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Abstract. Given its computational efficiency and versatility, belief prop-
agation is the most prominent message passing method in several appli-
cations. In order to diminish the damaging effect of loops on its accuracy,
the first explicit version of generalized belief propagation for networks,
the KCN-method, was recently introduced. This approach was developed
in the context of two problems: percolation and the calculation of ma-
trix spectra. The KCN-method was then extended in order to deal with
graphical models’ inference on networks. It was in this scenario where
an improvement on the KCN-method, the NIB-method, was conceived.
We show here that this improvement can also be achieved in the original
applications of the KCN-method.
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1 Introduction

Message passing schemes have been shown to be key in order to address problems
in several areas which are based on graphs and hypergraphs. This includes sta-
tistical mechanics, general constraint satisfaction problems, disease spread and
even quantum error correction [13, 9, 7].

Given its low time complexity, the most widely used message passing al-
gorithm is belief propagation (BP). Despite its advantages, BP is known to
suffer from accuracy losses when dealing with short loops. As a result, general-
ized belief propagation (GBP) [17] was introduced. While providing a basis
for improving on BP, the main issue with generalized belief propagation was
its lack of concreteness. In fact, the first explicit and general instance of GBP
appeared only around two decades after the introduction of GBP [2]. We refer
to this instance as the KCN-method [5, 4].

The KCN-method was originally developed in order to target two specific
problems: percolation [15, 12], and the computation of the spectra of sparse
symmetric matrices. The method was then extended to inference problems in the
context of probabilistic graphical models on networks and statistical mechanics
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Fig. 1: A (connected) base graph (a) and some realized graph associated to it
(b). The realized graph consists of two connected components which are colored
in red and blue, respectively.

[6], and it has since then found applications in a wide variety of contexts [1, 16,
3, 5]. The interested reader may find the overview in [11] very useful.

Recently, an improvement on the KCN-method, the so-called NIB-method
[4], was introduced in the context of network inference. Since no further applica-
tions of the NIB-method have been considered, our purpose here is to show that
the NIB-method also provides an improvement on the KCN-method in the con-
text of the original target problems for which the KCN-method was developed.

2 Target problem I: Percolation

We assume here we are given some base graph G = (V, E) which consists of a
set of nodes V and a set of potential connections E between pairs of nodes, with
(i, j) ∈ E representing a potential connections between i ∈ V and j ∈ V. While
we also assume the base graph to be connected, some of its connections may
not be actually available. In fact, we flip a coin with some bias p independently
for each edge (i, j) ∈ E such that (i, j) becomes available or occupied with
probability p [2]. That is, the realized or occupied graph G′ is a subgraph of
the base graph, G′ ⊆ G. We include a base graph and some realized graph in
Figure 1. The process we described is known as bond percolation and should
not be confused with site percolation.

Our aim is to understand the distribution of the sizes of the connected sub-
graphs or clusters and to determine the existence of a percolating cluster,
that is, a cluster occupying a non-vanishing network fraction in the limit of large
size. That is, our aim is to understand the distribution of realized graphs G′ for
some fixed base graph G.

The main quantity we intend to compute is the probability that node i be-
longs to a non-giant cluster of size s, πi(s). Given πi(s), we can compute the prob-
ability that node i belongs to a small cluster (of any size), and also the expected
fraction of the network that belongs to the percolation cluster. Lastly, we can
compute the expected size of the clusters that i ∈ V belongs to, ⟨si⟩ ≡

∑
s sπi(s).

We explain how to deal with percolation through the NIB-method in Section 5.
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Fig. 2: A symmetric matrix (a) and its associated weighted graph (b). We color
the entries of the matrix in the same color as the edges in the associated graph.
Since the weights are all equal in this example, we do not include them in the
figure.

3 Target problem II: Matrix spectra

We assume here we are given some n × n symmetric matrix A. Our aim is to
compute the spectrum of A, that is, its set of eigenvalues. In order to do so,
we can approximate its spectral density ρ(x) ≡ 1

n

∑n
i=1 δ(x−λi), where {λi}i

are the eigenvalues of A, and δ(·) is Dirac’s delta.
By Using [10, Eq. 21], and taking and z ≡ x+ iη, one can show [2] that the

spectral density is approximately the imaginary part of the complex spectral

density ρ(z) ≡ − 1
nπ

∑n
i=1

1
z−λi

= − 1
nπz

∑∞
s=0

∑n
i=1

Xs
i

zs , where Xs
i ≡ [As]ii is

the ith diagonal element of As. In order to accurately approximate the spectral
density, one ought to take the limit as the imaginary part η → 0 from above.

