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Die Lösung von partiellen Differentialgleichungen ist für viele Disziplinen in Wissenschaft und Technik 
von Bedeutung. Luftströmungen, z.B. über Tragflächen, können mit Hilfe nichtlinearer 
Transportgleichungen, wie den kompressiblen Navier-Stokes-Gleichungen oder, unter 
Vernachlässigung viskoser Effekte, den kompressiblen Euler-Gleichungen, modelliert werden. 
Numerische Methoden werden verwendet, um aerodynamischen Strömungsphänomene 
einschließlich Stoßwellen, deren Erfassung besonders schwierig ist, vorherzusagen. Daraus lassen 
sich die resultierenden aerodynamischen Kräfte und Momente ableiten. Daher sind diese 
numerischen Verfahren zu einem wichtigen Werkzeug für den aerodynamischen Entwurf von 
Fluggeräten geworden. Etablierte Verfahren, wie die finite Volumen Methode, lösen die Gleichungen 
an diskreten Punkten in der Strömungsdomäne. Diese Methoden erfordern feine Gitter, die zu 
Millionen von Freiheitsgraden führen, was selbst für die heutige Rechenhardware eine 
Herausforderung darstellt. Insbesondere in Szenarien, die ein mehrfaches Aufrufen des 
Strömungslösers erfordern, wie z.B. bei der Entwurfsoptimierung, können die kumulativen 
Rechenkosten zu aufwendig sein. Alternative numerische Verfahren, die künstliche neuronale Netze 
als globale kontinuierliche Ansatzfunktionen für die Lösungsannäherung verwenden, gewinnen in 
letzter Zeit als Löser partieller Differentialgleichungen an Bedeutung. Diese so genannten physik-
informierten neuronalen Netze sind tiefe neuronale Netze, die mit einer Kostenfunktion trainiert 
werden, welche die partiellen Differentialgleichungen direkt einbezieht. Insbesondere für technische 
Anwendungen ist dieser Ansatz vielversprechend, da ein einziges tiefes neuronales Netz viele 
klassische Simulationen in Szenarien ersetzen könnte, die ein mehrfaches Aufrufen des 
Strömungslösers erfordern. Allerdings ist die Auflösung von Stoßwellen eine besondere 
Herausforderung für diesen Ansatz. 

Diese Arbeit untersucht die Anwendung von physikalisch informierten neuronalen Netzen als 
alternativen Ansatz zur Lösung partieller Differentialgleichungen mit einem Fokus auf kompressible 
Strömungen, die durch die Euler-Gleichungen beschrieben werden. Inspiriert von klassischen 
Methoden der numerischen Strömungsmechanik werden Stabilisierungstechniken für Stoßwellen 
entwickelt, die auf künstlicher Viskosität und Sensorfunktionen basieren und mit 
Netztransformationen kombiniert werden. Diese Techniken werden an kompressiblen 
Strömungsproblemen im Unterschall, Transschall und Überschall validiert und liefern im Vergleich zu, 
mit klassischen Verfahren berechneten, Referenzlösungen eine angemessene 
Vorhersagegenauigkeit. Darüber hinaus werden Parametrisierungen der Randbedingungen und der 
Geometrie in den Eingaberaum des Netzwerks integriert, was die kontinuierliche Annäherung von 
Lösungen im gesamten Parameterraum ermöglicht. Die parametrischen Modelle erreichen eine 
ähnliche Vorhersagegenauigkeit wie ihre nicht-parametrischen Gegenstücke und können, nachdem 
sie trainiert wurden, mit verschwindend geringem Aufwand wiederholt evaluiert werden. 

Die entwickelten Techniken bringen den Stand der Technik von physikalisch informierten neuronalen 
Netzen in der Aerodynamik erheblich voran, insbesondere für transsonische Strömungsprobleme. 
Diese Arbeit zeigt, dass künstliche Viskosität ein wertvolles numerisches Werkzeug sein kann, das 
Lösungen einschließlich Stöße zuverlässig stabilisiert und die Genauigkeit der Methode bei 
transsonischen und Überschallströmungen verbessert. Darüber hinaus wird veranschaulicht, dass 
parametrische physikalisch informierte neuronale Netzmodelle vielversprechende Alternativen für 
Anwendungen darstellen, die einen mehrfachen Aufruf des Strömungslösers erfordern. Während 
physikalisch informierte neuronale Netze zum jetzigen Zeitpunkt etablierte numerische Verfahren in 
Bezug auf Recheneffizienz und Genauigkeit nicht übertreffen können, so eignen Sie sich 
hervorragend für parametrische Problemstellungen. Mit zukünftigen Entwicklungen und 
Erweiterungen, um komplexere, industriell relevante Geometrien und die Reynolds-gemittelten 
Navier-Stokes-Gleichungen zu berücksichtigen, hat der Ansatz das Potenzial ein wertvolles 
Werkzeug für den aerodynamischen Entwurf und andere technischen Anwendungen zu werden. 
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The solution of partial differential equations is relevant for many disciplines in science and 
engineering. Airflow, for example over wings, can be modeled using nonlinear transport 
equations, such as the compressible Navier-Stokes equations or, in the simplified inviscid case, 
the compressible Euler equations. Numerical methods are used to predict the aerodynamic flow 
patterns including shock waves, which are particularly challenging to capture, and the resulting 
aerodynamic forces and moments. Hence, these numerical techniques have become a crucial 
tool for aerodynamic vehicle design. To this end, well-established methods, such as finite volume 
methods, predict the solution at discrete points in the domain. These methods require fine grids 
resulting in millions of degrees of freedom, which is challenging even today's computational 
hardware. Especially in multi-query scenarios, such as design exploration and optimization, the 
cumulative computational cost of performing numerous individual simulations can be prohibitive. 
Alternative numerical methods are recently gaining popularity as partial differential equation 
solvers, employing artificial neural networks as global continuous ansatz functions for the solution 
approximation. These so-called physics-informed neural networks are deep neural networks 
trained with a loss function that directly incorporates partial differential equations. Especially for 
engineering applications, this approach holds promise because a single deep neural network 
could substitute many classical simulations in multi-query scenarios. However, the capturing of 
shock waves is particularly challenging for the neural network-based approach. 

This work explores the application of physics-informed neural networks as an alternative 
approach for solving partial differential equations with a focus on compressible flow applications, 
governed by the Euler equations. Inspired by classical computational fluid dynamics methods, 
stabilization techniques for shock waves, based on artificial viscosity and sensor functions are 
developed and combined with mesh transformations. These techniques are validated on 
compressible flow problems in subsonic, transonic and supersonic conditions, yielding 
reasonable prediction accuracies. Furthermore, parametrizations of the boundary conditions and 
geometry are integrated into the input space of the network, enabling the approximation of 
solutions across the entire parameter space. The parametric models obtain similar prediction 
accuracies as their non-parametric counterparts and once trained, can be evaluated at negligible 
computational cost. 

 The developed techniques significantly advance the state of the art of physics-informed neural 
network models in aerodynamics, especially for applications in transonic flows. This work shows 
that artificial viscosity can be a valuable tool that reliably stabilizes solutions including shocks and 
improves the accuracy of the method when dealing with transonic and supersonic flows. In 
addition, it is illustrated that parametric physics-informed neural network models are promising 
candidates for multi-query scenarios. While physics-informed neural network can, at this point, 
not outperform established numerical techniques in terms of computational efficiency and 
accuracy, they do excel in approximating parametric problems. With future developments and 
extensions to accommodate more complex, industrially relevant geometries and the Reynolds-
averaged Navier Stokes equations, the approach has the potential to become a valuable tool for 
applications in aerodynamic design and other engineering applications. 
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Summary

The solution of partial differential equations is relevant for many disciplines in science and

engineering. Airflow, for example over wings, can be modeled using nonlinear transport equa-

tions, such as the compressible Navier-Stokes equations or, in the simplified inviscid case, the

compressible Euler equations. Numerical methods are used to predict the aerodynamic flow

patterns including shock waves, which are particularly challenging to capture, and the resulting

aerodynamic forces and moments. Hence, these numerical techniques have become a crucial tool

for aerodynamic vehicle design. To this end, well-established methods, such as finite volume

methods, predict the solution at discrete points in the domain. These methods require fine grids

resulting in millions of degrees of freedom, which is challenging even today’s computational

hardware. Especially in multi-query scenarios, such as design exploration and optimization, the

cumulative computational cost of performing numerous individual simulations can be prohibitive.

Alternative numerical methods are recently gaining popularity as partial differential equation

solvers, employing artificial neural networks as global continuous ansatz functions for the solution

approximation. These so-called physics-informed neural networks are deep neural networks

trained with a loss function that directly incorporates partial differential equations. Especially

for engineering applications, this approach holds promise because a single deep neural network

could substitute many classical simulations in multi-query scenarios. However, the capturing of

shock waves is particularly challenging for the neural network-based approach.

This work explores the application of physics-informed neural networks as an alternative approach

for solving partial differential equations with a focus on compressible flow applications, governed

by the Euler equations. Inspired by classical computational fluid dynamics methods, stabilization

techniques for shock waves, based on artificial viscosity and sensor functions are developed

and combined with mesh transformations. These techniques are validated on compressible

flow problems in subsonic, transonic and supersonic conditions, yielding reasonable prediction

accuracies. Furthermore, parametrizations of the boundary conditions and geometry are integrated

into the input space of the network, enabling the approximation of solutions across the entire

parameter space. The parametric models obtain similar prediction accuracies as their non-

parametric counterparts and once trained, can be evaluated at negligible computational cost.

The developed techniques significantly advance the state of the art of physics-informed neural

network models in aerodynamics, especially for applications in transonic flows. This work

shows that artificial viscosity can be a valuable tool that reliably stabilizes solutions including

shocks and improves the accuracy of the method when dealing with transonic and supersonic

flows. In addition, it is illustrated that parametric physics-informed neural network models are

promising candidates for multi-query scenarios. While physics-informed neural network can, at

this point, not outperform established numerical techniques in terms of computational efficiency

and accuracy, they do excel in approximating parametric problems. With future developments

and extensions to accommodate more complex, industrially relevant geometries and the Reynolds-

averaged Navier Stokes equations, the approach has the potential to become a valuable tool for

applications in aerodynamic design and other engineering applications.
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Übersicht

Die Lösung von partiellen Differentialgleichungen ist für viele Disziplinen in Wissenschaft und

Technik von Bedeutung. Luftströmungen, z.B. über Tragflächen, können mit Hilfe nichtlin-

earer Transportgleichungen, wie den kompressiblen Navier-Stokes-Gleichungen oder, unter

Vernachlässigung viskoser Effekte, den kompressiblen Euler-Gleichungen, modelliert werden.

Numerische Methoden werden verwendet, um aerodynamischen Strömungsphänomene ein-

schließlich Stoßwellen, deren Erfassung besonders schwierig ist, vorherzusagen. Daraus lassen

sich die resultierenden aerodynamischen Kräfte und Momente ableiten. Daher sind diese nu-

merischen Verfahren zu einem wichtigen Werkzeug für den aerodynamischen Entwurf von Flug-

geräten geworden. Etablierte Verfahren, wie die finite VolumenMethode, lösen die Gleichungen an

diskreten Punkten in der Strömungsdomäne. Diese Methoden erfordern feine Gitter, die zu Millio-

nen von Freiheitsgraden führen, was selbst für die heutige Rechenhardware eine Herausforderung

darstellt. Insbesondere in Szenarien, die ein mehrfaches Aufrufen des Strömungslösers erfordern,

wie z.B. bei der Entwurfsoptimierung, können die kumulativen Rechenkosten zu aufwendig sein.

Alternative numerische Verfahren, die künstliche neuronale Netze als globale kontinuierliche

Ansatzfunktionen für die Lösungsannäherung verwenden, gewinnen in letzter Zeit als Löser

partieller Differentialgleichungen an Bedeutung. Diese so genannten physik-informierten neu-

ronalen Netze sind tiefe neuronale Netze, die mit einer Kostenfunktion trainiert werden, welche

die partiellen Differentialgleichungen direkt einbezieht. Insbesondere für technische Anwendun-

gen ist dieser Ansatz vielversprechend, da ein einziges tiefes neuronales Netz viele klassische

Simulationen in Szenarien ersetzen könnte, die ein mehrfaches Aufrufen des Strömungslösers

erfordern. Allerdings ist die Auflösung von Stoßwellen eine besondere Herausforderung für

diesen Ansatz.

Diese Arbeit untersucht die Anwendung von physikalisch informierten neuronalen Netzen als

alternativen Ansatz zur Lösung partieller Differentialgleichungen mit einem Fokus auf kompress-

ible Strömungen, die durch die Euler-Gleichungen beschrieben werden. Inspiriert von klassischen

Methoden der numerischen Strömungsmechanik werden Stabilisierungstechniken für Stoßwellen

entwickelt, die auf künstlicher Viskosität und Sensorfunktionen basieren und mit Netztransfor-

mationen kombiniert werden. Diese Techniken werden an kompressiblen Strömungsproblemen

im Unterschall, Transschall und Überschall validiert und liefern im Vergleich zu, mit klassischen

Verfahren berechneten, Referenzlösungen eine angemessene Vorhersagegenauigkeit. Darüber

hinaus werden Parametrisierungen der Randbedingungen und der Geometrie in den Eingaberaum

des Netzwerks integriert, was die kontinuierliche Annäherung von Lösungen im gesamten Param-

eterraum ermöglicht. Die parametrischen Modelle erreichen eine ähnliche Vorhersagegenauigkeit

wie ihre nicht-parametrischen Gegenstücke und können, nachdem sie trainiert wurden, mit

verschwindend geringem Aufwand wiederholt evaluiert werden.

Die entwickelten Techniken bringen den Stand der Technik von physikalisch informierten

neuronalen Netzen in der Aerodynamik erheblich voran, insbesondere für transsonische Strö-

mungsprobleme. Diese Arbeit zeigt, dass künstliche Viskosität ein wertvolles numerisches

Werkzeug sein kann, das Lösungen einschließlich Stöße zuverlässig stabilisiert und die Genauigkeit
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der Methode bei transsonischen und Überschallströmungen verbessert. Darüber hinaus wird

veranschaulicht, dass parametrische physikalisch informierte neuronale Netzmodelle vielver-

sprechende Alternativen für Anwendungen darstellen, die einen mehrfachen Aufruf des Strö-

mungslösers erfordern. Während physikalisch informierte neuronale Netze zum jetzigen Zeit-

punkt etablierte numerische Verfahren in Bezug auf Recheneffizienz und Genauigkeit nicht

übertreffen können, so eignen Sie sich hervorragend für parametrische Problemstellungen. Mit

zukünftigen Entwicklungen und Erweiterungen, um komplexere, industriell relevante Geometrien

und die Reynolds-gemittelten Navier-Stokes-Gleichungen zu berücksichtigen, hat der Ansatz das

Potenzial ein wertvolles Werkzeug für den aerodynamischen Entwurf und andere technischen

Anwendungen zu werden.
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1. Introduction

With technological advancements, driven by our innate desire to explore, humans have

built progressively larger and faster modes of transport. In addition, efficiency has

become an increasingly important factor in the vehicle design. Thus, understanding

aerodynamics, the study of the motion of air and its interactions with solid bodies,

becomes paramount. The fundamental forces of aerodynamics have a critical influence

on vehicular motion and are thus pivotal factor for the design process. Only through

research on this subject, arewe able to understand and utilize these forces to our advantage.

For example in trains or cars, only by reducing drag can we voyage at high velocities.

However, one of the most remarkable applications of aerodynamics is flight. For millennia,

humans have been fascinated by the ability of certain animals to fly and tried to emulate

them. Through progress in our understanding of aerodynamics, we have been able to

achieve that dream. Decades of observations, trial and error and simultaneous progress

in mathematics was necessary to obtain a deep understanding of the principles of flight.

Today, mathematical models of the underlying physics act as the basis for large portions

of the aircraft development process. At the heart of these mathematical models lie so-

called partial differential equations (PDEs). Many processes in physics, engineering, and

other mathematical sciences can be modeled by differential equations. Broadly speaking,

they can be seen as mathematical abstractions of certain principles in physics and other

disciplines that include the rate of change of some unknown function. We usually refer to

these unknown functions as solutions because they often are the key to our understanding

of that process and allow the prediction of how a system is behaving and possibly evolving

in time. Perhaps one of the most well known differential equation is Newton’s second

law of motion, which states that the rate of change of the momentum of a point mass

is equal to the force acting on it. This deceptively simple equation lies at the core of

classical mechanics. Solution of the equations allow the prediction of motion of objects

like particles, projectiles, cars, planes, planets and stars. Notably, even relatively simple

equations, like the equations of motion, give rise to highly complex dynamics. For a

mere three-body system, a closed form solution is already unknown in many cases. The

observation that a rather concise differential equation gives rise to solutions of vast

complexity is not a singular incident but a rather common observation when dealing

with differential equations. Especially for partial differential equations which contain

derivatives with respect to different independent variables, exact solutions are often only

known under special boundary conditions. Boundary conditions are constraints on the

solution of the differential equation imposed at the boundary of a domain. A problem

posed by a differential equation and additional boundary conditions is called a boundary
value problem.

The Navier-Stokes equations are a system of non-linear partial differential equations,
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describing the motion of fluids [1, Ch. 15]. They are essentially the reformulation of the

conservation of mass, energy and momentum for continuous media. These equations are

considered to be an accurate and versatile model for the mechanics of gasses and liquids.

In essence, they contain the essential physical principles which describe all acting forces

in fluid flows and their interaction. Hence, in the context of aerodynamics, the solution

of the Navier-Stokes equations under certain boundary and initial conditions allows for

a precise prediction of the forces acting on arbitrarily shaped objects subject to airflow.

Unfortunately, solutions of these equations are notoriously difficult to obtain. Exact

solutions are only known for trivial geometries, usually at modest flow speeds and not

in three spatial dimensions (see e.g. [1, Ch. 16]). However, when dealing with complex

engineering tasks, these trivial solutions are rarely useful because they cannot describe

the resulting flows around non-trivially shaped bodies or at realistic speeds. Since exact

solutions are unattainable for most engineering applications, numerical approximations

are necessary.

The numerical approximation of solutions to the Navier-Stokes equations is a significant

challenge in and of itself. Methods trying to approximate solutions to the Navier-Stokes

equations and other related equations of fluid dynamics are the quintessence of computa-

tional fluid dynamics (CFD). In general in CFD, numerical and mathematical simulation

methods are used to analyze problems involving fluid flows such as gases and liquids. The

most popular approaches for solving the Navier-Stokes equations perform a discretization

of the system in space and time (see for example [2, Ch. 4-5] or [3, Ch. 3]). This means

that instead of using continuous functions to approximate the solution in the spatial and

temporal dimensions, these dimensions are discretized into a finite number of points on

a grid and a numerical solver tries to approximate the values of the solution function

at these discrete points. To fully resolve important flow features, finely resolved grids

are required, corresponding to a large number of degrees of freedom. Two main factors

contribute to the high grid densities required in aerodynamics. First, in the wall-normal

direction near the aerodynamic surfaces, boundary layers warrant a high grid density.

Boundary layers are the region near a wall where the tangential flow velocity, which is

zero on the walls themselves, approaches the incoming flow speed and where the flow is

dominated by friction [1, Ch. 1.11]. These regions are characterized by steep gradients

in wall normal direction and hence require a high point density in this direction. A

significant portion of grid nodes is typically required to accurately capture the gradients

in the boundary layer. This increases the computational effort significantly. Secondly,

turbulence is also an important contributor to the large number of degrees of freedom

required for the discretization. Turbulent flows exhibit irregular chaotic and in-stationary

variations in the flow quantities such as the velocity and pressure [4, p. 104] down to

the Kolmogorov length scale. Whether a flow is turbulent depends on a few quantities,

which can be summed up in the dimensionless parameter called the Reynolds number :

𝑅𝑒 =
|𝒒 | 𝐿 𝜌

𝜇d

, (1.1)

with a characteristic fluid velocity 𝒒 vector, a characteristic length scale 𝐿, the fluid

density 𝜌 and the dynamic viscosity 𝜇d. For moderate Reynolds numbers, the flow is

laminar, meaning that no significant mixing between neighboring particles occurs [4,
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p. 104]. However, when a certain critical Reynolds number 𝑅𝑒crit is exceeded, we see

the emergence of turbulence. The critical Reynolds number is different for every geom-

etry. The required mesh resolution to properly capture all turbulent length scales for

a large scale problem like an aircraft far exceeds the capabilities of current computa-

tional hardware. Since a full solution of the Navier-Stokes equations, a so-called direct

numerical simulation (DNS), is infeasible for the geometries and high Reynolds numbers

encountered in aeronautics, simplifications of the full set of equations are used in practice.

A common simplification is the assumption of an incompressible fluid. Here, it is assumed

that the local density is constant in the whole domain and does not change over time. This

assumption is reasonable if only small variations in fluid density occur. As a general rule

of thumb for when incompressibility is applicable, one can consider the Mach number. It

represents the ratio of the absolute flow velocity 𝒒 and the speed of sound 𝑐 .

𝑀 =
|𝒒 |
𝑐
. (1.2)

As a rough rule of thumb, compressibility effects are oftentimes negligible at Mach num-

bers of𝑀 ≪ 0.3 [4, p. 107]. From the continuity equation, it follows that the divergence

of the flow velocity vector vanishes in the entire domain. Under the assumption of

incompressibility, the density is not a variable of the solution. Hence the complexity

of the system is reduced by one variable. However, the incompressible Navier-Stokes

equations are almost equally challenging to solve. The proof of existence of smooth

exact solutions is one of the Millenium Prize Problems [5], underlining the difficulty

and scientific relevance. As for the compressible equations, numerical solutions are also

difficult to obtain due to the emergence of turbulence and the requirement of very fine

grids to capture all turbulent length scales. In addition, many modern aircraft fly at

Mach numbers 𝑀 ≥ 0.7, where compressibility effects play a significant role. Hence,

incompressibility is not a reasonable simplification for these problems.

Perhaps the most important set of equations with practical use for today’s numerical

simulations are the Reynolds-Averaged Navier-Stokes (RANS) equations [6]. They are

derived by splitting the flow quantities into a time-averaged and a fluctuating part in

a process called Reynolds-averaging in the incompressible and Favre-averaging in the

compressible case. After rearranging the resulting equations, all fluctuating quantities can

be contained in a single term that describes the effects of turbulence on the averaged flow

quantities. To close the system, empirical turbulence models are used to approximate

this term. For many engineering applications, the numerical solution of the RANS

equations present a suitable trade off between accuracy and computational effort. Due

to the Reynolds-averaging, turbulent fluctuations in the flow variables do not need

to be captured by the grid. Hence, the mesh resolution can be reduced significantly.

Furthermore, in engineering applications, one is oftentimes interested in time-averaged

forces and moments, which is exactly what the RANS equations are able to calculate.

The strong gradients in boundary layer do however remain. Hence, typical grids for

complex three-dimensional geometries still contain millions of points. Therefore, even

RANS equations are still expensive to solve, especially for complex three-dimensional

geometries and transient flows. Depending on the application, they can be solved in the
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simplified incompressible variant or in the compressible variant, which is routinely done

for aeronautical applications.

A further simplification are the compressible Euler equations, which can be obtained by

entirely neglecting the viscous terms in the compressible Navier-Stokes equations [2,

Ch. 2]. As previously mentioned, compressibility effects play a crucial role in the ap-

proximation of high-speed flows in aerodynamics. Modern transport aircraft routinely

fly at transonic flow conditions. This means that the speed of air with respect to the

aircraft locally exceeds the speed of sound or in mathematical terms, that𝑀 > 1. In these

conditions, we see abrupt changes in the pressure, density and velocities, which are called

shock waves. An exemplary simulation of a shock for a flow around an airfoil is shown in

Fig. 1.1. For transport aircraft, these shocks form, for instance, at the suction side of the

wing, leading to significant changes in drag and lift. . Hence, it is crucial for an accurate

simulation model to take these effects into account. The mathematical model thus needs

to consider compressibility. As previously discussed, the compressible Navier-Stokes

equations are even more complex than their incompressible counter part, which is also

true for the compressible RANS equations. Consequently, in many cases, the compressible

Euler equations offer an attractive compromise between model complexity and accuracy.

