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ARTICLE INFO ABSTRACT

Communicated by E. Chatzi Structural intensity is a powerful diagnostic tool for characterizing vibrational energy flow and
identifying dominant transfer paths in structures. For thin-walled plates, the structural intensity
can be computed from the transverse displacement field and its spatial derivatives. However,
accurate estimation from experimental data remains challenging, as numerical differentiation
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Neural operators is highly sensitive to measurement noise, particularly when computing higher-order spatial
Machine learning gradients. This study proposes a machine learning-based framework employing a physics-
Neural networks informed deep operator network to predict structural intensity directly from noisy displacement
DeepONets measurements. Instead of differentiating raw measurement data, the method first learns a
PINNs smooth, fully differentiable neural-network surrogate of the displacement field, enabling stable

and accurate evaluation of higher-order spatial derivatives via automatic differentiation. This
eliminates noise-induced instabilities of conventional numerical differentiation methods and
enables robust structural intensity prediction from experimental data. The methodology is
assessed using two case studies: an analytical benchmark problem of a simply supported plate,
and experimental laser Doppler vibrometry measurements of a plate structure for practical
validation. The results demonstrate that the physics-informed deep operator network accurately
predicts the displacement and structural intensity fields over a broad frequency range, capturing
both magnitude distributions and directional patterns with high fidelity. Across all studies, the
proposed data-driven approach consistently outperforms numerical differentiation techniques,
demonstrating enhanced robustness and accuracy while confirming its applicability to problems
in experimental structural dynamics and noise control engineering.

1. Introduction

The identification of dominant structural energy transfer paths and the assessment of vibrational energy flow within a structure
are essential diagnostic tools in noise and vibration control. By localizing these dominant transfer paths, targeted countermeasures
can be implemented to attenuate the propagated energy before it reaches regions of efficient airborne sound radiation. As Pavié¢ [1]
has emphasized, vibroacoustic isolation of the vibrating source alone is often not sufficient for an effective reduction of sound
radiation. Instead, it is generally more effective to attenuate the mechanical energy transported by structural waves along the
propagation paths, thereby preventing the energy from reaching regions that are efficient radiators of airborne sound. This
issue is particularly critical for flexural waves in thin-walled, plate-like structures commonly found in engineering applications.
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These structures are typically lightly damped and easily excited, making them efficient radiators of structure-borne sound [1].
Consequently, mitigating energy transmission within the structure plays a key role in reducing sound radiation of structure-borne
sound as the source of secondary airborne sound.

While established techniques such as transfer path analysis [2] are widely used for characterizing structural vibrations, they
primarily characterize the dynamic response of a system and the ratio of vibration levels between source and receiver points.
However, these methods do not provide spatially resolved information about the actual transmission paths of vibrational energy. To
address this limitation, the concept of structural intensity (STI) has been introduced [3]. Defined as the rate of mechanical energy
flow per unit area, STI allows for a spatially resolved and direction-dependent assessment of vibrational energy propagation. This
enables the identification of energy transmission paths, source and sink regions, and local dissipation phenomena. The analysis of
STI offers a deeper understanding of the dynamic behavior of structures, particularly when conventional vibration metrics fall short
in describing complex energy pathways.

1.1. Measurement techniques for structural intensity

The concept of STT has first been introduced by Noiseux [3] in 1970, who has proposed a method for measuring vibrational power
flow in uniform beams and plates using biaxial accelerometers. This seminal approach has enabled simultaneous measurement of
translational and rotational velocity components, facilitating the estimation of energy flux associated with elastic wave propagation.
Building upon this framework, Pavi¢ [1] has introduced the use of finite difference approximations to compute spatial derivatives
from measured velocity fields. This development has enabled the estimation of power flow induced by flexural waves in beams
and plates, using sensor arrays configured in 4-point and 8-point layouts in combination with digital signal processing techniques.
Verheij [4] has advanced STI measurement methodology by introducing cross-spectral density methods, while Fahy and Pierri [5]
further refined these methods to address phase mismatch issues across measurement channels.

Early STI studies have primarily relied on the finite difference method to approximate spatial derivatives [1]. As an alternative,
Williams et al. [6] have proposed a wavenumber-domain approach based on spatial Fourier transforms. This class of methods,
later referred to as k-space methods by Morikawa et al. [7], have demonstrated enhanced robustness under noisy measurement
conditions [8,9].

Despite the significant insights provided by these early contributions, they share a fundamental limitation: They all rely
on contact-based measurement techniques. Typically, such approaches use accelerometers in conjunction with finite difference
schemes to approximate spatial gradients. A fundamental drawback of contact-based structural intensity measurement techniques
is the sensor-induced mass loading effect, where the added mass of the transducers alters the dynamic behavior of the structure
under investigation. This mass-induced modification can significantly distort the measured response, which becomes particularly
problematic in thin-walled and lightweight structures. Beyond mass loading, these methods are prone to various other sources
of uncertainties, including transducer misalignment, phase mismatch between transducer channels, limited spatial resolution, and
discretization errors from finite difference approximations, where dense sensor placement may not be feasible.

To overcome these limitations of contact-based methods, the field transitioned towards non-contact and optical measurement
techniques. Laser Doppler vibrometry (LDV) [10,11] has emerged as the most widely adopted technology, providing high spatial
resolution without introducing mass loading effects [12,13]. Weisbecker et al. [14] have used scanning LDV for non-contact
measurement of dynamic surface strain fields across planar structures subject to in-plane loading. Pascal et al. [15] have used
scanning LDV to assess STI and energy dissipation across joints in plate assemblies. Other optical measurement techniques include
holographic interferometry [16], near-field acoustic holography [17], electronic speckle pattern interferometry [18], and digital
stroboscopic holography [19], all of which provide full-field, high-resolution measurements of surface velocity fields. In more recent
developments, stereo camera systems have been employed to achieve dense, full-field 3D displacement measurements without the
need for pointwise scanning [20]. Egner et al. [21] applied a stereo camera system combined with polynomial filtering to compute
STI fields on curved plates. Recently, Meteyer et al. [22] apply optical deflectometry, a single-camera technique that estimates
surface slopes from reflected grid patterns, to capture time- and space-resolved STI fields.

1.2. Numerical estimation of structural intensity

In addition to experimental techniques, the increasing availability of computational resources has facilitated STI analysis through
numerical simulation. Among numerical approaches, the finite element method (FEM) has played a central role in advancing modern
STI analysis. In FEM-based STI formulations, the required spatial derivatives are obtained directly from the interpolation functions of
the finite elements, providing a mathematically rigorous and geometrically flexible approach of evaluating STI in complex structures.
One of the earliest finite element implementations of STI has been introduced by Hambric [23], who demonstrated its applicability on
beam-stiffened cantilever plates and truss structures. Gavri¢ and Pavié [24] have later applied the normal mode approach within the
FEM framework to evaluate STI in simply supported plates, which was later extended to experimental data by Gavri¢ et al. [25]. Since
then, FEM-based STI formulations have been extended to include a broad range of structural elements, including solid elements [26],
beam elements [27], flat plate structures [28,29], and curved shell elements [20,30]. These developments have firmly established
the FEM as a robust and widely adopted tool for STI analysis in both research and engineering application.



J.D. Schmid et al. Mechanical Systems and Signal Processing 248 (2026) 114013

1.3. Applications of structural intensity

Since then, STI has emerged as a powerful diagnostic tool across a wide range of engineering applications and it has been
widely applied across various fields and structural systems. In the field of composite structures, STI has been applied to numerical
modeling [31] and to investigate the influence of geometric discontinuities and material anisotropy. Xu et al. [32] analyze energy
propagation in composite plates with cut-outs, while Petrone et al. [33] conduct parametric studies on orthotropic plates, examining
the effects of boundary conditions, damping, and fiber orientation. In the context of passive vibration control, Khun et al. [28]
employ STI to evaluate the effectiveness of local damping treatments, such as discrete or distributed dampers, and to guide the
placement of dissipative elements for optimal energy attenuation. Xu et al. [34] employ STI to analyze the energy flow in stiffened
plates of marine structures, while Schaal et al. [35] establish a relation between the STI fields and sound radiation of plate-
rib models. In the field of structural health monitoring, STI maps have been used to detect and localize structural damages by
identifying anomalies in energy flow [36]. Although early STI applications focused primarily on flat plates and beam-like structures,
recent developments have extended its use to curved shell structures through curvilinear coordinate formulations [20,21,37], which
requires full-field 3D measurements due to the significance of in-plane vibrational components. Recent advances expand the use of
STI to periodic and locally resonant elastic metamaterials [38] to investigate bandgap formation and energy attenuation mechanisms.
Most recently, STI has been employed to analyze energy concentration and damping mechanisms in acoustic black hole structures,
offering new insights into passive vibration control [39,40].

1.4. Machine learning methods in structural dynamics

Over the past decades, machine learning has emerged as a powerful paradigm in scientific computing, offering new capabilities
for modeling and solving complex physical systems [41]. Unlike traditional numerical methods such as the FEM [42], which
require mesh generation and often become computationally expensive for parameterized and high-dimensional problems, machine
learning methods are inherently mesh-free, enable evaluations at arbitrary spatial resolutions, and offer superior scalability in high-
dimensional problems [43]. A key advancement in this field is the development of physics-informed machine learning, where
prior knowledge about the governing physical laws, is embedded into the training process. Physics-informed neural networks
(PINNs), introduced by Raissi et al. [44], incorporate the residuals of partial differential equations (PDEs) and associated boundary
conditions into the loss function of a neural network. This approach ensures that the learned solutions are consistent with underlying
physical principles, thereby enhancing robustness and generalization capabilities even in the presence of noisy or incomplete
training data [45]. PINNs have been successfully applied across a broad range of applications, including fluid dynamics [46],
acoustics [47,48], and elastodynamics [49,50]. In the field of structural dynamics, applications of PINNs include analysis of
plates [51,52], shell structures [53], dynamic stress field estimation [54], modeling of moving load conditions [55], as well as
inverse problems like damage detection [56,57].

Despite their advantages, both FEM and PINNs are inherently limited to solving PDEs for a fixed set of input parameters. A
fundamental limitation of both FEM and PINNs lies in their restriction to single-instance solutions, meaning that they typically
solve the PDE for one fixed set of PDE input parameters. As a result, any change in input parameters, such as frequency, boundary
conditions, or load cases, requires retraining or recomputation. This makes them inefficient for parameterized problems, such as
frequency-dependent simulations in structural dynamics, where solutions must be computed across a broad range of input conditions.

To address this limitation, the concept of operator learning has recently emerged [58]. Rather than solving PDEs pointwise for
individual input parameter sets, neural operators aim to approximate the entire solution operator that maps input functions (such as
coefficients, frequencies, or excitations) to output functions (the solution field of interest) [59,60]. Once trained, the neural operator
enables efficient and accurate predictions of the solution field for any new instance of the input function (e.g. new frequency step)
with negligible computational cost, making them highly suitable for parameterized simulations and real-time applications.

A seminal contribution in this field is the deep operator network (DeepONet) introduced by Lu et al. [61], which provides a
framework for approximating nonlinear continuous operators with minimal generalization error. Building upon this work, several
neural operator architectures have been proposed, including Fourier neural operators [62] and graph neural operators [63]. In the
context of structural mechanics, neural operators have demonstrated strong performance in diverse applications. These include
the prediction of stress fields in elastoplastic structures [64,65], the learning of stress—strain relationships in composites [66],
and the solution of inverse problems for parameter identification [67]. Moreover, they have been employed for the design and
characterization of mechanical [68] and acoustical metamaterials [69], as fast surrogates in shape optimization workflows [70],
for crack prediction in brittle fracture mechanics [71], and for the simulation of sound propagation in virtual environments with
parameterized source positions [72]. These developments underscore the potential of neural operators to bridge the gap between
data-driven learning and physics-based modeling, enabling fast, accurate, and generalizable solutions for complex, parameterized
systems.

