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Abstract

In the present paper we study two challenging problems for helium—type sys-
tems. Existence of eigenvalues at thresholds and the asymptotic behavior of the
corresponding eigenfunctions. Since the usual methods for addressing these prob-
lems need a safety distance to the essential spectrum, they cannot be applied in
critical cases, when an eigenvalue enters the continuum.

We develop a method to address both problems and derive sharp upper and lower
bounds for the asymptotic behavior of the ground state of critical helium—type
systems at the threshold of the essential spectrum. This is the first proof of the
precise asymptotic behavior of the ground state for this benchmark problem in
quantum chemistry. Moreover, our bounds describe precisely how the asymptotic
decay of the ground state changes, when the system becomes critical.

Keywords: eigenfunctions at the threshold, decay rates of eigenfunctions, weakly
bounded states, ground state of atoms



1 Introduction

From the beginning of quantum mechanics, many important questions about a quan-
tum system are related to the existence and behavior of its bound states. These states
are given by the square integrable eigenvectors of the operator describing the quantum
system. In this paper we consider two particle operators of the form

1 1 U
Hy=P*+P2— — — — 4+~ |
L P P el Py

(1.1)
Here z; € R3 are the positions of the two particles, and Pj2 their kinetic energy, where
Pj = =iV, is the momentum operator of the particle and j = 1,2. The Hamiltonian
Hy is well-defined and self-adjoint on D(Hy) = H?(R®), where H?(R®) is the usual
Sobolev space of weakly differentiable functions in L?(R%) with square integrable weak
derivatives up to second order.

The operator Hy; arises from scaling two—particle helium—type systems described

by the operator
2 1, Ze? e?
H=y(Lpo 2oy,
= 2m || |x1 — 22|

where Z is the nuclear charge and e the unit for the elementary electric charge. Here we
use units, where other physical constants such as Planck’s constant & are set equal to
one. Using scaling, i.e., a change of length-scale, given by Us(z) = s3¢(sz), x € RS,
which is unitary on L?(R%), one gets with s = 2mZe? and U = 1/Z

UrHU, = 2mZ%* Hy .

Thus Hy with U = 1/Z is the operator describing helium-type systems such as Li™
for Z =3, Hefor Z =2, and H™ for Z = 1.

We denote the ground state energy of Hy by FEy. More precisely, Ey =
inf)| =1 (¥, Hy), which is concave and increasing in U > 0, since Hy is linear in
U and the two particle Coulomb repulsion is positive. Hence the ground state energy
Ey is continuous in U > 0. Of course, one should also include the spin of the parti-
cles, e.g., electrons, in which case one should consider Hyy on L?((R?® x C?)?), or the
antisymmetric subspace of functions which are antisymmetric when permuting the
particles. Since the potential does not couple different spins, all bound states of Hy on
L?((R3 x C?)?) can be classified as two particle bound states with parallel or antipar-
allel spins. In the first case the wave functions is antisymmetric, in the second case it
is symmetric under permutation of the particle positions. The ground state of Hy on
L2((R3 x C%)?) lies in the latter, so it is enough to consider Hy on the subspace of
L?(R3 x R?) which is symmetric under permutation of the particle positions, see the
discussion in [1, Chapter 4.3].

The HVZ Theorem [2], [3, Theorem XIII.17], shows that the essential spectrum
of Hy is a half-line whose bottom is given by the ground state energy of the system



with one less electron, i.e., hydrogen whose ground state energy is —1/4. Thus

Oess(Hy) = [7 iaoo)

for any U > 0. Since usual perturbation theory applies when Ey < inf oess(Hy) =
—1/4, the regular first order perturbation theory [3], also called the Feynman-
Hellmann formula, gives

d 1

—FEy = (Yu, (OvHy )Yu) = (Yu,

¥l Yu) >0 (1.2)

|71 — 22

for all U > 0 with By < —1/4.

Since the work of Stillinger [4], see also [5], these helium—type atoms at critical
coupling are an intensely studied benchmark problem in quantum chemistry. For a
review see, e.g., [6] and the references therein. In particular, there has been interest
in the precise value of the critical U, for which the ground state energy of Hy enters
the edge of the essential spectrum, that is, U, is the smallest coupling for which Fy =
—1/4. Numerically one finds U, ~ 1.1 [4]. The calculation of U, and the bound state
at critical coupling U = U, continues to serve as an important benchmark problem
in quantum chemistry. E.g., going up to order 401 in perturbation theory, the critical
value was calculated in the very nice paper [7] to be approximately U, ~ 1.09766,
which was further pushed in [8]. A variational calculation of U, was done in [9].
Recently [10] pushed the calculations to U, ~ 1,097 660 833 738 56. Without the Born—
Oppenheimer approximation the critical coupling, which depends on the nuclear mass,
was calculated numerically in [11].

It is easy to see rigorously that there is a critical 1 < U, < 2 such that Ey, =
inf oess(Hy ). As discussed in Appendix D, Ey < —1/4 implies U < 2 for this two-
particle system. So clearly U, < 2. To see that U, > 1 we note that the classical result
by Bethe [12], using a test function ansatz due to Hylleras [13], shows that hydrogen
can bind two electrons, i.e., Hy has a ground state with energy < —1/4 for U = 1.
Hill showed that this is also true without the Born—-Oppenheimer approximation, as
long as the mass of the nucleus is not too small compared to the mass of the lighter
particles. So by continuity of Fy in U, one knows that Ey is below the ionization
threshold even for some U > 1, so U, > 1. Moreover, the work of Hill [14] shows that
for 1 < U < U, the operator Hyy has exactly one bound state with energy below the
essential spectrum. This also holds for finite nuclear mass [15].

Although the Hamiltonian Hy with U = U, has been intensely studied with asymp-
totic and numerical methods, little is known rigorously. The existence of a ground
state 1. of Hy, at critical coupling was proved in [16] with the help of PDE meth-
ods. An alternative existence proof was given in [17]. General features of the behavior
of the ground state energy of quantum systems near coupling constant threshold had
been discussed, for example, in [18, 19]. Unfortunately, still very little is known so far
concerning precise quantitative properties of the ground state 1. at critical coupling.