They neglect the viscous terms in the Navier-Stokes equations and therefore can not

model phenomena originating from viscous effects. Examples for this are boundary layers

and turbulence. However, they do predict the occurrence of crucial compressibility effects

like different kinds of expansion and shock waves [1, Ch.7-13]. From a mathematical

perspective the compressible Euler equations are a nonlinear system of conservation

laws. Even for this simplified model, a sound foundational mathematical theory for the

existence and uniqueness of solutions in three dimensions does not exist [7]. Nevertheless,

much of the underlying knowledge that is available for scalar conservation laws has been

applied to the Euler equations in practice.

Figure 1.1.: Visualization of pressure contours for an inviscid transonic flow at𝑀 = 0.72

around the NACA 0012 airfoil with an angle of attack of 𝛼 ∈ {1, 2, 3, 4}◦ (from
left to right). The results were obtained, using a physics-informed neural

network, as presented later in Ch. 6.
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Using simplified equations such as the RANS equations, reasonably accurate simulations

of aerodynamics can be obtained in a few seconds for simple problems and a few days

for complex three-dimensional problems, when using modern computational hardware.

In addition, simplified models, such as the Euler equations for instance, can for example

give valuable insights into the expected shock wave dynamics at more manageable

computational efforts. However, in the aircraft design process, many different geometric

variations need to be investigated to obtain an optimal design. Furthermore, different

scenarios in the whole flight envelope need to be analyzed, further adding to the number

of evaluations of the PDE solver. Hence, in recent years, surrogate models have become an

important tool when parameter variations or rapid turnaround times [8, 9] are required.

Surrogate models aim to mimic the outputs of a full-order model, such as a CFD solver,

based on a finite number of data samples. Classical system identification approaches,

used for applications in aerospace for decades [10], are an example of surrogate models.

Furthermore, regression models such as radial basis functions, polynomial interpolation

and Gaussian processes have been used to design capable data-driven surrogates with

fast evaluation times [11, 12]. When a surrogate aims to predict an entire solution field,

one often refers to it as a reduced-order model (ROM) [13]. ROMs often also make use

of projection-based methods or some other form of lower-dimensional representation

to approximate the full order model, the most popular choice being proper orthogonal

decomposition (POD) [13]. One can also distinguish between non-intrusive ROMs, which

are purely based on data, and intrusive ROMs, which also incorporate information from

the underlying differential equations in some form during the prediction stage. One

example of an intrusive ROM is thework by Zimmermann andGörtz [14] who enhance the

predictions of a data-driven POD-ROM, by minimizing the residual of the predicted flow

states evaluated with a CFD solver within the subspace spanned by the POD coefficients.

By incorporating the residual evaluation, they find the combination of POD coefficients

which yields the lowest CFD residual. Their method is validated on steady subsonic and

transonic flows around an airfoil. The residual minimization approach was later also

applied to unsteady problems by Bekemeyer et al. [15]. Notably, as later discussed, in this

work will also investigate an approach where the PDE residual is minimized to obtain

accurate flow predictions, although without additional data and without the restriction

to a pre-computed subspace. Moreover, the method we utilize does not need access to

the residual information during the prediction stage, making it, strictly speaking, not an

intrusive ROM.

Recently, neural networks (NNs) have emerged as a highly capable alternative [16, 8]

for surrogate and reduced order modeling. The biological networks of neurons, found in

the brain, inspired the creation of the NN algorithms that are used today. NNs can be

seen as a general parametrized function consisting of multiple layers of simple nonlinear

units, the neurons. Information is processed though multiple layers of these neurons

connected through adjustable weight matrices. These adjustable parameters are adapted

during a training process. During the training, a loss function, measuring the deviation

between the network prediction and target values, is minimized. For the minimization,

iterative gradient-based optimization algorithms can be used. The gradients can be

calculated efficiently using the chain rule of derivatives in an algorithm called back-

propagation [17] (see Ch. 2.3). Using this algorithm, neural networks can be trained to
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approximate arbitrary functions. Furthermore, it has been shown that certain neural

networks have universal function approximation capabilities. Roughly speaking, this

means that a sufficiently large neural network exists that can approximate any function

fulfilling certain smoothness criteria up to an arbitrary closeness (see e.g. [18]). Notably,

this does not guarantee that the correct parameters can be learned.

While NNs have been known for many decades, they gained wider recognition when

convolutional NNs first achieved top scores in image recognition contests in the early

2010s [19]. This success of NNs was facilitated by so-called deep NN architectures [20],

where the term “deep” refers to an architecture with multiple hidden layers. There

is no consensus on which kind of networks are considered deep, but it is generally

agreed that more than one hidden layer is required. Furthermore, the utilization of

graphics processing units (GPUs) has been vital for efficiently training deep network

architectures which frequently contain millions of parameters. Lastly, sufficiently large

labeled datasets were required, allowing for an effective training and circumventing

over-fitting. Deep learning models were already actively used throughout the 2010s in

science and industry [20] for image processing tasks and represented an active topic

of research. However, the year 2022 marked another surge in the use of deep learning

methods. With the release of the generative chatbot "ChatGPT", deep learning based

models, which are able to generate human-conversation like responses, gained wider

public recognition. These so-called large language models are based on the transformer

architecture [21], contain billions of trainable parameters and are trained on massive

text-databases. In the research community, the development of neural network models

has been facilitated by powerful and user friendly open-source software libraries such as

PyTorch [22] and Tensorflow [23]. These libraries can be used to easily set-up new model

architectures, directly including automatic differentiation [24] (AD) and calculations on

GPUs to accelerate the training process.

Neural network architectures are flexible in the sense that they can essentially be used

for most data-driven tasks in machine learning by adapting the model architecture to

the problem at hand. They excel at learning structures in high dimensional data and

nonlinear relations [20]. Due to these properties, Neural networks have also become an

important technique for surrogate modeling in aerodynamics. Due to the nonlinearity

of the underlying PDEs, problems in fluid dynamics are typically nonlinear. This is for

instance evident when approximating transonic flows, exhibiting shock waves. As for

example shown by Hines and Bekemeyer [25], classical surrogate models such as proper

orthogonal decomposition with interpolation, struggle to accurately approximate the

pressure field in the vicinity of the shock wave due to the localized nonlinearity. In

contrast, even simple neural network based architectures, such as a fully-connected

feed-forward neural network, achieve improved prediction accuracies at these locations.

Moreover, different types of advanced neural network architectures can handle other

complexities arising in the context of aerodynamics. Encoder-Decoder-type architectures

can effectively learn lower-dimensional representations of the high-dimensional data

coming from the millions of nodes used in the grids of CFD simulations [26]. Furthermore,

graph neural networks can exploit the graph structure of the grids and natively exchange

information between neighboring nodes enhancing the accuracy of the models [25]. Other
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special types of architectures, such as recurrent neural networks or transformers are

designed to learn from sequential data. Hence, they are well suited for transient problems

in aerodynamics [27]. However, one key disadvantages of NNs is that they typically

require a large database to be effectively trained. In sparse data scenarios, they are

oftentimes outperformed by classical reduced order and surrogate modeling techniques.

Hence, their reliability is often limited, when the training data base is insufficient. In

addition, as a purely data-driven black-box model, it is also difficult to interpret the

reliability of a trained model, since they are typically prone to over-fitting.

As simulation data is costly to obtain and usually sparse, new methods have emerged,

aiming to directly combine the strengths of traditional numerical PDE solvers and data-

driven modeling techniques, such as neural networks. These so-called scientific machine

learning approaches have the goal to be more accurate because they directly incorporate

physical knowledge into the model, while also being as flexible and numerically efficient

as classical data-driven methods [28]. One of these approaches is the physics-informed

neural network (PINN) [29].

The PINN approach essentially uses a standard deep neural network to approximate

the solution to some problem, involving physical laws governed by partial differential

equations. In comparison to standard NN models, it is however not only trained on data

of the solution but also on the physical laws themselves. This is achieved by constructing

a composite loss function, which is the sum of both data-driven and physics-driven terms.

While the data-driven terms measure the agreement of the model with the data, the

physics-driven terms can measure how well the model prediction conforms with the

differential equation(s). To obtain this estimate, the fully differentiable structure of the

NN is used to calculate the partial derivatives of the predicted solution using the chain

rule of derivatives. These calculation can be be efficiently vectorized for many point

locations in the domain, using the so-called automatic differentiation (AD) algorithms,

also called algorithmic differentiation, which are also used for back-propagation. The

partial derivatives are plugged into the differential equation which should equal 0 for a

solution of the PDE. An approximation of the solution will however only yield a value

≠ 0. Hence, this so-called residual of the differential equation can be squared and used as

a loss term for the optimization of the neural network parameters. When combined with

other data driven terms it can act as a physics-based regularization, aiming to obtain

a model which conforms with the physics of the problem. However, when no data is

available, PINNs can also be used to solve the full boundary-value problem. To this end,

one also has to enforce the boundary conditions of the problem. This can, for example,

be achieved using additional loss terms. To evaluate the residual loss, representative

training or collocation points need to be selected inside of the domain as well as on the

boundaries for the boundary loss terms. These points are often randomly sampled.

In aerodynamics, PINNs can potentially fill the gap between fast but inaccurate surrogate

models and accurate but costly CFD solvers. In the following, the development of PINNs

over recent decades is discussed in more detail and the immense potential attributed to

PINNs is showcased, based on a selection of applications from various fields of science.

General modifications and improvements of the methodology are also discussed. Lastly,

we focus on the application of PINNs in fluid dynamics and especially aerodynamics.
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1.1. Origins of PINNs and Today’s Applications

Already in 1994, Dissanayake and Phan-Thien [30] published a first attempt of utilizing a

neural network as a global ansatz function for the solution of boundary value problems.

Surprisingly, even these first attempts show remarkable similarities with the approaches

that are used today. They reformulate the Cauchy problem as an unconstrained optimiza-

tion problem by designing a composite loss function with different terms for boundary

and initial conditions, respectively. In addition, similarly to the popular L-BFGS [31]

optimization algorithm, which is used today, they utilize a quasi-Newton optimizer to

minimize the resulting loss function. Using this method, they solve two linear PDEs,

obtaining satisfactory approximation accuracy considering the limited resolution due to

computational limitations of that time. In contrast to today’s approaches, they calculate

the spatial derivatives using finite differences, leading to additional truncation errors. In

the later work of Lagaris et al. [32], the authors explicitly derive the analytical derivatives

of the network output with respect to the coordinate inputs based on the chain rule and

use these to optimize the network parameters. They also introduce a constructed ansatz

function which automatically fulfills the boundary conditions without imposing them

as soft constraints via additional loss terms. For the optimization, they also employ a

quasi-Newton optimizer, namely the BFGS algorithm [33, pp. 136-143]. They validate the

method on a suite of simple ODEs, a linear PDE in two dimensions and a nonlinear PDE

in two dimensions. In a subsequent article [34], the authors extend the ansatz-encoded

boundary conditions to non-trivial geometries by fitting a radial-basis network to the

geometry at hand.

While many of these fundamental concepts underlying PINNs are still used in today’s

models, it took almost two decades before these algorithms again received significant

attention. Facilitated by readily available powerful consumer grade GPUs, interest in

neural network algorithms was reignited in the 2010s, leading to the development of pow-

erful and developer-friendly software libraries such as Tensorflow [23] and Pytorch [22],

optimized for computations on GPUs. Starting around 2017, a research group at Brown

university, lead by George Kardianakis, re-popularized neural network based algorithms

for PDE-based problems. They introduced a unified framework, similar to the previous

approaches, and called it a physics-informed neural network [35, 36, 29]. These articles by

Raissi, Perdiakis and Kardianakis can be seen as the seminal work which popularized

the method in many fields of scientific computing. They reintroduce the methodology

and demonstrate on an extensive suite of test cases many of the key features of the

methodology. Besides the approximation of solutions to Cauchy problems, they also

highlight the applicability to solve inverse problems. For inverse problems, some form of

data of a PDE solution or even measured data needs to be available at the start of the

training. This data is then integrated as a data driven loss term, which is combined with

the residual based loss terms to draw conclusions about unknowns in the set-up of the

forward problem itself. This can, for example, be unknown boundary conditions or a PDE

parameter whose value is unknown. In their work, this approach is, for example, used to

identify the pressure field and PDE parameters such as the viscosity in the incompressible

Navier-Stokes equation for the vortex shedding past a circular cylinder.
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Combining these promising results with the fact that a basic PINN is straightforward

to implement and apply, the method quickly drew attention in many fields of scientific

computing. At the time of writing, the publication by Raissi et al. [29] has been cited

more than 7000 times, clearly showing the significant interest the methodology has

received in recent years. With the amount of work that has since been published on

the methodology, it is very rapidly evolving and it is not possible to cover all of the

recent developments within the scope of this work. A broader overview is given by

the review articles [28, 37, 38], highlighting various fields of applications. Since partial

differential equations are ubiquitous in many fields of science, possible use cases for

PINNs are equally diverse. PINNs are for example applied in biomedicine, geophysics,

fluid mechanics, material science, system theory, chemical engineering, astrophysics,

nuclear physics and astronomy, just to name a few [38].

In the following, a small selection of recently published work, utilizing the PINN method-

ology, is highlighted to give an impression of the versatility of this approach in various

fields. In the context of geophysics, Waheed et al. [39] employed PINNs to solve the

factorized Eikonal equation. The Eikonal equation is a hyperbolic PDE which arises in

various context. In seismology it can for example be used to model the travel time of

seismic waves, helping to localize wave sources or for seismic inversion where seismic

reflection data is used to create a quantitative model of the subsurface [40]. Here, the

authors utilize PINNs as an alternative PDE solver. They utilize adaptive loss term weight-

ing [41] and localized adaptive activation functions [42], obtaining reasonable accuracies

on different two-dimensional test cases. They also find that transfer learning can be used

to reuse a trained model which is retrained for new source locations. The authors see

potential in the methodology for speeding up more complex 3D simulations. Note that in

this example, PINNs are used as a PDE solver to approximate the solution to a particular

Cauchy problem. This use-case is often referred to as the forward problem.

PDEs also play an important role in finance. The Black-Scholes equation is for example

used to describe the price evolution of derivatives (e.g. options). More advanced models,

such as the Heston model, assume stochastic volatility, leading to stochastic differential

equations (SDE). Recently, Hainaut and Casas [43] applied the PINN methodology to

the Heston model. The used PINN model is parametric, meaning that general input

parameters of the SDE are incorporated in the input space of the network. Once trained,

the resulting model can, practically in an instant, value an option at different parameter

configurations, which is a fundamental advantage compared to the conventionally used

spectral algorithms, which need to be rerun for new parameters. Hence, the authors

note that the methodology shows potential and could even be applied to more complex

derivatives in the future. In this example the PINN was again used as a PDE solver,

however in a parametric fashion. One single PINN is trained to obtain the solution to a

Cauchy problem for all possible parameter values in the range that it is trained in. The

capability of PINNs to solve parametric forward problems will be further explored in this

work, too.

PINNs have also been used in cardiac electrophysiology to approximate myocardial

fiber orientation on the hearts surface, based on electroanatomical maps, which can

be obtained in a clinically viable way. The orientation of myocardial fibers is relevant
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since electrical activation propagates anisotropically because the electrical conductivity

is highest in fiber direction [44, 45]. With the help of PINNs, Herrera et al. [46] solved

the arising inverse problem, again governed by the Eikonal equation, to reconstruct the

surface fiber direction. The methodology is validated on synthetical 2D and 3D- data, on

ex-vivo fiber, obtained with diffusion tensor imaging and on clinical data. When more

than two electroanatomical maps are available, the fiber orientation can be reconstructed

with reasonable error levels. Additional regularization has been shown to be crucial for

solving the inverse problem. The method also shows resilience to noise. The presented

technique could, for instance, be used to compile patient specific treatment plans based

on the attained fiber orientations, without the need for invasive measurements. Inverse

problem are often-times ill-posed and hence can be very difficult to solve. This article is

an excellent display of how PINNs are well suited for these kind of scenarios.

Another recent application of PINNs lies in the field of surrogate modeling in nuclear

reactor designs. To simulate a wide range of security critical failure scenarios, surrogates

models are used to predict the behavior of a reactor design under different parameter

configurations. Surrogate models are especially useful in safety critical scenarios, because

the most accurate simulation models are too expensive to evaluate when Monte-Carlo

based uncertainty quantification approaches are required. Recently, Antonelli et al. [47]

showcased the use of a PINN model as a surrogate model for reactor simulations. Their

model is mainly trained on a dataset obtained by a high-fidelity simulation, but the

loss function is enhances with a single physics-informed loss term which describes the

reactivity feedback to a change in average fuel temperature. Even the inclusion of this

single equation acting as a physics-driven regularization is shown to significantly enhance

the accuracy of the model and to reduce under- and overfitting in comparison to the

fully data-driven model. For this application, the trained PINN model is primarily trained

on data and the physics-based loss terms do not constitute a full Cauchy problem. The

single physics-driven term can rather be seen as a type of regularization, which steers a

data driven model into the direction of physically reasonable approximations.

Overall, we see that the PINN methodology is applied in many scientific fields, dealing

with problems governed by PDEs. This adaptability is facilitated by the flexibility of

PINNs in tackling different kinds of problems. We have seen that PINNs can solve a single

instance of a forward problem or even parametric forward problems. Furthermore, they

are also applicable to inverse problems or as a physics-based regularization for a data-

driven model. Of course, in practice, the differences between these different use-cases

can become somewhat blurred as PINNs are being applied to more and more complex

problems. However, it is instructive to keep these key features, or capabilities of PINNs

in mind.
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1.2. General Modifications and State-of-the-Art

The standard PINN architecture uses one single NN as a global ansatz function for

the approximation of the solution. In many ways, this a desirable property of PINNs

because, unlike many other discretization based techniques, one obtains a globally smooth

approximation for which values and derivatives can be easily calculated without any

truncation error. However, when dealing with large scale problems, the neural network

size also has to be increased significantly for the global solution approximation to be

sufficiently accurate. Moseley et al. [48] demonstrate how for a simple one-dimensional

differential equations with a harmonic solution, a standard PINN can approximate the

solution well at a low frequency of 𝜔 = 1. However, when they increase the frequency

to 𝜔 = 15, the neural network size also had to be increased significantly (number

of parameters had to be increased by a factor of more than 200) to achieve a good

approximation of the solution. Note that the increase in frequency is equivalent to an

increase in domain size at the previous 𝜔 = 1. The increase in network size also leads to

significantly longer training times and deteriorated convergence. For such scenarios, it

therefore makes sense to decompose the domain into multiple parts. In each subdomain,

a separate NN can be trained, also enabling parallelization of the training process for

each domain. Such domains decomposition approaches have for example been explored

by Jagtap et al. [49] for conservation laws. They enforce continuity of fluxes at the

domain boundaries via additional loss terms. In a similar fashion, in [50] this approach

has been extended to other types of PDEs. Another approach was proposed by Moseley

et al. [48], where subdomains are overlapping. The continuity between the individual

sub-networks is obtained with predefined window functions which form a partition of

unity. The window functions are multiplied with the individual network outputs and

then summed up to obtain the global solution. This approach does not require additional

loss terms at the interfaces but the overlapping domains create additional computational

overhead. While domain decomposition is likely advantageous when scaling PINNs to

large scale applications, it typically complicates the formulation of the model significantly

and interfacing loss terms or window functions can aggravate the complexity of the

optimization problem that is to be solved. For a more comprehensive overview of different

PINN domain decomposition approaches, see [51].

The PINN loss function typically consists of different terms corresponding to different

sub-objectives like the fulfillment of initial condition and the minimization of the PDE

residual. During the training of the PINN, the magnitude of gradients of certain loss

terms can be quite different, leading to a situation where practically one and not all of

the objectives are learned simultaneously. This is because typical iterative optimization

algorithms for neural networks identify try to identify the minimum of the loss function,

based on the steepest descend direction. If the gradient of the sum of the loss terms

is dominated by a single term, then the other loss terms are not considered during the

optimization. This issue has been identified as one of the major failure modes of PINNs

by Wang et al. [41]. On a number of test cases, the authors visualized the gradient

imbalances in different loss terms. The issues can be alleviated by introducing weighting

factors, multiplied with the different loss terms. They propose an adaptive weighting

algorithm to adjust the loss term weights during training, based on their respective
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training gradient magnitudes. Different version of these adaptive weighting approaches

have been proposed, all aiming to alleviate the imbalances in the different loss terms,

leading to improved training convergence and accuracies [41, 52, 53, 54]. It should

however be noted that these algorithms are only effective when an imbalance between

the loss terms exists and they cannot alleviate other failure modes of PINNs.

Another way of avoiding imbalances between different terms of the composite loss

function is to encode initial and boundary conditions directly into the ansatz function,

removing the need for the additional loss terms. Historically, such ansatz-encoded

boundary conditions were already explored in the early works of Lagaris [32]. For simple

Dirichlet boundary conditions, the network output can simply be multiplied with a

function which is non-zero inside the entire domain but vanishes on the boundary. Then,

an additional function that exactly fulfills the boundary condition is added to that product.

Similar approaches have also been developed for Neumann- and Robin-type boundary

conditions [55]. While the ansatz-encoded boundary conditions can potentially improve

the conditioning of the optimization problem [56, 55], the construction of the modified

ansatz function can be challenging. Especially for Neumann-type boundary conditions

for complex domains, approximate distance functions, fulfilling certain smoothness

criteria in the neighborhood of the boundary, have to be constructed. Different numerical

approaches for the construction of the ansatz function based on R-functions are proposed

in [55]. The application to higher dimensional Neumann-type boundaries is not shown.

Alternative activation functions have also been explored as a potentially advantageous

modification for PINNs. The introduction of additional trainable parameters into the

activation function, which can modify the slope, has shown to improve the convergence

behavior of PINNs and yields higher accuracies [57]. These so-called adaptive activation

functions have been extended in various works [42, 58]. Moreover, sinusoidal activation

functions have been able to improve PINN accuracies, compared to classical sigmoid-like

activations [59, 60], especially when the solution exhibits certain periodic features. Re-

cently, special activation functions have also been designed to approximate discontinuous

solutions of hyperbolic conservation laws [61]. A comprehensive overview of different

activation functions is presented in [62].

A general property of Neural network training is the so-called spectral bias phenomenon.

Essentially, when training neural networks, lower frequency modes of the approximated

functions are learned first during training while higher frequency modes are only learned

after long training periods. Hence, when dealing with multi-scale problems, PINNs

generally require very long training times to learn the higher frequency modes of a

particular solution. For example, in aerodynamics, a PINN will approximate the smoother

parts of a flow field, such as the far field, first and require rather long training times

to approximate the nonlinearities, such as boundary layers or shocks. The previously

mentioned domain decomposition approaches can be seen as a way to address the spectral

bias phenomenon because by splitting a global domain into multiple smaller subdomains,

the effective frequency of all solution modes in each subdomain is reduced. A more direct

approach is the so- called Fourier embedding, originally proposed in [63] for general

neural networks and later adapted by Wang et al. [64] for PINNs. Fourier embedding uses

additional encoding layers, which map the inputs of the neural network into a higher
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dimensional space with harmonic functions at different randomly sampled frequencies.

This encoding layer has no trainable parameters and enables neural networks to better

approximate higher dimensional frequencies of the solution. In practice, this significantly

improves the convergence of PINNs for multi-scale problems and leads to higher solution

accuracy at the cost of an additional hyperparameter required for the sampling of the

Fourier frequencies. Empirical evidence shows that Fourier embedding is one of the

most reliable and universally applicable improvements that can be made for the PINN

architecture [54].

