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Résumé

Résumé

Les systemes globaux de navigation par satellite (GNSS) sont largement utilisés pour le posi-
tionnement et la navigation, mais leurs performances peuvent étre limitées par un faible taux de
mise & jour ou par la perte de signal. A linverse, les centrales inertielles (IMU) fournissent des
mesures a haute fréquence mais dérivent avec le temps. Dans cette these, un systeme de fusion
GNSS/INS orienté temps réel est développé a partir des données binaires brutes du récepteur.
Deux capteurs inertiels 1IMU intégrée du u-blox FIR et le STIM300 sont analysés afin dévaluer
linfluence de leur qualité sur les performances de navigation. Un filtre de Kalman a états derreur
(ESKF), basé sur les quaternions, est implémenté pour assurer la fusion robuste des capteurs.
Le cadre proposé inclut une chaine compléte dextraction de données permettant de décoder
directement les mesures GNSS et IMU sans recourir aux fichiers RINEX. Des essais réalisés sur
des données réelles mettent en évidence le comportement du systéme dans différents scénarios,
notamment lors de coupures GNSS temporaires, démontrant sa robustesse et son aptitude au
traitement en temps réel.
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Abstract

Abstract

Global Navigation Satellite Systems (GNSS) have become increasingly widespread, with more
satellites being launched and better signal availability than ever before. Due to their convenience
and accessibility, GNSS technologies are now being used in a wide range of applications, among
them, autonomous navigation for vehicles such as cars, ships, and drones. High accuracy and
real-time positioning is crucial for these applications which are rapidly growing.

Despite advancements in satellite technologies, GNSS alone still faces inherent limitations: the
update rate is relatively low, and signal blockage or multipath effects in urban environments can
hinder continuous and reliable positioning. In contrast, inertial sensors are self-contained and
provide high-frequency motion data, making them ideal for capturing rapid dynamics. However,
they suffer from drift over time due to the accumulation of measurement errors.

To overcome these limitations, this thesis presents an online oriented GNSS and Inertial Naviga-
tion System (INS) integration system that directly processes GNSS and IMU raw measureemnts
from the receiver. A quaternion-based Error State Kalman Filter (ESKF) is implemented to
perform sensor fusion, combining the advantages of both systems while maintaining numerical
stability.

The proposed framework includes a complete data extraction pipeline capable of decoding GNSS
and IMU measurements directly from the receivers binary messages, enabling online processing
without relying on RINEX files. Experimental validation is carried out using simulated datasets,
and the performance is analyzed under various scenarios, including temporary GNSS outages,
to assess the robustness of the developed system.

Keywords: GNSS/INS integration, data extraction, ESKF, IMU mechanization

This document may not be reproduced, modified, adapted, published, translated in any way, in whole 13
or in part, nor disclosed to a third party without the prior written consent of ENAC. I 2025, ENAC
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Reading Guide

Given that Kalman Filter (KF') has been studied and developed for decades, and that many open-
source implementations are already available, rebuilding the algorithm still remains a complex
task. Finding an existing implementation that exactly matches the desired application is often
difficult, as the relevant information is scattered across different sources. Therefore, one of the
main objectives of this report is to provide a comprehensive understanding of the concept from
an implementation-oriented perspective.

Chapter 1 introduces the company and its ongoing project, explaining how these relate to the
subject of this thesis and align with the company’s objectives. It also explains how the current
challenges have led to the identification of certain needs. Based on this context, the chapter
outlines the work to be carried out and the expected outcomes.

Chapter 2 presents the state of the art of KF-based techniques, reviewing their evolution in
recent years and identifying current research interests related to GNSS/IMU integration. This
section also highlights that the KF remains the foundation for most extended algorithms. It
then introduces the fundamental coordinate frames, rotation representations, and the use of
quaternions, followed by the mechanization equations of the IMU. Subsequently, the integration
of GNSS and IMU using the KF is discussed. With respect to the on-line requirements of the
system, different coupling strategies (loosely, tightly, and deeply coupled) are analyzed in terms
of their respective advantages and limitations. Furthermore, the concept of Allan variance is
introduced to evaluate the performance and noise characteristics of the sensors.

Chapter 3 focuses on the implementation of the system. Data extraction part presents how
raw binary messages are directly decoded to efficiently obtain the necessary information. The
decoding procedure was developed based on the u-blox FOR receiver. Although both GPS and
Galileo data can be extracted, only GPS measurements are used in this work. Pseudocode
illustrating the realization of a on-line KF is also provided. The Error-State Kalman Filter
(ESKF) is then presented, combining and comparing formulations from Joan Sola and Paul
Groves [3, d]. The estimated state variables are defined, and the impact of defining attitude
errors in global versus local frames on quaternion multiplication is analyzed. The lever-arm
effect is also discussed.

Chapter 4, the results section starts with standalone IMU positioning, supported by Allan
deviation analysis to better tune the initial parameters of the filter. It is then followed by the
results of both loosely and tightly coupled integrations, using static real data (FOR and STIM
300) and simulated dynamic datasets. These experiments aim to verify whether the developed
algorithm can tolerate IMU noise and maintain reliable performance when GNSS measurements
are unavailable.

Finally, Chapter 5 wraps up the thesis by highlighting what has been done, the main results
and ideas for future improvements.

This document may not be reproduced, modified, adapted, published, translated in any way, in whole 15
or in part, nor disclosed to a third party without the prior written consent of ENAC. I 2025, ENAC
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Chapter 1

Project Introduction

This chapter sets the context of the internship project by highlighting their connection to the
objectives of the present work. The main problem to be addressed is then presented, together
with the motivation that led to the development of the project. Finally, the planning and
timeline that structured the different phases of the internship are summarized.

1.1 Deutsches Zentrum fiir Luft- und Raumfahrt (DLR)

The German Aerospace Center (DLR) is Germanys national research institution for aerospace,
energy, and transportation. Within DLR, the Institute of Communications and Navigation
focuses on the development of reliable and secure communication and navigation technologies.
The institute operates at two main locations, Oberpfaffenhofen (headquarters) and Neustrelitz,
employing around 200 staff members.

Its research is structured around four main missions:

e Global Connectivity — Setting standards in communications for people and machines.
o Global Positioning — Taking accuracy, reliability, and robustness to the next level.
e Autonomy and Cooperation — Creating solutions for transportation and exploration.

e Cyber Security — Protecting society in the digital age through secure radio systems.

Nautical Systems Department, located in Neustrelitz, focuses on maritime applications of Posi-
tioning, Navigation, and Timing (PNT) systems. Its research activities are organized into three
main working groups: Multi-Sensor-Systems, Maritime Services, and Traffic Systems.

The present work was carried out within the Multi-Sensor-Systems (MSS) working group, which
specializes in developing and testing advanced multi-sensor navigation platforms for critical
operations. The department operates a variety of experimental facilities, including a measuring
vehicle, the research vessel AURORA, and multiple radar and PNT sensor testbeds, providing
a comprehensive environment for developing and validating on-line navigation algorithms.

1.2 Problem Statement

Nowadays, global satellite navigation systems (GNSS) are the main source of position, navigation
and timing information in multiple domains including maritime. Despite their world-wide avail-

17
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ability and high accuracy services, satellite-based navigation systems can be easily affected by
natural impairments, e.g., by ionospheric scintillations, as well as unintentional and intentional
man-made interference such as jamming and spoofing. To cope with these issues and provide
PNT information to mariners over sea, an alternative terrestrial system known as R-Mode has
been developed.

1.3 Request Works

In parallel with the R-Mode initiative, complementary solutions are being investigated to ensure
the availability of reliable navigation information when GNSS signals are partially or completely
unavailable. One promising approach is the integration of GNSS with inertial navigation systems
(INS) including IMU, which can bridge signal outages and enhance system robustness.

Alternatively, terrestrial navigation systems, such as R-Mode [§], can be used to overcome the
unavailability of GNSS in regional areas like the Baltic Sea. The requirement of this work is
to implement a GNSS/IMU sensor fusion algorithm which can be easily integrated with other
sensors or combined with and R-Mode receiver to increase the robustness of overall position PNT
system. The software implementation was performed in Python as it provides fast prototyping
options with modular and scalable options. The candidate researched and implemented different
types of algorithm which were then tested mainly with simulated data.

Reliable navigation requires continuous and accurate PNT information under all conditions.
However, no single sensor can meet these requirements in every environment. Understanding
the strengths and weaknesses of individual sensors highlights the need for their integration.

» Global Navigation Satellite System (GNSS): Provides accurate, drift-free position and
velocity information under open-sky conditions. However, its performance degrades in envi-
ronments with poor satellite visibility, multipath, or intentional interference. In other words,
it is least performing when most needed, such as urban canyons or under severe weather
conditions in Fig. .

o Inertial Navigation System (INS): INS operates as a self-contained system that provides
continuous dynamic information regardless of external signals. It performs well in short-term
motion tracking but suffers from drift and accumulated errors over time due to sensor biases
and noise.

¢ Integration: By combining GNSS and INS, the complementary strengths of both systems
can be exploited. GNSS provides absolute reference information to correct the long-term
drift of the INS, while the INS bridges GNSS outages by offering short-term continuity and
high-rate motion updates.

The fusion of multiple sensorscommonly referred to as multi-sensor integrationoffers a robust
solution for maintaining accurate and reliable navigation in all scenarios. Beyond navigation,
this technique can be further applied to advanced domains such as 3D mapping, mobile robotics,
and autonomous systems.

1.3 Request Works

The objective of this project is to develop a on-line GNSS/IMU integration system implemented
in Python. For future use, the system should be designed to be modular and maintainable,
allowing new functionalities, measurement models, or integration with external frameworks such
as GNU Radio or ROS to be easily added. In order to achieve this, several key tasks and
challenges were identified throughout the project:

18



REPUBLIQUE #
FRANCAISE %
Faine ENAC DLR

Fraternité

1.3 Request Works

Figure 1.1: Challenging environment

« Data Handling: Understand the receiver hardware and the types of data transmitted, iden-
tifying which messages are essential for navigation and integration purposes. This includes
decoding raw binary streams and organizing them into synchronized, time-stamped data
structures suitable for on-line and post processing.

¢« Research and Algorithmic Development: Study the fundamental principles of IMU
mechanization and the mathematical foundations of the Kalman filter. Investigate different
integration architectures such as loosely, tightly, and ultra-tightly coupled and evaluate their
suitability under given system constraints and performance requirements.

e Implementation and Evaluation: Address key implementation aspects such as time syn-
chronization, IMU noise modeling, and their impact on navigation performance. Design
various test scenarios to demonstrate both the strengths and limitations of the developed
method and identify potential issues in practical use.

e Collaborative and Professional Development: Interact with other teams within the
department to explore potential research topics and data-sharing opportunities. Gain famil-
iarity with modular software design, version control (Git), and collaborative development
workflows. Additionally, improve technical communication skills, gain exposure to the DLR
working culture, and participate in weekly group meeting and monthly department meeting.

Although the project is implementation-oriented, a clear understanding of the theoretical and
mathematical aspects remains essential for anyone aiming to continue research in the same
direction. A solid theoretical foundation is necessary for future developments.

Within the MSS group, several other ongoing projects address related challenges in position-
ing, navigation, and sensing. These include radar-based navigation for autonomous or inland-
waterway vessels operating under all-weather conditions, R-Mode, LIDAR-SLAM, as well as
studies on jamming and spoofing, interference detection, high-precision positioning, integrity
monitoring.