1.5. Main contributions

Despite substantial advances in STI research, accurately estimating STI fields from experimental data remains a critical challenge.
A key limitation lies in the need to compute high-order spatial derivatives from the measured displacement field, specifically third-
order derivatives, which are required to derive the STI field from displacement data. In practice, measurement data are inherently
corrupted by noise, or discretization artifacts. Numerical differentiation of these measurement signals is highly sensitive to noise
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and prone to amplification of errors, which can significantly degrade the accuracy of the resulting STI prediction. Although various
smoothing [73] and filtering [74] techniques have been proposed to mitigate these issues, the fundamental limitations of numerical
differentiation in the presence of noisy data remain unresolved.

This work proposes a novel, machine learning-based framework for the estimation of structural intensity, leveraging the recent
advances in physics-informed neural networks and operator learning. Specifically, a methodology based on physics-informed
DeepONets is presented for predicting the STI fields directly from noisy displacement measurements. In contrast to traditional
methods relying on numerical differentiation, the proposed approach learns a smooth, fully differentiable surrogate model from
displacement measurements, enabling direct and stable evaluation of high-order spatial derivatives via automatic differentiation.
This bypasses the instabilities typically associated with noise-amplifying numerical gradient computations and ensures an accurate
estimation of the STI, even in the presence of noisy measurement data. Furthermore, the methodology integrates physical knowledge
by incorporating the residual of the Kirchhoff-Love plate equation into the training loss, thereby ensuring physical consistency of
the learned solution and enhancing generalization across spatial and parametric variations. This methodology advances the state
of the art in STI analysis and highlights the potential of operator learning in experimental structural dynamics and noise control
engineering.

The structure of this article is as follows: Section 2 provides the theoretical background on structural intensity in plate structures.
Section 3 introduces the concept of neural operators, with a particular focus on physics-informed DeepONets incorporating the
Kirchhoff-Love plate equation. In Section 4, an analytical plate example is presented to demonstrate the methodology and examine
the influences of parameter variations. Section 5 describes the LDV measurement setup and provides experimental validation of
the STI predictions derived from measurement data. Section 6 concludes the paper by summarizing the key findings and outlining
perspectives for future research.

2. Structural intensity in plates

Structural intensity is defined as the vibrational power flow per unit cross-sectional area transmitted by elastic waves within
a solid medium. In analogy to acoustic intensity in fluids, it provides a directional measure that describes the flow of mechanical
energy associated with vibrational energy propagation. It facilitates the identification of dominant transmission paths, energy sources
and sinks, and regions of localized dissipation. In a general elastic solid, the complex-valued structural intensity vector field in the
frequency domain, denoted by I(x, ) at position x, is defined as the product of the stress tensor o(x,w) and the complex conjugate
of the velocity vector v*(x, ), as

I(x, ) = —%o-(x, ) - VX, ), X € Q. (€D)]

In this formulation, all field quantities are represented as complex-valued amplitudes, @ denotes the angular frequency, Q2 is the
computational domain, and * indicates the complex conjugate. The negative sign in the definition arises from the sign convention for
stress directions, as discussed by Pavi¢ [75]. The complex-valued structural intensity vector can be decomposed into two physically
meaningful components. The active intensity, given by the real part R {I}, which quantifies the net energy flow through the structure.
And the reactive intensity, corresponding to the imaginary part S{I}, which represents oscillatory, non-propagating energy exchange
that does not contribute to net energy flow. While this general formulation is valid for arbitrary three-dimensional elastic solids,
many engineering applications are concerned with thin-walled structures, as flexural waves dominate their vibrational energy
transport [16] and these structures are key contributors to structure-borne sound radiation.

This work focuses on isotropic, thin-walled plates subjected to purely transverse, time-harmonic excitation in the frequency
domain. The analysis of STI in plate structures is commonly based on the Kirchhoff-Love plate theory, which simplifies the kinematic
relationships by assuming that normals to the mid-surface remain straight and normal after deformation and do not experience
transverse shear deformation [76]. Under these assumptions, the full three-dimensional displacement field can be expressed entirely
in terms of the out-of-plane transverse displacements w(x) and its spatial derivatives, where x = [x, y]. For the sake of brevity, in
the subsequent derivation, the notation w(x) = w is used. In particular, the in-plane displacements are governed by the bending
rotations, which can directly be obtained as the spatial gradients of w, as

ow ow

=22 g, =-2 2
?x ay ®y ox )
Under the assumptions of Kirchhoff-Love plate theory, the governing equation for the transverse motion of a linear, isotropic, and
homogeneous plate subjected to time-harmonic transverse loading in the frequency domain is given by the fourth-order partial

differential equation
*w +2 o*w + o*w
ox4 0x20y? oyt
where w denotes the complex-valued amplitude of the transverse displacement, and y (x) represents the externally applied transverse

3
load per unit area. The parameter D = % defines the flexural rigidity of the plate, where E is Young’s modulus, y is Poisson’s
ratio, A is the plate thickness, and p is the mass density of the material. In purely flexural wave fields, vibrational energy is primarily
transported by bending and twisting moments, as well as transverse shear forces.

> -’ phw = w(x), 3)
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Fig. 1. Schematic sketch of a Kirchhoff-Love plate element in the x-y plane, showing all internal section forces and moments, as well as the
deformations and rotations. It includes bending moments M,, M,, twisting moment M, , M,,, shear forces Q,, 0, bending rotations ¢,, [ and
the transverse displacement w.

Fig. 1 shows the section forces and moments, as well as the displacements and rotations of a plate with the mid-surface lying in
the xy-plane. The bending moments M,, M, and twisting moment M, , M, per unit width in an isotropic Kirchhoff-Love plate are
expressed in terms of the transverse displacement field w, as

¥y

0*w 0*w
M,=-pZE + 24,
x (ax2 ”ay2>
M,=-D ()2_w+”62_w> @
4 0y? ox2 )’

0w
M, =-D(l - y)——,
xy (1—p) xdy
where M, = M, due to symmetry. The associated transverse shear forces Q,, Q, per unit width are given by

2 2
0,=-p< <a w+a—w> - p2 (V2w),

ox \ ox2 0y? 0x
a (& a2yw 9 ®
w 2
=-D— + =-D— (V‘w),
9 dy <()x2 0y? ) dy ( )

where V? denotes the Laplace operator. For a flat plate, the STI vector reduces to a two-dimensional vector lying in the mid-surface of
the plate and is defined by the time-averaged vibrational power flow per unit width. Based on section forces and internal moments,
the active STI vector I =[I, T 3] in the frequency domain is given by

w

I = —EE}{QXW* + Mg~ Mxy(p;}, ©
[ s s s«

1,=-25{0,w" - M0} + M0} |.

In this formulation, the first term in each component accounts for power flow due to shear forces, while the remaining terms
represent contributions from bending and twisting moments. Although this formulation based on section forces and moments is
well-suited for STI calculation based on the FEM, it is very difficult to measure the internal forces and moments simultaneously
at the same position. For this reason, a purely displacement-based formulation is often preferred for measurement-based STI
analysis [77]. By substituting Egs. (2) and (4)-(5) into Eq. (6), the active STI components can be reformulated in terms of the
transverse displacement w only, as

) 0 (Pw  Pw 0w 2w [ ow* P w [ ow*
IL.=-2-DS3 —— | ——+— |w'+|—+p— )| — ) +A- s
x 2 d{ ox < ox2  0y? > v < w2 0y? ox d-u oxdy \ 9y

® 0 [w  Pw) ., 0w w ) [ ow* 2w [ow*
I,=—=2D3 —— | =+ |w+ | —=—+u— | [ = 1- )
7 2 \S{ dy (0x2 * 0y? > Wt < 0y? +'u6x2 oy +( ”)axay ox

Finally, the magnitude of the active STI vector is given by

1| =4/12 +12. 8

Fig. 2 provides a schematic overview of the process for deriving STI from the transverse displacement field w. It illustrates the
hierarchical relationship between the intermediate quantities, and systematically classifies them according to their respective order
of spatial derivative. From the figure, it becomes clear that the calculation of STI requires the evaluation of spatial derivatives of
the transverse displacement field up to third order.

It is worth emphasizing that when employing displacement-based formulations rather than velocity-based ones under the time-
harmonic assumption of ¢, the expression for time-averaged active STI involves the imaginary part of the product of force and
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Fig. 2. Illustration of the process for deriving STI (I,,1,) from the transverse displacement field w. The required quantities, namely
rotations (¢,, ¢,), moments (M,, M, M,,), and shear forces (0,,0,) are categorized according to their respective orders of derivatives.

displacement. This results from the fact that, in the frequency domain, temporal differentiation introduces a multiplicative factor
of iw, thereby shifting the real part of the force—velocity product into the imaginary part of the force-displacement product. It should
also be noted that the STI in this formulation is expressed as power per unit width, with units of Wm~!.

3. Physics-informed neural operators

It is well established that neural networks serve as universal function approximators, capable of approximating any continuous
function to arbitrary accuracy using a single hidden layer with a sufficient number of neurons [78]. Extending this concept to
functional mappings, Chen and Chen [79] have proven the universal approximation theorem for nonlinear operators. This theorem
states that a neural network with a single hidden layer is able to approximate any continuous nonlinear operator with arbitrary
accuracy, provided the network width is sufficiently large. This insight laid the theoretical foundation for the emerging field of
operator learning. Neural operators can be interpreted as a generalization of neural networks, designed to learn mappings between
infinite-dimensional function spaces.

Neural operators offer several methodological advantages. First, they provide amortized inference, meaning that once trained,
they can be evaluated for new input functions without retraining, thereby generalizing to previously unseen configurations.
Second, they are inherently mesh-free and can be evaluated at arbitrary spatial resolutions and grid configurations. Third, neural
operators, by construction, disentangle spatial structure from parametric dependence. This feature separation stabilizes training
by enabling the model to learn spatial patterns and parametric dependencies independently, which better captures nonlinear
cross-dependencies. Finally, neural operators are continuously differentiable with respect to their inputs and support automatic
differentiation, facilitating derivative-based post-processing such as sensitivity analysis or the computation of physical quantities
like the STI.

3.1. Fundamentals of neural operators

In this work, the nonlinear solution operator G associated with the frequency-parameterized Kirchhoff-Love plate equation, cf.
Eq. (3), which maps a frequency input function f to the corresponding transverse displacement field w(x), is considered as
G: fruwkx), xeQ )

Here, the solution operator ¢ maps between the infinite-dimensional function spaces of admissible input and output functions G :
F — W, where the output can be evaluated, as

w()X) =G(Hx), wew, feF. (10)

The objective of operator learning is to approximate the operator ¢ by a neural network-based surrogate model G, : ¥ — W,
parameterized by the trainable weights and biases of the neural network, such that

Go()X) = wy(NHX) = G(f)x), VSfEF, xe€L, (11)
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where wy(f)(x) denotes the neural operator prediction of the transverse displacement field. The trainable neural network parame-
ters 0 are obtained by minimizing a suitable loss functional £ that quantifies the discrepancy between the predicted and reference
solutions over the training data set, resulting in the minimization problem

0 = argmin £(Gy(£)X), 6NN, (12)

where ¢* is the optimized set of neural network parameters after the training has converged. Once trained, the neural operator G,
enables fast and mesh-independent predictions for any new frequency f € F to predict the corresponding displacement field i (x) =
Co(f)(x) in a single forward pass of the pre-trained neural operator without requiring retraining. This makes neural operators
particularly interesting for parameterized problems, where solutions are required across a broad range of input conditions without
the need for repeated retraining.

