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Abstract—Digital elevation models (DEMs) are important
remote sensing products obtained through synthetic aperture
radar (SAR) interferometry. The DEM height accuracy improves
as the baseline increases, but the interferograms become more
susceptible to phase unwrapping errors. Resolving phase
unwrapping errors requires either additional satellites or
additional passes of the same satellites with different baselines,
limiting the system’s capacity of monitoring fast dynamic
phenomena. Single-pass generation of DEMs with high accuracy
and free of unwrapping errors therefore still remains an open
challenge. This work presents for the first time a concept of
distributed SAR interferometry for single-pass DEM generation
based on a cluster of small-aperture microsatellites, separated in
both the along- and across-track directions and operating well
below the Nyquist sampling frequency. The conventional SAR
interferometric processing approach cannot be applied as the
data from each small aperture in azimuth cannot produce an
unambiguous SAR image. This work presents a novel optimal
processing scheme based on the maximization of the generalized
likelihood that jointly exploits the data from all antenna
apertures to simultaneously resolve the phase and the azimuth
ambiguities and produce a highly accurate DEM free of
unwrapping errors. An airborne demonstration is furthermore
presented using multi-baseline data from a dedicated flight
campaign of the F-SAR system of the German Aerospace Center,
which demonstrates feasibility of this concept. This work
expands the understanding of joint processing of multiple SAR
images and unlocks attractive options for future distributed
Earth observation missions.

Index Terms—Azimuth ambiguities, digital elevation model,
distributed systems, generalized maximum likelihood estimation,
multistatic synthetic aperture radar (SAR), SAR interferometry,
small satellites, microsatellites, SAR.
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I. INTRODUCTION

YNTHETIC aperture radar (SAR) interferometry is a

remote sensing technique capable of extracting unique

information from the coherent combination of multiple
SAR images and thus serving a wide range of applications in
Earth observation [1]-[11]. An interferogram is formed by the
coherent combination of two SAR images and contains the
pixelwise phase difference between them, namely the
interferometric =~ phase. In  particular,  across-track
interferometry uses images acquired from slightly different
positions in the across-track direction, which is orthogonal to
the slant range and along-track (azimuth) directions. In this
case, the interferometric phase is proportional to the height of
the imaged terrain, allowing the generation of a digital
elevation model (DEM), a map of the topography, where each
pixel contains the height of the terrain.

The quality of a DEM can be characterized by its height
accuracy and its independent posting, which is the minimum
horizontal separation between DEM samples so that their
height measurements are independent. The separation between
the positions from which the two SAR images are taken is
called the baseline, and, for DEM generation, the across-track
baseline, i.e., the component of the baseline orthogonal to the
slant range and azimuth directions, controls the sensitivity of
the interferometric phase to the terrain height. The larger the
across-track  baseline, the larger the phase-to-height
sensitivity, which determines the DEM height accuracy
together with the coherence (normalized cross-correlation)
between the two SAR images [1]-[7], [12]-[14]. In particular,
acquiring two images in a single pass of the system avoids
temporal decorrelation and leads to more accurate DEMs, as is
done by TanDEM-X [15], which is a multistatic system in that
the backscattered signal is collected by receivers onboard two
distinct platforms. The interferometric phases are usually
locally averaged to reduce the phase noise and improve the
DEM accuracy at the cost of a coarser DEM posting.

However, the interferometric phases must be unwrapped
within the DEM formation, and two-dimensional phase
unwrapping is prone to errors, which are more likely to occur
for faster changes of the interferometric phase, i.e., for larger
across-track baselines. Phase unwrapping therefore limits the
achievable DEM accuracy. Due to this limitation, TanDEM-X
operates with baselines between 250 m and 400 m [15]. These
correspond to less than 10% of the critical baseline, which is
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defined as the minimum baseline for which SAR images in
case of distributed scatterers are totally decorrelated
(11171, [12], [13].

If multiple interferograms with different across-track
baselines are available, they can be jointly exploited to resolve
phase unwrapping, as outlined, e.g., in [16]-[23]. These
additional interferograms can be acquired in additional passes
of the satellites, from different looking directions such as
ascending and descending passes [18], or with the same
looking direction, as done by TanDEM-X [15],[16]. This
approach, however, consumes valuable system resources,
since orbit maneuvers are required to change the baseline
between different passes, and severely limits the system’s
capacity of monitoring fast dynamic phenomena, such as
permafrost and glacier melting in polar regions, surface
mining, and volcano eruptions. Furthermore, combining
interferograms from multiple passes to produce a DEM brings
additional complexities as the scene can significantly change
over time between multiple acquisitions. For example,
defoliation, freezing or even deforestation can occur between
the acquisitions and change the observed height, so that the
acquisitions cannot be used together to resolve the
interferometric phase ambiguity.

Studying and monitoring dynamic processes in the Earth’s
surface demands time series of DEMs with frequent revisit
times [10]. However, while SAR imaging with frequent revisit
is now commercially available through the use of SAR
satellite constellations, the generation of densely sampled time
series of very accurate single-pass DEMs still remains a
challenge. Acquiring multiple interferograms in a single pass
requires three or more SAR satellites, as recently implemented
by the multistatic system Hongtu-1 [24], where each antenna
aperture has to be large enough to produce an unambiguous
SAR image. A system with three or more large-aperture SAR
satellites would however be very costly, while typical terrain
topography has a much lower information content than that of
three unambiguous SAR images. This observation was first
explored in [24], [26], where one or more CubeSats are added
in close formation to a bistatic interferometer and produce
additional low-quality images that can be used to resolve
phase unwrapping errors despite having very high noise and
azimuth ambiguity levels. Note that this system still requires
two large-aperture satellites, like TanDEM-X.

Distributed SAR imaging with a train of small-aperture
satellites in the along-track (azimuth) direction allows
exploiting smaller platforms for obtaining high-quality SAR
images, especially if most of the satellites of the train are
receive-only [27]-[32]. These concepts operate with a sub-
Nyquist pulse repetition frequency (PRF), i.e., the small
antenna apertures generate wide beams that illuminate and
observe a wide Doppler bandwidth, whereas the PRF is kept
much lower than this bandwidth. Combining the data from all
N satellites of the train increases the sampling in azimuth by a
factor of N and allows reconstructing the wide Doppler
bandwidth and therefore forming an unambiguous SAR image
[33]-[36]. Multi-baseline SAR interferometry for single-pass

DEM generation could then in principle be performed using
three trains of small-aperture SAR satellites separated in the
across-track direction. However, if the goal is the generation
of a DEM, that would require a very high number of satellites.

This work presents for the first time a groundbreaking
concept for distributed SAR interferometry using a cluster of
relatively few small-aperture SAR satellites arranged in both
the along- and across-track directions capable of single-pass
DEM generation with high accuracy without the need of any
large-aperture satellite. This concept was granted a patent
[37]. Some preliminary developments were initially presented
in [38], which introduced a concept based on tomogram
maximization but still faced challenges regarding azimuth
ambiguities, and in [39], which presented an early formulation
that still required further optimization and led to reduced
performance. Distributed SAR interferometry does not only
imply reception from multiple platforms, as in multistatic
systems, but also enables generating interferometric products
with small-aperture SAR satellites, which cannot individually
form unambiguous SAR images. As stated in [40], this
concept is highly desirable, but so far remained an open
problem due to the challenge in unifying the nonlinear
interferometric processing with the linear distributed SAR
processing. Compared to the three trains of small-aperture
satellites mentioned in the previous paragraph, in the proposed
concept, each track can contain less satellites, in some cases
even just one. Some of the satellites can also be dislocated to a
fourth or fifth track leading to an increased across-track
baseline diversity for the same interferometric performance.
The satellites produce highly ambiguous SAR images that
cannot be combined to form unambiguous SAR images, as
each track can contain less satellites than required for proper
sampling in azimuth. Despite unambiguous SAR images not
being available, this work proposes a novel processing scheme
based on a generalized maximum likelihood height estimation
that combines all ambiguous SAR images and jointly resolves
the azimuth and height ambiguities leveraging the along- and
across-track baselines in the cluster to generate a highly
accurate and unambiguous DEM. This concept enables DEM
generation using small-aperture SAR systems with a smaller
number of satellites compared to three trains. The concept also
allows a drastic satellite mass reduction, enabling SAR
interferometry with microsatellites even below 50 kg as
opposed to the much larger and heavier conventional
interferometric SAR satellites (~300 kg for Hongtu-1,
~1300 kg for TanDEM-X). Finally, the proposed processing
generalizes the multi-baseline SAR interferometric processing
to the case of highly ambiguous SAR images, solving a
longstanding gap in the SAR processing field [40].

This paper is structured as follows: Section II describes the
concept and the proposed processing scheme, Section III
assesses the performance resorting to the Cramér-Rao lower
bound (CRLB), supported by extensive simulations, and
Section IV presents a full demonstration of the concept and
processing using multi-baseline airborne L-band SAR data
acquired over a mountainous area by the F-SAR system of the
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German Aerospace Center (DLR) to show the maturity of the
technique. In Section V, conclusions are drawn.

