«2s  Universidad
A0 Zaragoza

1542

Master’s Thesis

Simplifying geometric camera
calibration with minimal requirements
on calibration objects or angular
directions

Author

Maria Sanchez Sarsa

Supervisors

Javier Civera Sancho

Klaus H. Strobl

ESCUELA DE INGENIERIA Y ARQUITECTURA
2025-2026







Acknowledgments

This work has been possible thanks to many people, whom I would like to thank.

First, I would like to sincerely thank Javier and Klaus, for giving me the opportunity
to carry out this work at the Deutsches Zentrum fir Luft- und Raumfahrt (German
Aerospace Center) and for their continuous guidance and support throughout the
project. Their expertise, insightful feedback, and supervision have been fundamental
to the development of this thesis.

I would also like to thank my friends, who are much more than just office mates,
from Room 2110 and 2102: Maria, Matthias, Leon, Kristina, Kristian, Jakob and
Yasin. Thank you for the very fun working environment, the even better times shared
outside the office, and all the memories I will cherish from these months.

Finally, I would like to thank my parents, who are the reason why I was able to
take part in such a wonderful and enriching path, and who have always supported me

throughout it.



IT



Abstract

Geometric camera calibration is a fundamental step in computer vision, as it
provides the intrinsic parameters that define the camera projection model. Classical
calibration methods, such as Zhang’s technique, achieve high accuracy but require
multiple images of a known calibration pattern and careful data acquisition, which
limits their usability in constrained or low-effort scenarios.

This thesis explores camera calibration under minimal data requirements, with the
aim of simplifying the calibration process while preserving geometric reliability. Two
approaches are investigated. First, a one-shot calibration method based on Zhang’s
formulation is studied, reducing calibration to a single image of a planar object with
the minimum number of features. The influence of camera—pattern pose on parameter
observability is analyzed, leading to practical guidelines for selecting configurations
that provide sufficient perspective and radial distortion evidence.

Second, a zero-shot calibration method is introduced, which eliminates the need for
calibration images and patterns. By modeling the camera as an angular measurement
device, intrinsic parameters are estimated from angular constraints between viewing
rays, including explicit radial distortion modeling. Theoretical and numerical analyses
are used to characterize parameter coupling and identify well-conditioned measurement
configurations.

The results show that meaningful camera calibration is possible with significantly
reduced data, provided that sufficient geometric information is available. This work
contributes to a better understanding of intrinsic parameter observability and supports

the development of simpler and more accessible calibration procedures.
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Chapter 1

Introduction and objectives

Geometric camera calibration is the process of estimating the parameters that define
the mathematical model of image formation, including focal length, principal point,
lens distortion, and, when required, the camera pose. This model describes how
three-dimensional scene geometry is mapped onto the image and establishes the
geometric relationship needed to recover spatial information from image measurements.
Accurate calibration is therefore critical in applications such as 3D reconstruction,
robotics, and augmented reality, where small parameter errors can propagate into
significant geometric inaccuracies.

For this reason, the search for precise and practical calibration methods has been
ongoing for decades. Early calibration approaches emerged from photogrammetry,
where cameras were calibrated by observing a very precise 3D calibration object [1].
Classical works, such as Brown’s close-range calibration and distortion formulation,
exemplify the compromise that these methods presented: they achieved high accuracy
but required precise 3D calibration objects and extensive knowledge of the method. As
a result, camera calibration was not broadly accessible and was typically confined to
specialized, well-equipped environments.

A major step was taken with the introduction of more flexible calibration techniques
in computer vision. Tsai proposed a 2.5D calibration method, which reduced the
dependence on complex 3D objects, although it still required constrained camera—target
motion and assumptions about the structure of the calibration object [2]. The final
improvement came with Zhang’s method [3], which demonstrated that full camera
calibration could be performed using only a planar pattern observed from multiple
viewpoints at unknown poses. By exploiting homographies between the image plane
and the calibration target, this technique eliminated the need for 3D objects. Unlike
Tsai’s method, it did not require constrained camera-to-target motion or assumptions
about the structure of the calibration object, allowing for simple, low-cost calibration

setups while maintaining high accuracy.



Despite these advances, there is still a need for further simplification of camera
calibration processes. Designing more straightforward methods is crucial for wider
adoption of the geometric camera projection model both in industry and in daily life
applications, as simpler technical expertise requirements would make computer vision
systems more accessible and user-friendly.

In this context, recent research has begun to explore calibration strategies that
operate under increasingly minimal data conditions. In particular, one-shot calibration
methods aim to estimate camera parameters from a single image of a calibration target,
while zero-shot approaches seek to eliminate the need for explicit calibration objects
altogether, relying instead on geometric or angular constraints inherent to the imaging
process. These methods provide a useful framework for studying the fundamental
requirements of camera calibration and motivate the objectives of the present thesis.

Figure 1.1 illustrates this evolution, from 3D calibration objects to planar and

minimal calibration setups.

(a) 3D calibration (b) Planar checkerboard (¢) Proposed minimal
object [4] calibration calibration pattern

Figure 1.1: Evolution of camera calibration setups, from complex 3D objects to minimal
approaches.

1.1 Objectives and scope

The objective of this thesis is to explore geometric camera calibration with minimal
reliance on calibration objects or measurements, with the goal of reducing the
complexity of the process while maintaining precision. The temporal distribution of
the work is shown in Table 1.1.

The main contributions of this thesis are:

1. We reduce the data requirements of classical camera calibration by adopting
Zhang’s method [3] as a baseline and decreasing both the number of required

calibration views and the complexity of the calibration pattern.

2. For that minimal Zhang method, we conduct an analysis of the camera pose

and pattern configurations to identify the conditions that best constrain the



calibration parameters. Based on this analysis, we propose practical guidelines

for selecting optimal camera—to-pattern poses.

. We introduce a zero-shot camera calibration method based on angular

measurements, which incorporates radial distortion modeling (including the

estimation of its center of distortion), without requiring camera pose estimation.

For our zero-shot calibration method based on angular measurements, we analyze
how different angular measurement configurations affect parameter observability

and provide guidelines for their optimal selection.

Task Aug Sep Oct Nov Dec Jan

Research

Minimal Zhang method

Zero-Shot method

Studying simulations

Writing & results

Table 1.1: Gantt diagram representing the distribution of the work along the months.

1.2 Structure of the thesis

The work is structured as follows:

1.

Chapter 2 reviews state-of-the art of camera calibration methods, including

classical approaches and recent studies on pattern-free calibration.

. Chapter 3 presents the camera model used throughout the thesis, namely the

pinhole camera model with radial distortion.

Chapter 4 analyzes the classical Zhang calibration method, and proposes a
simplified formulation in which camera parameters are estimated from a single
image of a planar everyday object (a sheet of paper). The influence of the camera
pose with respect to (w.r.t.) the calibration object and its relevance are studied

through simulations.

Chapter 5 explores an approach that relies neither on calibration targets nor
on image processing, using external angular measurements of the camera’s field

of view instead.

Chapter 6 summarizes the results of the simulations, and discusses the

robustness and limitations of each approach.

All the code developed for this thesis is accessible upon request



Use of Artificial Intelligence tools

Artificial intelligence tools were used during the development of this thesis to support
code for data visualization, the creation of plots and the automation of results from
simulation outputs. These tools were also used to support code debugging, as well as
to check for writing mistakes and ease the correct use of ITEX commands, such as

table and figure formatting.



Chapter 2

State-of-the-art

Geometric camera calibration has evolved significantly since the first widely adopted
methods [1, 2]. Over time, the field has moved towards more flexible and user-friendly
approaches that reduce the data-collection requirements during calibration. This trend
is motivated not only by the desire for more ease of use but also by the aim of avoiding
high-precision experimental setups, which may introduce errors when not carefully
designed or measured. The present work builds primarily on Zhang’s method, which has
become the de facto standard for geometric camera calibration. In addition, object-free

calibration approaches are also explored [5].

2.1 The Zhang method

Zhang, concurrently with Sturm and Maybank, introduced a flexible calibration
technique that changed the computer vision field by lowering the setup requirements
[3, 6]. Unlike previous methods that required known 3D calibration objects, this
approach only needs a planar checkerboard to be observed in at least three different
orientations. Either the camera or the pattern can be moved freely, and this motion
does not need to be known in advance. The key feature of this calibration method
is reducing the dependence on a 3D calibration object or on the precise motion of a
2D pattern to a 2D pattern of unmeasured pose. Mathematically, this dimensionality
reduction simplifies the problem: estimating the fundamental matrix is replaced by
estimating a homography for each pose. Methodologically, it is also simpler for the
user, since a planar printed pattern is sufficient.

More than 25 years after its introduction, Zhang’s technique remains the standard
and most widely used method for geometric camera calibration due to its simplicity.
The user is only required to print the calibration pattern, take some photos from
different orientations and upload them to a computer vision toolkit, such as OpenCV,
the MATLAB Calibration Toolbox, or DLR CalLab [7, 8, 9].
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2.1.1 Mathematical formulation

The mathematical foundation of Zhang’s method relies on the geometric relationship
between 3D world points and their 2D image projections.
The projection of a 3D point X, expressed in the coordinate frame of the calibration

target, onto the image plane results in a 2D point x is
x~K[R|t]X" (2.1)

where R and t describe the transformation that maps the points from the 3D to 2D
world. In particular, R represents the orientation of the target w.r.t. the camera,
and t its position. Lastly, K is the intrinsic calibration matrix describing the internal
geometry of the camera (Chapter 3 for a detailed description).

For a planar target, all points lie on a single image plane, Z = 0, the mapping

reduces to a homography:
x ~HX", being H the homography H =K]r; rs t], (2.2)

where XT = [XY,1]" denotes the planar point coordinates in the target reference
frame, and ry,ry are the first two columns of the rotation matrix, R, as shown in
Figure 2.1.

The key observation exploited by Zhang, Sturm, and Maybank is that R is a

rotation matrix and therefore it is orthogonal. This implies the following constraints

rir, =0, r/ry =ryrs. (2.3)
Let H = [h; hy hs] denote the homography matrix, where h; are its column vectors.
From H = K|[r; ry t], it follows that r; = K~ 'h;. Using this relation, equations (2.3)

become
h/ K"K 'h, =0, h/ K"K 'h; = hy K"K 'h,. (2.4)

Stacking these constraints across multiple views yields a system of equations that

provides a closed-form estimate of K, which is then refined via nonlinear optimization.

