u+ i j 2u � i

p
2

: (3.6)

Quantum entanglement thus depends on the choice of the classical mode basis.

3.1.2 Coherence Property of Temporal Modes

The coherence property of photons within a mode is related to the �rst-order two-
time correlation function. A propagating quantum �eld is said to be coherent if
the �rst-order correlation function

G(1) (t1; t2) = ĥay(t1)â(t2)i = n0 � u�
0(t1)u0(t2) (3.7)

is factorizable into a single modeu0(t) [65, 185]. Once again, the parallel between
classical optics and quantum mechanics becomes evident: evaluating the quantum
expectation value yields the complex solutionu0 of Maxwell's wave equation.

d e f i n i t i o n

Eigenmode Decomposition of the First-Order Correlation Function

G(1) (t1; t2) = ĥay(t1)â(t2)i =
X

k

ĥay
uk

âuk i u�
k(t1)uk(t2) (3.8)

ˆ uk are orthonormal eigenmode-functions

ˆ ĥay
uk

âuk i is the mean occupation of modeuk

A set of eigenmodes of a temporal �eld can be found by diagonalization of the
�rst-order two-time correlation function, Eq. (3.8). Any single-photon pulse is
�rst-order coherent and can be described by a single mode [185].

3.1.3 Exponential Modes of a Harmonic Oscillator

Let us, for instance, consider a single harmonic oscillator coupled to a zero tem-
perature heat bath, such that its time evolution can be described by a Lindblad
master equation with the rotating-frame HamiltonianĤ = ~� âyâ (with detuning
� = ! a � ! rot ) and collapse operator̂La =

p

 aâ, where
 a is the single-photon loss

rate. Initially, at time t = 0, it shall be prepared in some quantum statê� 0 with
mean occupationĥayâi 0.
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Figure 3.1: Exponential mode of a harmonic oscillator. (a) A cavity, coupled to a zero
temperature heat bath (with e�ective constant single-photon loss rate 
 a) is initially
at time t = 0 prepared in Fock state j1i . It will emit the photon, resulting in an
exponential two-time correlation function ĥay(t)â(0)i . (b) A single photon in a time-
reversed exponential pulseuexp(t) sent to the cavity, initially in the ground state, will be
perfectly absorbed [186]. (c) The two-time correlation function for the situation in (a)
can be diagonalized. The single eigenfunction is the exponential eigenmode shown in (a),
while the eigenvalue is the initial population ĥayâi (t = 0) of the cavity [c.f. Eq. (3.11)].

Using the quantum regression theorem [65], the set of equations

d
dt

ĥayâi (t) = � 
 aĥayâi (t) (3.9)

d
dt1

ĥay(t1)â(t2)i = �
� 
 a

2
� i�

�
ĥay(t1)â(t2)i (if t1 � t2) (3.10)

yields the �rst-order correlation function of the output �eld of the harmonic oscil-
lator,

G(1) (t1; t2) = 
 a ĥay(t1)â(t2)i = 
 ae� 
 a
2 (t1+ t2 )ei� (t1 � t2 ) � ĥayâi 0 : (3.11)

It can be diagonalized [compare Eq. (3.8)] into a single exponential eigenmode

uexp(t) =
p


 ae� ( 
 a
2 + i� )t

(
1 if t � 0

0 else
(3.12)

with occupation ĥayâi 0 [c.f. Fig. 3.1(a,c)]. The modeuexp(t) describes the electro-
magnetic �eld emitted by the resonator at the coupling point. Initially, at time
t = 0, the decaying quantum state yields a large signal, which decreases exponen-
tially with time. In turn, a harmonic oscillator can perfectly absorb an impinging
time-reversed exponential mode [see Fig. 3.1(b)], which has also been shown exper-
imentally [186]. Then, the signal sent to the quantum system grows exponentially
before it stops at some timet f .
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3.2 Interaction of Itinerant Quantum Fields with Quantum
Systems

The interaction between itinerant microwave �elds and quantum systems can be
modeled using a cascaded Lindblad master equation following Mølmer's approach.
In this framework, harmonic oscillators are auxiliary sources that generate itin-
erant photon pulses. The method combines input-output theory, describing the
interaction between itinerant �elds and quantum systems, with the idea of cas-
caded quantum systems, that captures the unidirectional in�uence of one system
on a second one.

