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ABSTRACT Phase-only pattern synthesis is a long-standing and hard to solve problem in antenna engineer-
ing. Due to its nonlinear nature, this kind of optimization problem is classically approached with iterative
algorithms, where the convergence time depends on the problem topology. Often these heuristic solution
routines get stuck in local optima and yield suboptimal results. This article addresses phase-only pattern
synthesis by using a variational quantum algorithm, the quantum approximate optimization algorithm. In this
context, a mathematical approach is presented, which discretizes the optimization variables and allows rep-
resenting the original nonlinear functional as a higher order polynomial. In contrast to other series expansion
techniques it turns out that this polynomial has finite length without introducing any approximations. This
makes phase-only patterns synthesis problems suitable to be solved on quantum computers with standard gate
sets. The mathematical treatment of this optimization problem is complemented by a complexity analysis
and a performance analysis. Finally, the challenges regarding future deployment of quantum approximate
optimization for phase-only pattern synthesis are discussed.

INDEX TERMS Antenna pattern optimization, phase-only pattern synthesis, quantum approximate
optimization algorithm (QAOA), quantum approximate optimization, variational quantum algorithms.

I. INTRODUCTION
Phase-only pattern synthesis is an optimization concept
where the elements of an antenna array are controlled via
phase-shifters in order to generate a predefined radiation
field. Although this optimization technique could in principle
be applied to antennas in receive mode, the main motivation
is to operate the transmit amplifiers of an antenna in satura-
tion, ensuring a maximum of radiated power. This method
dates back as far as to the 1960s and 1970s [14], [19], [30],
[34] and is of relevance still today. For instance, modern
synthetic aperture radar (SAR) systems for Earth observa-
tion heavily rely on phase-only pattern optimization for the
design of powerful SAR imaging modes [3], [27], [46], [53].

Phase-only pattern synthesis falls into the class of nonlin-
ear optimization, which means that classically these kind of
problems are approachedwith iterativemethods. There exists
already a plethora of optimization approaches for various
types of multielement antennas. For example, the authors
in [11] and [12] introduced a vector-Newton algorithm and
an iterative gradient method for null-steering, respectively.
Other gradient-based approaches are presented in [25] with

a nonlinear constrained optimization structure and in [47]
under the name ‘conjugate gradient method’. Several algo-
rithms have been investigated for linear and planar array
antennas [15], [16] with the goal to minimize sidelobe lev-
els for interference mitigation. Phase-only patterns synthesis
extended to other antenna types has been reported in [7] for
array-fed reflectors and in [6] and [8] for conformal arrays.
The latter paper presents the synthesis problem as an in-
tersection finding problem, which is solved by means of a
generalised projection algorithm. A generalization to linear
aperture patterns can be found in [52]. With the availability
of increasingly more powerful computers, Fourier domain
methods are proposed, such as in [33], where an iterative
method using Fourier analysis for planar phased arrays is pre-
sented. In [10], phase-only pattern synthesis based on an ad-
vanced fast Fourier transform algorithm for reflect-arrays is
investigated. A further generalization based on Fourier calcu-
lus is the nonuniform fast Fourier transform, which has been
exploited in the context of conformal reflect-arrays [9]. Other
concepts in adaptive interference rejection for linear phased
arrays foresee the use of weighted basis functions [18], the
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minimization of a nonlinear functional using an iterative
method [26] or a stochastic gradient descent approach [5].
An iterative projection method for a dynamical reconfigura-
tion of the antenna pattern is introduced in [24], a modified
least squares method in [42] and phase-only pattern synthe-
sis solved via an alternating direction method of multipliers
in [31] and the exploitation of a spline-based parameteriza-
tion is analyzed in [43].
Quantum computing has been discovered for antenna

optimization and related fields rather recently. As a new
paradigm, quantum computing is interesting in particular for
antenna optimization, because it allows in principle finding
global optima. Classically, even sophisticated solvers are not
guaranteed to find global optima, due to their fundamental
limitation to compute on a small fraction of the solution
space. In contrast, quantum computers are able to exploit
superpositions, which allows a proven quantum speedup in
specific cases [20].
First approaches to optimize antennas mimic quantumme-