This is the main motivation for our work. We provide sharp upper and lower
bounds on the asymptotic behavior of the ground state of helium-type atoms at critical



coupling. Moreover, we prove a family of sharp upper and lower bounds which are
uniform in the coupling 0 < U < U,. Our results provide the first rigorous bounds on
the asymptotic behavior of bounds states which correspond to eigenvalues at the edge
of the essential spectrum. In addition, even in the subcritical case our upper and lower
bounds improve on previously known results, since our upper and lower bounds have
the same leading order and differ only in lower order terms. Our main results are

Theorem 1.1 (Global upper bound at critical coupling) Given parameters Ki, Ko > 0,
1/6 < k1 < 1/2, and (3 —2k1)/4 < k2 < 1 define
1
Fi(ry,re) =2(Uc — 1)1/21"1/2 — Kirf' + 572~ Kory? (1.3)
for ri,79 > 0. Then at critical coupling U = U, the helium atom has a ground state ¥ with
energy —1/4 and we have the pointwise upper bound

V(@) < Cuexp(— Fi (2o, []0) (1.4)
for the unique positive ground state where the constant Cy depends only on k1, ko, K1, Ka.
Here |z]p = min(|z1], |z2]), respectively |z|co = max(|z1],|z2|), is the distance of the

particle closer to, respectively farther from, the nucleus.
The matching lower bound is provided by

Theorem 1.2 (Global lower bound at critical coupling) Given parameters 1/6 < k1 < 1/2 <
ko < 1, and K1, K2 > 0 define

1
F_(r1,ma) = 2Ue — )/ 2r1? £ Kyl 4 52 + Korb?. (1.5)
Then we have the pointwise lower bound

te(x) = Crexp( — F-(|zloo, [2]0)) (1.6)

for the unique positive ground state . of Hy, at critical coupling where the constant C}
depends only on k1, k2, K1, Ka. Here again |z|g = min(|z1], |z2]) and |x|cc = max(|z1], |z2|).

Remark 1 For 1/6 < k1 < 1/2 we have 1/2 < (3 — 2k1)/4 < 2/3, so the lower bound
in Theorem 1.2 holds for a slightly larger range of parameters than the upper bound from
Theorem 1.1. Up to the sign of lower order terms rfl and T;27 our upper and lower bounds
from Theorem 1.1 and Theorem 1.2 perfectly match each other. Thus we get the precise
leading order coefficients for the asymptotic decay of the ground state for the helium—type
systems, unlike previous methods.

Strictly speaking, the constant C, in the upper bound (1.4) also depends on ||¢)¢||oc- Since
the Coulomb potential is in the Kato—class, for a definition see [20-22], an a—priori bound on
lthc]loo is well-known, see [22], as soon as the ground state . exists.

In a similar fashion, the constant C; in the lower bound (1.6) also depends on local lower
bounds for the ground state 1c. Once the ground state exists it is unique and can be chosen
to be strictly positive [23], up to a global phase. Since the Coulomb potential is in the Kato—
class, every eigenfunction has a continuous version [22], so by positivity the ground state 1.
is locally bounded away from zero as soon as it exists.

The existence of a ground state at critical coupling was shown in [16] by PDE methods.
The upper bound from Theorem 1.1, even a much simpler version, see Theorem 4.1, allows



for a simple variational proof of existence of a ground state of helium—type atoms at criti-
cal coupling similar to [17]. We can even avoid the Born—-Oppenheimer approximation, see
Remark 4.

Of course, while being sharp, the above upper and lower bounds hold only at
critical coupling. We also have upper and lower bounds which hold uniformly in the
coupling. For € and a > 0 we define

a2

F.o(r) = (5 + 7>1/2r + ?/z(ln(\/ er +a? + ver) —Ina) (1.7)

For 0 < U < U, we define ay and ey by

1/2 1
ay = (U — 1)+/ i Ey (1.8)
so ey is the ionization energy, the distance of the energy Ey to the edge of the essential
spectrum, which is at —1/4. By the HVZ theorem, this is the minimal energy needed
to move one particle to infinity. Note that at critical coupling U = U, the ionization
energy vanishes. Furthermore, we set

2

a}\1/2 a
Fy(r) = Fepay(r) = (sU + TU) r+ gU (In(y/eur + a2, + \/eur) — Inay)
(1.9)

and
1 K K
Fg(ﬁ,?“g) ::FU(TI)+§7“2:F(K1T11 +K27“22) . (1.10)

Again, we suppress the explicit dependence of F'¥ on the parameters 1, ko and K1, Ko,
for notational simplicity. We also set FY (z) = FY{(z1,22) = FY(|7|o,|z]0) for =
(71,22) € R? x R?, with a slight abuse of notation.

Remark 2 The heuristic reason why F:;, a; given in (1.9) captures the asymptotic decay of
the ground state ¥y up to and including criticality will be explained shortly after Theorem
1.3. The precise form of F: 4 is of no relevance, what is important is that

9\ 1/2
/ agy
Fla(r) = (€U + T) : (1.11)
One can show that
lim Fe o(r) = 2ar'/?. (1.12)
e—0

In order to get the correct value of F 4 in the limit € — 0, one cannot ignore the logarithmic
term in (1.7), which for fixed € > 0 is always of much lower order compared to the first term.
In the limit of vanishing ionization energy the second term gives the same contribution as
the first term and should not be discarded, see the discussion in Remark 8.



Thus one recovers F+ from F. g in the limit of critical coupling, when the ionization energy
vanishes. Clearly, as long as the ionization energ)/ ey is positive, the leading order behavior
of FY is asymptotic to Fyy(r1) ~ (ep + a? Jr1) ey ~ VEur1, but it changes to 2ar7/r1 at
critical coupling U = Uk.

Theorem 1.3 (The transition from subcritical to critical: Sharp upper and lower bounds)
For any choice of parameters K1,K2 >0, 1/6 < k1 < 1/2, and (3 — 2k1)/4 < ka2 < 1 there
exist positive constants C+ depending only on k1, ke, K1, Ko, and some local bounds on the
ground state ¥y provided in Proposition D.1, such that for the unique positive ground state
of the helium-type operator Hy; the two—sided pointwise bound

C—exp (—FY (alo,l2l0)) < Yur(@) < C exp (= FY (Joloc, |2l0) ) (1.13)

holds uniformly in 0 < U < Ue.

If one stays away from the critical parameter, i.e., if for fized small p > 0 the repulsion
parameter U is allowed to vary uniformly in p < U < U — u, the range of parameters is
bigger. More precisely, assume that 0 < k1 < 1 and 1/2 < k2 < 1, and K1, K2 > 0. Then
there exist positive constants éi, depending only on k1, ke, K1, K2, and also u, such that the
two—sided bound

C—exp (—FY (aloo, l2l0)) < Yu(@) < Crexp (~FY (loloo, |2l0))  (1.14)
holds for all p < U < Uc — p.

Remark 8 We would like to stress the fact that the constant C; depends only on the parame-
ters K1, k2, K1, K9 and an a—priori bound on ||¢y||co for 0 < U < Ug, see part 3 of Proposition
D.1. Similarly, the constant C— in (1.13) depends on the parameters k1, k2, K1, K2 and local
lower bounds on the ground state ¥y from part 4 of Proposition D.1 which are uniform in
0 < U < Uec. That is, the constants C+ in (6.12) are indeed uniform in 0 < U < U,.

Similarly as in Theorem 1.2, the lower bound in (1.13) holds for the slightly larger range
of parameters 1/6 < k1 < 1/2 < kg < 1.