Overall, we see that a significant amount of research has been dedicated to enhancing

and modifying PINNs since their inception. The above overview of improvements and

modifications is by no means exhaustive, as researchers continue to explore new avenues

to augment the capabilities, accuracy, and efficiency of PINNs. The future of PINNs

holds much promise, with ongoing research positioned to unlock even greater potential

for this technology in tackling complex scientific and engineering challenges. For a

more extensive overview on recent developments, the interested reader is referred to the

review articles [37, 38]. In the following, the focus is shifted back on applications in fluid

dynamics and aerodynamics and an overview on different PINN works in this field are

discussed.

1.3. Physics-Informed Neural Networks in the Context
of Fluid Dynamics and Aerodynamics

Already in the original paper by Raissi et al. [29], the application of PINNs to problems

in fluid mechanics gained significant attention. Based on the viscous Burgers equation,

the authors highlight how PINNs can be applied to solve forward problems governed

by nonlinear conservation laws. For the incompressible Navier-Stokes equations, the

authors also show how PINNs can solve inverse problems, such as the prediction of the

pressure field and PDE parameters based on noisy measurements of the velocity field

for the vortex shedding behind a cylinder. Since then, PINNs have frequently shown to

be effective for solving similar inverse problems for the incompressible Navier-Stokes

equations, where some variables of the flow field (e.g. pressure or the velocities) are

reconstructed based on incomplete or noisy measurements of other variables and poten-

tially with incomplete boundary conditions. For example in [65] the authors show how a

PINN can be used to reconstruct pressure and velocity field based on sparse concentration

measurements of a passive scalar convected by a three dimensional flow. This method

can be used to reconstruct flow fields simply based on experimental snapshots of a flow

field with some passive visualization agent like a dye or smoke. In a similar manner,

Cai et al. [66] reconstruct the velocity and pressure fields, based on temperature measure-

ments. The method is applied to three-dimensional convective flow over an espresso cup,

where temperature measurements are obtained using tomographic background oriented

Schlieren imaging. Steinfurth and Weiss [67] assimilate the mean flow field in an diffuser

test-section, based on particle-image velocimetry as well as mean pressure and wall shear

stress measurements. Their model uses the RANS equations to successfully reconstruct
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the three dimensional flow field in-between the particle image velocimetry planes. Mom-

mert et al. [60] consider synthetic DNS data of a Rayleigh-Bénard convection cell. The

authors reconstruct the temperature fields based on measurements of the velocity field

and vice-versa.

The application to forward problems governed by the incompressible Navier Stokes

equations, where the model is only trained based the boundary value problem itself, is

limited to more simple problem, typically in the laminar regime and at low Reynolds-

number. Early investigations by Jin et al. [52] showed the application of PINNs to

solve simple two and three-dimensional laminar flows and a turbulent channel flow at a

Reynolds number of 𝑅𝑒 = 1000, where the PINN is used in a small window and boundary

conditions for that window are provided by DNS data. Sun et al. [56] applied the PINN

methodology to laminar flows, modeling the blood flow through idealized stenotic and

aneurysmal channels. They also show how ansatz-encoded boundary conditions compare

favorably against loss-term encoded boundaries. Wang et al. [54] review and test different

important PINN improvements, such as loss-term weighting and Fourier embedding on

the lid-driven cavity flow, obtaining accurate predictions for 𝑅𝑒 = 3200. These results

have only recently been improved by Cao et al. [68] who solve the lid driven cavity flow

at 𝑅𝑒 = 5000, using a quasi-timstepping training methodology. This methodology aims

to alleviate the ill-conditioning of the governing equations, or more specifically their

Jacobian [69].

Eivazi et al. [70] investigate the use of PINNs for solving the incompressible RANS equa-

tions. They do not utilize an explicit turbulence model and rather let the neural network

predict the Reynolds stresses directly. Dirichlet boundary conditions are prescribed for

these additional variables at the domain boundaries. With this method, the authors obtain

accurate predictions for zero pressure gradient and adverse pressure gradient boundary

layer flows. For the turbulent flow around a NACA2412 airfoil at 𝑅𝑒 = 2 · 10
5
and a

periodic hill geometry with 𝑅𝑒 = 2800, they obtain modest 𝐿2 errors with less than 10%

for the airfoil and less than 30% for the periodic hill, respectively.

PINNs have also been explored for solving the compressible Euler equations. Initial

efforts by Mao et al. [71], showed satisfactory results for simple one- and two-dimensional

problems, when artificially increasing the resolution with additional collocation points

around shock waves. However, significant smoothing can still be observed around the

shock. They also investigate inverse problems. The available solution data inside of the

domain helps to approximate the shocks more accurately, even when parameters of the

PDE are unknown. However, the placement of additional points around the shock requires

a priori knowledge of the shock location. While these initial results were promising, it

was later revealed, that for more complex geometries and shock waves, PINNs generally

struggle to approximate solutions for these equations [72, 73]. In fact, difficulties with

the approximation of shock wave solutions can even be observed for simple scalar

conservation laws. These types of differential equations can be seen as a prototypical

equations for the more complex Euler equations, representing a system of conservation

laws. Hence, a more fundamental analysis and refinement of the method based on

simplified equations is required, before more complex problems for the Euler equations

can be solved reliably. Fuks and Tchelepi [74] first report that even for hyperbolic
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conservation laws, PINNs fail to accurately approximate shock waves. They also note

that the addition of a diffusive term to the PDE and the resulting smoothing of the solution

can alleviate the problem albeit at the cost of less sharply resolved shocks.

This has inspired the investigation of artificial viscosity (AV) methodologies for PINNs.

The fundamental idea is to modify the residual loss of the PINN by adding a small

dissipative term to the PDE. This AV smooths out nonlinearities. AV is a well-known

concept in classical methods to numerically solve hyperbolic equations [75]. For the

compressible Euler equations and other conservation laws in general, some form of

dissipation is usually required to obtain a stable solver scheme. The development of

both accurate and simultaneously robust central difference schemes with AV has been an

active field of research for decades in the context of conventional CFD solvers [76, 77, 78,

75, 79].

The failure of PINNs to approximate shock waves was later also analyzed inmore detail for

scalar conservation laws and systems of conservation laws, such as the Euler equations,

by Patel et al [80]. To overcome this limitation, the authors discretize the domain into

control volumes and reformulate the loss function in integral form. The resulting control-

volume-PINN requires an approximate quadrature to evaluate the integrals. Furthermore,

the authors introduce three different penalization methods to ensure convergence to

viscosity solutions. Firstly, an AV penalization introduces a small dissipative term to

the PDE to smooth out the discontinuities. Secondly, an entropy inequality penalization

directly penalizes disagreements with the entropy condition thus ensuring convergence

to the entropy/viscosity solution. Thirdly, a total variational diminishing loss penalizes

oscillations around shock waves. Using these modifications, they are able to calculate

accurate solutions for various hyperbolic conservation laws such as Burgers’ equation and

the one-dimensional Euler equations. Returning to a classical PINN formulation without

control volumes, Coutinhou et al. [81] proposed different methods to locally determine

AV levels for one dimensional PDEs. Waagenar [73] provided a detailed analysis of

common failure modes arising when approximating compressible flows with PINNs and

identified the issue that paradoxically, residual losses tend to increase when shocks are

approximated by PINNs. Furthermore, different AV methods were tested on a variety of

two dimensional stationary shock waves for the Euler equations, for example by utilizing

the NN to locally predict the AV. The use of AV for PINNs will be further analyzed and

expanded in this work. Besides AV, other modifications to the PINN architecture have

been proposed to enable the successful approximation of conservation laws [61, 82, 83,

84, 85]. A detailed discussion of AV and other approaches is presented in Ch.3.

Besides the fundamental works on solving flows on trivial geometries, PINNs are recently

also being explored for more applied problems in aerodynamics with non-trivial domains.

In this context, we refer to a geometry as non-trivial, if the domain features internal

boundaries (i.e. holes) with high curvature or sharp edges and/or geometrical features

15



of drastically different length scales
1
. Cao et al. [86] have shown accurate predictions

for subsonic inviscid and steady-state flows around an airfoil by combining PINNs with

mesh transformations (MTs). This classical methodology is well known in the context

of CFD (see e.g. [2, pp. 168-215]) and can, for instance, be used to solve PDEs for non-

trivial geometries with finite differences. The general idea is to transform a curvilinear

grid representing the physical domain into a regular grid in the computational domain.

The boundary value problem is then solved on the regular grid in this computational

domain. PINNs do not strictly require a regular grid-like point distribution. It was however

demonstrated that usingMT yields significant improvements in accuracy and convergence

speed for typical two-dimensional aerodynamic flows around an airfoil. High point-

density areas in the physical domain are stretched in the computational domain (e.g. near

the airfoil surface) and low point-density areas in the physical domain are compressed in

the computational domain. This mitigates some of the natural multi-scale characteristics

of such aerodynamic flows. Near an airfoil, we typically have curvature effects in the flow

field on very short length scales. The total domain needs to be comparatively large though

(multiple chord lengths) to emulate an infinite domain where all flow quantities recede

to free stream conditions. In addition, outgoing disturbances may be reflected back into

the domain by the far-field boundary, impeding convergence [3, pp.262-268]. Therefore,

numerical legacy methods require domain sizes around 10-100 times the chord length of

the airfoil. Multi-scale problems like this have shown to be challenging for PINNs [64,

48] and the reformulation of the problem in terms of a square computational domain

with equalized length scales leads to a loss landscape which is evidently far easier to

navigate during training. The PINN prediction matches well with finite volume reference

results even on coarse grids. In their subsequent work, Cao et al. [87] demonstrated

how the PINN with mesh transformations can be used to predict the flow around a fully

parameterized airfoil shape, highlighting the potential for geometry optimization. The

mesh-transformation based PINNs have since also been adapted to solve other parametric

PDEs for flows around airfoils, including laminar flows governed by the incompressible

Navier-Stokes equations [88], and even the incompressible RANS equations [89], clearly

demonstrating the major potential of parametric neural network based PDE solvers in

aerodynamics. However, the authors also show that for transonic flows, the presented

method is unable to accurately approximate the expected normal shock wave [86]. This

is a major limitation for engineering applications in aeronautics, since, for the majority

of the time, today’s airplane’s operate at transonic conditions.

In conclusion, the rapid advancement of PINNs in fluid dynamics has shown a diverse

array of applications, including the solution of hyperbolic conservation laws, the approx-

imation of laminar and turbulent flows and the application to first aerodynamic problems

such as flows around airfoils. A more extensive overview of works in this field is given

by [90, 91].

1
To clarify this description, since this dissertation is focused on PINN development, geometries that are

labeled to be non-trivial, e.g. the flow around an airfoil, would indeed be trivial for today’s industrial

CFD software. However, due to the current state of PINN development in literature, non-trivial

geometries in a classical CFD context are beyond the scope of this work. Henceforth, geometries

that are non-trivial in a classical CFD context will be referred to as problems/geometries of industrial
relevance.
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1.4. ResearchQuestions
In the wide-ranging context of PINN research in fluid mechanics, where turbulence,

compressibility and multi-scale phenomena pose significant simulation challenges, key

questions remain unanswered. Especially when dealing with compressible flows, the

applicability, accuracy, and robustness of the PINN method seems to not be sufficiently

investigated. Within this scope, this work has the ambition to answer the following

questions:

1. Are classical numerical techniques and concepts for solving PDEs rele-
vant for PINNs?

2. What can be the role of PINNs in compressible aerodynamics?

a) To which extent can PINNs solve forward problems and how do they

compare to classical CFD solvers?

b) Can PINNs solve complex parametric problems?

While PINNs represent an alternative direction for approximation of solutions to the

PDEs of aerodynamics, one should also not ignore the fact that an extensive suite of

legacy methods and existing theory is available for the solution of conservation laws.

This catalog of knowledge needs to be adapted, because unlike classical discretization

based methods, PINNs use a global, parametrized ansatz function. Hence, it is unclear

if classical principles are still applicable to PINNs. However, by transferring familiar

numerical concepts, the standard PINN approach can possibly be enhanced and benefit

from existing knowledge which is the focus of research question 1.

As previously described, PINNs can be employed for different kinds of problems involving

partial differential equations, including forward, inverse or parametric problems. How-

ever, it is unclear whether they are in fact applicable to the numerically challenging PDEs

encountered in aerodynamics and in what scenarios they are advantageous, compared

to PDE solvers and reduced order models in use today. Hence, question 2 focuses on

investigating main use-cases of the PINN methodology. The use as a solver for classical

Cauchy problems, is of major importance in aerodynamics and will be investigated in

question 2.(a). For that investigation, this work focuses on conservation laws, and es-

pecially the compressible Euler equations as a model for an inviscid compressible fluid.

Comparisons to legacy methods such as the finite volume method, the de-facto scientific

and industrial standard for solving conservation laws, are of interest. The central criteria

of these comparisons are the robustness of the method, the computational effort and the

numerical accuracy. For sub-question (b) we shift the attention to parametric problems.

The rather unique ability of PINNs to solve parametric problems could be expedient for

aerodynamic applications since many-query scenarios are very common in design-space

exploration and optimization scenarios.
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1.5. Outline
The remainder of this thesis is structured as follows. Chapter 2 starts with a recap of the

mathematical basics of conservation laws, mainly focusing on the notion of a solution.

As it turns out, this notion is non-trivial for conservation laws and also has important

implication for the design of numerical algorithms for the approximation of the solutions.

Certain solutions of conservation laws, that can indeed be observed in nature, are not

solutions in a classical mathematical sense. Therefore, the formal definition of a solution

needs to be widened to include these so-called weak solutions. However, weak solutions

are not-unique and additional criteria need to be introduced to identify the solution

that resembles the behavior that we observe in nature. As we will see, the definition of

these criteria for a physically reasonable solution, is intrinsically linked to the concept of

viscosity. This motivates, the usage of AV as a central concept for the novel algorithms

developed in this work. Moreover, the chapter briefly discusses the finite-volume method

as a classical numerical method for solving conservation laws and how it also can make

use of artificial viscosity. Furthermore, the concept of a neural networks is introduced,

including the mathematical formulation, standard optimization/training algorithms and

important modifications and improvements. Finally, the chapter delves into the PINN

methodology, outlining the general model architecture, the imposition of boundary

conditions, the construction of the loss function and important extensions.

Chapter 3 explores why standard PINNs have difficulties to approximate solutions to

conservation laws and what modifications can be made to overcome these limitations.

Initially, a mathematical argument is presented which illustrates for a simple Riemann

problem, why standard PINNs are unable to approximate shock waves. In the following,

based on the theory for conservation laws in the previous chapter, different novel alter-

ations of the PINN architecture for solving conservation laws are introduced. These novel

methods aim to stabilize the training of PINNs by utilizing artificial viscosity. As an initial

motivation, they are showcased, based on the inviscid Burgers equation representing a

simple nonlinear conservation law and then further extended for the compressible Euler

equations.

In the following the newly introduced methods are applied to a number of test cases

for the compressible Euler equations. Chapter 4 applies one of the newly developed

methods, the PINN with adaptive scalar AV to a flow around a cylinder at subsonic

conditions. It also shows how the method can be extended towards parametric problems.

All results are compared against finite volume reference solutions.

In the following Chapter 5, a similar model with adaptive scalar AV is used to predicts an

oblique shock wave at supersonic conditions. The models is also used for a parametrized

version of the problemwith variableMach number and comparedwith analytical reference

results. In Chapter 6 a second model variant, the PINN with sensor-controlled AV,

is used to simulate flows around airfoils. Initially, we show that, thanks to a mesh-

transformation, the model is able to accurately predict subsonic flows around these

non-trivial geometries. Afterwards, the chapter is focusing on transonic conditions.

In these conditions, the emergence of normal shock waves is a crucial aerodynamic

phenomenon which is challenging for numerical methods to capture accurately. With
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the help of the sensor-controlled AV, the PINN model is also able to predict the normal

shock waves. Again, the results are evaluated in comparison to finite-volume references

and the method is extended to parametric problems.

Chapter 7 summarizes the key findings of this work. Furthermore the research questions

are revisited and it is discussed how they have been addressed in this work. To conclude

this thesis, in Chapter 8, the findings are put into a broader context, emphasizing

the implications of this work also with regards to other recent developments in this

dynamic research field. The chapter also covers recommendations for possible future

investigations, building upon this work.
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2. Conservation Laws of Fluid
Mechanics and Solution Methods

The mathematical intricacies of conservation laws have been studied for decades and

represent the foundation of current CFD solvers used in industrial applications. This

chapter will revisit some of these mathematical fundamentals. It is not surprising that

these principles are also essential for the development of suitable neural network based

solution methods for these kind of problems. As a point of comparison, finite volume

methods, representing a well established class of algorithms for the solution of conserva-

tion laws, will be briefly revisited. In the second part of this chapter, the focus is shifted

to classical neuronal networks and how they are used as a powerful data-driven method

in machine learning. Lastly, the physics-informed neural network method is introduced

and several important aspects and extensions of the method are discussed in detail.

2.1. Conservation Laws
The modeling of fluids using continuum mechanics puts our understanding of physical

phenomena into mathematical terms, ultimately enabling us to predict the behavior of

continuous media in unseen conditions. At the core of this mathematical description

is the observation that a change of a conserved quantity over time in a fixed volume

can only be precipitated by a flux across its boundaries, assuming an absence of any

sources in that volume. This observation gives rise to the conservation laws of continuum

mechanics.

2.1.1. General Form
We consider a general conserved quantity 𝜓 in a domain 𝑉 . In mathematical terms, a

general conservation law is written as:

𝑑

𝑑𝑡

∫
𝑉

𝜓𝑑𝑉 +
∮
𝜕𝑉

𝑭 (𝜓 ) · 𝒏𝑑𝑆 = 0, (2.1)

where

∮
𝑑𝑆 represents the surface integral and 𝒏 is the outward facing normalized

normal vector of the control volume’s boundary 𝜕𝑉 . In the context of fluid mechanics,

𝜓 could be the mass density of the fluid, while 𝑉 is a fixed volume, a so-called control

volume, through which the fluid flows. Assuming that𝜓 is continuously differentiable,
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we can apply Gauss’s theorem. In the vanishing volume limit vol(𝑉 ) → 0 we obtain the

differential form:

𝜕𝜓

𝜕𝑡
+ ∇ · 𝑭 (𝜓 ) = 0, (2.2)

with the divergence operator ∇ · (·). Eq. (2.2) is a partial differential equation for the

unknown𝜓 . If𝜓 is a vector-valued variable, we speak of a system of conservation laws.

Besides the term conservation law, (2.2) is called an equation in conservation form. Certain

equations may be rewritten in non-conservative form, where factors appear outside of

the differential operator. Notably, contrary to the differential form, the integral form may

admit solutions of𝜓 that are not differentiable. We will consider such weak solutions in

more detail in the following section.

Many of the governing equations of fluid mechanics for the conserved quantities such

as the density, momentum and energy can be written in this form. Furthermore, one of

the most prominently used numerical methods in computational fluid mechanics, the

finite volume method, utilizes conservation laws. The method splits the computational

domain into small control volumes and computes the quantities inside of these volumes

by means of Eq. (2.1).

2.1.2. Scalar Conservation Laws
In the following, we consider scalar conservation laws starting with a linear transport

equation, followed by the nonlinear Burgers equation. Using these equations as examples,

important theoretical properties and concepts are introduced.

Characteristics and Weak Solutions

The first conservation law considered is a linear transport equation

𝜕𝑢 (𝑥, 𝑡)
𝜕𝑡

+ 𝑐 𝜕𝑢 (𝑥, 𝑡)
𝜕𝑥

= 0, (𝑥, 𝑡) ∈ R × R+, 𝑥 ≠ 0, (2.3)

for the unknown function 𝑢 : R × R+ → R. The equation can be seen as a model of a

passive scalar quantity that is advected with constant velocity 𝑐 . Let us consider an initial

value problem, given by Eq. (2.3) for (𝑥, 𝑡) ∈ R × R+ and an initial condition:

𝑢 (𝑥, 0) = 𝑢0(𝑥). (2.4)

For differentiable 𝑢0 a solution is given by:

𝑢 (𝑥, 𝑡) = 𝑢0(𝑥 − 𝑐 · 𝑡). (2.5)

This can be confirmed by plugging Eq. (2.5) into Eq. (2.3). The solution to this problem and

other conservation laws can for example be obtained using themethod of characteristics [7,
Ch. 3.2].

Definition 1 (Characteristic Curve). For nonlinear first-order PDEs, characteristic curves
or, in short, characteristics are curves along which the PDE is converted into a system of

ordinary differential equations (ODEs).
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Figure 2.1.: Characteristic lines for the linear transport equation. The velocity 𝑐 is given

by the slope of the characteristics.

For Eq. (2.3), we look for characteristics (𝑥 (𝑠), 𝑡 (𝑠)) parametrized by a new variable 𝑠 .

The resulting ODE has the form

𝑑

𝑑𝑠
𝑢 (𝑥 (𝑠), 𝑡 (𝑠)) = 𝐷 (𝑢, 𝑥 (𝑠), 𝑡 (𝑠)), (2.6)

with the unknown right hand side 𝐷 . Using the chain rule we obtain

𝑑

𝑑𝑠
𝑢 (𝑥 (𝑠), 𝑡 (𝑠)) = 𝜕𝑢

𝜕𝑡

𝜕𝑡

𝜕𝑠
+ 𝜕𝑢

𝜕𝑥

𝜕𝑥

𝜕𝑠
. (2.7)

Comparing this to Eq. (2.3), we set

𝑑𝑥 (𝑠)
𝑑𝑠

= 𝑐 (2.8)

𝑑𝑡 (𝑠)
𝑑𝑠

= 1. (2.9)

For Eq. (2.6), it follows that

𝑑

𝑑𝑠
𝑢 (𝑥 (𝑠), 𝑡 (𝑠)) = 𝜕𝑢 (𝑥, 𝑡)

𝜕𝑡
+ 𝑐 𝜕𝑢 (𝑥, 𝑡)

𝜕𝑥
= 0. (2.10)

Hence, along the characteristics, the solution is constant. Eqs. (2.8)-(2.10) are the resulting

system of ordinary differential equations. From Eqs. (2.8)-(2.9) we obtain

𝑡 = 𝑠

𝑥 (𝑠) = 𝑥 (𝑡) = 𝑥0 + 𝑐 · 𝑡 .
(2.11)

Since 𝑢 is constant along the characteristics, we have

𝑢 (𝑥 (𝑠), 𝑡 (𝑠)) = 𝑢 (𝑥 (0), 0) = 𝑢0(𝑥0) = 𝑢0(𝑥 − 𝑐 · 𝑡), (2.12)

giving us the solution to the initial-boundary value problem. A schematic plot of the

characteristics of the linear transport equation is shown in Fig. 2.1.

Next we consider the inviscid Burgers equation. In conservative form, the equation is

given by:

𝜕𝑢

𝜕𝑡
+ 1

2

𝜕(𝑢2)
𝜕𝑥

=
𝜕𝑢

𝜕𝑡
+ 𝑢 𝜕𝑢

𝜕𝑥
= 0. (2.13)
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Figure 2.2.: Characteristics for Burgers’ equation for the Riemann problem 𝑢l = 1 and

𝑢r = 0. The characteristics intersect in the marked area.

We can again apply the method of characteristics. Following the same steps as for the

linear transport equation in Eqs. (2.6)-(2.10), we obtain the system of ODEs:

𝑑𝑥 (𝑠)
𝑑𝑠

= 𝑢 (𝑠)
𝑑𝑡 (𝑠)
𝑑𝑠

= 1

𝑑𝑢 (𝑠)
𝑑𝑠

= 0.