2.1.2 Practical workflow

The standard calibration workflow consists of the following steps: a user captures
multiple images of a checkerboard, the software processes the images, and then it
computes the intrinsic matrix (focal lengths f,, f,, principal point ¢,, ¢,) and distortion
coefficients (typically k1, ko for radial and p, ps for tangential distortion), together with

the camera poses w.r.t. the calibration plate.
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Figure 2.1: Camera—pattern setup with a planar target observed from a fixed viewpoint.

Figure 1.1b shows a typical calibration image where the checkerboard pattern is
positioned at a certain orientation relative to the camera. The user must capture
multiple images with the pattern at different angles and distances to provide sufficient
geometric variation. When enough images are collected, typically 10 to 15, the software

processes the images and runs Zhang’s algorithm to compute the camera parameters.

2.2 Constraints and limitations

Despite the popularity and flexibility of the method, there are still significant
constraints and limitations. While the theoretical requirements are low (historically
three views), the practical requirements for high-accuracy calibration are more
demanding. Consequently, Zhang’s method still presents a significant gap between

its theoretical elegance and the practical usability.

2.2.1 The multi-view requirement

The most immediate practical constraint is the number of images required. Although
the original mathematical formulation suggests three views, significantly more photos
are used, usually from 10 to 15 for reliable results [3].

This requirement arises from a geometric degeneracy of the calibration equations:
when the captured images do not provide sufficient perspective variation, the focal
length and the distance to the calibration pattern become strongly attached and cannot
be reliably uncoupled [10]. For instance, a camera with twice the focal length observing
a pattern from twice the distance produces exactly the same image. As more views
are taken from different angles and distances, the ambiguity decreases, and the system
of equations becomes better conditioned. In addition, a homogeneous parametrization
of the lens distortion model across the entire image field is desired, and consequently
an evenly distributed projection of the pattern on the images is sought. This turns
calibration from a simple task into a systematic data collection procedure requiring the

user to plan for the optimal camera motions.
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2.2.2 Calibration pattern quality

Another significant limitation lies in the often overlooked assumption that the
calibration pattern is perfectly planar and with precisely known geometry. The
influence of calibration pattern accuracy has been questioned in the literature. Early
works suggested that calibration errors were dominated by image measurement noise
rather than pattern inaccuracies [11]. However, more recent studies by Strobl and
Hirzinger [12, 13] demonstrated that even minor geometric deviations in the physical
pattern can significantly bias both intrinsic and extrinsic parameter estimates and that
these deviations can be better estimated during calibration.

In most daily use cases, the pattern is printed with a standard office printer on
a simple paper sheet. This introduces multiple sources of error, such as deformation,
printing inaccuracy in both dimensions or checkerboard edge quality, which deteriorate

the quality of the calibration.

2.2.3 Environmental and user factors

Finally, the calibration process is highly sensitive to the setup environment and human
operation. Light changes and high contrast within the checkerboard pattern play
an important role to achieve unbiased image processing results. Uneven lighting
can introduce systematic localization errors in corner detection, deviating from the
assumption of zero-mean Gaussian noise.

Furthermore, the method assumes that the users understand how to capture "good”
calibration data. However, Zhang’s method provides no guidance on optimal capture
strategies. The users must verify the calibration result by checking reprojection error

metrics or testing 3D reconstructions when the process is done.

2.2.4 Toward minimal calibration constraints

The above-mentioned constraints and limitations reveal a common issue: Zhang’s
method, despite only requiring a planar pattern as a calibration object, still demands
significant effort and expertise from the user. The user must still capture numerous
planned images, ensure pattern quality, control the conditions, and have sufficient
expertise to evaluate the calibration results.

Some methods support increasingly complex camera models with a large number
of parameters to capture subtle optical effects, like in [14]. Other works, which
align with this thesis’ objective, pursue simplification on requirements on equipment,
environment, and user knowledge. These approaches range from exploiting scene

geometry with straight lines [15] and circles [16] to self-calibration techniques that

8



eliminate explicit calibration objects [17, 18].

More recently, learning-based approaches have also investigated camera calibration
under minimal assumptions. In particular, AnyCalib proposes a model-agnostic,
single-view calibration framework based on on-manifold learning, capable of estimating
camera parameters without explicit calibration objects [19]. While such methods
rely on strong data-driven priors learned from large datasets, they demonstrate that
calibration without patterns is feasible beyond purely geometric formulations.

The present work explores camera calibration from minimal geometric constraints,

searching to establish the baseline requirements that make camera calibration feasible.
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Chapter 3

Camera model

3.1 The pinhole camera model

The pinhole camera model, shown in Figure 3.1a, represents the most fundamental
geometric description of image formation in computer vision [20]. It serves as the
baseline upon which more complex optical effects, such as lens distortion aberration or
thick lenses, are added. This model describes the ideal projection of a 3D point X =
w,9,2]"
that no lens distortion is present. The resulting projection, in pixel coordinates is given
by

, expressed in the camera coordinate system, onto the image plane, assuming

u x/z
v| =K |y/z]|, (3.1)
1 1
where K is the intrinsic calibration matrix
Jo 0
K={[0 f, ¢. (3.2)
0O 0 1

Here, f, and f, are the focal lengths, in pixels, and (¢, ¢,) represents the principal
point of the camera, which is the intersection of the optical axis with the image plane,
also in pixels. In the following, we assume square pixels and denote the focal length
by f = fz = f,. This represents a common simplifying assumption that reduces the
number of intrinsic parameters without altering the fundamental pinhole projection

model.

3.1.1 Angular field of view

The angular field of view (AoV) of a camera describes the angular scope of the

observable scene that is projected onto the image plane. In the pinhole camera model,
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shown in Figure 3.1b, the AoV is directly related to the focal length and the image
sensor dimensions [20].
For a pinhole camera with focal length f and image size (W, H) (in pixels), the

horizontal and vertical field of view 6y, and 6, are defined as

w H
), = 2 arctan (ﬁ) 6, = 2 arctan (ﬁ) : (3.3)

For a fixed sensor size, shorter focal lengths produce wider angular field of view,
while longer focal lengths narrow the angular range.
When the field of view and the image dimensions are known, the focal lengths can

be recovered with

B W B H
~ 2tan(6,/2)  2tan(6,/2)

f (3.4)

Expressing focal length in terms of the AoV provides a more intuitive
parameterization and highlights the direct link between angular information and

intrinsic camera calibration.

Image ref. frame

¢
Cameraef.
_frame

World ref.

X frame

(a) Pinhole camera model geometry (b) Definition of the angular field of view

Figure 3.1: The basis of the camera model used throughout this thesis [20].

3.1.2 Perspective distortion

The pinhole camera model introduces a geometric deformation inherent to all
perspective projections, known as perspective distortion. This effect is not an optical
aberration but a consequence of projecting 3D space onto a 2D plane through a
theoretical pinhole. Objects closer to the camera appear larger, while distant objects
appear smaller.

Under the pinhole camera model, the radial distance of an image point from the

principal point is known as the perspective projection radius

Tpers = f tan(f), (3.5)

12



where 6 is the angle between an incoming ray and the optical axis. This relationship
is a direct consequence of the projective geometry of the pinhole model and exists

independently of any lens imperfections or optical distortion.

3.2 The stereo camera model

The fundamental limitation of monocular vision is that depth cannot be directly
observed. This can be overcome by introducing a second viewpoint. A stereo camera
system uses two cameras with known relative pose to observe the same scene, enabling
depth recovery through correspondence search and subsequent triangulation.

In the common stereo configuration, shown in Figure 3.2, the image planes are
parallel and the relative translation is aligned with the horizontal axis. A 3D point
is projected onto the left and right image planes according to their respective camera
models. Corresponding points appear on the same image row, and their horizontal

displacement, known as disparity, is defined as
D = Uy, — Ur, (36)

where up, and ugr denote the horizontal pixel coordinates of the point in the left and
right images, respectively.

Since disparity is inversely proportional to depth, it provides a direct depth
measurement:

b
-0

D
where b is the baseline distance between the two camera centers.

(3.7)

This illustrates how by introducing a second viewpoint, depth is directly observable,
in contrast to the monocular case, where depth must be inferred from additional

geometric or calibration constraints or prior information.

3.3 The Brown-Conrady distortion model

The pinhole camera model provides an ideal geometric description of image formation
but does not account for optical imperfections present in real lenses. To model these
effects, additional distortion terms are commonly introduced on top of the pinhole
projection.

Between the different aberration effects, the most relevant in geometric computer
vision is the radial distortion. A model that describes this is the Brown—Conrady model
[1], which expresses radial distortion in 2D image coordinates as

Tq = Ty (1+/€17’2+/€27’4+k3r6...) , (3.5)
3.8
Yd = Yu (1 + kITQ + k?QT4 + ]{337”6...) ,

13



RTstereo

Figure 3.2: Stereo vision geometry with two cameras separated by a baseline and
observing a common scene [21].

where (x4,yq) are the distorted coordinates, (z,,y,) the undistorted, and ki, ks, k3, ...
are the radial distortion coefficients.

The impact of each coefficient varies significantly. The first order coefficient k;
dominates in most lenses and captures the primary distortion behavior. In fact, Tsai
in [2] states that “any more elaborate modeling not only would not help but also would
cause numerical instability.” Here, positive coefficients correspond to barrel distortion,
typically seen in wide-angle lenses, while negative coefficients generate pincushion
distortion. The second-order coefficient ks becomes relevant for very wide-angle lenses,
and third-order coefficient k3 is rarely used except for fisheye or very distorted optical

systems.
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Chapter 4

Minimal Zhang method

4.1 Motivation

Camera calibration remains a fundamental step for most computer vision tasks.
Traditional methods [3], while robust, typically require a tedious data acquisition
process involving multiple images of a checkerboard pattern taken from various angles.
This requirement often creates a barrier for the user.

This chapter explores a simplified calibration approach. The presented approach is
an instance of the Zhang calibration method relying on a minimal amount of input data.
The objective is to study whether camera calibration can be performed using a reduced
calibration setup, both in terms of the complexity of the calibration pattern and the
number of required images. In particular, a DIN A4 paper sheet is proposed as the
calibration object and the use of one single calibration image for the calibration
process, hence a one-shot method.

This research builds upon the theoretical framework developed in 2016 by Strobl
and Lingenauber in their work on "Stepwise calibration of focused plenoptic cameras”
[22], specifically leveraging their techniques for decoupling intrinsic parameters through

principal point centralization.