We can associate to every n × n symmetric matrix A a weighted graph
GA = (V, E ,W), where we associate one vertex to each index that a column or
row of A may take, V ≡ {1, . . . , n}; given i, j ∈ V with i ≤ j, then (i, j) ∈ E if
and only if [A]ij ̸= 0 3; if (i, j) ∈ E , then w(i,j) = [A]ij . We include an example
of the weighted graph associated to some symmetric matrix in Figure 2.

A closed walk that starts and ends at i ∈ V, or i-walk to be precise, is
a sequence of vertices (i0, . . . , im) such that i0 = im = i and (it, it+1) ∈ E for
0 ≤ t ≤ m − 1. Such a walk has an associated weight, which is the product of
the matrix elements on the edges traversed by the walk. Closed walks and their
weights are important in order to study matrix spectra since Xs

i equals the sum
of the weights of all the length s closed walks on GA that start and end at i ∈ V.

An excursion, or an i-excursion to be more precise, is a closed walk that
starts in i ∈ V and only returns once to i (i.e. at the end of the walk). This means
that any closed walk c returning m times to i can be decomposed as a succession

3 We could avoid this condition and simply take GA to have full connectivity with some
weights being null. However, since our message passing methods will be exploiting
the sparsity of A, it is more convenient to associate a sparse graph GA to a sparse
matrix A.
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of m excursions (wi)
m
i=1, with the length of c being s provided s =

∑m
u=1 su,

where si is the length of wi for i = 1, . . . ,m.
Excursions are key in our study of matrix spectra. This is the case since, if

we denote by Y s
i the sum of the weights of all excursions of length s that start

and end at node i, then, given that

Xs
i =

∞∑
m=0

[ ∞∑
s1=1

· · ·
∞∑

sm=1

δ
(
s,
∑m

u=1su
) m∏
u=1

Y su
i

]
, (1)

we get that the complex spectral density becomes ρ(z) = − 1
nπ

∑n
i=1

1
z−Hi(z)

,

where Hi(z) ≡
∑∞

s=1
Y s
i

zs−1 . Thus, we can compute ρ(z) and determine the spec-
trum of A through Hi(z). We explain how to compute Hi(z) through the NIB-
method in Section 6.

4 The NIB-method

The NIB-method [4] was introduced in the context of (network) graphical mod-
els. One starts with a connected graph G = (V, E) that is associated with a proba-
bility distribution µ, that is, where the nodes i ∈ V represent random variablesXi

over which µ is defined and the edges E represent a factorization of µ in terms of
pairs of random variables {Xi, Xj}, µ(x1, . . . , x|V|) ∝

∏
(i,j)∈G fi,j(xi, xj), where

fi,j : Xi ×Xj → R≥0 and we omit a normalization constant.
Formally, the NIB-method uses an underlying integer parameter r ≥ 0, the

loop bound, and defines a message-passing scheme for each value of r. In order
to do so, it considers two types of neighborhoods: the primary neighborhoods

{N (r)
i }i∈V , where N

(r)
i consists of i together with its nearest neighbors NN i ≡

{j ∈ V|(i, j) ∈ V} and the edges joining it to them, plus both edges and nodes
along paths of length at most r that join two nearest neighbors of i; and the

intersection neighborhoods {N (r)
i∩j}i∈V,j∈N

(r)
i \{i}, whereN

(r)
i∩j ≡ N

(r)
i ∩N (r)

j and

∩ is the usual set intersection.
Another important set of neighborhoods, which are not used in the NIB-

method but appear in the KCN-method, are the difference neighborhoods

{N (r)
i\j }i∈V,j∈N

(r)
i \{i}, where N

(r)
i\j consists of node i together with all the edges

in N
(r)
i which are not in N

(r)
j , and the nodes at the endpoints of such edges. In

the following, we drop the superscript (r) for commodity.
While they share the same fundamental subgraph partitioning philosophy,

the NIB and KCN methods use different subgraphs: the KCN-method uses both
primary and difference neighborhoods, while the NIB-method uses only inter-
section neighborhoods. The difference between the used neighborhoods results
in the NIB-method having a smaller time complexity. Moreover, it can be shown
that such an advantage does not come with an accuracy loss for those graphs
where the KCN-method is known to give good results [4].

