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Abstract

In this paper, we derive the SAR raw data model by applyingdewing, sampling and convolution to radar reflectivity.
We define the SAR transform as the operation reversing théidithp performed convolution by inverse convolution
applied to SAR raw data. The SAR transform is then compardxbth, Fourier and Wavelet transform. In either case,
defocusing with a certain waveform is involved. We show AR and Fourier transform are two opposite special cases
of the Wavelet transform in a slightly generalized sensee uthe fact that the chirp signal which is generating SAR
raw data, formally fulfills all requirements for being a wéste we conclude furthermore that there might exist faster
SAR processing algorithms than those based on the Fouaigsform and discuss the idea towards the goal of fast SAR
processing, successively focusing in time domain.

1 Introduction any sent chirp in SAR imaging should be zero-mean in or-
der not to falsify acquired SAR raw data in terms of image
In recent years, the Wavelet transform has been shown tenergy’.

have numerous applications, especially, after techniques
for the design offast wavelet transforms have been dis-
covered. Also in the field of Synthetic Aperture Radar
the wavelet transform is used successfully in a great va-
riety such as for SAR data compression, despeckling SAR ~ Fourertransform
images, for SAR image texture analysis and also for edgsimilarly, and also described in [4], the Fourier transform
detection in SAR images as for finding coast lines. Thes an example of the opposite cdse 0 of 'wavelet’ trans-
wavelet chosen mainly depends on the intended applicdorming f where only dilations and no translationsjoéire
tion. However, the search for the most suitable wavelet itequired for signal construction. But more precisely, we
SAR raw data compression on one hand and great parahust note that functiort(z) = =27 which is generating
lels between SAR processing and wavelet transforming othe Fourier basis functiong, () = e~27/¢ by dilations

the other hand lead to the idea that SAR processing itsef§ strictly no wavelet. It does not fulfill the admissibility
might be a wavelet transform. The idea is also investigatedondition which is part of the wavelet definition. However,
in [1] and the authors conclude that SAR imaging obvi-the admissibility condition secures two pre-conditions fo
ously appears as 'natural’ arising wavelet application.  wavelet transforms. First, it secures that the transform is

Indeed, the wavelet transform is closely related to SARSOmMetric i.e. no ‘energy’ is added to the signal during the
processing as can be seen by just looking at its definitioffansformation. This also applies to the Fourier transform

"Wavelet’ transforms

Dilations only Translations only
F SAR..

SAR transform

for example given in [2] [3]. Secondly, it secures that the wavelet is indeed a spa-
tially 'short’ wave whose spectrum quickly decays to zero.
_ o t—> This is required for allowing the spatial localization o&fr
. 1/2
(Wy)(a,) := lal [mf(t)¢( a Jdz (1) guencies when analyzinfwith wavelet:). However, due

to the infinite support of Fourier basis functions, frequen-

for a wavelety) € L*(IR) compared to SAR processing cies cannot be spatially located which is a considerable dis
with chirpy € L*(R) advantage of the Fourier transform and, actually, led to the
oo invention of wavelet transforms. To consolidate the ad-

(SARy)(b) := (f x¢)(b) = / f®)y(t—0b)dx (2) ditional requirement, it was incorporated into the wavelet
— transform definition. As a conclusion we may say that the

| Fourier transform is a special case of wavelet transforming

herei)(t) = (—t), i.e. SAR ing is th jal " ) .
wherey(t) = y(~1), i.e processing s te specia with a slightly weaker admissibility condition.