II. CONCEPT AND PROCESSING FOR DEM GENERATION

The proposed distributed concept for DEM generation with
high resolution and accuracy is based on a cluster of small-
aperture SAR satellites arranged with along- and across-track
baselines. The system operates with a sub-Nyquist PRF, i.e.,
the antenna patterns of the small-aperture antennas form wide
beams in azimuth, which correspond to observed Doppler
bands much wider than the PRF. The data from the individual
satellites are processed to form a set of highly ambiguous SAR
images, which are then split into a number of Doppler sub-
bands. For each Doppler sub-band, the images are coherently
combined pairwise to form a matrix of interferograms, whose
data can be rearranged as the pixelwise covariance matrices of
the set of images. A DEM is then generated based on these
covariance matrices by a pixelwise generalized maximum
likelihood height estimation, i.e., comparing the covariance
matrices estimated from the data with a model parametrized
by the terrain height and other characteristics of the main and
azimuth-ambiguous components of the images. This height
estimation jointly resolves the azimuth and phase ambiguities
exploiting the along- and across-track baselines between the
satellites.

Helix orbits, such as those employed by TanDEM-X,
implement a passively safe close formation flight of two
satellites achieving suitable across-track baselines across the
globe [15], [41], [42]. Nested helix orbits [43], [44] extend
this concept for multiple satellites and can implement a
passively safe formation flight of the proposed cluster of
satellites. A fixed-baseline formation [45]—[47] could also be
employed.

The requirements on the satellite position estimation and
synchronization are equivalent to the requirements of a
conventional SAR interferometer or distributed SAR imaging
system with the same system parameters and the same,
respectively, across- and along-track baselines. The across-
track baselines must be known up to a fraction of the
wavelength, and the along-track baselines must be known up
to a small fraction of the along-track sampling period.
Synchronization can be addressed through several options,
such as a dedicated synchronization link, as implemented in
TanDEM-X [15], [48], a global navigation satellite system
(GNSS)-based scheme [49], as planned for the European
Space Agency’s (ESA’s) Harmony mission [50], or the
MirrorSAR concept [44], [51]. Data-based synchronization
techniques [52] could be utilized, also combined with other
synchronization schemes. An alternative that avoids the need
for synchronization is the pursuit monostatic mode, where the
satellites independently acquire highly ambiguous monostatic
images of the scene one after the other, as demonstrated by
TanDEM-X for azimuth ambiguity rejection with a
sub-Nyquist PRF [53].

An overview of the concept and associated processing for
DEM generation is shown in Fig. 1. A straightforward
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Fig. 1. Overview of the distributed concept and processing for DEM
generation based on a cluster of small-aperture SAR satellites. (a) Operation
option with a dedicated transmitter. (b) Operation option with multiple
transmitters. (c) Arrangement of equivalent phase centers in along- and
across-track. (d) Highly ambiguous focused SAR images from each
transmitter-receiver pair. (¢) Decomposition of each image into Ng Doppler
sub-bands. (f) Multilooked interferograms formed for each pair of images and
Doppler sub-band. (g) DEM formed through a pixelwise generalized
maximum likelihood height estimation.

This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/



This article has been accepted for publication in IEEE Transactions on Geoscience and Remote Sensing. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOl 10.1109/TGRS.2026.3657152

4

> REPLACE THIS LINE WITH YOUR MANUSCRIPT ID NUMBER (DOUBLE-CLICK HERE TO EDIT) <

implementation of this concept foresees a dedicated transmit-
only satellite and N receive-only satellites (see Fig. 1 (a)), but
the derivations are general and different options including one
or more satellites with both transmit and receive capabilities,
with simultaneous or alternating transmission, are also
possible (see Fig. 1 (b)) [27]-[32], [48], [54]. In all of these
cases, each of the N transmitter-receiver pairs acquires raw
data periodically in the along-track direction according to the
PRF. The spatial arrangement of the satellites then defines an
arrangement of along- and across-track baselines between the
raw data samples, which repeats periodically in the along-
track direction. One can visualize an approximation of these
baselines by plotting the equivalent phase centers located at
the midpoints between the transmitter and the receivers
(see Fig. 1 (c¢)). As the equivalent phase center approximation
is only valid for small bistatic angles between a transmitter
and a receiver, it is used merely for visualization purposes,
while the proposed concept and processing uses the exact
bistatic range history and remains applicable with large
bistatic angles.

As for the processing, the first step is to independently
focus the data from each of the N transmitter-receiver pairs
over the entire processed Doppler band to form a set of N
SAR images (see Fig.1(d)). These images are highly
ambiguous in azimuth because the processed Doppler band,
which can be defined as the intersection of the observed
Doppler bands of all transmitter-receiver pairs, is much wider
than the PRF. In distributed SAR imaging, a single
unambiguous SAR image is obtained through a linear
combination of these highly ambiguous images that suppresses
the azimuth ambiguities [33]-[36]. In this work, however,
such a linear combination cannot be performed due to the
satellites not being arranged in trains and so observing
unknown interferometric phases dependent on the topography.
Instead, the highly ambiguous images are kept separate
(see Fig. 1 (d)) and split into Ng Doppler sub-bands
(see Fig. 1 (e)). In each sub-band, interferograms are then
formed and multilooked from each pair of images
(see Fig. 1 (f)). As already mentioned, the resulting matrix of
multilooked interferograms can be arranged as a pixelwise
estimate of the covariance matrix of the corresponding
Doppler sub-band of the set of highly ambiguous images.
Finally, a DEM is produced from these covariance matrices by
jointly resolving the topography and the azimuth ambiguities
based on the maximization of the generalized likelihood
function (see Fig. 1 (g)).

A. Model of the Highly Ambiguous Images

A model for the highly ambiguous SAR images is described
in the following and will support the derivation of the
generalized maximum likelihood height estimation. The key
points from the model are that each highly ambiguous image
is the sum of a main component and multiple azimuth-
ambiguous components, where the latter have a phase term
dependent on the along-track position of the transmitter-
receiver pair and the order of the azimuth ambiguity, and have
Doppler spectra shaped by translated versions of the two-way

antenna pattern, i.e., the product of the patterns of the transmit
and receive antennas.

Small antenna apertures form wide beams in azimuth, and
so each transmitter-receiver pair observes a wide Doppler
band, here defined as the interval of Doppler frequencies for
which the two-way azimuth antenna pattern is within 6 dB
from its peak value. These observed Doppler bands are, in
general, different, as the along-track baselines among the
satellites cause them to be shifted with respect to one another.
In an interferogram formed from images with different
observed Doppler bands, the portions of the Doppler spectra
not common to both images contribute as disturbances
reducing the interferometric coherence. To achieve coherence,
the along-track baselines must therefore be kept below a
certain value, dependent on the antenna lengths and the
wavelength. This requirement is the same as for a
conventional SAR interferometer. TanDEM-X, for example,
must keep the along-track baseline below around 1 km in
order to have the mutual offset between the observed Doppler
bands be < 20% of the observed Doppler bandwidths [15]. A
distributed interferometric system can even have a more
relaxed requirement, because the small antenna apertures form
wider beams in azimuth and therefore maintain coherence
with larger along-track baselines. Note also that this
requirement can be met even with large bistatic angles, for
example, with a dedicated transmitter satellite hundreds of
kilometers away from a cluster of receiver satellites, separated
by at most a few kilometers from one another.

Each of the N transmitter-receiver pairs in the cluster of
small-aperture satellites acquires raw data sampled along
azimuth according to the PRF. The first step in the processing
is to independently process the raw data from each transmitter-
receiver pair to form a set of N SAR images. The SAR images
must be formed over the entire processed Doppler band Bp,
which can be defined as the intersection of the observed
Doppler bands of all transmitter-receiver pairs, and is much
wider than the PRF with which the data are sampled. In order
to achieve this, the Doppler spectrum of the data, which is
commonly represented bounded to the [—PRF/2,PRF/2[
interval, must be extended by cyclic repetition to cover the
processed Doppler band Bp.

Strong azimuth ambiguities are present in the images since
the raw data are sampled with a sub-Nyquist rate PRF much
lower than the corresponding widths of the observed Doppler
bands, which causes aliasing of the Doppler spectrum.
Specifically, the azimuth ambiguity of order p is characterized
by a translation of the Doppler spectrum by Apo = —pPRF
due to aliasing.

The highly ambiguous SAR image s,(R,y) from the
transmitter-receiver pair of index n is modelled as

[oe]

su(RY) = son(RY) +

p:—OO

p#0

Sp,n(R' y) + Snoise,n(R'y)' (1)
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where R and y are, respectively, the slant range and azimuth
coordinates, s, (R, y) is the component of ambiguity order p,
and Sppisen(R,¥) is the contribution of the thermal noise. In
particular, sy, (R, y) is the main component, identified by the
ambiguity order p =0, while the azimuth-ambiguous
components are identified by ambiguity orders p # 0.