3.2. Deep operator networks (DeepONets)

The DeepONet architecture, introduced by Lu et al. [61], represents the first practical implementation of a neural operator.
Inspired by the universal approximation theorem for operators [79], DeepONets have emerged as an effective framework for learning
mappings between function spaces, due to its theoretical foundation and strong empirical performance in a wide range of physical
problems [80,81].

The core concept of DeepONets is to decompose the operator learning task into two sub-networks: one that encodes the
input function f and another one that evaluates the output at specific locations x. Specifically, the DeepONet architecture
consists of a branch network and a trunk network. The branch network processes the discretized input frequency function f@ =
L, f@ ., fNOIT € RN, and outputs a feature vector b, = [by,b,,...,b,]T € R?. The trunk network takes a spatial evaluation
point x € 2 C R” and returns another feature vector t, = [t.1,,...,1,]” € RP. The operator output at frequency f and location x is
obtained as the dot product of the two branch and trunk feature vectors, as

P
Co(N®) = Y by (£, 1P, ) 13)
k=1 ——
branch trunk

where 0 denotes all trainable weights and biases of the branch and trunk networks.

This formulation can be interpreted in analogy to the classical modal superposition, where the trunk network learns a set of spatial
basis functions (mode shapes) #,(x), while the branch network determines the frequency-dependent coefficients (modal participation
factors) b,(f) [82,83]. By explicitly decoupling spatial and parametric (frequency) dependencies, the DeepONet architecture
leverages the underlying modal structure and decomposes the learning task into two simpler subtasks. The trunk network learns a
reusable set of frequency-independent spatial patterns 7, (x), and the branch network learns how their coefficients b,(f) evolve with
frequency.

This disentanglement is particularly beneficial near resonance frequencies, where the amplitude of w(x) varies sharply with
frequency while the spatial patterns remain well represented by the same bases #,(x). A frequency-parameterized PINN instead
learns an entangled mapping (x, /) = wy(X, f) using a single neural network, which is typically less stable and less accurate than
the DeepONet structure.

The model is trained on a training dataset of labeled triplets, each consisting of an input frequency function f), a spatial

evaluation point x*

> and a corresponding reference displacement value w(f’ ("))(x‘(:"j )). The training dataset is formally expressed as

D, = {<f<">, x0), w(f@)(xf;'-f))) i=1.. Nysj=1, ...,Nn.}, (14)
where f@ € F denotes the ith frequency input function, xfi’j) € Q is the jth spatial training data point associated with /@, and
w(f “'))(xg’j )) € C represents the corresponding true transverse displacement solution evaluated at the associated training data
point j and frequency i. N; denotes the total number of frequency samples, and N, represent the total number of training points
per frequency. It should be noted that in the scope of this work, the frequency input function is a constant function.

For purely supervised learning, the model is optimized by minimizing the mean squared error (MSE) [61] between the predicted
neural operator outputs w, and the true displacement values w, across all training samples. The resulting data-driven MSE loss
function is given by

Ni Ny
_ 11 @) () — (D) (G |
Laaa(0) = - - ;J;‘wa(f ) (x6) = @(10) (xy)] s)
This formulation enables the DeepONet to generalize across variations in the frequency space f € F as well as arbitrary evaluation
points in the spatial domain x € £, facilitating flexible and efficient operator inference under a wide range of parametric input
conditions.
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3.3. Kirchhoff-Love-plate-theory-informed neural operators

Physics-informed DeepONets, introduced by Wang et al. [84], extend the DeepONet framework by incorporating the governing
physical laws directly into the training process. This is achieved by embedding the residuals of the underlying PDE into the loss
function, such that the model simultaneously learns from data and respects the physical constraints. By minimizing the loss function
during training, the model learns a solution that not only fits the data but also satisfies the underlying physical principles, thereby
improving generalization and physical consistency.

In the present work, the Kirchhoff-Love plate equation in the frequency-domain, as introduced in Section 2 and defined in Eq. (3),
serves as the governing PDE. Due to its fourth-order nature, direct enforcement of the PDE residual often results in numerical
instabilities during training, especially due to exploding gradients when computing high-order derivatives. To mitigate this, the
PDE is reformulated using an auxiliary variable, which decomposes the original fourth-order PDE into a system of two second-order
equations, as

q(x) = VZw(x),
V2 - 22 =0 0
D
where ¢(x) denotes the Laplacian of the transverse displacement w(x). This reformulation in two second-order equations avoids
direct computation of fourth-order derivatives, significantly improving numerical stability during training.

The physics-based loss Ly, evaluated for the DeepONet predictions wy, and gy, then consists of two loss components: the
auxiliary loss £,,,, which enforces the identity constraint g, = V?w,, and the PDE-loss Lppg, which enforces the fulfillment of the
reformulated Kirchhoff-Love equation in its second-order form in terms of g,. Both physics-informed loss terms are evaluated at
collocation points x., € 2¢ C £, and are composed of the MSE over all frequencies and collocation samples, as

Ny Nep o . 2
L0 = Z z ‘Vz f(:) (tl;/)) _ qg(f(’)) (xgl;/))’ , a7
CP i=1 j=
Nr cp () (_ N wzph o W 2
i i)\ _ i ij
Lppg(6) = N ng ,zf /Z X)) L wo (/) (x57) (18)
Lohys(0) = Layx(0) + Lppg(6). (19)

The total loss function of the physics-informed DeepONet is then constituted as a weighted sum of the data-driven loss term L£g,,

in Eq. (15) and the physics-informed loss term Lohys in Eq. (19), as

L(0) = Lara(0) + 4 Lijpys(0), (20)

where 1 is a weighting hyperparameter that balances the trade-off between data fidelity and physical consistency. It is important
to note that boundary conditions are enforced implicitly through the data-driven loss L4,,. This implicit treatment is particularly
beneficial for experimental cases, where the true boundary conditions are typically unknown or deviate from idealized assumptions.
Rather than prescribing boundary conditions a priori, the DeepONet learns boundary behavior that is most consistent with the
observed training data and the governing equations, thereby avoiding potentially incorrect idealized boundary constraints.

Furthermore, the Kirchhoff-Love plate equation in Eq. (18) is evaluated in its homogeneous form. This assumption is only valid
when discrete point forces are considered and the location of the singularity is excluded from the set of collocation points in Q.
Moreover, it should be emphasized that the sampling of the training data points x;, and the collocation points x,, may vary for
different frequencies f(, thereby enabling frequency-adaptive sampling strategies and enhancing generalization capabilities across
the spatial domain.

3.4. DeepONet architecture and implementation details

The DeepONet model employed in this study comprises two parallel feed-forward subnetworks: the branch network, which
processes the input frequencies f € R, and the trunk network, which takes the spatial coordinates x = [x,y] € R? as inputs.
A schematic overview of the physics-informed DeepONet architecture and the associated training workflow is depicted in Fig. 3.
The left part of Fig. 3 shows the DeepONet architecture, with both subnetworks consisting of three fully-connected hidden layers
with 80 neurons per layer. Residual skip connections are implemented between successive hidden layers to facilitate gradient flow.
Sinusoidal activation functions are used throughout these studies, following the SIREN formulation [85], and the network weights
are initialized accordingly using the SIREN-specific initialization scheme to ensure stable training [85]. The output dimension of the
branch and the trunk network is set to p = 100. The final DeepONet output G,(f)(x) is obtained by taking the inner product of the
branch network feature vector b, = [by, b, ...,b,]T € R? and the trunk network feature vector t, = [, 1, ... ,thT € R?, cf. Eq. (13),
followed by a linear projection layer. This output layer projects the combined inner product representation to four real-valued
quantities: the real and imaginary parts of the transverse displacement field w, and its Laplacian g, = V?w,, which serves as the
auxiliary constraint in the second-order physics-informed loss formulation, see Eq. (16). This results in a four-dimensional output
vector of the DeepONet illustrated in the center of Fig. 3, as

Co(N)®) —> [Rwp). S(wp). R(gy). S(p)]- (21)
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L

Fig. 3. Schematic illustration of a physics-informed DeepONet, consisting of the branch network and the trunk network (left). The DeepONet
outputs (center) serve as the basis for computing the loss functions, comprised of the data-driven loss Lg4,,, and the physics-informed loss £
(right). The total loss function £(6), defined as the sum of the individual loss components, is minimized during training.

phys

The right-hand side of Fig. 3 illustrates the construction of the loss functions. The total loss function £(6) consists of the data-
driven loss Lg4,,(0), which penalizes discrepancies between the predicted displacements wy(f)(x) and the reference training
data w(f)(x..), cf. Eq. (15), and the physics-informed loss Lphys(9), which enforces the Kirchhoff-Love plate equation in its second-
order reformulation, as detailed in Egs. (17)-(19). Both the real and imaginary components contribute additively to the MSE loss
terms.

To enhance training stability and to ensure a proper balance between the data-driven and physics-based loss terms, two
normalization steps are applied. First, for each frequency, the real and imaginary components of the displacement training data
are normalized to the interval [—1, 1] using frequency-wise min-max scaling computed from the respective training dataset. Second,
the physics-informed loss Ly is normalized across all collocation points and frequencies within each batch to its initial value
obtained after the first forward pass at the beginning of training. Together, these normalization steps ensure that both loss terms
are on a comparable numerical scale, thereby preventing one term from dominating the total loss function even in cases of very
small displacement amplitudes. This normalization scheme serves as a preparatory step for effective loss balancing, simplifying the
selection of the weighting coefficient A that controls the relative contribution of the two loss terms.

In the present study, a constant weighting factor of 4 = 0.1 yielded the most stable convergence behavior, and the highest
predictive accuracy. The optimal value of 4 was determined through a grid-search optimization procedure. In addition, several
adaptive balancing strategies have been implemented, including learning rate annealing [86], self-adaptive weighting [87],
GradNorm [88], and ReLoBRaLo [89]. However, in this study involving only two non-competing loss terms, a constant weighting
factor consistently provided better results than adaptive strategies. This may be attributed to the fact that adaptive balancing methods
impose additional constraints on the optimization process, which can overconstrain the problem and divert optimization focus away
from the primary objectives, resulting in less stable convergence.

Training is performed using the AdamW optimizer [90] with an initial learning rate of #,,;, = 1073, a cosine annealing learning
rate schedule with 5,,,, = 107#, and a weight decay of 10~>. To further improve training stability, gradients are clipped to a maximum
norm of 1.0. The model is trained for 30,000 epochs using batch-training with a batch size of 8192 for both the training data and the
collocation points. Training data are reshuffled every epoch, and the model performance is monitored on a validation dataset at each
epoch. All training routines are fully vectorized and optimized for usage on a graphics processing unit (GPU). The implementation is
based on PyTorch [91], and the network architecture and hyperparameters have been optimized using a grid-search hyperparameter
optimization.