(2.14)

Again the solution is constant along the characteristics and 𝑠 = 𝑡 . However, contrary

to the linear equation, the solution of 𝑥 (𝑡) depends on 𝑢. When choosing piecewise

constant initial conditions, we can however make certain assertions about the solution.

In constant regions we can integrate Eq. (2.14):

𝑥 (𝑡) = 𝑢0(𝑥0)𝑡 + 𝑥0. (2.15)

Let us now consider a special initial value problem, the so-called Riemann problem. It is

given by initial data which is constant in space, except for a single discontinuity:

𝑢0(𝑥) =
{

𝑢l, 𝑥 ≤ 0

𝑢r, 𝑥 > 0.
,

𝑢l ≠ 𝑢r

(2.16)

First, we analyze the case for 𝑢𝑙 = 1 and 𝑢𝑟 = 0. The characteristics, given by Eq. (2.15),

are shown in Fig. 2.2. We can see, they intersect in the marked area. Hence, in this

area, our classical solution is not uniquely defined, because it is supposed to take on two

different values (𝑢𝑙 and𝑢𝑟 ) at once. Notably, even without discontinuous initial conditions

such intersections of characteristics appear for the Burgers equation, when the initial

condition contains negative derivatives. This is due to the fact that the characteristics are

traveling towards each other at such locations. In such cases, a unique smooth solution

of the problem does not exist. We have to consider so-called weak (or integral) solutions

to the problem to admit also discontinuous solutions.
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Definition 2 (Weak Solution). A function 𝑢 (𝑥, 𝑡) : (R × R+) → R is called a weak

solution to the scalar conservation law

𝜕𝑢

𝜕𝑡
+ 𝜕𝐹 (𝑢)

𝜕𝑥
= 0, (2.17)

if it fulfills the following identity:∫
R×R+

(
𝑢
𝜕𝜙

𝜕𝑡
+ 𝐹 (𝑢) 𝜕𝜙

𝜕𝑥

)
𝑑𝑥𝑑𝑡 +

∫
R

𝑢0(𝑥)𝜙 (𝑥, 0)𝑑𝑥 = 0, (2.18)

for all continuously differentiable test-functions 𝜙 : (R × R+) → R with compact

support [7, pp. 150-155].

Eq. (2.18) can be obtained from Eq. (2.17) by multiplying with a test function 𝜙 and

integrating by parts. All boundary terms vanish at ±∞ since lim

𝑥→∞
= lim

𝑥→−∞
= 0 due

to the compact support of 𝜙 , leaving only the second integral in Eq. (2.18). Note how

the derivatives have been transferred from 𝑢 to the test function 𝜙 . Hence, Eq. (2.18)

gives us a notion of solution candidates, even when 𝑢 i not smooth. The set of weak

solutions contains the classical differentiable solutions but also admits certain candidates

of discontinuous solutions.

Let us now consider a weak solution with a discontinuity. We analyze an open subset

𝑉 ⊂ R × R+ which is separated into two regions 𝑉− ⊂ 𝑉 and 𝑉+ ⊂ 𝑉 , separated by a

curve 𝐶 . The solution 𝑢 is smooth in 𝑉− and 𝑉+ but discontinuous across the curve 𝐶 .
The discontinuity is parametrized by 𝑥 = 𝑠 (𝑡) and travels with speed 𝑑𝑠/𝑑𝑡 ≡ ¤𝑠 (𝑡). In this

case, 𝜙 is a test function with compact support in 𝑉 . Applying Eq. (2.18) to 𝑉 gives:∫
𝑉+

(
𝑢
𝜕𝜙

𝜕𝑡
+ 𝐹 (𝑢) 𝜕𝜙

𝜕𝑥

)
𝑑𝑥𝑑𝑡 +

∫
𝑉−

(
𝑢
𝜕𝜙

𝜕𝑡
+ 𝐹 (𝑢) 𝜕𝜙

𝜕𝑥

)
𝑑𝑥𝑑𝑡 = 0, (2.19)

where the second integral in Eq. 2.18 vanishes due to the compact support of 𝜙 in V. This

can again be integrated by parts:

−
∫
𝑉+

(
𝜕𝑢

𝜕𝑡
+ 𝜕𝐹 (𝑢)

𝜕𝑥

)
𝜙𝑑𝑥𝑑𝑡 −

∫
𝑉−

(
𝜕𝑢

𝜕𝑡
+ 𝜕𝐹 (𝑢)

𝜕𝑥

)
𝜙𝑑𝑥𝑑𝑡

+
∫
𝜕𝑉+

(𝑢+(𝑡)𝑛𝑡 + 𝐹 (𝑢+)𝑛𝑥 ) 𝜙𝑑𝑠 +
∫
𝜕𝑉−

(𝑢−(𝑡)𝑛𝑡 + 𝐹 (𝑢−)𝑛𝑥 ) 𝜙𝑑𝑠,
(2.20)

where the 𝒏 = (𝑛𝑡 , 𝑛𝑥 ) = (−¤𝑠 (𝑡), 1) is the normal vector across the discontinuity and 𝑢+
and 𝑢− are the limits of 𝑢 from either side of the discontinuity. The first two integrals

contain Eq. (2.17) which is satisfied pointwise in these smooth regions. Hence, we are

left with: ∫
𝐶

( ¤𝑠 (𝑡) (𝑢+(𝑡) − 𝑢−(𝑡)) − (𝐹 (𝑢+) − 𝐹 (𝑢−))) 𝜙𝑑𝑠 = 0. (2.21)

For arbitrary test functions, the integral vanishes if ¤𝑠 (𝑡) (𝑢+(𝑡)−𝑢−(𝑡))−(𝐹 (𝑢+)−𝐹 (𝑢−) = 0.

This gives the following relation for the shock speed:

¤𝑠 (𝑡) = 𝐹 (𝑢+) − 𝐹 (𝑢−)
𝑢+(𝑡) − 𝑢−(𝑡)

, (2.22)
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Figure 2.3.: Characteristics for Burgers’ equation for the Riemann problem 𝑢l = 1 and

𝑢r = 0. The Rankine-Hugoniot condition allows for a shock to connect both

sides of the Riemann problem. The previously intersecting characteristics

run into the shock.

called the Rankine-Hugoniot condition. Eq. (2.22) gives an indication which curves 𝑠 (𝑡)
are admissible shockwaves for a weak solution𝑢. We can apply Eq. (2.22) to the previously

analyzed Riemann problem, (Eq. (2.16)) for the Burgers equation with 𝐹 (𝑢) = 𝑢2/2, 𝑢𝑙 = 1

and 𝑢𝑟 = 0:

¤𝑠 (𝑡) = 𝐹 (0) − 𝐹 (1)
0 − 1

=
−1

2

2 · (−1) =
1

2

. (2.23)

Hence, we obtain a weak solution to the problem:

𝑢 (𝑥, 𝑡) =
{

1, 𝑥 < 1

2
𝑡

0, 𝑥 > 1

2
𝑡
. (2.24)

In Fig. 2.3 we can see that the whole domain is covered by the characteristics. They

run into the contact line, meaning that the solution is uniquely defined by the initial

condition 𝑢0.

We will now analyze a second Riemann problem, given be the initial data 𝑢l = 0 and

𝑢r = 1. The domain is not fully covered by the characteristics, originating from the initial

condition, as shown by the blue area in Fig. 2.4. As before, we may construct a solution

with a shock to cover the missing area:

𝑢 (𝑥, 𝑡) =
{

0, 𝑥 < 1

2
𝑡

1, 𝑥 > 1

2
𝑡,

(2.25)

which indeed fulfills the Rankine-Hugoniot condition. However, when looking at the

solution in Fig. 2.4 (a), we see characteristics originating from the contact line. This is

nonphysical, since information should always originate from the initial condition and not

be created by the shock. Furthermore, we can come up with additional weak solutions

with intermediate states, fulfilling the Rankine-Hugoniot conditions, such as:

𝑢 (𝑥, 𝑡) =


0, 𝑥 < 1

4
𝑡

1

2
, 1

4
𝑡 < 𝑥 < 3

4
𝑡

1, 𝑥 < 3

4
𝑡,

(2.26)
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Figure 2.4.: Characteristics for different weak solutions for Burgers’ equation for the

Riemann problem 𝑢l = 0 and 𝑢r = 1. The Rankine-Hugoniot conditions admit

for example the shocks (a) and (b) to fill the marked area. The physically

reasonable solution is however given by the rarefaction wave (c).

shown in Fig. 2.4 (b). Evidently, our notion of a solution is not sufficient for describing

unique physically reasonable solutions. Here, the term physically reasonable means

that the solution resembles the behavior of observable systems, for example in fluid

flows. Weak solutions for scalar conservation laws are not unique. To find a physically

reasonable solution, we need to exclude nonphysical, weak solutions with characteristics

that originate from the contact line. Hence, we postulate that a physically reasonable

discontinuity should fulfill the condition:

𝐹 ′(𝑢−) > ¤𝑠 (𝑡) > 𝐹 ′(𝑢+), (2.27)

called the Lax entropy condition. For a uniformly convex flux function, such as for the

Burgers’ equation, 𝐹 ′ is strictly increasing. Hence, all discontinuities with 𝑢− < 𝑢+ are
not allowed. This means that for the Burgers’ equation, for all Riemann problems with

𝑢𝑟 > 𝑢𝑙 , we do not encounter any shock waves. The physically correct solution to the

problem is a so-called rarefaction solution. For 𝑢l = 0 and 𝑢r = 1 this solution is given by:

𝑢 (𝑥, 𝑡) =


𝑢l, 𝑥 ≤ 0

𝑥
𝑡
, 0 < 𝑥 < 𝑡

𝑢r, 𝑥 > 𝑡 .

(2.28)

The rarefaction solution is shown in Fig. 2.4 (c). It is a continuous, weak solution to

the Riemann problem. For the full derivation, see e.g. [92, p. 25]. One can generalize

this notion of an entropy conditions to non-convex fluxes. However, it only gives an

indication if a certain shock wave is admissible. In the next step, we generalize the

point-wise entropy condition.

Entropy Solutions and the Vanishing Viscosity Connection

As before, we consider a general scalar conservation law:

𝜕𝑢

𝜕𝑡
+ 𝜕𝐹 (𝑢)

𝜕𝑥
= 0. (2.29)
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Let Φ : R→ R be a strictly convex function (Φ′′(𝑢) > 𝑐 > 0 for some constant 𝑐) called

an entropy function. Then the corresponding entropy-flux Ψ is defined as:

Ψ(𝑢) =
∫ 𝑢

0

𝐹 ′(𝑠)Φ′(𝑠)𝑑𝑠. (2.30)

Eq. (2.30) also implies:

Ψ′(𝑢) = 𝐹 ′(𝑢)Φ′(𝑢). (2.31)

Suppose that 𝑢 is a smooth solution to Eq. (2.29). Then we can calculate:

𝜕Φ(𝑢)
𝜕𝑡
+ 𝜕Ψ(𝑢)

𝜕𝑥

=Φ′(𝑢) 𝜕𝑢
𝜕𝑡
+ Ψ′ 𝜕𝑢

𝜕𝑥

=− Φ′(𝑢) 𝜕𝐹 (𝑢)
𝜕𝑥
+ Ψ′ 𝜕𝑢

𝜕𝑥

=(−Φ′(𝑢)𝐹 ′(𝑢) + Ψ′(𝑢)) 𝜕𝑢
𝜕𝑥

= 0.

(2.32)

The entropy function Φ with the entropy-flux Ψ satisfy a scalar conservation law them-

selves. For practical applications, Φ sometimes corresponds to the negative of the physical

entropy. For weak solutions, the entropy is however not conserved and Eq. (2.32) [7,

Ch. 11.4.2] becomes:

𝜕Φ(𝑢)
𝜕𝑡
+ 𝜕Ψ(𝑢)

𝜕𝑥
≤ 0. (2.33)

The entropy may increase, for example over shock waves. The usage of the entropy and

entropy-flux pair (Φ,Ψ) finally allows us to define an adequate notion of a solution that

is both unique and physically reasonable:

Definition 3 (Entropy Solution). A function 𝑢 (𝑥, 𝑡) ∈ 𝐿∞ is called an entropy solution

of Eq. (2.29) if it satisfies the following conditions:

(i) 𝑢 is a weak solution of Eq. (2.29), i.e. it satisfies the identity (2.18) for all continuously

differentiable test-functions with compact support 𝜙 : (R × R+) → R.

(ii) It satisfies the entropy condition:∫
R×R+

Φ(𝑢) 𝜕𝜙
𝜕𝑡
+ Ψ(𝑢) 𝜕𝜙

𝜕𝑥
𝑑𝑥𝑑𝑡 ≥ 0, (2.34)

for all entropy/entropy-flux pairs (Φ,Ψ).

In Def. 3 (ii), we express Eq. (2.33) in a weak fashion. As for example shown by Evans [7,

ch. 11.4.3], the entropy solution is unique.

Def. 3 is actually motivated by the concept of vanishing viscosity solution, as we will

demonstrate in the following. For this we will consider the system:

𝜕𝑢𝜇 (𝑥, 𝑡)
𝜕𝑡

+
𝜕𝐹 (𝑢𝜇)
𝜕𝑥

= 𝜇
𝜕2𝑢𝜇

𝜕𝑥2
, 𝜇 > 0. (2.35)
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Figure 2.5.: Schematic demonstration of dissipative term in Eq. (2.35). Discontinuities are

more smoothed out with higher values of 𝜇.

This is a pertubation of Eq. (2.17), turning it into a convection-diffusion equation. It

can be shown that for such systems, the solutions are 𝐶∞ [92]. The dissipative term on

the right hand side of Equation (2.35) smooths out discontinuities. This is illustrated in

Fig. 2.5. To find a solution to Eq. (2.29) we now take the limit 𝜇 → 0. The corresponding

limit 𝑢𝜇 → 𝑢 is expected to be the physically reasonable solution that we are looking for.

It can be shown that this limit exists and that it is a weak solution to Eq. (2.29). Let us now

use this idea to confirm our definition of the entropy solution. We start by multiplying

Eq. (2.17) with Φ′. For notational convenience the dependence of 𝐹 (𝑢𝜇),Φ(𝑢𝜇) and Ψ(𝑢𝜇)
is not explicitly shown.

Φ′
𝜕𝑢𝜇

𝜕𝑡
+ Φ′ 𝜕𝐹

𝜕𝑥
= 𝜇 · Φ′

𝜕2𝑢𝜇

𝜕𝑥2
. (2.36)

We apply the chain rule of derivatives to both terms on the left hand side respectively.

For the right hand side, we use 𝜕2Φ/𝜕𝑥2 = Φ′ (𝜕2𝑢𝜇/𝜕𝑥2) + Φ′′ (𝜕𝑢𝜇/𝜕𝑥)2, yielding

𝜕Φ

𝜕𝑡
+ Φ′𝐹 ′

𝜕𝑢𝜇

𝜕𝑥
= 𝜇

(
𝜕2Φ

𝜕𝑥2
− Φ′′

(
𝜕𝑢

𝜕𝑥

)
2

)
. (2.37)

Finally, we can use Eq. (2.31) and again the chain rule to obtain:

𝜕Φ

𝜕𝑡
+ 𝜕Ψ

𝜕𝑥
= 𝜇

(
𝜕2Φ

𝜕𝑥2
− Φ′′

(
𝜕𝑢

𝜕𝑥

)
2

)
. (2.38)

Since Φ is a convex function, the second term on the right hand side is greater than zero,

resulting in the inequality:

𝜕Φ

𝜕𝑡
+ 𝜕Ψ

𝜕𝑥
≤ 𝜇

𝜕2Φ

𝜕𝑥2
. (2.39)

Assuming that the limit 𝑢𝜇 → 𝑢 exists, we obtain:

𝜕Φ(𝑢)
𝜕𝑡
+ 𝜕Ψ(𝑢)

𝜕𝑥
≤ 0, (2.40)

which is the entropy condition that we established in Def. 3.

As we will see in the following chapters, the idea of using dissipative terms as a way

to obtain the entropy solutions to conservation laws is imperative for many numerical

methods. In practice, non-vanishing viscosities are used in relevant parts of the domain.
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Ultimately, the development of robust and accurate numerical solution methods for

conservation laws often boils down to choosing appropriate viscosities 𝜇.

In this section some important mathematical terminology concerning scalar conserva-

tion laws has been introduced. Even for these rather simple equations, a considerable

theoretical framework is required to even find an appropriate notion of a solution. It has

to be mentioned here that this chapter only covers fundamental aspects of the theory

of conservation laws and many important concepts have only been roughly outlined.

A more in-depth discussion is provided in the main references for these sections. The

source for this section are the lecture notes of Siddharthra Mishra [92] and chapter 3.4
and 11 of Evans [7].

Many problems in physics are however governed by systems of conservation laws. While

many of the introduced concepts can be transferred to these systems of differential

equations, a sound mathematical theory for such systems in higher dimensions is still

missing. The Euler equations of fluid dynamics represents such a system of conservation

laws. Except for trivial low dimensional examples, a straightforwards method to attain

analytical solutions for these equations is not known. Hence, numerical approaches to

obtain approximate solutions will be discussed in the following sections.

2.1.3. Euler Equations
The Euler equations are a nonlinear system of conversation laws and can be used to model

the flow of an inviscid compressible fluid. For a detailed derivation of the equations, see

e.g. [2, Ch. 2]. A central focus of this work is the solution of boundary value problems

governed by the Euler equations in two dimensions:

𝜕𝑾

𝜕𝑡
+ 𝜕𝑭𝑥

𝜕𝑥
+
𝜕𝑭𝑦
𝜕𝑦

= 0,

𝑾 =

©­­­«
𝜌

𝜌𝑢

𝜌𝑣

𝜌𝐸

ª®®®¬ , 𝑭𝑥 =

©­­­«
𝜌𝑢

𝜌𝑢2 + 𝑝
𝜌𝑢𝑣

𝜌𝑢𝐸 + 𝑝𝑢

ª®®®¬ , 𝑭𝑦 =

©­­­«
𝜌𝑣

𝜌𝑢𝑣

𝜌𝑣2 + 𝑝
𝜌𝑣𝐸 + 𝑝𝑣

ª®®®¬ ,
(2.41)

with the density 𝜌 , the flow velocities in x- and y-direction 𝑢 and 𝑣 and the total energy

𝐸. The system is closed by the equations of state for an ideal gas giving the following

relation for the total energy:

𝐸 =
1

𝜅 − 1

𝑝

𝜌
+ 𝑢2 + 𝑣2

2

, (2.42)

where 𝜅 is the ratio of specific heats. For air, we have 𝜅 = 1.4. Here, we are interested in

steady-state solutions, satisfying 𝜕𝑾/𝜕𝑡 = 0. The solution methods, developed in this

work predict a vector of the four independent variables typically given by (𝜌,𝑢, 𝑣, 𝐸). One

can choose the energy 𝐸 as the fourth primitive variable or the pressure 𝑝 , which are

related by Eq. (2.42). The integration of the pressure field over the surface can be used to

calculate the forces acting on aerodynamic objects. Hence, it is typically the quantity of

30



interest. In engineering applications, instead of the pressure 𝑝 , one often considers the

pressure coefficient

𝐶𝑝 =
𝑝 − 𝑝∞

1

2
𝜌∞(𝑢2

∞ + 𝑣2

∞)
, (2.43)

where the the∞ subscript indicates the reference values in the free-stream (i.e. without

any disturbances). The pressure coefficient is a non-dimensional quantity. We solve the

conservative form of the equations. In the conservative form, the fluxes 𝑭𝑥 and 𝑭𝑦 are
continuous in space, even across shock waves according to the conservation of mass,

momentum and energy. This is advantageous for the solution of transonic flows, where

discontinuities in the primitive variables may be encountered. Hence, their derivatives

might not be well defined across shocks.

2.2. Finite Volume Method
Finite volume methods are numerical approaches to discretize conservation laws. For

the approximate solution of conservation laws, finite volume discretizations are well

established in science and industry [3, 93, 94]. For the sake of this work, finite volume

methods will be used to obtain reference solutions. Moreover, the underlying theory

behind this method can in many cases be adapted to the PINN methodology, as will be

shown in this work and for example in [95]. Hence, in the following, the fundamentals

of finite volume simulations will be introduced. For the sake of simplicity, this discussion

is limited to one-dimensional scalar conservation laws. For a general introduction,

the interested reader is referred to the references [3, 92, 6]. Afterwards, the Jameson-

Schmidt-Turkel-scheme [76] is introduced as a standard discretization scheme for the

Euler equations, based on artificial viscosity. This scheme is of particular interest for this

work, because it has inspired newly developed methods for PINNs.

2.2.1. Scalar Conservation Laws
Similarly to many numerical techniques, a finite volume method relies on a spatial

and temporal discretization of the domain. For simplicity, we divide the domain 𝑉 =

(𝑥𝐿, 𝑥𝑅)×(0,𝑇 ) into𝑁 equally large cells or control volumes of size Δ𝑥 = (𝑥𝑅−𝑥𝐿)/(𝑁+1).
The cell mid-points are given by 𝑥 𝑗 = 𝑥𝐿 + ( 𝑗 + 1/2)Δ𝑥, 𝑗 = 0, . . . 𝑁 and the half points,

defining the cell boundaries are defined as 𝑥 𝑗−1/2 = 𝑥 𝑗 − Δ𝑥/2, as shown in Fig. 2.6. Note

that non-uniform cells could also be used here. The fundamental idea of a finite volume

method is that instead of approximating the exact solution 𝑢 (𝑥, 𝑡), only averaged solution
values are considered in each cell volume:

𝑢𝑛𝑗 =
1

Δ𝑥

∫ 𝑥 𝑗+1/2

𝑥 𝑗−1/2

𝑢 (𝑥, 𝑡𝑛)𝑑𝑥 (2.44)

By iterating through discrete time steps 𝑡𝑛 = 𝑛Δ𝑡 , the average solution in the next

time step is calculated, based on the average solutions at the previous time step: 𝑢𝑛+1

𝑗 =

𝐻 (𝑢𝑛
0
, 𝑢𝑛

1
, . . . , 𝑢𝑛

𝑁
), where𝐻 (·) is the update function of the numerical method. To find the
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Figure 2.6.: Schematic representation of spatial discretization in finite volume method in

1D and time discretization.

update function 𝐻 , we integrate a general scalar conservation law 𝜕𝑢/𝜕𝑡 + 𝜕𝑓 (𝑢)/𝜕𝑥 = 0

over one of the control volumes:∫ 𝑡𝑛+1

𝑡𝑛

∫ 𝑥 𝑗+1/2

𝑥 𝑗−1/2

𝜕𝑢

𝜕𝑡
𝑑𝑥𝑑𝑡 +

∫ 𝑡𝑛+1

𝑡𝑛

∫ 𝑥 𝑗+1/2

𝑥 𝑗−1/2

𝜕𝑓 (𝑢)
𝜕𝑥

𝑑𝑥𝑑𝑡 = 0, (2.45)

which can be rewritten, using the fundamental theorem of calculus∫ 𝑥 𝑗+1/2

𝑥 𝑗−1/2

𝑢 (𝑥, 𝑡𝑛+1)𝑑𝑥 −
∫ 𝑥 𝑗+1/2

𝑥 𝑗−1/2

𝑢 (𝑥, 𝑡𝑛)𝑑𝑥

+
∫ 𝑡𝑛+1

𝑡𝑛
𝐹 (𝑢 (𝑥 𝑗+1/2)) −

∫ 𝑡𝑛+1

𝑡𝑛
𝐹 (𝑢 (𝑥 𝑗−1/2))𝑑𝑡 = 0.