The azimuth-ambiguous components have a phase term
®atpn dependent on the along-track positions of the
transmitter and receiver and on the ambiguity order. This
phase term is of fundamental importance for the model and is
exploited in the generalized maximum likelihood height
estimation to separate the main component from the azimuth-
ambiguous components. To define this term, one of the
transmitter-receiver pairs is selected as a reference. The along-
track positions of the transmitter-receiver pair of index n with
respect to the reference characterize an azimuth offset that
corresponds to a time delay At,, ,. The aliasing then translates
the Doppler spectrum of the azimuth ambiguity of order p by
Apo = —pPRF, which, combined with the time delay At,,,,,

introduces the following phase to the ambiguity:

= 27rApoAtaZ_n
—2npPRFAt,, .

(pAT, pn

(@)

This is analogous to how a time delay At on a passband signal
with carrier frequency f¢ that is later demodulated (translated
in frequency by —f¢ into baseband) causes a phase equal to
—2nfcAt to appear. This phase term is also exploited in
multichannel reconstruction algorithms to suppress the
azimuth ambiguities [33]-[36], and must be computed
considering the bistatic geometry, for example as explained in
[55].

Finally, it is worth to distinguish the azimuth ambiguities as
strong or weak based on how the antenna pattern suppresses
them, as illustrated in Fig. 2 for p = —3, ...,3. This distinction
is important because the generalized maximum likelihood
height estimation jointly estimates parameters of the main and
the strong azimuth-ambiguous components of the data, while
the weak azimuth-ambiguous components are considered
sufficiently suppressed by the antenna and are therefore
ignored. The Doppler spectrum of the main component of the
image of index n is shaped by the two-way azimuth antenna
pattern, denoted A, (fp,R) as a function of the Doppler
frequency fp and the slant range R. The azimuth-ambiguous
components have their Doppler spectrum shaped by a version
of the two-way antenna pattern translated by —pPREF, i.e.,
A, (fp + pPRF, R). The strong azimuth ambiguities are those
which, despite the translation by —pPRF, still contain a
portion of their, e.g., 6 dB, two-way antenna pattern main lobe
within the processed Doppler band. The other azimuth
ambiguities are suppressed by the antenna pattern over the
entire processed Doppler band and therefore are denoted as
weak azimuth ambiguities.

Another aspect illustrated in Fig. 2 is that the strong
azimuth ambiguities are still suppressed in parts of the

4 Weak Ambiguity
-5 4 Order p=-3

1

: < >l

—25 3 ~~ [
T T T

T T T
—-3PRF -2PRF —-PRF 0 PRF 2PRF 3PRF

 Strong Ambiguity
1 Order p=-2

’ 3
v

_25 3 T T T T 1 T T
—3PRF —2PRF  —PRF 0 2PRF  3PRF

3 Strong Ambiguity
-5 q Order p=-1

=]
L)

A

T T
2PRF 3PRF

=2
=
b=l
s s

T T
—-3PRF -2PRF -PRF

3 Main
5 4 0rderp=0

=1
)

/—N

2PRF 3PRF

-25 >

T T T

—-3PRF -2PRF -PRF

O e

Two-Way Antenna Pattern [dB]

Strong Ambiguity
Order p=1

Bp

A
v

—25 14 .
—3PRF -2PRF

1
—PRF 0 2PRF 3PRF

Strong Ambiguity
Order p=2

b e o —— ]

_25 3 T T T T T T T
~2PRF 2PRF  3PRF

Weak Ambiguity
Orderp=3

1

3 <

-25 34 — ) S

-2PRF  —PRF 0
Doppler Frequency [Hz]

T T
2PRF  3PRF
Fig. 2. Example of a normalized two-way antenna pattern as a function of the
Doppler frequency for the signal components corresponding to different
ambiguity orders p = —3,...,3 (from the top to the bottom). The processed
Doppler bandwidth Bp is approximately 2.5 times larger than the PRF. The
processed Doppler band, i.e., the interval for which the main two-way antenna
pattern (blue curve in the middle plot) is within 6 dB from its peak value, is
marked by the vertical dashed black lines. The shaded area in each plot
indicates the pattern’s 6 dB main lobe, i.e., the interval for which the pattern
is within 6 dB from its peak value. Ambiguities with orders —2, —1, 1, and 2
are strong, while ambiguities with orders —3 and 3 are weak.

processed Doppler band. For example, the ambiguity of order
p = —2 is suppressed by more than 20 dB for all negative
Doppler frequencies, which constitute half of the processed
Doppler band, while it is suppressed by less than 6 dB for
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about 20% of the processed Doppler band. This change in
intensity between the ambiguous components across Doppler
frequency can be exploited in the generalized maximum
likelihood height estimation to differentiate them from the
main component. To make the estimation sensitive to these
differences in intensity related to the shapes of the Doppler
spectra, the highly ambiguous images are each split into Ng
Doppler sub-bands (see Fig. 1 (e)) of equal width Bp/Ng. To
effectively capture these differences in intensity, Ng should be
chosen such that the width of the Doppler sub-bands is smaller
than or equal to the PRF:

By
— < PRF.
s 3)

B. Interferogram Formation

The next step in the processing is to coregister the highly
ambiguous images and coherently combine them to form
interferograms. Coregistration is the process of interpolating a
SAR image into the slant-range and azimuth coordinates of
another. Conventional data-based coregistration algorithms,
such as cross-correlation and spectral diversity [56], cannot be
applied because the images contain strong azimuth
ambiguities, which often exceed in intensity the main
component of the images. Instead, one can perform the
coregistration based purely on the geometry of the orbits and
some a priori model of the topography, which can be, for
example, a simple plane. If a preexisting low-resolution DEM
is available, it can be used for the coregistration [57], [58].
Otherwise, because the generalized maximum likelihood DEM
generation is performed pixelwise, the coregistration can be
performed progressively, concurrent to the DEM generation,
by extrapolating from the already processed DEM pixels. An
iterative scheme can also be considered, where a first DEM is
generated using one of the aforementioned options for
coregistration, and this first DEM is then used to accurately
coregister the data and produce a second and better DEM.

The phase of the coregistered highly ambiguous images is
then adapted by removing the flat Earth phase (or, more
generally, the a priori topographic phase corresponding to a
preexisting low-resolution DEM, if available) and other
systematic contributions, such as the phase due to the
differences between the clocks of the satellites, which is
estimated through a synchronization scheme. Finally, the
images are coherently combined to form multilooked
interferograms (see Fig. 1 (f)). In each Doppler sub-band
(identified by the index b), a multilooked interferogram
Cpnm(R,y) is formed from each pair of images (identified by
the indices n and m)

NL

1
Conm(RoY) = D g Ry R, (4)
L =1

where Ny, is the number of looks, and uy,;(R,y) is the look
of index ! of the Doppler sub-band of index b of the
coregistered highly ambiguous image of index n after removal
of the a priori topographic phase and other systematic phase
terms, and - * denotes the complex conjugate of a number.

This results in a matrix of multilooked interferograms,
which can be rearranged as a pixelwise estimate C,(R,y) of
the covariance matrix of the set of highly ambiguous images
in the Doppler sub-band of index b

NL
A 1
GRY =3 ) upRYUL®RY, O
L=
C\b (R: y) = [éb,nm(R: y)]ne{l,...,N}; (6)
me{1,..,N}

u, (R, y) = [upni(R, }’)]ne{l’ LNV (7)

where up;(R,y) is a column vector containing the data
Up (R, Y) for every transmitter-receiver pair
(indicesn = 1, ..., N), and - H denotes the transpose conjugate
of a matrix or vector.

As usual, the different looks of an image can be obtained by
spectral division in range and/or azimuth, or as different pixels
within a window spanning range and/or azimuth.

C. Model of the Covariance Matrices

The generalized maximum likelihood estimation is
performed pixelwise based on a model of the covariance
matrices Cp(R,y) (one for each Doppler sub-band, identified
by the index b) by finding the parameters, and in particular the
terrain height of the main component, that make the model
C,(R,y) match the estimates C,(R,y) of the covariance
matrices the most. As the processing is performed pixelwise,
i.e., independently for each pixel identified by the slant range
R and azimuth y coordinates, the dependence on these
coordinates is elided in the following expressions.