During both the evaluation of the physical residuals in training and the assessment of DeepONet predictions during inference,
the precomputed per-frequency scaling factors from the frequency-wise normalization are applied to rescale network outputs to
physically consistent units. It should be noted that his study exclusively focuses on spatial generalization and does not target
generalization across the frequency dimension. Accordingly, DeepONet predictions are evaluated at previously unseen spatial
locations on the plate but only at the measured frequencies used for training. This restriction is methodologically motivated. Under
frequency-wise normalization, no training data, and thus no scaling factors, exist for intermediate or out-of-band frequencies,
making post hoc rescaling at interpolation or extrapolation frequencies infeasible. This choice is further supported by practical
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Fig. 4. Methodological overview for evaluating the DeepONet’s predictive accuracy against an analytical plate model. The analytical solution
(left) serves as the ground-truth reference, from which the STI is derived via analytical differentiation. Artificial measurement data (center),
obtained by adding noise to the analytical solution, are used as training data for the DeepONet training. Numerical STI estimates are computed
from the synthetic measurement data via numerical differentiation. In contrast, the DeepONet (right) learns a differentiable mapping, enabling
STI prediction through automatic differentiation. The predictive accuracy of both the numerical and DeepONet-based STI estimates is evaluated
against the analytical ground truth.

considerations. In STI applications, the relevant frequency range is typically specified a priori by the engineering task, e.g. structural
resonances or excitation frequencies, and practical interest generally centers on the STI fields at those measured frequencies.
Moreover, in LDV measurements, the dominant experimental effort is primarily imposed from dense spatial scanning rather than
from increasing frequency resolution, particularly in the absence of a scanning LDV, thereby underlining the emphasis on spatial,
rather than frequency, generalization.

4. Analytical plate example

As an initial demonstration of the proposed methodology, an analytical benchmark problem involving a simply supported
rectangular plate is investigated. This test case is selected due to the availability of a closed-form analytical solution to the Kirchhoff-
Love plate equation under the specific boundary conditions. The existence of an analytical reference allows for a rigorous and
quantitative assessment of the predictive accuracy of the DeepONet-based surrogate model. In particular, it provides a reliable
ground truth against which systematic error analyses and parameter studies can be conducted.

4.1. Methodological overview

Fig. 4 illustrates the methodological framework employed for error quantification and performance assessment using the
analytical plate benchmark problem. As explained in Section 4.3, the reference solution is first obtained analytically from
the Kirchhoff-Love plate model. From this analytical displacement field w,,, the corresponding STI is derived via analytical
differentiation, as depicted on the left side of the figure. This solution serves as the ground-truth reference for the subsequent
evaluations. To simulate realistic measurement conditions, additive Gaussian noise w,; is applied to the analytical displacement
data, resulting in artificial measurements w,,,, that emulate imperfections typically observed in experimental settings, as shown
in the center panel of Fig. 4. The artificial measurement data are used in two ways. First, the STI is estimated numerically by
applying finite-difference-based differentiation of the noisy displacement field. Second, the noisy data serve as training input for the
DeepONet model.

Prior to numerical differentiation, the noisy displacement data w,,.,, are smoothed using a Savitzky—Golay filter [74] to enhance
the accuracy of the derivative estimates. The Savitzky—Golay filter is a digital smoothing filter that fits a low-degree polynomial to a
symmetric moving window of the data using a least-squares approach [74]. From this polynomial fit, both the smoothed values and
their derivatives at the central point can be evaluated. In this work, a third-order polynomial and a window size of seven points are
used. This method has demonstrated robust performance when applied to LDV measurement data [14,92] and is widely regarded
as a state-of-the-art technique for estimating strain fields via numerical differentiation of noisy experimental data [93,94].
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The right part of the figure illustrates the physics-informed DeepONet model, as described in Section 3.3. Once trained, this
model provides a continuously differentiable mapping from input coordinates and frequency to the displacement solution, allowing
for the computation of the STI via automatic differentiation. The proposed framework thus enables a rigorous comparison of three
complementary approaches to STI estimation: analytical differentiation of the exact solution, numerical differentiation of noisy
synthetic measurements, and automatic differentiation of the DeepONet prediction.

The predictive performance of the DeepONet model is quantitatively assessed using two complementary error measures: the
relative L, error, which captures discrepancies in amplitude, and the cosine similarity, which evaluates directional agreement
between vector fields. Both metrics are computed with respect to the analytical ground truth solution. Given a predicted STI vector

field I,..q and the analytical reference STI vector I, the L, error is defined as

2
e = Bpreal], | 225 M) = [Tpreao)|
Lz = = N ) B (22)
L 5 Zi:clval Iref(xi)‘
where || - ||, denotes the L, norm, |I | and |I,4| refer to the complex-valued STI magnitudes, cf. Eq. (8), and N, is the total

number of spatial evaluation points. To quantify directional agreement between the vector fields, the cosine similarity is employed,
defined as

<Iref7 Ipred >

Cos Sim = s (23)
Iref 5 : ”Ipred 5
where (-, -) denotes the dot product of the flattened vector fields. A cosine similarity value of Cos Sim = 1 indicates perfect directional
alignment, while lower values reflect increasing angular deviation. A value of CosSim = —1 corresponds to complete directional
opposition.

4.2. Plate model description

The plate model considered in this study is a well-established benchmark problem in STI literature, originally introduced by
Gavrié¢ and Pavié¢ [24], and subsequently adopted in several studies for model verification and comparison [28,29]. The plate model
consists of a rectangular, simply supported Kirchhoff-Love plate subjected to a sinusoidal point force excitation and equipped with
a viscous point damper. To ensure direct comparability, the geometric dimensions, boundary conditions, material properties, and
loading configurations are identical to those in [24]. The plate dimensions in x- and y-direction are axb = 3 mx 1.7 m with a uniform
thickness of # = 1cm. The material is assumed to be linear elastic, with Young’s modulus E = 210 GPa, Poisson’s ratio x4 = 0.3, and
mass density p = 7800kg/m?. The plate is excited by a vertical, time-harmonic point force of amplitude F, = 1000 N, applied over
a frequency range of f = 10 - 80Hz in increments of 1 Hz. The excitation is located at [x; = 0.6m, yp = 0.4m], measured from
the lower-left corner of the plate. A viscous point damper with the damping coefficient of d = 100 Ns/m is attached to the plate at
[xp =2.2m, yp = 1.2m]. The plate geometry, along with the locations of the excitation force and damper, is depicted in Fig. 5.

4.3. Analytical solution of a simply supported plate

The analytical reference solution for a simply supported, undamped Kirchhoff-Love plate is derived via modal decomposition
of the dynamic response, following the approach by Gavri¢ and Pavié [24]. This formulation enables a closed-form solution of the
transverse displacement field w,,, (x) by summing the contributions of individual vibration modes as a truncated modal expansion.
The natural angular frequencies w,,, of the undamped system are given by

om = S ((22) +(22)). mmen. 24)

where D is the flexural rigidity, M = phab is the total plate mass, a, b and ¢ denote the plate dimensions, and n, m are the respective
mode numbers. The mode shapes @,,,(x, y) satisfying simply supported boundary conditions are expressed as

. (nxx\ . (mwy
@, (x,y) =2sin (T) sin (T) . (25)
The complex-valued transverse displacement field w,,,,(x) is obtained by truncated modal superposition, as

Wanaty (X) = Z Z (@)D, (X, ), (26)

nlm

where the modal participation factor I',,(w) that incorporates the effects of the external point force and the damper are given by

Fod)nm(xF yF) + R(w)djnm(xzs yz

I, (0) = P (27)
The complex-valued reaction force of the damper R(w) is derived from the coupled modal response and takes the form
M Pm( )Py (Xz,Y7)
) Zn 12 XF, yF_g;Z Xz,Y)
R(w) = —iwd F, P (28)
M nm \Xz>Yz
M +iwd Z” | e —w,,,,,—wyZ
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Table 1

First ten eigenfrequencies f,,, in Hz of a simply supported rectangular plate with the dimensions and material properties, as specified in Section 4.2.
Mode (n,m) 1,1 2,1 GBD (1,2) (2,2) (4,1 (3,2) 5,1 (4,2) 1,3)
Eigenfrequency f,,, in Hz 11.27 19.50 33.20 36.88 45.10 52.38 58.80 77.05 77.99 79.55

Training data, validation data, and collocation points

«  Training data «  Validation data »  Collocation Points #  Force location ®  Damper location 102
Training data (N, = 2048) — 19 Hz Validation data (10%) — 33 Hz

Collocation points (N, = 2048) — 78 Hz 6.00

1.0 1.5 2.0

1.5

o inm o inm o inm 0.00

Fig. 5. Visualization of the spatial distribution of training data, validation data, and collocation points used for the physics-informed DeepONet
based on the analytical plate example. The locations of the point excitation and damping are indicated, with circular regions in the training data
plot highlight the areas of refined sampling around the singularities. Analytical displacement fields are shown at selected frequencies close to
eigenfrequencies of the plate.

where d denotes the viscous damping coefficient and F is the amplitude of the harmonic excitation.

In this study, the modal series is truncated to N = M = 30 for computational feasibility, which has been verified to yield
accurate approximations of the transverse displacement field across the frequency range of interest [24]. To assess the accuracy of
the implemented modal formulation and verify consistency with published reference data, the first ten eigenfrequencies, defined
as fuu = ®,,/(@2r), are computed and listed in Table 1. The obtained values are in exact agreement with those reported in Gavrié
and Pavi¢ [24], thereby confirming the validity of the implemented analytical solution.

The analytical solution given in Eq. (26) serves as the ground-truth reference for evaluating the predictive performance of the
DeepONet surrogate model. The STI field is derived in a post-processing step from the analytical displacement field according to
Eq. (7). In this special case, where a closed-form analytical solution is available, the spatial derivatives required in Eq. (7) are
obtained through direct analytical differentiation of the modal series in Eq. (26), thereby ensuring maximal precision in the STI
reference computation.

4.4. Training data generation and collocation point sampling

The training and validation datasets used to train the DeepONet are generated based on the analytical solution of the Kirchhoff-
Love plate model described in Section 4.3. To generate the training data, for each frequency f in the range 10Hz < f < 80Hz
with a resolution of Af = 1 Hz, synthetic data are computed by evaluating the complex-valued displacement field w(x, f) at spatial
positions x € 2, where Q2 = [0,a] X [0, b] denotes the plate domain. This frequency range is chosen to fully capture the first ten
eigenfrequencies of the system, see Table 1, which represent the most dominant vibration modes of the plate.

To sample the spatial input locations for each frequency, Latin Hypercube Sampling (LHS) is employed using fixed random seeds
to ensure reproducibility. Specifically, N,, = 2048 training points are generated per frequency, of which 1792 points are sampled
uniformly over the entire spatial domain using standard LHS. To increase sampling density near singularities caused by the point
force and point damper, an additional 2 x 128 points are sampled within circular regions of radius 0.2 m centered at the respective
singularities using a refined LHS scheme. The resulting spatial distribution of the training data for training frequency close to an
eigenfrequency is shown in the left panel of Fig. 5.

The validation dataset is constructed by randomly selecting 10% of the available training points without replacement, ensuring
disjoint validation samples, as illustrated in the middle plot of Fig. 5. The displacement field w(x, f) is evaluated analytically at all
training and validation points.

To simulate realistic measurement conditions, zero-mean Gaussian noise is added to the training data. The noise level is adjusted
individually for each frequency based on a specified signal-to-noise ratio (SNR) in dB, and the noise is applied independently to the
real and imaginary parts of the displacement field. A detailed investigation of the effects of SNR and training set size is provided
in Sections 4.8 and 4.9.

To evaluate the physics-based residuum in Eq. (18), a separate set of N, =2048 collocation points Dy = {(fep-Xep)} IS generated
using LHS over the joint frequency-spatial domain Fx €., with F being the space of collocation frequencies. To prevent numerical
instabilities near the singularities induced by the point excitation and damping, samples within a fixed exclusion radius of 0.05m
of these locations are discarded.