chanical effects as in [37] where a quantum inspired version
of particle swarm optimization for linear array antenna syn-
thesis and other problems in electromagnetics is presented.
Another application of quantum computing to antenna de-
sign is presented in [13], where a quantum inspired genetic
algorithm is considered. An example where a classical solver
for semidefinite programs has been transferred to a quantum
version is presented in [4] and offers a square-root speed-up
over its classical pendants. In the context of antenna array
thinning Rocca et al. [44] presented a method exploiting the
quantumFourier transform (QFT), while Tosi andRocca [50]
treated this problem in the frame of the quantum approximate
optimization algorithm (QAOA). A further application of
the QFT to antenna pattern analysis is introduced in [51].
A research field related to antenna optimization is multiple-
input multiple-output systems in communications. In [29],
a signal-to-noise ratio optimization problem is formulated
as a combinatorial optimization problem to be solved on a
quantum annealer. Concepts of adiabatic quantum computa-
tion, and in particular quantum annealing, applied to array
processing have been investigated in [22] and [49], where
for instance problems encountered in digital beamforming
are addressed. Further examples, where quantum annealing
and annealing-inspired approaches turn out to be promis-
ing, are for the optimization of reflective metasurfaces [32],
[45], [54]. A first example of phase-only pattern synthesis is
formulated as a Grover search [20] problem in [23], where
an oracle quantum circuit is used to evaluate the objective
function.
A specific challenge in phase-only pattern synthesis is that

one deals with continuous variables. By discretizing these
variables, at first glance this seems like making a compli-
cated problem even more complicated. But in many real-
world antenna optimization problems, such as in SAR Earth
observation, transmit/receive modules for antenna systems
are equipped with digital phase controllers [39]. Insofar it
is natural to employ a discrete encoding of the optimization

FIGURE 1. Array antenna block diagram with phase shifters (φi )
generating a desired radiation field. The amplification factors g of the
individual antenna elements are kept constant.

variables. In this work, we present phase-only pattern syn-
thesis as combinatorial optimization problem to be solved in
the frame of variational quantum algorithms and in particular
the QAOA, first introduced in [17].

II. PROBLEM STATEMENT
As an optimization technique, phase-only pattern synthe-
sis can be applied to a wide variety of antenna types and
topologies. The concept drawing in Fig. 1 shows a linear
array antenna, where the individual antenna elements or
channels are controlled via phases φi, i ∈ [1, nc] where nc
is the number of channels. The factor g represents constant
amplification, which we set to one for the purpose of the
mathematical problem formulation. Each element is iden-
tified by a unique pattern function ai, which represents the
electromagnetic far field produced by this emitter. In stan-
dard phased array antennas, this pattern function is often
called the steering vector, which is the product of the space
factor and the array factor. In an array-fed reflector antenna
this function would be the secondary pattern. In general,
these far field patterns depend on two spherical angles and
the frequency. It is important to note that these kind of
pattern optimization problems are usually considered in the
so called narrow band approximation, although there is no
principal restriction to extend this optimization to the fre-
quency domain. Here, for notational simplicity, the second
angular variable is omitted as well as the frequency vari-
able, which is assumed constant in the subsequent problem
treatment.
Under the above assumptions the total radiated field∑
i wiai(ϑ ) is a linear combination of the individual antenna

pattern far field functions and some complex weightswi, also
called excitation coefficients. The optimization of the radia-
tion pattern is performed on the gain function G(ϑ ) which
can be written as

G(ϑ ) = 1

Prad

∣∣∣∣∣
nc∑
i=1

wiai(ϑ )

∣∣∣∣∣
2

wi, ai ∈ C (1)

with the radiated power

Prad ∝
nc∑
i=1

|wi|2. (2)
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For phase-only pattern synthesis these complex weights can
be expressed according to

wi = eiφi (3)

such that the φi are the only optimization variables. In this
case the radiated power of a phased-array antenna is constant,
proportional to the number of antenna elements

Prad ∝ nc. (4)

This allows formulating an optimization problem

minimize
φi

∑
l

γl
(
G− G̃

)2
(ϑl ) (5)

where the summed quadratic deviation of the desired gain
pattern G from a target gain pattern G̃ is minimized. The
counting index l indicates that the angular coordinate ϑ is
taken at discrete positions, which should obey spatial sam-
pling rules in order to avoid unwanted pattern distortions, for
instance in undersampled angular regions. The coefficients
γl represent a heuristic weighting function, which allows
balancing the disparity in cost function magnitudes for cer-
tain domains, e.g pattern sidelobe versus pattern mainlobe
regions. Substituting (1) and (4) into the cost function in (5)
and multiplying with the number of channels nc gives

minimize
φi

∑
l

γl

⎛
⎝
∣∣∣∣∣
∑
i

wiai

∣∣∣∣∣
2

− ncG̃

⎞
⎠

2

(ϑl ). (6)

Considering the weights according to (3), the task of min-
imizing the quadratic pattern deviation represents a nonlin-
ear optimization problem over a set of real-valued antenna
channel phases φi ∈ [0, 2π ).

