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Tilt-wing aircraft are a promising concept that combines the advantages of vertical take-off
and landing (VTOL) capabilities with efficient cruise flight. However, the control design for
tilt-wings poses significant challenges, particularly due to the different flight phases and the
transition between them. Nonlinear dynamic inversion-based (NDI) control approaches have
been demonstrated to offer an effective solution as they decouple the dynamics throughout
the envelope. The susceptibility to uncertainties and disturbances arising from complex
aerodynamic interactions raises questions about the stability and robustness of control systems
designed for such aircraft. This study proposes methodologies for assessing the stability and
robustness of control systems for transformational VTOLs. To illustrate, the stability and
robustness of a hybrid NDI control system integrated within an optimization-based control
allocation scheme will be examined across the different flight phases of a tandem tilt-wing VTOL.
Precisely, we assess the robustness against uncertainties using worst-case disk and stability
margins, as determined by the structured singular value µ. The findings indicate that the
controller can stabilize the vehicle throughout all flight phases while ensuring sufficient margins
to uncertainties. However, transitioning from thrust-borne to aerodynamic flight decreases the
margins as the influence of aerodynamic uncertainties increases. Additionally, the backward or
decelerating transition has to be performed carefully to avoid unstable flight phases.

I. Introduction

Transformational or transition vertical take-off and landing (VTOL) aircraft are rising technologies in Advanced Air
Mobility. They offer unparalleled flexibility in confined spaces and enable novel operational concepts by seamlessly

transitioning between hover and cruise flight. Among the promising configurations are tandem tilt-wing electric VTOLs
(eVTOLs), which combine the capability for vertical take-off and landings with an efficient cruise flight, all while
using a single propulsion system throughout the entire envelope [1]. However, transformational VTOLs, especially
tandem tilt-wings, have intricate mechanics at the tilting mechanism and exhibit complex aerodynamic characteristics,
necessitating novel modeling approaches to accurately capture propeller-wing and wing-wing interactions [2, 3].
Moreover, the transition between different flight phases represents a complex and understudied phenomenon that
must be addressed to enable tilt-wing operations [4]. Nevertheless, multiple endeavors have been conducted on
(tandem) tilt-wing configurations, including the CL-84 [5], Airbus A3 Vahana [6], NASA LA-8 [7], and other tilt-wing
configurations [8–10]. Despite these efforts, controlling such aircraft, particularly during the transition phase, presents a
considerable challenge due to the variations in flight dynamics.

Transformational VTOL configurations with complex aerodynamic effects and interactions create a challenging
control design problem. Widespread methods for controlling these vehicles are, among others [11], especially
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gain-scheduling of PID control laws [12], robust 𝐻∞ control laws [13], or optimal LQR control laws [14–16]. The
commonality of these linear methods is that they are only partly suitable for these dynamics and inherently require
scheduling techniques to ensure satisfactory performance over the different flight regimes. This increases the design
effort since the synthesis must be performed for multiple flight conditions. Alternative approaches employ adaptive
control techniques [17, 18] and nonlinear dynamic inversion (NDI)-based control laws [8, 19–24]. The latter is the
most popular method currently applied as it provides an inherent solution to the aforementioned requirements while
simultaneously providing physical interpretation, (global) decoupling of the dynamics, and a modular and reusable
flight controller design [22].

In previous publications [25–27], we proposed a generalized nonlinear control approach for VTOLs and demonstrated
its efficacy on a tandem tilt-wing under nominal conditions. A hybrid NDI angular rate and velocity inversion is
integrated with an optimization-based control allocation scheme cascaded with a parallel attitude and flight path
controller. The integration of translational and rotational loops enables multi-phase flight and transition maneuvers that
utilize all available degrees of freedom while allocating control effectors optimally. Hybrid NDI [28–30] control design
approach is a promising method for flight control, as it provides a trade-off between model-based and sensory NDI.
While increasing the robustness to model uncertainties, it also dampens the aggressiveness of sensory NDI methods and
provides an intuitive control allocation task. This allows for complete envelope control of the transformational VTOL.

However, these works lack investigations of the stability and robustness of the closed-loop system. Disk margins
provide a rigorous framework for quantifying robust stability margins against simultaneous gain and phase variations
in feedback control systems, both at the input and output. Unlike classical gain and phase margins, which evaluate
robustness to perturbations independently, disk margins characterize the largest region of complex uncertainty that
preserves closed-loop stability [31]. The structured singular value µ quantifies the stability margin in the presence of
structured uncertainties. Both methods give a guaranteed worst-case boundary for the influence of uncertainties on the
performance and robustness. Similar work has been done in [32, 33].

To attain confidence for flight tests, ensure flight safety, and initiate flight control law clearance, it is crucial to
rigorously investigate the stability and robustness of the closed-loop system. Establishing acceptable criteria and a clear
framework poses a complex task for VTOL systems, as it is challenging to rigorously prove their stability. Thus, we
propose initial means of compliance to define a framework with acceptable criteria that indicate stability. This work
contributes linear stability and robustness analysis of the tandem tilt-wing eVTOL along nominal trajectories or in a
static flight envelope. We follow the subsequent approach:

1) Model definition for control design and analysis (cf. Section II)
a) Discussions on the considered physical effects and assumptions made (cf. [34, 35])
b) Definition of a mathematical model and validation against experimental data (ongoing, cf. [35, 36])
c) Linear analysis of the open-loop system to understand the control challenges (cf. Section V)

2) Appropriate control design (cf. Section III)
a) Discussion of the stability under the selected dynamic inversion control strategy (cf. Section III)
b) Controllability analysis throughout the envelope for the control allocation (cf. Section III)

3) Stability and performance through nonlinear simulations in nominal conditions (cf. [27])
4) Closed-loop stability margin and robustness using worst-case disk and stability margins throughout the envelope

using trajectories from [4]. The linearized process and analysis metrics are described in Section IV. Section VI
contains the results of the closed-loop analysis.

The study is concluded in Section VII.

II. Flight Dynamics Model
Fig. 1 shows a sketch of the tandem tilt-wing model with inputs annotated. The configuration distinguishes itself

from other tilt-wing or eVTOL configurations by featuring eight electrically driven propellers and two independent
tandem tilt-wings. The wings have vertical and horizontal displacement in order to minimize possible interactions.
Furthermore, each half-wing is equipped with one elevon, which combines aileron and elevator functionalities. Finally,
the propeller rotation directions are chosen to enable a complete moment cancellation in nominal flight and to facilitate
yaw maneuvers during hover flight using differential propeller torques. The wings have a NASA GA(W)-2 airfoil. A
further description of the flight dynamics model is given in [34, 35, 37, 38].
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Fig. 1 3D sketch of the tandem tilt-wing configuration.