3.2.1 Input-Output Theory

Input-output theory [65, 67, 187] is a theoretical framework of quantum optics
that describe the interaction of a quantum system with traveling quantum �elds.
While the Lindblad master equation is a reduced equation of motion for the in-
ternal state of a quantum system in a large environment, input-output theory
connects the system dynamics to experimentally measurable quantum �elds. It is
a powerful tool for studying, e.g., how incoming signals are modi�ed by a quantum
system, the system's reaction to incoming quantum �elds, as well as its transmis-
sion and re�ection properties (c.f. Fig. 3.2).

Input-Output Equation of Motion (ẑ is an arbitrary system operator)

d
dt

ẑ = �
i
~

[ẑ; Ĥ ] � [ẑ; ây]
� 
 a

2
â +

p

 aâin

�
+

� 
 a

2
ây +

p

 aây

in

�
[ẑ; â] (3.13)

âout =
p


 aâ + âin (3.14)

The input-output equations follow from the Heisenberg equations of motion of the
total Hamiltonian Ĥ tot = Ĥ + Ĥbath + Ĥ int , modeling a system with Hamiltonian
Ĥ coupled to a large bath by the position-momentum interaction such that

Ĥbath =
Z 1

�1
~! b̂y(! )b̂(! ) d! (3.15)

Ĥ int = � i~
Z 1

0
� (! )

h
b̂y(! ) + b̂(! )

i
�
�
ây � â

�
d! : (3.16)

Assuming Markovian dynamics, a straightforward calculation yields the input-
output equations after rotating-wave approximation. The input and output �elds

âin (t) =
1

p
2�

Z 1

�1
e� i! (t � t i ) b̂i (! ) d! (3.17)

âout (t) =
1

p
2�

Z 1

�1
e� i! (t � t f ) b̂f (! ) d! (3.18)

are de�ned by the boundary value problem wherêbi (! ) [̂bf (! )] are the initial [�nal]
state of the bath modeb̂(! ) at initial time t i [�nal time t f ]. The input-output
relation (3.14) arises from the re�ection condition of electromagnetic �elds at the
spatial boundary of the quantum system.
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The commutation relations

[ẑ(t1); âin (t2)] = �
p


 a� (t1 � t2)[ẑ(t1); â(t2)] (3.19)

[ẑ(t1); âout (t2)] = +
p


 a� (t2 � t1)[ẑ(t1); â(t2)] (3.20)

with the step function

� (t1 � t2) =

8
><

>:

1 if t1 > t 2
1
2 if t1 = t2

0 if t1 < t 2

(3.21)

incorporate a causality relation: The system's evolution does not depend on input
�elds that will arrive in the future and does not in�uence output �elds from the
past.

Example: A driven damped harmonic oscillator

The equation of motion

d
dt

â = �
�

i! 0 +

 a

2

�
â �

p

 aâin (3.22)

for the operator â of a harmonic oscillator with Hamiltonian Ĥ = ~! 0âyâ that
is driven by an input �eld can be Fourier transformed. Using the input-output
relation Eq. (3.14),

âout (! ) =
i (! � ! 0) + 
 a

2

i (! � ! 0) � 
 a
2| {z }

= r (! )

âin (! ) ; (3.23)

one obtains the frequency-dependent re�ection coe�cientr (! ).