III. QUANTUM COMPUTATIONAL FORMALISM
In quantum optimization, the values of the cost function can
be interpreted as the energy eigenvalues eμ of some cost or
problemHamiltonianHp, to be defined below. Expanding the
functional in (5) consequently yields

eμ =
∑
l

γl

(∑
i jmn

wiw
∗
jwmw∗

naila
∗
jlamla

∗
nl

− 2
∑
i j

wiw
∗
j aila

∗
jlncG̃l + n2cG̃

2
l

)
. (7)

The challenge one faces with phase-only pattern synthesis
is that this nonlinear optimization problem needs to be con-
verted to a form accessible to a quantum computer. By intro-
ducing a proper discretization of the antenna channel phases
φi it turns out that this problem can be written as a higher
order polynomial, which can be represented by so called spin
glass Hamiltonians. With a discretization according to

φi = 2π

2nb

nb−1∑
k=0

2kxik (8)

nb bits each are used to represent 2nb phases from the interval
[0, 2π ) as function of binary variables xik ∈ {0, 1}. A short
calculation, substituting expression (8) into (3), yields

wi = eiφi = ei
2π
2nb

∑nb−1
k=0 2kxik =

nb−1∏
k=0

ei2π2
k−nb xik

=
nb−1∏
k=0

∞∑
m=0

1

m!

(
i2π2k−nbxik

)m

=
nb−1∏
k=0

[
1 + xik

∞∑
m=1

1

m!

(
i2π2k−nb

)m]

=
nb−1∏
k=0

[
1 + xik

(
ei2π2

k−nb − 1
)]

. (9)

In the series expansion of the exponential function the case
distinction

xm =
{
1, m = 0
x, m > 0

(10)

with 00 = 1 has been exploited. For instance, for nb = 3 bit
phase quantization we have a third order polynomial

wi =
[
1 + xi0

(
ei2π2

−3 − 1
)] [

1 + xi1
(
ei2π2

−2 − 1
)]

×
[
1 + xi2

(
ei2π2

−1 − 1
)]

. (11)

It is now straight forward to write the weights wi in terms of
spin variables sik ∈ {1,−1}, which are related to the binary
variables xik according to

xik = 1

2
(1 − sik ). (12)

Inserting (12) into the formula for the excitation coefficients
(9) finally yields

wi =
nb−1∏
k=0

1

2

[(
ei2π2

k−nb + 1
)

− sik
(
ei2π2

k−nb − 1
)]

=
nb−1∏
k=0

eiπ2
k−nb [cos (π2k−nb)− isik sin

(
π2k−nb

)]

= eiπ (1−2−nb )
nb−1∏
k=0

[
cos

(
π2k−nb

)− isik sin
(
π2k−nb

)]
.

(13)

As a result, the functional (7) together with the expression
for the weights (13) define a higher order polynomial in the
spin variables sik and shall serve as basis for the derivation
of a quantum circuit using the QAOA.

A. HAMILTONIAN REPRESENTATION
Solving such a minimization problem with the quantum ap-
proximate optimization problem means encoding the func-
tional (7) in a proper Hamiltonian, which shall be referred to
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as the problem Hamiltonian Hp. Cost functions, which can
be written as polynomials, can be represented by so called
spin glass Hamiltonians. The variable encoding the problem
would be the magnetic spin s and to every eigenstate of this
particular problem Hamiltonian corresponds an eigenvalue,
which may be written in a general form as

eμ =
r∑

j1, j2,..., jn=0

c̃ j1 j2··· jn s
j1
1 s

j2
2 · · · s jnn . (14)

For our particular optimization problem the highest power
r for an individual spin variable is four, which can be seen
by inserting the weights in the spin basis (13) into the term
wiw

∗
jwmw∗

n in (7). In total n = ncnb spins or qubits are re-
quired in order to encode an antenna optimization problem
with nc antenna channels and nb bits for the phase quan-
tization in each channel. The coefficients c̃ are associated
with the coefficients of the terms when expanding the cost
function (7) including the weights (13). At this point the
powers in the polynomial (14) may be reduced using

s j =
{
1, j ∈ 2N
s, j ∈ 2N + 1

(15)

which yields

eμ =
1∑

i1,i2,...,in=0

ci1,i2,...,in s
i1
1 s

i2
2 · · · sinn . (16)