A general model for the covariance matrices C, is derived
based on the model of the highly ambiguous images (1) and
assuming a multivariate circularly symmetric zero-mean
complex Gaussian speckle model for each of the main and
azimuth-ambiguous components of the images, and a
multivariate  circularly symmetric zero-mean complex
Gaussian model for the noise. The model also considers
distributed targets, such that there is no correlation between
components from different Doppler sub-bands. The highly
ambiguous images are described in (1) as the sum of a main
component (identified by the ambiguity order p = 0),
azimuth-ambiguous components (identified by ambiguity
orders p # 0), and noise. These main and azimuth-ambiguous
components are uncorrelated with the noise, and are
uncorrelated with one another as they originate from different
areas. Therefore, the covariance matrix C, is described as a
sum of the covariance matrix Cj, , of the main component, the
covariance matrices Cp,, p # 0, of the azimuth-ambiguous
components, and the covariance matrix C, poise Of the noise:
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Cb = beo + Z
p=—o

p#0

Cb,p + Cb,noise' (8)

The covariance matrix of the noise Cp, oise i diagonal:

Cb,noise = Ur%oise L (9)
where 02, is the variance of the noise, and I is the identity
matrix. The covariance matrices C, , of the main and azimuth-
ambiguous components are defined in the following
paragraphs through expressions for the absolute value
|cb,p’nm| and phase £ ¢y, , m of their coefficients ¢y, !

Cb,p = [Cb,p,nm] nef1,..,N}-
me{1,...,N}

(10)

The interferometric phase £c¢j, ,nm of the component of
ambiguity order p of the interferogram formed from the
Doppler sub-band b of the highly ambiguous images of
indices n and m is given by

LCppnm = <pt0pob,p’nm(hp) + @atpn — Patpm  (11)

where Propo,, pnm(hp) is the topographic phase as a function

of the terrain height h, of the scatterers of ambiguity order p.
The phase difference @a1,n — @atpm depends on the along-
track positions of the transmitters and receivers of the images
of indices n and m (see (2)). This phase difference is zero for
the main component of the data and takes different values for
each azimuth-ambiguous component, and is therefore a key
term that allows the generalized maximum likelihood height
estimation to distinguish the main component from the
azimuth-ambiguous ones.

The topographic phase can be expressed through its first
order approximation around a height h,, taken from some a
prior model of the topography, e.g., a fixed height above an
Earth ellipsoid,

(ptopob’p'nm (hp) = (ptopo,ob'p‘nm

(12)
+ kzb,p,nm(hp - hP.U)’

where Popo.0y, 5 nm is the topographic phase present if the

terrain height h, is equal to the a priori value h,,, and

k, bpam is the vertical wavenumber, i.e., the derivative of the

topographic phase with respect to the terrain height. These two
coefficients are computed from the acquisition geometry.

The diagonal entries ¢p ,ny Of the covariance matrices are
real numbers that represent the intensity of each component in
each Doppler sub-band of each image. The intensity of the
component of ambiguity order p of the Doppler sub-band b of
the highly ambiguous image of index n is given by

7
Cppnn = ﬁg Ab,p,n' (13)
Ab,p,n = |An(fD + pPRF: R)lz de: (14)

fp€Bp

where ,8;,’ is the radar brightness [59] of the component of
ambiguity order p, and 4, is the integral over the Doppler
sub-band B, of the absolute value squared of the two-way
azimuth antenna pattern A,(fp + pPRF,R) shaping the
Doppler spectrum of the component of ambiguity order p of
the image of index n. The variation of the terms A, ,, over
the Doppler sub-bands (identified by the index b) and the
components (identified by the ambiguity order p) allow the
radar brightness values Bg to be inverted from the data in a
similar fashion to [60].

The absolute value |Cb’p_nm| of the covariance referring to
the component of ambiguity order p of the interferogram
formed from the Doppler sub-band b of the highly ambiguous
images of indices n and m is expressed in terms of their
respective intensities €p pnpn and ¢, pmm (see (13)), and the
interferometric coherence ¥j p nm as

|Cb.p,nm| = Vb,p,nm +/ Cb,p,nnCb,p,mm

— 0 ’
- yb,p,nm ﬁp Ab,p,nAb,p,m-

Note that this interferometric coherence ¥} ,nm does not

(15)

include any decorrelation due to noise, as the noise is
considered separately in the model (see (8)).

D. Modified Model of the Covariance Matrices

The model of the covariance matrices C,, in its general form
is unsuitable for use in the generalized maximum likelihood
estimation due to the excessive number of parameters. From
(8), (9), (11), and (15), the parameters of the model are the
noise variance o2, the terrain heights h, and radar
brightness values Bg of the main component and each
azimuth-ambiguous component, and the interferometric
coherences ¥y, , nm Of each component in each interferogram.
For example, in a system with 8 images and 3 Doppler sub-
bands, the model has one parameter, the noise variance, plus
30 parameters (one height, one radar brightness, and 28
interferometric coherences) for each of the main and azimuth-
ambiguous components, and there are infinitely many
azimuth-ambiguous components. Even if only a finite number
of azimuth-ambiguous components is considered (e.g., 4
components, in which case the model would have a total of
151 parameters), the generalized maximum likelihood
estimation is unable to determine appropriate values for the
large number of unknown interferometric coherences and
therefore fails to provide correct height estimates.

This issue is solved by two modifications to the model:
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1) The model is restricted to only consider the strong
azimuth ambiguities (see Fig. 2), i.e., those which have a
portion of their, e.g., 6 dB, two-way antenna pattern main lobe
within the processed Doppler band, and therefore have a non-
negligible value of the term A, ,, (see (14)) in at least one
Doppler sub-band (identified by the index b) of one image
(identified by the index n).

2) The coherences are modelled according to the baseline
decorrelation [1]-[7], [12], [13], i.e., as

kzb,p,nm|

Vb,pnm = 1- ’ (16)

k. .
z,crltlcalp

where kz’criticalp is the critical wavenumber for the component

of ambiguity order p, ie., the vertical wavenumber
corresponding to the critical baseline, which is the minimum
baseline for which SAR images in case of distributed
scatterers are totally decorrelated [1]-[7],[12],[13]. The
critical wavenumber for the component of ambiguity order p
is expressed by

4B, tan(@ a,)
sin(8;)

amn

k
Z crltlcalp c

where B, is the bandwidth of the transmitted pulses, ¢ is the
speed of light, 6; is the incidence angle with respect to the
horizontal, and a, is the local terrain slope in range for the

scatterers of ambiguity order p, such that 6; —a, is the
incidence angle in range with respect to the local terrain. If the
terrain slope @, is not known, the terrain can be assumed to be
horizontal (@, = 0) as an approximation. If the system
employs multiple transmitters with frequency division
multiplexing such that images from different transmitters (and,
therefore, different frequency bands) are not correlated, the
corresponding coherence must of course be set to 0 instead.
The simplification in the model of the coherences does not
compromise the applicability of the technique, which indeed
works even if the data do not follow the coherence model. A
maximum likelihood estimator applied to data that do not
follow its model is called a misspecified maximum likelihood
estimator and is shown to work and approach the so called
misspecified Cramér-Rao lower bound (MCRLB) [61]-[64].
The model misspecification causes some accuracy
degradation, expressed by the MCRLB being larger than the
CRLB, and can also cause a bias. For the proposed
generalized maximum likelihood height estimation, we have
observed that misspecifications in the absolute values of the
covariances, such as when assuming a local terrain slope of
zero everywhere for the model of the coherences (16), (17),
produce only marginal accuracy degradation and no height
bias. As a second example, the model of the coherences
assumes a non-volumetric scattering and therefore a negligible
volume decorrelation. If volume scattering is present, using
this model would still result in excellent height estimates, but

with some reduction in accuracy and a bias due to the
penetration of the waves through the volume, which affects
the phases of the covariances. Moreover, the modeling is
flexible and can be, for example, updated to incorporate a
priori knowledge of the volume, even if inaccurate, and
improve the results. The model can also be extended with
further parameters, enabling the estimation of additional
properties, such as forest height.

After these modifications, the model of the covariance
matrix C, of the set of highly ambiguous images in the
Doppler sub-band of index b becomes

Cp = cb,o + Z cb,p + O—r%oise L

(18)

PEPstrong
Cb,p = [Cb,p,nm] nef1,..,N}» (19)

me{1,...,N}
Kt pum|
,ponm ,

|Cb,p,nm| =|1- k ﬁ;()) Ab,p,nAb,p,mr (20)

z,criticalp
LChpnm = (ptopo,ob'p'nm + kZb,p,nm (hp hp,o) @1

+ PaT,pn — PATpm

where Pgrong is the set of ambiguity orders of the strong
azimuth ambiguities (see Fig. 2).

The modified model then finally has as parameters the noise
variance 0;5;se, and the terrain heights h, and radar brightness
values ,8,9 of the main component and each strong azimuth-
ambiguous component. For example, in a system with 4 strong
azimuth ambiguities, the modified model has a total of 11
parameters (the noise variance, 5 heights, and 5 radar
brightness values).