How to guess the function F ,: To get an idea what would be the correct ansatz
for the decay of the ground state in the regime U < U,, including criticality, one can
argue as follows. By the HVZ theorem, the infimum of the essential spectrum is the
system with one particle moved to infinity. In our case one is left with one particle,
i.e., hydrogen, whose ground state energy is given by —1/4 in our units. If U < U,, the
ground state energy Ey of the two particle system is less than —1/4, i.e., when trying
to escape to infinity the farthest out particle experiences an energy penalty given by
the ionization energy

«‘-,'U:—l/él—E‘U>07 (115)
which is positive. That is, when trying to escape to infinity, the farthest out particle
needs to tunnel into an energetically forbidden region. WKB-type arguments then
predict that the ground state decays as

U(x) < Cexp (= F(lz|x)) (1.16)



as long as the inner electron stays close to the nucleus, i.e., |z|o stays bounded. The
function F is determined by the energy penalty' it costs to move one particle to
infinity,

|[F'(r)?=ey =—-1/4— Ey. (1.17)
Up to a constant term, F' is clearly given by F(r) = /eyr, so the ground state ¢
should decay as ¥(x) ~ exp(—+/€v||o) When one particle is far away.

Once one particle is removed from the system, a single hydrogen atom with ground
state energy —i remains and it is known that the ground state of hydrogen decays
asymptotically as exp(—3|z|). Thus the decay of the ground state ¢y of the two
particle system, when also the second particle is far away, should be of the form

Yu(@) ~ exp (= VT |zlos — %be) (1.18)

when the system is sub—critical and the ionization energy ey > 0, i.e., U < U,. Of
course, this bound does not survive the limit U 7 U, since ey, = 0, the ionization
energy vanishes at critical coupling!

However, if U is close to U, the farthest out particle sees an additional energy
penalty! When U > 1 and the inner particle is close to the nucleus, the charge of
the nucleus, which is one, cannot completely screen the strong repulsion between the
electrons. The outer particle, say it is at position z1, sees the attraction to the nucleus
but also repulsion from the second particle. Thus when the second particle at position
To is close to the nucleus the potential energy of the outer particle is

1 U U-1
lz1] |21 — 2o |21]

(1.19)

when |z4] is large and |x2| is close to zero. Hence the outer particle gets a local boost

in energy of the form
U-1
vt -——.
2|0
That is, tunneling deep into the energetically forbidden region becomes more difficult.
The same heuristic arguments as before then predict that the asymptotic decay of
the ground state in the position of the outermost particle should be captured by a

function F satisfying

U-1
F'(r) = \/local energy penalty = \/e(]—i-ir (1.21)

LA nice textbook treatment of the WKB method is given in Chapter 9 of [24]. The WKB method also
determines a polynomial prefactor in the asymptotic of eigenfunctions, which gives a logarithmic correction
to the exponential weight F. The lower order correction terms we use in order to control errors are much
bigger, so we ignore logarithmic corrections for this discussion and concentrate on the leading order term.

(1.20)




One can integrate this equation by a tedious calculation. A slightly less tedious
calculation shows that for €,a > 0 the function

Foo(r)=(e+ %2)1/21" In(Ver 4+ a® + /er) — Ina) (1.22)

+ @ (
NG
satisfies F'(r) = /e +a?/r for all » > 0. Once one particle moved to infinity the
remaining system is again a single hydrogen atom, so the same heuristic arguments

as before predict that the full two particle ground state iy should decay, for all
0<U<LU,, as

Y () ~ b ( = Feya (Jelec) = 3 1210) (123

with ey = —1/4 — Ey the ionization energy and ay = (U — 1)
In Remark 8 we will see that,

¥ -

lim F..(r) = 2a\/r (1.24)

e—0+

Hence the asymptotic given in (1.23) has a chance of surviving the limit of the param-
eter U becoming critical: At critical coupling the asymptotic of the ground state
Y. = Py, should be given by

Ye(x) ~ exp (= 2¢/Ue — 1|z|LL* - %mo) ) (1.25)

So at critical coupling, the ground state of helium type system should decay like a
stretched exponential. Theorems 1.1, 1.2, and 1.3 show that up to some small lower
order correction terms this prediction is indeed correct. Before we embark on the proof
we will illustrate in Section 2 the main ideas for making the above heuristic rigorous
in the one particle case.

To put our results into perspective, let us compare them with previously known
results which only addressed the subcritical case U < U.. The first precise bounds
for the asymptotic behavior of eigenfunction of Hy with energy strictly below the
essential spectrum are due to the groundbreaking works of Slaggie and Wichmann for
three-body systems [25], Ahlrichs for atoms [26], O’Connor [27], Combes and Thomas
[28], Deift, Hunziker, Simon, and Vock [29] for multi-particle systems, culminating in
the work of Agmon [30]. The last result provides bounds for asymptotic behavior of
bound states for general multi-particle systems based on energy methods.

For two particle systems in the subcritical case, the ionization energy e is positive
and Agmon’s method yields the upper bound

[y (z)] < Csexp (—c1|x]|oo — c2|lo) (1.26)

for ¢; = /ey — 0 and ¢y = 1/2 — 0 for any small § > 0 and some constant Cs which
diverges for 6 — 0. Here |z|oo = max(|x1], |z2]) is the distance to the nucleus of the



particle farther from, and |z|p = min(|z1|, |z2|) is the distance to the nucleus of the
particle closer to, the nucleus.

Recall that ey is the ionization energy of the two—particle system. After one particle
is removed one is left with hydrogen, whose ionization energy is 1/4 in the units we
chose. So both constants ¢; and ¢ have a clear physical meaning in the upper bound
(1.26). Thus, except for reducing the constants by an arbitrarily small amount, the
upper bound (1.26) is exactly what is predicted by WKB—-type physical heuristics.

Using subsolution estimates, it was shown in [31] that one can set § = 0 at the
expense of having polynomial prefactors in the upper bound. A matching lower bound
for the ground state ¢, where U = 1/Z = 1/2, of the two particle system describing
helium has been derived by Thomas Hoffmann—Ostenhof in [32],

$(o) 2 csexp (- (VT +Olel — 3lolo (127

for arbitrary § > 0 and some constant ¢s > 0, which goes to zero as § — 0.

Thus, except for decreasing/increasing the constants, which are the square roots of
the successive ionization energies, in the upper/lower bounds by an arbitrary amount,
these bounds settle the asymptotic behavior of the ground state wave functions and
they can also be extended to subcritical U < U, where Ey < —1/4.

Unfortunately, these results are useless at critical coupling, since then first ioniza-
tion energy ey is zero i.e., there is no energy cost for removing the first particle. The
only known decay property of the ground state ¢, = vy, of Hy, at critical coupling is
the result in [16] where they show that a positive solution of the Schrédinger equation
exists and fulfills the upper bound

[Ye(@)] < Cn(1+ |20 + |2[3) ™™ (1.28)

for some constants C,,, < oo for any m > 0 and all 21, z2 € R3. Of course, this implies
that 1. € L?(R), so a ground state for this critical two-particle system exists. More-
over, in the remark in Section 4 of [16], they note that one can use the “Schrédinger
inequalities” method of Ahlrichs and M. and T. Hoffmann-Ostenhof [31] to derive
sharp upper and lower bounds for the one-particle density p. of the ground state 1),

Voel) < CF (14 y) ™+ exp (-2(U = 1)12y[2) |

(1.29)
Voely) = Cy (L4 [y) /4T exp (=2(U. — 1) /2[y|/2)

for some constants 0 < C’gt < 00,6 >0 and all y € R3. Here p, is given by

pe(y) = /RS |¢c(y,z)|2 dz

that is, it is the marginal of the ground state probability density [1.|? on R®, which
is symmetric under permutations of the particles.