casen = 1 of wavelet transforming with no dilations but
only translations of). Furthermore, any compactly sup- In the following we would like to show that SAR pro-

ported zero-mean chirp fulfills the admissibility condi- cessing is one direction of a data transform, ideally map-
tion as given in [2] and therefore qualifies as wavelet. Thiging 'lossless’ from unfocused to focused SAR images
applies to all zero-mean compactly supported waveformand vice versa. For that, it is first required to review the
¥ € L?(IR), [3], therefore, also to chirps. Consequently,model of SAR raw data and SAR images. Then we de-



fine the discrete SAR transform, prove that it is indeedComplete Raw Data Model
a transform and compare it to the discrete wavelet trans-
form. Finally, by considering SAR processing as wavelet
transform we reason about possibilities to speed up SAR
processing. As wavelet transforms may operate in the
order of O(N) operations or evei®(log(N)), they are  with havingN; N, different chirps involved in the raw data
much faster than employing the Fourier transform withconstruction process,, (t) € B = {¢,,, ,,(t) |0 < n; <

2 x O(Nlog(N)) + O(N). A very promising technique N; — 1, I = 1,2} such that this model suits for all con-
for fast wavelet transform design is the Lifting Scheme [6].ceivable SAR applications. The

Ni—1Nx—1

rawy(t) = Y Y o(nT) b, ,,({t—nT) (6)

n1=0 no=0

Ideal Image Model

2 The SAR Raw Data M odel Ni1N1
image(t) = Z Z o(nT) §(t —nT) (7)
In SAR imaging, we digitally measure radar reflectivity 1120 130

as a functionr : R? — C,t — o(t) of its infinite spa- . ) . . .

tially extent on the earth surfa¢es [ oo, o] x [—o0,00]. IS derived via (3) by only applying windowing and sam-
It requires three operations appliedddor describing the ~ Pling too, omitting convolution.

SAR raw data model: windowing, sampling and convo-

lution. Windowing selects the imaged area on ground b)3 The SAR Transform

multiplication with a rectangle weighting functiofact(t)

equal tol for the imaged area and zero else. Samplingynen comparing raw data (4),(5),(6) with images (7) then
is described in [5] as multiplication with the Dirac series e task ofS AR transforming is obviously to switch from
samp(t) = 3. 6(t — nT). And convolution with the  4(t), y,,_(t),10,,, .., (t), respectively, td(t) and vice versa

nez2 . . L . . .
backscatter functiott(¢) of a single scatterer on ground is in all p|x_el p03|t|qn3r_L. This can be ach|e_ved b_y inverse
convolution, applied in each pixel. For chirp$t) in gen-

implicitly performed due the SAR imaging geometry. Us- ) o
ing sampling rate§” — [Ty, T,]", whereT; — 1/PRF, erflll, ;/ve knct)w_thg;lttthered et>r<]|sts afunct@g f(t) such that
we may write down the Y7 (1) *9(t) = 6(¢) and, thus, we may define

Simplified Raw Data Model SAR;  raw(t) } := ¢~ (t) * raw(t) (8)
raw(t) = P(t) * (samp(t) - rect(t) - o(t)) (3) which inverts the two-dimensional convolution
= (t) = ( Z 5(t —nT) - Orect(t)) SARy{image(t) } := 1(t) * image(t) (9)
nez implicitly performed in (3) while SAR raw data acquisi-
=ah(t) * ( Z Orect(NT) 8(t — nT)) tion. We call (8) and (9) th& AR transform,SAR~! cor-
nez? responds to SAR processing. THetR~! transform on
Ni—1Np—1 models (5) and (6) is defined as choosing correspondingly
- Z Z o(nT)(t — nT) (4) ¥, suchthat), '« v, =4 ineach positiom.

n1=0 no=0

Thelnverse Filter Approackemploys

which is a simplification because the chinp& — nT") ac- 1 1

tually vary with their positiom = [n;,n2]". For describ- Y1) = FHL/FY ()} (10)
ing SAR raw data sufficiently, variations at least in rang&ypich is the Fourier transfornf of the above equation
directionny must be permitted. Thus, we may give the $7L(t) % ¥(t) = 8(t). However, as real data are always