E. Generalized Maximum Likelihood Height Estimation

The log-likelihood function In L(@) is then derived as the
natural logarithm of the probability density function

p([ub,l] bert, . Ng) L€t NL}; 9) of the multivariate complex
Gaussian random variable describing the looks of the set of
highly ambiguous images in each Doppler sub-band (see (7))

Np Ny

—uble (®)up
u oy ]_[]_[ (22)
”<[ ity ) nIC, (O)]
Np Ni
InL(0) = )" > (~uliC;  ®)up, ~ G, @) 3
b=11=1
—Nln n),
T 0 2 T
6= [ho [ p]Pepstrong :80 [ﬁp]PG]Pstr ng Gnojse] ’ (24)
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where C;,(0) is the model of the covariance matrix of the set
of highly ambiguous images in the Doppler sub-band of index
b (see (18)) as a function of the parameter vector 0, which is a
vector containing the terrain heights h, and radar brightness
values [)’;,’ for the main component (p = 0) and each strong
azimuth-ambiguous component (p € Pgong) (see Fig. 2), and
the noise variance 6.2 ;qe.

Finally, the generalized maximum likelihood height
estimation (see Fig.1(g)) is performed by finding the
optimum parameter vector O, that maximizes the log-
likelihood function In L(0) in a search space P

0 = argmaxIn L(0),

6P (25)

and extracting the component of ® that contains the estimated
height A, of the main component. Substituting (23) into (25)
and using (5), the estimation can be also written as

N
0= argminz tr(€,C;*(®)) + Inlc, (@), (26)
0er o1

where tr(-) denotes the trace of a matrix. This expression
highlights that the generalized maximum likelihood estimation
is dependent only on the model C,(0) of the covariance
matrices (see (18)) and on the covariance matrices C,
estimated from the data (see (5)). The objective function of
(26) is in general not concave and is very oscillatory with
multiple local minima, because it contains many terms of the

form exp (jksznmhp)’ which are cyclic in h, with various

periods corresponding to the various across-track baselines of
the system. Finding @ is therefore a multivariate global
optimization problem, and can be solved computationally with
conventional widely available solvers, such as the self-
adaptive differential evolution algorithm of the pygmo
package [65], [66], which was used for the results shown in
the present work.

The search space P is defined based on bounds for each of
the parameters in 0

hu,
Ihp - hcpl < 2 Vp € {0} U ]Pstrong
By >0 Vp € {0} U Pytrong

2
Onoise >0

P={0 ,(27)

where h. 0 and hy, p are the center and width, respectively, of
the height search interval for the component of ambiguity
order p. The bounds on the heights h, restrict them to
intervals centered at hcp and with width hwp in order to avoid
height ambiguities, which arise from the 2 phase ambiguities.
The bounds on the radar brightness values ,Bg and the noise
variance 02, simply reflect that they are, by definition,
positive numbers.

The centers hcp of the height search intervals are a priori

estimates of the heights h,. In a similar way as done for the

coregistration, if a preexisting low-resolution DEM is
available, the wvalue for h, , can be obtained from it.

Otherwise, as the generalized maximum likelihood DEM
generation is performed pixelwise, the values of h, p can be

obtained progressively, concurrent to the DEM generation, by
extrapolating from the already processed DEM pixels.
The width h,, 0 of the height search interval for a

component of ambiguity order p should be chosen to avoid
that height ambiguities fall within the height search interval.
One possibility of achieving this is to observe the magnitude
of the array factor in the vertical direction of the array formed
by all transmitter-receiver pairs. The magnitude of the array
factor is maximum at height offset 0, and other peaks in the
magnitude of the array factor indicate the height offsets of the
height ambiguities. The stronger the peak, the more similar
data with the corresponding ambiguous height are from data
with the true height. Therefore, one can detect the height
offsets of the strong height ambiguities by thresholding the
magnitude of the array factor, and avoid them by selecting the
height search interval width hwp to be equal to the smallest

height offset among the strong height ambiguities.

The generalized maximum likelihood height estimation
presented in this work is a generalization of the multi-baseline
maximum likelihood SAR interferometry presented in [19] to
the case of highly ambiguous SAR images that incorporates
the rejection of azimuth ambiguities exploiting along-track
baselines. In fact, if there are no strong azimuth ambiguities
(see Fig. 2), the height estimation presented in this work
reduces to the one in [19] aside from the estimation of the
noise variance 0, %;se, Which is assumed to be known a priori
in [19]. If, furthermore, there are only three distinct across-
track baselines in the arrangement of satellites, this work
presents results comparable to the dual-baseline phase
unwrapping correction framework in [16]. The present work
can also be combined with the technique in [18] that considers
further SAR images from different viewing geometries for the
height estimation based on the maximization of the likelihood.

II1. PERFORMANCE ANALYSIS AND DESIGN CONSIDERATIONS

This section discusses the performance of the proposed
concept and processing. First, an analytical expression is
derived for the CRLB for the generalized height estimation,
which represents the theoretical best height accuracy
achievable by an unbiased estimator of the height using the
data provided by the proposed distributed interferometric
system. Then, three performance metrics are defined: a) the
height estimation success rate, b) the height bias, and c) the
height accuracy. Various Monte Carlo simulations are
performed that show that the proposed processing has a very
high success rate (> 99%), has a negligible height bias, and
has a height accuracy that approaches the CRLB. These results
indicate that the proposed generalized maximum likelihood
height estimation is near-optimal and that its achieved height
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accuracy can be predicted through the analytical expression of
the CRLB. These simulations are presented for different
numbers and arrangements of satellites and are finally used to
support recommendations and considerations regarding the
design trade-offs involving the arrangement of satellites.

A. CRLB of the Generalized Height Estimation

The CRLB for the joint unbiased estimation of the height of
the main (p = 0) and strong azimuth-ambiguous (p € Pgirong)
components is imposed on the covariance matrix Cj, of the

vector of estimated heights h of an unbiased estimator and is
expressed by

.

l:l
Cil Z Y
L

(28)

where I, is the Fisher information matrix corresponding to the
height parameters, Ny, is the number of independent looks, and
the > operator denotes that the difference between the left-
and right-hand sides of the operator is a positive semi-definite
matrix. The diagonal elements of I*/N; are therefore the
lower bounds on the variance of the estimated heights of the
respective main and strong azimuth-ambiguous components.
The Fisher information matrix Iy, is derived based on the
general model for the data developed in Section II. The model
considers the data at any specific slant range and azimuth
position to be multivariate circular complex Gaussian random
variables u,, with b € {1, ..., N3} indicating the Doppler sub-
band. These u, random variables have zero mean and
covariance matrices C;, as defined in (8). Furthermore,
because the model considers distributed scatterers, which are
uncorrelated between different Doppler sub-bands, the u,
random variables are independent from one another.
Consequently, the Fisher information matrix I}, is given by

Iy = [Ihplpz]Pl €{0}UPstrong’
p2 €{0}UPstrong

N
N [, 9C, 3G,
1hp1p2 = Z tr Cb ahpl Cb ahpz .
b=1

From (8)—(15), the terrain height h, of the component of

29

(30)

ambiguity order p only affects the phase of the entries of the
covariance matrix C, , of the same component, so the partial
derivatives dC,,/0h,, are readily derived to be

ac, _ 6Cb,p .
@ - ahp - ]KZb‘p @ Cb,pl (31)
bi,p = [kzb,p,nm] ne{t,..,N}» 32)

me{1,...,N}

where (O denotes the elementwise product of matrices, and

Kz, P is the matrix of the vertical wavenumbers k, b.pnm of the

component of ambiguity order p at the Doppler sub-band of
index b.
Finally, substituting (31) into (30), the elements I, 102 of

the Fisher information matrix are expressed as

N

hpip, =~ Z tr [C;1 (bilpl O Cb"’l)

= (33)
Gy (bi,pz © Cb"’z)]'

The parameters that affect the CRLB are therefore the
vertical wavenumbers, the along-track baselines, the noise
variance 02,;se, as well as the radar brightness [)’8 and height
h, of the main (p =0) and azimuth-ambiguous (p # 0)

components of the data.

B. Performance Metrics

As discussed at the end of SectionlIl, the 2z phase
ambiguities correspond to height ambiguities that can cause
erroneous heights to be selected by the height estimation. A
height estimate is classified as successful if the height
ambiguities are avoided, i.e., if the height error does not
exceed half the smallest height of ambiguity (the height offset
that corresponds to a 2w phase offset)

hamb 0,smallest

5 : (34)

|ii0 - hol <
where h, and h, are, respectively, the true and estimated
heights of the main component, and hambnaese 1S the

smallest height of ambiguity of the main component among all
Doppler sub-bands and pairs of images

) 2
hambO,smallest - n,mé?llrl".,N} kzb onm (35)
bef1,...,Ng} "

The height search interval of the generalized maximum
likelihood estimation is selected to avoid the height
ambiguities, but the response from other intermediate heights
can still be partially similar to that of the correct height and,
with a low probability, cause unsuccessful height estimates.
These errors occur in a pixelwise fashion and are generally
sparse, and therefore can be detected by comparison with
neighboring pixels.
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Based on this classification, three performance metrics for
the height estimation are defined:

e success rate: the probability that the height estimate is
successful;

e height accuracy: the standard deviation of the height
estimates given that they are successful;

e height bias: the expected value of the height error
given that the height estimation is successful.