4.2 Problem formulation

4.2.1 Minimal data and problem dimensionality

The proposed one-shot calibration approach aims to estimate a set of camera
parameters. In particular, the intrinsic parameters considered are the focal length
f, the principal point (¢, ¢,), and the dominant radial distortion coefficient k; (see
Chapter 3). In addition, the price for using the convenient Zhang method is the
necessity to estimate the 6-DoF pose of the calibration object w.r.t. the camera for

each calibration image (just one in this work). Altogether, this results in a total of ten

15



unknown parameters

x = (f, k1, Cay ¢y, 1,72, 73, H1, Lo, U3). (4.1)

In order to obtain a well-defined calibration problem, a sufficient number of
independent measurements is required. For this approach, 4 planar (2D) projections
of 3D points on the image (the corners of the A4 paper sheet) are chosen. On the
one hand, that is the minimum amount of data that allows the computation of a
homography between planar projections in 3D (see Appendix A), which will be used
to initialize the camera parameters following the Zhang method. On the other hand,
because it amounts to eight measurements that, together with the measured size of
the calibration object (width and height, or aspect ratio and absolute scale!), add up
to the ten measurements that can allow a well-defined parametrization of the above
camera model if the data is varied enough such that the influence of each parameter
on the measurements can be clearly separated.

Therefore, a DIN A4 paper sheet is a well-suited, standardized object for this task.

4.2.2 The challenge of minimal calibration

The use of minimal data fundamentally changes the nature of the calibration
problem. While traditional multi-image Zhang calibration benefits from redundant
measurements that can statistically compensate for noise, the one-shot approach
with only four corner correspondences creates an exactly determined system which
introduces vulnerability.

With minimal data, however, each of the four corners contributes critically to
the solution. The eight measurements (four 2D points) precisely match the degrees
of freedom in the homography matrix. Any noise in corner detection propagates
directly into the estimated parameters. When optimization achieves zero reprojection
error—which is expected in an exactly determined system—this exact fit is deceptive.
The measurement errors have not been canceled; they have been absorbed into the
estimated focal length, distortion, principal point, and pose.

This fundamental limitation reveals that in minimal calibration scenarios, the
geometric configuration of the calibration setup becomes very relevant. The quality
of the evidence provided by the camera-to-object pose—specifically, the amount of
perspective distortion and the distribution of radial distances—determines whether the

parameters can be estimated in a stable, uncoupled manner. Without careful geometric

Note that camera calibration is still possible without knowledge of the absolute pattern scale
(i.e., with nine measurements) if the pattern’s absolute scale is fixed to an aleatory value and the
camera-to-pattern range, which is a by-product of calibration, is disregarded [12].
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conditioning, certain parameters become interchangeable (coupled); see Appendix B,
and the calibration is unreliable regardless of the precision of the measurement.
The following section examines the relevance of geometric configurations to provide

sufficient evidence for robust single-image calibration.

4.3 Geometric conditioning

Geometric conditioning plays a central role in determining the feasibility and stability
of camera calibration from minimal requirements. In this section, we analyze how
camera pose parameters influence calibration performance, with evidence drawn from
the experimental results presented in Chapter 6.

In the following, the orientation of the calibration pattern w.r.t. the camera is
Pitch

denotes a rotation around the horizontal image axis, yaw a rotation around the vertical

described using the standard Euler angle convention: pitch, yaw, and roll.
image axis, and roll a rotation around the optical axis of the camera.

4.3.1 The role of perspective evidence

The coupling between geometric projection and lens distortion under limited viewpoints
has previously been highlighted, particularly in minimal calibration scenarios [23].
Interestingly, in this extreme one-shot camera calibration scenario, the quality of
the evidence on perspective projection (i.e., the perspective distortion), provided by
the relative pose between calibration object and camera, becomes more relevant than
precise corner localization. For example, even if corner localization was twice as noisy,
the estimated parameters would just slightly worsen. However, a single calibration
image without sufficient perspective distortion will not allow the valid and uncorrelated

estimation of parameters that can become coupled, such as focal length and radial

distortion.
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Figure 4.1: Effect of camera pitch and depth on calibration pattern projection.

The importance of perspective evidence can be directly observed in Figure 4.1,

where the calibration pattern is shown at varying Z distances from the camera, under
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different pitch angles (20°, 40° and 60°). At small pitch angles (20°), the projected
objects corresponding to different depths remain almost uniform in shape across Z.
This configuration provides weak perspective cues. As the pitch increases to 40°,
perspective deformation becomes more apparent, and at 60° pitch, perspective effects

dominate: the shape of the object stretches unevenly across the image.

4.3.2 The role of radial distortion evidence

Another critical aspect for this method is obtaining sufficient evidence to parametrize
the radial lens distortion model (Brown-Conrady model) from a single-image containing
the four 2D locations of the calibration object. Since radial distortion grows nonlinearly
with the distance from the principal point, placing the calibration object near the
image center provides little information at large radii, where distortion effects are most
pronounced. As a result, the optimizer struggles to accurately estimate the distortion
parameters. In the absence of sufficient radial distortion evidence, the optimization
process tends to compensate by adjusting other parameters, such as the focal length,
principal point, or camera pose, leading to biased estimates.

To address this, it is crucial to choose a camera-to-object pose that meets two
criteria: first, fill the image with the calibration object as much as possible, and second,
provide a well-distributed set of radial distance measurements. The latter ensures that
perspective effects and radial distortion can be decoupled. A varied-distribution can

be achieved by creating asymmetry in the projected pattern corners.
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Figure 4.2: Effect of combined camera pitch, yaw, and depth on calibration pattern
projection.

The importance of radial distance distribution is shown in Figures 4.2 and 4.3.
Radial distortion evidence can be observed in the figures by how the projected corners
move across the image as yaw and roll increase. With small pitch/yaw angles, most
corners remain close to the image center, providing limited information about radial
distortion. As pitch/yaw increases, the pattern shifts toward the image periphery,
and the corners sample larger radial distances where distortion effects are stronger.

Introducing a roll angle further breaks symmetry, spreading the corners unevenly across
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Figure 4.3: Effect of combined camera pitch, yaw, roll and depth on calibration pattern
projection.

the image and improving the perception of radial distortion. Together, larger pitch/yaw
angles and asymmetric poses provide richer radial evidence, improving the robustness

of distortion parameter estimation in a single-image calibration approach.

4.3.3 Optimal pose selection

Considering all of the above, the following question arises: Is there an optimal
camera-to-object relative pose for camera calibration? This is especially relevant in
the case of single-image calibration.

The conditioning of the optimization equations to estimate the parameters is
complex, since their effects are often coupled. These include the three translational
parameters (t,,t,,t,) representing lateral offset, vertical offset, and distance from the
camera, and three rotational parameters (pitch, yaw, roll) defining the orientation of
the pattern. Each of these parameters influences the quality of the geometric evidence

available for parameter estimation.

Geometric conditioning

The main features required for good geometric conditioning are, first, frame visibility,
as all four corners must remain visible within the image boundaries; second, image fill,
since the calibration pattern should occupy as much portion of the image as possible,
providing stronger geometric constraints that help decouple the parameters; and finally,
radial distance distribution, meaning that the corners should span a sufficient and
evenly-distributed range of radial distances from the principal point to enable reliable

decoupling of distortion from focal length estimation and camera-to-pattern range.
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Breaking radial symmetry: The most difficult task relies on obtaining a good
radial distance distribution across the corners of the A4 paper sheet. There are different
ways of breaking the radial symmetry among the points, but not all of them do it with
the same outcome.

Translational asymmetry can be used to achieve radial asymmetry by, for example,
laterally shifting the paper along the x-axis. However, it introduces bias, since the
system becomes better conditioned for estimating one coordinate of the principal point
(¢z), but not the other (c,). Since the paper should remain fairly centered in the image
to achieve optimal focal length conditioning, a displacement along both axes is not
ideal.

A more effective approach is to introduce rotational asymmetry through coupled
pitch and yaw rotations. By rotating the calibration sheet simultaneously around
both the z- and y-axes with similar angles, the sheet moves away from the optical
axis in a balanced manner. Neither c, nor ¢, becomes preferentially conditioned, and
radial symmetry is broken. Additionally, the roll (around the z-axis, perpendicular
to the image plane) further spreads the radial distances of the corners relative to the
principal point. This enhances the sensitivity of the estimation to both focal length
and distortion parameters, especially when the calibration pattern has an asymmetric
aspect ratio, such as A4 paper.

An important practical consideration is the dependence between rotation angles and
the positioning of the pattern within the image. When the calibration sheet is tilted
(pitch rotation), perspective projection causes the sheet to appear shifted vertically in
the image, tilting away from the camera moves the projection toward the top of the
frame. Similarly, yaw rotation introduces horizontal displacement. To maintain a good
radial distance distribution while maintaining all corners within the image, the sheet’s
position must be adjusted through a small lateral translation (t,, t,) to compensate for
this perspective shift. The simulation tool presented with this work accounts for these
dependencies by optimizing (t,, t,) displacements to ensure centering of the calibration

object in the image.

Recommended angular configuration

Through systematic simulation across the parameter space, it has been identified that
oblique angles in the range of 30° to 50° for pitch and yaw (-25° for roll) typically
provide robust calibration performance. These angles offer several benefits.

Firstly, sufficient perspective evidence is generated, as the oblique projection
produces enough perspective distortion to decouple focal length from distance and

object size. Secondly, adequate coverage is achieved, since the projection fills a
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considerable portion of the image when the range (¢,) is appropriately chosen. Finally,
radial asymmetry is ensured, as the corners distribute across a wide range of radial
distances, providing strong constraints on distortion parameters.

More extreme angles (>60°) can cause corners to exit the frame or create excessive
perspective distortion that reduces image coverage. On the other hand, small angles
(<20°) fail to introduce enough perspective evidence, leading to parameter coupling

and poor conditioning.

Camera-dependent optimization

Optimal pose configuration depends critically on the camera specifications as different
cameras exhibit different trade-offs.

On the one hand, wide-angle lenses naturally capture a larger field of view and depth
of the scene, but they exhibit strong radial distortion; consequently, they require less
extreme rotation angles to generate sufficient perspective evidence. On the other hand,
narrow-angle lenses have minimal inherent distortion and weaker perspective effects,
and therefore benefit from more aggressive oblique poses to generate the necessary
geometric constraints [10]. Finally, the sensor’s aspect ratio affects the required balance
between horizontal and vertical angles, as cameras with wide aspect ratios may require
different pitch-to-yaw ratios compared to square sensors.

This camera-specific variability motivates the need for a tool that allows users to
explore the parameter space for their particular cameras.