The new coefficients c are given as

ci1,i2,...,in =
∑

i1,i2,...,in= j1, j2,..., jnmod 2

c̃ j1 j2··· jn (17)

where the modulo operation acts on each index jν individu-
ally.
The spin variables s are the eigenvalues of the Pauli-z-

matrix σ z, so that the problem Hamiltonian can be expressed
as

Hp =
1∑

i1,i2,...,in=0

ci1i2···in
(
σ z
1

)i1 ⊗ (
σ z
2

)i2 ⊗

· · · ⊗ (
σ z
n

)in
. (18)

In this formulation it is understood that each Pauli operator
acts on a specific qubit, indicated by the subscript numbers.
The time evolution operator is computed by exponentiation
of the problem Hamiltonian and replacing the time variable
in the Trotterization step by general parameters βt to be found
by classical optimization. Then, the problem unitary may be
written according to (see Appendix A)

Up(βt ) = e−iβtHp

=
1∏

i1,i2,...,in=0

[
cos

(
βt ci1i2···in

) n⊗
ν=1

I

− i sin
(
βt ci1i2···in

) n⊗
ν=1

(
σ z

ν

)iν ] (19)

with I the single qubit identity operator. Together with the
initial or mixer Hamiltonian

H0 =
n∑
i=1

n⊗
ν=1

(
σ x

ν

)δνi (20)

defining the corresponding unitary

U0(αt ) = e−iαtH0

=
n∏
i=1

[
cos (αt )

n⊗
ν=1

I

− i sin (αt )
n⊗

ν=1

(
σ x

ν

)δνi

]
(21)

the phase-only pattern synthesis problem is completely rep-
resented in the frame of the QAOA with the tth iteration
U0(αt )Up(βt ).

B. CIRCUIT DESIGN
Each factor in the problem unitary (19) is represented by
a sub-circuit. Here, as an illustrative example, we derive
the quantum circuit for a unitary describing a third order
polynomial

Up(βt ) = cos (βt c111) I ⊗ I ⊗ I − i sin (βt c111) Z ⊗ Z ⊗ Z
(22)

where the Pauli-matrices σ z have been replaced by the usual
symbol in quantum circuit design

Z =
(
1 0

0 −1

)
. (23)

In order to obtain an efficient quantum circuit composed of
native operations, such as controlled-not gates (cnots) and
the rotation gate

Rz(θ ) := e−iθ/2Z =
(
e−iθ/2 0

0 eiθ/2

)
(24)

the unitary (22) needs to be brought into the form

cos (βt c111) I ⊗ I ⊗ I − i sin (βt c111) Z ⊗ Z ⊗ Z

= U [cos (βt c111) I ⊗ I ⊗ I − i sin (βt c111) Z ⊗ I ⊗ I]U†

= U
[
Rz(2θ ) ⊗ I ⊗ I

]
U†. (25)

This is true for the unitary U representing a series of two
cnot-gates

(I ⊗ I ⊗ |0〉〈0| + X ⊗ I ⊗ |1〉〈1|) ·
(I ⊗ |0〉〈0| ⊗ I + X ⊗ |1〉〈1| ⊗ I)

= CNOT(3, 1) · CNOT(3, 2) (26)
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FIGURE 2. Quantum circuit implementing the third order polynomial
c111s1s2s3.

where in the notation CNOT(3, 1) the first number denotes
the control qubit and the second number the target qubit.
Here, X denotes the Pauli X gate (the not gate). Since the
cnot gates involved here commute, the unitary of the entire
quantum subcircuit may be written as

CNOT(3, 1) · CNOT(2, 1) · (Rz ⊗ I ⊗ I
) ·

CNOT(2, 1) · CNOT(3, 1) (27)

with the corresponding circuit block diagram shown in Fig. 2
(see [40] paragraph 4.7.3).

Due to the permutation symmetry the qubit labels, i.e. the
role of the qubits in the circuit, can be swapped without al-
tering the action of the whole subcircuit. This design pattern
can be used as a building block in larger circuits.
Constructing the quantum circuit for the entire problem

unitary (19) by a sequence of subcircuits with a form as
presented in Fig. 2 may benefit to a certain degree from op-
timization [41]. For example subcircuits acting on different
subsets of qubits sν could be executed simultaneously, result-
ing in a lower circuit depth (see Appendix B). However, the
overall circuit complexity is still determined by the number
of unique terms nt in the problem polynomial (7).