Standard Raw Data Model noisy, implementing this approach leads to amplified noise
as a result of limited system bandwidth and the chirp spec-

e trum envelope inversion outside the actual bandwidth
rawi(t)= Y Y o(nT)¢,,(t —nT)  (5) P :
n1=0 n2=0 TheMatched Filter Approacluses
where we haveN, different two-dimensional chirps —1/p\ o T
. Nt tw i W) ~ B0
for composing the raw image:v,,(t) € B =
{tho(t), .. YN, 1 (D)}, t € IR2. During raw (t) signal  the complex conjugate af(t) as an approximate inverse

construction, the running position parametgr(range po-  chirp in (8) for defining the invers8 AR transform. This
sition) as partof, = [n1, ns| " selects a suitable chirp from approach avoids divisions by small numbers as they occur
B. And in general, with also allowing chirp variations with in (10) and is therefore noise-stable. A major drawback is
azimuth, we permit individual chirps at each position onthat due tay(t) * ¢ (t) * image(t) ~ sinc(t) * image(t)
ground and call this the the resulting image is convolved with an approximate



sine(t) := sin(t)/t function. This deteriorates the image Furthermore, in Hilbert spac&”**2 with inner product
considerably in terms of resolution and introduces side{-, -) each matrixs € €2 is a linear combination

lobes. It leads to the
Ni1—1 No—1

SAR Image Model g — Z Z (S, Enyng) Enyma. (14)
N1—1 N2—1 n1=0 ny=0

image(t) = Z Z o(nT) sinc(t —nT). (11)

n1=0 no=0

of N; x N basis matrice¥y,, n,. LetEy, », be the ma-
trix with 1 at positionn,ns and zero else. Then (14) is
Consequently, the SAR transform is actually not 'losslessthe 'trivial’ decomposition of matrixS. Furthermore, it is
when applied to noisy data or using the Matched filterthe matrix notation of (7) and, thus, raw data model (4) can
However, the approximation is still good enough if the be written as
transform is not iterated several times back and forward

but only performed once in inverse direction for SAR pro-

cessing. The ideal transform model may, nevertheless, help R=Cx Z Z (5 Eny nz) En, n
us finding an approach for faster SAR processing methods m=0mn2=0

using wavelet techniques. et

= Z Z O’(anl, HQTQ) Cnl,ng (15)

ni =0 na =0

N;i—1N2—1

3.1 TheDiscrete 2D SAR Transform

Remembering that(t — nT) is a 'function’ whose support
is a single pixel at timexT', image(t) may be written in
matrix form

whereChp, n, = C % Ep, p, € VM- LN g

the matrix with chirpC e €™z positioned atn =
[n1,n2]T and zero elseM; < N, My < N,. Equa-
tion (15) illustrates that SAR raw data are superpositioned
'images’ ofo-weighted translated two-dimensional chirps.
Furthermore, th& AR transform is obviously a coordinate
with § € €Nz only writing down the coefficients of transform switching from focused basis imad#,, », }

3(t — nT) and sum (7) degenerates to a pure constructiof Unfocused basis imagg€s, n, } and vice versa. In
method. Accordingly, leC’, C~1, R be the matrices for 2ccordance to model (4) we only use one matixo
discretely representing(t), v~ (t) andraw(t), respec- 9€nerate alCy, n,}. To describe models (5) and (6),
tively. Let C~! denote the inverse af with respect to W€ may useVs different andN, x N, different matrices
matrix convolution. Then the discrefed R transformwith ~ Cna.n.» respectively, for generating the SAR raw data ba-
respect to model (4) is SIS {Cny.ns }-

ni
n2

S={o(nT)}, ={o(mTi,nT>)}

Ny —1
Ny —1

INIA

0<
0<

R=SAR{S}:=CxS and (12)
S=SARTY{R}:=C'xR (13)

following (8) and (9). The convolution between matrices
is declared as follows: Let, s be polynomials depending
on variablesz,y andC' ¢ ¢MM2 g ¢ N2 gre the