Several key observations emerge from these visualizations. First, the optimal
rotation angles differ across camera types: about 45° for standard lenses (Fig. 4.4),
50° for narrow-angle lenses (Fig. C.1), and 35° for wide-angle lenses (Fig. C.2), see
Appendix C. This shows that, the pose should balance perspective evidence with image
coverage: wide-angle lenses need only moderate tilts, whereas narrow-angle cameras
benefit from more oblique views.

Second, the optimal distance ¢, depends on both angle and camera type. As rotation
increases, foreshortening reduces the projected size of the pattern, so the optimal
distance shifts closer to preserve image fill. Wide-angle cameras generally require larger
distances to keep all corners within the frame, while narrow-angle cameras operate
closer to achieve comparable coverage.

It was found that, typically, an optimal pose chooses a distance that fills the
image with the pattern and includes yaw, tilt, and roll angles for oblique projection
of approximately 30° to 50°, as was already noticed in [10] with the motivation of

maximizing perspective distortion in calibration images.
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Figure 4.4: Calibration pattern image projection for increasing camera pitch/yaw
angles (yaw = pitch from 10° to 60°) at different depths (40 to 80 cm). For each
pitch/yaw angle, the red contour indicates the depth that yields the best calibration
result. Among all configurations, the pose whose subplot exhibits the best calibration
is chosen as the optimal camera set-up (external red contour).

4.4 Methodology

4.4.1 Calibration pipeline

The pipeline implemented in this study follows a three-stage process:

1. Pose simulation (research step): Before computing any homography, a

synthetic pose grid is generated to identify configurations that provide strong

perspective and radial-distortion evidence. The analysis explores ranges of tilt

angles and camera-to-pattern distances and, for each candidate configuration,

evaluates small lateral translations to ensure full visibility of the calibration sheet

while avoiding symmetric projections. This step yields a set of poses that are

well-conditioned for a one-shot initialization.

Homography extraction and parameter initialization:

From the four

corner points of the calibration sheet, whose real-world dimensions are known,

and their detected 2D image projections, a planar Direct Linear Transformation

(DLT) system is built to estimate via Singular Value Decomposition (SVD) the

homography H relating the calibration plane to the image. Under the pinhole
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camera model, H provides algebraic estimates of the focal length f and the
camera-to-pattern pose parameters (R,t). These estimates are not optimal but

serve as a consistent initialization for the following nonlinear refinement.

3. Non-linear refinement: A Levenberg-Marquardt least-squares optimization
minimizes the reprojection error, defined as the Euclidean distance between

observed image points and those projected by the camera model.

4.4.2 Novel focal length initialization

As part of the homography-based parameter initialization described in the previous
section, a dedicated strategy is adopted to obtain a robust initial estimate of the focal
length when operating under minimal data conditions.

The proposed calibration approach follows Zhang’s method but operates on minimal
data. Following Strobl and Lingenauber [22], main point centralization is employed to
decouple the intrinsic matrix from the main point location. This simplification allows
to derive a direct closed-form solution for the focal length from the homography matrix.

As it has been seen in Chapter 2, the relationship between the 3D world points
on a plane and their 2D image points is defined by a homography matrix H.
The homography matrix H can be decomposed to retrieve the camera’s intrinsic
and extrinsic parameters. The calibration matrix is simplified through main point
centralization from eq. (3.2) to

K = (4.2)

S O
O~ O
_ o O

Let the homography matrix be written as

hll h12 h13
H= h21 h22 h23 )
h31 h32 h33

where h;; denote the individual entries of the homography matrix, defined up to an
arbitrary scale factor. In the following, only the first two columns of H are involved,
as they are directly related to the first two rotation vectors of the camera pose.

With this simplified calibration matrix, the two constraints from the orthonormality
of the rotation matrix, eq. (2.3), can be written explicitly in terms of the homography

entries as
1. hithia + hothay + hai f2hse =0
2. h% + h%l + h§1f2 = h%2 + h§2 + h§2f2
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Now, solving for the focal length for each the equations yields:

fi—t —(hurhia + harhas) P hiy + h3, — bty — h3,
h31h32 h%l - h§2

Although both f; and fs5 satisfy the orthonormality constraints algebraically, we
keep the solution f,. This choice is motivated by its better numerical conditioning
w.r.t. perspective distortion, as also reported by Strobl and Lingenauber [22], who
show that f; remains more stable.

With the selected focal length, the calibration matrix is known, eq (4.2), the
homography matrix can be decomposed to recover the camera pose up to scale. Let
the homography be expressed in column form as H = [h; hy hg]. The first two columns
are proportional to the first two rotation axes of the camera, while the third column
encodes the translation vector.

Since the homography is defined up to an arbitrary scale factor, the rotation vectors
r1, T9, and the translation vector t are recovered by normalizing the transformed
columns, and the third rotation axis is obtained as the vector product of the first
two to enforce orthonormality

K 'h, K~ 'h, K 'hy

r=———, I'p=——"—"=- TI3=0I1XTy t=-—F—7-7.
KR KR T T Ky |

This estimate is then used as initialization for the subsequent nonlinear refinement.
In summary, with the detection of the four corners of the A4 paper, the homography

H can be estimated and from it initialize the focal length and camera pose parameters.

4.4.3 Extension to stereo camera calibration

The minimal Zhang method presented in this section can be naturally extended to
stereo camera calibration. By acquiring a single stereo view of the calibration pattern,
the intrinsic parameters and poses of both cameras w.r.t. the pattern can be initialized
independently using the same procedure described above. These initial estimates are
then jointly refined through nonlinear optimization.

Once the poses of both cameras relative to the calibration pattern are known, the
rigid camera-to-camera transformation (the stereo baseline) can be directly obtained
by composition of the two poses. In contrast to traditional stereo calibration, where the
relative pose between the cameras must be explicitly parameterized and constrained
during optimization, the proposed approach estimates one 6-DoF pose per camera

without requiring additional modifications to the optimization formulation.
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Chapter 5

Zero-shot calibration from angular
constraints

In this work, the term zero-shot refers to the absence of calibration images and
calibration objects, rather than the absence of measurements. Unlike classical and
one-shot calibration approaches, the proposed method does not rely on captured
images of a scene or on feature detection. Instead, the camera is used as an angular
measurement device, providing angular field-of-view and ray-angle information without

explicitly taking images.

5.1 Motivation and relation to the minimal Zhang
method

Camera calibration is typically performed using multiple views of a known pattern
(like a checkerboard). This yields accurate results, but it requires several images, an
accurate calibration pattern, and image processing (corner detection). The proposed
one-shot calibration method simplifies these requirements. However, it still relies on
images of a known calibration pattern to establish the needed metric correspondences.

Ideas on calibrating without taking images of a known calibration pattern have
appeared in the context of implicit calibration, where camera parameters are not
explicitly recovered but estimated through projective constraints [24]. There are
also calibration methods based on geometric scene regularities, such as straight lines,
that further illustrate that explicit calibration patterns are not strictly necessary [15].
In this chapter, we explore whether camera calibration can be further simplified by
eliminating the need of using a calibration pattern and instead exploiting angular
camera constraints [5], such as the angular field of view.

An early and closely related approach was proposed by Kolesnik [25], who

demonstrated that the internal camera parameters can be recovered directly from
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known angular constraints using a single-image. While similar to the zero-shot
formulation adopted in this work, that method keeps the observed laser cross within
the interior of the image, avoiding measurements near the image borders and limiting
the range of radial distances considered. At the other end, the recent approach by Lee
in [5] only uses the sensor angular field of view (i.e., measurements at the borders of
the images, or rather its specifications) yet it does not include a radial distortion model
that is suitable for computer vision.

The approach proposed in this chapter exploits large incident angles and
measurements near the image edges, where radial distortion effects are more dominant.
Our method can be interpreted as a fusion of the angle-based formulation of [25] with
later approaches that emphasize the use of image borders, such as the method of Lee
[5], while additionally incorporating explicit radial distortion modeling.

The proposed geometric approach is as follows: by considering angles between rays
that pass through known image points, it is possible to constrain the camera intrinsic
parameters by simply using angular measurements. This is opposed to the traditional
approach, which also relies on the pose (6 DoF) of a known calibration object in
front of the camera, for N calibration images. In this way, 6 x N of the traditional
446 x N optimization parameters are no longer required, which significantly simplifies
the optimization problem and avoids the coupling between parameters with broadly
similar effects in projections like the focal length, the object range, and the radial
distortion parameters. These angular measurements, each consisting of two 2D image
locations and the measured outwards angle relating these projections, are then used as

the basis for a non-linear optimization that estimates the intrinsic camera parameters.

5.2 Information without a calibration pattern

We have seen that, when a calibration pattern is used, the required information is
obtained with metric correspondences between known 3D points (or 2D points when
using a planar object) and their 2D image projections. These correspondences allow the
estimation of homographies and camera poses, which constrain the intrinsic parameters.

In the absence of a calibration pattern, the metric correspondences are no longer
available. Therefore, the main question is: what information remains available in a
single-image that can still constrain the camera intrinsics?

A key insight from the zero-shot calibration approach is that the focal length and
radial distortion are directly related to the angular field of view of the camera (see

Section 3.1.1). Specifically, the radial distance is
Tradial = Tpers + Taist = f tan(0) + fky tan3(¢9) = ftan(0) (1 + Kk tanz(e)) ) (5.1)
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This relationship implies that any angular measurement directly constrains the intrinsic
parameters, without requiring knowledge of scene geometry or camera pose. Therefore,
if angular information is available, the estimation of the intrinsic parameters of the

camera from scratch is possible even without a calibration object.

5.3 Methodology

The proposed zero-shot calibration method estimates the intrinsic parameters of a
camera using only angular constraints, without relying on a calibration pattern, scene

geometry, or camera pose estimation.

5.3.1 Problem setup

Given a set of image points (u;, vi)i]il in a single-image, each point corresponds to a
ray from the camera center, with its direction defined by an incidence angle 6; relative
to the optical axis.

The goal of the zero-shot calibration is to estimate the four-dimensional intrinsic

parameter vector

X = (fa C:tacya kl)

5.3.2 Angular measurement model and cost function

The input for this angular calibration approach are angular measurements. An angular
measurement refers to a pair of image points (u;,v;) and (uj,v;) together with the
measured angle a;; between their corresponding viewing rays.

Under the pinhole camera model, each image point (u,v) defines a unique viewing
ray originating at the camera center. This ray can be recovered by undistorting the
pixel coordinates, mapping them to normalized camera coordinates, and normalizing
the resulting vector to unit length.

The angular separation between two viewing rays is then computed as
a;; = arccos(d; - d;) (5.2)

where d; and d; are the unit direction vectors associated with image points (u;, v;) and
(uj,v;), respectively.