However, all these results says nothing about the asymptotic decay of the full
ground state .. We fill this gap by proving sharp anisotropic upper and lower bounds
on the asymptotic behavior of the wave function ¢y of Hy at or below critical coupling
and also determine rigorously, how the decay changes in the whole range 0 < U < U..

Remark 4 We can also treat the case of a finite nuclear mass, i.e., avoid the Born-
Oppenheimer approximation. Consider the following three particle system

2 2 2
1 1 U
HU:pil_FZQ_FpiN_ _ (1.30)
m m M |z —zy| |ra—zn| |z1— 22
where py = —idy is the momentum of the nucleus, M is its mass and x is its position.

The other two particles have mass m and their position are given by x1 respectively xo. The
domain of the operator (1.30) is D(Hy) = H?(R%) @ H?(R?).

For finite nuclear mass, M < oo, and Uc > 1, the helium-type three particle operator
1.30 has a ground state at critical coupling in the center of mass frame, see [33]. The energy
of this state is embedded at the edge of the essential spectrum. As for general Schrédinger
operators the ground state is unique, up to a global phase, and can be chosen to be positive.
With the help of the methods developed in Section 4 one can derive isotropic upper bounds
for the ground state of this system. We address the problem of sharp anisotropic upper and
lower bounds for this system in a forthcoming work.

Strategy of the proof: The proof of the upper bound from Theorem 1.1 is via
a combination of energy methods, pointwise subsolution type bounds, and a subhar-
monic comparison principle in the spirit of well-known comparison principles from
elliptic PDEs.

By now, the derivation of upper bounds on the asymptotic decay of eigenfunctions
with the help of energy methods is standard. However, we would like to stress that,
following the general approach a la Agmon [30], one looses an epsilon in the constants
of the leading order terms, which we have to avoid. Moreover, the methods of Agmon
[30] or [29] and the works before them need a safety distance of the ground state energy
to the bottom of the essential spectrum. We do not have such a safety distance, since
the ground state energy at critical coupling is at the edge of the essential spectrum.

Thus we have to overcome several obstacles. We need a low regularity version
of the subharmonic comparison principle which goes back to Agmon [34]. But even
having such a low regularity version, we cannot apply it directly. The comparison
principle works well for one or two body problems, but not, in general, for multi-
particle problems. Even for a restricted three body-body problem such as helium-type
atoms in the infinite nuclear mass approximation, the comparison principle is not
directly applicable because in order to control the errors, both particles have to be far
from the nucleus. Thus subsolution techniques do not work well in the case when only
one particles tries to escape and the other stays close to the nucleus, see also Section
4 of [34], where it was argued that the subharmonic comparison method is not an
effective tool to derive upper bounds on eigenfunctions of multi—particle Schrodinger
operators with three or more particles or, as in our case, for a restricted two—-body
problem with an additional nucleus of infinite mass.

To overcome this we first prove an anisotropic L? upper bound with the help
of energy methods. With standard methods, see [20, 22], this bound can be easily

10



transformed into a pointwise upper bound. Unfortunately, this first upper bound does
not yet yield the sharp anisotropic upper bound at critical coupling since it does not
have the correct asymptotic in a transition region, see Remark 17. Except for this
transition region our first anisotropic upper bound has the correct asymptotic when
one particle is far away and the other one close to the nucleus, or both particles are
close to each other and far away. In a second step, we use this a—priori information as
an input for our proof of the sharp global anisotropic upper bound where we bridge
the transition region with the help of supersolution bounds.

Similarly, the proof of the lower bound is done in two steps. First we derive a sharp
lower bound on the ground state well within the region where only one particle tries to
escape and the other stays relatively close to the nucleus. We call this the tricky region,
the precise definition is given in (3.4). In this case the Coulomb repulsion between the
particles yields a boost in energy of the form (1.19) but it does not blow up, since
the particles cannot get close to each other in the tricky region, which makes working
with subsolutions simpler. We then use this a—priori input to extend the lower bound
to the whole region. However, when both particles are not restricted they can come
close to each other and when the particles are close together their Coulomb repulsion
blows up, which provides a serious obstacle for subsolution bounds.

Organization of the paper: As a warm-up, we explain our main new ideas,
which prove why a long-range repulsive part of the potential can stabilize bound states
at the ionization threshold for a one particle system in Section 2. We derive sharp
upper and lower bounds on the asymptotic behavior of zero energy ground state of
such quantum systems.

The necessary local energy bounds, needed for the proof of the anisotropic L?
upper bound for helium—type systems, are derived in Section 3. A main new feature
here is that we do not use conical regions to localize the particles, which is the usual
approach in the study of many-particle systems. Instead, to be able to get a sharp
anisotropic upper bound, it is important to use paraboloidal regions.

We derive an isotropic upper bound for the ground state in Section 4 , which is
considerably simpler than the proof our sharp anisotropic bounds. The proof of the
anisotropic upper bound is done in Sections 5 and 6, see, in particular, the proof of
Theorem 6.3, which provides the upper bounds in Theorem 1.1 and 1.3.

The proof of the lower bounds is done with a subharmonic comparison principle. As
a first step we derive in Section 7 a lower bound in the tricky region, where one particle
tries to escape to infinity and the other one stays (essentially) close to the nucleus.
The global anisotropic lower bound is proven in Section 8. The main difficulty there is
to control the singular Coulomb repulsion between the two particles with terms which
are only of lower order. See, in particular, the proof of Theorem 8.3, which provides
the lower bounds of Theorem 1.2 and 1.3.

Certain technical tools are gathered in the appendix. The main reason for includ-
ing them is that our exponential weights for the upper bounds and the comparison
functions used in the proofs of the lower bounds lack the usually required high enough
regularity. Their derivatives have jumps along codimension one Lipshitz surfaces, so
standard results cannot, or at least not straightforwardly, be applied.

11



2 One particle case

To explain the main ideas of our approach, we consider one particle moving in an
external potential. This external potential consists of an attractive and a repulsive
part with Hamiltonian given by

H=-A-V+W (2.1)

where we assume V, W > 0 are infinitesimally (form) bounded with respect to —A.
For simplicity, we also assume that supp V' (z), the support of V', is compact. However,
our proof works even for cases where the support of V' is unbounded provided that
the repulsion W dominates the attractive part V outside some bounded region. We
also assume that W goes to zero at infinity, so the essential spectrum of the system is
given by oess(H) = [0,00), the discrete spectrum of H is below zero.