C. COMPLEXITY ANALYSIS
Determining this number is not a trivial task. Not only the
reduction in the number of terms due to (15) needs to be
taken into account, but also the permutation symmetry of the
summation indices over the antenna channels i, j,m, and n in
the cost function (7) as well as the fact that the cosine-terms
in the expression for the excitation coefficients (13) vanish
for k = nb.

Disregarding these term-reducing aspects for now and
expanding, for example, the expression wiw

∗
j in (7) by

substituting (13) yields

wiw
∗
j =

nb−1∏
k=0

[
cos

(
π2k−nb

)− isik sin
(
π2k−nb

)]

· [cos (π2k−nb)+ is jk sin
(
π2k−nb

)]
. (28)

According to themultibinomial theorem this product of sums
can be converted into a sum of products. Then, by multiply-
ing the summation limits an upper bound for the number of
terms can be determined as

nt = n4c2
4nb + n2c2

2nb + 1. (29)

TABLE 1. Number of Terms nt in the Cost Function (7) for a Given
Number of Channels nc and Bits Per Channel nb

On the other hand, by inspecting the Hamiltonian represen-
tation (16), the number of terms can be at most

2n = 2ncnb . (30)

Sofar these results tell us little about how much the num-
ber of terms reduce under the above mentioned conditions.
An exact evaluation, using symbolic calculation tools, yields
the numbers of terms as presented in Table 1 as function
of the number of channels and the number of bits used to
quantize the phases of the excitation coefficients. At this
point it is important to stress that in modern antenna design
and optimization the number of antenna channels plays a
far more important role as the quantization of the channel
phases. Typical phase quantization on spaceborne Earth ob-
servation satellites is realized with 6 bits per channel [1],
[21], [48]. Insofar, it is important to know how the number
of terms scale with larger number of antenna channels nc.
Here, we notice first that, based on the permutation sym-
metry of the summation indices, the terms in expressions
such as

∑
i jmn wiw

∗
jwmw∗

n
∑

l aila
∗
jlamla

∗
nl can be interpreted

as components of a symmetric tensor. An mth order tensor
with n elements in each index would have

(n+m−1
m

)
unique

components, which, adapted to our case, would yield(
nc + 3

4

)
= 1

4!
(nc + 3)(nc + 2)(nc + 1)nc (31)

unique terms. With this observation and from inequality (29)
one can conclude that the number of terms for a given number
of bits can be expanded into a fourth-order polynomial in the
number of channels

nt = 1 + p1(nb)nc + p2(nb)n
2
c + p3(nb)n

3
c + p4(nb)n

4
c
(32)

with rational coefficients p j ∈ Q, j ∈ {1, 2, 3, 4}. For a
single-channel antenna the number of terms is independent
from the phase-quantization. This can be verified by inspect-
ing the gain expression according to (1), which becomes
a phase-independent constant, implying a total number of
terms of exactly one. These coefficients have been calculated
for a number of bits of up to six (see Table 2). As a final
observation, the progression of the coefficients p4 in the last
column in Table 2 suggests that it follows an exponential
increase 24(nb−1). Therefore, the last term in the polynomial
(32) takes the form

p4(nb)n
4
c = 1

4!
24(nb−1)n4c . (33)
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FIGURE 3. Example implementation of the QAOA solving the problem Hamiltonian (37) for our phase-only pattern synthesis demonstration problem
(35). The parameters α and β are found via classical optimization. The optimization result is encoded in the binary string represented by the output state
vector |x11x10x21x20〉.

TABLE 2. Coefficients of the Fourth-Order Polynomials That Give the
Number of Terms nt for Fixed Precision nb

This aligns with our estimate of the upper bound of the
number of terms given in (29) and confirms the complexity
of the quantum circuit for our phase-only patterns synthesis
problem to be

O(n4c2
4nb ). (34)