The input-output equation of motion is a quantum Langevin equation. Expec-
tation values of system operators can be found analytically in linear quantum
systems [65, 66, 188], when the input �eld can be characterized su�ciently well by
the momentsĥaym

in ân
in i that may appear in the set of equations of motion. In gen-

eral, an analytic approach to nonlinear systems (like Josephson-photonics devices)
yields a set of di�erential equations which does not close. The noise operators
âin=out contain the quantum noise properties of the interacting �elds, making a
numerical simulation practically unfeasible. Therefore, an alternative approach to
analyze systems interacting with quantum �elds uses cascaded quantum systems,
where the �rst system generates the input �eld for the second system.
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Figure 3.2: (a) Interaction of a system a with generic time-dependent quantum �elds.
For instance, the quantum system of interest could be a single-sided cavity (with one
transmitting mirror in lighter gray), absorbing and re�ecting an input �eld, which can
be described by the input-output formalism, Eqs. (3.13) and (3.14). The output of
a quantum system âout can be used as input of another cascaded quantum systemb.
The cascaded master equation ensures unidirectional in�uence, where the dynamics of
system b do not in�uence the dynamics of systema [see Eqs. (3.26), (3.27) and (3.28)].
In this way, an input b̂in for a quantum systemb can be modeled using a systema which
emits b̂in = âout . (b) The Mølmer approach mathematically constructs an input pulse
âin with quantum state �̂ u in temporal pulse envelopeu(t) by auxiliary cavities with
time-dependent loss rategu(t) [see Eq. (3.31)]. Accordingly, another auxiliary cavityâv

with loss rate gv(t) [Eq. (3.32)] can model the output âout of quantum systema into the
speci�c modev(t). An easy example is given in Fig. 3.1(a,b) where a cavity with constant
loss rate 
 a emits and perfectly absorbs an exponential temporal pulse. Cascading all
quantum systems appropriately yields an e�cient Lindblad description of the interaction
of a quantum system with quantum �elds.

3.2.2 Cascaded Quantum Systems

The fundamental concept of a cascaded system involves using the output of the �rst
system to generate the input for the second system. Itinerant �elds with tailored
quantum properties are modeled as the output of a quantum system engineered to
generate them. For example, sources that generate squeezed or antibunched light
have been discussed in Secs. 1.4.1.2 and 1.5.1. Fig. 3.2(a) shows a cascaded quan-
tum system composed of two subsystems characterized by annihilation operators
â and b̂.

For instance, we consider the example of two microwave cavities at zero tem-
perature such that their joined but uncoupleddynamics can be described by the
Lindblad master equation

d�̂
dt

= �
i
~

[Ĥa + Ĥb; �̂ ] +
X

� = a;b

1
2

�
2L̂ � �̂ L̂ y

� � L̂ y
� L̂ � �̂ � �̂ L̂ y

� L̂ �

�
(3.24)

L̂ � =
p


 � �̂ : (3.25)

When the output of the source (cavityâ) serves as the input of the second system,
âout = b̂in , the two quantum systems must be coupled such that the dynamics of
systemb̂ does not a�ect the time evolution â.
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Cascaded Master Equation (for two cavities with vacuum input into â)

d�̂
dt

= �
i
~

[Ĥa + Ĥb + Ĥ int ; �̂ ] +
1
2

�
2L̂ �̂ L̂ y � L̂ yL̂ �̂ � � L̂ yL̂

�
(3.26)

Ĥ int = i~
p


 a
 b(âyb̂ � âb̂y) (3.27)

L̂ =
p


 aâ +
p


 b̂b= L̂a + L̂b (3.28)

The cascaded master equation models the unidirectional in�uence by a single
joined Lindblad dissipator L̂ = L̂a + L̂b and an interaction Hamiltonian term
Eq. (3.27). In this way, the unidirectional in�uence â ! b̂ is re�ected in the
minus sign between̂ayb̂ � âb̂y. The coherent (mutual) interaction introduced by
Ĥ int is canceled by the modi�ed dissipator̂L . Although incorporating a quantum
system modeling the source may considerably increase the Hilbert space dimen-
sions, Eq. (3.26) retains a standard Lindblad form, which is easily implemented
numerically.