(2.46)

With Eq. (2.44), we then obtain

𝑢𝑛+1

𝑗 = 𝑢𝑛𝑗 +
1

Δ𝑥

(∫ 𝑡𝑛+1

𝑡𝑛
𝐹 (𝑢 (𝑥 𝑗+1/2)) −

∫ 𝑡𝑛+1

𝑡𝑛
𝐹 (𝑢 (𝑥 𝑗−1/2))𝑑𝑡

)
. (2.47)

We define the numerical flux function

𝐹 𝑗−1/2 =
1

Δ𝑡

∫ 𝑡𝑛+1

𝑡𝑛
𝐹 (𝑢 (𝑥 𝑗−1/2, 𝑡))𝑑𝑡, (2.48)

resulting in a concise formulation of the update rule:

𝑢𝑛+1

𝑗 = 𝑢𝑛𝑗 −
Δ𝑡

Δ𝑥

(
𝐹𝑛
𝑗+1/2 − 𝐹

𝑛
𝑗−1/2

)
. (2.49)
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One can easily check that if 𝐹𝑥𝐿 = 𝐹−1/2 = 0 and 𝐹𝑥𝑅 = 𝐹𝑁+1/2 = 0, this update rule is by

construction conservative:

𝑁∑︁
𝑗=0

𝑢𝑛+1

𝑗 =

𝑁∑︁
𝑗=0

𝑢𝑛𝑗 −
Δ𝑡

Δ𝑥

𝑁∑︁
𝑗=0

(
𝐹𝑛
𝑗+1/2 − 𝐹

𝑛
𝑗−1/2

)
=

𝑁∑︁
𝑗=0

𝑢𝑛𝑗 −
Δ𝑡

Δ𝑥

(
𝐹𝑛

1/2 − 𝐹
𝑛
−1/2 + 𝐹

𝑛
3/2 − 𝐹

𝑛
1/2 + · · · + 𝐹

𝑛
𝑁+1/2 − 𝐹

𝑛
𝑁−1/2

)
=

𝑁∑︁
𝑗=0

𝑢𝑛𝑗 −
Δ𝑡

Δ𝑥

(
𝐹𝑛
𝑁+1/2 − 𝐹

𝑛
−1/2

)
=

𝑁∑︁
𝑗=0

𝑢𝑛𝑗 .

(2.50)

Eq. (2.49) represents a discrete statement of conservation, similar to the general form of

a conservation law (2.1). A change of the quantity 𝑢 in the control volume 𝑗 over one

time step Δ𝑡 can only be caused by a flux 𝐹 of that quantity over the cell boundaries.

However, since the values of 𝑢 are only known at the cell mid points 𝑢 𝑗 , to close Eq. (2.49)

the numerical flux can not be evaluated directly. Hence, numeric differentiation ap-

proaches are required to evaluate the fluxes Eq. (2.48). Intuitively, one might assume that

a simple central difference is a suitable way to approximate the flux

𝐹𝑛
𝑗+1/2 =

𝐹 (𝑢𝑛𝑗 ) + 𝐹 (𝑢𝑛𝑗+1
)

2

. (2.51)

However, as it turns out, the central difference is unconditionally unstable, even for the

linear transport equation (2.3). From a physical perspective, this is due to the fact that

the central difference approximates the flux based on values of 𝑢 in front and behind of

the the cell boundary. However, since information is only propagated in one direction

(for the linear transport equation with 𝑐 > 0 to the right), the difference scheme can

only be based on information upstream or the underlying physics are violated. From a

mathematical perspective, it can also be shown that the central scheme is not energy

bounded [92] (i.e. energy is added to the system in each iteration), which ultimately leads

to divergence, confirming the previous physical argument that a central difference is not

suitable.

To overcome this limitation, we can define a so-called upwind scheme that selects which

neighbors flux needs to be used based on the local direction of propagation of information.

For Eq. (2.3), with 𝐹 = 𝑐 · 𝑢, the first order upwind flux is defined as

𝐹𝑛
𝑗+1/2 = 𝑐

{
𝑢𝑛𝑗 , 𝑐 ≥ 0

𝑢𝑛𝑗+1
, 𝑐 < 0.

(2.52)

Plugged into Eq. (2.49), we obtain

𝑢𝑛+1

𝑗 = 𝑢𝑛𝑗 −
Δ𝑡

Δ𝑥
· 𝑐

{
𝑢𝑛𝑗 − 𝑢𝑛𝑗−1

, 𝑐 ≥ 0

𝑢𝑛𝑗+1
− 𝑢𝑛𝑗 , 𝑐 < 0.

(2.53)
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Figure 2.7.: Schematic representation of spatial discretization in finite volume method in

2D.

The upwinding scheme is indeed (conditionally) stable when choosing adequate time

steps according to the CFL condition

max

𝑗
|𝐹 ′(𝑢𝑛𝑗 ) | ≤

1

2

. (2.54)

Eq. (2.53) can be rewritten in the equivalent form

𝑢𝑛+1

𝑗 = 𝑢𝑛𝑗 −
Δ𝑡

Δ𝑥
·
(
𝑐
𝑢𝑛𝑗+1
− 𝑢𝑛𝑗−1

2

+ |𝑐 |
𝑢𝑛𝑗+1
− 2𝑢𝑛𝑗 + 𝑢𝑛𝑗−1

2

)
. (2.55)

This formulation contains a central difference and an additional undivided second differ-

ence. This term acts in a dissipative manner. Evidently, the stable upwinding scheme is

equivalent to a central difference, combined with an additional dissipative term. Many

finite volume schemes for conservation laws are constituted in a similar manner, consist-

ing of a central difference, combined with a dissipative terms. As described by Swanson

and Turkel [96]: “ [...] a successful artificial dissipation model for a central difference

schemes should approximate an upwind scheme in the neighborhood of shocks.”

In the following we will introduce the Jameson-Schmidt-Turkel scheme as an exemplary

central difference scheme for the Euler equations.

2.2.2. Euler Equations
The Jameson-Schmidt-Turkel scheme (JST-scheme) is a central difference scheme with

artificial dissipation, originally introduced for solving the compressible Euler equa-

tions [76]. The presented formulation is based on [3]. For notational convenience,

we consider a two dimensional Cartesian grid with uniform control volumes 𝑉𝑖, 𝑗 with

volume vol(𝑉𝑖, 𝑗 ) = Δ𝑥 · Δ𝑦 ⊂ Ω (see Fig. 2.7). This approach can easily be extended to
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general structured [78, 96] or unstructured grids [79]. The integral form of the Euler

equations for a control volume 𝑉𝑖, 𝑗 is given by:

𝜕

𝜕𝑡

∫
𝑉𝑖, 𝑗

𝑾𝑖, 𝑗𝑑𝑉 +
∮
𝜕𝑉𝑖, 𝑗

®𝑭 · ®𝒏𝑑𝑆 = 0, (2.56)

where the vector arrows indicate a vector in Ω and ®𝑭 = (𝑭𝑥 , 𝑭𝑦) with 𝑾 , 𝑭𝑥 , 𝑭𝑦 as in

Eq. (2.41). The second integral is approximated by the sum:∮
𝜕𝑉𝑖, 𝑗

𝑭 (𝑾 ) · 𝒏𝑑𝑆 ≈ Δ𝑦
(
(𝑭𝑥 )𝑖−1/2, 𝑗 − (𝑭𝑥 )𝑖+1/2, 𝑗

)
+ Δ𝑥

(
(𝑭𝑦)𝑖, 𝑗+1/2 + (𝑭𝑦)𝑖, 𝑗−1/2

)
. (2.57)

As for the one-dimensional example, each numerical flux is approximated by the sum of

a central difference and a dissipative term. For example:

(𝑭𝑥 )𝑖+1/2, 𝑗 ≈ Δ𝑦𝐹𝑥 (𝑾𝑖, 𝑗+1/2) + 𝑫𝑖+1/2, 𝑗 , (2.58)

where𝑾𝑖+1/2, 𝑗 = 1/2(𝑾𝑖, 𝑗 +𝑾𝑖+1, 𝑗 ) and with the dissipative term 𝑫𝑖+1/2, 𝑗 . The dissipative

term consists of a blending of second differences 𝐷
(2)
𝑖+1/2, 𝑗 and fourth differences 𝐷

(4)
𝑖+1/2, 𝑗

𝑫𝑖+1/2, 𝑗 = Λ𝑖+1/2, 𝑗
(
𝐷
(2)
𝑖+1/2, 𝑗𝑠

(2)
𝑖, 𝑗+1/2 − 𝐷

(4)
𝑖+1/2, 𝑗𝑠

(4)
𝑖, 𝑗+1/2

)
. (2.59)

The factor Λ𝑖+1/2, 𝑗 is the sum of the largest eigenvalues of the flux Jacobians, also called

spectral radius of the flux Jacobians

Λ𝑖+1/2, 𝑗 =
1

2

(
(𝜆𝑥 )𝑖, 𝑗 + (𝜆𝑥 )𝑖+1, 𝑗 + (𝜆𝑦)𝑖, 𝑗 + (𝜆𝑦)𝑖+1, 𝑗

)
, (2.60)

with

(𝜆𝑥 )𝑖, 𝑗 =
(
|𝑢𝑖, 𝑗 | + 𝑐𝑖, 𝑗

)
Δ𝑥, (𝜆𝑦)𝑖, 𝑗 =

(
|𝑣𝑖, 𝑗 | + 𝑐𝑖, 𝑗

)
Δ𝑦. (2.61)

Fourth differences are used to obtain a second order scheme in smooth regions of the

flow, while the second order difference in the viscosity of the shock result in a first order

scheme, helping to avoid unwanted oscillations. The more sophisticated roe average [97,
92] could also be used to calculate the face value of Λ𝑖+1/2, 𝑗 . The sensor 𝑠

(2)
, switches on

when high pressure gradients are encountered in the vicinity of shocks. In these regions,

the sensor function 𝑠 (4) switches off the fourth differences to avoid oscillations in the

neighborhood of the shock. In smooth regions of the flow, the fourth differences are

however required to avoid odd-even decoupling. The sensors are defined as

𝑠
(2)
𝑖+1/2, 𝑗 = 𝑘 (2)max(Υ𝑖−1, 𝑗 , Υ𝑖, 𝑗 , Υ𝑖+1, 𝑗 , Υ𝑖+2, 𝑗 )

Υ𝑖, 𝑗 =

����𝑝𝑖+1, 𝑗 − 2𝑝𝑖, 𝑗 + 𝑝−1, 𝑗

𝑝𝑖−1, 𝑗 + 𝑝𝑖, 𝑗 + 𝑝𝑖+1, 𝑗

����
𝑠 (4) = max(0, 𝑘 (4) − 𝜖 (2)),

(2.62)

with the two constants 𝑘 (2) , 𝑘 (4) . Typical values for these constants are 𝑘 (2) = 1/2 and

𝑘 (4) = 1/64. The difference operators 𝑫 (2) and 𝑫 (4) are standard undivided approxima-

tions of the second and fourth derivatives, applied to the vector of conserved variables

𝑫 (2)
𝑖+1, 𝑗

=𝑾𝑖+1, 𝑗 −𝑾𝑖, 𝑗

𝑫 (4)
𝑖+1, 𝑗

=𝑾𝑖+2, 𝑗 − 3𝑾𝑖+1, 𝑗 + 3𝑾𝑖, 𝑗 −𝑾𝑖−1, 𝑗 .
(2.63)
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The JST-scheme applies an equal viscosity to each of the four equations, which is scaled

with the largest eigenvalue of the flux Jacobians. To reduce the dissipativeness of the

scheme the matrix dissipation scheme was introduced [78, 96]. Here Λ𝑖+1/2, 𝑗 is replaced
with a matrix, based on the flux Jacobian, such that the viscosity in each equation is

scaled by the corresponding eigenvalue. The modified version of Eq. (2.59) reads

𝑫𝑖+1/2, 𝑗 = |𝐴|𝑖+1/2, 𝑗
(
𝐷
(2)
𝑖+1/2, 𝑗𝑠

(2)
𝑖, 𝑗+1/2 − 𝐷

(4)
𝑖+1/2, 𝑗𝑠

(4)
𝑖, 𝑗+1/2

)
. (2.64)

The matrix |𝐴|𝑖+1/2, 𝑗 is defined, as the flux Jacobian 𝐴 = 𝜕𝑭𝑥/𝜕𝑾 diagonalized with

absolute values of the eigenvalues as

|𝐴| =𝑇𝑥 |Λ𝑥 |𝑇 −1

𝑥 , |𝐵 | =𝑇𝑦 |Λ𝑦 |𝑇𝑦, (2.65)

with the eigendecompositions 𝐴 = 𝑇𝑥Λ𝑥𝑇
−1

𝑥 and 𝐵 = 𝑇𝑦Λ𝑥𝑇
−1

𝑦 . The full matrices are,

for example, shown in [96]. The matix dissipation scheme is comparable in accuracy

to upwinding schemes but computationally similarly efficient as the JST-scheme [3,

Ch. 4.3.1]. For a comparison with other schemes, see for example [75].

2.3. Neural Networks
In this section, some of the fundamental neural network (NN) concepts are introduced,

starting with the architecture of a fully connected feed-forward NN. Afterwards, the

properties of one of the most essential building blocks, the activation functions, are

discussed in more detail. Next, the basics of relevant optimization/training algorithms

are introduced. Lastly, improvements to the standard architecture, namely the weight
normalization and the Fourier feature embedding methodologies are presented.

Architecture

One of the simplest NN architectures is the feed-forward fully connected NN. It is a

composition of multiple pairs of linear layers and non-linear activation functions. We

consider the neural network 𝒖̂ : R𝑁0 → R𝑁𝐷
with a depth of 𝐷 layers. Each layer

𝑘 = 1 . . . 𝐷 is defined by a function 𝑓 𝑘 : R𝑁𝑘−1 → R𝑁𝑘
with

𝒖̂ = 𝑓 𝐷 ◦ · · · ◦ 𝑓 𝑘 ◦ · · · ◦ 𝑓 1(𝒓),
𝑓 𝑘 (𝒓) = 𝜎𝑘 (𝑤𝑘𝒓 − 𝑏𝑘).

(2.66)

The trainable parameters of themodel are the bias vector𝑏𝑘 ∈ R𝑁𝑘
and theweightmatrices

𝑤𝑘 ∈ R𝑁𝑘 × R𝑁𝑘−1
. They are optimized by minimizing the loss function. The upper index

𝑘 indicates the layer. The activation function 𝜎𝑘 (·) is further discussed in Sec. 2.3. Each

layer can have a different number of nodes 𝑁𝑘 , often called neurons. For the final layer

𝐷 , a linear activation function is typically used such that the image of the output vector

is R𝑁𝑀
. NNs are often depicted by layer-wise graphs with nodes, as for example shown

in Fig. 2.8. In such a graph, the nodes represent the components of the output vector

(i.e. (𝑓 𝑘
1
, 𝑓 𝑘

2
, . . . , 𝑓 𝑘

𝑁𝑘
)𝑇 = 𝑓 𝑘 ) of the neurons in layer 𝑘 , while the connections represent
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Figure 2.8.: Schematic depiction of a fully connected feed-forward NN with.

the weight matrices 𝑤𝑘
. The fully connected architecture is at the core of many deep

learningmodels. Evenmore complex architectures like convolutional NNs or transformers

typically incorporate fully connected layers. An important motivation for the usage of

fully connected architectures have been the universal function approximation capabilities

that have been shown for these kinds of networks. Fundamentally the universal function

approximation theorems state that a network, similar to (2.66) of arbitrary width 𝑁𝑘 [18]

or arbitrary depth 𝐷 [98] can approximate arbitrary multivariate functions from certain

function classes up to any desired accuracy. It should, however, be stressed that the

universal function theorems do not make any assertions on how these approximations

can be obtained. This already alludes to two major challenges. Firstly, the required depth

or width of the network is unknown. These so-called hyperparameters typically need to

be selected empirically. Secondly, the parameters of the network (the weights 𝑤𝑘
and

biases 𝑏𝑘 ) have to be determined. In practice, gradient based optimization algorithms

are employed to determine optimal values for these parameters. This process is often

called training. The underlying optimization problem is however generally non-convex

and there is no guarantee to find the optimal parameters that would result in the desired

exactness.

Activation Functions

An essential part of the NN architecture in Eq. (2.66) is the activation function 𝜎 . Activa-

tion functions are crucial for enhancing the expressibility of the network because they are

the only non-linear building block. Hence they give NNs the ability to approximate com-

plex nonlinear relationships, even as a global ansatz function. Additional characteristics

of activation functions to consider are [62]:

1. Boundedness: When training NNs using gradient-based methods, activation

functions with a finite range have shown to be more stable.

2. Evaluation Cost: Due to the iterative nature of training algorithms and the stacked

architecture of the network, the activation function is evaluated many times during
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the training and evaluation of the network. Therefore, a low computational effort

of its evaluation and the evaluation of its derivatives is desirable.

3. No vanishing gradients: The image of sigmoid-like activation functions is typi-

cally bounded to a range (−1, 1). Repeated application of the chain rule of deriva-

tives leads to exponentially diminishing gradient values in the first layers of the

network impeding the training.

4. Differentiability: For most NN applications, continuous step-function like ac-

tivations with a non-differentiable point are well established. However, for the

physics-informed NNs that are considered in this work, the activation needs to be

continuously differentiable. This is due to the fact that higher order derivatives

are required in the physics-informed loss function, leading to discontinuous jumps

in the loss landscape, when activations are not continuously differentiable. These

jumps are undesirable for the training of NNs.

Traditional activation functions for NNs are sigmoid-like. A typical example is the

hyperbolic tangent

tanh(𝑥) = 𝑒𝑥 − 𝑒−𝑥
𝑒𝑥 + 𝑒−𝑥 . (2.67)

This activation is bounded (tanh(𝑥) ∈ (−1, 1), 𝑥 ∈ R) and continuously differentiable.

The derivative is limited to tanh
′(𝑥) ∈ (0, 1), 𝑥 ∈ R. Therefore, NNs with multiple

layers of hyperbolic tangent activations can suffer from vanishing gradients. This can

explain that the so-called rectified linear unit (ReLu(·)) has gained popularity in the late

2010s:

ReLu(𝑥) =
{

0, 𝑥 < 0

𝑥, 𝑥 ≥ 0

. (2.68)

The ReLu activation function is not bound. However, the derivatives for 𝑥 ≥ 0 are exactly

one, which can, in practice, help to avoid vanishing gradients. Furthermore, ReLu and its

gradients can be evaluated more efficiently than sigmoid-like activation. On the downside,

the range is not bounded for positive inputs and it is not differentiable at 𝑥 = 0.

Recently, adaptive activation functions featuring additional trainable parameters, have

gained popularity. We consider layer-wise adaptive activation functions, introduced by

Jagtap et al. [42]:

tanh
𝑘
adap
(𝑥) = tanh

(
𝑛𝜔𝑘 · 𝑥

)
, 𝑘 = 1, 2 . . . , 𝐷 − 1, (2.69)

where 𝑛 is a constant scaling factor and𝜔𝑘
is an additional trainable parameter. The slope

of the activation functions in each layer can be adapted during training. This helps to

avoid vanishing gradients while maintaining the bounded range of (0, 1) of the hyperbolic
tangent. The computational effort per epoch is however marginally increased, compared

to the normal tanh because one trainable parameter per network layer is added. In this

work, the original adaptive activation function is modified as follows:

tanh
𝑘
adap
(𝑥) = 𝑛𝜔𝑘

tanh(𝑥), 𝑘 = 1, 2 . . . , 𝐷 − 1. (2.70)
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This change allows not only for changes in the slope of the activation function but also

for changes in the magnitude. Empirically, it was observed that this further improves the

convergence properties. With the trainable parameter outside of the hyperbolic tangent,

the boundedness is no longer guaranteed. However, in practice, this does not seem to be

an issue, as the trainable parameter typically does not diverge.

Mini-Batch Training and Optimization Algorithms

Neural Networks are trained using gradient-based algorithms. Let us for example consider

a regression of a function 𝑢 : R −→ R. The NN is trained on a training data set, given by

𝑁 sample pairs:

{(𝑥𝑖, 𝑦𝑖) | 𝑖 = 0, . . . , 𝑁 − 1, 𝑦𝑖 = 𝑢 (𝑥𝑖)}. (2.71)

To find optimal parameters of the NN, we solve the unconstrained optimization problem:

min

𝜽

(
1

𝑁

𝑁−1∑︁
𝑖=0

L(𝑢𝜽 (𝑥𝑖))
)
, 𝜽 ∈ R𝑁𝜽 , (2.72)

with a loss function L. The loss is typically based on a norm of the difference between

the prediction and actual function value, e.g. L𝑢 (𝑥𝑖)) = ∥𝑦𝑖 − 𝑢 (𝑥𝑖)∥22

. Here, 𝜽 is the

parameter vector of length 𝑁𝜽 , containing a concatenation of all entries of the weight

matrices 𝑤𝑘
and the biases 𝑏𝑘 in Eq. (2.66). This vector is extended by the adaptive

weights𝑤𝑘
when adaptive activation functions (2.70) are used.

In practice, stochastic gradient descent (SGD) algorithms are oftentimes used. The

optimization is called stochastic because during each training iteration the loss function

is only evaluated on a subset of the total training data, called a batch. The stochastic loss
function for the parameters 𝜽 in iteration 𝑖 is given by:

˜L𝑖 (𝜽 ) =
1

𝑁batch

∑︁
𝑗∈𝜒𝑖
L(𝑢𝜽 (𝑥 𝑗 ), 𝑦 𝑗 ). (2.73)

The samples of the batch 𝜒𝑖 are chosen as follows. Let 𝑿̃ be a random permutation of the

dataset index vector 𝑿 = (0, . . . , 𝑁 − 1). Then we have:

𝜒𝑖 = (𝑋̃𝑖 ·𝑁
batch

, . . . , 𝑋̃(𝑖+1)·(𝑁
batch
)−1) 𝑖 = 1, . . . , ⌊ 𝑁

𝑁batch

⌋ . (2.74)

A random exclusive subset of 𝑁batch samples of the whole dataset gets picked in each

iteration until the whole dataset has been used. If 𝑁batch is not a factor of 𝑁 , the last

batch with less than 𝑁batch samples can either be used for a final iteration or be dropped

as is the case in Eq. (2.74). Typically ⌊𝑁 /𝑁batch⌋ iterations are not enough to fully train

a NN until convergence. Therefore, this process is repeated and each run through the

whole dataset is called an epoch. In the context of deep-learning, we speak of mini-batch
training when the gradients are calculated as the mean over a subset of the whole data

set. When the whole data set is used, the terms batch training or fullbatch training are

commonly used.
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Algorithm 1 stochastic gradient descent

Require: 𝜏 : Step size/learning rate

Require: ˜L𝑖 (𝜽 ) stochastic loss/objective function at iteration 𝑖

Require: 𝜽0: initial parameters

𝑖 ← 0

while 𝜽𝑖 not converged do
𝑖 ← 𝑖 + 1

𝜽𝑖 ← 𝜽𝑖−1 − 𝜏∇𝜽
˜L𝑖 (𝜽𝑖) ⊲ Perform step into negative gradient direction

end while

Given the stochastic loss function and initial values for 𝜽0, the basic SGD algorithm is

given in Alg. 1. The stochastic algorithms requires less memory than regular gradient

decent. In fact the amount of memory required, can be scaled by increasing or decreasing

the batch size 𝑁batch. When training on graphics cards, each batch of data may however

have to be reloaded onto the graphics card, resulting in higher wall clock times per

iteration. In addition, the stochastic nature of the algorithm is also crucial for avoiding

local minima during the optimization process [99]. The step size 𝜏 is often called the

learning rate in the machine learning context. In practice the standard SGD algorithm

in Alg. 1 acts as a baseline for algorithms that are used today. One of the most popular

SGD variants is the adaptive momentum estimation (ADAM) algorithm, proposed by

Kingma and Ba in 2014 [100]. This algorithm extends the SGD algorithm by storing a

running average of the gradients and the second moments from past updates as shown

in Alg. 2. Here 𝜖 is a small number to avoid division by zero. The algorithm effectively

scales the learning rate of each trainable parameter, based on their training history. Large

variances in the gradients decrease the learning rate and high average gradients increase

the learning rate. The influence of previous iterations on the moment estimates m𝑖 and v𝑖

is exponentially decreasing. The moments are corrected for the initialization with zero,

as described in [100]. In practice ADAM has shown to be a robust choice for training

NNs with large numbers of parameters and large data sets.