We formulate the calibration problem as a nonlinear least-squares optimization.

meas

Given N angular measurements {aj}*}, we estimate the parameters by minimizing:

2
X = arg min Z <ozfjred(x) — age%) , (5.3)



pred
ij
estimates and P denotes the set of selected point pairs used to form the angular

where x = [f, ¢z, ¢, k1], abi*(x) is the predicted angle given the current parameter

measurements.

5.3.3 Direct focal length initialization from the angular field
of view

Before introducing radial distortion, an initial estimate of the focal length can be
obtained directly from angular field-of-view (AoV) measurements under the pinhole
camera model. Assuming square pixels and neglecting lens distortion, the focal length
is uniquely related to the horizontal or vertical field of view and the image dimensions.
In particular, for a known image width W and horizontal field of view 6;, the focal
length can be recovered with eq. (3.4).

This closed-form initialization provides a physically meaningful starting point for
the subsequent angular optimization that incorporates the radial distortion parameter

and main point coordinates.

5.3.4 Decoupling focal length and radial distortion

A fundamental challenge in zero-shot calibration is the coupling between focal length f
and radial distortion k;. This coupling arises from the mathematical form of the radial
projection model, see eq. (5.1). The equation shows that the radial distance consists

of two terms:
— A linear term f tan(0) representing the perspective projection.
— A cubic term [k, tan®(6) representing the radial distortion by the lens.

When the selected angle measurements span a narrow range, the variation of tan(f)
is limited, making it difficult to distinguish between the two terms.

Figure B.2a (Appendix B) illustrates this problem: a single angular measurement
at 45° can be explained by a continuous family of (f, k;) solutions. All curves pass
through the same measured point, but predict different intrinsics at other angles.

The key to decoupling f and k; is radial angular diversity. Different angle

ranges provide sensitivity to different parameters (see Appendix B):

— Small angles (6 < 20): At small angles, tan(6) is small but tan®(#) is negligible.

The radial distance is dominated by the linear term ftan(6), conditioning f.

— Large angles (6 > 40): At large angles, tan®() grows rapidly. The cubic term

fk1tan?(0) becomes significant, providing conditioning to k.
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This is why the best-conditioned solutions require combining measurements from
diverse radial angles. Without large angles, there is insufficient evidence of radial

distortion. Similarly, without moderate angles, k; cannot be distinguished from f.

5.3.5 Minimal number of pair-angle measurements

In the proposed pair-angle formulation, each measurement is defined by selecting a pair
of image points (4, ) and evaluating the angular separation between their corresponding
viewing rays.

The camera parameters are estimated by minimizing the discrepancy between
predicted and measured angles using a nonlinear least-squares formulation. Collecting
all residuals, calculated with the equation 5.4, the parameter estimate is obtained as
shown in eq. (5.3).

"™ (x) — ayes
r(x) = : cRY, (5.4)
a7 (x) — s

The question of how many pair-angle measurements are required to constrain the
parameter vector can be addressed by examining whether the available measurements
provide sufficient independent constraints. In the proposed formulation, the camera

model is described by four intrinsic parameters,

X = (f? Cx, Cy, k1)7

which must be simultaneously estimated from the angular measurements.
Let J(x) = dr/0x € RY** denote the Jacobian of the residual vector w.r.t. these
four parameters. A necessary condition for the problem to be locally solvable is that

the Jacobian has full column rank,
rank J(x) = 4. (5.5)

This implies that fewer than four independent pair-angle measurements cannot
determine the four unknown parameters in general, since the rank of the Jacobian is
bounded by the number of residuals, and each angular measurement yields one residual

equation.

Degrees of freedom and conditioning

It is important to distinguish between the theoretical number of degrees of freedom
and the practical conditioning of the estimation problem. With the degrees of freedom
of our system in mind, four independent angular measurements are needed to estimate

the four unknown parameters (f, ki, ¢, ¢,). However, this minimal count can only
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guarantee that the system is algebraically determined, not that the solution is stable or
robust to noise. In practice, the conditioning of the problem depends strongly on the
geometric configuration of the selected measurements. Satisfying this minimal count is
not sufficient on its own. Even when N = 4, the Jacobian may become rank-deficient
or poorly conditioned depending on the geometric configuration of the selected point
pairs.

Achieving a full-rank and well-conditioned Jacobian requires selecting pair-angle
measurements that provide complementary geometric information. In particular, the
selected pairs should span different incidence angles to decouple focal length from radial
distortion, and cover multiple image directions so that variations in the principal point

cannot be compensated by changes in the remaining parameters.

5.4 Angle measurement methods

A wide range of methods can be employed to measure angles, ranging from low-cost
manual techniques to hardware-assisted approaches. Each method has its own trade-off

between feasibility and measurement accuracy.

5.4.1 Low-precision measurement with minimal hardware

For some applications, approximate angular measurements are sufficient. In these

cases, simple and easily available tools or methods can be used.

Mechanical ruler or protractor. The angle is estimated manually using a ruler,
protractor, or printed angular markings on the experimental setup. While direct, this

method is affected by alignment errors, parallax, and limited resolution.

Smartphone sensors. Modern smartphones provide inertial sensors capable of
estimating orientation angles. These sensors enable fast and convenient measurements,
but they are prone to sensor noise, bias drift, and limited accuracy. As a result, their

use is limited to unrefined angle estimation or experimental setup verification.

Camera specifications sheet. Angular fields of view (AoVs) can be provided by
manufacturers in data sheets. In fact, Lee in [5] used these values to parameterize
a camera model; however, the used distortion model was unsuitable for computer
vision applications, both due to its limited adoption and because the distortion
center was not estimated but fixed at the image center. Manufacturers often only

list generic horizontal and vertical AoVs. Because cameras and lenses are typically
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acquired separately, relying on these datasheet specifications is rarely useful for precise
calibration.

In these methods, angular measurements in the image are commonly derived from
points located at the natural image boundaries, in particular the image corners. This
is due to the simplicity and ease of identification, especially when the measurement

relies on visual or manual precision instead of image processing.

5.4.2 High-precision calibration with additional hardware

Hardware-based approaches typically yield higher precision angular measurements.

LED-Based geometric angle estimation. A commonly used laboratory technique
consists of mounting multiple LEDs on a rigid structure attached to either the
calibration target (e.g. a wall) or the camera mount, refer to [26] for a setup with
two LEDs. The relative 3D positions of the LEDs w.r.t. the camera are known with
high accuracy.

After one or several image acquisitions, LEDs are detected robustly and precisely
as high-contrast point features. Then, their 2D image coordinates are matched to the
known 3D sources. Ray directions are estimated from the 2D image coordinates, based
on an initial, rough camera model. Finally, the camera model is optimized for the
estimated angles between directions to match the measured angles.

This method provides high angular accuracy and repeatability. Its main limitations
are the experimental complexity and the initial geometric calibration of the LED rig.

In contrast to manual or visually guided methods, this approach removes the
restriction of relying exclusively on points located at the image boundaries. Angular
measurements can be obtained from point sources distributed across the entire image,

enabling more uniform angular coverage.
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Chapter 6

Results

In this chapter, we showcase our implementations of the methods contributed in

Chapters 4 and 5.

6.1 Results of minimal Zhang calibration method

This section presents the experimental evaluation of the proposed one-shot calibration
method in Chapter 4, analyzing parameter dependencies and robustness under different

geometric conditions.

6.1.1 Standard approach

First, the convergence behavior of the proposed one-shot calibration method is analyzed
over 40 independent trials under baseline conditions, which are yaw=pitch (for all
angles), roll=-25° typical image processing noise (0.5 px standard deviation), and the
standard initialization of parameters (fest, Test, test; k1 = 0, ¢u = W/2, ¢, = H/2)
explained in Section 4.4.2. The ground-truth parameters used in the simulations are
chosen to represent a typical consumer camera and are set to f = 1500 px, k1 = —0.2,
and a full-HD image resolution of W = 1920 px and H = 1080 px.

With the aim of finding the optimal camera-to-pattern calibration poses for this
method, we will simulate an extensive set of orientations and ranges. Since the
method’s outcome naturally depends on the relative pose, convergence is not expected
for every arbitrary pose. The goal of this analysis is therefore to identify pose
configurations that provide sufficient geometric constraints.

Consistent convergence is observed for intermediate pitch/yaw angles,
approximately between 35° and 55°, see Figure 6.1 and Table 6.1. In this range, the
focal length converges to the ground-truth for different depth values, particularly at

smaller Z distances.
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Figure 6.1: Standard minimal Zhang approach calibration results across pose angle and
depth. The estimated focal length is shown for the initialization of the optimization.
Curves are reported for several target depths (Z), as a function of the tilt angle
(yaw=pitch) with roll -25°.

Pitch/Yaw (°) Z (m) f (px) ki cx (px) cy (px)
35 0.40 1501.33 £ 5.54 -0.21 £0.02 962.89 &+ 3.49  540.93 £+ 2.09
35 0.70  1491.59 £ 15.23 -0.16 £ 0.17 950.30 &+ 13.22 541.08 £ 12.97
45 0.40 1502.60 £ 4.95 -0.23 £0.03 973.62 &£ 1.25  539.85 £ 1.73
45 0.70  1501.42 + 11.29 -0.23 £ 0.13 952.49 + 41.96 540.10 & 29.85
95 0.40 1506.87 £ 5.37  -0.08 £ 0.07 963.16 + 10.56  540.51 £ 7.00
95 0.70  1489.23 + 30.29 -0.19 £ 0.73 955.39 £ 8.71  546.75 &+ 18.16

Table 6.1: Estimated calibration parameters obtained using the standard minimal
Zhang approach.
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Principal point estimation exhibits higher sensitivity. While ¢, and ¢, remain close
to the ground-truth at small angles, increased perspective distortion at larger pitch/yaw
angles leads to higher estimation variance and stronger depth dependence. This
behavior can be explained by the spatial distribution of the projected points. Strong
perspective distortion tends to produce compact and uneven point configurations,
which provide limited radial coverage of the image. Since the principal point defines
the center of the radial distortion model, insufficient radial distribution makes its

estimation more sensitive and increases variance.

The radial distortion coefficient k; remains the most weakly constrained parameter.
While projections near the image borders (large radial angles) are strictly necessary
to robustly estimate higher-order distortion terms such as ks, even the first-order
coefficient k; benefits from increased radial coverage. In minimal single-image settings,

limited radial diversity leads to stronger coupling between k1, focal length, and depth.

Overall, these results show that the proposed method converges consistently under
specific pose configurations that provide sufficient perspective and radial evidence,
while exposing the geometric limits of parameter observability in minimal calibration

scenarios.