Depending on whether the loop bound r is fulfilled, i.e. all loops around i

are contained within N
(r)
i for each i ∈ V, we distinguish two instances of the
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NIB-method: r-bounded loops (if it is fulfilled), and r-unbounded loops (if
it is not). As remarked in [4], both cases can be introduced together, although
distinguishing between them is useful from a pedagogical point of view.

4.1 r-bounded loops

If the loop bound is fulfilled, then one can associate to G a hypernetwork G/∼
that is loopless. We can do so because of the equivalence class condition,
which states that, for i ∈ V and j ∈ V ∩ (Ni \ {i}), we have Ni∩j = Nk∩q for
all k, q ∈ V ∩Ni∩j , k ̸= q. Taking this into account, we introduce an equivalence
relation ∼ on the intersection neighborhoods, Ni∩j ∼ Nk∩q if and only if Ni∩j =
Nk∩q, and end up with a hypernetwork G/∼ ≡

(
∩/∼, {eα}α∈Piv(G)

)
that consists

of the equivalence classes as nodes ∩/∼ ≡
{
i ∩ j

}
i∈V,j∈Ni\{i}

, with i ∩ j being

the equivalence class of Ni∩j , and one hyperedge eα ≡ {i ∩ j ∈ ∩/∼|α ∈ i ∩ j}
for each node in the pivots set α ∈ Piv(G), that is, for each α ∈ V that belongs
to at least two different equivalence classes in ∩/∼.

Since the loop bound is fulfilled, G/∼ is loopless and the NIB-method provides
exact results by exchanging messages between the equivalence classes through

the hyperedges {m(t)

i∩j→i
}i∈V,j∈(Ni\{i})/∼,t≥0 where, given j, k ∈ Ni \ {i}, j ∼

k if and only if i ∩ j = i ∩ k. The exact form of the messages in the context of
(network) graphical model inference [4] is not relevant for our purposes here.

4.2 r-unbounded loops

If the loop bound is not fulfilled, then one cannot associate to G a loopless
hypernetwork anymore. Moreover, the neighborhood intersections do not con-
stitute equivalence classes and may overlap in non-trivial ways. Thus, if we still
want to use the neighborhoods intersections in this context and in order to avoid
unnecessary errors, we ought to find ways of coping with overcounting during
the message update and inference phases. In order to do so, and taking 2E to be
the power set of E , [4] introduces two maps:

– Pi∩j : {Nk∩q}k∈Ni∩j ,q∈Nk
→ 2E . To define Pi∩j(·), we first recursively define

the set Pi∩j as follows: we initialize it by including all the functions within
Ni∩j ; at each following step, we pick some k ∈ Ni∩j and some q ∈ Nk and we
incorporate the functions within Nk∩q to Pi∩j . Lastly, we take Pi∩j(Nk∩q)
to be Pi∩j at the step right before the pair k, q ∈ V is selected.

– Qi : {Ni∩j}j∈Ni\{i} → 2E . To define Qi(·), we first recursively define the set
Qi as follows: we initialize it as the empty set; at each following step, we
pick some j ∈ Ni \ {i} and we incorporate the functions within Ni∩j to Qi.
Lastly, we take Qi(Ni∩j) to be Qi at the step right before j ∈ V is selected.

The messages {m(t)
k∩q→i∩j}i∈V,j∈Ni\{i},k∈Ni∩j ,q∈Nk,t≥0 some intersection Ni∩j

receives in this case are sent from all the intersections Nk∩q, such that k ∈ Ni∩j

and q ∈ Nk. The exact form of the messages in the context of (network) graphical
model inference [4] is again not relevant for our purposes here.
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5 Percolation via the NIB-method

5.1 r-bounded loops

Since we are randomly occupying the available edges, we can associate to each
node i ∈ V a random variable Γi ⊆ V ∩ Ni which consists of the set of vari-
ables in Ni which are reachable from i traversing only occupied edges in some
specific configuration. In order to compute πi(s), we first compute πi(s|Γi), the
probability that i ∈ V belongs to a cluster of size s given some configuration of
occupied edges in Ni, Γi.