Besides gradient descent optimization algorithms, one might also consider quasi-Newton

methods, due to their faster convergence rate. For a comparison of convergence prop-

erties of different optimization algorithms, the interested reader is referred to [33]. In

practice, quasi-Newton algorithms are rarely used for training NNs due to computational

limitations. The calculation (or approximation) of the Hessian that is required for these

algorithms becomes a limiting factor when applying them to NNs because they often

contain 𝑁𝜽 ≳ 10
4
parameters resulting in a Hessian with (𝑁𝜽 )2 entries. Furthermore,

many of the available algorithms are not designed to be applied to stochastic loss func-

tions such as Eq. (2.73). In this work we consider problems with networks of intermediate

size with 𝑁𝜽 ≲ 10
5
. When graphics cards with sufficiently large memory are available,

such problems can be addressed, using the quasi-Newton limited memory variant of

the Broyden–Fletcher–Goldfarb–Shanno algorithm (L-BFGS) [31]. This algorithm is

especially useful for large scale optimization problems, because it uses an estimate of

the Hessian, based on a few vectors. Hence, its required memory only scales linearly

with 𝑁𝜽 . A full description of the algorithm is beyond the scope of this work and the
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Algorithm 2 Adaptive momentum estimation (ADAM) [100]

Require: 𝜏 : Step size/learning rate

Require: 𝛽1 ∈ [0, 1)): Exponential Decay rates for gradient moment estimate

Require: 𝛽2 ∈ [0, 1)]: Exponential Decay rate for second moment estimate

Require: ˜L𝑖 (𝜽 ) stochastic loss/objective function at iteration 𝑖

Require: 𝜽0: initial parameters

𝑖 ← 0

𝒎0 ← 0

𝒗0 ← 0

while 𝜽𝑖 not converged do
𝑖 ← 𝑖 + 1

𝒈𝑖 ← ∇𝜽
˜L𝑖 (𝜽𝑖) ⊲ Get the gradients with respect to trainable parameters

𝒎𝑖 ← 𝛽1 ·𝒎𝑖−1 + (1 − 𝛽1) · 𝒈𝑖 ⊲ Estimate the first moment with running average

𝒗𝑖 ← 𝛽2 · 𝒗𝑖−1 + (1 − 𝛽2) · (𝒈𝑖)2 ⊲ Estimate the second moment with running

average

𝒎̂𝑖 =
𝒎𝑖

1 − (𝛽1)𝑖
⊲ Correct the first moment for 0 initialization

𝒗𝑖 =
𝒗𝑖

1 − (𝛽2)𝑖
⊲ Correct the second moment for 0 initialization

𝜽𝑖 ← 𝜽𝑖−1 − 𝜏
𝒎̂𝑖√
𝒗𝑖 + 𝜖

⊲ Perform step into negative gradient direction

end while

interested reader is referred to the original paper [31]. Note that the basic formulation of

this algorithm is unsuitable for the stochastic optimization problem, given in Eq. (2.73)

and instead requires the formulation in Eq. (2.72). Further extensions of the algorithm for

stochastic loss functions have been proposed in the literature [101, 102] but are currently

not implemented in the deep learning libraries used in this work. Therefore, we can not

benefit from the reduction in memory requirements of the stochastic formulation when

using the L-BFGS algorithm and this algorithm is more prone to converge in local minima.

Hence, it is often sensible to train initially, using an SGD algorithm such as ADAM. Once

a pre-converged estimate for 𝜽 is obtained, the second order L-BFGS algorithm can be

used to fine-tune the results.

Automatic Differentiation

To utilize the gradient based optimization algorithms introduced in Sec. 2.3, the loss gradi-

ent ∇𝜽L𝜽 is essential. This gradient is calculated using so-called automatic differentiation
(AD) also called algorithmic differentiation. As shown in Sec. 2.3, a NN can be seen as a

composition of multiple layers of analytical functions. This would in theory allow us to

derive analytic expressions for the derivatives of the loss function with respect to the

network parameters. However, explicitly deriving these analytic expression, even when

using computational tools such as symbolic mathematical software libraries, quickly

becomes intractable for functions such as NNs. This is due to combination of different

factors. It is for example obvious that the application of the product rule of derivatives,
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produces two terms requiring separate function evaluations. When the functions in

these two terms again contain products (as is the case in deep NNs), we have a number

of terms that is exponentially growing with the number of layers. To avoid explicit

derivation of closed form expressions of the derivatives, automatic differentiation instead

stores intermediate values of the computation that are reused for the calculation of the

derivative values.

We distinguish between two basic modes of AD, forward-mode and backward mode.

Let us consider a general multivariate vector valued function 𝒈 : R𝑛 −→ R𝑚
. We are

interested in the Jacobian of the function:

𝜕𝒈(𝒙)
𝜕𝒙

=


𝜕𝑔1

𝜕𝑥1

. . .
𝜕𝑔1

𝜕𝑥𝑛
...

. . .
...

𝜕𝑔𝑚
𝜕𝑥1

. . .
𝜕𝑔𝑚
𝜕𝑥𝑛

 (2.75)

Forward mode AD allows us to calculate one column of the Jacobian per evaluation of

the function, while reverse mode AD allows us to calculate one row of the Jacobian per

evaluation of the function. Hence, for training NNs, where we have many inputs of the

loss function (i.e. the trainable parameter vector 𝜽 ) and one scalar output (i.e the value of
the loss function

˜L(𝜽 )), it makes sense to use reverse mode AD. In the context of training

NNs, the reverse-mode AD algorithm is called backpropagation. For a more detailed view

at the forward mode and the theoretical background, the interested reader is referred to

the book by Griewank and Walther [24]

To illustrate how reverse-mode AD can be used to numerically calculate derivatives of

an analytic expression, let us consider the function:

𝑔(𝑥,𝑦, 𝑧) = (𝑥 + 𝑦) sin(𝑧) + 𝑥, (2.76)

where we seek the gradient ∇𝑔 = (𝜕/𝜕𝑥 , 𝜕/𝜕𝑦, 𝜕/𝜕𝑧)𝑇𝑔(𝑥,𝑦, 𝑧). With classical derivative

rules, we can derive the expected expressions for the derivatives by hand:

∇𝑔(𝑥,𝑦, 𝑧) =


sin(𝑧) + 1

sin(𝑧)
(𝑥 + 𝑦) · cos(𝑧)

 , (2.77)

which we will use as our reference. Let us now demonstrate how reverse-mode AD can

determine exact values for these derivatives. Given a set of values for (𝑥,𝑦, 𝑧), we can
break down Eq. (2.76) into trivial sub-operations which are performed on the inputs of the

function. These sub-operations (labeled here with 𝑣0, 𝑣1, 𝑣2, 𝑣3 and 𝑣4) can be summarized

in a computational graph, as shown in Fig. 2.9. First, we perform the forward pass,

meaning that we calculate the intermediate values of the computation (i.e. 𝑣1, . . . 𝑣4).

These values are stored in memory. Furthermore, we can also at this point decide to

store the derivatives of each intermediate node with respect to its inputs. Since all of

the performed sub-operations are trivial, these derivatives are previously known (e.g.

𝜕𝑣2/𝜕𝑧 = 𝜕(sin(𝑧))/𝜕𝑧 = cos(𝑧)). Note that we store the numerical values for these

derivatives and not the analytic expression. For example if 𝑧 = 0, we store 𝑣2 = sin(0) = 0
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Figure 2.9.: Schematic graph of computation for Eq. (2.76).

and 𝜕𝑣2/𝜕𝑧 = cos(0) = 1. The different variables that are stored in each step of the

computation during the forward pass, are shown in Alg. 3.

Once the forward pass is completed, and values for all the intermediate sub-operation

𝑣𝑖 are stored, we perform the backward pass. Starting from the function output 𝑔, we

calculate the so-called adjoints for each sub-operation, denoted as 𝑣𝑖 . The adjoints of a

node 𝑣𝑖 are defined as 𝜕𝑔/𝜕𝑣𝑖 and can be calculated using the chain rule:

𝑣𝑖 :=
𝜕𝑔

𝜕𝑣𝑖
=

∑︁
𝑗∈Q(𝑖)

𝑣 𝑗
𝜕𝑣 𝑗

𝜕𝑣𝑖
, (2.78)

where Q𝑖 denotes all the child-nodes of the node 𝑖 (all operations that node 𝑖 has been used
for in the forward pass). The adjoints for each 𝑣𝑖 are calculated starting from the bottom of

the graph and populating each adjoint by stepping back up towards the inputs, as shown in

Alg. 3, hence giving rise to the name reverse-mode or backpropagation for NNs. Note that

the calculation in the backward pass requires the previously stored values for the partial

derivatives in the forward pass as well as the node values 𝑣𝑖 themselves. Alternatively,

since the computational graph and the values of 𝑣𝑖 are known, the partial derivatives

can also be calculated at this point to reduce memory requirements. Finally, the adjoints

of the input variables 𝑥,𝑦, 𝑧 can be calculated, corresponding to the components of the

derivative vector ∇𝑔.

Indeed, the comparison to Eq. (2.77) shows the correct result. This is not surprising, since

the backward steps correspond to the well known chain-rule of derivatives, that we also
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used to derive the expressions in Eq. (2.77). However, by storing intermediate values

𝑣𝑖 and the partial derivatives of the trivial functions, the explicit derivation of the full

derivative expressions can be avoided. As shown in Sec. 2.3, a NN also consists of many

trivial operations and the same procedure can therefore be applied for the calculation of

loss function gradients. The storage of the intermediate values is comparatively memory

intensive. The overall computational of calculating a column of the Jacobian (Eq. (2.75))

is however only on the order of the cost of the function evaluation itself, as shown in [24].

This explains why back-propagation is so effective for training NNs with large numbers

of parameters.

Similarly to the parameter gradients, AD can also be used to calculate the derivatives

with respect to the input vector of the network 𝒓 . This is used to calculate derivatives in

the residual loss terms of PINNs, which we will see in Sec. 2.4.1.

Algorithm 3 Example for reverse-mode AD

𝑔(𝑥,𝑦, 𝑧) = (𝑥 + 𝑦) sin(𝑧) + 𝑥
Forward Pass:
1. 𝑣1 ← 𝑥 + 𝑦, 𝜕𝑣1

𝜕𝑥
← 1,

𝜕𝑣1

𝜕𝑦
← 1

2. 𝑣2 ← sin(𝑧), 𝜕𝑣2

𝜕𝑧
← cos(𝑧)

3. 𝑣3 ← 𝑣1 · 𝑣2,
𝜕𝑣3

𝜕𝑣1

← 𝑣2,
𝜕𝑣3

𝜕𝑣2

← 𝑣1

4. 𝑣4 ← 𝑣3 + 𝑥, 𝜕𝑣4

𝜕𝑣3

← 1,
𝜕𝑣4

𝜕𝑥
← 1

Backward Pass:
1. 𝑣4 =

𝜕𝑔

𝜕𝑣4

← 1

2. 𝑣3 =
𝜕𝑔

𝜕𝑣3

← 𝑣4 · 𝜕𝑣4

𝜕𝑣3

= 1 · 1 = 1

3. 𝑣2 =
𝜕𝑔

𝜕𝑣2

← 𝑣3 · 𝜕𝑣3

𝜕𝑣2

= 1 · 𝑣1 = 𝑣1

4. 𝑣1 =
𝜕𝑔

𝜕𝑣1

← 𝑣3 · 𝜕𝑣3

𝜕𝑣1

= 1 · 𝑣2 = 𝑣2

5. 𝑣𝑥 =
𝜕𝑔

𝜕𝑥
← 𝑣1 · 𝜕𝑣1

𝜕𝑥
+ 𝑣4 · 𝜕𝑣4

𝜕𝑥
= 𝑣2 · 1 + 1 · 1 = sin(𝑧) + 1

6. 𝑣𝑦 =
𝜕𝑔

𝜕𝑦
← 𝑣1 · 𝜕𝑣1

𝜕𝑦
= 𝑣2 · 1 = sin(𝑧)

7. 𝑣𝑧 =
𝜕𝑔

𝜕𝑧
← 𝑣2 · 𝜕𝑣2

𝜕𝑧
= 𝑣1 · cos 𝑧 = (𝑥 + 𝑦) · cos(𝑧)

Modifications to the Classical Architecture

The classical fully connected feed-forward architecture, presented in Sec. 2.3, has proven

to be a solid baseline for many NN applications. Over the years, many minor alterations

of this architecture have been proposed. In this work two modifications are used which

have shown to be a robust extension, the weight normalization and the Fourier feature
embedding methodologies.

Weight Normalization One methodology that has generally shown to improve the

trainability of NNs is the so-called weight normalization. The basic idea is to replace each

vector in the weighting matrix of each layer 𝑤𝑘 ∈ by a normalized vector 𝒛/∥𝑧∥ and a
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scalar magnitude 𝜚 :

𝒘 −→ 𝜚
𝒛

∥𝒛∥ . (2.79)

This improves the conditioning of the optimization problem. It has consistently shown

to outperform the classical fully connected architecture [103]. The factorization adds a

number of additional parameters 𝜚 on the order of the number of neurons. Therefore,

the increase in computational effort per epoch is again comparatively small since the

majority of parameters are still contained in the weight matrices.

Spectral Bias and Fourier Feature Embedding The trainability of deep NNs gener-

ally suffers from a phenomenon called spectral bias. During the training of a NN, the low

frequencies of the target function are generally learned first. The higher frequency modes

are only learned later during training [104, 105]. In practice, this means that multi-scale

problems are hard to solve for NNs and convergence is generally poor for these problems.

The random Fourier-feature embedding [63, 64] aims to overcome these limitations. An

additional non-trainable layer is introduced which encodes the input vector of the NN

using a set of sinusoidal functions with randomly sampled frequencies:

𝒖̂fe(𝒓) : R𝐷0 −→ R2𝐷
fe,

©­­«
𝑢fe,𝑖

𝑢fe,𝑖+1

...

ª®®¬ =

©­­­­­­«

𝐷0∑
𝑗

sin

(
𝜙𝑖, 𝑗𝑟 𝑗

)
𝐷0∑
𝑗

cos

(
𝜙𝑖, 𝑗𝑟 𝑗

)
...

ª®®®®®®¬
,

𝑖 = 2𝑘 − 1, 𝑘 = 1 . . . 𝐷fe.

(2.80)

The frequencies 𝜙𝑖, 𝑗 are typically sampled from a normal distribution N(0, 𝜎2

𝜙
). The

standard deviation 𝜎𝜙 of the distribution is a hyperparameter of the resulting model.

2.4. Physics-Informed Neural Networks
In the following section the physics-informed neural network methodology, as popular-

ized by Raissi et al [29], is introduced in detail. Furthermore, various alterations of the

method that have been proposed in literature are discussed.

2.4.1. Architecture
Physics-informed NNs are deep NNs, which are employed to solve problems governed by

partial differential equations. In this work, approximation of solutions of boundary value

problems are considered. PINNs can however also be used to solve inverse problems. To

demonstrate how the PINN approach can be used to approximate PDE solutions, let us
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consider a general initial-boundary value problem for the unknown solution 𝒖 on the

spatial domain Ω ⊂ R𝑑
and in the time interval (0,𝑇 ) ⊂ R:

R(𝒖 (𝒙, 𝑡), 𝒙, 𝑡) = 0 (𝒙, 𝑡) ∈ (Ω × (0,𝑇 ))
B(𝒖 (𝒙, 𝑡), 𝒙, 𝑡) = 0 (𝒙, 𝑡) ∈ (𝜕Ω × (0,𝑇 ))
I(𝒖 (𝒙, 0), 𝒙) = 0 𝒙 ∈ Ω,

(2.81)

where R is a general differential operator and I and B are the initial and boundary

condition, respectively. The operator R may include multiple nonlinear differential

terms of different order. When dealing with steady-state problems no initial condition

is required. Fundamentally, we try to find an approximation of the unknown 𝒖 (𝒙, 𝑡).
Instead of discretizing the domain itself, as is the case inmany classical solution algorithms

like finite difference, finite element or finite volume methods, we choose a global ansatz

function. A fully connected feed-forward NN 𝒖̂𝜽 (𝒙, 𝑡) is used to approximate the unknown

solution 𝒖 (𝒙, 𝑡). As shown in Sec. 2.3, the 𝒖̂𝜽 (𝒙, 𝑡) can be adapted by changing the weight

matrices𝑤𝑘
, bias vectors 𝑏𝑘 and other free parameters of the network. As before, all of

these parameters are contained in the parameter vector 𝜽 . As for a regression task (see

Secs. 2.3-2.3), we solve an optimization problem to find optimal values for 𝜽 . Since we
aim to solve the boundary value problem, the optimum values of 𝜽 should correspond

to the situation where 𝒖 = 𝒖̂𝜽 (𝒙, 𝑡) ∈ (Ω × (0,𝑇 )). However, in comparison to the

regression problem, we generally can not assume the availability of training samples

{((𝑥𝑖, 𝑡𝑖), 𝑦𝑖), 𝑖 = 0 . . . 𝑁 − 1 |𝑦𝑖 = 𝒖 (𝑥𝑖, 𝑡𝑖)}, which allows for the straightforward

construction of a loss functional measuring some norm of the difference between the

network prediction 𝒖 (𝑥𝑖, 𝑡𝑖) and 𝑦𝑖 (𝑥𝑖, 𝑡𝑖). Hence, PINNs aim to utilize Eqs. (2.81) directly.

We define the functional

L(𝒖) = 𝜆R∥R(𝒖 (𝒙, 𝑡), 𝒙, 𝑡)∥2𝐿2 (Ω×(0,𝑇 )) + 𝜆I∥I((𝒖 (𝒙, 0), 𝒙)∥2𝐿2 (Ω)

+ 𝜆B∥B(𝒖 (𝒙, 𝑡), 𝒙, 𝑡)∥2𝐿2 (𝜕Ω)

= 𝜆𝑅

∫ 𝑇

0

∫
Ω
R(𝒖 (𝒙, 𝑡), 𝒙, 𝑡)2 d𝒙 d𝑡 + 𝜆I

∫
Ω
I(𝒖 (𝒙, 0), 𝒙)2𝑑𝒙

+ 𝜆B

∫ 𝑇

0

∫
𝜕Ω
B(𝒖 (𝒙, 𝑡), 𝒙, 𝑡)2 d𝑠 (𝒙) d𝑡 .

By construction, we have

L = 0 (2.82)

as the integrands vanish on the entire domain 𝑥 ∈ Ω and for all times 𝑡 ∈ (0,𝑇 ). When

approximating 𝑢 with a NN 𝒖̂𝜽 (𝒙, 𝑡), we have

L(𝒖̂) = 𝜆𝑅

∫ 𝑇

0

∫
Ω
R(𝒖̂𝜽 (𝒙, 𝑡), 𝒙, 𝑡)2 d𝒙 d𝑡 + 𝜆I

∫
Ω
I(𝒖̂𝜽 (𝒙, 0), 𝒙)2𝑑𝒙

+ 𝜆B

∫ 𝑇

0

∫
𝜕Ω
B(𝒖̂𝜽 (𝒙, 𝑡), 𝒙, 𝑡)2 d𝑠 (𝒙) d𝑡 ≥ 0, (2.83)

which takes on a minimal value of 0 if and only if 𝒖̂𝜽 (𝒙, 𝑡) is a solution of Eqs. (2.81).

Note that Eq. (2.83) essentially reformulates the Cauchy problem (2.81) as a variational
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principle, where the quantity L needs to be minimized to calculate the solution. The

coefficients 𝜆I, 𝜆B, 𝜆R ∈ R+ can be used to rescale the magnitude of the individual loss

terms. Clearly, Eq. (2.83) is still 0 and thus minimal for arbitrary 𝜆I, 𝜆B, 𝜆R ∈ R+ if and
only if 𝒖̂𝜽 (𝒙, 𝑡) is a solution to Eqs. (2.81). The coefficients can however be used to control

the magnitude of gradients of the individual loss terms with respect to 𝜽 . This is relevant
for the optimization and further discussed in Sec. 2.4.4. When dealing with steady-state

problems, the initial condition term is not required.

In practice Eq. (2.83) is not utilized directly because the integrals need to be approximated

numerically. The numerical quadrature, used in PINNs is typically a Monte Carlo integra-

tion [106]. The integrands of Eq. (2.83) are only evaluated point wise and the integrals

are replaced by the sum over a representative point distribution

L(𝒖̂𝜽 (𝒙, 𝑡)) = LR + LI + LB,

LR = 𝜆R

1

𝑁

𝑁R∑︁
𝑖=1

R(𝒖̂𝜽 (𝒙𝑖, 𝑡𝑖))2, 𝒙𝑖 ∈ Ω ; 𝑡𝑖 ∈ (0,𝑇 ),

LI = 𝜆I

1

𝑁I

𝑁I∑︁
𝑖=1

I(𝒖̂𝜽 (𝒙𝑖, 0))2, 𝒙𝑖 ∈ Ω,

LB = 𝜆B

1

𝑁B

𝑁B∑︁
𝑖=1

B(𝒖̂𝜽 (𝒙𝑖, 𝑡𝑖))2, 𝒙𝑖 ∈ 𝜕Ω ; 𝑡𝑖 ∈ (0,𝑇 ),

(2.84)

where 𝑁R, 𝑁I and 𝑁B are the number of points that evaluate the residual, the initial

condition and the boundary condition, respectively. The selection of these training or

collocation points is discussed in detail in Sec. 2.4.5. The typical normalization by the

volume for the Monte-Carlo integration that would be performed to calculate the exact

integral, can be absorbed into the scaling factors 𝜆.

The partial derivatives in R(𝒖̂𝜽 (𝒙𝑖, 𝑡𝑖)) are calculated, using AD, as discussed in Sec. 2.3.

However, in this case the derivatives are not calculated with respect to the trainable

parameters 𝜽 but with respect to the network inputs (𝒙𝑖, 𝑡𝑖).

The network parameters 𝜽 are tuned using an iterative optimization algorithms as dis-

cussed in Sec.2.3, where the gradients ∇𝜽L are calculated using the backpropagation

algorithm. This is also possible in a mini-batching approach, where only a subset of all

(𝒙𝑖, 𝑡𝑖) is evaluated in each iteration, as discussed in Sec. 2.3. However, since the evalu-

ation of R(𝒖̂𝜽 (𝒙𝑖, 𝑡𝑖)) already involves the calculation of derivatives, the evaluation of

the PINN loss function generally requires the calculation of higher order derivatives. An

overview of the basic PINN architecture is shown in Fig. 2.10 (a). The PINN loss function

is the distinguishing feature of the PINN architecture because it directly incorporates

the information, given by the boundary value problem (2.81) and thus the underlying

physics.

Generally, it has a composite structure, meaning that it consists of multiple terms which

represent different objectives of the optimization. Hence, a more general view of the loss

function is to simply enumerate the different loss terms and write the composite loss
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Figure 2.10.: Schematic overview of PINN architecture. Fig (a) shows the structure for a

general initial-boundary value problem. Fig. (b) shows the structure for a

general parametric problem with the parameter vector (𝜁0, . . . , 𝜁𝑙 ).
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function as follows:

L(𝒖̂𝜽 (𝒙, 𝑡)) = 𝜆𝑘

𝑁Loss∑︁
𝑘=1

L𝑘 (𝒖̂𝜽 (𝒙, 𝑡)), (2.85)

where each loss term L𝑘 corresponds to a different objective, such as the boundary

condition fulfillment, the initial condition fulfillment or the vanishing of the residual.