3.2.3 Mølmer's Approach for Itinerant Photon Pulses

The Mølmer approach [see Fig. 3.2(b)] mathematically constructs an auxiliary
harmonic oscillator as an arti�cial source that emits an arbitrary quantum pulse
with temporal mode u(t). A harmonic oscillator with constant single-photon loss
rate, as in Sec. 3.1.3, emits an exponential pulse.

Interaction Hamiltonian and Loss Operator [for System in Fig. 3.2(b)]

Ĥ int =
i~
2

� p

 aguây

uâ +
p


 ag�
v âyâv + gug�

v ây
uâv � h:c:

�
(3.29)

L̂ =
p


 aâ + g�
uâu + g�

v âv (3.30)

To emit an arbitrary temporal pulse, the Mølmer approach employs auxiliary cav-
ities with time-dependent loss rates. Speci�cally, a cavity with an arti�cial loss
operator L̂u = g�

u(t)âu such that

gu(t) =
u� (t)

q
1 �

Rt
0 ju(� )j2 d�

(3.31)

emits the temporal modeu(t) into its environment [189�193]. Perfect absorption
of a modev(t) can be similarly modeled by an auxiliary cavity with the time-
dependent loss function

gv(t) = �
v� (t)

q Rt
0 jv(� )j2 d�

: (3.32)

The method can be extended to model quantum systems that interact with mul-
tiple input and output modes [190].
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3.3 Heterodyne Detection of a Cavity's Output

In experimental setups of Josephson-photonics devices, the microwave cavities leak
microwave light into a transmission line. That signal is then ampli�ed by a phase-
preserving ampli�er that introduces the noise modêr . Subsequently, the quadra-
tures of the output �eld are recorded with a classical device. If the gain of the
ampli�er is large, G � 1, the recorded signal

Ĵ (a)(t) =
p

Gâout (t) +
p

G � 1r̂ y (3.33)

of cavity â behaves approximately classical. A quantum-limited ampli�er would
only add vacuum noise, resulting in classical white noise [194]. This experimental
scenario can theoretically be modeled [195] using a heterodyne detection scheme
from quantum optics [196], where the output is mixed with a beam splitter intro-
ducing vacuum noise, and subsequently recorded. Such a continuous measurement
of the quadratures can be described by the stochastic Schrödinger equation.

3.3.1 The Stochastic Schrödinger Equation

The stochastic Schrödinger equation describes the continuous heterodyne quadra-
ture measurement of the output of a quantum system. For simplicity, here we
consider the heterodyne detection of the output of a single harmonic oscillatorâ
that is coupled to a zero-temperature heat bath, such that the time evolution can
be described by the Lindblad master equation

d
dt

�̂ = �
i
~

[Ĥ; �̂ ] +
2L̂a �̂ L̂ y

a � L̂ y
aL̂a �̂ � �̂ L̂ y

aL̂a

2
(3.34)

with system Hamiltonian Ĥ and Lindblad operator L̂a =
p


 aâ.

The (unnormalized) stochastic Schrödinger equation [196, 197]

d j k i =

"

�
i
~

Ĥ �
L̂ y

aL̂a

2
+ L̂a

�
J (a)

k

� �
#

j k i dt (3.35)

describes the time evolution of the quantum trajectoryj k i that represents the
quantum state of a single experimental realization. The equation of motion is a
quantum di�usion equation that elegantly describes how the result of the noisy
measurement

J (a)
k (t) = h k j L̂a j k i + � k(t) (3.36)

a�ects the time evolution of the quantum state. We note that this feedback is of
pure quantum-informational nature, since in experiments circulators prevent back-
re�ection from the measurement apparatus (or the ampli�er) to the Josephson-
photonics device. Unlike a strong projective measurement, heterodyne detection
only weakly modi�es the time evolution of the quantum state. The stochastic
white noise term, numerically modeled by the complex Wiener process