6.1.2 Camera type

To evaluate the generalization capability of the method, two additional camera models
are evaluated: a narrow-angle lens (f = 2200 px, k; = —0.05) and a wide-angle lens
(f =800 px, ky = —0.35).

For the narrow-angle configuration, convergence behavior remains comparable to
the baseline model (see Figure C.3 in Appendix C). Stable f estimates are obtained in
a similar pitch/yaw angle range, although the effective convergence region is slightly
narrower and more sensitive to depth, due to the reduced angular field of view. Radial

distortion estimation remains weak, as expected for lenses with mild distortion.

In contrast, the wide-angle configuration shows strong non-linear projection effects
increasing the sensitivity of the optimization to depth and pose estimation, see
Figure C.4 (Appendix C). In particular, principal point estimation becomes less
stable across several angle/distance combinations, and focal length convergence
is more pose-dependent than in the narrow-angle case. This indicates that, in
minimal single-image settings, increased field of view can degrade conditioning of the

convergence region.
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6.1.3 Main point shift

The sensitivity to the displacement of the principal point is also studied. Two levels
are considered: a moderate shift of 10 to 15 px and a larger shift of 20 to 25 px.

For moderate shifts, focal length estimation remains stable in pose configurations
with sufficient perspective and radial distortion, see Figure C.5 (Appendix C). Although
¢, and ¢, show increased variability, values close to the ground-truth are recovered for
most poses, indicating tolerance to small deviations from central projection.

Larger shifts, however, lead to a clear degradation across all parameters, see
Figure C.6 (Appendix C). The increased dispersion arises from the loss of radial

symmetry, which directly affects the assumed geometric center of the projection.

6.1.4 Image processing noise

Robustness to image processing noise is evaluated by increasing the
Gaussian-distributed corner localization error to standard deviations of 1 px
and 2 px.

As the noise level increases, the variance of all estimated parameters grows, with
the radial distortion coefficient k; being the most affected. This behavior arises
because, when the corner detection error becomes comparable to or larger than the
displacement induced by radial distortion, the geometric evidence required to constrain
k; is effectively masked by the noise.

Despite this degradation, focal length estimation remains stable within a consistent
intermediate range of camera poses across all noise levels. In contrast, principal point
estimation becomes increasingly sensitive to noise, particularly at larger tilt angles.
This is expected, as the main role of the principal point is to fix the origin of the radial
lens distortion [27]. This can be observed in Figures C.7 and C.8 (Appendix C).

Overall, these results indicate that the proposed method tolerates moderate image
processing noise while preserving reliable focal length estimation, but that accurate
radial distortion and principal point recovery requires noise levels sufficiently low to
maintain observable radial displacement. Alternatively, more images have to be taken

to be able to statistically compensate for these errors.

6.1.5 Camera poses

Finally, the influence of camera orientation on the stability of the one-shot calibration
is analyzed by comparing pitch-only configurations with joint pitch/yaw configurations.
In the pitch-only case (Figure C.9, Appendix C), the calibration pattern is

tilted exclusively around a single axis while remaining symmetric w.r.t. the image
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center. Although increasing pitch introduces perspective distortion, this configuration
preserves a high degree of geometric symmetry. As a result, the focal length can often
be recovered with reasonable accuracy for moderate tilt angles, but the estimation
of radial distortion and principal point parameters remains unstable and exhibits
large variance. This behavior reflects the limited diversity of radial distances and
ray directions induced by pure pitch motion.

When pitch and yaw rotations are combined (Figure C.10), this symmetry is
partially broken, leading to a more heterogeneous distribution of projected points
across the image. While focal length convergence remains comparable to the pitch-only
case, the additional angular diversity provides improved geometric evidence for radial
distortion estimation in some configurations. Overall, joint pitch/yaw rotations tend
to improve, but not fully resolve, the conditioning limitations inherent to minimal
single-image calibration.

These results highlight that camera orientation plays a critical role in minimal
calibration scenarios. While pitch-only motions can be sufficient for focal length
initialization, reliable estimation of the full intrinsic parameter set requires asymmetric
poses that jointly excite multiple degrees of freedom. This observation motivates
the use of coupled pitch/yaw and roll rotations as a practical guideline for one-shot

calibration.

6.1.6 Stereo camera calibration

The proposed minimal Zhang formulation is extended to the stereo case by
jointly calibrating two cameras from a single stereo observation of the planar
calibration pattern. Both cameras are initialized independently using the one-shot
homography-based approach and subsequently refined through a joint nonlinear
optimization, while enforcing the rigid stereo geometry.

Figure 6.2a shows the calibration results for a stereo system with a baseline of 5 cm,
while Figure 6.2b corresponds to a wider baseline of 10 cm. For both configurations,
the focal length estimates of the left and right cameras converge reliably toward
the ground-truth value as the pitch/yaw angle increases, confirming that sufficient
perspective distortion is essential for stable initialization and optimization.

In the narrow-baseline configuration, the intrinsic parameters exhibit slightly higher
variability at low tilt angles, particularly during the initialization stage. This behavior
is expected, as smaller baselines reduce the geometric diversity between views and
therefore provide weaker constraints on depth-related parameters. Nevertheless, after
nonlinear refinement, the focal length and principal point estimates stabilize across a

wide angular range.
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The larger baseline configuration provides improved conditioning of the problem.
As observed in Fig. 6.2b, the optimization stage yields faster convergence and reduced
variance for both intrinsic and distortion parameters. The radial distortion coefficient
ki is also more consistently recovered when larger incident angles are available,

especially near the image borders.

Overall, these results demonstrate that the minimal Zhang method can be directly
applied to stereo camera calibration without modifying the optimization structure.
A single stereo view is sufficient to initialize both cameras and recover a consistent
stereo geometry, provided that the calibration pattern is observed under sufficiently
oblique viewing angles. This significantly reduces the data acquisition effort compared

to traditional multi-view stereo calibration pipelines.

6.2 Zero-shot camera calibration results

This section analyzes the convergence behavior of the zero-shot calibration method
proposed in Chapter 5, under different settings. These representative configurations
are evaluated using the same experimental conditions: 20 repetitions for statistical
measures, angular measurement noise of 0.2°, a set of angular measurements formed
by point pairs selected from Figure 6.3, and the same set of released intrinsic camera
parameters (f, ¢, ¢,, k1). With the variable settings, the importance of geometric

conditioning for the zero-shot formulation will be revealed.

6.2.1 Well-conditioned optimization

The corresponding radial-angular representation r(f) in Figures 6.4 and 6.5 shows
that the selected measurements span a wide range of small-to-large incidence angles,
while preserving a coherent and dispersed radial structure. Radially sampling camera
directions provides strong geometric constraints, allowing the detached estimation
of focal length, principal point, and radial distortion parameters at the same time.
In particular, measurements at moderate and large angles contribute decisively to
stabilizing the estimation of the distortion parameter k; by making the curvature in
the r(0) relationship observable.

Figure 6.4, four angle measurements, and Figure 6.5, six angle measurements,
show that all parameters lie close to the ground-truth, indicating stable convergence
to the ground-truth, although the six-measurement configuration yields more precise

estimates.
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Figure 6.2: Comparison of minimal Zhang stereo calibration results for different
baseline lengths.

6.2.2 Poorly-conditioned optimization

In contrast, this experiment analyzes failure cases of the zero-shot calibration
method under geometrically weak configurations. All experiments use identical noise
levels, number of repetitions, and optimization settings, differing only in the radial

configuration of the selected measurements.

In the first configuration (Figure 6.6) only three angular pairs are used, which are
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insufficient to condition the system of equations. In particular, the vertical principal
point coordinate c, deviates significantly from the ground-truth, indicating strong
parameter coupling due to under-minimal constraints. This parameter is the most
weakly constrained due to the sensor geometry: since the image height is smaller than
the width, the angular range in the vertical direction is reduced.

Increasing the number of angular pairs to four (Figures 6.7 and 6.8) does not resolve
this issue when the additional measurements remain in a similar radial region, providing
insufficient geometric diversity. As a result, focal length, radial distortion, and principal
point estimates remain unstable and exhibit increased dispersion.

These results indicate that zero-shot calibration performance depends primarily
on the radial diversity of the selected measurements rather than on their number
alone.  When the angular configuration fails to describe the curvature in the
radial-angular relationship, the optimization becomes ill-conditioned since multiple

parameter combinations can explain the observations similarly well.
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Chapter 7

Conclusions

This thesis has explored geometric camera calibration under minimal requirements,
with the objective of reducing the complexity of traditional calibration procedures
while preserving their practical usefulness and accuracy. Two approaches have
been investigated: a one-shot calibration method based on a single image of a
planar everyday object, and a zero-shot calibration method relying solely on angular
constraints without the need for calibration images or patterns. Together, these
approaches contribute to a deeper understanding of the fundamental information
required for camera calibration and provide practical guidelines for operating under
strongly reduced data conditions.

Beyond the specific methods proposed, this thesis highlights several broader insights

into camera calibration:

1. Calibration is not only a problem of data quantity, but fundamentally a
problem of information content. Poorly conditioned configurations cannot be

compensated for by noise reduction alone.

2. Perspective distortion, often regarded as an inconvenience in vision applications,

becomes a valuable source of information in minimal calibration scenarios.

3. Radial distortion estimation critically depends on sampling large incidence

angles; measurements near the image center alone are insufficient.

4. Reducing calibration requirements shifts responsibility from redundancy to

geometric design, making pose selection and measurement configuration crucial.

These insights are relevant not only for minimal calibration methods, but also for

understanding failure modes and design choices in standard calibration pipelines.
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7.1 Challenges and limitations

Despite its contributions, this work encountered several limitations. First, both
proposed methods have been primarily validated through simulation. While this allows
systematic exploration of geometric effects, real-world experiments would be necessary
to fully assess robustness against unmodeled effects such as imperfect pattern planarity,
sensor noise, or mechanical misalignment in angular measurements.

Second, the distortion model is limited to a single radial coefficient. While this
choice is justified for many lenses and aligns with the goal of minimal parameterization,
more complex optical systems may require higher-order models that are more difficult
to constrain under minimal data conditions.

Finally, the zero-shot approach assumes access to angular measurements, which may
require additional hardware or careful experimental setup. While this is acceptable
in some contexts, it limits immediate applicability in purely vision-based consumer

scenarios.