IV. DEMONSTRATION EXAMPLE
To give the reader an impression of the performance of
quantum-assisted phase-only pattern synthesis, in the fol-
lowing a short demonstration example shall be presented.
It is inspired by a similar toy problem discussed in [23],
which uses two antenna channels, each with two bit phase
quantization. Adapted to our problem formulation according
to (6) this expression takes the form

minimize
φ1,φ2

(∣∣∣ei(φ1+φ̄1) + ei(φ2+φ̄2)
∣∣∣2 − ncG̃

)2

(35)

with φ̄1 = π/2, φ̄2 = π and the target gain G̃ = 2.Moreover,
we have chosen only a single direction ϑl as it does not
affect the mathematical problem structure. Note that each
antenna element pattern phase φ̄l corresponds to an angle ϑl .
Referring to the notation used in (6) this would mean that
the antenna element patterns a1 and a2 would simply take
the form eiφ̄1 = i and eiφ̄2 = −1, respectively.
Evaluating (7) substituting (13) yields the corresponding

cost function in the spin basis (16)

eμ = 4s11s10s21 − 4s11s21s20 − 2s10s20 + 6. (36)

That the number of terms is four instead of six as listed in
Table 1 is a consequence of our particular choice of antenna
parameters, which yielded a cancellation of two terms.
This functional can now be translated into the problem

Hamiltonian (18)

Hp = 4σ z ⊗ σ z ⊗ σ z ⊗ I − 4σ z ⊗ I ⊗ σ z ⊗ σ z

− 2I ⊗ σ z ⊗ I ⊗ σ z + 6I ⊗ I ⊗ I ⊗ I (37)

FIGURE 4. Expectation value 〈Hp〉 of the problem Hamiltonian as
function of the parameters α and β.

with the corresponding quantum circuit shown in Fig. 3.
In the construction of this quantum circuit we have used

the standard definition of the rotation operator about the
x-axis according to

Rx(θ ) := e−iθ/2X =
(

cos(θ/2) −i sin(θ/2)

−i sin(θ/2) cos(θ/2)

)
. (38)

The parameters α and β are found iteratively by classical
optimization routines via an hybrid approachwith alternating
classical and quantum calculations. Here, for our demonstra-
tion example it is possible to compute the analytical expres-
sion of the expectation value of the problem Hamiltonian
according to

〈Hp〉 = sin(2α)
(
8 cos2(2α) sin(16β ) − sin(2α) cos(16β )

+ 4 sin(4β )(2 sin(4α) sin(8β ) + cos(2α) cos(8β )))

+ 1

2
cos(4α)(8 sin(2α)(sin(4β ) + sin(12β )) − 1)

+ 13

2
. (39)

This expectation value has been evaluated over a range of val-
ues α and β between 0 and π/2, after which the energy land-
scape repeats itself periodically (see Fig. 4).With the optimal
set of parameters, which are found to be α = β ≈ 0.6157, a
simulation of the quantum circuit under error-free conditions
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FIGURE 5. Simulated output state vector, with four solutions indicated
by equally high measurement probabilities. The solutions are encoded in
the decimal representation of the eigenstates (see Table 3).

TABLE 3. Four Optimal Solution Sets φ1 and φ2, Represented as Binary
Bit-Strings Labeling the Corresponding Basis Vectors

FIGURE 6. Output state vector as measured on the IBM Torino quantum
computer.

yields the output state probabilities as presented in Fig. 5. The
decimal numbers represent binary bit-strings that encode the
antenna channel phases according to (8). A first observation
is that we have four equally probable solutions, which is
clearly a consequence of the two-bit quantization of the chan-
nel phases and the fact that a global phase can be extracted in
(35). These four solutions yield the minimal value (eμ = 0)
of the cost function (36) and correspond to the eigenvalues of
the ground state of the problemHamiltonian. Table 3 lists the
decimal, binary and angular representation of these solutions,
which appear with a probability of 24.14%. The next higher
eigenstates (eμ = 4) are measured with 0.42% probability,
while the highest eigenstates (eμ = 16) have 0.019% proba-
bility.
For comparison, in Fig. 6 the results are presented, when

the quantum circuit (see Fig. 3) for our demonstration

FIGURE 7. Histogram of the objective values for the LM algorithm and
SA. The global minimum lies at eμ = 0.

problem is executed on real quantum hardware. The out-
put state has been sampled 4096 times on the IBM Torino
quantum computer with a Heron r1 processor, featuring 133
qubits. In contrast to the results under ideal conditions given
in Fig. 5, individual solutions occur now with probabilities
between 19.9% and 23.8%, while individual nonsolutions
appear in between 0.7% and 1.9% of the cases.