A. Equations of Motion
Let N denote the north-east-down (NED) earth frame as an inertial frame, B the body frame,W𝑖 the wing frames,

and P𝑖 the propeller frames. The rotation between the frames is described by the rotation matrix 𝑹𝐴𝐵 = 𝑹𝐴←𝐵.
Let the state vector 𝒙 be represented by the aircraft position in NED frame 𝒓NB , the rotation matrix 𝑹NB or the Euler

angles 𝚯, the aircraft velocity in body frame 𝒗B , and the angular rates in the body frame 𝝎B . Furthermore, let 𝑹𝚯
B

denote the transformation matrix from body angular velocities to the Euler angle rates, and 𝑚 the total mass. The
moment of inertia 𝑱Bcg and the aircraft’s center of gravity 𝒓Bcg depend on the current wing configuration, i.e., the tilt angles
𝛿w,1 and 𝛿w,2. 𝒇 B and 𝒎B represent the forces and moments in the body frame, with considerable contributions from
aerodynamics, including the propeller slipstream, and the propulsion system, including propeller inflow and gyroscopic
effects. The nonlinear state-space representation using first-order differential equations of the tandem tilt-wing eVTOL
can be described by

¤𝒓N = 𝑹N𝐵 (𝚯) 𝒗B
¤𝚯 = 𝑹𝚯

B (𝚯) 𝝎B

¤𝒗B = 𝑹NB (𝚯)
𝑇
𝒈N − 𝝎B × 𝒗B + 1

𝑚
𝒇 B (𝑥, 𝑢)

¤𝝎B = 𝑱Bcg
−1 (
−𝝎B × 𝑱Bcg𝝎

B
)
+ 𝑱Bcg

−1
𝒎B (𝑥, 𝑢)

(1a)

(1b)

(1c)

(1d)

with the state vector 𝑥 =
[
𝒓N , 𝚯, 𝒗B , 𝝎B

]𝑇 and the input vector 𝑢 =
[
𝛿w,1...2, 𝑛1...8, 𝛿e,1...4

]𝑇 consisting of the
propeller speeds 𝑛𝑖 in s−1, the tilt-wing angles 𝛿w,𝑖 , and the elevon control surface deflections 𝛿e,𝑖 , and the gravitational
acceleration vector 𝒈N =

[
0, 0, 9.81 m s−2]𝑇 . As the operating altitude for the configuration is generally low, changes

in the air density 𝜌 are negligible and a constant value of 𝜌 = 1.225 kg m−3 is assumed.

B. Weight and Balance
The aircraft’s center of gravity 𝒓Bcg and its inertia tensor 𝑱Bcg shift when the wings tilt because of the wing mass

distribution. This effect can be modeled by the parallel-axis theorem applied the three rigid bodies with fixed centers of
mass (CM), i.e., fuselage (mass 𝑚f , CM position 𝒓Bf,cm, inertia 𝑱𝐵f,cm), main wing (mass 𝑚w1, CM position 𝒓W1

w1,cm, inertia
𝑱W1

w1,cm), and canard wing (mass 𝑚w2, CM position 𝒓W2
w2,cm, inertia 𝑱W2

w2,cm). The total mass is 𝑚 = 𝑚f + 𝑚w1 + 𝑚w2. The
wings rotate around the 𝑦-axis at the hinge points 𝒓Bw1 and 𝒓Bw2. Then, the total center of gravity can be calculated as

𝒓Bcg =
𝑚 𝑓

𝑚
𝒓Bf,cm +

𝑚𝑤1
𝑚

𝒓B𝑤1 +
𝑚𝑤2
𝑚

𝒓B𝑤2︸                                   ︷︷                                   ︸
const.

+ 𝑚𝑤1
𝑚

𝑹BW1
𝒓W1

w1,cm︸              ︷︷              ︸
of 𝛿𝑤1

+ 𝑚𝑤2
𝑚

𝑹BW2
𝒓W2

w2,cm︸              ︷︷              ︸
of 𝛿𝑤2

(2)
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and the total moment of inertia as

𝑱Bcg = 𝑱Bf,cm + 𝑹B𝑊1𝑱
𝑊1
w1,cm𝑹W1

𝐵 + 𝑹BW2
𝑱W2

w2,cm𝑹W2
𝐵

− 𝑚 𝑓

[
𝒓Bcg − 𝒓Bf,cm

]2

×
− 𝑚w1

[
𝒓Bcg − 𝒓Bw1 − 𝑹BW1

𝒓W1
w1,cm

]2

×
− 𝑚𝑤2

[
𝒓B𝑐𝑔 − 𝒓B𝑤2 − 𝑹BW2

𝒓W2
𝑤2,𝑐𝑚

]2

×

(3)

with the cross product skew symmetric matrix [·]× . As the position of the center of gravity also depends on the current
tilt angles, there is no beneficial reduction of the formula possible. The values of the parameters for the weight and
balance are shown in the Appendix in Table 4.

C. Propulsive Forces and Moments
The propeller 𝑝 mainly introduces thrust and its rotational torque into the system. However, in the case of non-axial

inflow, the propeller also exhibits lateral forces and moments, and reduces its efficiency. The forces and moments can be
approximated by coefficients depending on the propellers advance ratio for each axis in the local propeller frame P𝑝:

𝜆𝑝,x =
𝒗
P𝑝

x
𝑛𝑝𝑅

, 𝜆𝑝,y =
𝒗
P𝑝

y

𝑛𝑝𝑅
, 𝜆𝑝,z =

𝒗
P𝑝

z
𝑛𝑝𝑅

(4)

depending on the the propeller radius 𝑅 = 0.75 m and its rotational velocity 𝑛𝑝 in s−1. The forces and moments are:

𝒇
P𝑝

p, 𝑝 =
𝜌 𝜋 𝑅4

2

[ (
𝑐T0 − 𝑐T𝜆

𝜆x
)
, 𝑐H𝜆

𝜆y, 𝑐H𝜆
𝜆z

]𝑇
𝑛2
𝑝

𝒎
P𝑝

p, 𝑝 = −sgn 𝑛𝑖
𝜌 𝜋 𝑅5

2

[ (
𝑐Q0 − 𝑐Q𝜆

𝜆x
)
, 𝑐P𝜆

𝜆y, 𝑐P𝜆
𝜆z

]𝑇
𝑛2
𝑝

(5a)

(5b)

with the coefficients shown in Table 5 and defined in [38]. This model can be simplified by canceling out the advance
ratios that possibly cause singularities to

𝒇
P𝑝

p, 𝑝 =
𝜌 𝜋 𝑅4

2


𝑐T0

0
0

 𝑛
2
𝑝 −

𝜌 𝜋 𝑅3

2


𝑐T𝜆

0 0
0 𝑐H𝜆

0
0 0 𝑐H𝜆

 𝒗
P |𝑛𝑝 |

𝒎
P𝑝

p, 𝑝 = −sgn 𝑛𝑝
𝜌 𝜋 𝑅5

2


𝑐Q0

0
0

 𝑛
2
𝑝 −

𝜌 𝜋 𝑅4

2


𝑐Q𝜆

0 0
0 𝑐P𝜆

0
0 0 𝑐P𝜆

 𝒗
P 𝑛𝑝

(5c)

(5d)

where the first part represents the nominal propeller model and the second part the effects due to inflow described by the
inflow vector

𝒗P𝑝 = 𝑹
P𝑝

B
(
𝒗B + 𝝎B × 𝒓Bp, 𝑝

)
(6)

The axial thrust used in Section II.D is defined as 𝑇𝑝 = 𝒇 Bp, 𝑝,x.