After data generation, all spatial coordinates x and frequencies f are normalized to the range [—1, 1] using global linear min-max
scaling. Furthermore, frequency-wise normalization is applied to the real and imaginary parts of the complex-valued displacement
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DeepONet loss functions over training epochs
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Fig. 6. Evolution of the training loss functions during DeepONet training based on the analytical plate solution, plotted over the number of
training epochs. The individual loss components, namely physics loss L, data loss L,,, and validation loss L, are displayed separately to
illustrate their respective convergence behavior throughout the training process. Color legend: blue = physics loss £, orange = data loss L,

phys>
green = validation loss L.

data, using the minimum and maximum values computed from the training set at each frequency. The collocation points are
normalized using the same min-max scaling as applied to the training data. These scaling factors are stored and reused for consistent
rescaling of the prediction during model inference.

4.5. Training convergence and loss evolution

Following the training procedure of the physics-informed DeepONet using the dataset and architecture described in Sections 3.4
and 4.4, the convergence behavior of the individual loss terms is illustrated in Fig. 6. The plot displays the evolution of the individual
loss terms, namely the data-driven loss £g,,, the physics-informed loss L, and the validation loss L,,, plotted over the number
of training epochs on a logarithmic scale. All three loss functions exhibit consistent and monotonic convergence behavior over
several orders of magnitude, indicating stable and effective training convergence. The close agreement between the data-driven L,
and validation loss L, curves demonstrates strong generalization capabilities without overfitting throughout the training process.
Additionally, the physics-informed loss L, is further reduced during training, reaching values below a MSE of 1075, confirming
that the learned DeepONet solution satisfies the governing Kirchhoff-Love plate equation with high precision. Notably, the loss
functions become increasingly smooth over the course of training, indicating proper loss balancing and effective physics-informed
regularization.

4.6. DeepONet displacement prediction

After training the physics-informed DeepONet as outlined in Section 4.5, the model is capable of predicting the real and imaginary
parts of the transverse displacement field w(f)(x) governed by the Kirchhoff-Love plate equation for arbitrary spatial locations x € 2
and frequencies f € F within the training range, as described in Section 3.3. For the subsequent studies, the DeepONet predictions
and reference methods are evaluated on a uniform 80 x 80 spatial grid during the inference stage. The predicted values are rescaled
to the physical quantities using the precomputed scaling factors, as described in Section 4.4. This evaluation is performed exclusively
at unseen test points that were not included in the training data, ensuring an unbiased assessment of predictive performance on
pure generalization data.

Fig. 7 presents the results of the displacement field at a frequency of 50 Hz, which is selected for comparability in accordance
with the benchmark studies presented in [24]. The analytical reference solution is shown in the left column, while the DeepONet
prediction is displayed in the middle column. The top and bottom rows depict the real and imaginary parts of the displacement field,
respectively. The right column depicts the pointwise absolute error between prediction and reference, along with the corresponding
mean absolute error (MAE) as a quantitative error measure.

The DeepONet yields highly accurate predictions, achieving MAE values in the order of 10° for the real part and 10~° for the
imaginary part. These results confirm that both the amplitude and the spatial distribution of the displacement field are captured
with high precision, achieving excellent agreement with the analytical reference. The error plots indicate that the largest absolute
errors occur in the vicinity of the singularities associated with the excitation force and the damper, where the displacement gradients
are highest. In particular, the largest errors in the real part are located near the force, which contributes a real-valued term to the
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Displacement field w(x): Analytical solution vs. DeepONet prediction at 50 Hz
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Fig. 7. Comparison between the transversal displacement field w(x) of the analytical reference solution and the DeepONet prediction at a
frequency of 50Hz. The real part R(w) and imaginary part J(w) of the displacement field are shown separately, along with a field plot of the
absolute error between the DeepONet prediction and the analytical reference. The mean absolute error (MAE) is also provided as a quantitative
measure of prediction accuracy.

displacement solution, cf. Eq. (27). In contrast, the imaginary part exhibits the largest errors near the damper location, consistent
with the purely imaginary reaction force introduced by the damper, see Eq. (28).

Across the entire frequency range used during training, the physics-informed DeepONet consistently demonstrates high predictive
accuracy. As illustrated in Fig. 9(a), the relative L, error remains below 10~2 for all evaluated frequencies, with a mean value
of 4.40 x 1073, These results underline the effectiveness and generalization capabilities of the proposed DeepONet architecture for
predicting the frequency-dependent displacement response of the analytical Kirchhoff-Love plate model.

4.7. DeepONet structural intensity prediction

The physics-informed DeepONet has demonstrated excellent accuracy in predicting the complex-valued transverse displacement
field w, in Section 4.6. Building upon this, the STI field is derived from the predicted displacement field w, and g,. As illustrated
in the right part of Fig. 4, the STI is derived via automatic differentiation from the DeepONet outputs. In this process, the definition
of the auxiliary variable g, = V2w, cf. Eq. (16), is substituted into the displacement-based formulation of the STI in Eq. (7). This
substitution reduces the required third-order derivatives for computing the shear forces, cf. Eq. (5), to a first-order derivative of g,
thereby improving numerical stability and computational efficiency.

Fig. 8 provides a detailed comparison between the STI fields predicted by the DeepONet and the two reference approaches with
a noise SNR level of 40dB, as summarized in Fig. 4. The normalized STI magnitude |I| is visualized as a color map, while the
directional characteristics of the STI vector field I = [I, I ,1 are represented by arrow plots. The left column shows the analytical
reference solution, the middle column depicts the DeepONet prediction, and the right column displays a finite-difference-based STI
estimate using Savitzky-Golay filtering and numerical differentiation. The numerical differentiation procedure requires displacement
data sampled on a regular spatial grid. As outlined in Section 4.6, all STI evaluations are performed on a uniform grid comprising
80 x 80 spatial points. It should be noted that the numerically differentiated results are thus based on a denser dataset (6400
points in total) than the DeepONet training data, which includes N, = 2048 samples, cf. Section 4.4. Using a grid with lower spatial
resolution for numerical differentiation results in substantially larger errors. To ensure comparability across all methods, a consistent
regular 80 x 80 grid is employed for all evaluation methods.

Each row in Fig. 8 corresponds to a selected frequency, chosen to highlight characteristic features of the vibrational energy
flow. To quantitatively assess the predictive performance, each subplot includes the mean relative L, error and the averaged cosine
similarity between the predicted and the analytical STI fields. Fig. 8 presents the predicted STI fields across five different excitation
frequencies, arranged in rows. The first three rows correspond to frequencies near the first three eigenfrequencies of the plate,
as listed in Table 1. The fourth row shows the STI field at the benchmark frequency of 50 Hz, allowing direct comparison with the
benchmark study in Ref. [24]. The bottom row depicts the STI field at 77 Hz, which coincides with the eigenfrequency of mode (5, 1).

Overall, the DeepONet predictions show good agreement with the analytical ground truth across all frequencies. Both the
magnitude distribution and the vector directionality of the normalized STI fields are well captured by the DeepONet model. The
lowest directional agreement is observed at 11 Hz, with a cosine similarity of 0.79, while the highest agreement is achieved at 77 Hz,
reaching a cosine similarity of 0.99. The corresponding relative L, errors range from 4.45 x 107! to 7.18 x 1072, Notably, the STI
estimation derived via numerical differentiation of the Savitzky-Golay filtered displacement data, shown on the right of Fig. 8, show
significantly lower accuracy than the DeepONet predictions.

14



J.D. Schmid et al.

Analytical solution

VAVRVRNBNRV A\
VERRVRARURLRY

o

-
ok
e
-
~

Z
Z

yinm

\\\\\\\ i -

1

Analytica

N

RN 200 0 o U
=
]

-
o
7
7!
!

YY

)

:

. R |

1.5

X in m

Analytical solution

Y. T

X in m

X in m

T

Ground truth)

VALV

B 0 RS

TR o

sz
A

VAN
o

solution (Ground

+ VU NN

W04
UL WA

1

J

pV

RSN

truth

(Ground truth

Mechanical Systems and Signal Processing 248 (2026) 114013

Structural intensity magnitude [I] at 11 Hz

DeepONet (Lo=4.45

i =

g8 (ERANY

SR

RREPET P

1.5
X in m

Structural intensity magnitude |I| at 19 Hz

\\\\\
NS
BVIVIGRRL,

A

— SR

X inm
Structural intensity magnitude |I| at 33 Hz

DeepONet (Lo=1.94¢-01, Cos Sim=0.97

T RN
"
%
s, .

.//"\\\ £

<-,//,,,,,.H
1 7 A
L ) (A
RS

=

'z

s

LI N PN
v

DRSS

1.0

1.5
X in m

2.0 3.0

1.0

1.5
X in m

Structural intensity magnitude |I| at 50 Hz

DeepONet (L,=2.78¢-01, Cos Sim=0.95

S .16e-01, Cos Sim=0.71

IS
7 e

. -

= N

\\\"‘-.,
o\

‘“ 4

(R IS F TS

| 4N

S e Sl e

<./——/\\\

PAANSTS S
+ Ui e
BN Y
\ [~ SRR
N -

ARG C T

Wig < b

1.5
X in m

10

Structural intensity magnitude |I| at 77 Hz

Savitzky-Golay

X in m X in m

Fig. 8. Comparison of STI fields obtained from the analytical reference solution (left column), the DeepONet prediction (middle column), and
numerical differentiation using Savitzky—Golay filter (right column). Each subplot displays the normalized STI magnitude |I| along with the STI
vector fields [/, ], indicating the STI direction. Results are presented for selected frequencies (in each row), as indicated in the titles of each
subplot and a SNR of 40dB. Quantitative evaluation of prediction accuracy is provided in terms of relative L, error and cosine similarity. The
position of the point force excitation and the dampers are marked with a red cross and a red dot, respectively.

While the basic features of the STI patterns are partially recovered at 50 Hz and 77 Hz, the results are visibly affected by
pronounced artifacts, such as vertical stripe patterns and strong localized distortions introduced by numerical differentiation
instabilities. At frequencies close to the first three eigenfrequencies, numerical differentiation fails entirely, producing STI fields that
diverge significantly from the analytical reference. This observation is consistent with known limitations reported in STI literature
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Fig. 9. Frequency-dependent error analysis of the STI predictions using two error metrics: The relative L, error (left) for the magnitude error
and cosine similarity (right) for the directional error. Color legend: blue = DeepONet prediction, orange = Savitzky-Golay filtered numerical
differentiation, green = numerical differentiation without prior filtering, red = relative L, error of the DeepONet displacement field w, gray
= analytical eigenfrequencies of the plate with corresponding mode numbers. All errors are evaluated with respect to the analytical reference
solution.

and is attributed to resonance-induced amplification effects. Near resonances, the displacement amplitudes become large, resulting
in steep spatial gradients, which amplify discretization errors and instability in the differentiation process. Interestingly, the spatial
patterns of the artifacts in the numerically differentiated STI fields roughly reflect the corresponding mode shapes. For instance, the
pattern at 11 Hz resembles mode (1, 1), at 19 Hz mode (2, 1), and at 33 Hz mode (3, 1), see Table 1 for reference.