Although all sensors are different, they share many common aspects. They aim to solve similar
problems: where am I, what does the environment look like, how good is the performance, how is
its reliability and accessibility? These common points create opportunities for exchanging ideas,
sharing experimental results, and avoiding repeated mistakes. Mutual feedback and comparison
across different approaches even fail experience were extremely valuable.

This document may not be reproduced, modified, adapted, published, translated in any way, in whole 19
or in part, nor disclosed to a third party without the prior written consent of ENAC. I 2025, ENAC
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1.4 Project Organizations

1.4 Project Organizations

At the beginning of the internship, approximately two months were dedicated to reviewing
relevant literature and evaluating different integration methods. During this period, a first
Python implementation was developed to perform SPP and to decode raw binary data from the
u-blox receiver. After comparing different options, the Error-State Kalman Filter (ESKF) was
selected as the main fusion framework.

The following month focused on deriving the mathematical formulation of the ESKF and devel-
oping a simplified Python prototype. In parallel, static datasets were collected to analyze the
characteristics and performance of the IMU sensors. This analysis helped confirm the limitations
of inertial navigation when used alone and motivated the integration with GNSS measurements.

Before the mid-internship report, the objective was to implement a loosely coupled GNSS/INS
integration in Python. The overall project plan is shown in Fig. 2. Progress was presented and
discussed weekly during group meetings with the team leader, and additional meetings with the
supervisor were held at least once per week. A progress presentation from my side was given
every two weeks, providing an opportunity to discuss questions and receive feedback. Both the
first-month report and the mid-term internship report served to track progress and refine the
project direction when necessary. The thesis is written in last two months, serving both as a
record of the development process and as a revisions.

Literature review

Data handling

Sensor characterization
KF algorithm design
Implementation + debug
Thesis writing

Figure 1.2: Project plan

20
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Chapter 2

Methodology

2.1 General Background

2.1.1 GNSS

GNSS provide absolute PNT information by measuring the propagation time of radio signals
transmitted by satellites. Modern GNSS constellations, such as GPS, Galileo, GLONASS,
and BeiDou, broadcast signals that enable receivers to obtain pseudorange, carrier-phase, and
Doppler observations. Modern GNSS constellations transmit signals on multiple frequencies.
For example, GPS broadcasts the L1 (1575.42 MHz), L2 (1227.60 MHz) and L5 (1176.45 MHz)
frequencies [6], while Galileo provides E1, Eba, E5b, and E6 [[]. Multi-frequency measurements
enable the mitigation of ionospheric delay through linear combinations, improve robustness
against interference, and enhance overall positioning accuracy.

2.1.2 INS

An INS determines the position, velocity, and attitude of a platform by integrating inertial
measurements over time. Modern INS are typically strapdown systems, in which the inertial
sensors are rigidly attached to the vehicle body, and the navigation states are obtained through
numerical integration of the mechanization equations. The sensing unit used in a strapdown
INS is the Inertial Measurement Unit (IMU), which normally consists of tri-axial accelerometers
and gyroscopes. The accelerometers measure specific force and the gyroscopes measure angular
velocity, providing the fundamental inputs required for the INS computation. Based on their
bias stability, noise level, long-term drift, and overall measurement accuracy, IMUs are generally
classified into navigation, tactical, industrial, and consumer-grade systems .

2.2 State-of-the-art

Over the past decades, GNSS/IMU integration systems have been widely used to achieve con-
tinuous, high-precision positioning. Improvement strategies can generally be classified into two
main categories: methods that enhance the GNSS solution itself and methods that improve the
inertial navigation subsystem. This section follows this structure to review the corresponding
techniques, as illustrated in Fig. 270. A similar classification is adopted in [8], where studies are
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violations, or periods of GNSS unavailability.
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2.2 State-of-the-art

coupling type

linearity white noise

multipath

alignment

IMU

drifting

error

GNSS

outage :
noise

Figure 2.1: Integration system

GNSS-based improvements: Accurately modeling and estimating the different GNSS error
sources can significantly improve positioning performance. GNSS errors arise from satellite
orbit and clock inaccuracies, tropospheric and ionospheric delays, multipath, receiver noise,
and carrier-phase ambiguities. Various strategies exist to mitigate these effects. Precise Point
Positioning (PPP) incorporates high-precision satellite orbit, clock, and bias corrections [d]. In
multi-antenna configurations, differencing enables cancellation of common errors, as in Real-
Time Kinematic (RTK) positioning [0]. Dual-frequency observations allow ionosphere-free
combinations, whereas multi-constellation processing and the use of diverse measurement types
(code, carrier phase, Doppler) further enhance robustness and accuracy.

IMU-based improvements: From the inertial navigation perspective [, calibration and
preprocessing steps play an important role prior to integration. Different sensor grades have
been used to compare the performance. For instance, a tactical-grade IMU was used to demon-
strate high accuracy in integrated navigation [I7]. As inertial sensors became more affordable,
considerable research focused on extending these techniques to low-cost MEMS devices [I3],
making inertial navigation accessible in consumer applications such as smartphones [14]. More-
over, accurate INS information can improve the reliability of carrier-phase ambiguity resolution
in GNSS processing [I5].

Integration: The following paragraph reviews methods used for GNSS/IMU fusion systems.
From the algorithmic perspective, the Error-State Kalman Filter (ESKF) [8, 4] is widely adopted
as an extension of the classical Extended Kalman Filter (EKF). Alternative formulations such
as the Unscented Kalman Filter (UKF) [i6] have been proposed to better handle nonlinearities.

Another major design choice concerns the integration strategy between GNSS and IMU. Different
coupling schemesloosely coupled, tightly coupled, and ultra-tightaim to exploit measurement
availability at different levels and compensate for the limitations of individual sensors [I7].
Sequential Kalman filtering techniques [I8] have also been introduced to reduce computational
cost in tightly coupled architectures.

Beyond traditional filtering, learning-based approaches have been explored to maintainnaviga-
tion continuity during GNSS outages by capturing nonlinear motion patterns. More recently, the
Factor Graph Optimization (FGO) framework [19] has gained attention, formulating sensor fu-
sion as a graph-based optimization problem over a sliding window and enabling joint estimation
across multiple epochs.
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Various multi-sensor integration approaches have also been proposed to improve positioning
robustness in challenging environments by combining GNSS with other sensors such as IMUs,
cameras, and SLAM. Different coupling and filtering strategies can be selected based on compu-
tational efficiency and the intended application. Overall, these studies provide valuable insights
and guidance on choosing suitable integration methods under different operational constraints.

2.3 Frame definition

To address our objectives, we adopt a tightly focused subset of these methods that is most
suitable for future online processing on low-cost hardware. A quaternion-based Error-State
Kalman Filter (ESKF) is implemented due to its numerical stability and its widespread use
in GNSS/IMU fusion. This choice is motivated by its balance of accuracy and computational
efficiency. Despite the concepts introduced above, the following sections presents the concepts
that are essential for our project.

2.3 Frame definition

Before presenting any sensor fusion or state estimation algorithm, it is crucial to define the
reference frames used to describe motion and perform calculations.

In this section, we introduce the coordinate frames used in this work and explain how they relate
to our implementation. In depth details can be found in [B, 02].

2.3.1 Body frame

This frame describes how the object moves without specifying where it is on Earth. Its origin
is fixed to the sensor, and the frame moves together with the object. It is denoted by the
superscript b. The body frame is typically defined according to the right-hand rule. For most
sensors or vehicles, the axes are defined as:

o z-axis: along the forward (or along-track) direction of motion,
e y-axis: pointing to the right side of the object,

e z-axis: pointing downward or upward, in the direction of gravity.

In some cases, depending on how the IMU is installed, the y-axis may point to the left and the
z-axis upward instead. Both definitions are valid as long as they form a right-handed coordinate
system. Fig. 22 use u-blox F9R for example, the z-axis is pointing upward from the top of the
module.

The accelerometer measures the specific force f, which represents the non-gravitational acceler-
ation acting on the sensor:
f=a-g (2.1)

where a is the sensors linear acceleration and g is the local gravity vector.

When the device is static on the ground, a = 0, and the measured specific force equals —g. If
the accelerometer reading on the z-axis is approximately —9.81 m/s?, it indicates that the z-axis
is pointing downward, meaning the frame follows the forward-right-down definition. Conversely,
if the measured value is around +9.81 m/s?, the z-axis points upward, corresponding to a
forward-left-up configuration. In the following discussion, the forward-right-down definition is
adopted.
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2.3 Frame definition

@blox ®
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Figure 2.2: z-axis is pointing upward

2.3.2 Local navigation frame
A local coordinate system fixed to the Earth’s surface, used to describe position, velocity, and
attitude in directions that make sense to humans such as north, east, and down. The most

common choice is the North-East-Down (NED) frame as in Fig. 223, where:

e The z-axis points to geographic north,
e The y-axis points to east,

e The z-axis points downward, toward the center of the Earth.

Another common option is the East-North-Up (ENU) frame.

z * N (True North)

Figure 2.3: The NED frame

This frame does not provide global positioning information (like latitude and longitude), but it
gives local directional context. For example, indicating which way is north or east relative to
the initial location. It is typically defined at a reference point, forming a tangent plane to the
Earth’s surface, and it moves with the user.

For example, if the forward-right—-down body frame is initially aligned with the NED local
navigation frame, the rotation from body to navigation frame Cj is identity matrix, and the
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gravity vector in the navigation frame is approximately:

2.3 Frame definition

0
g~ | 0 | m/s?
9.81
while the specific force measured by the accelerometer (in the body frame) should be:
0
f, ~ 0 m/s?
—9.81

Together, these satisfy the expected static condition:

Furthermore, when motion occurs in a small area and over a short duration (such as in land
vehicles, handheld devices, or drones), it is common to neglect the effects of earth rotation i.e.
Coriolis force, and centrifugal acceleration [12].

2.3.3 Global frame: Earth-Centered Earth-Fixed (ECEF)

The ECEF frame is a global Cartesian coordinate system that rotates with the Earth. It is
denoted by the superscript e. Its origin is located at the Earths center of mass, and its axes are
fixed relative to the Earths surface meaning the frame rotates along with the planet.

From our perspective on the ground, it is ideal for describing the motion of objects relative to

the Earth, such as satellites, GNSS receivers, or aircraft. Specifically:

e The z-axis points toward the intersection of the equator and the prime meridian,
o The y-axis points east along the equator (90° from the x-axis),

e The z-axis points toward the North Pole.

In high-precision applications, the effects of the earth rotation must be taken into account.
However, for lower-grade IMUs or in simplified implementations, these effects can often be
ignored, as their impact is small compared to the overall sensor noise level.

By using the static case we can also make sure that we have all the coordinates consistent:

Cl‘;’fb+C§gn:0

Although ECEF coordinates are useful for describing global positions, they are not very intuitive
for interpreting local motion. Therefore, GNSS outputs are often converted into geodetic coordi-
nates latitude, longitude, and height (LLA/LLH). Once the receiver’s latitude (¢) and longitude
(M) are known, the conversion between the ECEF frame and the local navigation frame can be
computed by using the following rotation matrices.