In the following we assume that the operator H = —A — V + W is defined in the
sense of quadratic forms, that is,

(@, Hip) = (V, Vib) + (o, (=V + W)1)

for all ¢, in the standard Sobolev space H'(R?). We consider (weak) eigenfunctions
Y € H'(R?) of H, by which we mean that

(g, HY) = E{p, ) (2.2)

for all ¢ € H'(R?). By density of C5°(R%) in H'(R?) it is enough to require that (2.2)
holds for all ¢ € C3°(RY). It is relatively straightforward to see that weak eigenfunc-
tions are in the domain of the operator H, see Lemma 2.5 in [35], but we will not
need this. We are interested in the question whether zero, the edge of the essential
spectrum, can be an eigenvalue of the system and if so, how does the corresponding
eigenfunction decay at infinity? A typical example is the situation where a parameter,
say the repulsion W or the depth of the well V' is tuned in such a way that the ground
state eigenvalue hits zero. Does the bound state survive or does it dissipate? This is
clearly a non-perturbative situation.

Using previous approaches, such as Agmon’s method [30], one can easily show that
the eigenvectors corresponding to negative eigenvalues decay exponentially. However,
these approaches need a safety distance to the essential spectrum and yield nothing
for eigenfunctions at the edge of the essential spectrum!

We will first discuss how to get upper bounds on eigenfunctions without having a
safety distance of the corresponding eigenvalue to the essential spectrum. Once one
has such a type of bound, this also implies existence of eigenvalues at the edge of the
essential spectrum, Details of this argument are given in Appendix C and D in a more
complicated situation.
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2.1 Taking advantage of long-range repulsion

In the following we show how to derive upper bounds on the asymptotic behavior of
zero energy eigenfunctions. These upper bounds illustrate how the type of asymptotic
decay of ¥ is directly related to the repulsive potential W.

Lemma 2.1 Let H be given as in (2.1) and assume that V has compact support. Let
P € L2(Rd) be a weak eigenfunction of H with energy E < 0. Furthermore, assume that
F > 0 is a locally bounded and differentiable function such that for some R > 0

|VF(z)]> < W(z) forall |z| > R. (2.3)
Then
[ e WSRO o) 2 do < Cr (24)
|lz|>R
with
Cpr=8 sup €7@ (23*2 +R*1|VF(;I;)|) ‘ (2.5)
R/2<|z|<R

Remark 5 The point of the bound above is that the right hand side is uniform in the eigen-
value E < 0. It does not need a safety distance to the essential spectrum. Moreover, the
constant Cr r depends on local bounds of F', hence it is finite even for unbounded functions
F. Of course, as W tends to zero at infinity, so does |VF|2. Nevertheless F' can still go to infin-
ity under this condition, and the main question is which of the terms in 2F +In (W — |VF|2)
will win this tug—of—war. It is easy to see that the borderline case is a decay of the form
W (z) ~ |z|~2 at infinity. Any slower decay of W will lead to a growth of F' which out-paces
the second term In (W — |VF|2).

Proof of Lemma 2.1: Let £ be any real-valued bounded and differentiable function and use
¢ = €24 in the weak form of the eigenvalue equation. Then E||&]|? = E(¢24), ¢) = (€24, H1)
and since E||£y[|? is real we can use the IMS localization formula, see [21, 36] or Appendix
A, to get

E||gy]|* = Re(€%p, Hy) = (V(Ep), V(EY)) + (€0, (=V + W)EP) — (4, |VE[*p)  (2.6)

Rearranging and dropping the kinetic energy term, which is positive, gives

(€, (=V + W = E)éw) < (v, [VE[*¥) (27)
Take x € C®°(Ry) with 0 < x <1, x(r) =01if r <1/2, x(r) =1if r > 1, and set
xr(@) =x(lz|/R) for z € R?. (2.8)

It is easy to see that a function x fulfilling the above constraints exists and for which one has
X' lloo < 4. For any such choice we have xp € C*(R%) and ||[Vxg|leo < 4/R.
Now assume that F' is bounded and differentiable, for the moment, and use £ = £ =
F .
xre . Using

Vé = eFVXR + eFXRVF,

in (2.7) and reshuffling the terms a bit we see

(R, (=V +W = E = |VF)epy) < (0, (IVxal® + 2xeVxrVF) ¥).  (2.9)
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Moreover, we can use 0 < xg < 1 on the right hand side and £ < 0 to drop the term —F on
the left hand side in (2.9) to get

(Ert, (W = [VFP)py) < (¢ (|9xal + 2V xal[VF|) ). (2.10)

where we also took R so large that x g, hence also &g, is zero on the support of V.
In the case that F' > 0 is not bounded, we regularize it by considering

F
Fs = T4 oF (2.11)
Then F5 < F and
VF
Fs= ——
VEs = Txor)e

so |[VFs| < |VF|. Thus (2.9) yields

(ere™ 0, (W = [VFP)xre™ ) < (0, (IVxal® + 2/Vxzl[VFI) ¥) < Crrllé)® (212)

since the support of Vxp is contained in the annulus R/2 < |z| < R. Since 0 < xp < 1 and
Xgr(z) =1 for |z| > R we get

/ 2@ (W@ =IVF@P) |yy(2) 2 dy < Cp ]2 (2.13)
|z|>R

and using that Fjy converges pointwise monotonically to F' in the limit 6 — 0 we see that
(2.4) holds. O

Remark 6 Of course, one should not always drop the term —F from the left hand side of
(2.9). Keeping it we get the bound

/ 2F(@)+In (W (2) - E=|VF()|?) [ (z)* dz < Cp gllv| (2.14)
|z|>R

under the condition

VE(@)|> < W(z)— E (2.15)
which allows for a larger class of functions F, which can grow linearly in |z|. This leads to
exponential LQ—type upper bounds when F < 0, i.e., when one has a safety distance to the
bottom of the essential spectrum. How one can easily choose exponential weights F' which
fulfill condition (2.3), respectively (2.15), is shown in Sections 2.2 and 2.4.

2.2 An example with a repulsive Coulomb tail

Assume that V has compact support and W (z) = a?/|z| with a > 0 outside some
compact set. Use

F(r) = 2ar'? — Kr" /2 (2.16)
for some 0 < k < 1/2 and K > 0 and also set F(x) = F(|z|) by a slight abuse of
notation. Then |VF(z)| = |F'(]z|)| and for any eigenfunction ¢ of H with energy

FE <0, we have

W(z) = |VF(2)|* = 2ala|*~*2 — (Kr)? |0 /4 2 o 72 > 2|22 (2.17)
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since kK —3/2 > 2(k — 1) iff K < 1/2. In this case, Lemma 2.1 shows that

T 62a|m\1/27K\az|"’/27%ln\z|¢(x)
is in L2(R?) outside of some large enough ball || > R, uniformly in the energy £ < 0
for normalized eigenfunctions . Since any fractional power r* bounds logarithmic

terms Inr for large r and v is globally L? we see that
oy e2alel P =Klal" ) e L2(RY) (2.18)

forany K >0 and 0 < k < 1/2.
Using subsolution bounds, or the Harnack inequality for ground states, one can
get the pointwise upper bound

[¥(2)] S exp(—2ale|'? + Klz|*) (2.19)

from this, see the proof of Corollary 5.2.