Given some Γi and some j ∈ Γi, and taking as sj∩k the size of the cluster that
node j would belong to provided we remove from G all the equivalence classes
that j belongs to except for j ∩ k, we get that

πi(s|Γi) =
∑

{sj∩k:j∈Γi\{i},k∈(Nj\{i,j})/∼}

[ ∏
j∈Γi\{i}

∏
k∈(Nj\{i,j})/∼

πj∩k→j(sj∩k)

]
× δ(s− 1,

∑
j∈Γi\{i},k∈(Nj\{i,j})/∼ sj∩k),

(2)

where πj∩k→j(s) is the probability that node j is in a cluster of size s once the

edges in the equivalence classes j ∩ q ̸= j ∩ k have been removed, and δ(·, ·) is
the Kronecker delta.

For our purposes, it is useful [12, 2] to define a generating function for πi(s|Γi):
Hi(z|Γi) ≡

∑
s πi(s|Γi) z

s. In fact, in our setup, we have that

Hi(z|Γi) = z
∏

j∈(Ni\{i})/∼

∏
k∈i∩j\{i}

[
H¬(i∩j)→k(z)

]wi∩j
ik

, (3)

where we have used (2), we have introduced both Γi∩j ≡ Γi ∩ (i ∩ j) and the

random variable wi∩j
ik , wi∩j

ik ≡ 1 if there is a path of occupied edges within i ∩ j

from i to k and wi∩j
ik ≡ 0 otherwise, and, given some k ∈ i ∩ j, we use the scalar

H¬(i∩j)→k(z) ≡
∏

q∈(Nk\{i,j})/∼Hk∩q→k(z).

In order to compute πi(s), we ought to average πi(s|Γi) over the possible
configurations Γi, that is, we have that πi(s) =

〈
πi(s|Γi)

〉
Γi
, where the average

is weighted via the probability of each realization Γi: p
k(1− p)m−k, where m ≡

|Ni ∩ E| is the number of edges in Ni, and k is the number of occupied edges in
Ni.

Averaging over Γi in (3) and taking Hi(z) ≡
∑

s πi(s) z
s =

〈
Hi(z|Γi)

〉
Γi

we obtain Hi(z) = zGi(H→i(z)), where we denote by Gi∩j→i(y) a generating

function for wi∩j
ik ,

Gi∩j→i(y) ≡
〈 ∏
k∈i∩j\{i}

y
wi∩j

ik

k

〉
Γi∩j

(4)

and we define Gi(y) ≡
∏

j∈(Ni\{i})/∼ Gi∩j→i

(
yj
)
and the vector Hi∩j→i(z) ≡(

H¬(i∩j)→k(z)
)
k∈i∩j\{i}

. Lastly, we take H→i(z) ≡
(
Hi∩j→i(z)

)
j∈(Ni\{i})/∼

.
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To conclude our calculation, we ought to evaluate theHk∩q→k(z). This can be
done following the idea in the computation of Hi(z), the only difference being
that we only consider the product over the elements in the equivalence class
k ∩ q. That is, we can derive a generating function

Hk∩q→k(z|Γk∩q) = z
∏

s∈k∩q\{k}

[
H¬(k∩q)→s(z)

]wk∩q
ks

(5)

that, once averaged over Γk∩q, yields

Hk∩q→k(z) = zGk∩q→k

(
Hk∩q→k(z)

)
. (6)

We can solve (6) iteratively by message passing, starting with some initial ran-
dom values and iterating the equations to convergence.

From the cluster size generating function we can derive other quantities of
interest: The probability that node i belongs to a small cluster of any size is
Hi(1) =

∑
s πi(s). The expected fraction S of the network taken up by the

percolating cluster is S = 1 − 1
n

∑
i Hi(1). This is the case since, if it does not

belong to a small cluster, then a node must be in the percolating cluster. The
expected size of the clusters that i ∈ V belongs to is

⟨si⟩ =
∑

j∈(Ni\{i})/∼

∑
k∈i∩j\{i}

∑
q∈(Nk\{i,j})/∼

∂i∩jGi

(
H→i(1)

)
×

∂kGi∩j→i

(
Hi∩j→i(1)

)
∂k∩qH¬(i∩j)→k(1)H

′
k∩q→k

(1) +Hi(1)

whereH ′ is the derivative ofH, ∂i∩jGi is the partial derivative of Gi with respect
to its jth argument, and the same holds for ∂kGi∩j→i and ∂k∩qH¬(i∩j)→k.