For the NED frame:
—sinpcos A —singsin A cosy
fed = —sin A cos A 0 (2.2)

—CcospcosA —cospsin A —sing
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2.4 IMU mechanization
For the ENU frame:
—sin A CcoS A 0
Ciw = | —sinpcos\ —sinpsin\ cosy (2.3)

cos@cosA  cospsin A sing

Note that Cj, the rotation from body frame to ECEF, must be estimated (e.g., via ESKF or
another estimation filter). Thus the rotation of the object in the local navigation frame C}' can
be computed from:

Cj = CC}

Finally, in our ESKF algorithm, the IMU measurements are provided in the body frame. To
incorporate GNSS data, we work in the ECEF frame, which is the natural coordinate system
for satellite positioning. The final estimated states (position, velocity, and attitude) are typi-
cally analyzed in a local navigation frame such as NED or ENU, and visualized on maps using
geodetic coordinates LLA/LLH. In next section, we will explain how body-frame measurements
are integrated and transformed into the ECEF frame for fusion with GNSS observations.

2.3.4 Lever arm

When the IMU and GNSS antenna are mounted at different locations on the platform, the
pseudorange and carrier phase measurements originate from the antenna, while the motion
dynamics are observed at the IMU. The lever arm correction must be applied, since the spatial
offset between them introduces a discrepancy that must be compensated.

This offset, is typically expressed in the body frame and denoted as 1;, and represents the vector
from the IMU to the GNSS antenna. The lever arm affects the measurement model, particularly
the design of the observation matrix H in Kalman filter-based estimators, which will be explained
in details in later sections.

2.4 IMU mechanization

IMUs play a crucial role in integrated navigation systems by providing measurements of angular
rate and specific force, which can be integrated to obtain attitude, velocity, and position. In
practice, however, the accuracy of this mechanization strongly depends on the quality of the IMU
and its calibration. The accelerometers and gyroscopes are affected by bias, scale factor errors,
random noise, and possible misalignment between sensor axes, while the initial attitude can
only be roughly estimated. Therefore, proper calibration and sensor configuration are required
before the usage. Understanding these error characteristics is essential before integrating the
IMU into the navigation filter. Practical recommendations for the experimental setup will be
elaborated in later chapter.

In this section, the mechanization equations of an IMU are first introduced, followed by the
characterization of two IMUs, the STIM300 and the internal IMU of a ublox FOR GNSS receiver.

2.4.1 Attitude update

The first step of the mechanization is the attitude update, since the accelerometer outputs are
expressed in the body frame. To obtain a physically meaningful trajectory—that is, motion
with respect to a fixed reference point on Earth—the specific force must be transformed into a
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navigation frame. Then, the acceleration can be correctly projected onto the three axes of the
navigation frame.

2.4 IMU mechanization

Attitude is the orientation of the body frame with respect to a chosen reference frame. The
rotation matrix provides a mathematical representation of this attitude by specifying how each
body axis is oriented relative to the reference frame. In this thesis, the rotation matrix is denoted
by C in order to avoid confusion with the symbol R, which is later used for the measurement
covariance matrix.

The relationship between the rotation matrix and the angular rate can be written in the time-
derivative form, showing that a small change in attitude is obtained by pre-multiplying the
current attitude by the instantaneous angular rate wgb, which represents the body rotation rate
with respect to the Earth frame and is parameterized in the body frame.

Cj = Chlwilx = Cilwhlx — [wilx CF, (2.4)

e

Here, w?b is the angular rate measured by the gyroscope, and wf, denotes the Earth rotation
rate, with w;e ~ 7.292115 x 10~°rad/s. The skew-symmetric operator [-]« is defined as

Wy 0 —Ww, Wy 0
w= |wyl, wlx =Q=| w, 0  —wel, wi,=10|. (2.5)
W, —Wy Wy 0 Wie

Equivalently, the continuous quaternion kinematics (using the right-multiplicative convention)
are given by
q:%q®w or q:%[q]Rw, (2.6)

where the right quaternion product matrix is defined as

qw —qzr —Qqy —qz
qz G qz —qy

lalr = (2.7)
Qy —49z Qu qz
q- 9y —qz Qquw
The angular rate used here is corrected for the Earth’s rotation as follows:
b b b
W= Wey = Wi — Ce w?e' (2'8)

Next, when it comes to the implementation, we need the discrete form. It can be derived by
assuming that the angular rate remains constant and integrating the continuous differential
equation over a short time interval At. Both the direction cosine matrix (DCM) and the quater-
nion representation can be used to perform the attitude update, and each can be interpreted as
a single rotation about one instantaneous axis.

First, integrating the rotation matrix form in (24) gives

C(t + At) = C5(t) exp ([wh At] ) — [exp([wfeAt]X) - 1] CL(t). (2.9)
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Let ¢ = wAt, applying the small angle approximation by truncating the exponential at first
order

2.4 IMU mechanization

eXp([¢]><) = (I + [(vb]x) (2'10)

And sssuming that the IMU angular-rate measurement is constant over the integration interval
and alz|x = [ax]x, the update simplifies to

Ci(k+1) = Cj(k)(I+ [wiy]xAt) — [wi]x C(k) At (2.11)

body rotation Earth rotation

Equivalently, in quaternion form,

di+1 = gk ® 0q

Ok
cos| = 2.12
0q = q{wAt} = > > . (2:12)

In our implementation, the quaternion-based update is adopted, as it does not rely on the
small-angle assumption required by the DCM update and is less prone to numerical drift that
gradually violates the orthogonality constraint of the rotation matrix.

It is important to stay consistent with the multiplication convention when updating quater-
nions. Because the change in orientation is a physical process, it is always represented by right
multiplication [@]. In the later Kalman filter chapter, we will see that whether right or left
multiplication is applied depends on how the error is defined.

2.4.2 Velocity update

The measurement we got from IMU is the specific force fﬁ-’b. The gravity (including gravitational
and centrifugal accelerations) g¢ needs to be compensated, and the Coriolis term also needs to
be considered. So, the continuous form of the acceleration is

Ve, = ag, = £ +8° — 2[wi.|x - vE, (2.13)
—_—
Coriolis
Since
= Ci(t) £, (2.14)
1
= 5(cg(k +1) + Ci(k)) 5 (2.15)
e p o, L b
= Cb(k) £, + i[Ae]xfib (2.16)

with first order approximation

CE(k + 1)~Cs (k) (I + [A0]y) (2.17)

Thus the implementable form in the ECEF frame is

Vik4+1 = Vi + aZbAt. (2.18)
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2.4.3 Position update

2.5 Kalman filter overview

The continuous form of the position is

The implementable form in the ECEF frame is

1
Tyl =Tk + §(Vk + Vk+1)At. (2.20)

Notably, due to the presence of bias, both the specific force and the angular rate need to be
corrected by subtracting their estimated biases. All equations above will be used in the Kalman
filter.

2.5 Kalman filter overview

The Kalman filter is a widely used approach for solving sensor fusion problems. It provides
a statistical framework to continuously estimate the system state by balancing two sources of
information: predictions based on a dynamic model and corrections from noisy sensor mea-
surements. This balance is achieved by assigning confidence weights to each source depending
on its estimated uncertainty. Such an approach is especially useful in real-world navigation
applications, where GNSS signals may be temporarily lost, sensors may drift, or unexpected dis-
turbances can occur. By adaptively blending model and measurement information, the Kalman
filter helps maintain robust and accurate state estimates even under challenging conditions.

2.5.1 Classification of kalman filter

Depending on the system dynamics, the standard Kalman Filter can be applied to linear sys-
tems, while the Extended Kalman Filter (EKF) is typically employed for nonlinear systems by
linearizing the measurement and process models around the current state estimate. Another
alternative is the Unscented Kalman Filter (UKF). Instead of linearizing with Jacobians, the
UKF propagates a set of deterministically chosen sigma points through the nonlinear system.
These sigma points approximate the state distribution, allowing the UKF to capture the mean
and covariance more accurately than a first-order linearization, which can improve estimation
performance in highly nonlinear problems such as high-dynamic vehicle maneuvers or spacecraft
attitude estimation, though at the cost of increased computational effort [20].

In the context of GNSS/IMU integration, the EKF can be classified into three main architectures:
loosely coupled, tightly coupled, and ultra-tightly coupled.

Each architecture differs in how the GNSS measurements are integrated with the IMU data:

o Loosely coupled (LC): As illustrated in Fig. Z4(a), the GNSS receiver provides standalone
position and velocity estimates. These are then used as direct measurements in the EKF to
correct the IMU-propagated states. This architecture does not combine raw sensor data;
rather, it fuses two independent navigation solutions at the filter level.

o Measurement input: GNSS position and velocity.
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Figure 2.4: Different coupling scheme of Kalman filter (]

e Advantages: simple to implement; works with off-the-shelf GNSS receivers; low computa-
tional load.

o Disadvantages: requires at least four visible satellites; performance degrades significantly
in GNSS-challenged environments.

o Tightly coupled (TC): In this scheme, shown in Fig. 224(b) without the orange line, raw
GNSS measurements such as pseudorange and Doppler are directly incorporated into the
EKF, together with the IMU data. This allows the filter to operate even when fewer than
four satellites are visible, as long as enough raw observations exist.

o Measurement input: such as pseudorange, carrier phase, Doppler.

o Advantages: more robust in urban environments or under satellite blockage; allows mea-
surement noise to be modeled individually for each satellite and signal type, improving
estimation accuracy.

e Disadvantages: requires access to raw GNSS measurements; more complex to implement;
increased computational demand.

o Ultra-tightly coupled (UTC): The scheme is shown Fig. Z4(b) with orange line. This
architecture goes one step further by integrating IMU data directly into the GNSS tracking
loops (rather than just the navigation filter). The IMU aids in predicting Doppler and code
phase, improving robustness in degraded signal conditions and reducing signal reacquisition
time.

o Measurement input: GNSS tracking loop outputs (code, carrier, Doppler), aided by IMU
prediction.

o Advantages: significantly more resilient to signal outages or weak signals; enables faster
reacquisition after loss.

e Disadvantages: requires low-level access to GNSS receiver internals; high implementation
complexity; often unavailable in commercial hardware.

In practice, tightly coupled integration is often preferred for advanced navigation systems, espe-
cially in environments where GNSS signals are frequently blocked or degraded. However, loosely
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coupled architectures remain widely used in commercial applications due to their simplicity and
compatibility with off-the-shelf GNSS receivers.

2.5 Kalman filter overview

2.5.2 Mathematics behind the kalman filter

The Kalman Filter is a minimum mean-square error estimator (MMSE). It assumes that the
system can be represented by a linear model with additive Gaussian noise.

The core idea of the Kalman Filter is to dynamically determine the optimal weighting between
the model prediction and the measurement, based on their statistical characteristics (the process
and measurement noise covariances). By doing so, it produces an estimate that is statistically
optimal in the sense of minimizing the mean squared estimation error. The overall procedure is
as Fig. A, and the following outlines its general procedure.

e INPUTS

Measurement
Measurement Uncertainty

KALMAN FILTER

0 INITIALIZE e

State
State Uncertainty

0 e OUTPUTS

State Estimate
Estimate Uncertainty

Predict

— Update

—

. \

Figure 2.5: Kalman Filter

1. Initial value

The process starts with an initial guess of the state vector x¢ and its associated covariance
matrix Pg. These values represent our prior knowledge of the system and its uncertainty
before any measurements are processed, in other words, how much we trust our initial values.

2. State prediction and covariance propagation

In this step, information from the current epoch k is used to predict the state at the next
epoch k + 1. A discrete state-space model can be written as

Xip+1 = Fxp + Gug + wy, (2.21)

where F is the state transition matrix, G is the control-input matrix, u; represents any
known control input, and wj denotes the process noise. If today we define our state to be
the error state, than F will be the error state transition matrix.