Moreover, Lemma 2.1 can also be used to show that if the attractive part V = V)
is tuned in the parameter A in such a way that Hy = —A — V) + W converges to some
limiting operator Hy and H) has a ground state energy E) < 0 which converges to
zero as A — ¢, then the limiting operator H, = H)_ has a zero energy eigenvalue
embedded at the edge of its essential spectrum. This follows from tightness and weak
convergence arguments similarly to the discussion in Appendix C and D.

2.3 Lower bound for zero energy ground states of systems
with a repulsive Coulomb tail
Assume that H = —A —V + W is as above with W (z) = a?/|z| outside of a compact,

V' has compact support, and 1 is a positive zero energy ground state of H. Then the
upper bound in (2.19) is sharp in the sense that we have

Lemma 2.2 In the above situation, we have the lower bound
(@) 2 exp(—2ale|'/? - K|a|") (2:20)

for all z € Rd7 where 1 is the unique positive zero energy ground state of H.

Proof We will use the subharmonic comparison principle. Since ¥ is only a weak eigenfunction
of H in the sense of quadratic forms, we use the quadratic form version of the subharmonic
comparison principle due to Agmon [34], see also Appendix B.

Define g = eiF, which is C? on || > R for any R > 0 and assume that g € L%, or at
least on |z| > R. Calculating

Vg=—gVF and —Ag=g (AF - \VF|2) (2.21)
we see that if
W(z) < |VF(z)]> = AF(x) (2.22)
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then Hg < 0 on |z| > R, or, as quadratic forms
(p,Hg) <0 forall 0 < ¢ €C3°(QRr) (2.23)
with Qr = {|]z| > R}. Since ¥ > 0 is continuous (here we assume that V and W are Kato-

class potentials) it is bounded away from zero on {|z| < R}, which is compact. Since g is
bounded, there exist a constant C' > 0 such that

P(z) > Cg(z) forall x| <R+1. (2.24)

Hence on the boundary layer R < |z| < R+ 1, which is a boundary layer for the boundary
0Nk in the sense of Definition 2, we have

P(x) > Cg(x) forall R<|z|< R+1 (2.25)
and then subharmonic comparison principle implies
P(z) > Cg(z) = Cexp(—F(z)) forall || > R. (2.26)

By the choice of C' this also holds for |z| < R, hence globally.
We apply the above with the radial choice

F(r)= 2ar'/? + Kr, r=|z| (2.27)
for which one calculates VF(z) = F’'(r)% and AF(z) = F"(r) + F’(r)%7 hence

||
IVE(@)]? = AF(z) = W (x)
K—3/2 2 2(k—1) 1, —3/2 K—2 (2.28)
= 2aKkr + (Kk)“r —a(d—i)r — Kr(k+d—2)r >0
since the first term dominates the negative terms for all large enough r1 when x > 0. This
proves (2.20). O

Remark 7 A similar calculation shows that f(z) = exp(—2alz|'/? + K|z|*) is a supersolution
at energy zero near infinity. Since eigenfunctions are bounded when the potential is the Kato—
class, the subharmonic comparison principle can also be used to see that the matching upper
bound

¥(x) < Cexp(—2alz|'? + K|z|®) (2.29)
holds for all K > 0 and 0 < k < 1/2. This is the same upper bound as in (2.19) and gives
an alternative to the derivation of upper bounds with the help of energy methods for one
particle systems. For our upper bounds for helium—type systems we eventually need to use a
combination of energy methods and the subharmonic comparison principle.

The lower bound (2.2) together with the matching upper bound shows that any zero
energy ground state of a one—particle Hamiltonian with a long range Coulomb—type repulsion
W (z) = a?|z| ! obeys for all z € R? the two sided bound

Cc_ exp(—2a|:c|1/2 - Kl|z|™) < 9(z) < Ct exp(—2a\m|1/2 + K|z|) (2.30)
for any 0 < k < 1/2 and K > 0 and some 0 < C_ < C4 < oo. In particular, the leading
order terms in these bounds are sharp.

Similar sharp lower and upper bounds can be proven for long range repulsive tails of the

form W (z) = a?|z| 2" for any 0 < p < 1. In this case F needs to fulfill F'(r) ~ r~”, hence
F(r) ~ 7177 and thus any zero energy ground state will have an asymptotic decay of the form
a

vlo) ~exp (-

up to lower order correction terms. We leave the details to the interested reader. A detailed
study of the one—particle case can be found in [35], where for short range repulsive tails
a phase transition for the non-existence versus existence of zero energy ground states was
proved, depending on the dimension d < 3,d =4, and d > 5.

|1:|1_p> for |z| > 1. (2.31)
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2.4 Repulsive Coulomb-tail: Interpolating between the
subcritical and critical cases

We can also consider a subcritical situation

a2

]

with ground state eigenvalue E) < 0 for 0 < A < A, and Ey = 0 for A = A,.
The a—priori bounds above and the discussion in Appendix C and D show that then
H. = H)_ has a zero energy bound state. Again, let us assume, for simplicity, that
Vy has a compact support. For A < A the ground states clearly have exponential
decay and at critical coupling this exponential decay switches over to the stretched
exponential decay with A = A, as discussed above.

The question is how the decay rate changes precisely from exponential to subex-
ponential as the gap between the essential spectrum and the ground state closes for
A Aer. In such a case, one should also take advantage of the fact that we can allow
|VF|? < n/|z|— E\, see Remark 6. With ¢ = —E), the ionization energy, and choosing
F to be radial, one sees that one needs to find a function F' = F; , such that

Hy = —A—Vy(z) + (2.32)

/ 2 a2
|[F. (r)]" =+ s (2.33)

for large enough r. A slightly tedious calculation shows that

r (L2 a2 1/2 a2
F. o(r) :/ \fe+—ds=r <5+ ) +— (ln ((a2 +s7‘)1/2+\/57) flna) .
7 0 S T Ve
(2.34)
which is the reason for the definition (1.7). It is easy to see that the second term in
F. o(r) is positive and only logarithmically growing in r for fixed € > 0. Thus F; ,(r)
is linearly growing in r and asymptotic to y/er, which is the decay rate predicted by
W K B methods when the ionization energy is positive.
Using Lemma 2.1, we again conclude that the ground state corresponding to a
negative eigenvalue E' < 0 behaves as

P(z) < Cpexp (—Fea(lz]) + Klz[7) (2.35)

for some constant Cy < oo and any 0 < k < 1/2, K > 0.

One first uses Lemma 2.1 to get an L? upper bound and then transfers this into a
pointwise upper bound via subsolution bounds of Trudinger, see [22, Theorem C.1.3],
or the Harnack inequality for the ground state, similar as in the proof of Corollary 5.2
below.

To derive a lower bound on the ground state i, we use the variant

g9 = exp(—Fz o(|z]) — Klz|")
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of the function used in Section 2.3. A straightforward but slightly tedious calculation
shows that g is also a classical subsolution of Hy = —A—V,+n/|z| at energy E\ = —¢
outside a large enough ball in R?, i.e., (Hy — Ex)g(z) < 0 for |z| large enough. We
leave the details of these calculations to the interested reader.