Gyroscopic moments are torques that must be applied to change the direction of an angular momentum vector due to
the conservation of angular momentum. The angular momentum of the 𝑝-th propeller in the inertial frame 𝑳Np, 𝑝 is
described by

𝑳Np, 𝑝 = 𝑱Np, 𝑝 𝝎
N
p, 𝑝 = 𝑹NB 𝑹BP𝑝

𝑱
P𝑝

p, 𝑝 𝝎
P𝑝

p, 𝑝 (7)

The conservation of angular momentum states that a moment 𝒎Nd𝐿 is required to change an angular momentum
(magnitude and direction) and holds w.r.t. the inertial frame, i.e.,

𝒎Nd𝐿 =
d
d𝑡

𝑳N =
( [
𝝎N𝐵

]
× 𝑹

N
B 𝑹BP𝑝

+ 𝑹NB
[
𝝎B𝑃𝑝

]
×
𝑹BP𝑝

)
𝑱
P𝑝

p, 𝑝 𝝎
P𝑝

p, 𝑝 + 𝑹NB 𝑹BP𝑝
𝑱
P𝑝

p, 𝑝 ¤𝝎P𝑝

p, 𝑝 (8a)
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when assuming constant moment of inertia of the propeller, i.e., ¤𝑱P𝑝

p, 𝑝 = 0. Using the aircraft configuration, several
symmetries can be exploited, leading to the gyroscopic moment in the body frame

𝒎Bd𝐿 = 𝑹NB
𝑇
𝒎Nd𝐿 =

[
𝝎BB + 𝝎BP𝑝

]
×
𝑹BP𝑝

𝑱
P𝑝

p, 𝑝 𝝎
P𝑝

p, 𝑝 + 𝑹BP𝑝
𝑱
P𝑝

p, 𝑝 ¤𝝎P𝑝

p, 𝑝

=


− sin 𝛿w, 𝑝

(
𝝎By + ¤𝛿w, 𝑝

)
𝝎Bx sin 𝛿w, 𝑝 + 𝝎Bz cos 𝛿w, 𝑝

− cos 𝛿w, 𝑝

(
𝝎By + ¤𝛿w, 𝑝

)
 𝑱
P𝑝

xx,p, 𝑝 2𝜋 𝑛𝑝 +


cos 𝛿w, 𝑝

0
− sin 𝛿w, 𝑝

 𝑱
P𝑝

xx,p, 𝑝 2𝜋 ¤𝑛𝑝

(8b)

(8c)

where 𝛿w, 𝑝 is the wing corresponding to propeller 𝑝 and assuming that the propeller rotates solely around its main axis.
The inertia of the propeller is assumed to be 𝑱

P𝑝

xx,p, 𝑝 = 0.45 kg m2.

Slipstream and Swirl Velocity The induced velocity or axial slipstream velocity can then be approximated as

𝒗Wax, 𝑗 =
𝑠sc
2

(
−𝒗WN, 𝑗 +

√︄(
𝒗WN, 𝑗

)2
+ 2𝑇𝑗
𝜌𝜋𝑅2

)
(9)

with the mean slipstream contraction factor 𝑠sc ≈ 1 [37] the thrust 𝑇𝑗 acting on the segment 𝑗 . The swirl induces an
additional tangential velocity on the wing segments behind the propeller and can be approximated as derived in [37] as

𝑣Wt, 𝑗 = ±𝑐𝑣t

√︁
𝑇𝑗 (10)

with the swirl factor 𝑐𝑣t ≈ 0.03 [37] and the direction depending on the propeller rotation direction as shown in Fig. 1.

D. Aerodynamic Forces and Moments
The aerodynamic effects are approximated through a strip theory approach as described in detail in [35]. The main

effect is assumed to be the propeller slipstream induced axial velocity in the wing frame 𝑣Wax, 𝑝 , which adds up to the free
flow velocity in the wing frame 𝒗WN, 𝑝 for the wing segment 𝑗 :

𝒗WN, 𝑗 = 𝑹WB
(
𝒗B + 𝝎B × 𝒓Bp, 𝑗

)
(11)

with the position of the propeller 𝒓Bp, 𝑗 . The total velocity vector on each wing segment in the wing frame is then given as

𝒗W𝑗 = 𝒗WN, 𝑗 +
[
𝒗Wax, 𝑗 0 𝒗Wt, 𝑗

]𝑇
(12)

where the mapping between the propellers and wing segments is in such a way that the four outer wing segments are
completely wetted by the outer propellers, and the inner segments each by one half the propeller.

The aerodynamic forces and moments can be stated by using aerodynamic coefficient functions for the lift force 𝐶L,
side force 𝐶Y, drag force 𝐶D, and the pitch moment 𝐶m as described in [37]. The three dimensional distribution of those
induces the roll and yaw moments of the overall aircraft. Each segment 𝑗 generates a lift and drag force as well as a
pitch moment. The main contributions to the side force are the fuselage, the legs, and the wingtips. Furthermore, the
fuselage exhibits a lift and drag force, too, which only depend on the free flow. However, for simplicity it is assumed to
only depend on the free flow.

The total aerodynamic forces 𝒇 Ba and moments 𝒎Ba resolved in the body frame are approximated by the aerodynamic
effects, forces and moments of the body and the wing segments 1 ≤ 𝑗 ≤ 12

𝒇 Ba =
∑︁
𝑗

1
2
𝜌



𝒗W𝑗 


2

2
𝑹y

(
𝛼W𝑗 − 𝛿w, 𝑗

) [
−𝐶WD

(
𝛼W𝑗 , 𝛿e, 𝑗

)
0 −𝐶WL

(
𝛼W𝑗 , 𝛿e, 𝑗

)]𝑇︸                                                                                              ︷︷                                                                                              ︸
𝒇B
𝑗

𝒎Ba =
∑︁
𝑗

1
2
𝜌



𝒗W𝑗 


2

2
𝑹y

(
𝛼W𝑗 − 𝛿w, 𝑗

) [
0 𝐶Wm

(
𝛼W𝑗 , 𝛿e, 𝑗

)
0
]𝑇
+ 𝒓B𝑗 × 𝒇 B𝑗

(13a)

(13b)
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with the rotation matrix around the y-axis 𝑹y, the wing segment position in the body frame 𝒓B𝑗 and the angle of attack 𝛼
being calculated from the corresponding velocity vector as

𝛼W𝑗 = arctan
𝒗W𝑗 ,z
𝒗W𝑗 ,x

(14)

The aerodynamic forces and moments introduced by the fuselage can be approximated using the freeflow aerodynamic
quantities in the body frame, i.e., the velocity 𝒗B , the angle of attack 𝛼B , and the angle of sideslip 𝛽B , leading to

𝒇 Bf =
𝜌

2


𝒗B

2

2

[
−𝐶BD

(
𝛼B

)
𝐶BY

(
𝛽B

) −𝐶BL (
𝛼B

) ]𝑇
𝒎Bf =

𝜌

2


𝒗B

2

2

[
0 0 0

]𝑇 (15a)

(15b)

where the coefficients are approximated according to [37].
The wing tips and the inverted V structure increase lateral stability by introducing mainly lateral moments and

forces. Both have a symmetric NACA-0009 profile. The wing tips lie in the slipstream of the outer propellers and can
be described similarly to the wing segments. The inverted V in assumed to lie in the freestream solely.

The lift, drag, and pitch moment coefficients for both used airfoil profiles over the angle of attack are shown in Fig. 2
using 180-degree polar approximations [35].
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Fig. 2 Lift 𝐶𝐿 , drag 𝐶𝐷 , and pitch moment 𝐶𝑚 coefficients for the NASA GA(W)-2 ( ) and the NACA-0009
( ) airfoil.

E. Actuator Dynamics
The actuators represent the input dynamics for the tilt-angle, propellers, and control surfaces. The actuators are

assumed to follow a second-order filter with saturations. The linear representation is

𝐻 (𝑠) = 𝜔2
0

𝑠2 + 2𝜔0𝜁 𝑠 + 𝜔2
0

(16)

The actuators are limited in terms of total deflection, rate, and acceleration. Upper limits are denoted as 𝑢̄ and lower
limits as 𝑢. The parameters assumed in the scope of this study are shown in Table 1.