V. PERFORMANCE COMPARISON
Phase-only pattern synthesis in the conventional sense is
an optimization problem over continuous variables φi ∈
[0, 2π ). The quantum variational approach suggested here,
is based on a discretization of the optimization vari-
ables φi and treats the original problem as combinatorial
optimization. This means not only the optimization approach
is quite different but also the problem topology itself, which
might impact the optimization performance.
The classical solvers, to be compared against, are a

damped Gauss-Newton approach, known as Levenberg–
Marquardt (LM) algorithm [35], [38], and simulated anneal-
ing (SA) [28], [36], which exploits concepts of statistical
mechanics for combinatorial optimization.
The next more complicated application example, which

shall serve as benchmark problem, is of the same structure as
given in the previous example according to (35) but with four
antenna channels. In this case the antenna element patterns
ai have been chosen as

[
i −1 −i 1

]
and the target gain G̃ to

be 4. The minimum objective value eμ1 of this optimization
example is again 0. Note, for the classical approaches the
original problem with continuous optimization variables has
been solved. Fig. 7 shows the histogram of the objective
values that the classical solvers found with a total of 104

trials. In this particular example, the LM algorithm was able
to find the global optimum in 100% of the trials, while SA
succeeded in 37.2% of the cases.
Phase-only pattern synthesis via quantum approximate op-

timization has been implemented using a classical solver,
namely, SA,which takes the expectation value of the problem
Hamiltonian 〈Hp〉 as an input. With 2-bit quantization of

1In the context of these classical optimization approaches eμ shall be
interpreted as continuous function.
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TABLE 4. Four Optimal Solution Sets φ1 to φ4 in Binary and in Decimal
Representation

FIGURE 8. Final output states after hybrid optimization for different
QAOA-layer numbers nl. The total probability to find an optimal solution
is denoted by po. (a) nl = 1 and po = 10.78%. (b) nl = 2 and
po = 16.78%. (c) nl = 3 and po = 24.73%. (d) nl = 4 and po = 25.2%.
(e) nl = 5 and po = 29.12%. (f) nl = 10 and po = 37.76%.

the phases, this optimization problem has again four solu-
tions (see Table 4), all corresponding to the minimum energy
level eμ = 0. For the four element patterns introduced above
and 2-bit phase quantization, the cost function possesses 51
unique terms after contraction of termswith the same powers.
Fig. 8 shows the final probability amplitudes of the output
state after hybrid optimization. The different subplots present
the results for different numbers of QAOA-layers nl. The
total probability po to find the global optimum increases from
10.78% for the single-layer case to 37.76% for ten layers. As
expected from the symmetry, all four solutions appear with
the same probability, regardless of the number of layers.
It is instructive to expand the analysis for the classical

optimization approaches to a real-world example. In the fol-
lowing, the TerraSAR-X antenna [48], featuring 32 channels,
shall be considered. Here, the goal was to widen the main-
beam while setting sidelobe level constraints 18.5 dB below
the mainlobe [see Fig. 9(a)]. In addition, a weighting γl of 50
of the objective function [see (5)] in the sidelobes has been

FIGURE 9. (a) Optimized antenna patterns with SA and the LM
algorithm. The blue dots represent the target gain pattern G̃.
(b) Corresponding histograms of the objective values.

introduced in order to create a balance with the mainlobe ob-
jective. The histogram plot in Fig. 9(b) demonstrates that SA
performs better on average compared to the LMmethod. The
main reason for this is the ability of SA to leave local min-
ima and further advance to lower minima. The convergence
behavior of SA is, however, slower compared to gradient
methods, such as the LM algorithm. In the above examples,
including the QAOA approach, SA has been conducted with
O(103) iterations, while the LM approach required O(101)
iterations.

VI. DISCUSSION AND CONCLUSION
Building on the above analysis of complexity and perfor-
mance, it should be noted that phase-only pattern synthe-
sis is quite demanding due to its nonlinear nature. With a
circuit depth in the order of n4c2

4nb this means that a stan-
dard hybrid approach [2], where a classical iterative solver
calls a quantum routine, would require an execution time,
which is proportional to the product of the number of clas-
sical iterations times the complexity of the quantum circuit
times the number of shots to determine the expectation of
the problem Hamiltonian. Comparing classical optimization
approaches, such as SA or gradient-based methods, to the
QAOA, the execution time for phase-only pattern synthesis
problems with quantum approximate optimization is longer
for these demonstration examples. The analysis of an antenna
example with four channels and two bit phase quantization
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showed that the QAOA-approach requires a circuit with ten
layers to surpass the probability of finding the global opti-
mum with SA. Although the LM method was even better for
this particular example, the analysis of a real-world exam-
ple indicates that it will likely perform worse than SA for
larger problem instances. However, there is a further aspect,
which is related to the layer-number in quantum approximate
optimization. Classically, one deals with a number of contin-
uous optimization variables, which is the number of antenna
channels nc. The QAOA-approach optimizes over a set of
continuous variables (αt , βt ), which is twice the number of
layers nl. For the above example with four antenna elements
this means that already with two layers the solution space of
the QAOA-approach equals the size of the classical problem
space.
We used higher order polynomials in the quantum