� k(t) =
dZ t

dt
=

dW (x)
t + idW (p)

tp
2dt

(3.37)
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with E[dZ t ] = 0 and E[dZ �
t dZ t ] = d t, describes the measurement noise on the

two quadratures. Thus, it is composed of two real independent Wiener increments
dW (x)

t and dW (x)
t (with E[dW (x=p)

t ] = 0 and E[dW (x=p)
t dW (x=p)

t ] = d t). In the limit
of in�nitely many recorded trajectories N traj , the ensemble-average

E [j k i h k j] ! �̂ (N traj ! 1 ) (3.38)

converges to the solution̂� of the Lindblad master equation.

3.3.2 Heterodyne Detection of a Single Microwave Cavity

As a speci�c example, we prepare the microwave cavity from Sec. 3.3.1 in the
single-photon Fock statej (t = 0) i = j1i . A heterodyne detection scheme (as de-
scribed above) measures the quadratures of the cavity that emits its photon.

A single experimental recordJ (a)
k (t) only gains limited information about the quan-

tum system, but nevertheless a�ects the cavity's time evolution. At the few-photon
level, the experimental record is dominated by noise [see Fig. 3.3(a)], hiding the
information obtained about the quantum system. However,J (a)

k (t) can be inte-
grated with a temporal mode envelopeu(t), resulting in a complex number� k .
When repeating the exact same measurement multiple times, a histogram of all
� k samples the Husimi-Q function of the quantum state of modeu(t) [198, 199].

Figure 3.3: Heterodyne detection of the output of a microwave cavity. The resonator is
initially prepared in Fock state j (t = 0) i = j1i and emits the photon into a transmission
line. A subsequent ampli�cation with a quantum-limited ampli�er introduces white noise.
If the ampli�er has large gain, a heterodyne detection scheme records a classical signal
J (a)

k (t), composed of the (ampli�ed) output �eld âout of the system hidden in noise. The
recorded signal can be multiplied with the output mode of the system [in this case the
exponential mode, c.f. Fig.3.1(a)] and integrated, resulting in a single number� k .
(b) After repeating the same experiment multiple times, a histogram of all obtained values
� k samples the Husimi-Q function of the quantum statej (t = 0) i which is emitted in
the exponential mode.
[Method: 4 � 104 trajectories for J (a)

k are sampled with the resolutiondt = 0 :015=
 a.]
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In our speci�c example, the cavityâ leaks its quantum state into an exponential
mode u = uexp(t) (compare Eq. (3.12) of Sec. 3.1.3). Choosing this mode as the
integration kernel, the repeated measurements sample the Husimi-Q function of
the state j (t = 0) i , as shown in Fig. 3.3(b).
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PART B

Results





Phase Stabilization of
Josephson-Photonics

Devices 4
Josephson-photonics devices, where a dc-voltage biased Josephson junction is con-
nected in series to microwave cavities, can create resonator states that could be
used in quantum technological applications, such as cat states for quantum com-
putational tasks (see Sec. 1.4.2), or two-mode squeezed states for a quantum radar
(compare Sec. 1.5.2). However, these applications crucially rely on a stable phase-
space angle of the quantum states. Since Josephson-photonics devices are driven
by a dc-voltage bias, they lack such a stable reference phase (c.f. Sec. 1.7). As a
direct consequence, noise averages over the phase-space angle and phase-sensitive
states are destroyed by noise and can no longer be directly observed.
One possible solution is to stabilize the phase-space angle by injecting a small ac
signal with a stable phase to which the system is synchronized (see Sec. 2). Re-
cently, injection locking was experimentally [59, 62, 200] as well as to some extent
theoretically [201, 202] studied in multi-mode Josephson-photonics devices. Yet,
an in-depth theory of a simpler model that explains in detail how the phase can
be stabilized is still missing.