Table 1 Parameters of the actuator dynamics

𝜔0 𝜁 𝑢̄ 𝑢 ¤̄𝑢 ¤𝑢 ¥̄𝑢 ¥𝑢
Tilt angle 𝛿𝑤 5 rad s−1 1 90◦ 0◦ 20 ◦ s−1 −20 ◦ s−1 20 ◦ s−2 20 ◦ s−3

Propeller speed 𝑛 10 rad s−1 1 40 s−1 0 s−1 200 s−2 0 s−2 200 s−3 200 s−2

Control surface deflection 𝛿𝑒 15 rad s−1 1 30◦ −30◦ 30 ◦ s−1 −30 ◦ s−1 30 ◦ s−2 30 ◦ s−2
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F. Model Uncertainties
The uncertainties of the system are caused by the following effects [4, 34, 35, 37]:

1) Center of gravity and inertia changes with tilt angle and vehicle loading via additive uncertainties:��Δ𝒓Bcg
�� ≤ [

0.2 0.1 0.1
]𝑇

m ,
��Δ𝑱Bcg,xx

�� ≤ 20 kg m2,
��Δ𝑱Bcg,yy

�� ≤ 20 kg m2,
��Δ𝑱Bcg,zz

�� ≤ 20 kg m2,
��Δ𝑱Bcg,xz

�� ≤ 5 kg m2

2) Aerodynamics [3], especially effective slipstream velocity (thus, angle of attack) and post-stall behavior. These
uncertainties can be considered by assuming an uncertain angle of attack in the argument of the coefficient
functions, i.e, 𝐶 (𝛼W + Δ𝛼W), where

��Δ𝛼W �� ≤ 1◦ for
��𝛼W �� ≤ 12◦ and

��Δ𝛼W �� ≤ 2◦ otherwise. Additionally,
the aerodynamic coefficients of the fuselage have an additive uncertainty of

��Δ𝐶B �� ≤ 0.2.
3) Actuator bandwidth during operations is uncertain, but using a conservative setting in Table 1 covers this.
4) Propeller aerodynamic coefficient over the envelope already covered in the input gain margin (and disk margin),

as they primarily influence the effectiveness of the propellers.
5) Sensor delay is unknown, but covered in the analysis of the output phase margin (and disk margin).

III. Flight Control System
The overall control architecture is shown in Fig. 3 and is characterized by a combination of dynamic inversion and

control allocation, as well as the integration of attitude and flight path controllers. Furthermore, the switch between
pilot inputs and autoflight functions allows for (partly) autonomous flights.

Pilot
Command

Filters

Autoflight
Functions

Attitude
Control

Velocity
Control

Dynamic
Inversion

+
Control

Allocation

Actuators
Flight

Dynamics Sensors

Aircraft

Signal
Processing

𝜈 𝑢
𝑦

Fig. 3 Proposed control architecture for dynamic inversion-based tandem tilt-wing control.

The approach employs a hybrid NDI control law combined with an optimization-based control allocation, which
inverts the rotational and translational dynamics in one to leverage specific vehicle characteristics [27].

The inversion is driven by the virtual control command 𝝂B ≡ [ ¤𝒗B , ¤𝝎B ] . The high-level references provided by
outer-loop guidance functions (or a pilot) are: The velocity in the control frame 𝒗C , i.e., the NED frame rotated to the
current heading, and the attitude 𝚯. To attain the virtual control commands, the following aspects have to be considered
due to the unique configuration of the tandem tilt-wing aircraft:

1) Pitch attitude and tilt angle redundancy: Control over the longitudinal flight path can be exerted by both pitch
attitude and tilt angle (cf. “pitch-supported tilting” [27]), motivating a pure pitch stabilization.

2) Interaction of lateral velocity and roll attitude, especially during hover: Rolling the vehicle rotates the thrust/lift
vector, causing a sideward acceleration. This can be used to achieve lateral velocity control during hovering [25].

3) Flight mode-dependent lateral-directional allocation:
a) During thrust-borne flight, a heading angle (𝜓) and lateral velocity (𝒗Cy ) are commanded.
b) During wing-borne flight, the control shifts towards a roll attitude command (𝜙) to execute coordinated

turn maneuvers with sideslip (or lateral acceleration) stabilization (𝛽 = 0).

A. Hybrid Nonlinear Dynamic Inversion
For the state-space equation (1), and assuming full-state observation (ℎ(𝑥) = 𝑥) and a linear low-pass filter function

𝐻𝑐 (𝑠), the hybrid NDI law [27, 28] can be written implicitly as

𝑔(𝑥, 𝑢) = 𝜈 − L−1 {𝐻𝑐 (𝑠)} ∗
( ¤̂𝑥 − 𝑔(𝑥, 𝑢̂)) − L−1 {1 − 𝐻𝑐 (𝑠)} ∗ 𝑓 (𝑥) =: 𝝉 (17)

where ˆ denotes estimated or measured quantities and by applying the inverse Laplace transformation L−1. The
complementary filter is implemented in an integrated way with shared states between 𝐻𝑐 (𝑠) and (1 − 𝐻𝑐 (𝑠)) as shown,
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e.g., in [27–30]. Within the scope of this work, a first-order complementary filter is chosen, with a time constant 𝜏compl.
For the tandem tilt-wing configuration, we invert the dynamics of 𝝎B , 𝒗Bx , and 𝒗Bz from (1d) and (1c), which have a

relative degree of 1. Note that we cannot control 𝒗By directly in this aircraft configuration. Thus, for (17)

G(𝑥, 𝑢) :=
[

1
𝑚 𝒇 Bx (𝑥, 𝑢) 1

𝑚 𝒇 Bz (𝑥, 𝑢) 𝑱Bcg
−1
𝒎B (𝑥, 𝑢)

]𝑇
(18)

When using this design, zero dynamics exist, as only five degrees of freedom are controlled. While the x and z
positions are controlled directly via the corresponding velocity, the velocity (and position) in the y direction is not
addressed directly and can thus deviate uncontrolled. The dynamics of the y position 𝒓Ny position and velocity ¤𝒓Ny can
be approximated during hover as

¥𝒓Ny = −𝐶Dy ¤𝒓Ny
2 −

𝒇 Np,z
𝑚

sin 𝜙 (19a)

with a sidewards drag coefficient 𝐶Dy . This system is stable in the lateral translation. For the cruise flight, the lateral
dynamics are dominated by the side slip angle 𝛽B , which is controlled through the yaw rate 𝝎Bz :

¤𝒗By =
1
2
𝜌


𝒗B

2

2 𝐶Y𝛽
𝛽B

¤𝛽B = 𝝎Bz

(19b)

(19c)

Thus, the zero dynamics are stable or controllable, and therefore cannot deviate uncontrollably.

B. Control Allocation
The general implicit equation (17) is solved for the input 𝑢 by using local approximations employing the Taylor series

expansion around an arbitrary expansion point 𝑢0 in combination with a control-allocation scheme. This approximation
is similar to the incremental NDI law [39, 40] when used solely with a sensor-based NDI law, and it utilizes the currently
measured control command as the expansion point, i.e., 𝑢0 = 𝑢̂. A more detailed discussion on this topic is given in [30].

The optimization-based control allocation is discussed in detail in [26]. The objective is weighted least squares with
the optimal control input 𝒖∗ being a design decision, commonly chosen close to the current control deflection, and in
this work, as

𝑢0 =
[
𝛿𝑤1..2, 0.95𝑛̄1..4, 0.95𝑛̄5..8, 0

]
with the mean operator ¯. The final control allocation law in this case, with the weighting matrix 𝑾, is [26]

𝒖 = 𝐵+𝝉 + (
𝑰 − 𝐵+ ∇𝑢G (𝒙̂, 𝒖0)

)
𝒖∗ = 𝒖∗ + 𝑩+ (𝜏 − ∇𝑢G (𝒙̂, 𝒖0) 𝒖∗) (20)

with the weighted pseudo-inverse 𝐵+ = 𝑾 ∇𝑢G (𝒙̂, 𝒖0)𝑇
(
∇𝑢G (𝒙̂, 𝒖0) 𝑾−1 ∇𝑢G (𝒙̂, 𝒖0)𝑇

)
and the right-hand side

of (17) 𝝉. A detailed discussion of the design of an optimization-based control allocation in combination with dynamic
inversion for transformational eVTOLs is provided in [8, 26], and for other configurations in [41, 42].