In this formulation, the process noise represents imperfections in the dynamic model, such
as IMU bias drift or integration errors. In practice, different motion models can be used
depending on the application. For example, a constant-velocity model can be adopted for
ground vehicles, or a stationary model can be used when the platform is assumed static.

Since the model is not perfect, we must also account for its uncertainty by propagating the
covariance matrix P:
P, =FP,F' +Q, (2.22)
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2.5 Kalman filter overview

It comes from the expected squared deviation E[(x — %X)((x — %)?] which represents the
covariance between the true state x and its estimate x.The process noise covariance matrix Q
characterizes the uncertainty of the system model [i2]. A larger P indicates higher uncertainty
in the predicted state (we trust our model less), while a smaller P indicates greater confidence
in the model prediction.

Get measurement

The measurement model is formulated below, When new sensor data are available, such as
GNSS position or pseudorange measurements, they are collected into a measurement vector
yx and compared against the predicted measurement h(xy) from the model.

Ye+1 = HXkJrl + Vi+1 (2.23)

Update state

The update step refines the predicted state using the newly received measurements. The
Kalman gain K is computed to balance the relative confidence between the prediction and
the measurement:

S=HP,  H' +R,

K=P,, H'S™. (2.24)

Here, R is the measurement noise covariance matrix, which characterizes the expected uncer-
tainty in the sensor measurements (e.g., GNSS pseudorange or velocity noise). The matrix S
is the innovation covariance, which represents the total expected uncertainty in the residual
combining both the uncertainty in the predicted state (projected into the measurement space
via H) and the measurement noise. A larger R indicates less trust in the measurement,
leading to a smaller Kalman gain.

The state and covariance are then updated as

X1 = X + K (Yry1 — h(Xer1)), (2.25)
innovation
Pry1 =1 —-KH)Ppyq. (2.26)

After the update, the covariance matrix P typically decreases, indicating that the uncertainty
of the state estimate has been reduced. This means the filter has become more confident in
its estimate after incorporating the measurement information.

2.5.3 Observability of kalman filter

A simple example below can show the concept of observability of Kalman filter. States 1, 3, 5
can be observed, 2, 4 can not.

-
1 0 0 0 0Of |z T
Yn=Hz,+v, =10 0 1 0 0| |a3| +vn=|z3| +vn (2.27)
00 0 0 1| |24 5
L5
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In our GNSS/IMU integration system, most elements of the H matrix are zeros, since only the
pseudorange observations are used in the update step. If doppler measurements are included, the
velocity states can also become observable. Apart from the effect of the measurement type, the
motion of the platform also limits the system observability.For instance, with a single-antenna
receiver, it is fundamentally impossible to directly observe the yaw angle. However, since the po-
sition is obtained by integrating the velocity, the errors caused by initial attitude misalignment
or accelerometer biases may gradually propagate in the position error, as shown in Eq. (213),
and more clearly in Eq. (832). During static or constant-speed straight-line motion, these errors
remain unobservable until the platform changes its motion, such as during turns or accelera-
tion, which provide additional information for the filter. Using a dual-antenna baseline enables
direct observation of the attitude error, effectively resolving this limitation. Alternatively, mag-
netometer measurements can also help constrain the yaw angle through the known direction of
the Earth’s magnetic field, although their accuracy depends on the magnetic environment and
sensor calibration.

2.6 Allan deviation

2.6 Allan deviation

Allan deviation (ADEV) is a technique used to analyze errors in devices such as oscillators,
accelerometers, and gyroscopes. Its concept is closely related to the power spectral density
(PSD), as expressed in Eq. 228. While the PSD describes how noise is distributed over frequency,
Allan deviation shows this information in the time domain, letting the user see how the noise
behaves over different averaging times.

= [ 80 P (229
0

The physical meaning of Allan variance is to quantify the sensors noise instability at a given
averaging time 7. o(7) represents the standard deviation of the difference between consecutive
T-second averaged measurements, how differ they are, thereby revealing the dominant noise
processes acting at different time scales.

In general, the main error sources in such devices include white noise, bias instability, and
random walk. These components exhibit distinct signatures in the Allan deviation (ADEV)
curve, which makes ADEV a widely used tool for identifying the noise characteristics of inertial
Sensors.

To apply this analysis in practice, the continuous-time Allan variance must be computed in
its discrete form. In our work, we use the Python package allantools, which provides a
direct implementation of the overlapping Allan deviation (OADEV), a more statistically efficient
variant of ADEV.

allantools.oadev(data, rate, data_type=’phase’, 7)

The key parameter 7 in OADEV represents the averaging time (or observation interval) over
which the signal is integrated before computing the variance. This discrete formulation is pre-
sented in Eq. (2229) to give a more detailed understanding of the Allan deviation.

1 N—-2m

2 2

o mTy) = g Tpaom — 2T +x 2.29

OADEV( ) 2(m7'0)2(N — 2m) ( n+2m n+m n) ( )
n=1
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The concept is more clearly demonstrated by the discrete formulation in Eq. (229). where
7o denotes the sampling interval of the data (e.g., the IMU sampling period), and m is the
number of samples within each averaging window. For each window, one variance value is
computed, so in order to generate the ADEV curve, the algorithm need to generate a series of
7 values with different window lengths. N is the total number of samples. An illustration is
provided in Fig. . Since three sets of samples, x,,, ntm, and xpyom, are required for each
computation, the maximum valid index is N — 2m. By varying 7 over a suitable range, different
noise characteristics can be revealed: at short averaging times, the influence of white noise
dominates, whereas at longer averaging times, random walk effects become more significant.

FEgalité
Fraternité

2.6 Allan deviation

Xn Xn+m Xn+2m

Figure 2.6: Illustrate of 7

Since the Allan variance requires multiple segments for computation, the minimal segment length
is one sample. Therefore, the minimal averaging time is

1
Tmin = ?a

where f is the sampling frequency. On the other hand, at least two segments are required to
compute the variance, so the maximal averaging time is

T

Tmax — 57
where T is the total observation time.

Example: Assume we collect data for T' = 1 second with sampling frequency f = 100 Hz,
which gives N = f - T = 100 samples in total.

o The minimal averaging time is Ty, = 1/f = 0.01 s, corresponding to one sample per segment.

o The maximal averaging time is Tax = 7'/2 = 0.5 s, corresponding to N/2 = 50 samples per
segment.

Thus, the smallest 7 corresponds to one point per segment, while the largest 7 corresponds to
50 points per segment. By plotting o,(7) on a log-log scale, different noise processes can be
identified by their characteristic slopes.

Table 2.1: Typical noise processes and their slopes in Allan deviation plots

Noise type ay(7) Slope of log o, (7) Typical source
White noise (angle/velocity) — No/7 —1/2 Sensor measurement noise
Bias instability 00/0.664 0 Temperature drift, electronics
Random walk K?7/3 +1/2 Accumulated bias or drift
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2.6 Allan deviation

Allan Deviation, o,(T)
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Figure 2.7: Allan Deviation plot from [?]

Using Fig. 277 as an example, the coefficient Ny can be determined from the region where the
ADEV curve exhibits a slope of —1/2. By selecting any point along this line and converting its
value to the appropriate physical unit m/s2, the corresponding PSD level can be obtained.
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Chapter 3

Implementation

3.1 IMU characterization

Two inertial navigation sensors are used in this study: the IMU unit embedded in the u-blox
ZED-F9R receiver and the high-grade STIM300 IMU. The aim of this subsection is to character-
ize and compare their performance, in order to obtain more accurate initial guesses and process
noise settings for the Kalman filter, as well as to evaluate the potential for future calibration
improvements. For low-cost IMU, the sensor is influenced by misalignment, cross-axis sensitivi-
ties, non accurate scaling and static/dynamic bias. The two main errors for acceleometers and
gyroscpoes are biases and scale errors. The information about two sensors are shown in Fig.

B
FOR STIM300
Item
T
@blox .
)
ZED-F9R
Hz Max. 50 Hz Max. 250 Hz
Level Consumer grade Tactical grade
Application Automotive navigation Aerospace, high-end navigation
Architecture Integrated GNSS receiver + MEMS Pure IMU (3-axis accelerometers
IMU + fusion engine + 3-axis gyros + temperature
compensation)

Figure 3.1: Comparison of u-blox FI9R and STIM 300

3.1.1 Experiment Setup

Both sensors were placed stationary for 48 hours as shown in Fig. B2. The first 5 minutes of
data were used to estimate the static bias, and were integrated to evaluate the unaided drift
over time. The remaining data were used for ADEV analysis.
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Bitte nicht
anfassen

| STIM 300

Figure 3.2: Experimental setup for static IMU testing

3.1.2 Analysis of ZED-F9R and STIM300

Without external aiding, the inertial solution drifts rapidly even when using a tactical-grade
IMU such as the STIM300. The position error can reach up to approximately 2500 m after only
5 minutes of pure inertial integration, as shown in Fig. B23. The bias for each axis was computed
by averaging the entire 5-minute static dataset. From Table. BT, it can be observed that the
accelerometer biases of both sensors are of the same order for the x and y axes, whereas the
z-axis bias in the F9R is significantly larger. Combined with the gyroscope bias, this introduces
an error in the estimated rotation matrix, causing the z-axis error to be projected onto the
horizontal axes. Consequently, the absolute position error accumulates even after static bias
removal. These results highlight the importance of accurate attitude initialization and bias
estimation in the navigation filter.

Absolute Position change from IMU

— F9R
25000~ STIM300
20000 -
E
= 15000 -
=)
[=
&
@
© 10000 -
5000 -
0 /
T T T T T T T
0 50 100 150 200 250 300

Time (s)

Figure 3.3: Accumulated absolute position error without aiding
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3.1 IMU characterization

Table 3.1: Estimated accelerometer and gyroscope biases of FOR and STIM300

Sensor X y z
Accelerometer bias (/) FIR 0148802808 04591
STIM  -0.2672 0.1260 -0.0204
FOR  0.1134 0.1484 0.1101
G bias (¥
yroscope bias (7/s) STIM  -0.0002 0.0003 -0.0001

The Allan deviation plots of both sensors are shown in Fig. B4. The blue curves in (a) and
(c) correspond to the accelerometer axes, while the purple curves correspond to the gyroscope
axes. For the STIM300, the estimated noise characteristics closely match those reported in the
manufacturer’s datasheet, confirming its stability and low noise. In contrast, the detailed IMU
specifications of the FOR are not publicly provided, making this analysis particularly useful for
evaluating its actual performance. The ADEV results also serve as the basis for tuning the
process noise parameters of the Kalman filter. Such as the white noise
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Figure 3.4: Allan deviation (ADEV) plots of FOR and STIM300

This document may not be reproduced, modified, adapted, published, translated in any way, in whole
or in part, nor disclosed to a third party without the prior written consent of ENAC. I 2025, ENAC

39



EX
REPUBLIQUE
FRANCAISE

Liberté
FEgalité
Fraternité

ENAC E DLR

3.2 Data manipulation

3.2 Data manipulation

To achieve on-line processing capability, the system reads binary messages directly from the
receiver rather than using RINEX files. RINEX is a standardized text format used for storing
and exchanging raw GNSS observation data and broadcast navigation messages. These binary
messages are decoded and used as inputs for the following algorithms.

In this work, PyUBX2, an open-source Python library designed to communicate with u-blox
GNSS receivers via serial or file interfaces, serves as the primary tool to decode the binary data
stream and efficiently access raw GNSS and IMU measurements. It allows users to stream, parse,
and log UBX, NMEA, and RTCM messages in real time. The library provides a convenient API
to identify message types, extract payload fields, and even configure the receiver (e.g., enabling
or disabling specific messages).