In summary, the proposed DeepONet approach clearly outperforms the state-of-the-art numerical differentiation method with
Savitzky-Golay filtering, both in representing the magnitude distribution and the vector directionality of the predicted STI fields.
Whereas numerical differentiation breaks down in the vicinity of eigenfrequencies due to resonance-driven numerical instabilities,
the DeepONet model continues to provide reliable and accurate predictions. It is important to emphasize that the cosine similarity
metric provides a more appropriate error measure for evaluating STI fields than the magnitude-based relative L, norm, as the
relative L, error can be strongly affected by localized amplitude mismatches near singularities. This can lead to relatively high L,
errors, even though the overall directional STI patterns are accurately captured.

Fig. 9 shows the spatially averaged error metrics of the different STI prediction methods as a function of frequency across
the examined frequency range. Specifically, Fig. 9(a) displays the relative L, error, while Fig. 9(b) depicts the cosine similarity.
The results compare the performance of the physics-informed DeepONet, numerical differentiation with Savitzky—-Golay filtering,
and unfiltered numerical differentiation, each evaluated against the analytical reference solution. Moreover, Fig. 9(a) includes the
relative L, error of the DeepONet-predicted displacement field wy(f), providing further insight into the model’s predictive accuracy
over the frequency range. For reference, the eigenfrequencies of the plate and their associated mode numbers, see Table 1, are
indicated along the top of the plots. Frequency-averaged error values are reported quantitatively to facilitate direct comparison
across methods.

A detailed examination of the results in Fig. 9 demonstrates that the DeepONet consistently outperforms both numerical
differentiation approaches across the entire frequency range, as measured by both the relative L, error and cosine similarity. The
improvement is particularly pronounced at low frequencies, where the DeepONet achieves substantially higher cosine similarity
values compared to the other two methods. Among the two numerical differentiation approaches, the application of Savitzky—Golay
filtering leads to a clear and consistent improvement in prediction accuracy over unfiltered differentiation across all frequencies. In
terms of amplitude errors, the relative L, error of the DeepONet-predicted displacement field wy(f) is approximately two orders of
magnitude lower than that of the derived STI field, reflecting the error amplification introduced by the differentiation process.

Across both error metrics, sharp drops in accuracy are observed at the frequencies close to the plate’s eigenfrequencies, which are
more pronounced for the numerically differentiated STI predictions than for the DeepONet. As previously discussed, this effect results
from resonance-induced amplification of displacement amplitudes and their spatial gradients, which leads to numerical instability
and increases discretization errors. Fig. 9(b) further supports the reasoning for selecting the representative frequencies shown in Fig.
8. The frequency of 11 Hz marks the worst-case scenario with the lowest cosine similarity values for the DeepONet prediction of a
value below 0.8, while 77 Hz corresponds to the most accurate predictions for both DeepONet and the Savitzky—Golay method. Across
the other eigenfrequencies, the DeepONet consistently achieves significantly higher predictive accuracy, clearly demonstrating the
robustness and effectiveness of the proposed data-driven, physics-informed framework over conventional numerical differentiation
techniques.

4.8. Parameter study on the number of training data
To assess the applicability of the proposed DeepONet framework, it is essential to investigate the impact of training dataset
size on prediction accuracy. For this purpose, a parameter study is conducted using the analytical plate model, where only the

number of training data samples N, per frequency is varied, while all other settings remain unchanged. The DeepONet architecture
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Fig. 10. Results of the parameter study investigating the influence of the training data quantity on DeepONet performance. The left plot shows
the mean relative L, error for the predicted STI field and the DeepONet displacement field approximation, while the right plot presents the mean
cosine similarity of the STI predictions. Shaded regions indicate one standard deviation around the mean. Color legend: blue = DeepONet STI
prediction, red = DeepONet displacement field approximation, orange = Savitzky—Golay filtered numerical differentiation, green = numerical
differentiation without filtering. The numerical differentiation results, evaluated on the full grid, are independent of the number of training
samples and shown for reference.

and training configuration follow the specifications detailed in Sections 3.4 and 4.4, and the SNR is fixed at 40dB. The number
of training samples is increased systematically from 8 to 8192 in powers of two, a step size chosen to optimize training efficiency
on GPU hardware. The analytical displacement solution and STI fields are used as reference solutions, and errors are computed as
mean values averaged over space and frequency. The results of this study are summarized in Fig. 10.

The relative L, error and cosine similarity are plotted as functions of training set size in Figs. 10(a) and 10(b), respectively. As
in Fig. 11, the DeepONet predictions are compared to numerically differentiated STI estimates with and without Savitzky—Golay
filtering. However, in this study the numerical results serve solely as reference baselines, as they are computed on the full spatial
grid and are therefore independent of the DeepONet training data size.

The results clearly indicate that increasing the number of training samples generally improves the accuracy of the STI prediction.
As shown in Fig. 10(b), for very small datasets (N,, < 32 samples), DeepONet underperforms relative to the numerical baselines,
which are however computed on the full spatial 80 x 80 grid with 6400 data points, as detailed in Section 4.6. A notable
improvement occurs from 128 samples onward, where DeepONet begins to outperform both numerical methods in terms of cosine
similarity. A similar trend is evident in the relative L, error of the displacement field, cf. Fig. 10(a), where a clear improvement in
prediction quality occurs starting at 256 training samples. When looking at the uncertainty range in Section 4.6, the standard
deviation of the cosine similarity decreases with increasing training data size, confirming the stability and convergence of the
proposed methodology.

These findings suggest that at least 1024 training data samples are required to achieve high-fidelity predictions, characterized by
a relative L, error below 1x 10~2 and a cosine similarity above 0.9. The results also reveal that increasing the dataset beyond 2048
samples yields only marginal accuracy improvements. Thus, the 2048 sample configuration used in Section 4.4 offers an effective
trade-off between accuracy and computational costs. This study also highlights the inherent trade-off between training time and
prediction accuracy. For reference, training the DeepONet for 30,000 epochs with a constant batch size on a NVIDIA GeForce RTX
5080 GPU requires 6 h 5 min with 2048 samples, while training with 1024 and 512 samples takes only 4 h 49 min and 2 h
19 min, respectively. These results emphasize the need to balance accuracy requirements with available computational resources
when selecting the right problem-specific training dataset size.

4.9. Parameter study on the SNR within the training data

To further evaluate the robustness of the proposed methodology under realistic experimental conditions, it is essential to assess
its sensitivity to noise in the training data. For this purpose, a parameter study is conducted using the analytical plate model, in
which the SNR of the additive Gaussian noise is systematically varied from 5 to 60dB. The analytical solution of the displacement
field and the analytically derived STI field serve as the ground-truth reference throughout the study.

Fig. 11 summarizes the results of this study. Specifically, Fig. 11(a) shows the spatially and frequency-averaged relative L, error
of both the predicted displacement field and the resulting STI, while Fig. 11(b) displays the corresponding averaged cosine similarity,
both as functions of the SNR. For each method, mean values and associated uncertainty regions are plotted, represented as shaded
regions with one standard deviation around the mean value. The DeepONet predictions are compared against those obtained via
numerical differentiation with and without Savitzky-Golay filtering applied to the noisy displacement data.

The results clearly demonstrate that prediction accuracy generally improves with increasing SNR (decreasing noise levels) across
all methods. Both the displacement and STI predictions exhibit asymptotic convergence behavior as SNR increases. Notably, the
DeepONet consistently outperforms both numerical differentiation approaches in high-noise regimes (low SNR), as reflected by
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Fig. 11. Results of the SNR parameter study on the noise level of the additive Gaussian noise. The left plot shows the mean relative L, error
of the STI predictions, while the right plot displays the mean cosine similarity, both as functions of the SNR level of the added noise. Shaded
regions indicate the uncertainty range of one standard deviation around the mean. Color legend: blue = DeepONet prediction, orange = Savitzky—
Golay filtered numerical differentiation, green = numerical differentiation without filtering, red = relative L, error of the DeepONet-predicted
displacement field w.

significantly higher cosine similarity values in Fig. 11(b). This finding supports the initial hypothesis that data-driven neural network
models are inherently more robust to noise than conventional numerical techniques, cf. [45].

Moreover, the standard deviation of the DeepONet predictions decreases with increasing SNR, further highlighting the stability of
the approach. In contrast, the uncertainty in the numerically differentiated results increases with SNR, indicating higher sensitivity
to noise-induced gradient fluctuations. While Savitzky-Golay filtering offers a clear improvement over unfiltered differentiation,
DeepONet consistently achieves higher directional accuracy across all noise levels. Even at an SNR of 60 dB, where the signal is very
clean, DeepONet predicts the STI with a cosine similarity above 0.95.

In terms of amplitude-based error, Fig. 11(a) shows that the relative L, error of the Savitzky—Golay-based STI estimation falls
slightly below the DeepONet at 60 dB SNR. However, as discussed in Section 4.7, the cosine similarity is a more appropriate metric for
assessing STI field accuracy, as it captures directional agreement and is less affected by local amplitude mismatches near singularities.
Accordingly, the directional accuracy of the DeepONet remains the more relevant indicator of predictive performance.

Overall, the study indicates that the proposed DeepONet-based approach delivers reliable STI predictions at SNR levels of 30dB
and above. At this noise level, the mean relative L, error of the predicted displacement field falls below 1 x 1072, and the
cosine similarity of the STI prediction exceeds 0.9. These values fall within typical experimental noise conditions, supporting the
applicability of the DeepONet framework to real-world measurement data.

4.10. Comparison between purely data-driven and physics-informed DeepONets

To assess the effect of incorporating physics-based loss terms on predictive accuracy, a comparative study is conducted between a
physics-informed DeepONet and a purely data-driven DeepONet. This analysis aims to quantify the benefits of incorporating physical
constraints, with particular emphasis on the high-noise regime and the dependence of model performance on the SNR of the training
data. To ensure a fair comparison, the network architecture, all hyperparameters, cf. Section 3.4, as well as the training data and
collocation points, cf. Section 4.4, are kept identical to those used for the physics-informed model. The only modification is that,
during the training of the purely data-driven DeepONet, only the data-driven loss term Lg,, in Eq. (20) is retained, while the
physics-informed component L,y is omitted.

Fig. 12(a) shows the spatially and frequency-averaged relative L, error as a function of the SNR, while Fig. 12(b) presents the
corresponding mean cosine similarity. In both figures, results obtained with the physics-informed DeepONet are shown in blue,
whereas the purely data-driven model is depicted in orange.

The results clearly demonstrate that the physics-informed DeepONet achieves improved STI predictions, particularly in the high-
noise (low-SNR) regime. At low SNR values, the physics-informed model consistently outperforms the purely data-driven network
across both error metrics. This improvement can be attributed to the regularizing effect of the physics-based loss, which stabilizes
the training process under noisy conditions and enforces physically consistent predictions. For cleaner signals (SNR > 30dB), the
difference in average error between the two approaches becomes negligible. In the low-noise regime, the purely data-driven model
achieves comparable performance, indicating that when sufficient high-quality training data are available, the data alone provide
enough information for the DeepONet to accurately learn the underlying operator.

To further investigate scenarios with limited training data, an additional parameter study has been conducted to examine the
effect of the physics loss as a function of the training set size. The results of this study are shown in Fig. 13, where the relative L,
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error and cosine similarity are depicted as functions of the number of training samples N,,. For both error measures, the physics-
informed and purely data-driven approaches yield very similar frequency-averaged results. Overall, no significant improvement due
to the physics loss is observed in these averaged metrics. At N, = 256 training samples, a noticeable deviation occurs, where the
physics-informed DeepONet exhibits less reliable convergence and produces biased results. However, this behavior is interpreted as
an outlier rather than a systematic trend. In the low-data regime (up to N,, = 124 training samples), the physics-informed DeepONet
tends to show a slight performance advantage in terms of cosine similarity, however, this improvement remains marginal.