Exactly as in the proof of Lemma 2.2 one then concludes that the lower bound

P(x) > Coexp (= Fea(lz]) — Klz|7) (2.36)

holds for some constant C_ > 0 and any 0 < k < 1/2, K > 0.
Collecting the upper and lower bounds one sees that they yield sharp upper and
lower bounds for one—particle quantum systems with a long range Coulomb repulsion.

Theorem 2.3 Let ) be a ground state of the one—particle Hamiltonian Hy corresponding
to the energy Ex < 0. Then we have the two—sided bound

C1exp (F|EA|771(|$|) - K\iUl”) <ty < Coexp (F|EA\,77(|CC|) + K|I|H) (2.37)

for some constants 0 < C1 < Ca < o0 and all 0 < k < 1/2, K > 1.

The constants C7,C5 may be dependent on the parameter A, in general, but will
be independent of it for most physically relevant cases, see the end of Remark 8 below.

Remark 8 The logarithmic term in (2.34) is positive and, for fixed ionization energy ¢ > 0
only logarithmically growing in r. In this case, the leading order behavior of F: 4 is dominated
by the first term and is given by

2y 1/2
Fea(r) ~ (E + a?) r et/ 2y (2.38)

for large .

Clearly, (e + a2/r)1/2T — ar'/? in the limit of vanishing ionization energy, e = —FE — 0,
which is exactly half of the leading order term in the estimate (2.30) for the ground state. It
is easy to see directly from the definition of F: , as an integral in (2.34), that

Foo(r) = lim Fea(r) = 2ar'/? (2.39)

which is twice of the limit of the leading order term in the expression of F: , on the right
hand side of (2.34). Alternatively, we note that the second term in the right-hand-side of
(2.34) can be written as

(45 Z) = (14 2) 1)

with ¢ = y/er/a. Since

%m ((1+t2)1/2+t) =1In (((1+t+0(t2))1/t) —Ine=1

in the limit ¢ = \/er/a — 0, we see that the logarithmic term in (2.34), which for fixed £ > 0
is always of much lower order than the first term, gives the same contribution as the first
term in the limit of vanishing ionization energy ¢ — 0 and should not be discarded.
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Because of (2.39) the upper and lower bounds (2.35) and (2.36) also hold in the limit of
vanishing ionization energy and one recovers our previous subexponential upper and lower
bounds for zero energy ground states. Thus the function Ft ; describes precisely the phase
transition between exponential and subexponential decay of the ground states of H) in the
critical limit of vanishing ionization energy.

If the potentials W and V), are in the so-called Kato—class, for definitions see [20-22], and
V) is continuous in the Kato—norm, one can show that the constants C7,Cs2 in (2.37) can be
chosen to be independent of \ up to the critical coupling by an argument which parallels the
one we give for helium—type systems, using a one-particle version of Proposition D.1 in the
Appendix.

2.5 The fate of zero-energy solutions for short range potentials

Without a long-range repulsive tail of the potential one can still do a similar analysis
as for long-range repulsive potentials, using now an additional boost coming from the
kinetic energy. We say that a potential V' is short range if

1
[V(z)| < FETE] for |z| 2 1 and some ¢ > 2, (2.40)
or if
V() < —© for |2 > 1 and <2 (2.41)
x ———— for |z and some ¢ < — :
= P ?(a) ~ 1

Let H = —A+V be defined via quadratic forms. A function ¢ € HL _(R?) is a (weak)
zero energy solution if (¢, H) = (V, Vi) +(p, Vip) = 0 for all ¢ € Cg°(R?). Clearly,
this extends to all ¢ € H'(R?) with compact support.

Theorem 2.4 Assume that 1 € H}OC(Rd) is a zero energy bound state of a one—particle
Schrédinger operator H = —A + V with a short-range potential V' in dimension d > 3 and

NP | 2
hmlnf—/ P(x)|"de =0 2.42
iminf - L§|w|§aL| ()] (2.42)

for some a > 1. Then

(1 |z])d—/2

2 md
SeENEN ¥(z) € L2RY) (2.43)

Remark 9 The condition (2.42) poses a weak condition on the decay of v at infinity. In
particular, ¥ does not need to be in L?. The bound (2.43) shows that if d > 5, then ¢ €
L2(R%), i.e., 9 is a zero energy eigenfunction of H. If d = 4, then z — (In(2 + |z|)) "'y (z) €
L%(R%), i.e., ¥ barely misses to be L? and in three dimensions one sees that z — |x\71/2 (In(2+
|z])) "t (z) € L?(R?). This is consistent with the known behavior of zero-energy resonances
of Schrodinger operators. A series of sharp criteria for the existence/absence of zero energy
ground states for one—particle Schrodinger operators in any dimension can be found in [35].

Theorem 2.4 is an extension of results on L? bounds for zero energy eigenfunctions and
resonances of one—particle Schrodinger operators in [37, Theorem 2.1]. As already shown
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in [37], the above bound has the following consequence: Assume that the potential V is
infinitesimally form bounded with respect to —A and that the one—particle Schrédinger
operators H = —A 4 V, defined via quadratic forms, has a virtual level at zero, that is,
H >0 and, with Hy=—(1-0)+V,

info(Hgs) <0

for all 0 < 0 < 1. Then in dimensions d > 5, zero is a simple eigenvalue of H. The proof uses
Theorem 2.4, or better a slight extension of it to Hg, and tightness and weak convergence
arguments to show that the ground states of Hy with § = 1/(2n), n € N, yield a sequence
which converges strongly to the ground of H. Similar arguments are given in Appendix C
and D, for the existence of a ground state for helium—type atoms with a critical repulsion
with finite or infinite nuclear mass.

Proof of Theorem 2.4 Let F be a function which is bounded and differentiable outside some
compact set and whose gradient is bounded by |[VF(z)| < |z| =" for large |z|. Let X € C5°(RY)
with 0 < ¥ < 1, x(z) = 1if |z] < 1, and x(z) = 0 if |z| > 2. We use the scaled version
XL (x) = x(x/L), which is a smoothed out projection inside a centered ball of radius ~ L.

Use again £ = XReF with xg from (2.8) and now also {7, = xX1.&. Then (%w isin H' and
has compact support. The weak form of the eigenvalue equation and the IMS localization
formula again show

0= (CE, HY) = (Coap, HCp) — (4, [VCL*9) . (2.44)
One calculates
Ve = [VFPXI xRS + X1 (|V><R|2 + 2XRVXRVF> + xR VR
+2XrXLVXL (VXR + XRVF) 2F
= [VFP*¢E + " (IVxal® + 2xaVXaVF) + € (IV%LI° + 2X, VXLV F)

where the last equality holds for L > R, since then VX and Vxpg have disjoint supports
and Xz, = 1 on the support of Vxpr. Reshuffling terms in (2.44) we get

v, (H = [VFP) Cow) = (6,6 (I9xal® + 2xaVXRVF) )