H ′
k∩q→k

(1) can be found by differentiating Eq. (6), setting z = 1, and iter-

ating the self-consistent equations

H ′
k∩q→k

(1) =
∑

s∈k∩q\{k}

∑
v∈(Ns\{k,q})/∼

∂sGk∩q→k

(
Hk∩q→k(1)

)
× ∂s∩vH\(k∩q)→s(1)H

′
s∩v→s(1) +Hk∩q→k(1)

(7)

until convergence.
Since the loop bound is fulfilled, the equations are exact. Moreover, they

provide an advantage regarding time complexity compared to the KCN-method
[2]: Instead of summing over Ni and Nj\i, we only sum over Ni∩j . In fact,
following [4, Claim 4], we can show that the approach to percolation in this
section is optimal in terms of time complexity.

5.2 r-unbounded loops

Regarding the message passing equations, we use

G
Pi∩j(Nk∩q)
k∩q→i∩j (y) ≡

〈 ∏
s∈Nk∩q

y
w

Pi∩j(Nk∩q)

ks
s

〉
Γk∩q
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and Hk∩q→i∩j(z) ≡ zG
Pi∩j(Nk∩q)
k∩q→i∩j

(
Hk∩q→i∩j(z)

)
, where we have introduced the

random variable w
Pi∩j

ks , which takes the value 1 if there is a path of occu-
pied edges within Pi∩j(Nk∩q) from k to s, and zero otherwise. Moreover, we
use the notation Hp→k∩q(z) ≡

∏
s∈Np\{p}Hp∩s→k∩q(z) and Hk∩q→i∩j(z) ≡

(Hp→k∩q(z))p∈Nk∩q\{k}.

For the inference stage, we use the equation Hi(z) = zGQi
i (H→i(z)), where

G
Qi(Ni∩j)
i∩j→i (y) ≡

〈 ∏
k∈Ni∩j\{i}

y
w

Qi(Ni∩j)

ik

k

〉
Γi∩j

andGQi
i (y) ≡

∏
j∈Ni\{i} G

Qi(Ni∩j)
i∩j→i

(
yj
)
. Moreover, we use the notationHi∩j→i(z) ≡

(Hk→i∩j(z))k∈Ni∩j\{i} and H→i(z) ≡ (Hi∩j→i(z))j∈Ni\{i}.

To conclude this section, we only ought to show how to compute the expected
value of si. We can do so using the following equation

⟨si⟩ ≡ Hi(1) +
∑

j∈Ni\{i}

∑
k∈Ni∩j\{i}

∑
q∈Nk

∂i∩jG
Qi
i

(
H→i(1)

)
× ∂kG

Qi(Ni∩j)
i∩j→i

(
Hi∩j→i(1)

)
∂k∩qHk→i∩j(1)H

′
k∩q→i∩j(1),

where H ′
k∩q→i∩j(1) can be found by iterating the self-consistent equations

H ′
k∩q→i∩j(1) ≡

∑
s∈k∩q\{k}

∑
v∈Ns

∂sG
Pi∩j(Nk∩q)
k∩q→i∩j

(
Hk∩q→i∩j(1)

)
× ∂s∩vHs→k∩q(1)H

′
s∩v→k∩q(1) +Hk∩q→i∩j(1)

Since the loop bound is not fulfilled, these equations are only approximate.
The time complexity advantage compared to the KCN-method remains, and the
accuracy does not decrease provided we consider locally dense and globally
sparse networks [4, Claim 5]. In general, the equations in the unbounded KCN
and NIB methods may be different, and part of the extra complexity in the KCN
may be used to compute some correlations more precisely.

6 Matrix spectrum via the NIB-method

6.1 r-bounded loops

If the loop bound is fulfilled, then any i-excursion can be decomposed as an
i-excursion wi within some equivalence class wi ⊆ i ∩ j together with some
number of additional closed walks outside i ∩ j that each start at some node
k ∈ (wi ∩ i ∩ j) \ {i} and return some time later to k. Since the loop bound is
fulfilled, the additional walks must return to the same node they started at. We
give an example of such an excursion in Figure 3.
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i

j

Fig. 3: Decomposition of an i-excursion in an i-excursion within i ∩ j (in blue)
and a closed walks outside i ∩ j (in red).