3.2.1 U-blox ZED-F9R

The u-blox F9R receiver is taken as an example in this section. Table. B2 introduces the three
main messages used in our integration system and highlights several practical considerations
and decoding details encountered when handling the binary stream from the receiver. It should
be noted that the output data may vary depending on the receiver configuration, which can be
adjusted using the u-center software or directly the PyUBX library.

Table 3.2: Summary of u-blox FOR messages used in this work

Message Type Main Contents Description / Usage in This Work

RXM-RAWX constellation ID (gnssId), Provides the primary GNSS raw measure-
satellite ID (svId), signal ments used for positioning. Includes pre-
ID (sigId), C/NO, GPS cise timing information that serves as ref-
week number, receiver erence for IMUGNSS synchronization.
time of week (ToW), pseu-
dorange, carrier Phase,
doppler

RXM-SFRBX navigation message, raw Contains the broadcast navigation mes-
ephemeris and clock data  sage from each satellite.

ESF-MEAS Raw IMU measurements Although FIR can internally run its own

(data field, data type),
Sensor time tags

sensor fusion filter and output estimated
navigation states, this study focuses on

developing a custom integration algo-
rithm using raw IMU measurements only.
Therefore, the built-in Kalman filter out-
put will not be discussed further.

e RXM-RAWX message:
TOW and the GPS week can be used to compute GPS time and converted to UTC (until
now is 18 s later then GPS time). Since IMU data only provides a local time tick rather than
an absolute timestamp, we used this GPS time as the reference.

We assume that the first IMU tick corresponds approximately to the first epoch of the RXM-
RAWX data. By comparing the first IMU tick value and the corresponding GPS time from
the first RAWX message, a fixed offset can be obtained. This offset is then used to convert
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3.2 Data manipulation

all subsequent IMU ticks into GPS time (and consequently UTC). Using this approach, both
GNSS and IMU data streams can be accurately synchronized in time, allowing the system to
extract data aligned to the desired UTC epoch for further integration and filtering.

e RXM-SFRBX message:

Under the GPS architecture, each satellite transmits navigation data divided into five sub-
frames, and it takes approximately 30 seconds to receive a complete frame. The decoding
process follows the IS-GPS-200 specification. To ensure consistency, it is important to verify
that all subframes belong to the same ephemeris set. This can be checked using the Issue of
Data Ephemeris (IODE) number. Once a change in IODE is detected, a new ephemeris is
updated. Normally, the IODE changes every hour for GPS, unless there is packet loss or a
correction broadcast.

e 2 == subframelD:

eph_temp[ "IODE s 2”]‘: bin2dec(subframe[60:68])

eph_temp[ “C_rs"] = twosComp2dec(subframe[68:84]) * 2 ** (- 5)
eph_temp[ “deltan"] = twosComp2dec(subframe[90:106]) * 2 ** (- 43) * gpsPi
eph_temp[ “M 0"] = twosComp2dec(subframe[106:114] + subframe[120:144]) * 2 ** (- 31) * gpsPi
eph_temp["C twosComp2dec(subframe[150:166]) * 2 ** (- 29)
eph_temp[ “"e”] = bin2dec(subframe[166:174] + subframe[180:204]) * 2 ** (- 33)
- DIRECTION OF DATA FLOW FROM SV MSB FIRST
- 150 BITS 3 SECONDS >
|<€— WORD 1 —>|<— WORD 2 —P>|<— WORD 3 —P>|<— WORD 4 —P>|<t— WORD 5 —>|
SUBFRAME PAGE
NO. NO. 1 31 61 69 91 107 121
™ How IODE[  Cg An
2 N/A C|P t|P| 8 P 8 P 24 BITS P
22 BITS 22 BITS BITS| 16BITS 16 BITS | BITS
MSBs LSBs
Mg - 32 BITS TOTAL l J

Figure 3.5: Decode Ephemeris

« ESF-MEAS message:

This message contains the raw IMU readings (accelerometer and gyroscope). The scaling
factors and data format are provided in the u-blox ZED-FIR - Integration manual [21] as
in Fig. B@. Care must be taken to correctly interpret the signed integer values and scaling
coefficients to avoid overflow or misinterpretation errors. This message does not contain an
absolute timestamp that can be directly used to synchronize with GNSS data. Instead, it
provides a time tick from the internal oscillator, which must be referenced to the GNSS
measurement time to achieve proper time alignment, as described in the integration manual.
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Type Description Unit Format of the 24 data bits

8 rear-left wheel ticks Bits 0-22: unsigned tick value. Bit 23:
direction indicator (O=forward, 1=backward)

9 rear-right wheel ticks Bits 0-22: unsigned tick value. Bit 23:
direction indicator (O=forward, 1=backward)

10 single tick (speed tick) Bits 0-22: unsigned tick value. Bit 23:
direction indicator (O=forward, 1=backward)

11 speed m/s* 1e-3 signed

12 gyroscope temperature deg Celsius * 1e-2 signed

13 y-axis gyroscope angular rate deg/s *2"-12 signed

14 x-axis gyroscope angular rate deg/s*27-12 signed

15 reserved

16 x-axis accelerometer-specific force m/fsh2*27-10 signed

17 y-axis accelerometer-specific force m/fsh2 *24-10 signed

18 z-axis accelerometer-specific force m/fsh2*27-10 signed

19..63 reserved

Table 11: Definition of data types

Figure 3.6: IMU data description

In summary, the whole decoding process can be illustrated in Fig. B~

If ‘RXM-RAWX’

Desire UTC — flag = 1 — save GPS obs. data

If flag = 1 and ‘RXM-SFRBX’

Decode the ephemeris

If flag = 1 and ‘ESF-MEAS’

Save IMU data

While receive obs. data

if >= 4 satellites information — SPP

Figure 3.7: Decoding workflow

3.2.2 Online-SPP test

The correctness of the decoded ephemeris was verified by comparing the extracted parameters
with those from a reference RINEX navigation file, as illustrated in Fig. BR8. Once validated,

these ephemeris parameters were used to compute SPP solution.

Figure 3.8: Ephemeris validation by comparing decoded broadcast parameters with those from
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An on-line SPP algorithm was implemented in Python. For each run, the average processing
time is approximately 0.1 s. The resulting SPP trajectory is shown in Fig. B9, together with a
Precise Point Positioning (PPP) solution obtained from the online CSRS-PPP service provided
by Natural Resources Canada [22]. This PPP result serves as an external benchmark to assess
the accuracy of the on-line SPP implementation and supports its subsequent integration with
the IMU.

3.3 Error state kalman filter design (ESKF)

203 I 211 DLR_Schoal_Lab

« SPP
« PPP

Figure 3.9: Comparison between the implemented SPP solution and the PPP reference from
CSRS-PPP.

Some tips for coding: A data format which follows a structure consistent with that of RINEX-
based processing is preferred.

3.3 Error state kalman filter design (ESKF)

While the classical KF, EKF, and UKF provide the general framework for sensor fusion, directly
estimating the full navigation states with an EKF can lead to numerical issues, since very large
values (position, velocity) and very small values (sensor biases) are combined in the same state
vector, and orientation is often represented by Euler angles, which are prone to singularities.

To overcome these limitations, the ESKF reformulates the estimation problem by maintaining
a nominal trajectory and estimating only the small deviations (errors) from it. This separation
allows the filter to operate on small, linearized quantities, which improves numerical stability
and robustness.

Another important feature of the ESKF is that it works with quaternions to represent attitude.
Compared to Euler angles, quaternions are smoother and do not suffer from singularities such as
gimbal lock [@]. Within the ESKF, attitude updates are expressed as small rotation vectors ap-
plied multiplicatively to the nominal quaternion, which ensures that attitude corrections remain
consistent on the unit quaternion manifold.

In this section, we first introduce the nominal navigation equations and their discrete-time
formulation, followed by the derivation of the error-state dynamics and their discretization. The
subsequent sections explain the measurement update, the error correction and reset procedures,
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and finally present an overall algorithmic summary with pseudo-code to illustrate the complete
ESKF loop.
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3.3 Error state kalman filter design (ESKF)

3.3.1 Nominal states and discretization

The relation between the true state and the nominal state is defined as

Xtrue = Xnpominal T 0x

Nominal states are propagated and updated at each time step according to the equations in
Eq. B The propagation of the attitude q, velocity v, and position p follows the same formula-
tion as described in the IMU mechanization chapter. The accelerometer bias b, and gyroscope
bias by are modeled as random-walk processes, whose slow drift is introduced through the pro-
cess noise in the error-state model. For the LC configuration, these 15 states form the entire
state vector. For the TC configuration, the receiver clock bias ¢, and clock drift ¢, are also
estimated.
1

P—p+ §(V0ld + Vnew) : Ata

v < v +ag, - At,

q < q®dq,

b, ¢ b, (3.1)

b, < by,

Co < C, + g - At,

Cq < Cqg.

The position and velocity are defined in the global ECEF frame, while the quaternion represents
the estimated attitude. In our implementation, it describes the orientation of the body frame
with respect to the global frame.

3.3.2 Error states and discretization

The concept of the error state is to describe how small perturbations in the system evolve and
affect the nominal states. These differential equations are the basis for deriving the continuous-
time system matrix F and its discrete equivalent ®. Similar to the nominal model, the error-state
equations are first derived in the continuous-time domain and then discretized using suitable
assumptions or first-order approximations.

We estimate a total of 17 error states for the tightly couples implementation, including position,
velocity, attitude, accelerometer bias, gyroscope bias, clock offset, and clock drift for GPS, 15
error states for loosely coupled without clock estimation. The state vector is given by:

6x = [0p,, 6Ve, 80y, 6b,, 6by, dc,, dcg]” . (3.2)
or equivalently, when the attitude error is defined in the global frame,

6x = [0p,, 6vVe, 60¢, 5b,, dby, c,, dcg]”. (3.3)

A key point, as discussed in [d], is that since the nominal kinematics do not explicitly involve
errors, the error angle can be defined either in the body frame or in the global frame. The
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only difference lies in the structure of the Jacobian matrix and the method used to inject the
attitude correction after the update. Below, we first present the continuous-time error equations

when the attitude error is defined in the body frame, following the formulation in Chapter 5 of
[3).

3.3 Error state kalman filter design (ESKF)

5pe = 5V€7
6‘"6 = _Cg[fg)]x(geb - Cgéba - Cian’
591) = _[wle)b]x 00y — 5bg — Whn,

5Ba = ay, (3.4)
559 = Wy,

d¢, = ¢y,

0cqg = 0.

If the attitude error is instead defined in the global frame, all other equations remain the same
except for those related to velocity and attitude:

5%c = ~[CjE}] <08, — Ciob, — Ciay,

. . ; (3.5)
50, = —Ciob, — Chuw,.

The corresponding discrete-time form for the body-frame-defined error is:

0pe < Ope + 0ve At,

0Ve ¢ 0ve + (— Ci[fh ] 06y, — C5 dby) At + vi,

60y «+ CT{wb At}50;, — 5b, At + 6,

§b, + dbg + a;, (3.6)
by  6by + w;,

dc, + dc, + cg At,

ocy + ocy.