7.2 Future work

Several directions for future research naturally follow from this thesis. An immediate
extension would be the experimental validation of both methods on real camera
systems, including a quantitative comparison with standard calibration techniques.
Further work could also investigate adaptive strategies for automatic measurement
selection, guiding users toward geometrically informative configurations in both
one-shot and zero-shot settings. Finally, combining the geometric insights developed
here with learning-based approaches could lead to hybrid methods that keep

interpretability while benefiting from data-driven priors.
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Appendix A

Minimal point requirements for
homography estimation

A planar homography describes a projective transformation between two planes. In
the context of camera calibration, it relates points on a planar calibration object to
their corresponding projections in the image.

A homography is represented by a 3 x 3 matrix H, defined up to an arbitrary scale
factor, such that for a point X = [X,Y,1]" on a plane and its corresponding image

point x = [u, v, 1]7, the following relation holds:
x = HX. (A1)

Since H has nine elements but is defined up to scale, effectively it has eight independent
degrees of freedom.

Each point correspondence between the plane and the image provides two
independent linear constraints on the entries of H. Consequently, at least four
non-collinear point correspondences are required to fully constrain the homography,
since 4 X 2 = 8 constraints.

The system is underdetermined with fewer than four point correspondences,
admitting infinitely many solutions. Conversely, four point correspondences yield a
determined linear system whose solution defines the homography uniquely (up to scale),
provided that the points are non-collinear.

In practice, homographies are estimated using more than four correspondences.
However, the four-point case represents the minimal configuration necessary for
homography estimation and is therefore of particular interest in this work on minimal
calibration scenarios. This motivates the use of planar calibration patterns with four

well-defined corner points in Chapter 4.
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Appendix B

Disentangling focal length from
radial lens distortion

The camera model used in this thesis (and largely in computer vision) is subject to
two types of distortions: perspective and radial. The perspective distortion is defined
by the relative camera-to-object pose and the focal length for scaling, while the radial
distortion is parameterized by the radial distortion parameter, in our case only ky. It
is the combination of the two effects that we observe when taking a picture. Now,
how can we distinguish one from another, disentangling the focal length from the lens
distortion parameter?

This question is of great importance in our context, and even more important is

the question: What are the minimum requirements for decoupling the f and the ki ?

B.1 Total radial image projection

To answer these questions, we begin by understanding how the total distortion is
described in terms of the incidence angle with respect to the principal axis of the
camera. The equation for the total radial image distortion from perspective projection

and lens distortion is the following:
T = Tpors + Tradial = f - tan(0) + f - ky - tan®(0) = f - tan(6) - (1 + ky tan(9))  (B.1)
where:
r: Radial distance from the principal point (pixels).
0: Incident angle of the light ray.
f: Focal length (pixels).
k1: First radial distortion coefficient.
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The objective is to solve for the unknowns (f,k;) with the least number of
measurements of (7;,6;).

Perspective vs. Pincushion Radial Distortion 10000 Perspective vs. Barrel Radial Distortion

Perspective (ftan 6) Perspective (ftan 6)
—= Radial Term (fk;tan*6)
—— Total Distortion

===~ Singularity (90°)

—= Radial Term (fk;tan*6)
—— Total Distortion
===~ Singularity (90°)

B B e e e A o A et S 1 2 |

80 100 120 0 80 00
Incident Angle 6 (°) Incident Angle 6 (°)

(a) Pincushion radial distortion k1 > 0 (b) Barrel radial distortion k1 < 0

Figure B.1: Decomposition of the radial distance in perspective, radial distortion terms
and total distortion (Eq. B.1) .

Figure B.1 illustrates the decomposition of the radial distance into its perspective
and radial distortion components as a function of the incident angle 6, according to
eq. B.1. In both cases, the perspective term f tan # dominates at small angles and grows
rapidly as 6 approaches 90°. The radial term fk; tan® @ becomes significant only at
larger angles, where its cubic dependence amplifies deviations from the pure perspective
model. For pincushion distortion (k; > 0, Fig. B.1a), the radial term reinforces the
perspective expansion, leading to an increased total radial distance. Conversely, for
barrel distortion (k; < 0, Fig. B.1b), the radial term compensates the perspective
distortion. These plots highlight that decoupling of the focal length f and the distortion
parameter ki requires measurements at sufficiently large incident angles, where both

contributions exhibit distinct and observable behaviors.

B.2 One measurement

Ideally, we would like to use only one measurement to solve the system, but with one
single measurement, the number of results that satisfy the system is infinite. Given a

single observation (r1, 6 ), substituting in eq. B.1:
r = ftan(@l) + f]fl tan3(91). (B2)

If we try to solve for k; in terms of f we get:

r1 _ 1
__ ftan(0:1)
ki(f) = (6] (B.3)

such that for any arbitrary choice of focal length f (where f # 0), there exists a
corresponding k; that perfectly satisfies the equation. This defines a family of curves
that satisfy the system. Therefore f and k; are fully coupled and unobservable with

one single measurement.
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Ambiguity from a single angular measurement One constraint yields a 1D solution manifold

35004 __. Alternative (f= 800, k1 = 0.50) ,' —— Solution set from one angle (6, =45")
- Alternative (f= 1000, k1 = 0.20) ! 1.25 @ Ground truth
3000 A - !
——- Alternative (f= 1400, k; = —0.14) e
= | —— Ground truth (f= 1500, k; =-0.20} 4 1007
% 2500 —— i -
= | @ One measurement (6 =45") gl 7 < 0.75 4
/ 8
& 2000 - s £
g | Wi g 0504
o) o 3
= - 0.25-
0 -
3 & 000
—0.25 1
—0.50
T T 3 T i T T T T T T R T i3 T R T i3 T R T
0 10 20 30 40 50 60 500 750 1000 1250 1500 1750 2000 2250 2500
Incident angle 8 (deg) Focal length f (px)

(a) Single angular measurement providing  (b) Solution set of (f, k) satisfying the same
insufficient constraint on f and k; angular constraint

Figure B.2: Non-identifiability of (f, k1) from a single angular constraint.

B.3 Two measurements

Given two independent measurements (r,60;) and (rq, 0s):

r1 = ftan(6;) (14 ki tan®(6;)),

(B.4)
ro = ftan(f) (14 ki tan®(6s)) .
Dividing each equation by tan(#;) yields
™ 2
=f(1+kt 0
tan(6;) d ( o tan( 1)) ’
2 F (14 Ky tan®(0 55
tan(6s) = (Lt R tan’(6)).
Subtracting the two equations eliminates the focal length f and leads to
LB fhy (tan®(6)) — tan2(6y)) (B.6)
tan(6;)  tan(fy) ! ! 27 '
Provided that 6, # 65, the system admits a unique solution for ky:
S T
kl _ tan(61) tan(62) (B?)

f (tan?(6;) — tan?(6,))’

Substituting this result back into either equation allows the focal length f to be
computed uniquely. Thus, two measurements at different incidence angles are enough
to decouple the focal length from the radial distortion parameter.

It may seem that any two non-equal angles are enough for determining the focal
length and distortion parameter. However, if we go back to the distortion graph, we
see that not all angles pairs provide the same amount of information. In order to
distinguish the contribution of perspective projection from the radial distortion, the

angle measurements must be in different regions of the distortion curve.
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For small incidence angles, the distortion term is negligible compared to the
perspective term. On the other hand, measurements of larger incidence angles are
more affected by radial distortion rather than by perspective distortion. Therefore,
effective decoupling of focal length and radial distortion requires not only two distinct
angles, but sufficient angular diversity such that both distortion terms are observable,

see Figure B.3.

5 1000

Figure B.3: Incident angle regions that condition best f and k;.

B.4 Role of the principal point in decoupling

The derivation of eq. B.1 assumes that the radial distance r is measured with respect to
the true principal point (¢, ¢,). Under this assumption, the distortion model depends
only on the incident angle 6 and is radially symmetric with respect to the main point.

If the principal point is incorrectly specified or unknown, this symmetry is broken
and the measured radius becomes a function of both # and the azimuth direction ¢ in
the image. As a consequence, the relation r = r(6) is no longer valid and additional
directional information is required to describe the observed distortions.

Figure B.4 illustrates this effect by showing the measured radial distance for
different principal point offsets. The deviation from the ground-truth curve increases
with the angle, highlighting that accurate knowledge of (¢, ¢,) is a necessary condition
for decoupling the focal length f and the radial distortion parameter k; from two

angular measurements alone.

Effect of principal point shift (+cx, +cy)

GT main point
--- +(50,0) in (¢=0°)
1506 +(150, 0) in (¢=0°)
-== +(50, 50) in (9=0°)
--= +(150, 150) in (¢=0°)

30
Incident angle 6 (°)

Figure B.4: Effect of the shift in the camera main point with respect to the image
center.
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Appendix C

Minimal Zhang method results

This chapter presents the experimental results obtained using the one-shot calibration

approach under different camera configurations.

C.1 Best poses for different camera types

Figure C.2: Calibration pattern image projection with a wide-angle camera.
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C.2 Camera type

Narrow-angle camera
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Figure C.3: Calibration results obtained using the same experimental configuration

with a narrow-angle camera.

Pitch/Yaw (°) Z (m) f (px) ky cx (px) cy (px)
35 0.40 - - - -
35 0.70  2205.13 + 18.39 -0.12 £ 0.18 952.01 4+ 15.18 545.78 4+ 12.61
45 0.40 - - - -
45 0.70 2205.74 £ 12.49 -0.26 £ 0.14 942.91 + 62.40 538.56 + 41.58
55 0.40  2201.81 £6.19 -0.04 £0.06 958.73 + 8.18  538.14 £ 5.75
95 0.70  2199.79 + 10.81 -0.04 £ 0.33 951.38 £ 6.47 547.92 £+ 10.80

Table C.1:

approach for a narrow field-of-view camera.
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Wide-angle camera
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Figure C.4: Calibration results obtained using the same experimental configuration
with a wide-angle camera.

Pitch/Yaw (°) Z (m) f (px) ki cx (px) cy (px)
35 0.40 800.47 £ 6.26 -0.34 £0.03 960.31 £5.72  541.63 £ 3.16
35 0.70 794.12 £ 14.42 -0.14 £ 0.24 954.94 £+ 10.46 539.46 + 9.17
45 0.40  816.27 £ 30.42 -0.46 £+ 0.27 955.45 £ 21.15  544.24 + 7.86
45 0.70 797.28 £ 12.11 -0.12 £ 0.29 960.86 £+ 23.79 543.10 £ 18.47
95 0.40 809.32 £ 6.29 0.04 £ 0.29 961.37 + 8.13  540.55 £+ 6.97
95 0.70 79298 £ 13.43 -0.63 £ 1.09 959.22 + 743  538.36 + 4.31

Table C.2: Estimated calibration parameters obtained using the minimal Zhang
approach for a wide field-of-view camera.
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C.3 Main point shift

The focal length initialization does not exhibit meaningful variation in this

thus is not shown.
Main point shift (cx +15,c, — 10)
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Figure C.5: Calibration results under identical experimental conditions as baseline,
with a shifted principal point (¢, + 15, ¢, — 10).