Pub. (i ) (see Secs. 4.1.1) therefore studies in the classical regime how the phase
of a Josephson-photonics device can be stabilized. To enable a correct descrip-
tion of Josephson-photonics devices as self-sustained oscillations, we will focus on
adding an in-series resistance to the previously used theoretical model (presented
in Sec. 1.3). We explicitly show how such self-sustained oscillations can be injection
locked by an external signal and further study the case of mutual synchronization
(without an external locking signal) between two devices that are capacitively cou-
pled.
Furthermore, Sec. 4.1.2 extends the classical description by Adler (c.f. Sec. 2.2.2)
for a circuit with an additional in-series resistor by replacing that resistor with
an arbitrary impedance. To be precise, one knows that the noise entering the
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system can be reduced by an in-series low-pass �lter, i.e. a parallelR0C0-circuit.
By modeling such a system, we �nd phase dynamics that are analogous to those
of the RCSJ (resistively and capacitively shunted junction) model and that can,
for instance, show hysteresis.
Pub. (ii ) (see Sec. 4.2.1) translates the �ndings from the classical to the quantum
regime, where we derive a detailed description of injection locking and synchro-
nization in the presence of shot noise of the tunneling Cooper pairs.
The stabilization of the phase-space angle of single- and two-mode squeezed states,
which are examples of states that exist solely in the quantum regime, is discussed
in Pub. (iii ) (compare Sec. 4.2.2), where we speci�cally explain how Josephson-
photonics devices can be used for quantum technological applications.
Sec. 4.2.3 discusses injection locking of cat states. Although a quantum mechanical
description of injection locking could be applied in a straightforward way, here we
follow an instructive alternative theoretical approach for a regime which is domi-
nated by classical noise, such that a full quantum description is less critical.
Finally, Sec. 4.2.4 presents an alternative to phase stabilization by injection lock-
ing and synchronization. By measuring only very few experimentally accessible
expectation values, the resonator's quantum state without phase di�usion can be
reconstructed by optimizing an ansatz for the undi�used quantum state. In this
way, information about the phase-space angle can be restored, which mitigates the
issue of the neutrally stable phase for certain use cases.
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4.1 Phase Stabilization in the Classical Regime

We �rst focus on Josephson-photonics devices in the classical regime. Sec. 4.1.1
incorporates an in-series resistor into the theoretical model to correctly describe
the physics of self-sustained oscillations with a neutrally stable phase-space angle.
By deriving an e�ective Adler equation, we study how the phase can be stabilized
by injection locking and mutual synchronization. Further, we discuss the e�ects of
classical noise on the locking signatures. Here, we can also identify short periods
in which the system is unsynchronized, the so-called phase slips.
Sec. 4.1.2 instead incorporates a general in-series impedance. We show how the
Adler equation derived in Pub.(i ) is then modi�ed and consider the speci�c case,
where the in-series impedance is a parallelR0C0-circuit. Such a low-pass �lter can
reduce the noise entering the system, but also introduces hysteretic e�ects known
from the RCSJ model.

4.1.1 Publication (i ): Injection locking and synchronization in Joseph-
son photonics devices

4.1.1.1 Bibliographic Data and Author's Contribution

Title Injection locking and synchronization in Josephson photonics
devices

Authors Lukas Danner, Ciprian Padurariu, Joachim Ankerhold, and Björn
Kubala

Journal Physical Review B

Volume 104

Number 054517

Year 2021

DOI https://doi.org/10.1103/PhysRevB.104.054517

Copyright © 2021 American Physical Society3

The author is the �rst author of this publication. He performed analytics, im-
plemented and executed numerical calculations and contributed to their inter-
pretation. The author prepared the �gures for the publication and contributed
signi�cantly to the preparation of the manuscript. The author is the main author.