The inverse function theorem states that (18) can be solved for 𝑢 in a neighborhood of a given 𝑢0 and 𝑥0 = 𝑥, if
∇𝑢G (𝒙̂, 𝒖0) is invertible. Thus, the control effectiveness matrix ∇𝑢G (𝒙̂, 𝒖0) must be non-singular throughout the entire
flight envelope. This is subsequently argued, first physically and then numerically, using a specific trajectory.

The control-effectiveness matrix ∇𝑢G (𝒙̂, 𝒖0) retains full rank in every flight regime because the actuators contribute
independently to all five degrees of freedom, as shown in Table 2. This, however, assumes that the gradient of the forces
and moments with respect to the appropriate control input does not vanish. However, especially for the thrust and
tilt angle, this means that they do not saturate, which can be ensured by appropriately restricting the achievable flight
envelope.

Numerically, this can be analyzed and verified through the least singular value and the numerical condition number.
The minimum singular value 𝜎min and the condition number 𝜅 = 𝜎max

𝜎min
are shown for the leveled transition maneuver

in Fig. 4.

IV. Robust Analysis and Synthesis
The main contribution of this work is the robust analysis of the proposed control law. As these inherently nonlinear

configurations are complex in nature, the analysis process must be carefully thought out. The requirements for the
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Table 2 Primary control mechanisms for the five axes in the three flight regimes.

Axis Hover (thrust-borne) Transition Cruise (wing-borne)

𝒇 Bx tilt angle tilting the thrust vector 
Combination of the

independent control inputs
thrust and tilt angle


total thrust

𝒇 Bz total thrust tilt angle tilting thrust vector and
increasing angle of attack

𝒎By differential thrust front-rear differential thrust front-rear
and elevon deflection

diff. thrust front-rear
(vertical separation of wings)

or elevon deflection

𝒎Bx differential thrust left-right 
Combination of the

independent control inputs
elevon deflection and

diff. thrusts


elevon deflection

or diff. thrust pos./neg. rotating

𝒎Bz
diff. thrust pos./neg. rotating
or elevon slipstream deflection differential thrust left-right
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𝑡 in s
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)

Fig. 4 Minimum singular value and condition number of the control effectiveness matrix along transition [27]

system are that stability must be guaranteed throughout all flight phases for the closed-loop system, including a certain
level of robustness to uncertainties. The means of compliance are selected to be the 𝜇-analysis and (worst-case) disk
margins along the trim trajectory and accelerated and decelerated trim trajectories. This approach, however, does
not include more complex dynamic operating points [35] but already covers an extensive range of the flight envelope
and guarantees trimmed flight points throughout, thereby avoiding departure. Furthermore, after defining means of
compliance regarding robustness and stability, it is crucial to incorporate them into the synthesis process. Otherwise, the
rating would not be fair. Thus, after defining the robustness metrics, a fixed-structure parameter synthesis is performed,
optimizing robustness and performance criteria in the multi-objective parameter synthesis framework MOPS [43].

A. Integrated Linear Representation

𝑃
𝐺

Δp

𝐾

𝑁

𝑀
𝑧 𝑤d

𝑢

𝑢𝐾

𝑦

𝑤r

𝑧Δ 𝑤Δ

Fig. 5 Diagram of the linear closed-loop system

To analyze the system using 𝜇-analysis, the system is rep-
resented in the Δ − 𝑃 − 𝐾 form by separating the system into
the plant 𝑃(𝑠), representing of the 6-DoF flight dynamics with
the aerodynamic and propulsive forces and moments with the
uncertainties of the plant Δ𝑝 (𝑠),



Δ𝑝

∞ ≤ 1, the controller
𝐾 (𝑠), that tracks a reference providing the plant outputs under
the presence of actuator dynamics 𝐺 (𝑠).

The representation shown in Fig. 5 of the system is used,
where 𝑦 = [𝑦r, 𝑥, 𝑢] denotes the measurements of the tracking
variable 𝑦r and the remaining states 𝑥, 𝑢 the control inputs, 𝑤
the disturbances, and 𝑧 the performance signals.

The closed-loop system 𝑀 and the systems 𝑃, 𝐾 , and 𝐺 are
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represented by:
𝑧Δ

𝑧y

𝑦

 =


𝑃11 𝑃12 𝑃13

𝑃21 𝑃22 𝑃23

𝑃31 𝑃32 𝑃33

︸                 ︷︷                 ︸
𝑃


𝑤Δ

𝑤𝑑

𝑢

 , 𝑢𝐾 =
[
𝐾11 𝐾12

]
︸        ︷︷        ︸

𝐾

[
𝑦

𝑤𝑟

]
, 𝑢 = 𝐺 𝑢𝐾 ,

[
𝑧Δ

𝑧y

]
=

[
𝑀11 𝑀12 𝑀13

𝑀21 𝑀22 𝑀23

]
︸                   ︷︷                   ︸

𝑀


𝑤Δ

𝑤𝑑

𝑤𝑟


The closed-loop system 𝑀 can be determined by using the lower linear fractional transformation (LFT) as 𝑀 =
F𝑙 (𝑃, 𝐺 𝐾). Using the upper LFT F𝑢, the full system 𝑁 = F𝑢 (𝑀,Δ) can be described.

B. Robustness: µ-Analysis and Worst-Case Disk Margins
Based on the above system, the metrics for robustness used in this work can be determined. Robustness will

be quantified using the stability margin based on the structured singular value 𝜇 and the worst-case multiloop and
loop-at-a-time disk margins 𝛼max and 𝛼max,𝑖 at the input i and the output o, as well as the corresponding gain and phase
margins (𝛾min, 𝛾max) and 𝜙𝑚. Consider a structured multiplicative uncertainty 𝚫 belonging to the normalized disk set

𝚫 = {Δ ∈ C : |Δ| < 1} .

with the structure Δ = diag (𝛿1, . . . , 𝛿𝑁 ). The uncertainties are taken from Section II.F.

Structured Singular Value µ [44] The Structured Singular Value 𝜇 can be used to quantify the robustness of the
system and is defined as

𝜇𝚫 (𝑴)−1 = min
Δ∈𝚫
{𝜎̄(Δ) : det (𝑰 − 𝑴 Δ) = 0} (21)

where 𝜎̄ denotes the largest singular value. This can be thought of as the reciprocal of how big that structured uncertainty
Δ can be before the matrix 𝑰 − 𝑴Δ becomes singular. Nominal stability and performance are guaranteed if 𝑀 is
internally stable and |𝑀22 |∞ < 1. Then, robust stability and performance are guaranteed if 𝜇Δ (𝑁11) < 1, ∀𝜔 and
𝜇Δ̃ (𝑁) < 1, ∀𝜔, Δ̃ = diag (Δ,Δ𝑃). A more detailed explanation is provided, for example, in [44].