𝑁Loss is the toal number of loss terms and 𝜆𝑘 is the corresponding scaling factor for each

loss term. Assuming that a solution to Eqs. (2.81) exists and that the NN can approximate

the solution to a satisfactory degree, we expect that these objectives are not conflicting

and that all of the different loss terms can be reduced to zero simultaneously.

2.4.2. Boundary and Initial Conditions
In the following, different types of boundary conditions are considered and it is discussed

how to implement them in terms of a discrete loss functional LB. Initially, basic types of

boundary conditions for scalar PDEs are introduced.

Dirichlet Boundary Condition and Initial Condition

For a Dirichlet-type boundary condition:

R(𝑢 (𝒙), 𝒙, 𝑡) = 𝑢B(𝒙) − 𝑢 (𝒙, 𝑡) = 0, (𝒙, 𝑡) ∈ 𝜕Ω × (0,𝑇 ), (2.86)

with a known function 𝑢B on 𝜕Ω the boundary loss is given by the the mean squared

error between the PINN prediction 𝑢 (𝑥, 𝑡) and the boundary function 𝑢B(𝑥, 𝑡):

LB = 𝜆B

1

𝑁B

𝑁B∑︁
𝑖=1

B(𝑢 (𝒙𝑖, 𝑡𝑖))2

= 𝜆B

1

𝑁B

𝑁B∑︁
𝑖=1

(𝑢 (𝒙𝑖, 𝑡𝑖) − 𝑢B(𝒙𝑖, 𝑡𝑖))2, 𝒙𝑖 ∈ 𝜕Ω ; 𝑡𝑖 ∈ (0,𝑇 ).
(2.87)

Similarly for an initial condition 𝒖0(𝒙), we have:

LI = 𝜆I

1

𝑁I

𝑁I∑︁
𝑖=1

I(𝑢 (𝒙𝑖, 0))2

= 𝜆I

1

𝑁I

𝑁I∑︁
𝑖=1

(𝑢 (𝒙𝑖, 0) − 𝒖0(𝒙𝑖))2, 𝒙𝑖 ∈ Ω.
(2.88)

Neumann Boundary Condition

A Neumann-type boundary condition is given by:

R(𝑢 (𝒙), 𝒙, 𝑡) = 𝜕𝑢 (𝒙, 𝑡)
𝜕𝒏

− 𝜕𝑢𝑩 (𝒙, 𝑡)
𝜕𝒏

= 0, (𝒙, 𝑡) ∈ 𝜕Ω × (0,𝑇 ), (2.89)
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where 𝜕𝑓 /𝜕𝒏 = ∇𝑓 · 𝒏 denotes the normal derivative of the boundary. To construct the

loss term for the NN, we require the normals 𝒏𝑖 at the boundary points. Furthermore, the

loss requires the spatial gradient ∇𝑢 (𝒙). This gradient is obtained using AD, as described

in Sec. 2.3. The loss term is then given by:

LB = 𝜆B

1

𝑁B

𝑁B∑︁
𝑖=1

B(𝑢 (𝒙𝑖, 𝑡𝑖))2

= 𝜆B

1

𝑁B

𝑁B∑︁
𝑖=1

(
𝒏 · ∇𝑢 (𝒙𝑖, 𝑡𝑖) −

𝜕𝑢B(𝒙𝑖, 𝑡𝑖)
𝜕𝒏

)
2

, 𝒙𝑖 ∈ 𝜕Ω , 𝑡𝑖 ∈ (0,𝑇 ).
(2.90)

Hard Boundary Conditions

In Sec. 2.4.1, we introduced the basic form of the PINN methodology using explicit loss

terms penalizing disagreements with the boundary conditions. At this point, let us

also mention an alternative approach, which does not require such explicit loss terms

for the boundary condition. The hard-boundary condition method modifies the ansatz

function such that boundary conditions are always fulfilled. Let us consider again the

Dirichlet-type boundary condition Eq. (2.86). We construct a new ansatz function 𝑢̃ (𝒙, 𝑡)
to approximate the solution 𝑢 (𝒙, 𝑡):

𝑢̃ (𝒙, 𝑡) = 𝑢 (𝒙, 𝑡) · 𝜑 + 𝑏 (𝒙, 𝑡), (2.91)

where 𝑢 (𝒙, 𝑡) is the NN and 𝜑 is a so-called approximate distance function which vanishes

only on the boundary. The function 𝑏 : Ω × (0,𝑇 ) −→ R is a continous differentiable

function that equals the boundary condition on the boundary:

𝑏 (𝒙, 𝑡) = 𝑢B(𝑥, 𝑡) ∀(𝑥, 𝑡) ∈ 𝜕Ω × (0,𝑇 ). (2.92)

Then the ansatz 𝑢̃ always fulfills Eq. (2.86). This approach can also be extended to the

initial conditions. In this case the NN is only optimized to minimize the residual loss and

the second and third term in Eq. (2.84) can be disregarded. The usage of hard boundary

conditions has been shown to simplify the resulting optimization problem formany simple

test cases [55, 56, 107] and can also be extended to other types of boundary conditions,

as shown in [55]. However, this requires adequate expressions for 𝜑 and 𝑏. While these

can be easily constructed for one dimensional problems, it can be a challenging task in

itself for higher dimensions and non-trivial geometries. This is due to the fact that 𝜑

also has to be sufficiently smooth and ideally monotonically increasing in the boundary

normal direction with a gradient of 𝜕𝜑/𝜕𝒏 = 1. Sukumar and Srivastava [55] showed

different methods to construct such functions for higher dimensional problems. They

have, however, not been applied widely to PDEs with Neumann-type boundaries in

higher dimensions. In these scenarios an inadequate approximate distance function can

impair the convergence behavior instead of improving it. As we will discuss in Sec. 2.4.4,

there are other ways to improve the convergence during training, even with multiple

loss terms.
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Boundary Conditions for the Euler equations

A central system of PDEs in aerodynamics are the compressible Euler equations (see

Sec. 2.1.3). When dealing with problems in aerodynamics we typically impose two types

of boundary conditions for these equations, the far-field condition and the slip-boundary

condition. In the following these typical boundary conditions for the Euler equations are

discussed and it is shown how they can be applied when solving Cauchy problems (2.81)

with PINNs. In addition, periodic boundary conditions are introduced, which are required

when mesh-transformations (Sec. 2.4.6) are used.

Far-Field Boundary Condition On the outer boundary of the domain Ω∞, we typi-
cally impose far-field boundary conditions which are a Dirichlet-type boundary condition.

This means that far away from aerodynamic objects, the primitive flow variables take on

constant values (𝜌∞, 𝑢∞, 𝑣∞, 𝐸∞) =𝒘∞ which correspond to the upstream flow conditions.

As explained in Sec. 2.1.3, one can replace 𝐸∞ by 𝑝∞, using Eq. (2.42). In this work we

solve the non-dimensionalized equations. As, for example, shown in [6, ch. 2.3], the

far-field condition is fully specified by the far field Mach number 𝑀∞ and the angle

of attack 𝛼 . We choose the far-field density and pressure as reference states, which is

commonly done in classical CFD solvers, giving 𝜌∞ = 1 and 𝑝∞ = 1. For an ideal gas, the

speed of sound 𝑐 is given by:

𝑐 =
√︁
𝜅𝑝/𝜌. (2.93)

Therefore, we have:

𝑢∞ = 𝑐∞𝑀∞ cos(𝛼) =
√︂
𝜅
𝑝∞
𝜌∞

𝑀∞ cos(𝛼) =
√
𝜅𝑀∞ cos(𝛼)

𝑣∞ =

√︂
𝜅
𝑝∞
𝜌∞

𝑀∞ sin(𝛼) =
√
𝜅𝑀∞ sin(𝛼)

𝐸∞ =
1

𝜅 − 1

· 𝑝∞
𝜌∞
+ (𝑢

2

∞ + 𝑣2

∞)
2

=
1

1 − 𝜅 +
𝜅𝑀2

∞
2

,

(2.94)

for the velocities and the energy. In the following let 𝒘̂ = (𝜌,𝑢, 𝑣, 𝐸) be the NN prediction

of the primitive variable vector. We have the far field boundary condition:

𝒘̂ (𝑥,𝑦) ≡ 𝒘∞ (𝑥,𝑦) ∈ 𝜕Ω∞, (2.95)

with the upper boundary of the computational domain 𝜕Σ∞. The far field boundary loss

term L∞ is then given by the squared 𝐿2 norm of the error:

L∞ =
1

𝑁∞

∑︁
𝑖

∥𝒘̂ (𝑥∞,𝑖, 𝑦∞,𝑖) −𝒘∞∥22, (𝑥∞,𝑖, 𝑦∞,𝑖) ∈ 𝜕Ω∞, 𝑖 = 1, . . . , 𝑁∞, (2.96)

for 𝑁∞ points, located on the far field boundary.
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Slip Boundary Condition For an deflecting object, such as a wall, a plate or an airfoil,

we impose a slip boundary condition. This means that the flow velocity 𝒒 = (𝑢, 𝑣) in wall

normal direction 𝒏 should vanish on the boundary of aerodynamic object 𝜕Ωob:

𝒒(𝑥,𝑦) · 𝒏(𝑥,𝑦) ≡ 0, (𝑥,𝑦) ∈ 𝜕Ωob. (2.97)

The resulting loss term is given by:

Lob =
1

𝑁ob

∑︁
𝑖

(𝒒(𝑥ob,𝑖, 𝑦ob,𝑖) · 𝒏(𝑥ob,𝑖, 𝑦ob,𝑖))2,

(𝑥ob,𝑖, 𝑦ob,𝑖) ∈ 𝜕Ωob, 𝑖 = 1, . . . , 𝑁ob,

(2.98)

where 𝑁ob is the number of points on the surface of the aerodynamic body.

Periodic Boundary Condition When utilizing the mesh-transformation methodology

(introduced later in Sec. 2.4.6), we require a third type of boundary condition for the

Euler equations. In the mesh transformation, we make use of a computational domain,

featuring a left boundary and a right boundary, for which we have to impose periodic

boundary conditions. This is due to the fact that the computational domain is obtained

from a mapping from the physical domain, wrapped around an aerodynamic object. In the

physical domain, we define the two boundaries 𝜕Ωl and right boundary 𝜕Ωr, which can

be seen as the left an right limit towards the same line. The periodic boundary condition

is then given by:

𝒘̂ (𝑥l, 𝑦l) ≡ 𝒘̂ (𝑥r, 𝑦r),
(𝑥l, 𝑦l) ∈ 𝜕Ωl, (𝑥r, 𝑦r) ∈ 𝜕Ωr,

(2.99)

resulting in the loss term:

Lper =
1

𝑁per

∑︁
𝑗

(𝒘̂ (𝑥l, 𝑗 , 𝑦 𝑗 ) − 𝒘̂ (𝑥r, 𝑗 , 𝑦 𝑗 ))2, 𝑖 = 1, . . . , 𝑁per, (2.100)

for 𝑁per points on the periodic boundary.

Mixed Boundary Condition For a problem with mixed boundary conditions, we

simply take the sum over all boundary loss terms. For example:

Lbdr = L∞ + Lob + Lper. (2.101)

2.4.3. Parametric Problems
One prospect of physics-informed NNs is the possibility to solve parametric problems.

Let 𝜁 be a general parameter of the initial and boundary value problem. A PINN approxi-

mation 𝒖̂ of the unknown solution 𝑢 simply receives 𝜁 as an additional input to the NN

alongside 𝒙 and 𝑡 . The parameter adds an additional dimension to the input space and

thus the training points. The training points are now sampled in a 𝑑 + 2-dimensional

domain (𝒙, 𝑡, 𝜁 ) ∈ Ω × (0,𝑇 ) × (𝜁min, 𝜁max). The parameter 𝜁 can then be incorporated

into the calculation of any of the loss terms in Eq. (2.84). Similarly, this approach can be

extended to more than one parameter. A schematic overview of the parametric PINN is

shown in Fig. 2.10 (b) for a parameter vector 𝜻 = (𝜁0, 𝜁1, . . . , 𝜁𝑙 ).
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2.4.4. Loss Term Imbalances and Counter Measures
As shown in Sec. 2.4.1 the typical NN loss function consists of multiple terms associated

with different tasks. The boundary loss term LB and the initial condition loss LI aim to

alter the NN prediction such that it fulfills the boundary and initial condition, respectively.

The residual loss LR aims to adjust the NN prediction such that the PDE is fulfilled. If

a solution to the PDE exists and a sufficiently expressive NN is used, we expect that

all three loss terms can be minimized simultaneously, since for an arbitrarily close

approximation of the solution, we expect that all three terms approach 0. However, for

practical applications, the mere existence of such a global minimum of the loss function

is not sufficient. The training algorithm also has to be able to find the minimum. For non-

convex optimization problems this is in general NP-hard [108]. For PINNs in particular,

we are facing the issue that imbalances between loss terms and their respective gradients

∇𝜃L𝑘 . When the gradients of one particular loss term are significantly smaller than for

the other loss terms, the optimizer may disregard the corresponding sub-task, for example

the fitting of the boundary conditions, completely. This may lead to a scenario, where

the optimizer converges to a local minimum, where for example only the residual loss is

minimized and an incorrect approximation of the solution is obtained. This phenomena

was first analyzed by Wang et al. [41]. Let us consider their original example, namely the

solution of the Helmholtz equations with a harmonic boundary condition using a PINN.

The problem is described in more detail in Appendix C. Since there is no time dependence,

the loss function for this case only contains a boundary loss LB and a residual loss LR.

For uniform loss term weights, 𝜆B and 𝜆R, we see inaccurate results. When analyzing the

histograms of the gradients with respect to the trainable parameters (Fig. 2.11) in certain

NN layers, we observe a clear imbalance and the overall values of the residual loss are

much more pronounced. Especially the maximum values should be considered here as

they will determine the main descend direction of the gradient based optimizer.

To overcome these limitations, we can consider the loss term weights 𝜆R, 𝜆B and 𝜆I in

Eq. (2.84). These weights allow for the manual scaling of the respective contributions

of each loss term to the total loss L and hence also to the gradient magnitudes. To

demonstrate this, it can be shown that an increase of 𝜆B = 10 leads to a highly improved

prediction accuracy (see Appendix C). Note that no systematic parameter study of 𝜆B

is performed at this point and that this is merely an example to highlight the effect

of the loss term weight. While such manual tuning is sufficient in many cases, the

gradient magnitudemight also change during training. Furthermore, the selection of these

parameters, based on empirical experiments can become impractical, when they have to

be chosen alongside many other hyperparameters. Therefore, Wang et al. [41] proposed

an adaptive weighting algorithm that automatically changes the weighting parameters

based on the gradient of the individual loss terms. The structure of adaptive weighting

algorithms is shown in Alg. 4. Note that it is an extension to the classical SGD algorithm 1

but can be applied to other optimization algorithms such as Alg. 2 analogously. Every

𝑙w-th iteration, the weights of all non-residual loss terms (see. Eq. (2.84)) are updated. For

recommended values for 𝑙𝑤 , see [41]. The update is performed using a running average, to

avoid extreme noise affecting weights. The updating rate 𝛽w determines the exponential

decrease of past weights on the current weight, similar to the moment rates 𝛽1 and 𝛽2
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Figure 2.11.: Histogram of gradients of the boundary and the initial loss term for

Helmholtz Equation. For a detailed description of the problem, see Ap-

pendix C.

in ADAM (Alg. 2). The update value
ˆ𝜆𝑘 is determined, based on the gradients of the

individual loss terms 𝒈𝑖,𝑘 . Originally, the authors proposed to balance the maximum of

the residual loss gradient, with the average of the other loss term gradients. They argue

that generally, the residual loss term is dominating the gradients of other loss terms.

Shortly after, Jin et al. [52] proposed to treat all loss terms equally, using the average

gradients. Maddu et al. [53] proposed to use the variance of gradients instead. Recently,

Wang et al. [54] showed an updated version of their initial method, using the 𝐿2-norm of

the gradients. A summary of the listed weighting update methods is shown in Tab. 2.1.

In practice, the performance of the different variants is problem dependent. Generally,

the version proposed in [54] strikes a good balance between accuracy and robustness but

all variants are able to equalize imbalances to some degree. The additional computational

cost of Alg. 4 is limited, since the gradient update only needs to be performed every

few hundred iterations. Depending on the experienced training noise, a higher or lower

update rate 𝛽w should be selected.

A drawback of Alg. 4 is that it often leads to incorrect results, when being employed at

the start of the training because the NN is generally initialized with weights and biases

close to zero. Hence, the prediction is also close to zero in the entirety of Ω × (0,𝑇 ). For
many PDEs, without source terms, this prediction is a trivial solution to the differential

equation but does not fulfill the boundary conditions. In this case, the adaptive weighting

algorithms detects, that the boundary loss term gradients aremuch larger than the residual

loss ones. Hence, 𝜆R is increased drastically and the boundary condition is not learned

properly anymore. Therefore, it makes sense to only activate the adaptive weighting

algorithm after an initial training phase with constant weighting factors. In many cases

constant weighting factors, if chosen adequately, can achieve similar accuracies as the
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Algorithm 4 SGD with adaptive loss term weighting originally proposed by [41]

Require: 𝜏 : Step size/learning rate

Require: ˜L (𝑖) (𝜃 ) stochastic loss function at iter. 𝑖 consisting of terms
˜L (𝑖)
𝑘
(𝜃 ) (see

Eq. (2.85))

Require: 𝜃0: initial parameter

Require: 𝜆(0)
𝑘
∀𝑘 : initial loss term weights ⊲ 𝑘 is indexing the different loss terms

𝑖 ← 0

𝜆𝑘 ← 𝜆
(0)
𝑘
∀𝑘

while 𝜃 (𝑖) not converged do
𝑖 ← 𝑖 + 1

𝜃 (𝑖) ← 𝜃 (𝑖−1) − 𝜏∇𝜃
˜L (𝑖) (𝜃 (𝑖)) ⊲ Perform step into negative gradient direction

if (𝑖 mod 𝑙w) = 0 then ⊲ Perform weight update every 𝑙w-th iteration.

𝒈 (𝑖)
𝑘
← ∇𝜽 ˜L (𝑖)

𝑘
(𝜃 )∀𝑘

ˆ𝜆𝑘 ← Λdw(𝑘,𝒈 (𝑖)0
,𝒈 (𝑖)

1
, . . . ) ⊲ Determine update value based on loss term

gradients.

𝜆𝑘 ← (1 − 𝛽w)𝜆𝑘 + 𝛽w

ˆ𝜆𝑘∀𝑘 ⊲ Update weights with running average

end if
end while

adaptive weighting algorithms while avoiding possible training instabilities.

2.4.5. Collocation Point Generation and Distribution
For a well defined problem for which the bounds of the domain are known, the generation

of the training/collocation points can be achieved with quasi-random low discrepancy

sequences such as Sobol [109] or Halton [110] or with other methods like Latin Hypercube

sampling [111] at little additional cost. As highlighted in various publications [112, 113,

71], a non uniform distribution of training points or an adaptive training point selection,

based on the local residual may accelerate training and improve the final accuracy for

certain problems. However, at this point there is no generally accepted approach for

determining optimal point locations. In this work we generally follow three different

strategies:

1. Select a number of training point for the boundary 𝑁B and for the residual losses

𝑁R. Use a uniform quasi-random sampling technique that is space filling to obtain

the designated number of training points for the domain Ω and the boundary 𝜕Ω.

2. Select a number of training point for the boundary 𝑁B and for the residual losses

𝑁R. Each set of training points is split into two subsets. The first subset is randomly

sampled on the entire domain Ω and boundary 𝜕Ω as before. The second subset

of points is uniformly sampled in a subset 𝑉 ⊂ Ω of the domain or its boundaries

that is a-priori known to require higher point densities.

3. Generate an elliptic structured CFD mesh of designated dimensions as described in

[2, pp. 194-200]. All of the mesh nodes are used as residual training points and the
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Table 2.1.: Overview on different loss weight update formulas in 4.

The average over the vector entries is indicated with ⟨·⟩.
The standard deviation over the vector entries is indicated with std(·).

Reference Λdw(𝑘,𝒈 (𝑖)0
,𝒈 (𝑖)

1
, . . . )

Wang et al. [41]

max𝜃 (𝑖 ) {𝒈
(𝑖)
0
}

⟨|𝒈 (𝑖)
𝑘
|⟩

Jin et al. [52]

⟨|𝒈 (𝑖)
0
|⟩

⟨|𝒈 (𝑖)
𝑘
|⟩

Maddu et al. [53]

max𝑙 {std(𝒈 (𝑖)
𝑙
)}

std(𝒈 (𝑖)
𝑘
)

Wang et al. [54]

∑
𝑙 ∥𝒈

(𝑖)
𝑙
∥2

∥𝒈 (𝑖)
𝑘
∥2

boundary points are used as the boundary training points.

Overall, the generation of the collocation points is task-dependent. For many simple

problems, uniform point distributions may be sufficient to obtain reasonable accuracies

(strategy 1). For certain problems, such as the flow around an aerodynamic object, it is

natural to assume that nonlinear effects are strongest near that object. Hence, the number

of training point in that area should be increased to properly resolve these non-linearities

(strategy 2). For highly non-uniform point distributions, one may however have to apply

different weights to each individual training point, to avoid training biases towards high

density areas. Such a weighting strategy is presented in Sec. 2.4.7. Strategy 3 closely

resembles classical numerical methods, which make use of curvilinear grids. When such

a grid is available we can make use of the structure of the grid lines to precondition

the optimization problem using mesh transformations. This idea is further discussed in

the following section. As highlighted in Sec. 2.3, the computational cost of the gradient

calculation does typically not increase with the number of points, as the calculation can

be vectorized for an entire row of the Jacobian. However, the memory of the device might

limit the number of points that are used during training. How the accuracy scales with the

number of points is another interesting point of discussion. Currently, for many practical

applications, the main limitation of the accuracy of PINNs is the training convergence.

The residual loss can typically not be reduced to machine level precision. Thus, one can

hardly evaluate the influence of the collocation point resolution on the accuracy, as this

discretization error is typically smaller than the convergence error.

2.4.6. Mesh Transformation
Mesh transformation (MT) is a classical method used in CFD. Fundamentally, the idea is

to use a curvilinear grid to accurately discretize a non-trivial geometry in the physical
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Figure 2.12.:Schematic representation of curvilinear grid (top) and corresponding com-
putational grid (bottom). The curvilinear grid wraps around the airfoil. The
origin is located at the center. The Cartesian coordinates areGand~. The
curvilinear coordinates ore oriented in tangential and normal direction of
the airfoil surface. For the computational grid, the origin is at the lower
left. The Cartesian coordinates areb and[ . All grid points of the curvilinear
(physical) grid, can be identi�ed with points in the computational grid (e.g.
(a), (b), (c)). The outer (blue) and inner (red) domain boundary become the
top and bottom boundary in the computational grid. The trailing edge line
(green) gets split into the left and right boundary.

domain
 . However, certain solution methods favor or even require a Cartesian grid.
Therefore, the curvilinear grid is transformed into a Cartesian grid in a computational
domain� . Afterwards, the computations are carried out in this computational domain.
In this work, we consider O-type grids, where a single aerodynamic object, such as
and airfoil, is located at the center of a circular domain
 . Fig. 2.12 shows a schematic
curvilinear grid around an airfoil in
 and its transformed analog in� . For PINNs, the
MT approach was �rst adapted by Cao et al. [86]. Similarly to the classical CFD variant,
the idea is to train the NN in the computational domain� . The mesh transformation can
simplify the optimization problem for the NN, as highly nonlinear regions of the �ow
�eld are stretched, while linear regions are compressed. The resulting function in the
computational domain can be learned more easily, improving the convergence of the
model and the prediction accuracy in critical regions such as the surface of the object.