To fix some notation, we assume that the length of the i-excursion wi is l+1,
that is, wi visits ℓ (not necessarily distinct) nodes j1, . . . , jℓ ∈ i ∩ j \ {i} within
the equivalence class other than the starting node i. Moreover, we take sj∩k→j to
be the length of some closed walk (if it exists) that starts and ends at j ∈ wi\{i}
and does not traverse any edges in some equivalence class containing j that is
different from j ∩ k. If no such a walk exists, then we take sj∩k→j to be zero.

The total length of a non-trivial i-excursion wi
4 will be

ℓ+ 1 +
∑

j∈wi\{i},k:j∩k∈∩/∼\{i∩j} sj∩k→j ,

and the sum of the weights of all excursions of length s with wi as their founda-
tion will be

|wi|
∑

{sj∩k→j :j∈wi\{i},k:j∩k∈∩/∼\{i∩j}

∏
j∈wi\{i}

∏
k:j∩k∈∩/∼\{i∩j}

X
sj∩k→j

j∩k→j

× δ
(
s, ℓ+ 1 +

∑
j∈wi\{i},k:j∩k∈∩/∼\{i∩j} sj∩k→j

)
,

(8)

where |wi| is the weight of wi, and Xs
j∩k→j

is the sum of weights of length-s j-

walks if the equivalence classes different from j ∩ k that j belongs to are removed
from the graph. In fact, following the derivation of Eq. (1), we have

Xs
j∩k→j

=

∞∑
m=0

[ ∞∑
s1=1

· · ·
∞∑

sm=1

δ
(
s,
∑m

u=1su
) m∏
u=1

Y su
j∩k→j

]
, (9)

where, after the removal of the the equivalence classes different from j ∩ k that
j belongs to, the sum of weights of length-s j-excursions is denoted by Y s

j∩k→j
.

As a last step, we note that Y s
i can be decomposed as follows:

Y s
i = [A]iiδ(s, 1) +

∑
j∈(Ni\{i})/∼

∞∑
ℓi∩j=0

∑
wi∩j∈W

ℓ
i∩j

i∩j

|wi∩j |
∑

{sk∩q→k:k∈wi∩j\{i},q:k∩q∈∩/∼\{i∩j}}

×
∏

k∈wi∩j\{i}

∏
q:k∩q∈∩/∼\{i∩j}

X
sk∩q→k

k∩q→k
δ
(
s, ℓi∩j + 1 +

∑
k∈wi∩j\{i},q∈(Nk\{i,j})/∼ sk∩q→k

)
,

(10)

4 By non-trivial we mean wi ̸⊆ i ∩ i, since otherwise the length is one by definition.
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where W
ℓi∩j

i∩j
is the set of i-excursions of length ℓi∩j + 1 when, except for i ∩ j,

the edges in all equivalence classes that i belongs to are removed. By putting
together Eqs. (9) and (10), we obtain

Hi(z) = [A]ii +
∑

j∈(Ni\{i})/∼

∑
wi∩j∈Wi∩j

|wi∩j |
∏

k∈wi∩j\{i}

∏
q:k∩q∈∩/∼\{i∩j}

1

z −Hk∩q→k(z)
,

(11)

where Wi∩j ≡
⋃

ℓi∩j
W

ℓi∩j

i∩j
, and we take Hk∩q→k(z) ≡

∑∞
s=1

Y s
k∩q→k

zs−1 . In the same

vein, we get that

Hk∩q→k(z) =
∑

wk∩q∈Wk∩q

|wk∩q|
∏

s∈wk∩q\{k}

∏
v:s∩v∈∩/∼\{k∩q}

1

z −Hs∩v→s(z)
(12)

if k ̸= q and Hk∩q→k(z) = [A]kk if k = q.
Equation (12) is our message passing scheme for the spectral density: We be-

gin with suitable starting values and then iterate these equations to convergence.
Once converged, we infer Hi(z) through Eq. (11) and then use it to compute the
spectral density.