Worst-Case Disk Margin [31] Consider the nominal open-loop transfer function for the input margins 𝐿i and output
margins 𝐿o, where 𝐿i ≡ 𝐾 𝑃𝐺 and 𝐿o ≡ 𝑃𝐺 𝐾 , and the set of perturbations

𝐷𝜎 (𝛼) =
{

1 + 1−𝜎
2 𝛿

1 − 1+𝜎
2 𝛿

: 𝛿 ∈ C with |𝛿 | < 𝛼
}

where 𝜎 is the skew parameter (nominally 𝜎 = 0). The perturbed loop transfer functions are 𝐿 · diag (𝐹1, . . . , 𝐹𝑁 ) for
𝐹𝑖 ∈ 𝐷𝜎 (𝛼) where 𝛼 > 0 scales the uncertainty magnitude. The worst-case disk margin 𝛼max is defined as the largest
value of 𝛼 such that the closed loop with the perturbed loop transfer function is stable for all 𝐹𝑖 ∈ 𝐷𝜎 (𝛼). This is equal
to

𝛼max = inf
{
𝛼 > 0 : ∀𝐹𝑖 ∈ 𝐷𝜎 (𝛼), det (𝑰 + 𝐿 · diag (𝐹1, . . . , 𝐹𝑁 )) = 0

}
(22)

This problem can be solved using the structured singular value (𝜇) [31]. For MIMO systems, the worst-case disk
margin can be quantified for the multiloop or loop-at-a-time case, where either all feedback channels are perturbed
simultaneously, or just one channel (i.e., a single 𝐹𝑖) is perturbed while fixing all other channels. The multiloop
simultaneous variations across all loops provide a more conservative robustness assessment than sequential loop-at-a-time
analysis [31].

The worst-case minimum and maximum gain- and phase margins can be determined as [31]

𝛾min =
2 − 𝛼max (1 − 𝜎)
2 + 𝛼max (1 + 𝜎) , 𝛾max =

2 + 𝛼max (1 − 𝜎)
2 − 𝛼max (1 + 𝜎) , cos 𝜙m =

1 + 𝛾min𝛾max
𝛾min + 𝛾max
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C. Robust Synthesis of Controller Gains
To provide a fair assessment of the system’s robustness and stability, the controller must be synthesized with these

criteria in mind. Thus, a multi-objective parameter synthesis of the fixed-structure controller gains with respect to
robustness and performance is done.

The objectives are:
1) on the nonlinear simulation flying transition trajectories [4]

a) minimize control activity
b) maximize disturbance rejection
c) minimize tracking error (i.e., settling time and overshoot)

2) on linearized systems at multiple operating points along the accelerated, static, and decelerated trim lines
a) maximizing the worst-case disk margins
b) maximizing the stability margins
c) minimizing the tracking error (i.e., settling time and overshoot)
d) minimizing the disturbance transfer ∥𝐺𝑑→𝑧 ∥∞

The setup is built using the software MOPS [43].

V. Results: Open-Loop Analysis
The vehicle is analyzed without a controller first to attain an understanding of its dynamic behavior. Therefore, a

trim study to determine the (trimmed) operating points is carried out. Afterward, the stability of the open-loop system is
analyzed at the determined operating points. The analysis reveals that the vehicle exhibits unstable poles throughout its
flight envelope, particularly during the transition.

A. Operating Points and Characteristics of the Statically Trimmed Tilt-Wing
The characteristics of the tilt-wing VTOL can be analyzed by employing a trim study. The maximum speed of the

aircraft is reached at approximately 70 m s−1. As presented in [2, 34, 35], the tilt-wing exhibits a characteristic trim
curve. This “S”-shape originates from the stall characteristics of the airfoil as the aircraft traverses the stall during the
static trim transition.

The aircraft is trimmed for a level, straight forward flight with minimal total power consumption according to the
control allocation objective. The results of the optimization are presented in Fig. 6 as the trim curve.
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Fig. 6 Static trim curve for leveled flight.

Evidently, the flight phases of a tilt-wing aircraft can be distinguished into three distinct phases, during which
different physical phenomena prevail.
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Hover flight During hover flight, the aircraft is propulsion-dominated or thrust-borne and behaves similarly to a
multicopter. Steady hover flight is at 𝒗Cx = 0 m s−1, but the hover regime spans −5 m s−1 ≤ 𝒗Cx ≤ 10 m s−1 as shown
in Fig. 6.

Cruise flight During cruise flight, the aircraft is primarily influenced by aerodynamic forces and moments, behaving
similarly to a fixed-wing aircraft, i.e., wing-borne. The thrust is used to compensate for drag and to produce moments
through differential thrust. The nominal cruise flight is at 𝒗Cx = 65 m s−1, where the tilt angles are essentially at 0◦. The
cruise region is in 37 m s−1 ≤ 𝒗Cx and 𝛿w ≤ 12◦.

Transition flight During the acceleration/deceleration phase, the aircraft stops behaving distinctly as in the other
phases and enters a blended phase. During this phase, the aircraft can and may enter post-stall regimes, governed by
more complex interactions and changing dynamics.

Additionally, trim line branches exist in Fig. 6. They are a local minimum of the optimization objective and
correspond to the valley in the post-stall lift curve. Although they are valid trim points, they are not relevant for the
flight operation, as they result in less optimal flight conditions, which can even be disadvantageous.

However, dynamic transition analysis shows that this can be avoided by specific transition maneuvers, as, e.g., shown
in [4].

B. Accelerated and Decelerated Trimmed Tilt-Wing
To cover a larger part of the envelope and to smooth the unsteady parts in the transition trim trajectory, dynamic

transition maneuvers must be considered [4]. Thus, the vehicle is trimmed along its flight speeds for an accelerated and
decelerated case. The magnitudes ±0.1 𝑔 are chosen to cover a large part of the trajectory and are in alignment with [4].
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Fig. 7 Accelerated and decelerated trim curve for level flight.

The results are shown in Fig. 7 and follow a similar trend to the static reference. While the hover trim lines deviate,
the cruise trim lines align for the considered cases. Furthermore, the operation points also allow the argumentation
from [4] that dynamic maneuvers in the form of acceleration or deceleration help to overcome the “S” shape of the trim
curves.

For the analysis, the points lying on the smooth lines in Fig. 7 are investigated.

C. Stability Analysis
The system can be linearized along the transition trajectory shown in Fig. 6. The result is depicted in Fig. 8, which

shows that the system has unstable poles throughout the envelope. Similar results have been found in [45].
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Fig. 8 Open loop poles of the linearized system along the trim trajectory (cf. Fig. 6) for the three different flight
modes.

Cruise flight During cruise flight, the aircraft behaves similarly to a fixed-wing aircraft. This is visible in Fig. 8. The
dynamics can be similarly characterized into the longitudinal phugoid and short-period modes, as well as the lateral
roll, spiral, and Dutch roll modes. The spiral mode is unstable in this configuration, and the phugoid model becomes
marginally stable or unstable in certain flight phases, particularly near the transition.

Hover flight During hover flight, the aircraft is inherently unstable. An unstable coupling of rotations and translations
characterizes the dynamics. As indicated in Fig. 8, increasing the velocity, thereby increasing the aerodynamic interaction,
gradually stabilizes the system. The dampening effect of the airflow causes this. The poles of the 𝒗Cx = 0 m s−1 case are
highlighted in Fig. 8 by a black dot.

Transition flight The aircraft’s behavior transitions from hover to cruise characteristics. This can also be identified in
the movement of the poles in Fig. 8.
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VI. Results: Closed-Loop Analysis
The closed-loop stability and robustness are analyzed by first examining the main static flight regimes, i.e., hover and

cruise flight conditions, and then investigating the static transition maneuvers between them. Afterward, the accelerated
and decelerated transition maneuver is investigated. Table 3 shows the lowest margins in each static flight phase and thus
represents a more conservative estimate. These results indicate that the controller can stabilize the system throughout
all flight phases and under the assumed uncertainties. Furthermore, sufficient disk margins are provided at the output.
However, the disk margins at the input are relatively narrow. The argumentation applies to all cases since the methods
used give conservative estimates, especially the worst-case multiloop disk margin. Multiple solutions contained a large
spread between the upper and lower bounds, indicating a low estimate. Furthermore, especially during cruise flight, the
lowest margin is achieved at flight speeds above the nominal cruise flight speed. However, there are also systematic
reasons for low disk margins, i.e., the susceptibility of NDI methods to actuator uncertainties and phase lags. Although
hybrid NDI improves robustness in this regard, it still relies on synchronized actuator measurements.