correspo_nding polynomial coefficients. Then_ the prOdUChgureZ: SAR raw data R as superpositionmfveighted
Efg:ngoerngfl\?l(f;‘}{)*li\(’ﬁl‘ygrl ; %zd,yg;c?u(s:g?sﬁltﬂ:gr&? translated chirp matrice8,,, ., with o = [0.1,0.2,0.3].
uct of c ands, it is divisible byc or s without remainder.  As the two-dimensional chirg)(t) = (t1,t2) can be
This is the important fact permitting a 'lossless’ inversewritten as outer product of two one-dimensional chirps
operation (13). PY(t1,ta) = Py (t1) - ¥y(t2), in matrix notationC' = ¢yl
with ¢; € €V ey € ON2,C € €™N2, also the 2D-
convolutions in (12) and (13) can be realized as two one-
dimensional convolutions such that we may now continue
our considerations in the one-dimensional case.

3.2 SAR Transform as Wavelet Transform

According to polynomial multiplication, the convolution
of vectors € €V with vectorc € € yields a vector
r e CNTM=1 For simplicity, we also embed vectoss
Figure 1: The SAR transform mapping from S to R and andc in ¢V~ by filling up zeros and may now use
vice versa, via chirp C, real part matrices S,C and R. circular convolution® insteadx to obtain the same result




re ¢NTMTL LetN' = N+ M —1ands, = (s,ep).
In equivalence to (15) we may write
N'—1
r=SAR{s}= c® Y (s,en)en  (16)
n=0
i Co 0 C1 T
C1 Co
€1 CM—1 S0
r = CM -1 0 (17)
0 . SN/—1
: 0 0
L O O Cco |
where matrixCsap = c® I € €V in (17) rep-

resents theS AR transform switching froms € eV to

r e €Y. Itillustrates, similarly as shown ifigure
2, that raw data- are superpositionesl,-weighted trans-
lated chirpse. According to construction, matri€s 4 i is
invertible and its multiplication invers€ } , must have
structureCgy, = (9 ® I)7, i.e. itis composed of trans-
lated row vectors)” whereg ¢ " is the convolution
inverse of chirpe € o, ie.g®c=ep=][1,0,...,0].

tion as described above. For example, prodt{at)
3210(1+22+2?%) = 321046211 +32'? realizes a defocus-
ing of coefficientc;y = 3 at positionn = 10 with wave-
form[1,2,1]. In (5) and (6) we simply vary the convolution
kernel, herdl, 2, 1], while summing up. The inverse SAR
transform corresponds to re-focusing via polynomial divi-
sions(z) = (3210 + 62 +3212) /(1 + 22 + 22) = 3210,
Polynomial division is realized via polynomial multiplica
tion but with inverting the chirp using (10). Models (5)
and (6) require an inverse convolution kernel update with
range or at each pixel, respectively. A 2D-SAR-transform
example is depicted iRigure 1.

5 Conclusions

In this paper, we modeled SAR processing as transform
which is naturally non-orthogonal. We showed that the
Inverse Filter on noise-free data corresponds to the ideal
transform but Matched filtering is used to control losses in
data quality due to noise. We mentioned that the chirp sig-
nal which generates SAR raw data is indeed a wavelet and
that the SAR transform is a wavelet transform with using
chirp translations for signal synthesis (SAR raw data ac-
quisition) and signal analysis (SAR processing). SAR pro-
cessing as wavelet transform on one hand and the Lifting

Hence, we may summarize that on one hand the basis cascheme as tool for the design of fast wavelet transforms on

umn vectors inCsar are generated via translations by
some waveforna and on the other hand the basis row vec-

the other hand might lead to a new type of SAR processing
algorithms which is worth to be further investigated.

tors inCg 4, are also generated via translations by some

waveformg. Chirpc is, according to [2] Definition 3.26,
the wavelet spanning the SAR raw data spaceggisdhe
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