In order to make this approach practical, we ought to have some efficient
method to evaluate the sum in Eq. (12) [2, Supplementary Material]:

We begin by considering vk∩q→k,v the vector of matrix elements associated to

edges connected to k in k ∩ q, vk∩q→k,v ≡ [A]kv if (k, v) ∈ k ∩ q, and vk∩q→k,v ≡
0 otherwise, and by defining Ak∩q the adjacency matrix of the neighborhood of

k ∩ q,
[
Ak∩q

]
sv

≡ [A]sv if s, v ̸= k and (s, v) ∈ k ∩ q, and zero otherwise. Lastly,

we let Dk∩q→k(z) be the diagonal matrix with entries[
Dk∩q→k(z)

]
ss

≡
∏

s∩v ̸=k∩q

(z −Hs∩v→s(z)) ,

and we obtain that, for k ̸= q, Equation (12) can then be written as

Hk∩q→k(z) = vT
k∩q→k

(
Dk∩q→k(z)−Ak∩q

)−1
vk∩q→k. (13)

Since the loop bound is fulfilled, the equations in this section provide exact
results. Moreover, they provide an advantage regarding time complexity com-
pared to the matrix spectra version of the KCN-method [2]. In fact, following [4,
Claim 4], we can again show that the approach to matrix spectra in this section
is optimal in terms of time complexity.

6.2 r-unbounded loops

Regarding message passing, and aside from the trivial messages Hk∩k→i∩j(z) =
[A]kk for all z, the analogous of (13) is

Hk∩q→i∩j(z) ≡ (v
Pi∩j(Nk∩q)
k∩q→i∩j )T

(
Dk∩q→i∩j −Ak∩q→i∩j

Pi∩j(Nk∩q)

)−1
v
Pi∩j(Nk∩q)
k∩q→i∩j ,



NIB percolation and matrix spectrum 11

where v
Pi∩j(Nk∩q)
k∩q→i∩j,v ≡ [A]kv if (k, v) ∈ Nk∩q \ Pi∩j(Nk∩q), and it equals zero

otherwise; and
[
Ak∩q→i∩j

Pi∩j(Nk∩q)

]
sv

≡ [A]sv if s, v ̸= k and(s, v) ∈ Nk∩q\Pi∩j(Nk∩q),

and it equals zero otherwise. Moreover, the matrix Dk∩q→i∩j(z) is diagonal[
Dk∩q→i∩j(z)

]
ss

≡
∏

v∈Ns

(z −Hs∩v→k∩q(z)) .

To conclude, the inference formula (11) for Hi becomes

Hi(z) = [A]ii +
∑

j∈Ni\{i}

∑
wi∩j∈Wi∩j\Qi(Ni∩j)

|wi∩j |×

∏
k∈wi∩j\{i}

∏
q∈Nk:Nk∩q\Pi∩j(Nk∩q)̸=∅

1

z −Hk∩q→i∩j(z)
,

where Wi∩j\Qi(Ni∩j)
is the set of i-excursions that use edges within Ni∩j \

Qi(Ni∩j).
Since the loop bound is not fulfilled, the equations only provide approximate

results. The time complexity advantage compared to the KCN-method remains
provided we consider locally dense and globally sparse networks [4, Claim 5],
although the equations may be different, and part of the extra complexity in the
KCN may be used to compute some correlations more precisely.

7 Conclusion

We have extended the NIB-method to percolation and the computation of matrix
spectra, showing that one can also achieve an improvement on the KCN-method
in these applications. If either the loop bound is fulfilled or it is not fulfilled
but the graph is locally dense and globally sparse, then the improvement can be
shown analytically, as we have argued. If the loop bound is not fulfilled, then it is
reasonable to assume that the numerical evidence comparing the performance of
the KCN and NIB methods in the context of probabilistic graphical models will
extend to the applications discussed here. However, providing such numerical
evidence remains a task for the future.

Concerning percolation, it was already argued [2] that the KCN-method and
classical direct simulations compute different quantities. That is, while the latter
only considers a single realized graph and one would need to perform several runs
in order to obtain average values, the former directly provides averaged values.
The NIB-method also computes averaged values as well. After the introduction
of the KCN-method, a motif-based message passing approach [8] was developed.
Although it was conceived for a different purpose, it is important to note that
its message passing algorithm is limited to some specific graphs and it requires
some graph-dependent analytical derivations. This contrasts with the generality
of the KCN and NIB methods. Concerning matrix spectra, the KCN-method can
substantially outperform traditional methods [2], thus enabling the computation
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of the spectra of some previously inaccessible large systems. The NIB-method
can extend the set of accessible systems even further.

In the context of inference, it would be important to extend the NIB-method
from networks to general graphical models. It would be interesting to extend
the KCN and NIB methods to other applications, like epidemic models or graph
coloring. A very interesting use case could be the computation of thresholds in
the context of quantum error correction and the erasure channel [14], which is
closely related to percolation. The application of these methods to compute the
spectra of non-symmetric matrices has also not been developed yet.
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