approximate optimization of the phase-only pattern synthe-
sis problem. In principle, the order of these polynomials
could be reduced by introducing slack variables allowing
for a reformulation of the original problem in a quadratic
form. Howewer, the reduction in the polynomial order is
achieved at the cost of an increased number of variables, i.e.,
more qubits are needed, as well as additional constraints.
The latter is a challenge, as the weights of the correspond-
ing penalty terms need to be chosen appropriately. Poorly
chosen weights can affect the problem topology in a hardly
predictable manner. When it comes to the execution on real
quantum annealers, another difficulty is finding a good an-
nealing schedule, which requires a priori information on the
energy gap between the ground and first excited states. Inso-
far quantum annealing remains a heuristic with no guarantee
of finding better solutions.
Quantum approximate optimization might still be a viable

option in phase-only pattern synthesis problems, specifically,
if the probability to find better solutions can be increased.
The analysis above showed that using more layers does in-
deed improve the probability to find the global optimum.
One way to improve this further could be to find a better
approximation of the unitary exp{−i(αtH0 + βtHp)} in the
Trotterization step. This might increase the complexity of
a single QAOA-layer, but potentially reduce the total num-
ber of layers and therefore even reduce the total quantum
complexity.
In conclusion, this article addresses phase-only pattern

synthesis in the frame of the QAOA. The key to solve
this kind of classically hard to solve problem, was to in-
troduce a quantization of the optimization variables and to
write it as a combinatorial optimization problem, which is
represented by a higher order polynomial. The complexity
and performance analysis confirm the principal feasibility
of quantum computer-assisted phase-only pattern synthesis.
Although onemight dispute its usefulness under the aspect of
solving speed alone, the prospect of finding better solutions
then classical optimization algorithms, could still render it
valuable for industrial application. This, however, could re-
quire innovative modifications of the QAOA. From a general

perspective, the mathematical approach adopted in Sec-
tion III, turning a nonlinear function into a finite length series,
may be adopted for similar engineering problems.

APPENDIX A
In this appendix, we fill in the steps in the calculation of
the problem unitary as a result of the exponentiation of
the problem Hamiltonian. Based upon the Baker–Campbell–
Hausdorff formula we have

Up(βt ) = exp

(
− iβt

∑
i1,i2,...,in

ci1i2···in
(
σ z
1

)i1

⊗ (
σ z
2

)i2 ⊗ · · · ⊗ (
σ z
n

)in ) (40)

=
∏

i1,i2,...,in

exp
(
−iβt ci1i2···in

(
σ z
1

)i1

⊗ (
σ z
2

)i2 ⊗ · · · ⊗ (
σ z
n

)in) (41)

where the exponential of sums has been turned into a product
of exponentials. Using Euler’s formula and a further series
expansion of the sine and cosine functions yields

Up(βt ) =
∏

i1,i2,...,in

[
cos

(
βt ci1i2···in

(
σ z
1

)i1 ⊗ (
σ z
2

)i2 ⊗

· · · ⊗ (
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)in)− i sin
(
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2
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=
∏
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. (42)

In analogy to condition (15)

(
σ z) j =

{
I j ∈ 2N
σ z j ∈ 2N + 1

(43)

has been utilized.
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FIGURE 10. Merging concept for parallel execution of complementary
subcircuits.

APPENDIX B
The circuit depth associated with a polynomial according to
(16) with all coefficients ci1,i2,...,in 
= 0 would be

n∑
k=0

(
n

k

)
= 2n. (44)

This formula suggests that all subcircuits related to terms of
order k could be executed simultaneouslywith the subcircuits
of order n− k. Note that this can be done, since all terms of
the problem Hamiltonian commute. This merging concept
is illustrated in Fig. 10 for n = 3 qubits. The little squares
indicate the qubits involved in a specific subcircuit. From
this diagram it becomes clear that the reduction in circuit
depth is exactly by a factor of two. In our case, when many of
the coefficients ci1,i2,...,in are zero, the additional total circuit
depth reduction would be by less than a factor of two.
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