Similarly, the discrete form for the global-frame-defined error is given by:

0Ve ¢ 0ve + (— [Cith ] 0. — Cf 6by) At + v, 57)
66, < 50, — Ciob, At + 6;. '

Error-state equation Eq. (BH) can be linearized to form the transition matrix F, by taking
partial derivatives with respect to each term of the state vector. The discrete transition matrix
is as follows:

1 1At 0 0 0 0 0]
0 I -—Cg[f}y] At —Cgat 0 0 0
of 0 0 CHuwbAL 0 ~IAt 0 0
Fo= - =10 0 0 I 0 0 0 (3.8)
00X |, 4
o 0 0 0 0 1 0 0
0 0 0 0 0 1 At
0 0 0 0 0 0 1
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The Jacobian matrix F; with respect to the process noise is expressed as:

3.3 Error state kalman filter design (ESKF)

[icea 0 0 0 0 0
CsAt 0 0 0 0 0
0o IAt 0 0 0 0
F; = %if = 0 0 IAt 0 0 0 (3.9)
otm 0 0 0 IAt 0 0
0 0 0 0 At AL
0 0 0 0 0 At]

The position noise mainly originates from the velocity noise. Since the derivative of clock bias
is clock drift, the noise is define in clock drift [23]. For short time intervals, this contribution
can be ignored. The process noise covariance matrix Q; is given by:

V,; = Uzcc I,
@i = O‘2 I
o 2 2 gyro
Qi - dlag(vi7 Gia Ai7 Qi? Ocyo O-cd)v AZ _ 0_2a I, (310)
ﬂi == O'gg 1
The covariance matrix P is then propagated as:
P « F,PF,” + F,Q,F; . (3.11)

The key difference between the EKF and the ESKF is that the state-transition matrix F is used
only to propagate the error state, not the nominal state. As a result, F appears solely in the
error-state propagation and in the computation of the update step, whereas the nominal state
is propagated using the full nonlinear mechanization equations.

3.3.3 Measurement model and update

In our implementation, the measurement model is first expressed in its nonlinear form as
z=h(x)+v, (3.12)

where z denotes the raw measurements and v represents the measurement noise. The residual
(innovation) is defined as the difference between the actual and the predicted measurement:

y2z—hx) ~Hox+v. (3.13)

Hence, y is not the measurement itself but the difference between the measurement and its
prediction. The observation Jacobian matrix H is obtained by taking the first-order partial
derivatives of the linearized measurement function h(x) with respect to each element of the
error-state vector dx.

Loosely coupled update:

For the loosely coupled case, the PVT result is used as the measurement. The residual is
defined as the difference between the GNSS position and the position estimated from the IMU
mechanization:

Yy = f)SPP - IA)IMU = (ptrue + 1’1) - (ptrue - 5P) = 6p + n. (314)
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Where n is the noise in the measurement. Since the position measurement is directly related to
the position states, the observation Jacobian is obtained by taking the derivative of the position
with respect to dp, resulting in an identity matrix:
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3.3 Error state kalman filter design (ESKF)

H:[I 00 0 0}. (3.15)

Tightly coupled update:

For the tightly coupled case, the raw pseudorange observations are used. The nonlinear mea-
surement equation for satellite ¢ is

pi = pi(Pu) + c(0t, — 0ts;) + I + T; + €, (3.16)

where p;(py) is the geometric range between the satellite and the receiver position x,, and I;
and 7T; denote the ionospheric and tropospheric delays.

To compute the predicted measurement p;, each term in (81H) is evaluated using the current
state estimate p,. The ionospheric and tropospheric delays are obtained from their respective
models [24]. The satellite clock bias 0t,; is computed from the broadcast ephemeris, whereas
the receiver clock bias dt, is part of the Kalman filter state. Thus, p; includes all modeled effects
consistent with the current filter estimate.

In particular, the predicted geometric range is computed from the IMU-propagated receiver
position p and the satellite position pgas; as as

pi(Bu) = [Psars — Bl = /(@i — 20+ (s — 9)? + (rari — 2% (317)
The residual for each satellite is

It represents how much the measured range differs from the predicted one based on the current
estimated state.

The linearization process of (BI7) is based on the partial derivatives of the measurement equa-
tion with respect to the error-state variables.

_ Opi dpi  Opi Opi  Opi  Opi  Opi  Opi (3.19)

H; = 9ox | 9op @ov 256 Bob, Dob, 0oL, i,

Among these terms, only a few are non-zero:

pi _ T pi

aop i s, O

where u; is the line-of-sight (LOS) unit vector from the receiver to the satellite. The final
Jacobian for satellite ¢+ can therefore be written as

Hi:[—uj 0000 ¢ o]. (3.20)

If a lever arm between the IMU and the GNSS antenna is considered, the geometric distance
becomes

pi(pant) = ”psat,i - f’ant” = Hpsat,i - (IA)IMU + CZ lb)Hv (3'21)
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where 1;, is the lever arm vector expressed in the body frame, and Cl‘j is the rotation matrix from
the body frame to the ECEF frame.

3.3 Error state kalman filter design (ESKF)

Because the antenna position now depends on the attitude, the corresponding terms in the
observation Jacobian matrix H are affected. The result depends on how the attitude error is
defined (i.e., in the body frame or in the global frame).

Error defined in the body frame:

If the attitude error is defined in the body frame, the quaternion (or rotation matrix) update
uses right multiplication. The rotation perturbation can be written as
Cj = CH(I+ [665]x),
Cily = Ci I+ [665]x) 1,
= Ci 1, + C§[06,] 1,
= i1, — C[1,] 66,

(3.22)

Substitute Cg in Eq.(B221) and take the derivative with respect to 66, the lever arm introduces
an additional term in the observation Jacobian as follows:

Hi = |-u/ u CiLx 0 0 0 ¢ 0f, (3.23)

where u; is the line-of-sight (LOS) unit vector from receiver to satellite.

Error defined in the global frame:

If the attitude error is defined in the global frame, the quaternion update uses left multipli-
cation. In this case,

C¢ = (I+ [00.]x) Cs,
£1, = (I+[60.]x) Cs 1,
= C¢ly + [60.]x Ci 1, (3.24)
= Cil, + [00c)x 1o
=Cil, — [L]« 66.,

where 1, = le I, is the lever arm vector expressed in the ECEF frame. Accordingly, the obser-
vation Jacobian becomes

Hi=|-u/ u/lllx 0 0 0 c 0. (3.25)

With the observation matrix H, state covariance matrix P, measurement covariance matrix R,
and the innovation covariance mtraix S, the Kalman gain K can be computed.

S=HPH? +R
K = PHP” (3.26)

The weighting elements of R can be defined as a function of the satellite elevation angle [P4].
Satellites with higher elevation are assigned smaller values of o due to improved signal quality
and reduced atmospheric effects

48



EX
REPUBLIQUE
FRANCAISE

ENAC ‘ DLR

3.3 Error state kalman filter design (ESKF)

1
sin(elevation)?

other weighting method such as C'/Ny-based weighting can also be considered, where satellites
with higher signal-to-noise ratio are given smaller variance.

3.3.4 Error Correction and Reset

The states errors dx can be estimated and then injected back into the nominal states.

ox=K-y

. (3.27)
X +— X ® 0X

Notably, when updating the orientation using quaternions, the definition of the attitude error
must be handled carefully. A global-frame error requires left-multiplication, whereas a body-
frame error requires right-multiplication.

Global-frame error: q+ 6qRq, (3.28)
Body-frame error: q q®oq. (3.29)
As explain in [4] there’s one more step to reset the covariance matrix. Since the reference

coordinate of error states has already change, P has to change accordingly. It can be perform
as follows:

P « GPG”
Is ? 0 (3.30)
G=|0 I-[is0], O
0 0 Ig

It is important to note that, under the global-frame definition, the small-angle update must use
I+ [566] .

3.3.5 Initialization

In this thesis, a Least-Squares (LS) estimation is first used to obtain a position and receiver clock
offset from the GNSS measurements. For attitude initialization, self-alignment is performed
under the assumption that the IMU is stationary at the beginning of the experiment. In this
condition, the accelerometers measure only the specific force that balances gravity, which satisfies

0
fh=cbt|o|. (3.31)
—g
this specific-force vector aligns with the negative down direction of the local navigation frame

near the Earth’s surface. If a yaw—pitch-roll (Z—Y—X) rotation sequence is chosen, the rotation
matrix from the body frame to the navigation frame can be written as
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3.3 Error state kalman filter design (ESKF)

CoCy  S$SHCY — CpSy  ChHSHCy + S¢Sy
Ch = | oSy SpSaSy + CoCyp  CpSeSy — SeCy | (3.32)
—58g 54Co CHCo

where ¢, 6, and ¢ denote roll, pitch, and yaw angles, respectively, and c(.) = cos(-), Sy = sin(-).

Since only the third column of R? multiplies the gravity vector, the specific force measured in
the body frame can be expressed as

gse
£l = | —gssca| - (3.33)

—gcCeCo

Hence, the roll and pitch angles below can be determined from the averaged accelerometer
outputs. This procedure is commonly referred to as leveling.

0= arcsin(—ax> , ¢ = atan2(ay, —a;) . (3.34)
g

The negative signs depend on the IMU axis convention (e.g., z pointing downward). These
two angles provide an accurate estimate of the sensor orientation with respect to the local level
plane, even for low-cost MEMS sensors. According to [3], we can also determine pitch and roll
without knowing the gravity as below

_ b
ib,x

U2+ (502)

6 = arctan ¢ = arctan 2 (—fibb’y, —fl-bb’z> (3.35)

To determine the yaw angle, the Earth’s rotation rate vector is used as a natural reference when
the IMU is static. The Earth’s rotation in the local ENU frame is given by

0
Wie = |WieCOSP |, (336)
Wie SiN
where ¢ is the geodetic latitude. The first component is zero because there is no eastward

component of the rotation axis; the second and third components correspond to the northward
and upward projections of the Earth’s spin vector.

The IMU measures the same rotation in its body frame as
wh, = Clwn. (3.37)

Given that the roll and pitch are already known, the body angular rate can be rotated back to
the local level frame:
wp, = Cy(=0) Cu(—¢) W}, (3.38)

where wy, represents the angular rate expressed in a level (horizontal) frame. The projection of

w; onto the horizontal plane is aligned with the geographic north, with magnitude w;. cos¢.
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1/J = atan2 (wh,E7 wh,N)a (339)

which corresponds to the so-called gyrocompassing process [3]. If the IMU precision is not
sufficient to resolve the small Earth rotation rate, or if the platform is moving, the initial yaw
can alternatively be derived from the GNSS course-over-ground computed from consecutive
position estimates.

Depending on the IMU body coordinate definition, either ENU or NED can be selected as the
navigation frame. Once the navigation frame is defined, the corresponding rotation matrix C¢,
is constructed. With the system dynamics and covariance propagation defined, the next step is
to incorporate external measurements to correct the estimated states. This is achieved through
the measurement model and update step of the Kalman filter. The formulation depends on
whether a loosely or tightly coupled GNSS/INS architecture is used.

3.3.6 Time synchronization

In the u-blox FIR integration manual, the receiver local time is defined as a mapping from
the internal 1-kHz oscillator clock to the GNSS time base. The receiver continuously refines
this mapping as it acquires satellite timing information. Once two or more GNSS-referenced
measurements are available, a linear relationship between the local clock ticks and the GNSS
time can be established:

tanss = a - tgier, + b

where a represents the actual GNSS time interval per tick (capturing the oscillator frequency
and drift), b is the GNSS time corresponding to the tick origin (i.e., the clock offset). Because
the receivers estimate of GNSS time is not yet stable during startup, both a and b vary until
the GNSS time lock is achieved.