The results are shown and explained in detail below. The overall results indicate that the larger uncertainties in
aerodynamics result in narrow margins during the transition and cruise phases, whereas the hover case exhibits wider
margins. Furthermore, for the dynamic transition maneuvers, an unstable region in the backward or decelerating
transition is identified. By adapting the deceleration, this instability can be avoided. Thus, the backward transition has
to be performed carefully in the low-speed region.

In the following, the disk margins are annotated with the corresponding maximum gain and phase margin for a
clearer presentation. Furthermore, data points where the robust analysis solver did not converge have been filtered out to
reduce outliers. Additionally, for data points where the lower and upper bound estimation deviates a lot, both values are
shown to indicate that the estimation might be overly conservative.

Table 3 Minimum of nominal/worst-case multiloop disk margins and stability margins of the static flight phases.

Hover Cruise Transition

Nominal disk margin on output 0.7 (6.35 dB, 38.58◦) 0.7 (6.35 dB, 38.58◦) 0.7 (6.35 dB, 38.58◦)
Nominal disk margin on input 0.62 (5.57 dB, 34.45◦) 0.62 (5.57 dB, 34.45◦) 0.25 (2.18 dB, 14.25◦)
Worst-case disk margin on output 0.69 (6.25 dB, 38.07◦) 0.6 (5.38 dB, 33.4◦) 0.6 (5.38 dB, 33.4◦)
Worst-case disk margin on input 0.6 (5.38 dB, 33.4◦) 0.2 (1.74 dB, 11.42◦) 0.21 (1.83 dB, 11.99◦)
Stability margin (lower bound) 4.3 1.47 1.8

A. Hover Flight Regime
The vehicle is inherently unstable in hover flight. The prevailing uncertainties are in the weight and balance system

and the inputs and outputs. The results show that the controller can effectively stabilize the vehicle and exhibits sufficient
robustness against the uncertainties. The poles of the closed-loop system in hover conditions are shown in Fig. 9,
demonstrating stable behavior even in the presence of uncertainties.

The robustness boundaries of the system are depicted in Fig. 10. At 𝒗Cx = 0 m s−1, the input worst-case disk margin
is at 0.61 (5.47 dB, 33.92◦) and the output worst-case disk margin is at 0.7 (6.35 dB, 38.58◦). Both are roughly equal
to the nominal disk margins. The robust stability margin has a guaranteed lower bound of 10.5 in this case, indicating
that the controller can effectively cope with uncertainties beyond the assumed ones. This proves stable behavior with
sufficient margins against the selected uncertainties in the closed-loop hover condition.

For the whole hover regime, Fig. 10b shows constant margins throughout. The stability margin remains above 4.3.
But this included the backward flight. When considering only forward flight, the stability margins stays above 8.0.
The worst-case disk margins at the output remain at around 0.7 (6.35 dB, 38.58◦), while those at the input approach
0.6 (5.38 dB, 33.4◦). The nominal disk margins have a similar magnitude and also stay constant throughout this flight
phase. All these aspects suggest that, strengthened by being a conservative lower estimate, the system has sufficient
robustness in the hover flight phase.
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(a) Nominal system in 0 m s−1 ≤ 𝒗Cx ≤ 10 m s−1.
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(b) Uncertain system at 𝒗Cx = 0 m s−1.

Fig. 9 Pole-zero map of closed-loop hover flight.
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(a) µ-Analysis results of hover flight (𝒗Cx = 0 m s−1)
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(b) Worst-case multiloop disk margin (wcMM) and stability
margin (SM) of hover regime.

Fig. 10 Margins of the uncertain closed-loop system in hover flight (0 m s−1 ≤ 𝒗Cx ≤ 10 m s−1).

B. Cruise Flight Regime
During cruise flight, the open-loop systems stabilize more, leaving only an unstable spiral pole (cf. Section V). As

shown in Fig. 11, the controller stabilizes the system throughout the cruise regime (a) and in the presence of the assumed
uncertainties (b). However, the uncertainties influence the locations of the poles more strongly in this case than in the
hover case due to the increased aerodynamic influence. As the velocity increases, the stability margins decrease, with
the input margins being the primary factor.

At 65 m s−1, the robust stability margin has a lower bound of 1.62. The worst-case disk margins are 0.25 (2.18 dB, 14.25◦)
at the input and 0.62 (5.57 dB, 34.45◦) at the output for the nominal cruise speed. The nominal output disk margin is at
0.7 (6.35 dB, 38.58◦), while the nominal input disk margin is at 0.62 (5.57 dB, 34.45◦). This shows that the input disk
margin is more susceptible to uncertainties and the worst case.

Throughout the cruise regime, the stability margin has a minimal value of the lower bound of 1.47. This proves that
the closed-loop system can effectively cope with the assumed uncertainties and still maintain some margin. As most
uncertainties concern aerodynamics, which prevail during cruise flight and make only a minor contribution during hover
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Fig. 11 Pole-zero map of closed-loop cruise flight.

0.1 1 10 100
0

0.2

0.4

0.6

Frequency in rad s−1

µ
bo

un
ds

Upper bound
Lower bound

(a) µ-Analysis results at 𝒗Cx = 65 m s−1
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(b) Worst-case multiloop disk margin (wcMM) and stability
margin (SM) of cruise regime.

Fig. 12 Margins of the uncertain closed-loop system in cruise flight (40 m s−1 ≤ 𝒗Cx ≤ 70 m s−1).

flight, it is expected that the stability margin is significantly lower during cruise flight compared to hover flight and,
additionally, that the stability margin decreases with increasing velocity.

A closer look at the disk margins shown in Fig. 12 b shows a nominal disk margins throughout the cruise regime of
0.62 (5.57 dB, 34.45◦) at the input and 0.7 (6.35 dB, 38.58◦) at the output. Both values guarantee sufficient margins, as
they represent a conservative estimation. The worst-case disk margin on the output remains relatively constant with a
minimum at 0.6 (5.38 dB, 33.4◦). The worst-case input disk margin fluctuates, but stays above 0.2 (1.74 dB, 11.42◦).
Thus, even with the conservative estimations carried out in this study, the system provides robustness in the worst-case.
Additionally, the fluctuations are caused by a large spread between the lower and upper bound of the estimate (denoted
with a green cross). Although, this the real value can be anywhere within these boundaries, larger spreads often have a
more conservative lower bound.

All these aspects suggest that, strengthened by being a conservative lower estimate, the system should have sufficient
robustness in the cruise flight phase.
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C. Static Transition Flight
After thoroughly examining the main flight phases, cruise and hover, the transition between these phases is analyzed

as the critical flight phase. The static transition trajectory is derived in Section V.A and depicted in Fig. 6. During
transition, the worst-case disk margins follow the trend of the nominal ones. This indicates, that the uncertainties of the
plant do not influence the system too much. Actually, the combination of thrust- and wing-borne flight makes the vehicle
less susceptible to uncertainties in the aerodynamics. However, the stability margin decreases as the aircraft transitions
from thrust-borne to wing-borne flight as shown in Fig. 13b, but always stays above 4.4. During low-speed transition,
the input disk margins decrease drastically because the wing reaches or passes the stall line of the airfoil in this region.
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(a) Pole-zero map of the closed-loop system in the static
transition regime.
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(b) Worst-case multiloop disk margin (wcMM) and stability
margin (SM) of transition phase.