C. Monte Carlo Simulations and Considerations on the
Selection of the Baselines

The simulations consider a system operating at the same
frequency and orbit height as TanDEM-X [15], i.e., 9.65 GHz
and 514 km, respectively, with a dedicated transmitter with an
antenna of length 2m, and different numbers and
arrangements of receivers with antennas of length 1 m. The
observed Doppler bandwidth is Bp = 8084 Hz, i.e., much
larger than the PRF = 3200 Hz, such that four strong azimuth
ambiguities are present, namely those with ambiguity orders
p =-2,-1, 1, and 2. Full sampling of this Doppler bandwidth
with this PRF would require three receivers arranged in the
along-track direction. An incidence angle of 36° is also
considered along with a local terrain slope in the ground range
direction of 10°. Furthermore, the same transmit power, duty
cycle, and noise figure as TanDEM-X [15] are assumed,
resulting in a noise equivalent radar brightness, defined as

2
NB Onoise

NERB,, = (36)

equal to —11.2dB for all transmitter-receiver pairs. The
generalized maximum likelihood height estimations are
performed with three Doppler sub-bands and 12 looks. The
random variables considered for the Monte Carlo simulations
are the complex returns of a distributed scatterer (speckle) and
the thermal noise, both modelled as multivariate circularly
symmetric zero-mean complex Gaussian random variables, as
described in Section II.

Five scenarios are considered in Table I. All scenarios have
the same set of heights h, shown in Table II in terms of the
offset h, — h,, from the linearization point (see (12)), but
different radar brightness values B;? for the main and strong
azimuth-ambiguous components. The scenario 1 considers all
components to have the same radar brightness of —1.8 dB, the
mean backscatter for soil and rock at X band and horizontal
transmit, horizontal receive (HH) polarization according to the
model in [61]. The scenario 2 considers the same —1.8 dB for
the main component, but lower brightness values of —8.7 dB,
the 5™ percentile backscatter in the aforementioned model, for
the strong azimuth-ambiguous components. The scenario 3
considers the opposite, i.e., a —8.7 dB radar brightness for the
main signal, and a —1.8 dB radar brightness for the azimuth-
ambiguous components. The scenario 4 is a near worst case
scenario, considering the main component to have a radar

brightness of —8.7 dB, and the strong azimuth-ambiguous
components to have a radar brightness of 5.1 dB, the 95%
percentile backscatter according to the aforementioned model.
Finally, the scenario 5 considers the main component to have a
radar brightness of —1.8 dB, a single azimuth ambiguity, that
of order —1, to have a very strong radar brightness of 5.1 dB,
and the other azimuth ambiguities to have radar brightness
values similar or lower than that of the main component.

TABLE 1
SCENARIOS CONSIDERED FOR THE MONTE CARLO
SIMULATIONS PRESENTED IN FIG. 3

Ambiguity Order p
Scenario Parameter -2 | -1 0 1 2
1 -1.8|-1.8|-1.8|-1.8|-1.8
2 . —8.7|-8.7|-1.8|-8.7|-8.7
Radar Bright
3 a aéo [r:i%]ness S18]-18]=87]-18]-18
4 P 5.1 |51 |-87|5.1]5.1
5 —4.6| 51 |-1.8|-3.4|-0.2
TABLE II

HEIGHT OFFSETS CONSIDERED FOR THE MONTE CARLO
SIMULATIONS PRESENTED IN FIG. 3

Ambiguity Order p
Parameter -2 | -1 0 1 2
Height Offset hp — hp,O [m]| 41 | 32| 13 17 | 21

For each of the five scenarios, Monte Carlo simulations are
performed for the five arrangements of receiver satellites
represented, respectively, through the five arrangements of
equivalent phase centers shown in the top row of Fig. 3.

In all arrangements, the largest across-track baseline
corresponds to a height of ambiguity of 20 m, much smaller
than the typical 35-45 m used by TanDEM-X [15] and thus
results in a better height accuracy.

All simulations in Fig.3 show success rates >99%,
negligible height biases, and height accuracies reaching or
approaching the CRLB. TanDEM-X and a system with two
fully-sampled tracks both performing conventional single-
baseline interferometry with a height of ambiguity of 40 m
would achieve the respective height accuracies of 0.49 m and
0.32 m on the scenarios 1, 2, and 5, and height accuracies of
0.64 m and 0.56 m on the scenarios 3 and 4. Fig. 3 shows that
the proposed distributed systems achieve better accuracy in all
cases except for the near worst-case scenario 4 with the
arrangements 1 and 3. However, in the arrangements
1,2, and 5, the multiple across-track baselines allow a height
search interval width hwpof 120 m to be used, which is much

larger than the typical 35—45 m height of ambiguity used by
TanDEM-X and so delivers a much better phase unwrapping
performance allowing DEM generation in a single pass of the
satellites in spite of the high accuracy provided by the large
baselines. The arrangements 3 and 4 have less distinct across-
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track baselines and so have a smaller height search interval
width hwpof 60 m, which is still larger than the typical values

used for TanDEM-X.

Furthermore, the arrangements 1, 2, 3, and 4 contain a train
of three satellites, which allows for the generation of an
unambiguous SAR image prior to the interferometric
processing for DEM generation. Having this feature is not
required, but can be useful for calibration and cross-validation
of the products. Moreover, the SAR images provided by the
system represent an additional product, which could be
exploited for further applications, e.g., if a time series of
DEMs is acquired, it would be also possible to perform
differential interferometry for deformation monitoring over
the same area.

The arrangement 1 (see Fig. 3 (top row, column 1)) consists
of eight receivers, less than the nine receivers that would be
required for three trains of receivers with full sampling of the
Doppler bandwidth. These eight receivers are arranged with
multiple across-track baselines, but concentrate the largest
number of receivers in the large across-track baselines, which
provide accuracy to the system, while using only a few
satellites to provide intermediate and smaller across-track
baselines, which resolve the phase unwrapping.

The arrangement 2 (see Fig. 3 (top row, column 2)) extends
the arrangement 1 with two satellites in intermediate across-
track positions. Note that, compared to the arrangement 1, this
only brings a significant increase in the height accuracy in the
scenarios 3 and 4 (see Table I), where the azimuth ambiguities
have a radar brightness much higher than that of the main
signal, while it only brings a marginal increase in accuracy in
the other scenarios. This indicates that placing receivers in
intermediate across-track baselines improves the system’s
azimuth ambiguity rejection capabilities, while not affecting
its accuracy in scenarios where the ambiguities are not much
brighter than the main signal.

The arrangement 3 (see Fig. 3 (top row, column 3)) uses
only six receivers and has a lower across-track baseline
diversity (only one receiver is in an intermediate across-track
position), which is reflected in having a smaller height search
interval width hwpof 60 m compared to the 120 m of the

arrangements 1 and 2. However, the accuracy is only reduced
by 10-20% compared to the arrangement 1. This indicates that
the height accuracy is largely provided by the large across-
track baselines. It is also shown that even strongly
undersampled data from intermediate baselines are effective in
resolving the phase ambiguities and providing robust phase
unwrapping in a single pass of the satellites.

The arrangement 4 (see Fig. 3 (top row, column 4)) has
eight receivers in the same positions as in the arrangement 1
except for one receiver which is moved to form a second fully-
sampled train of satellites at the cost of lower across-track

baseline diversity, which is reflected in having a smaller
height search interval width hwpof 60 m compared to the

120 m of the arrangement 1. This arrangement, compared to
the arrangement 1, brings significant gains in accuracy in the
scenarios 3 and 4, where the brightness of the strong azimuth
ambiguities is much higher than that of the main component,
and small gains in accuracy in the other scenarios. This
illustrates that moving satellites from intermediate across-
track positions into the largest across-track baselines trades
phase unwrapping performance for better height accuracy and
azimuth ambiguity rejection.

The arrangement 5 (see Fig. 3 (top row, column 5)), unlike
all other arrangements, does not have a fully-sampled train of
satellites. The arrangement has eight receivers in the same
positions as in the arrangement 1 except for one receiver
which is moved from the fully-sampled train forming extra
small across-track baselines. While the arrangement leads to
the same height search interval width hwpof 120 m as

arrangement 1, height ambiguities are more suppressed due to
the extra small across-track baselines. This arrangement
reduces the accuracy by 10-20% compared to the arrangement
1, with the strongest reduction in accuracy being present in the
scenarios with larger azimuth ambiguity to signal ratios. This
illustrates that moving satellites into intermediate across-track
positions trades height accuracy and azimuth ambiguity
rejection for better height ambiguity rejection and phase
unwrapping performance.

In a configuration with multiple transmitters that alternate
the pulse transmission, there will be a higher nonuniformity of
the sampling in both along-track and across-track, resulting in
a lower tolerance to azimuth ambiguities, but also an increased
across-track baseline diversity and therefore improved phase
unwrapping performance.