For the STIM300 IMU, each measurement is time-tagged directly with the GPS seconds. There-
fore, in our off-line implementation, time synchronization between the IMU and GNSS sensors
is achieved simply by merging, sorting, and labeling all measurements according to their GPS
timestamps. The overall procedure is illustrated in Fig. B10.

During the fusion step, an update is triggered whenever a newly received GNSS measurement
occurs within 0.05 seconds of the most recent IMU propagation timestamp. This ensures that
each GNSS update is applied at a sufficiently close epoch, minimizing interpolation error and
maintaining temporal consistency between the two sensor streams.

IMU

IMU

: IMU
. > <0.05s
GNSS GNSS

IMU

Figure 3.10: Time synchronization
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3.3 Error state kalman filter design (ESKF)

3.3.7 Summary and Flow Diagram

Since practical implementation does not always match the methodology described in the litera-
ture, we use the pseudocode to summarize how the algorithm is executed, how the initial position
is obtained, and which parameters are passed between functions during the update process.

Algorithm 1 Online GNSS/IMU ESKF Pipeline
1: Input: DataGNSS, DatalMU
2: Output: Estimated states (p, v, rpy, ab, wb, cb, cd)

// Step 0: Build data objects
Build DataGNSS and DataIMU

// Step 1: Label timestamps
Label observation time and IMU time

7. // Step 2: Initialize ESKF

8: function INI ESKF(acc, gyro)

9: ap, wp < average first 100 samples (initialize sensor biases)
10: Pant, Cp < initial position by LS (pi%,, current_t)

11: rpy < rough attitude estimation

12: Build State object — (p, v, rpy, ab, wb, cb, cd)
13: Build Sxx object — (Fy, F;,Q, P)

14: return pg,:, Cpoe

15: end function

16: // Step 3: Main loop
17: for j =1 to len(all_label) do
18: if 1abel[j] = IMU then

19: Pant, Cj, <= PREDICT(dt, state, DataIMU, Cyy,)

20: else if label[j] = GNSS then

21: (pr, sat__pos, ele) <= FIND__PR__SV__POS(pant, current_t, DataGNSS, angle mask)
22: Pant, Cr2e < UPDATE(State, Sxx, pr, sat_pos, ele, C})

23: end if

24: end for
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Chapter 4

Results and Discussion

To evaluate our work, we mainly use two data sets. Data from STIM 300 and Spirent Simulator
a software model which simulates IMU. The results are categorised into static and dynamic and
listed in Table. .

Table 4.1: Estimated accelerometer 3and gyroscope biases of FOR and STIM300

Type Source Coupling Description
Static casel: N/A N/A Constant speed model
case2: STIM300 LC/TC 250 Hz, 2 hr
. case3: Spirent LC 100Hz, 30min, quiet/rough sea
Dynamic . . .
cased: Spirent TC 100Hz, 30min, quiet/rough sea

4.1 Static data

We began with a static case without using any IMU data, which serves as the simplest example
for validating the overall procedure of the algorithm and for better understanding the effect of
each tuning parameter. Afterwards, real IMU data from the STIM300 was used for comparison,
allowing us to observe how the filter behaves when switching from a constant velocity model to
the real mechanization.

4.1.1 Casel: constant velocity model

In this example, only the six states of position and velocity are estimated. We investigate how the
covariance matrix settings influence the estimation results and the behavior of the innovation.
To make the setup comparable to the use of real IMU data, the update step is executed once
every 50 prediction steps by directly using PVT solution from SPP. Thus, the time interval in
the prediction step is dt = 0.02s, and the input GNSS data is a 1 Hz dataset of two hours. The
measurement covariance is set using o, = 5, meaning that the PVT position measurement is
assumed to have a standard deviation of 5 meters.

Figures B0(a) and (b) show the positioning results when the process-noise parameter o, in Q
is set to 0.1. In Fig. B(a), the ground truth provided by the PPP Canadian service is used
as the reference at the origin and is also set as the initial position. The estimated trajectory
initially drifts to the right and is later pulled back by the during the update steps when PVT
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4.1 Static data

measurement is available. In (b), the estimated curves are smoother than the SPP solution and
become even smoother when o, = 0.01, or when a larger measurement noise is assigned (i.e.,
when the measurement is trusted less), as illustrated in Figs. B(c) and (d).

Position in ENU (constant V)

2D Position in ENU (constant V)

04 SPP (m)
GT —_ —— KF {(m)
31 spp E 2 ', |3
GNSS KF
—41 T T T T T T T T
5
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z z 2 — KF(m)
g M z o
o
=
04 j
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£ 0 — KF{m)
1 S s
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4 25 5 . o 1 0 1000 2000 3000 4000 5000 6000 7000
East (m) Time(s)
(a) 2D position estimation (Q = 0.1) (b) Position estimation (Q = 0.1)
Position in ENU (constant V)
2D Position in ENU (constant V) 0l PP (m)
GT = — KF (m)
31 spp £, NS
GNSS KF
1 T T T T T T
2
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P — 21 J—
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=
0 ]
3 SPP (m)
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East (m) Time(s)
(¢) 2D position estimation (Q = 0.01) (d) Position estimation (Q = 0.01)

Figure 4.1: Constant Velocity model results (Q = 0.01)

The histogram of the position innovation in Fig. B2 follows a Gaussian distribution, which is
consistent with the model assumptions.

Histogram + Gaussian Fit of GNSS Innovation Residuals

E direction N direction U direction
L0
7 3 Innovation E [ Innovation N M 0.8 4 C—J Innovation U -1
=== N(-0.00,0.68%) | 207 --- N(-0.01,0.28%) -—- N(-0.00, 0.63%) A
0.8 —‘ 0.7 ‘
0.6 4 I
’_ h 154 *’ ‘
M alll
0.4 1
1.0 ] v
s A1 AU
! | 0.3 4 1 4.
Al / A
i I \
A, o Al it
/
¥ s / i 0.1 / :
. : AR 1 1111111150
0.0 1+ 0.0 T T == T — 0.0 y T T T
—6 —4 -2 0 2 4 -4 -3 -2 -1 4] 1 2 -6 -4 -2 0 2
Residual [m] Residual [m] Residual [m]

Figure 4.2: Constant velocity LC innovation distribution
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4.1.2 Case2: IMU model + LC/TC

The static dataset used in this section is shown in Fig. E=3. For the accelerometer, biases are
present in both the along-track and cross-track directions. Since the sensor is known to be
stationary, these biases are clearly visible, along with occasional spikes that may originate from
sensor noise or artifacts. As for the gyroscope, the bias is relatively small, and its quality is
generally better than that of the accelerometer, although it also exhibits noise and a few spikes.

Accelerometer Gyro
1] —— Along (m/s?) 0.05 —— Raoll (rad/s)
04 ; & T 0.00 4
—14
T T T T T T T T —0.05 + T T T T T T T T
11 —— Across (m/s?) 0.05 1 —— Pitch (rad/s)
P T Y o A
o047 Ty L 4 0.00 4
-1 ~0.05 4
12 4
l — Up (m/s?) 0.02 —— Yaw (rad/s)
| 1L L
" LU DR ’I_‘ 0.00 1
81 ~0.02 4
0 1000 2000 3000 4000 5000 6000 7000 0 1000 2000 3000 4000 5000 6000 7000
Time (s) Time (s)
(a) Accelerometer (b) Gyro

Figure 4.3: STIM 300 dataset

By using real sensor data and applying the IMU mechanization model, the positioning results
are shown in Fig. 4. Both LC and TC approaches perform worse than SPP in this static
scenario. This degradation is due to the continuous integration of accelerometer and gyroscope
biases during the mechanization process. One effective method to mitigate this issue is the Zero-
Velocity Update (ZUPT). When the platform is known to be static, enforcing a zero-velocity
constraint helps reduce the impact of accelerometer bias on the velocity state and prevents drift
accumulation. This strategy could be incorporated in future filter implementations.

Tightly ESKF 2D Position in ENU (STIM 300) Attitude Estimation

SPP 0.5 —— ESKF
GNSS KF

Roll [deg]

North (m)

Pitch [deg]

—— ESKF

=
3
Z1d A
1 2
£ 100
=5 -4 -3 -2 -1 0 1 2 (I) IObO 20‘00 30b0 40‘00 50‘00 60‘00 7060
East (m) Time (s)
(a) 2D position estimation (b) Attitude estimation

Figure 4.4: STIM 300 dataset
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4.2 Dynamic data

This section uses 30 minutes of simulated dynamic data to evaluate the performance of the
GNSS/IMU integration under realistic maritime motion. Two scenarios are considered, quiet
sea and rough sea, in order to examine how the filter behaves under different motion profiles
and sensor noise levels. The overall trajectory is shown in Fig. B=3.

Scenario 01c PortOut all nominal quiet sea Scenario 01f OpenSea all nominal rongh sea
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3 3
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54°09N 54°12'N
12°02E 12°04°E 12°06°E 1208 12°E 12°05E 1210E
Longitude Longitude
(a) Quite sea, PortOut (b) Rough sea, OpenSea

Figure 4.5: Dynamic dataset

A corresponding set of simulated IMU measurements for the same motion is presented in Fig. E4.
The wave movement can be observed in roll and pitch, thus the fluctuation is larger in rough
sea case. To further highlight the advantages of the LC and TC architectures, artificial GNSS
outages of 30 s and 20 s are introduced in the middle of the dataset. As shown in Fig. B77, the
input PVT measurements are removed during these intervals for the LC approach, while the
pseudorange measurements are removed for the T'C approach.
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Figure 4.7: Artificial GNSS outage
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Accelerometer Gyro
FPTe— 0.005 ] e
0.05 4 —— Along (m/s?) — Roll (rad/s)
0.00 4 0.000 4
—0.05 1 T T T T —0.005 1 T T T T T
40 - q T
—— Across (m/s?) 0.02 —— Pitch (rad/s)
20
0.00 -
0 T T T T T T T T T T T T T T T T
-9.5 REraru ¥
—— Up (m/s?) al —— Yaw (rad/s)
-10.0 21
T T T T T T T T 0 T T T T T T T T
0 250 500 750 1000 1250 1500 1750 0 250 500 750 1000 1250 1500 1750
Time (s) Time (s)
(a) Quite sea, PortOut (b) Quite sea, PortOut
Accelerometer Gyro

—— Along (m/s?) 0.1 —— Roll (rad/s)
0.0 4

—-0.14

| Ac;néé (;71;‘51] 014 —— Pitch (rad/s)
0.0 4

~2.5 1 —0.17

0.05 A =
—— Up (m/s?) — Yaw (rad/s)
—101 0.00 -

-15 4

[

—0.05 -

T T T T T T T
250 500 750 1000 1250 1500 1750

o

T T T T T T T
0 250 500 750 1000 1250 1500 1750

Time (s) Time (s)
(c) Rough sea, OpenSea (d) Rough sea, OpenSea

Figure 4.6: Dynamic IMU dataset

4.2.1 Parameter tuning

In [B], the continuous-time modeling of inertial sensor noise describes the white-noise compo-
nents of the accelerometer and gyro measurements by their power spectral densities (PSDs).
If 0,4 denotes the standard deviation of the sampled accelerometer noise, the corresponding
continuous-time PSDs are given by

2 2 .
n'ra_a-'raTl’

where 7; is the sampling interval of the IMU.