4.1.1.2 Summary of Publication (i )

The publication Injection locking and synchronization in Josephson photonics de-
vices develops an in-depth theory explaining how injection locking and synchro-
nization can stabilize the resonator phase of Josephson-photonics devices against

3According to the copyright policies of APS, the usage of the complete article is kindly allowed:
https://journals.aps.org/prl/copyrightFAQ.html
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noise. Here, a single-mode Josephson-photonics setup is studied in the classical
regime, which is optimally suited to fundamentally explain the phenomenon of
synchronization. It serves as a role model to derive the Adler equation of the syn-
chronization dynamics for similar devices [12, 48, 59, 62] and paves the way for a
description of the quantum regime.

Josephson-photonics devices as self-sustained oscillators

Extending the description from Sec. 1.3.1, the theoretical model of a Josephson-
photonics device includes a �nite, but small in-series resistorR0, which is present
in real experiments, but was until now neglected in theoretical works. However, its
role is crucial for understanding both phase di�usion by noise and injection locking
and synchronization in such devices. To clarify the function of the in-series resistor,
we �rst consider the case where the dc voltage is applied at resonance with the
harmonic oscillator's eigenfrequency,! dc � ! 0.
If R0 = 0, the resonator's steady-state oscillation frequency is �xed to the applied
dc voltage, ! J = ! dc (and to multiples of it due to the Josephson nonlinearity).
The resulting oscillations are forced (see Fig. 2 of Pub.(i ) and Sec. 2.1) with a �xed
phase-space angle in the rotating frame. Therefore, this model does not describe
the experimental reality of a free phase-space angle.
Instead, a �nite in-series resistanceR0 > 0 introduces an additional phase

' R0 (t) / R0

Z t

0
I CP (� ) d� (4.1)

into the circuit, modeling a more realistic voltage source. The oscillation frequency
of the resonator

! J = ! dc �
2e
~

R0I dc[' (t)] (4.2)

then directly depends on the directed Cooper-pair currentI dc. Crucially, the dc
current and the oscillator's position' in�uence each other, giving rise to feedback
between them. This dynamical interaction yields a free phase-space angle in the
steady state. This system is therefore a self-sustained oscillator with a well-de�ned
limit cycle with stable oscillation amplitude [Fig. 2(a) of Pub.(i )]. The neutrally
stable phase-space angle is both susceptible to noise, but can also be entrained to
phase-stable external oscillations.

Stabilization of the resonator's phase by injection locking

Pub. (i ) focuses mainly on adding a small injection-locking signal to the dc voltage,
V(t) = Vdc + Vac cos(
 t + � � ). We speci�cally inject the signal at the fundamental
resonance,
 � ! 0 and assume a small locking amplitude� = 2e

~
 Vac � ! dc. This
locking signal in�uences the directed contributionI dc(� ) of the full Cooper-pair
current

I CP = I crit sin [! dct � ' R0 � ' + � sin(
 t + � � )] (4.3)

and, consequently, also the oscillation frequency! J (� ). When the applied locking
signal is su�ciently large, ! J (� ) can be pulled towards the injected frequency to
overcome a frequency mismatch� 0 = ! J (� = 0) � 
 . As one main result, we �nd
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that injection locking is only possible because of the system's �nite impedance at
small beating frequencies of orders of� 0 � 
 � ! 0. This impedance is introduced
here (in the simplest possible way) by the in-series resistanceR0.

Reduced description of injection locking by Adler

The central result of Pub.(i ) is the theoretical description of the locking dynamics
by deriving a reduced Adler equation [c.f. Sec. 2.2.2 and Eq. (13) of Pub.(i )]. We
�rst de�ne the Adler phase

 = [ ! J t + � (t)] � [
 t + � � ] (4.4)

as the di�erence between the phase of the low-frequency contribution� (t) of the
Josephson phase' J and the phase of the locking drive. Then the oscillations of
the system are synchronized to the external drive when the Adler phase becomes
constant in time, _ = 0. Its equation of motion describes an overdamped phase
particle  moving in a washboard potential

V( ) = �  +
�
2

2e
~

I crit R0 cos( ) ; (4.5)

where [when� > ~j� j=(eIcrit R0)] minima arise, in which the phase particle can
then be trapped. The system is then synchronized to the injection drive.