In mathematical terms, we de�ne the transformation as an invertable and di�erentiable
mapping

F : 
 ! �• ¹G•~º 7! ¹b• [º” (2.102)
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In our context the curvilinear grid is denoted by 
h � 
,


 h =
�
¹G8•9•~8•9º 2 
 : 8 = 1• ” ” ” • #b• 9 = 1• ” ” ” • #[

	
” (2.103)

# b and# [ are the number of points on the grid lines tangential and normal to the airfoil's
surface, respectively. The grid can be constructed as for example illustrated in [2, pp.
194-200]. The Cartesian grid �h � � in the computational domain is

� h =
�
F ¹G89•~89º 2 � : ¹G8•9•~8•9º 2 
• 8 = 1• ” ” ” • #b• 9 = 1• ” ” ” • #[

	
” (2.104)

If no analytical expression forF is available, the mapping is constructed in a discrete
sense such that

F ¹G89•~89º = ¹b89• [89º• b89= 8�b• [89= 9�[• (2.105)

holds. The NND̂ receives the grid points¹b8•9• [8•9º 2 � h as inputs and predicts the
solution as before. Predictions in
 h are obtained, usinĝu

�
F ¹G89•~89º

�
, with ¹G89•~89º 2


 h. Contrary to classical PINNs we do not obtain predictions at arbitrary coordinates.
Similarly to classical CFD solvers, the state �ow �eld is only exactly predicted at the
mesh nodes. In general, this is not critical. For example, interpolation can be used to
obtain predictions at arbitrary points¹G•~º 2 
. In practice, linear interpolation is often
su�cient and is used throughout this work, when the solution is evaluated on points
¹G•~º 8 
h.

The calculation of the loss function (see Sec. 2.4.1) requires derivatives of the NN outputs
with respect to¹G•~º. The MT is, however, only de�ned in terms of the discrete mapping
of Eq.(2.105)and we have, in general, no analytical expression at hand. Therefore, we
cannot directly use AD to calculate the derivatives. Instead, using the di�erentiability
of F , the derivatives can be expressed in terms of the derivatives in� . The relations for
the reconstruction of the �rst and second order derivatives are derived in [2, 114] and
listed in A.1. For this reconstruction, so-called inverse metrics are required. These are the
derivatives of the physical coordinates¹G•~ºwith respect to the curvilinear coordinates
¹b• [º and can be approximated in �h using �nite di�erences.

2.4.7. Volume Weighting

Song et al. [115] proposed a volume weighting strategy to improve the conditioning of
the loss function(2.84)and the corresponding optimization problem, when the training
point density is strongly non-uniform. Letvol¹8ºbe the volume that is occupied by a
training point ¹x8• C8º. Then, for the modi�ed residual loss, each sample is weighted by
the squared, normalized volume:

L R = _R
1

# R

# RÕ

8=1

R¹û) ¹x8• C8ºº2 �
vol¹8º2

1
# R

Í # R
9=1vol¹9º2

= _R

Í # R
8=1¹R¹û) ¹x8• C8ºº � vol¹8ºº2

Í # R
9=1vol¹9º2

x8 2 
 ;C8 2 ¹0•) º”
(2.106)

When a curvilinear grid is used, the training point volume can be identi�ed with the
determinant of the Jacobian of the MT � (see Appendix A.1).
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2.5. Error Metrics

To evaluate the performance of the models, introduced in this work, we make use of
di�erent error metrics. The goal of these metric is to provide a concise, quantitative
overview of the model performance with a single number. However, it is typically
reasonable to consider di�erent metrics, as they have di�erent strengths and weaknesses.

Firstly, we consider the mean absolute error

"�� =
1
=

=Õ

8=0

jD̂8 � D 8j” (2.107)

As before,D̂ is the model prediction andDis the analytical/reference solution. The index
8counts over all analyzed points withD8 = D¹x8• C8º• D̂8 = D¹x8• C8º and ¹x8• Cº 2 
 � ¹ 0•) º .
Note that we assume a uniform distribution of these points. The mean absolute error gives
an estimate of the mean error in the units of the quantity analyzed. For example when
considering the"�� of a� ? distribution, the resulting value gives a directly interpretable
estimate of the mean absolute deviation of the prediction from the dataset. On the other
hand, the relative mean absolute error

'"�� =
"��

max
8

¹D8º � min
8

¹D8º
• (2.108)

is normalized with the range of predictions to give a relative estimate on how much the
prediction deviates on average from the reference in comparison to the full value range
of the reference. Note that we do not use the standard mean absolute percentage error
(MAPE), which is not well suited when dealing with values close to 0. Lastly we consider
the coe�cient of determination (or ' 2 score)

' 2 = 1 �
Í =

8=0¹D̂ � D8º2

Í =
8=0¹hD8i � D 8º2• (2.109)

as a squared, relative error metric. The operatorh�i indicates the mean over all8points.
Since the di�erence in the numerator is squared, the' 2-score emphasize outliers more.
Furthermore, it is limited to' 2 2 ¹�1• 1¼, where 1 corresponds to a prefect prediction
D̂8 = D8, making it easily interpretable.

2.6. Summary

This chapter initially lays out the theoretical foundations of scalar conservation laws,
which form the basis for understanding many physical phenomena in �uid dynamics and
aerodynamics. The general form of these equations and the concept of weak solutions
are introduced, highlighting that these solutions are not unique. To address this non-
uniqueness, the concept of entropy solutions is presented, which is closely linked to the
idea of arti�cial viscosity (AV) through the vanishing viscosity limit of the modi�ed PDE
with a viscous term. Following this, the chapter introduces the Euler equations, a set of
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nonlinear hyperbolic conservation laws that play a crucial role in aerodynamics. It then
delves into �nite volume methods, a classical approach for solving conservation laws.
This includes an illustration of how a simple upwinding schemes is equivalent to a central
scheme with arti�cial viscosity, and it presents a classical central di�erence scheme with
scalar and matrix-valued arti�cial viscosity as exemplary methods for solving the Euler
equations. The focus is then shifted to the basics of neural networks, covering their
architecture, the training process, and the concept of AD. Modi�cations to the classical
architectures, aiming to improve the convergence properties of the networks during
training, are also covered. In the next step, the physics-informed neural network (PINN)
methodology is introduced. The chapter explains how PINNs can be used to solve PDEs,
detailing the construction of the loss function and the enforcement of boundary condi-
tions. It addresses how PINNs can tackle parametric problems and discusses strategies
for balancing loss terms to improve convergence. Additionally, methods for generating
training/collocation points and how MTs can be utilized to enhance the accuracy of pre-
dictions are discussed. Overall, the chapter bridges the gap between traditional numerical
methods for solving conservation laws and the emerging �eld of neural network-based
solvers, providing a comprehensive overview of both the theoretical underpinnings and
practical applications of these methods.
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3. Artificial Viscosity for
Physics-Informed Neural Networks

The failure of PINNs to predict shocks, without additional modi�cations, has been rigor-
ously con�rmed in numerous experiments [74, 80, 81, 73, 86, 61] and was recently also
studied theoretically [85]. At the start of this chapter, we revisit this argument to better
understand this failure mode of standard PINNs. To overcome this limitation, this chapter
introduces novel arti�cial viscosity (AV) variants for stabilizing the training process of
PINNs, enabling the application of neural network-based solution algorithms to problems
with aerodynamics relevance. Based on the inviscid Burgers equation, two advanced
methods for localizing the required AV magnitudes and distributions in the computational
domain are proposed. After this initial introduction, it is shown how these methodologies
can be extended to, not only, solve scalar conversation laws, but also the Euler equations,
a signi�cantly more complex system of conversation laws. These newly introduced
methods for solving the Euler equations represent the main contribution of this work
and advance the state-of-the art for solving complex �ow problems in aerodynamics with
PINNs. In the following chapters, they are applied to solve a number of challenging test
cases for di�erent geometries, �ow conditions and even parametric problems. Note that
parts of this chapter are based on [95]

3.1. Why do PINNs Fail to Predict Shock Waves?

In the following, it is illustrated why PINNs fail to predict shock waves. This argument
has been derived by Chaumet and Giesselmann [85]. We are interested in a solutionDto
a scalar conservation law(2.17)in the compact interval
 � R and in time»0•) º. The
residual loss of the baseline PINN (2.84) approximates the !2-norm of the residual:

L ' � kR¹ û) ¹x• Cººk! 2¹
�¹0•) ºº
2 =

)¹

0

¹




jR¹û) ¹x• Cººj23G3C (3.1)

It will be shown that the! 2 norm of the residual is not reducing, when a continuous
approximation of a shock is improving. Hence, the optimizer is not able to converge to
the correct solution featuring a shock if the classical PINN formulation is employed. We
consider the Riemann problem:

D0 =

(
1• G Ÿ 0•

�1• G � 0•
(3.2)
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Figure 3.1.:Schematic illustration of the shock solution Eq.(3.2)(in red) and the construc-
tion of the approximated solution candidate Eq. (3.3) (in blue).

which has a steady state shock as the entropy solution. LetD̂ be a smooth and time-
independent approximation of this solution

8>>><

>>>
:

D̂ ¹Gº 2 »1 � Y• 1 ¸ Y¼• G Ÿ �Y

D̂¹Gº 2 »�1 � Y• �1 ¸ Y¼• G ¡ Y

D̂¹Gº 2 »�1 � Y• 1 ¸ Y¼• �Y � G � Y•

(3.3)

for a small scalarY ¡ 0 and¹�Y• Yº � 
 . A schematic illustration of̂Dis shown in Fig. 3.1.
It converges toD in ! 2¹
 � » 0•) ºº for Y ! 0. We approximate the! 2 norm over the
region around the shock. This norm is less than the global norm

kR¹D̂ºk! 2¹
�»0•) ºº � kR¹ D̂ºk! 2¹¹�Y•Yº�»0•) ºº” (3.4)

By means of Hölder's inequality, one can estimate the upper limit of the! 2 norm over
this region as:

kR¹D̂ºk! 1¹
�¹0•) ºº �
p

2Y) kR¹̂Dºk! 2¹
�¹0•) ºº ” (3.5)

SinceD̂is a continuous approximation ofD, it has at least one zero at location�Y Ÿ �G Ÿ Y.
Hence, one can estimate an upper limit of the !1 norm as

kR¹D̂ºk! 1¹¹�Y•Yº�¹0•) ºº =

)¹

0

Y¹

�Y

j5 ¹̂D¹G• CººGj3G3C

�

)¹

0

�G¹

�Y

jR¹D̂ ¹G• Cººj3G ¸

Y¹

�G

jR¹D̂ ¹G• Cººj3G3C

�

)¹

0

�
�
�
�
�
�

�G¹

�Y

5 ¹̂D¹G• CººG3G

�
�
�
�
�
�
¸

�
�
�
�
�
�

Y¹

�G

5 ¹̂D¹G• CººG3G

�
�
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�
�
�
3C

=

)¹

0

�
�
�
�
1
2
D̂2¹�Yº

�
�
�
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�
�
�
�
1
2
D̂2¹Yº

�
�
�
�3C

� ¹1 ¸ Yº)•

(3.6)
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Figure 3.2.:Standard PINN prediction, in comparison to reference analytical solution for
the Riemann problem, given by Eq.(3.2). Fig. (a) shows the reference, (b) the
PINN and (c) the absolute di�erence.

using the Burgers equation �ux function5 ¹Dº = ¹1•2ºD2. In combination with Eq.(3.4),
this gives

kR¹D̂ºk! 2¹¹�Y•Yº�¹0•) ºº �

p
) ¹1 ¸ Yº

p
2Y

�

r
)
2Y

” (3.7)

Hence, forY �! 0 the ! 2 norm of the residual around the shock diverges. A shock
solution is therefore not a minimum of the! 2 norm based residual loss that is typically
employed in PINNs. Note that this is just a one-dimensional argument for one speci�c
conservation law. However, it provides some insight into the underlying issues that arise
when shocks solutions are being approximated with PINNs.

In practice, when naively applying PINNs to the Riemann problem(3.2), this becomes
obvious, as shown in Fig. 3.2. The predicted shock is completely smoothed out and the
optimizer fails to �nd a better approximation of the shock, because it does not lead to
a reduction in the residual loss. To utilize PINNs to �nd a reasonable approximation of
the shock, various approaches have been considered. Overall, the modi�cations can be
divided into three categories:

1. Modi�cations of the ansatz function

2. Modi�cations of the loss functional

3. Modi�cations of the underlying PDEs.

The three di�erent classes of approaches and their advantages and possible drawbacks
are discussed in more detail in the following.

Firstly, since NNs are a continuous ansatz function, standard PINNs can only provide
a continous approximation of the shock. A modi�ed ansatz function could exactly
approximate discontinuities and therefore alleviate the issue. This could for example
be achieved, by modifying the activation function. Such an approach was pursued by
Jin et al. [61] who introduced general exponential activation functions for the approx-
imation of discontinuities with PINNs. It should be noted, that the derivatives are no
longer well de�ned, possibly leading to further instabilities during training. The authors
do however report improved prediction accuracies overall, when using the newly de-
signed activation function. Along the same lines, Lorin and Novruzi [83] decomposed
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the domain into subdomains on either side of the shock. Each subdomain is approxi-
mated by a separate NN and the shock can be approximated in a non-dissipative manner,
by enforcing the Runkine-Huginot conditions at the interface, using an additional loss
function. Hence, the modi�ed ansatz function is in this case constructed via domain
decomposition, where jumps according to the Rankine-Hugiot conditions are allowed
between the subdomains. This approach has shown a lot of promise for simple examples,
providing accurate, non-dissipative and stable predictions. One disadvantage is however
that the number of required NNs is dictated by the number of shocks. For complicated
problems, the number of shocks might not be known, limiting the applicability of the
method in such scenarios.

A second approach would be to modify the loss function such that the entropy solution
is indeed a minimum. This can for example be achieved by altering the norm applied to
the residual. It is well known that the! 2 norm of the point-wise residual might not be
a suitable norm for the approximation of discontinuous solutions. De Ryck [116] have
introduced weak PINNs, which weakly impose the Kruzhkov entropy conditions. This
approach is mathematically sound. Chaumet and Giesselmann explicitly derived the
previously shown argument on why PINNs fail to predict shocks and motivate the use of
dual norms instead of the point-wise L2 approximation in standard PINNs. Furthermore
they make several modi�cations to the original weak PINN algorithm, leading to higher
accuracies and improved e�ciency. However, the calculation of the weak PINN loss is still
signi�cantly more complex and involves the solution of a min-max problem. Furthermore,
even when using weak PINNs, the resulting solutions are still somewhat dissipative, so
the practical application to more complex problems is currently limited. Besides the
use of di�erent norms, one could also add additional loss terms which regularize the
original optimization problem such that the entropy solution is a minimum of the loss.
Patel et al. [80] have for example explicitly added an entropy condition loss. Furthermore,
oscillations around the shock are penalized with an additional loss, reminiscent of the
TVD schemes [3][Ch. 3.1.5] in classical methods.

Lastly, the PDEs themselves can be adjusted, such that the modi�ed equations are
better suited for the approximation of the solution with a continuous NN. More speci�cally,
the addition of AV smooths out discontinuities, as shown in Fig.(2.5). When adding a
small dissipative term to the PDE, the resulting solution is a continuous approximation
of the entropy solution. This is due to the fact that the entropy solution of a conservation
law itself is de�ned as the limit of vanishing viscosity of the regularized PDE(2.35). At
�rst, it seems counter-intuitive to modify the equations themselves. Afterall, the goal
of the method is to solve the inviscid equations, including the sharp transitions. Hence,
additional dissipation will lead to a reduced accuracy which is generally not desirable.
However, if the level of dissipation of the approximated solution is acceptable and the
resulting algorithm bene�ts signi�cantly, in-terms of robustness, it is generally regarded
as a sensible compromise for practical applications.

It is also worth noting that many classical CFD methods also introduce upwinding using
AV. For the compressible Euler equations and other conservation laws some form of
dissipation is used to obtain a stable discretization scheme. The development of both
accurate and simultaneously robust central di�erence schemes with AV has been an
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Table 3.1.: Di�erent test cases for Burgers' equation.
Case I Case II Case III

D0¹Gº =

(
1• G Ÿ 0•

�1• G ¡ 0•
D0¹Gº =

(
0• G Ÿ 0•

1•4• G ¡ 0
D0¹Gº = � sin¹cGº

D¹G• Cº = D0¹Gº D¹G• Cº =

8>>><

>>>
:

0• G � 0
G
C• 0 Ÿ G Ÿ C•4

¹1•4º• G ¡ C•4

numerical reference

active �eld of research for decades [76, 77, 78, 75, 79]. In terms of �nal accuracy, a well
designed, AV based algorithm can be competitive with upwinding schemes [96].

The addition of dissipation to the system is easily implemented, as only the residual
loss termL R has to be modi�ed and the general architecture (Fig. 2.10) is preserved.
No additional modi�cations to the ansatz function or loss function are required. The
main challenge for this approach lies however in determining adequate viscosity levels
which are su�ciently large to stabilize PINN convergence but not too large such that the
inviscid solution is not approximated well anymore.

In the following, di�erent methodologies for determining adequate viscosity levels will
are introduced and it will be explored how the system of PDEs can be modi�ed to achieve
a PINN algorithms that converges to an accurate approximation of the inviscid entropy
solution. This chapter summarizes various works, which have been published as part
of this research activity [117, 118, 72, 95, 119]. Independently, similar approaches have
been proposed by Coutinhou et al. [81] and Waagenar [73]. In the following, various
algorithms for scalar conservation laws are �rst derived and showcased via application to
Burgers' equation. Subsequently, these methods are extended for systems of conservation
laws, such as the Euler equations.

3.2. Artificial Viscosity Concepts for Scalar
Conservation Laws

To stabilize the training process of PINNs, the PDEs themselves are modi�ed with a small
dissipative term, as previously discussed. In the most trivial case, the general structure of
the NN (as in Fig.2.10 (a)) is kept and only the residual operatorR that is used for the
calculation of the residual lossL R in Eq.(2.84)is modi�ed. The modi�ed system with
arti�cial viscosity for a scalar conservation law is given by:

R¹D¹G• Cºº =
mD
mC

¸
m� ¹Dº

mG
� `

m2D
mG2

• (3.8)

with a variable` = `¹G• Cº, called the arti�cial viscosity which is to be determined such
that the resulting model approximates the inviscid solution. For Burgers' equation the
�ux is given by � ¹Dº = D2•2.
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Figure 3.3.:Uniform grid for Burgers test cases. The grid nodes are used as training points.
For better visibility, only every 10th grid line is shown.

3.2.1. Test Cases

To analyze the e�cacy of di�erent viscosity formulations, three di�erent Cauchy problems
for Burgers' equation, given in Tab 3.1, are considered. Case I is the previously analyzed
Riemann problem with a stationary shock solution. It acts as a sanity check for the
methods capability to approximate a simple shock. Case II is another Riemann problem.
As shown in Sec. 2.1.2, the entropy solution to this problem is given by a rarefaction wave.
Since the solution is continuous, case II will be used to con�rm that all methods perform
well, even when no shock is present. For Case III, another problem with a shock solution
is considered. The initial conditions are smooth for this case and the shock establishes
after an initial buildup phase. Hence, this case is of higher complexity than the previous
problems. For all experiments, the domain is given by¹G• Cº 2 ¹�1•1º � ¹ 0•1º � R � R ¸

and Dirichlet boundary conditions are used, withD¹� 1• Cº = D0¹� 1º andD¹1• Cº = D0¹1º.
For all three cases, the shock/rarefaction are localized around the G = 0 position.

Initially the performance on a uniform training point distribution with a Cartesian grid of
# G � # C= ¹200� 50º points is investigated. The grid is shown in Fig. 3.3. The boundary
and initial conditions are enforced using Eqs.(2.87)-(2.88)which are evaluated at the
nodes on the corresponding boundaries of the grid.

3.2.2. Global Artificial Viscosity

First, the global application of arti�cial viscosity in the entire domain is considered. In
this casè ¹G• Cºsimpli�es to a constanta = `¹G• Cº. The magnitude of the AV needs to be
determined empirically. For Burgers' equation, experiments show reasonable results for
a 2 ¹10�3 •10�2 º. Fig. 3.4 shows the predicted results when applying a global viscosity of
a = 3� 10�3 . Accurate results are obtained for Case I besides some smoothing of the shock.
This is due to the fact that the solution is constant in the entire domain besides the shock.
Hence, the second derivatives vanish in the entire domain except at the smoothed out
shock. The additional dissipation only in�uences the regions of the domain where it is
actually desired. However, for the rarefaction wave in Case II, the accuracy is signi�cantly
reduced. The global dissipation smooths out the kink in the solution atG =0, widens
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Figure 3.4.:Prediction of PINN with global viscositya = 3 � 10�3 for case I (a)-(c), case II
(d)-(f) and case III (g)-(i) with a uniform mesh (Fig. 3.3).

the wave and bends the characteristics. Evidently, global viscosity can deteriorate the
solution in continuous regions of the �ow, when they are not smooth. For case III, we
again see an accurate approximation. In this case the viscosity does not signi�cantly
a�ect the smooth regions of the �ow and is able to stabilize the shock.

3.2.3. Adaptive Artificial Viscosity

To avoid a global deterioration of accuracy due to dissipation, a viscosity distribution
in the domain needs to be found, where the AV is only applied in regions where it is
required for stability reasons. The �rst approach we follow is to let the NN itself predict
a viscosity distribution. Here, the idea is to let the NN predict` ¹G• Cºas a second variable
besides the solutionD¹G• Cº. In the following, this methodology is called adaptive AV. This
approach has been proposed independently by Wassing et al. [120, 72] and Waagenar [73],
with slight variations. The positivity of the predicted viscosity can be ensured by using a
positivity enforcing activation functions such as the exponentialf � ¹Gº = exp¹Gº or the
squaref � ¹Gº = G2. Since the residual loss can not be reduced around the shock without
AV, the NN should be able to localize this region and automatically identify the need
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Figure 3.5.:Prediction of PINN with adaptive AV for case I (a)-(c), case II (d)-(f) and case III
(g)-(i) with a uniform mesh (Fig. 3.3).

for additional dissipation in this regions. However, to avoid that the NN aggressively
increases the AV in the entire domain, the increase of` needs to be penalized with an
additional loss termL ` . Since the positivity is already enforced, one can simply use the
average viscosity:

L ` = _`
1

# `

# `Õ

8=1

` ¹G8• C8º” (3.9)

While in this case, no viscosity value needs to be chosen explicitly, the loss term weighting
factor _` is added as an additional hyperparameter to the problem. For the Burgers
equation, based on empirical investigations,_` 2 ¹1•10º is a reasonable range. Fig. 3.5
shows the PINN prediction in the left column, the predicted viscosity in the center column
and the absolute error in the right column. The shown model uses a weighting factor
of _` = 2. Similarly to the sensor-controlled AV, the adaptive AV is able to correctly
identify the shocks in case I and case III and applies a reasonable amount of viscosity
to stabilize the training. For case II, no additional viscosity is applied. Compared to the
sensor controlled AV (see below) and the global AV, the shocks are more smoothed out.
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Figure 3.6.: Illustration of shock sensor for scalar conservation laws with :s = 1.

Figure 3.7.:Prediction of PINN with sensor-controlled viscositya = 3 � 10�3 for case I
(a)-(c), case II (d)-(f) and case III (g)-(i) with a uniform mesh (Fig. 3.3).

3.2.4. Sensor Controlled Artificial Viscosity

Another approach to avoid a global deterioration of accuracy due to dissipation, is
to construct an analytical function, which identi�es the regions in the domain where
viscosity needs to be applied. For now, let us assume that this is only around the shock
wave. Hence, the sensor functionB¹D¹G• Cººis introduced, which localizes the shock,
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