The initial state covariance and process noise for Spirent can be configured using the tables
below. In the initial state covariance, a small value for position is given since we use least
squares to initialise our position, providing a relatively accurate initial guess. The attitude can
be given using a uniform distribution of the angle, and the other parameters are the result of
trial and error. For the process noise covariance, the sensor noise was generated and added to
the simulated data, normally the term is known.
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4.2 Dynamic data

Table 4.2: Initial State Covariance Parameters

State Component Symbol / Value Unit

Position (ECEF) opo =[5, 5, 5] m
Velocity (ECEF) o =1 m/s
Attitude (RPY) 040 =0.5 rad
Accelerometer Bias o0 = 1073 m/s?
Gyroscope Bias 040 =107° rad/s
Clock Bias Oeon = 200 m
Clock Drift Ocdo = 1 m

Table 4.3: Process Noise Parameters

Noise Term Symbol / Value  Unit
Accelerometer Noise Oace = 0.1 (m/s?)
Gyroscope Noise Tgyro = 0.01 (rad/s)
Accelerometer Bias RW Oap =5 x 572 m/s?\/s
Gyroscope Bias RW owpb =1x10"%  rad/s\/s
Clock Bias Noise Oco = 500 m
Clock Drift Noise ocq = 100 m

4.2.2 Case3: PortOut, Quiet sea

In the first simulated scenario Fig. B3(a), the vessel moves steadily forward on a calm surface,
porting out so with slightly turning. Both LLC and TC is are used for compare the performances
and process time, but only the results of TC will be shown in the figure since the outcome is
similar. The results of the position, velocity, attitude, clock bias, and clock drift estimation are
shown in Fig. B=3.

Compared to SPP, the positioning results from the tightly coupled ESKF are noticeably
smoother. During the GNSS outage, the filter drifts less than 5 meters, while SPP cannot
provide a solution at all. The attitude and velocity estimates are not significantly affected by
the outage, and their behavior is similar to that observed in the LC case. It is obvious from
Fig. BR(c) that the attitude estimation converges quickly, even when the initial guess is not
close to the true value. However, a slight drift can be observed in the pitch angle, which is likely
caused by imperfections in the gravity model. In our implementation, a fixed experimental
gravity value was adopted due to the lack of detailed information about the true gravity model
in the simulator, which may introduce small modeling errors.

An important event occurs around 750 seconds as visible in Fig.Z8(e), where a sudden clock
offset appears. Simply inflating the clock bias covariance is not practical, as it may destabi-
lize the estimation of the remaining states. Therefore, a clock-offset detection mechanism is
implemented. If the increment of the estimated clock bias within a single update exceeds a
threshold, the system temporarily switches to an SPP-based correction to recompute the clock
bias and reset its covariance. When such an event is detected, the filter intentionally becomes
more pessimistic to avoid divergence.
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Figure 4.8: Results of TC with GNSS outage (Quite sea, PortOut)
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4.2 Dynamic data

4.2.2.1 Error analysis

The error bounds for the position and attitude are shown in Fig. B9. The position errors remain
safely within the 30 bounds, indicating that the estimates are reliable and the errors remain
small. The drift during the GNSS outage is almost negligible. However, for the attitude error,
a noticeable bias appears in the later part of the trajectory. Although the magnitude is small,
the presence of a bias may lead to potential issues. Considering that the estimated profiles in
Fig. B3(d) follow the general shape of the ground truth, a possible explanation is an incorrect
gravity compensation or a bug in the implementation.

ESKF Error vs 30 bounds
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Figure 4.9: Error plot for rough sea scenario

Table B4 lists the statistics of the results. In the quiet sea case, TC achieves the best per-
formance, while LC is naturally the fastest since it relies only on the PVT solution from the
receiver, whereas TC performs all corrections beforehand. The SPP result is also included as a
reference; however, it is not directly comparable because SPP fails to provide estimates during
GNSS outages and also we need to consider that KF requires time to converge. In the last col-
umn, only approximate execution times are provided as reference values, since they are strongly
affected by other simultaneous operations on the computer as well as the tuning parameters.

Table 4.4: RMS of LC, TC and SPP (Quite sea)

RMS (m) E N U 2D approx. time (s)
LC 0.16023933 0.15406612 0.60783823 0.22229 30s

TC 0.14868371 0.12115974  0.52023703 0.191798 80s

SPP 0.1898487  0.14742164 0.62780441 0.240365698 -

4.2.3 Case4: OpenSea, Rough sea

In the second scenario shown in Fig. EZ8(b), the vessel sails straight in open rough water, where
stronger waves introduce noticeable disturbances into the IMU; therefore, a larger process noise
is assigned during filter tuning. The estimation results for position, velocity, attitude, clock bias,
and clock drift are shown in Fig. B10.

With GNSS outage, the filter is still able to track the larger fluctuations in the vessel’s position
and velocity. In this case, roll and pitch remain close to the ground truth, but the yaw angle
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Figure 4.10: Results of TC (Rough sea, OpenSea)

retains a bias. Although this bias can be reduced by initializing the heading more accurately,
the results still highlight the limited observability of the yaw angle.
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4.2 Dynamic data

4.2.3.1 Error analysis

From the plots in Fig. BT, the position errors are also well bounded within the 3o limits.
The attitude errors in roll and pitch show better performance compared to the quiet sea case;
however, the error in the yaw angle is significantly larger. Together with the previous results,
this confirms that the system does not have full observability for the yaw axis under single
antenna configuration.
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Figure 4.11: Error plot for rough sea scenario

Table B3 lists the statistics of the results. In the rough sea case, LC achieves better performance
and also requires less processing time. We deduce that the open sea environment offers better
line-of-sight conditions for the satellites, and therefore, in open-sea scenarios, the LC strategy
is preferred.

Table 4.5: RMS of LC, TC and SPP (Rough sea)

RMS (m) E N U 2D approx. time (s)
LC 0.31100365 0.35606581  0.53236044 0.472764351 30s

TC 0.35117914  0.3463064  0.41630956  0.493208791 80s

SPP 0.31344906 0.27777494  0.68053783  0.418818852 -

4.2.4 Discussion of lever arm

The vessel is equipped with an INS located near the center of the boat and two GNSS antennas
mounted on both sides. Only the left antenna is used in this thesis. Its distance from the IMU
is -15.74 meters, which is long enough to have a significant impact on the results. Therefore,
the effect of the lever arm is discussed in this subsection by using only LC.

The impact is particularly noticeable in the attitude estimation. In Fig. 12, the roll angle
exhibits a drift over time in both cases when the lever arm is not included. This behavior can
be explained by Eq. (8223). When the lever arm is considered, the attitude becomes involved in
the measurement matrix H, making the system more observable and improving the estimation.

Meanwhile, with a single-antenna configuration, the estimation performance still heavily depends
on the initial attitude and the vessels motion. Since there is no significant attitude changes for

62



EN
REPUBLIQUE
FRANGCAISE

Liberté
Egalité

Fraternité

ENAC

DLR

4.2 Dynamic data

the vessel in Open sea case, the filter lacks the information to separate different error sources,
the gyroscope bias around the yaw axis remains almost unobservable. If the initial attitude is
tuned more accurately, the overall performance can be improved.
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Figure 4.12: Discussion of lever arm

4.2.5 Ionosphere, troposphere correction estimation

Considering potential future applications, we would like to extend the filter to estimate additional
error states. In this case, the satellite clock correction and Earth-rotation (Sagnac) compensation
are handled inside the pseudorange model, while only the ionospheric and tropospheric delays
are included in the error-state vector. The tropospheric delay is mapped to each satellite through
an elevation-dependent mapping function. The purpose of this experiment is to compare the
performance of this extended-state filter and to investigate whether the overall processing time
can be reduced.
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Figure 4.13: Results of TC w/ GNSS outage (rough sea, open-sea)

1750

From the results in Fig. B3, the positioning error becomes larger, especially in the vertical
direction, and the execution time has no significant improvement. Since the experiment was
conducted in an open-sea environment, in principle multipath can be neglected. The main issue
could be that the ionospheric and tropospheric delays are nearly constant in such conditions;
therefore, if the filter estimates these delays incorrectly, the error is hardly observable and cannot
be corrected. Based on these results, applying deterministic ionospheric and tropospheric models
directly in the pseudorange correction remains the preferred approach in our case.
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Chapter 5

Conclusion and Future Works

This thesis presented the development of a Python-based GNSS/IMU integration framework
targeted for future on-line applications. A quaternion-based ESKF was implemented for both
LC and TC configurations.

In the methodology section, the necessary theoretical foundations used to perform the integration
system are introduced. The implementation section details the sensors used and the chosen
algorithms, covering the entire process from data extraction to the final estimation results, and
guiding the reader in implementing the algorithm in accordance with the theoretical framework.

In the results, the filter was first examined using static data to understand the influence of
tuning parameters and process noise settings. Afterwards, dynamic simulated data were used to
assess performance under various conditions, including satellite outages and noisy environments.
The position estimation results were satisfactory, and both LC and TC architectures were able
to bridge short GNSS outages using IMU mechanization. However, the attitude estimation
exhibited noticeable biases, especially in yaw, revealing the inherent observability limitations of
single-antenna systems under weak dynamics. These results indicate that certain states cannot
be fully corrected without richer motion or additional measurements. The effect of the lever
arm between the IMU and GNSS antenna was also discussed. The experiments showed that it
might lead to wrong attitude prediction if the lever arm is not properly accounted for.

Overall, the LC architecture was computationally efficient and reliable under open-sky condi-
tions with strong GNSS availability. To confirm the robustness of the TC approach, further
tests under challenging conditions with degraded satellite geometry or limited measurements
are recommended.

Some detail for the implementation. The value should be carefully pass from one to another.
For example, when we consider the lever arm, if the IMU position is used instead of the antenna
position to compute the satellite geometry and predict the pseudorange, the resulting error can
easily reach several meters. other funtionality also need to be consider such as the clock offset
detection.

Reproducing issues during development is often useful for debugging. Throughout the imple-
mentation of the ESKF, several challenges were encountered:

e Body-frame definition: The sign convention of the IMU z-axis must be verified; an incor-
rect convention may lead to quaternion normalization errors.

¢ Angle-error definition: The attitude error must be consistently defined either in the body
frame or the navigation frame; inconsistencies can also cause quaternion-related issues.
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e IMU frequency: The sampling interval dt is not constant, and improper time scaling can
lead to significant drift.

e« Time alignment: GNSS observations are typically in UTC, which differs from GPS time
by 18 seconds, and IMU, GNSS, and ground-truth data may use different time units.

e Euler-angle convention: The rotation from the body frame to the navigation frame is
applied in the order yaw pitch roll.

o Filter tuning: All noise parameters must be physically reasonable, and unit consistency is
essential.

e Interpolation: When comparing results, mismatched timestamps may lead to large but
misleading differences.

There remain several directions for future work. A priority is to investigate the source of the
attitude estimation bias,which may relate to the gravity model, reference-frame handling, or
observability issues. Additional improvements include IMU calibration, the use of ZUPT, and
extending the measurement model to incorporate Doppler, carrier phase, multi-constellation
data, and multi-antenna configurations to enhance robustness and yaw observability. The sys-
tem should also be validated with diverse real-world datasets and further assessed under limited
satellite visibility. Developing a fully online processing chain, including real-time LC/TC ESKF
implementations and integration within a GNU Radio framework, represents another promising
direction. Finally, integrity monitoring and fault detection mechanisms, as well as the use of ad-
vanced correction services such as PPP or HAS-based PPP and optimization-based approaches,
could significantly improve the reliability and overall accuracy of the system.
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