E�ects of noise

In a further step, we show that the synchronized state is stable by including voltage
noise, which can push the phase particle out of its potential minimum. Without a
locking signal, the potential is simply �at. The steady-state phase-space distribu-
tion (in a frame rotating with ! J ) of the self-sustained oscillator is averaged over
all phase-space angles because of a broadened oscillation frequency [see Fig. 4(a,
b) of Pub. (i )]. A locking drive of su�cient strength creates an attractive force
F / U0( ) for the phase particle to the potential minimum. Consequently, the os-
cillation frequency is sharpened [Fig. 4(a)], resulting in a steady-state phase-space
distribution with a localized phase-space angle [Fig. 4(d)]. As expected, stronger
noise can push over the potential barrier leading to desynchronization. However,
the phase particle can then be re-trapped in one of the next minima. A sudden
dynamical change of by (multiples of) 2� is called a phase slip. It corresponds
to one or multiple full rotations of the phase-space angle around the limit cycle
(in the rotating frame). In a Kramer's regime [203], phase slips are exponentially
suppressed. Nevertheless, noise gives rise to a broadening of the transition between
locked region and unlocked region [compare Fig. 5(c)], which is sharp in an Adler
theory without noise (compare Fig. 2.5 of Sec. 2.2.3).

Injection locking of higher-order resonances

Since phase-stable quantum states, such as (two-mode) squeezed states, are highly
relevant for quantum technological applications, we additionally study injection
locking for higher-order resonance conditions! dc � p ! 0 (where herep 2 N, also
compare Secs. 1.4.1 and 1.5.2). Classically, a parametric resonance condition
! dc � 2! 0 yields steady states with �nite oscillation amplitude only when the
system is driven above a threshold. Then, the steady state is two-fold degenerate
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and exhibits solutions with the same stable amplitude but opposite phase-space
angles. Of course, noise leads to an e�ective averaging of the neutrally stable phase
and, as before, an injection locking signal can stabilize the phase-space angle [see
Fig. 6(a)]. However, when the ac signal is injected with a frequency
 � ! 0, it
breaks the degeneracy and picks only one of the degenerate solutions. On the other
hand, a parametric locking signal
 � 2! 0 � ! dc will preserve the degeneracy of
the two degenerate solutions. Noise-induced phase slips then lead to a sudden
change of the phase-space angle by only� . Here, the system switches between two
degenerate stable solutions [Fig. 6(c)]. This is an important �nding, which directly
connects to Josephson-photonics devices in the quantum regime. When stabilizing
the squeezing angle of a two-fold symmetric quantum state, it is crucial that the
injected signal preserves the two-fold symmetry (compare Pub.(iii ) in Sec. 4.2.2).

Mutual synchronization of two Josephson-photonics devices

Finally, Pub. (i ) discusses mutual synchronization of two devices, which weakly
interact when capacitively (or inductively) coupled. We show how such an inter-
action adjusts the oscillation frequency of both devices. The capacitive coupling
cannot be tuned in situ in experiments, whereas the Josephson energyEJ of both
devices can easily be adjusted using SQUIDs. In this way, the systems can be tuned
into (and also out of) synchronized states [see Fig. 7 of Pub.(i )]. An extension of
the single-mode theory yields a Kuramoto-like Adler equation for synchronization
between two devices.

In summary, we have incorporated an in-series resistor into the theoretical model of
a Josephson-photonics device, enabling the description of self-sustained oscillations
of the resonator in the classical regime. Synchronization and injection locking can
stabilize the phase-space angle of the resonator against noise. Pub.(i ) lays the
foundation for the development of a theory describing devices operated in the
quantum regime, where a stable phase is crucial for quantum applications.
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