To demonstrate the applicability of the technique even to
scattering scenarios that do not follow the simplified
coherence model used for the generalized maximum
likelihood height estimation, further Monte Carlo simulations
were performed in volume scattering scenarios. The
simulations were performed with the same parameters,
arrangements and scenarios as in Fig. 3, but with volume
scattering corresponding to a semi-infinite volume with
constant extinction coefficient of 0.15 Np/m [68], which
causes a volume decorrelation of 0.77 for the largest across-
track baseline in the arrangements. The results, not reported
here for brevity, show very high success rates, accuracies
close to the CRLB, which of course indicates a reduced
accuracy due to the volume decorrelation, and biases
consistent with the penetration bias for the largest across-track
baseline in the arrangement.
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Fig. 3. Monte Carlo simulations of the generalized maximum likelihood height estimation for different scenarios and arrangements of satellites. The top row
shows the arrangements of equivalent phase centers that represent the five arrangements of satellites considered, with the black dashed lines indicating the
periodicity of the sampling in azimuth, i.e., positions of 0 m and v;/PRF, where v; is the orbital speed of the satellites. Each column shows, for the respective
arrangement of satellites and the five scenarios specified in Table I, the histograms of height errors (blue lines) obtained through Monte Carlo simulations with
1000 runs, along with the numerical value of the success rate, the height bias, the height accuracy, and the CRLB, and a Gaussian probability density function
whose standard deviation matches the CRLB (black dashed line).
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IV. EXPERIMENTAL RESULTS

An airborne campaign with the F-SAR system of DLR was
carried out over the Soiernspitze, near Mittenwald, Germany,
to test the proposed concept and processing technique. Images
from 10 parallel horizontally displaced tracks (see Fig. 4) were
acquired at the X, S, and L bands, and in the dual polarization
mode, i.e., horizontal transmit, horizontal receive (HH), and
horizontal transmit, vertical receive (HV). The analyses in this
work consider only the HH L-band data, whose parameters are
shown in Table III. Fig. 5 shows the HH L-band SAR image
from track 1, the coherence between the HH L-band images
from tracks 1 and 6, and the Copernicus DEM GLO-30 [69],
an edited version of the TanDEM-X DEM [70]-[72], of the
test site. It can be seen from Fig. 5 that the test site is diverse,
including mountainous and flat terrain, both with and without
forests, a village, and water bodies. The mountainous
topography also causes areas with strong foreshortening,
characterized by the very strong backscatter, and areas with
shadow, characterized by no backscatter and no coherence.
The topographic height in the test site ranges from 892 m to
2,295 m and the slopes reach up to around 40° and 60° along
range and azimuth, respectively. This test site is therefore very
challenging for DEM generation using SAR interferometry.
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Fig. 4. Positions (blue dots) of the 10 tracks of the F-SAR campaign in the
across-track plane as offsets from the main track, i.e., track 1, which is at an
altitude of 6,706 m. The tracks are labeled according to the numbers shown
above them.

This data set therefore allows emulating the data acquired
by a cluster of small antenna apertures by selecting some of
the tracks and removing some of the samples in azimuth. In
particular, the data that would be acquired by two distributed
interferometric systems with the arrangements of phase
centers shown in Fig. 6 (a) and (b), respectively, over the same
scene are generated from the coregistered focused images. In
each system, there are N transmitter-receiver pairs,
represented by an arrangement of N phase centers, which
repeat periodically along azimuth according to the
PRF = 63 Hz, one third of the processed Doppler bandwidth
Bp = 189 Hz. A transmitter-receiver pair of index n has phase
centers located at the track of index m,, with azimuth positions
offset by y,,. The range-compressed data corresponding to the
transmitter-receiver pair are generated by inverse azimuth
compression of the focused image of track m,, followed by a
translation in azimuth by —y, and finally an interpolation to
the lower sampling frequency in azimuth defined by the
sub-Nyquist PRF, which causes the aliasing that manifests as
strong azimuth ambiguities of orders —2, —1, 1, and 2.
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Fig. 5. (a) HH L-band image obtained from track 1, (b) coherence of the
interferogram between the HH L-band images from tracks 1 and 6, and (c)
shaded top view of the Copernicus DEM GLO-30 [69]-[72] of the test site. In
(a) and (b), the horizontal direction is azimuth, and the vertical direction is
slant range, increasing from top to bottom. In (c), the north and the east point
to the top and the right of the figure, respectively.

TABLE III
PARAMETERS OF THE L-BAND IMAGES OF THE F-SAR DATASET

Carrier frequency 1.325 GHz

Chirp bandwidth 150 MHz

Range sampling frequency 250 MHz
PRF 4033 Hz
Processed Doppler bandwidth 189 Hz
Doppler centroid 77.1 Hz
Platform speed 90.6 m/s
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Fig. 6. Arrangements of phase centers (blue dots) that represent the
transmitter-receiver pairs of the distributed interferometric systems evaluated
in this section. The arrangement of phase centers repeats periodically in the
along-track direction according to the PRF, and the black dashed lines indicate
this periodicity by being positioned at 0 m and v, /PRF, where vy is the speed
of the aircraft. Each transmitter-receiver pair has phase centers that belong to
a track of the F-SAR campaign. The vertical axis indicates the track the phase
centers belong to (see Fig. 4), and the horizontal axis indicates the azimuth
offset of the phase centers.

The range-compressed data of each distributed
interferometric system (see Fig. 6) are processed to generate a
DEM according to the steps described in Section II. First,
azimuth compression is performed to generate a highly
ambiguous image over the entire processed Doppler
bandwidth for each transmitter-receiver pair. The Copernicus
DEM GLO-30 is then used as a reference for removing the a
priori topographic phase from the images, such that the
remaining interferometric phases correspond to height offsets
from this DEM. In sequence, each highly ambiguous image is
split into three Doppler sub-bands, and, in each sub-band, the
images are combined pairwise to form a matrix of multilooked
interferograms, which is rearranged as the pixelwise estimate
of the covariance matrix of the set of highly ambiguous
images (see (4)—(7)). The multilooking is performed by spatial
averaging with disjoint windows of 3x9 pixels in azimuth and
slant range, respectively, (which corresponds to an effective
number of looks of about 16, as the chirp bandwidth is 3/5 of
the sampling frequency (see Table III)) such that the
interferograms and the final DEM have a posting of 4.3 m in
azimuth and 5.4 m in slant range. Finally, the generalized
maximum likelihood height estimation is performed pixelwise
to generate a DEM.

Fig. 7 (a) and (b) show the DEMs obtained with the
distributed interferometric systems with the arrangements of
phase centers shown in Fig. 6 (a)and (b), respectively.
Unsuccessful height estimates appear in the DEM as point-like
vertical spikes. Fig.7 shows that the height estimation is
generally successful, except in areas with radar shadow or

very low coherence (see Fig. 5), which are very challenging
for SAR interferometry as the SAR data in those areas
contains little or no information about the topography. The
DEM of Fig. 7 (b) presents more successful height estimates
than the DEM of Fig. 7 (a), which is expected as it is formed
using two additional transmitter-receiver pairs in intermediate
across-track positions (see Fig. 6), providing better height and
azimuth ambiguity rejection.
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Fig. 7. (a) and (b) shaded top view of the DEMs obtained with the distributed
interferometric systems with the arrangements of phase centers of
Fig. 6 (a) and (b), respectively. The north and the east point to the top and the
right of the figure, respectively.

For comparison, a DEM is also generated with conventional
single-baseline interferometry from the images of tracks
1 and 6 (see Fig. 4), which corresponds to the largest across-
track baseline in the distributed interferometric systems
(see Fig. 6). As in the previous case emulating a distributed
interferometric SAR system, the Copernicus DEM GLO-30 is
used as a reference to remove the a priori topographic phase
from the two images, such that the remaining interferometric
phases correspond to height offsets from this DEM. In
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sequence, a multilooked interferogram is formed with a
multilooking scheme that matches the one for the distributed
systems and therefore has the same posting of 4.3 m in
azimuth and 5.4 m in slant range. The two images are first
split into three Doppler sub-bands. Then, in each Doppler sub-
band, a multilooked interferogram is formed from the pair of
images by coherently combining them and averaging with
disjoint windows of 3x9 pixels in azimuth and slant range,
respectively, and the final multilooked interferogram is
obtained by averaging these multilooked interferograms. The
phase of the final multilooked interferogram is unwrapped
using the minimum cost flow phase unwrapping algorithm
described in [73] with a cost function based on the local
density of the absolute value of the curl of the vector field of
wrapped phase gradients. Finally, the unwrapped phases are
converted to height offsets by multiplication with the vertical
wavenumber to generate a DEM.