These findings are consistent with the previous observations and indicate that the incorporation of physics information provides
only a slight benefit with respect to frequency-averaged prediction accuracy. Similar conclusions have been reported in prior
studies on physics-informed neural networks, where the inclusion of physics-based loss terms led to only modest performance
gains [81,95,96].

To obtain deeper insight beyond frequency-averaged metrics, the prediction errors of the STI field are additionally analyzed
as functions of frequency. Fig. 14 presents the frequency-resolved cosine similarity for an exemplary case with N, = 512 training
samples. Although the physics-informed and purely data-driven DeepONet models exhibit comparable mean performance when
averaged over frequency, the frequency-resolved analysis reveals that the physics-informed model consistently yields improved
predictions at frequencies close to the system’s eigenfrequencies. This behavior can be attributed to the stabilizing and regularizing
effects of the physics-based loss term, which preserves physical consistency despite large amplitude variations at resonances.

Since practical structural dynamics applications are typically particularly concerned with the response near resonance frequen-
cies, this slight performance advantage is highly relevant for practical applications. While the benefits of incorporating physics
information become small or insignificant for large training sets and low-noise data, the physics-informed formulation provides a
measurable improvement near eigenfrequencies and under high-noise conditions. These results therefore justify the inclusion of the
physics-based loss in the present work, despite the associated increase in training complexity.
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Fig. 14. Frequency-resolved error analysis of the STI predictions using the cosine similarity error metric at N, = 512 training data samples. Color
legend: blue = physics-informed DeepONet, orange = data-driven DeepONet, gray = analytical eigenfrequencies of the plate with corresponding
mode numbers. All errors are evaluated with respect to the analytical reference solution.

5. Experimental validation

To validate the proposed DeepONet methodology using experimental data, LDV measurements have been performed on a
thin plate by Zettel et al. [97] at the Institute of Aeroelasticity, German Aerospace Center (DLR). A detailed description of the
experimental setup and a comprehensive analysis of the measurement results are provided in [97]. This work only summarizes the
aspects relevant for understanding the measurement data within the context of DeepONet training.

5.1. Laser Doppler vibrometry measurement setup

The test specimen consists of a thin aluminum plate with a thickness of 1 mm and in-plane dimensions of 450 x 300 mm. It is
embedded within a surrounding frame measuring 100 mm in width and 30 mm in thickness, resulting in an overall structure size of
650 x 400 mm. The plate and frame are milled from a single monolithic aluminum block to ensure homogeneous material properties
and minimize residual stresses. Due to its high mass, the surrounding frame effectively imposes clamped boundary conditions on
the plate.

The plate is excited by two electrodynamic shakers mounted perpendicular to the plate surface at positions [xg; = 437.5mm, yg, =
175mm] and [xg, = 212.5mm, yg, = 325 mm], with the origin defined at the lower-left corner of the frame. The shakers are driven by
pseudorandom noise signals, band-limited to 10 — 2000 Hz and sampled at 12.8 kHz. A phase shift of 180° is imposed between the two
signals, such that the second shaker receives the inverted signal of the first shaker. This excitation scheme is designed to produce
operating conditions in which the plate vibration response at the second shaker is approximately 90° out of phase with its driving
force. Under this condition, the second shaker acts as a dynamic absorber, effectively functioning as a viscous damper and structural
energy sink. In combination with the first shaker as the source, this two-shaker setup creates a active STI flow from source to sink.
It should be noted that the second shaker is not integrated into an active control loop and thus cannot maintain the ideal phase
shift of 90° over a broad frequency range. Instead, the ideal phase shift is only achieved at specific discrete frequencies. Impedance
heads are installed at both shaker locations to simultaneously measure both excitation force and acceleration response, enabling
verification of the intended phase condition. A detailed analysis of the phase relationship at the impedance head is provided in [97].

The transverse structural response of the plate is measured using LDV. The recorded time-domain signals are transformed into
the frequency domain via discrete Fourier transform using a Hanning window and an overlap factor of 0.66. Each point is recorded
over an acquisition time of 15s at a sampling rate of 12.8 kHz.

5.2. Finite element method reference model

To verify the measurement data, a numerical reference model of the tested plate was created based on the FEM using the software
COMSOL Multiphysics® [98]. The FEM model reproduces the geometry of the test specimen, consisting of a rectangular plate with
dimensions of 450 x 300 mm and a thickness of 1 mm. In contrast to the experiment, the plate is modeled with clamped boundary
conditions. For geometric comparability with the experimental configuration, the lower-left corner of the plate is positioned at
[xp = 100 mm, y, = 175 mm] to account for the surrounding frame.

The plate is discretized using shell elements that satisfy the Kirchhoff-Love plate equation, cf. Eq. (3), in the special case of a
thin, flat plate. Aluminum is modeled as a linear-elastic, isotropic material with the properties E = 67 GPa, p = 2700kg/m?, and
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Fig. 15. Visualization of the data setup used for DeepONet training based on experimental data. Shown are the measured transverse displacement
fields w,,.,s(f)(x) at selected frequencies, along with the spatial distribution of training data points, validation points, and collocation points. The
positions of the first shaker (source) and the second shaker (sink) are marked. Circular regions in the collocation point plot indicate areas excluded
from residual evaluation to prevent sampling near singularities.

u = 0.34. Excitation is applied as a unit point force of 1N in the out-of-plane z-direction at [x; = 437.5mm, yr = 175 mm], while
damping is introduced via an ideal viscous damper, oriented perpendicular to the plate surface, at [x, = 212.5mm, y, = 325 mm]
with a damping coefficient of 20 Ns/m. This purely vertical loading configuration induces pure flexural vibrations, allowing in-plane
waves to be neglected. The Kirchhoff-Love plate equation is solved in the frequency domain over a frequency range of 50 — 400 Hz.
The mesh is selected according to a wave number analysis to ensure a minimum of ten quadratic shell elements per wavelength [99].
After computation, both the transverse displacement field and the STI field from the FEM solution are exported and used as reference
for subsequent analyses involving the measurement dataset.

Further details on the numerical model are provided in [97]. It should be noted that the FEM model reproduces the STI fields
only qualitatively, as the excitation and damping parameters were not tuned to match the measured amplitudes. However, since the
present study primarily focuses on the directional characteristics of the STI, this qualitative agreement is sufficient for the intended
comparison.

In addition, it should be emphasized that, in contrast to the analytical ground truth solution presented in Section 4.2, the FEM
reference model does not constitute an exact ground truth. Instead, it represents a numerical approximation of the true solution,
whose accuracy depends critically on the correct specification of boundary conditions and unknown model parameters. In the
present study, a highly controlled experimental plate example is chosen, cf. Section 5.1, where the boundary conditions are well
characterized and the FEM model is carefully calibrated against the measurement data. Under these conditions, the resulting FEM
solution can be regarded as a reasonable and reliable ground truth reference solution for validation purposes. Details of the model
calibration procedure are provided in Ref. [97].

5.3. Measurement training data selection

Using the LDV measurement setup described in Section 5.1, the transverse displacement field is recorded at 3577 uniformly
distributed measurement positions across the vibrating part of the plate, corresponding to a regular grid of 73 x 49 points along
the x- and y-axes. From the originally acquired frequency range of 10 — 2000 Hz, only the interval from 50 — 400 Hz is considered in
the present study, as it contains the first ten plate modes. For each frequency step of 5 Hz within this range, the dataset contains the
spatial coordinates [x, y] of all measurement points, together with the real and imaginary parts of the Fourier-transformed transverse
displacement field.

Given the comparatively high cost and effort associated with acquiring experimental data, only N,, = 1024 training samples
are randomly selected per frequency. These samples are selected independently for each frequency using LHS to ensure space-filling
coverage of the measurement domain and support robust generalization of the DeepONet. As detailed in Section 4.4, the selected data
are split into a training set and a 10% validation set. All inputs are normalized to the range [—1, 1] using min-max scaling parameters
computed from the training set, which are stored for rescaling during inference. The collocation set, consisting of N, = 2048 points,
is generated following the procedure in Section 4.4, with the only modification that the exclusion radius is reduced to 0.02m to
account for the smaller plate dimensions. It should be emphasized that no artificial noise is added to the experimental dataset, as
the measurements inherently contain measurement noise.

Fig. 15 shows the spatial distribution of training data, validation data, and collocation points for the measurement dataset,
analogous to Fig. 6. In this experimental case, the color map represents the magnitude of the measured displacement field w,,,,(f)(X).
The frequencies shown correspond to operating conditions in which the phase difference between the force at second shaker and the
plate response at the same location is approximately 90°, thereby acting similarly to a viscous damper, as discussed in Section 5.1.
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Fig. 16. Evolution of the loss functions during DeepONet training using measurement data, plotted as a function of the number of training
epochs. The individual loss terms, physics loss £, data loss L4y, and validation loss £,,, are displayed individually to illustrate their respective

convergence behavior during training. Color legend: blue = physics loss £, orange = data loss L,,, green = validation loss L,,.

5.4. DeepONet training on measurement data

For the experimental validation of the proposed DeepONet methodology, a DeepONet is trained on the experimental training
dataset described in Section 5.3. The network architecture and all training hyperparameters are kept identical to those used in the
analytical investigations on the analytical plate model, as detailed in Section 3.4.

Fig. 16 shows the evolution of the individual loss components during training with experimental data. Similar to the analytical
case, all loss terms exhibit clear and stable convergence behavior. The physics-informed loss L, shows a slight deviation during the
initial training phase, likely caused by the relatively high initial learning rate or minor imbalances in the loss weighting. However,
the optimization algorithm quickly compensates for this, and £, converges steadily over the course of training, eventually reaching
MSE values in the order of 1075, even lower than the data-driven loss term.

In comparison to Fig. 6, it is evident that the asymptotic loss values obtained with measurement data are more than an order
of magnitude higher than those in the analytical case. This finding indicates that learning a frequency-dependent operator directly
from experimental data is inherently more challenging. This difficulty arises because measurements unavoidably exhibit higher
measurement noise, sensor tolerances, and additional sources of uncertainty, which degrade signal quality and reduce the fidelity
of the training data. Moreover, as explained in Section 5.1, the experimental phase mismatch from the ideal 90° phase condition of
the two shakers introduces a frequency-dependent inconsistency in the data, which intrinsically complicates operator learning and
leads to slower convergence and higher residual losses relative to the analytical case.

5.5. DeepONet structural intensity prediction

After training the physics-informed DeepONet on the measurement dataset, the displacement field w, and ¢, are first evaluated,
followed by the computation of the STI field from the predictions. The procedure follows the same approach described in Secs 4.6
and 4.7, with the only difference that, for experimental data, the DeepONet is evaluated on the full set of measurement grid points
during the inference stage. It should be emphasized that the full measurement grid (73 x 49) used for evaluating the numerical
derivatives comprises a total of 3577 data points, which exceeds the number of samples used for DeepONet training (N, = 1024).
Consequently, any deviations between the DeepONet predictions and the numerically differentiated results can be attributed solely
to the generalization capability of the neural operator rather than differences in training data size. Evaluating both approaches
on the same complete measurement grid enables a direct comparison of the predicted and measured displacement fields at exact
measurement locations.