Fig. 13 Closed-loop system along the static transition trajectory

The disk margin at the input is roughly at 0.64 (5.76 dB, 35.49◦) in the nominal case, except during the low-speed
transition, where the values falls to 0.25 (2.18 dB, 14.25◦). The worst-case disk margin follows this trend and reaches
a minimum of 0.21 (1.83 dB, 11.99◦) during the low-speed transition but stays at 0.6 (5.38 dB, 33.4◦) elsewhere.
Meanwhile, the output disk margin is roughly constant throughout at 0.7 (6.35 dB, 38.58◦) for the nominal case and
0.68 (6.15 dB, 37.56◦) for the worst-case. Fig. 13 shows the static transition corridor without the “backside of the
S-curve” (cf. Section V). In this region, all margins are reduced and reach a minimum for the worst-case disk margin of
0.6 (5.38 dB, 33.4◦) for the output and 0.3 (2.63 dB, 17.06◦) for the input. The minimal stability margin reaches 1.8.

The results indicate that the vehicle is only slightly susceptible to uncertainties during the transition. A reason for
this could be the combination of propulsive and aerodynamic inputs, which enable distinct and improved handling of the
vehicle. The trend of the stability margin is gradually decreasing, reflecting the influence of aerodynamic uncertainties
as the aircraft approaches the aerodynamic flight regime. The transition does not compromise the robustness of the
controller more than the cruise flight. All these aspects suggest that, strengthened by being a conservative lower
estimate, the system has sufficient robustness during transition. Additionally, the flight control design originates from a
fixed-wing flight control structure and, through these results, proves to handle both hover and transition phases well, too.
Nevertheless, the low-speed phase needs to be considered carefully.

D. Accelerated/Decelerated Flight
To linearize the accelerated and decelerated flight, it is important to find an operating point for the controller where

𝒖 = 𝒖̂, i.e., the command output from the controller should align with the current control allocation. Otherwise, a
reallocation would take place, which disturbed the linear assumption and leads to unsuitable results.

The results in Fig. 14b indicate that the forward or accelerated transition has similar robustness and stability
properties as the static case. Indeed, good-natured slipstream effect [4] even prevents the small input disk-margins in the
low-speed transition regime. However, the large spread between the lower and upper bound (depicted by the green
crosses) of the worst-case input disk margins leads to a low minimum of 0.19 (1.65 dB, 10.85◦). In contrast, the nominal
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(a) Decelerated or backward transition flight.
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(b) Accelerated or forward transition flight.

Fig. 14 Worst-case multiloop disk margin (wcMM) and stability margin (SM) of accelerated and decelerated
transition phase.

input disk margin stays above 0.6 (5.38 dB, 33.4◦), the worst-case output disk margin above 0.59 (5.28 dB, 32.87◦), and
the nominal output disk margin above 0.7 (6.35 dB, 38.58◦). The stability margin decreases, similar to the static case,
with increasing velocity to 1.8. The minimal worst-case margins during the “S” flight phase are 0.59 (5.28 dB, 32.87◦)
on the output, 0.19 (1.65 dB, 10.85◦) on the input, and 2.0 for the stability margin. Thus, the closed-loop system
remains stable with sufficient robustness during the forward transition. Furthermore, it confirms the good-nature of this
maneuver [4] as the robustness compared to the static transition maneuver increases. However, large spreads between
lower and upper bound are present and lead to a less precise result.

The backward or decelerated transition in Fig. 14a shows a less robust behavior and is even unstable during the
low-speed transition (around 13 m s−1 to 23 m s−1). This is caused by high angles of attack required during this maneuver
in combination with the absence of beneficial aero-propulsive effects. Thus, the system cannot decelerate with the
assumed acceleration in this range in a stable way. However, when looking at the closed-loop system for a smaller
deceleration (¤𝒗Cx = −0.05𝑔), the closed-loop system becomes stable again. This additional case is depicted in Fig. 14a
by the blue crosses. The aircraft then has a stability margin of above 0.9. Hence, the system is stable with some
margin when considering a slower deceleration maneuver within the low-speed transition regime. This motivates a
more careful handling and investigation of the backward transition, including the incorporation of optimized transition
maneuvers for the backward transition into the control design [4]. The backward transition in the other flight regimes has
a stability margin above 1.0 with the lowest value at 70 m s−1. The output disk margin stays above 0.7 (6.35 dB, 38.58◦)
for the nominal case and above 0.5 (4.44 dB, 28.07◦) for the worst-case. The input disk margin has a lower bound of
0.62 (5.57 dB, 34.45◦) for the nominal case and 0.1 (0.87 dB, 5.72◦) for the worst case. However, the upper bound for
the worst-case input disk margins again deviates strongly from the lower bound.

Recapitulatory, the forward transition has a positive influence on the stability and robustness of the system, while the
backward transition can cause instabilities and has to be considered carefully.

VII. Conclusion
In this study, we have presented a closed-loop stability and robustness analysis of a dynamic inversion-based control

architecture for a tilt-wing electric VTOL aircraft. We have proposed initial means of compliance to validate the stability
and robustness of the resulting system based on linear stability and robustness metrics. The structured singular value µ
and the (worst-case) disk margin are used to quantify the robustness properties of the closed-loop system. The proposed
framework has been defined and applied to the tandem tilt-wing eVTOL configuration. The system has been analyzed at
trimmed points throughout the envelope. The controller proved capable of decoupling and stabilizing the complex and
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unstable dynamics under both nominal and perturbed conditions. The proposed control law maintains stable flight
across the full envelope of wing-tilt angles and tolerates sufficient model uncertainties. However, the decelerated or
backward transition needs to be handled carefully in the low-speed regime to provide stable behavior.

However, the proposed approach also has shortcomings in the clearance of flight control laws for tilt-wing aircraft.
Those are inherent to the structured singular value and disk margin, as for both, the worst-case always lies in a corner of
the uncertainty space. Furthermore, the multiloop margin is often not physical, as uncertainties often correlate across
similar actuators and this thus leads to a lower estimation. Overall, the results represent a highly conservative estimation
of the closed-loop robustness and are limited to local (linear) effects, although dynamic maneuvers could be beneficial
for the vehicle’s robustness.

Future work should focus on experimental flight testing and validation, as well as extending the robustness analysis
to other methods, such as nonlinear anti-optimization, an integrated robustness metric, or LPV/LTV systems.

Appendix

Table 4 Weight and balance parameter values

Symbol Description Value

𝑚f Fuselage mass 585.8 kg

𝑚w1 Main wing mass 103.7 kg

𝑚w2 Canard wing mass 90.5 kg

𝑱Bf,cm inertia of fuselage

157.44 0 −34.16

0 987.62 0
−34.16 0 911.99

 kg m2

𝑱𝑊1
w1,cm inertia of rear wing


448.45 0 −74.93

0 214.41 0
−74.93 0 590.65

 kg m2

𝑱𝑊2
w2,cm inertia of front wing


350.54 0 −113.01

0 565.48 0
−113.01 0 865.62

 kg m2

𝒓Bf,cm center of mass of fuselage
[
−2.94 0 −1.35

]
m

𝒓Bw1 Hinge position of rear wing
[
−4.1533 0 −1.94

]
m

𝒓Bw1 Hinge position of front wing
[
−0.4912 0 −0.862

]
m

𝒓𝑊1
w1,cm center of mass of rear wing w.r.t. hinge

[
0.0781 0 0

]
m

𝒓𝑊2
w2,cm center of mass of front wing w.r.t. hinge

[
0.1279 0 0

]
m

Table 5 Propulsion coefficients (cf. [38])

Symbol Description Value

𝑐T0 thrust coefficient 0.0258
𝑐T𝜆

0.2373
𝑐Q0 torque coefficient 0.001 55
𝑐Q𝜆

−0.0672
𝑐H𝜆

H-force (or propeller drag) coefficient 0.05
𝑐P𝜆

symm. propeller pitch moment coefficient 0.0174
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