Pitch/Yaw (°) Z (m) f (px) ki cx (px) cy (px)
35 0.40 1500.88 £ 9.28 -0.28 £ 0.00 1021.61 £ 11.95 569.59 £ 11.54
35 0.70  1499.79 £ 12.97 -0.37 £ 0.03 1040.02 £ 12.52 557.67 &+ 55.04
45 0.40 1502.33 £ 5.28 -0.26 £ 0.02 1007.83 £ 11.45 534.81 & 3.58
45 0.70  1497.96 £ 15.67 -0.41 £ 0.22 1023.99 £ 47.84 573.53 &+ 31.73
95 0.40 1488.81 + 11.13 -0.31 £ 0.11  978.12 £ 12.71  534.25 £ 17.63
55 0.70  1488.04 £ 13.51 -0.60 £ 0.89 974.08 + 25.83  535.58 £ 9.26

Table C.3: Estimated calibration parameters obtained using the minimal Zhang
approach under a moderate principal point shift (¢, + 15, ¢, — 10).
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Main point shift (cx + 25, c, — 20)
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Figure C.6: Calibration results under identical experimental conditions as baseline,
with a larger shift on principal point (¢, + 25, ¢, — 20).

Pitch/Yaw (°) Z (m) f (px) ki cx (px) cy (px)
35 0.40 1495.21 £ 7.45 -0.28 £0.01 1015.89 + 6.72  568.87 + 5.53
35 0.70  1531.70 £ 44.33 -0.17 £ 0.25 1028.08 £ 14.73 500.23 £+ 51.22
45 0.40 1499.55 £ 5.24 -0.27 £0.01 1019.79 £ 9.67 529.27 £ 10.29
45 0.70  1455.06 + 33.88 -1.26 £ 0.67 996.04 £ 10.87 473.53 £ 26.71
95 0.40 1501.57 £4.94 -0.05 £0.13  973.83 £ 5.26 543.07 £ 2.73
95 0.70  1490.34 + 13.93 -1.00 £ 0.55 974.08 £ 31.09  527.00 £ 40.03

Table C.4: Estimated calibration parameters obtained using the minimal Zhang
approach under a considerable principal point shift.
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C.4 Noise

1 px noise

Figure C.7: Calibration results under identical experimental conditions
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as baseline,

Pitch/Yaw (°) Z (m) f (px) ki cx (px) cy (px)
35 0.40  1499.21 + 13.25 -0.20 £ 0.03 964.02 £ 4.71  542.93 £+ 4.89
35 0.70  1493.81 + 30.20 -0.16 £ 0.24 952.75 + 17.63 538.55 & 14.23
45 0.40 1499.91 £ 9.53 -0.22 £0.08 971.95 +£4.61  539.80 £ 2.45
45 0.70  1504.62 + 20.74 -0.22 £ 0.18 946.31 4+ 49.37 535.74 £ 38.08
95 0.40 1506.37 £ 8.09 -0.05 £ 0.08 963.97 + 13.74  541.39 £ 8.95
95 0.70 1484.96 4+ 34.25 0.09 £ 1.51 956.05 & 10.85 542.92 £ 16.64

Table C.5: Estimated calibration parameters obtained using the minimal Zhang
approach under image noise with a standard deviation of 1 px.
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2 px noise
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Figure C.8: Calibration results under identical experimental conditions as baseline,
with added image noise (2 px).

Pitch/Yaw (°) Z (m) f (px) ki cx (px) cy (px)
35 0.40  1507.37 &£ 28.70 -0.23 £ 0.09 961.88 + 13.86 541.60 £ 8.88
35 0.70  1493.21 + 45.15 -0.07 £ 0.58 962.19 + 17.71 544.90 + 16.25
45 0.40 1496.15 + 14.50 -0.20 £ 0.14 966.96 = 5.84  538.54 £ 2.94
45 0.70  1488.63 £ 40.31 0.11 £0.60 951.33 £ 59.04 543.23 £ 48.16
55 0.40 1511.08 &£ 21.10 0.12 £ 0.32 967.26 & 23.96 545.13 £+ 17.08
95 0.70  1480.14 £ 51.18 -0.53 £ 1.53 953.53 £ 13.11 539.93 £ 18.21

Table C.6: Estimated calibration parameters obtained using the minimal Zhang
approach under image noise with a standard deviation of 2 px.
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C.5 Camera poses

Only pitch
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Figure C.9: Calibration results under identical experimental conditions, varying only

camera pitch.

Pitch/Yaw (°) Z (m) f (px) ki cx (px) cy (px)
35 0.40 1541.26 £ 5.65 -0.01 £0.02 960.31 £ 4.82 539.33 £+ 1.85
35 0.70  1512.57 £14.94 -0.11 £ 0.10 955.97 &£ 23.93 534.79 £ 6.75
45 0.40 1536.83 £ 4.33 -0.00 £ 0.00 960.03 £+ 2.95 539.75 £+ 0.23
45 0.70  1506.66 &+ 13.04 -0.11 £0.11 960.73 £+ 14.73 535.31 &+ 4.60
95 0.40 1543.73 £4.01 -0.01 £0.01 960.92 &£ 4.74 539.53 + 1.10
95 0.70  1505.00 £ 13.53 -0.15 £ 0.10 968.21 £ 36.71 533.24 £ 7.09

Table C.7: Estimated calibration parameters obtained using the minimal Zhang
approach with pitch-only camera rotation.
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Coupled pitch/yaw
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Figure C.10: Calibration results under identical experimental conditions, varying
camera pitch and yaw in a coupled way (yaw=pitch).

Pitch/Yaw (°) Z (m) f (px) ky cx (px) cy (px)
35 0.40  1536.65 & 28.61 -0.32 £ 0.11 954.82 + 26.62 525.98 + 13.75
35 0.70  1496.31 £ 47.72 -0.17 £ 0.54 963.23 £ 34.45 543.15 &+ 25.12
45 0.40 1501.10 &£ 14.75 -0.23 £ 0.09 951.53 £+ 10.12 547.53 £+ 15.83
45 0.70  1486.91 £ 24.68 0.06 £ 0.38  962.43 £ 9.53 537.12 £+ 14.63
55 0.40 1488.86 £ 8.23 -0.10 £ 0.11  953.31 £ 8.26  538.47 £ 3.03
95 0.70 1489.64 4+ 22.47 0.05 £ 0.74 965.56 + 11.72 547.05 £ 27.12

Table C.8: Estimated calibration parameters obtained using the minimal Zhang
approach with coupled yaw and pitch rotations.
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C.6 Stereo Vision

Tilt (°) Z (m) Camera f (px) 31 cx (px) cy (px)
35 0.40 Left 1504.98 &+ 5.35 -0.21 £0.02 970.52 £ 1.81 538.05 £ 0.38
35 0.40 Right 1484.00 + 6.43 -0.16 £ 0.01 963.05 £ 4.72  550.88 £ 7.62
35 0.70 Left 1502.66 + 10.52 -0.19 & 0.08 970.38 £ 7.33  531.52 £ 6.07
35 0.70 Right  1524.15 £ 57.89 -0.36 £ 0.32 966.45 £ 22.78 604.10 £ 65.93
45 0.40 Left 1501.40 £ 4.93 -0.20 £ 0.04 962.54 &£ 0.73  538.47 £ 0.56
45 0.40 Right 1465.87 £ 5.91 -0.10 £ 0.02 966.26 + 2.24  593.16 £ 5.09
45 0.70 Left 1503.34 £ 10.90 -0.19 £ 0.15 963.71 &£ 2.91  533.82 £ 5.52
45 0.70 Right  1517.67 £ 44.64 -0.42 £ 0.46 979.27 £+ 26.06 588.89 £ 54.81
55 0.40 Left 1509.05 + 7.28 -0.09 £ 0.07 949.42 +4.76  531.29 £ 4.92
55 0.40 Right 1501.16 &+ 4.36 -0.19 £ 0.04 959.55 £ 0.13  540.47 £ 0.14
55 0.70 Left 1495.65 £ 19.29 -0.36 £ 0.56 961.04 £ 11.77 531.23 £ 11.55
95 0.70 Right  1501.85 £ 14.82 -0.20 £ 0.18 960.43 £+ 11.33 550.97 £ 29.53

Table C.9: Stereo vision calibration results obtained using the standard minimal Zhang
approach, with the left camera shown in blue and the right camera shown in red.

Tilt (°) Z (m) Camera f (px) ky cx (px) cy (px)
35 0.40 Left 1523.81 £4.88 -0.20 £ 0.01 993.74 £ 2.11  511.03 £+ 1.99
35 0.40 Right 1433.71 £6.20 -0.13 £ 0.01 949.10 £ 0.57  602.77 £ 3.71
35 0.70 Left 1513.07 £ 10.58 -0.18 £ 0.05 976.02 £ 6.02  517.27 £+ 9.79
35 0.70 Right 1475.10 £ 17.07 -0.20 £ 0.04 928.67 £ 6.16 572.14 £+ 11.08
45 0.40 Left 1507.01 £ 4.99 -0.19 £ 0.01 968.96 & 1.01  526.98 £ 1.49
45 0.40 Right 1463.96 + 5.66  -0.15 + 0.01  953.40 &+ 1.04  609.73 + 5.48
45 0.70 Left 1510.11 £+ 10.78 -0.17 £ 0.06  964.09 £ 2.03 521.02 £ 12.15
45 0.70 Right 1471.87 £ 13.41 -0.11 £ 0.05 957.68 £ 4.65 583.85 £ 14.74
55 0.40 Left 1512.15 &£ 6.37 -0.15 £ 0.03 941.55 + 16.67 516.58 £ 9.07
55 0.40 Right 1501.18 £ 4.47 -0.19 £ 0.04 959.87 £ 0.63  540.20 £ 0.48
55 0.70 Left 1473.87 &£ 51.20 -0.66 £ 0.81 946.81 £ 28.55 504.42 £ 33.74
55 0.70 Right 1494.61 £ 19.50 -0.17 £ 0.10 955.87 £ 7.75  564.37 £ 44.96

Table C.10: Stereo vision calibration results obtained using the minimal Zhang
approach with a baseline of 10 cm, with the left camera shown in blue and the right
camera shown in red.
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