Since no analytical reference exists for the STI field in the experimental case, the numerical FEM model is used as the reference
for STI error assessment. As discussed in Section 5.2, only the directional error can be quantified with respect to the FEM reference,
while magnitude errors between the different STI prediction methods can be compared only qualitatively or relative to each other,
since the numerical model is based on a generic unit excitation. Fig. 17 presents the STI prediction results based on the measurement
data. Each subplot shows the normalized STI magnitude |I| alongside the corresponding STI vector field [I,, 1], illustrating the
direction of energy flow. The left column displays the FEM reference, the middle column the DeepONet predictions, and the right
column the STI fields obtained via numerical differentiation of the measured transverse displacements after Savitzky-Golay filtering.
The rows correspond to selected frequencies that satisfy the 90° phase shift discussed in Section 5, with the frequencies indicated
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Fig. 17. Comparison of STI fields computed using the FEM (left column), the DeepONet prediction (middle column), and numerical differentiation
using the Savitzky—Golay filter (right column). The results are presented for selected frequencies (organized by row), as specified in the subplot
titles. The locations of the first shaker (source) and the second shaker (sink) are indicated by a red cross and a red point, respectively.

in the subplot titles. Quantitative assessment of prediction accuracy is provided in terms of the cosine similarity with respect to the
FEM reference.

In general, Fig. 17 shows that both DeepONet and the numerically differentiated Savitzky—Golay approach capture the main
directional structure of the FEM reference. However, DeepONet consistently achieves slightly higher cosine similarity values,
particularly at lower frequencies (e.g., 85 Hz), where the improvement is most pronounced. In terms of amplitudes, the numerical
differentiation approach exhibits localized artifacts and stripe-like patterns, similar to those observed in Fig. 8, while the DeepONet
produces smoother and more coherent STI fields, indicating better robustness to measurement noise.

When comparing amplitude distributions between DeepONet and FEM, it should be noted that the FEM reference shows locally
exaggerated STI magnitudes near the excitation and damping points due to the point-load and point-damper modeling. This effect
reduces the relative prominence of the STI field in between after normalization compared to the DeepONet results. Slight amplitude
overestimations near the shaker positions are also evident in the measurement-based predictions, likely caused by the spatially
distributed nature of the shaker excitation rather than idealized discrete forces. Overall, the STI vector directions show strong
agreement with the FEM reference, confirming the validity and applicability of the proposed DeepONet methodology also for
experimental data.

Fig. 18 present the spatially averaged error metrics of the STI predictions based on experimental data as functions of frequency.
Fig. 18(a) shows the relative L, error, while Fig. 18(b) depicts the cosine similarity. As in Fig. 9, the results for the different STI
prediction methods are compared, and the relative L, error of the displacement field w, is additionally included. All error metrics
are computed with respect to the numerical FEM reference solution.

The results show trends consistent with those observed in the analytical study. Across the entire frequency range, the DeepONet
achieves the lowest amplitude and directional errors, while Savitzky—Golay-filtered numerical differentiation provides a clear
improvement over unfiltered numerical differentiation. Interestingly, for experimental data, Savitzky—Golay-filtered numerical
differentiation performs relatively better compared to the DeepONet than in the analytical case. This is attributed to the fact that, in
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Fig. 18. Error analysis of the STI predictions from the experimental data as a function of frequency. The left plot presents the relative L, error,
while the right plot shows the cosine similarity. All results are evaluated with respect to the FEM-based reference solution. Color legend: blue
= DeepONet prediction, orange = Savitzky—Golay filtered numerical differentiation, green = numerical differentiation without filtering, red =
relative L, error of the DeepONet-predicted displacement field w,, gray = identified frequencies where the second shaker acts as a viscous
damper.

measured plate vibrations, material damping reduces resonance-induced magnitude amplifications, thereby mitigating the exploding
gradient issue that affected the numerical differentiation of the analytical dataset, see Fig. 8.

Overall, prediction accuracy is reduced when using experimental data compared to the analytical case. Specifically, the mean
cosine similarity of the DeepONet predictions decreases from 0.95 in the analytical case to 0.70 with measurement data, and the
mean relative L, error of the displacement field increases by nearly an order of magnitude from 4.4 x 1073 to 2.41 x 1072,

This reduction can be partly attributed to inherent experimental factors, namely increased measurement noise, positioning
inaccuracies, and deviations from ideal boundary conditions. More importantly, as discussed in Section 5.1, the dominant factor
is the phase relationship in the dual-shaker setup. The ideal 90° phase shift between the exciting and damping shakers, required to
emulate an ideal viscous damper, cannot be maintained uniformly across the 50 — 400 Hz range, in contrast to the FEM reference
where this condition is enforced exactly. Consequently, frequency-averaging over the entire frequency range yields a lower cosine
similarity that is primarily driven by experimental phase mismatch rather than limitations of the DeepONet methodology.

Consistent with this interpretation, Fig. 18(b) shows that, in frequency intervals where the experimental phase relation is close to
the ideal 90°, the cosine similarity exceeds 0.9, whereas pronounced drops occur at frequencies where the phase requirement is not
satisfied. Fig. 18(b) further confirms that the previously identified frequencies, indicated in gray, fall within these specific frequency
bands. The verification of the 90° phase condition and the selection procedure for these frequencies are detailed in Ref. [97].

5.6. Parameter study on the number of measurement training data

After validating the applicability of the proposed DeepONet methodology on experimental data, a final parameter study is
conducted to answer the question of how many spatial measurement data points are required per frequency to achieve an STI
prediction of sufficient accuracy. In analogy to Section 4.8, which was based on the analytical solution, the number of training
samples from the experimental dataset is systematically varied. As described in Section 5.3, the training data are selected from
the full measurement dataset using random LHS sampling. In this study, the number of training points is increased stepwise from
N, = 8 — 3577 in powers of two, where 3577 training data points represent the full measurement dataset. All other network and
training parameters are kept identical to those in Section 5.4. Fig. 19 presents the results of this parameter study. Fig. 19(a) shows
the relative L, errors of the different STI predictions, averaged over all frequencies and spatial positions, together with the L, error
of the predicted displacement field w,. The corresponding averaged cosine similarities are depicted in Fig. 19(b). All error measures
are referenced to the numerical FEM solution, and the shaded areas represent one standard deviation around the mean.

The results follow the same trend as in the analytical case, indicating that prediction accuracy generally improves with increasing
training data size, both in amplitude and directional error. Convergence is achieved at approximately N, = 1024 training samples,
beyond which additional data do not yield further improvements. In contrast to the analytical study in Section 4.8, the cosine
similarity here slightly degrades beyond 1024 training samples, which can be attributed to randomness in the LHS and the higher
variability inherent in the measurement data.

Unlike the analytical results in Fig. 10, the standard deviation of the DeepONet prediction error in the experimental case increases
with larger datasets. This behavior can be attributed to the inherently high variance of STI predictions over the full frequency range
when using measurement data, caused by the insufficient fulfillment of the assumed 90° phase relationship across wide frequency
intervals, cf. Fig. 18. For very small training datasets (N,, < 32), the DeepONet output is essentially noise-like, leading to uniformly
poor predictions with low overall variance. As the training dataset increases, the DeepONet captures the STI field characteristics more
accurately, revealing the underlying frequency-dependent variability of the measurement data. This variance remains approximately
constant once prediction quality saturates, confirming that it originates from limitations of the measurement data rather than the
DeepONet approximation.
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Fig. 19. Results of the parameter study investigating the effect of training data quantity on the performance of the DeepONet model using
experimental data. The left plot shows the mean relative L, error for the DeepONet prediction of the STI and the corresponding displacement
field approximation, while the right plot displays the mean cosine similarity of the STI prediction, both as functions of the number of training data.
Shaded regions indicate one standard deviation around the mean. Color legend: blue = DeepONet STI prediction, red = DeepONet displacement
field approximation, orange = Savitzky-Golay filtered numerical differentiation, green = numerical differentiation without filtering. The numerical
differentiation results are evaluated on the full measurement grid and are therefore independent of the number of training samples. All errors
are computed with respect to the FEM-based reference solution.

Overall, the results demonstrate that the DeepONet methodology outperforms numerical differentiation in both amplitude
accuracy and directional characteristics of the STI field, even when trained on a relatively small training data size of N;, > 128
samples.

6. Conclusions and outlook

This study has introduced a physics-informed deep operator network (DeepONet) framework for predicting structural intensity
(STI) fields from noisy displacement data. In contrast to conventional numerical differentiation techniques, the proposed approach
first learns a smooth, fully differentiable surrogate of the displacement field through neural network training. This surrogate
enables stable and accurate computation of higher-order spatial derivatives via automatic differentiation, effectively mitigating the
instabilities caused by differentiating noisy experimental data. As a result, the method facilitates robust and accurate STI estimation
directly from measurements.

The methodology has been evaluated using two complementary case studies. First, an analytical benchmark problem of a simply
supported plate has been employed to assess feasibility, perform detailed error analyses, and conduct parameter studies using
the analytical reference solution. Second, the approach has been validated using experimental laser Doppler vibrometry (LDV)
measurements of a plate structure. The results of both studies show that the physics-informed DeepONet accurately predicts both
the transverse displacement field and the STI field across a broad frequency range, capturing both the magnitude distribution and
the directional characteristics of the STI vectors with high accuracy. For the analytical benchmark, relative L, errors below 1x 1072
and cosine similarities of up to 0.99 are achieved, while for experimental data, cosine similarities above 0.9 are obtained despite
inherent measurement uncertainties.

Across all studies, DeepONets consistently outperform numerical differentiation methods, both with and without Savitzky—Golay
filtering, with the advantage being particularly pronounced at low frequencies, near plate resonances, and under high-noise (low-
SNR) conditions. Parameter studies further indicate that increasing the amount of training data improves accuracy, although dataset
sizes in the order of 10° measurement points are generally sufficient to achieve reliable predictions. These findings highlight the
ability of physics-informed DeepONets to handle noisy measurement data and confirm the initial hypothesis that this data-driven,
machine learning-based approach delivers high accuracy while being inherently more robust to noise than conventional numerical
methods.

Despite its advantages, the DeepONet method also faces certain practical challenges. A key limitation is the requirement
for a substantial number of high-quality labeled training data pairs, necessitating finely resolved displacement measurements.
However, this limitation can be mitigated by the use of automated scanning LDV systems, which facilitate efficient acquisition
of densely sampled measurement datasets. As with other machine learning approaches, the convergence behavior and final
performance of the model are highly sensitive to the selection of network hyperparameters, often necessitating time-intensive
tuning procedures. Nevertheless, the present study found the DeepONet training process to be remarkably stable and reliable across
different configurations. For reference, training the DeepONet for 30,000 epochs with a constant batch size on a NVIDIA GeForce
RTX 5080 GPU requires 6 h 5 min with 2048 training samples, whereas inference for a single forward pass only requires 0.039 s in
average. Finally, the results presented in this paper are limited to academic plate models with well-defined boundary conditions and
a carefully calibrated finite element model. Consequently, the direct transfer of the proposed approach to more complex real-world
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applications is only feasible to a limited extent, unless a reliable and well-established FEM reference model is available as ground
truth.

As an outlook, future research will focus on extending the proposed methodology to more complex practical problems in
structural dynamics. In particular, the estimation of STI from experimental data of real-world structures with uncertain boundary
conditions and increased model uncertainty will be investigated. Such scenarios introduce the additional challenge of establishing
a reliable ground truth reference solution for model validation. Potential application areas include STI analysis on curved surfaces
and within three-dimensional solid structures, where numerous open research questions remain.

In summary, the presented physics-informed DeepONet methodology offers an accurate, noise-robust, and data-efficient frame-
work for STI prediction from displacement measurements. This work demonstrates the potential of neural operators for data-driven
STI analysis and opens new possibilities for machine learning-based approaches in experimental structural dynamics and noise
control engineering.
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