Fig. 8 shows the DEM obtained with conventional single-
baseline interferometry using tracks 1 and 6 (see Fig. 4). This
DEM looks cleaner than the ones obtained with the distributed
interferometric systems (see Fig. 7) due to the lack of point-
like spikes, however, it contains many areas with phase
unwrapping errors. This is made clear in Fig. 9, which shows
the difference with respect to the Copernicus DEM GLO-30 of
the DEMs obtained with the distributed interferometric
systems with the arrangements of phase centers of Fig. 6 and
the DEM obtained with conventional single-baseline
interferometry using tracks 1 and 6 (see Fig. 4). Fig. 9 (c) has
black ellipses outlining some of the areas with phase
unwrapping errors in the DEM obtained with conventional
single-baseline interferometry. Note that these phase
unwrapping errors occur mostly in the near range area, where
the heights of ambiguity of the interferogram formed from the
images of tracks 1 and 6 are small, around 13-27 m. In the
mid- and far- range, the heights of ambiguity are much larger,
around 35-70 m and 60-110 m, respectively, and therefore
cause good phase unwrapping performance even with a single
baseline.

The area delimited by the black rectangle in Fig. 9 (a) is
covered by a forest and is therefore characterized by volume
scattering. Fig. 10 (a) and (b) display zooms over this area of,
respectively, the image from track 1 and the difference with
respect to the Copernicus DEM GLO-30 of the DEM obtained
with the distributed interferometric systems with the
arrangements of phase centers of Fig. 6 (a). The figure
demonstrates that the proposed DEM generation method is
successful and accurate in the presence of volume scattering.
The features visible in Fig. 10 (b) are due to the much finer
posting of around 5%5 m of the airborne DEM compared to the
30x30 m of the Copernicus DEM GLO-30. The blue areas in
Fig. 10 (b) indicate heights around 10—-20 m below the
Copernicus DEM GLO-30 and correspond to clearings in the
forest, where the ground is visible. These clearings are also
visible in Fig. 10 (a), marked by shadows from the trees
delimiting the clearings.
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Fig. 8. Shaded top view of the DEM obtained with conventional single-
baseline interferometry using tracks 1 and 6 (see Fig. 4). The north and the
east point to the top and the right of the figure, respectively.
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Table IV shows the CRLB on the standard deviation of the
height estimates on three locations for the distributed
interferometric systems with the arrangements of phase
centers of Fig. 6 and for the conventional single-baseline
interferometry using tracks 1 and 6 along with the height of
ambiguity of the interferogram formed with tracks 1 and 6.
The CRLB is evaluated based on the coherences and radar
brightness values estimated from the original images of the
F-SAR dataset. These values are presented for a location on
the radar-facing slope of the mountain around near range, a
grass field on the flat area in the west around near range, and a
forested area on the westernmost slope of the mountain around
far range. In all cases, the three system have similar CRLBs,
except for the forest case, where the single-baseline system
presents a worse CRLB. This disparity is likely because the
volume decorrelation affects the large across-track baseline
used by the single-baseline system, while the distributed
systems have access to smaller across-track baselines, which
are less affected by the volume decorrelation.

TABLE IV
CRLB OF THE STANDARD DEVIATION OF THE HEIGHT
ESTIMATION AND HEIGHTS OF AMBIGUITY

Location
Mountain | Grass Forest
Parameter System
near range|near range| far range
Arrangement
of Fig. 6 (a) 0.15m 0.13m 0.46 m
Arrangement
CRLB of Fig, 6 (b) 0.14m 0.12m 043 m
Single baseline
tracks 1 and 6 0.13m 0.11m 0.59 m
Height of |Single baseline
ambiguity | tracks 1 and 6 305m 23.7m Slim
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Fig. 9. (a) and (b) Height offset with respect to the Copernicus DEM GLO-30
of the DEMs obtained with the distributed interferometric systems with the
arrangements of phase centers of Fig. 6 (a) and (b), respectively. (c) Height
offset with respect to the Copernicus DEM GLO-30 of the DEM obtained
with conventional single-baseline interferometry using tracks 1 and 6
(see Fig. 4). The black rectangle in (a) delimits the area displayed in Fig. 10.
The black ellipses in (c) outline some areas where phase unwrapping errors
are present. The horizontal direction is azimuth, and the vertical direction is
slant range, increasing from top to bottom.
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Fig. 10. (a) Portion the HH L-band image obtained from track 1. (b) Portion of
the map of height offsets with respect to the Copernicus DEM GLO-30 of the
DEM obtained with the distributed interferometric systems with the
arrangements of phase centers of Fig. 6 (a). Both (a) and (b) show the area
delimited by the black rectangle in Fig. 9 (a). The horizontal direction is
azimuth, and the vertical direction is slant range, increasing from top to
bottom.

It has to be noted that not only the test site was selected as a
very challenging one, but also the overall experiment was
conducted in much worse conditions compared to a
spaceborne environment, as the acquisitions were
characterized by significant motion errors and the data were
not acquired simultaneously, but within a time span of some
hours, with consequent coherence degradation.

V. CONCLUSION

This work presents a novel approach for the generation of
single-pass DEMs with high accuracy and resolution through a
cluster of relatively few small-aperture SAR satellites
operating with a sub-Nyquist PRF. In this approach of
distributed SAR interferometry, the DEM is directly obtained
from multiple SAR images that are highly ambiguous in
azimuth without producing unambiguous focused images as an
intermediate step. The across-track baseline diversity resolves
the problem of phase unwrapping and therefore enables DEM
generation with high accuracy through the use of baselines
much larger than the limit conventionally imposed by the
phase unwrapping performance. For example, a cluster with
one transmit antenna of length 2 m and 8 receive antennas of
length 1 m, resulting in a total aperture length of 10 m,
operating at the same orbit height and frequency as
TanDEM-X, can achieve a height accuracy (standard
deviation) of 0.22 m in a single pass while being free of phase
unwrapping errors. As a comparison, the TanDEM-X mission
has two satellites with antennas of length 4.8 m, resulting in a
total aperture length of 9.6 m, and, with a typical height of
ambiguity of 40 m and for the same scene and DEM posting
as the distributed system, achieves a height accuracy of
0.49 m, while also being susceptible to phase unwrapping
errors.

The novel processing scheme is based on a generalized
maximum likelihood estimation of the height, that jointly
estimates the heights of the main and strong azimuth-
ambiguous components by finding the values of the
parameters of the model of the covariance matrices of the set
of highly ambiguous images that make the model match the
covariance matrices estimated from the data. The proposed
height estimation technique is shown to be unbiased and to
approach and often reach the CRLB. Unsuccessful height
estimations, which are analogous to phase unwrapping errors,
are point-like and sparse and can therefore be detected and
removed through post-processing. The presented airborne
demonstration further supports the implementation of the
concept.

While in the current state-of-the-art it is possible to
combine either unambiguous SAR images from multiple
across-track positions to resolve the phase ambiguities or data
from phase centers displaced only in along-track to resolve
azimuth ambiguities, the proposed processing combines highly
ambiguous images exploiting simultaneously the along- and
across-track baselines to jointly resolve the azimuth and phase
ambiguities and therefore unifies these two existing processing
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techniques, solving a longstanding gap in the SAR processing
field [40].

The proposed concept and processing approach generalize
SAR interferometry for antenna apertures distributed with
different arrangements of along- and across-track positions
and with images highly ambiguous in azimuth. In particular, it
is possible to trade-off between the length of the antennas and
the number of satellites. One can use a larger number of
smaller antennas, or a smaller number of larger antennas. The
former can be useful, for example, at lower frequencies (e.g.,
L band) to avoid very large antennas.

While the proposed processing technique enables the
generation of a DEM without producing unambiguous SAR
images as an intermediate step, it is still advised, although not
required, to have as part of the cluster one track fully sampled
in azimuth by a train of small-aperture satellites, in order to
obtain an unambiguous SAR image as well. This additional
product can support other applications, such as deformation
monitoring through differential SAR interferometry.

The results show that the proposed distributed concept
achieves, for the same DEM posting, better height accuracy
than conventional single-baseline interferometry using a
comparable total antenna aperture area, as the across-track
baseline diversity is exploited to resolve the phase ambiguities
and allows the use of larger across-track baselines. Single-pass
generation of highly accurate DEMs with less satellites than
what would be required with multi-baseline interferometry
with three unambiguous SAR images obtained each by a train
of small-aperture satellites distributed in along-track is
achieved because phase unwrapping errors can be resolved
with intermediate tracks strongly undersampled in azimuth.
This also indicates that a system with three large-aperture
satellites produces data in excess of what is required for
resolving the phase unwrapping errors.

The concept therefore enables a drastic reduction on the
antenna aperture size and provides an efficient use of such
small apertures in terms of better DEM performance for a
reduced number of satellites. Distributed SAR interferometry
therefore opens the path for singe-pass DEM generation with
microsatellites. This is a new class of SAR satellite design that
is aligned with NewSpace.

The proposed concept is therefore very attractive for future
spaceborne missions meeting the demand for highly accurate
single-pass DEM generation. Finally, the cluster of satellites is
flexible and can also be conceived as a specific formation in a
mission that can reconfigure the cluster for other applications,
such as SAR tomography or along-track interferometry
[74]-[77].
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