, , (2.45)
+ (€ (IVXLI + 2% VRLVF) ).
An improvement of Hardy’s inequality outside large balls given in [38] shows
d—2\2 1 1
Vo,Vo) 2 (o, ((——) 75 + 55— 2.46
Ve ve) 2 e (57 5 + e ien) (2.46)
for any ¢ € HJ(Bt(0)°) and t large enough. Thus
c
(G, (H = IVFP?) CLv) 2 (Cotby —5rg o) (2.47)
( ) |22 In?(|z])
for some ¢ > 0, if the potential V' is short range and if
d—2
<=2 .
IVF(x)| < 3] (2.48)

for all large |z|. Note that if F is bounded then £ = yrel” is bounded and if (2.48) holds then

0.8 (VR + 2RV Wl S lele gy [ P e (2.49)
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since ‘V%LF and ‘V)?LVF| S L721{LS|JJISO¢L}’
Using (2.47) and (2.49) together with Fatou’s lemma in (2.45) one arrives at

c .
(&, m@m < lggloréf@Lw, CL)

e
a2 10 ([
< (" (IVxrl* + 2xeVXRVF) ) (2.50)

<Crnr ()| da
R/2<|o|<R

with the same constant Cr g as in (2.5), since |[Vxg| < %1{R/2S|x\SR}'
Now let F(z) = % In(|z|), so that (2.48) holds. In the definition of &, replace F by Fj
given in (2.11) for 6 > 0, i.e., use £ = xrer® in the above argument. Then, since |[VF3| < |VF)|

we see that
c

]2 In? (J])

In addition, Fjs converges monotonically to F' and e
convergence gives

(xre"y, xre™0) < i [ (2 d
R/2<|z|<R
F(z) |2|(4=2)/2 50 monotone

|4 2 . F c F
e/ (@) de = lim (xge™ ¥, ——G —xpe"u)
jo1> R In(|]) 60 2 1n® (| (2.51)
<cn [ () 2 da
R/2<|z|<R
with constant C'r given by
Cr=8 sup eF® (2R*2 + R*1|VF(a:)|) < 8dR*
R/2<|z|<R
Since 1 is locally L?, this proves (2.43). O
Remark 10 In dimensions 2 < d < 4 a repulsive tail of the potential V' of the form
V(z) > # for |z| > 1 (2.52)

stabilizes zero energy bound states. In this case we can use (2.46) to see that
d—2\2 1 1
Ve, Vi) + 0. Ve) > (o, ( ((557) +w)—+7)
Vo, Vo) + (o, Vo) > (p < 5 22 T TeE () ©)
for all p € H ! with support outside a large enough centered ball in R?. Then the same
analysis which yields (2.51), but now with the weight F(z) = (((d — 2)/2)% + w)1/2 In |z|,
leads to

|z|? 2 2
c / (@) d < C /R PP (2.53)

>R In?(|z|)

with o = 2(((d — 2)/2)2 + w)"/?

¢ € L2(RY) as soon as o > 0 and the last condition is equivalent to

d4—-d
w > % . (2.54)
Clearly d(4 — d) is positive if d < 3, zero if d = 4, and negative if d > 5. So a repulsive part
stabilizes zero energy bound state in dimensions d < 4 and in dimensions d > 5 the potential
V can be purely attractive and still have zero energy eigenstates. The results of [35] show
that a repulsive part is needed in dimensions d < 4. Dimension d = 4 is critical in the sense

that the repulsive part can be weaker in dimension four than for d < 3.

— 2 and some constant C' depending on R and w. Thus
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3 Local energy bound for helium—type system in
paraboloidal regions

In the following sections, we consider a helium—type atom consisting of an infinitely
heavy nucleus at the origin and two indistinguishable electrons. In this section, we
prove a local energy bound for these systems, which is the main tool for the proof of
the sharp anisotropic upper bounds on the asymptotic behavior of the ground state
in later sections. To obtain suitable energy bounds we need appropriate lower bounds
on the potential derived in Lemma 3.1. The crucial part of the proof is to split the
configuration space into several regions sketched in Figure 3.1 where the behavior of
the system differs. The bounds on the potential from Lemma 3.1 are then used to
derive local energy bounds for the full quantum system in Proposition 3.3

Our local energy bound for the helium—type operator Hy on L?(R) is independent
of the statistics of the particles and one can easily include the spin. The importance
of such a local energy bound was already emphazised by Agmon in his work on non-
isotropic upper bounds on the decay of eigenfunctions of multiparticle Schrodinger
operators in [30].

We denote by x; the position of the 4t particle, by Pj2 its kinetic energy, where
Pj = —iV,, is its momentum operator, and j = 1,2. The Hamiltonian of this system
is given by

1 U

- + _—
[Za] 2| Jor — @
It is well-defined and self-adjoint on the Sobolev space D(Hy) = H?(R%) C L?(RS).
In the following, it will be very convenient to consider the quadratic form induced by
Hy on the Sobolev space H!(R®). With a slight abuse of notation, we denote this
quadratic form by

Hy = P2+ P} — (3.1)

(o, Hup) = (P1p, Prp) + (Pagp, Pa) + (0, VU ) (3.2)
where

1 1 U

Vu(z) = Vi SR S S —
v(@) =Volero) = =g = T o)

(3.3)

The proofs of our lower bounds in Sections 7 and 8 use the sesquilinear version of this
quadratic form. Our local energy bound for helium follows from a suitable localization
in position space and the IMS localization formula. However, our localization is quite
different from the usual approach in many-particle physics, where one localizes into
conical regions, see for example [17]. For our derivation of the sharp upper and lower
bounds, it turns out to be crucial to use paraboloidal regions.

Recall that for z = (z1,22) € R? x R3 we set |z| = |(x1,22)| = (|z1]? + |z2]?)"/?,
|x]o = min(|z1|, |x2]), and |z|s = max(|z1], |z2|). For Ry > 0 and 0 < v < 1 we define
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Fig. 3.1 Sketch of the regions Ag, A1, A2. In Ag both particles are close to nucleus and in Ay both
particles are far away. The paraboloidal region Aj, which splits into two disjoint components A7, A'f,
corresponds to the situation where one particle is far away while the other stays relatively close to the
nucleus. In region A; we get a local boost in energy, which is important when the system becomes
critical.

the following paraboloidal regions

Region 0: Ag := {z € R®: |2| < 2Ry}
Region 1: A; :== {z € R®: |2| > Ry and |z|o < 2|z|L}. (3.4)
Region 2: Ay := {z € R®: |2| > Ry and |z|y > |=|L}.

We do not write explicitly the dependence of these regions on the parameters Ry and
~. The inner region Ay cuts out a ball centered around the nucleus. It is only necessary
in order to have a bounded localization error in the IMS localization formula near the
nucleus and will be irrelevant for our bounds on eigenstates. All regions above are
invariant under permutation of the particles. In order to control the localization error,
we will eventually choose the parameter 1/2 < v < 1.

In the region Ag both particles are close to the nucleus and in As both particles
will be far from the nucleus. In these two cases, the local energy bound will be easy.
The tricky region is Ay. At critical coupling U, this region is critical in the sense that
inside this region one particle stays much closer to the nucleus compared to the other
particle, which can escape to infinity with no apparent energy cost, since the ionization
enerqy s zero.

For large Ry the tricky region A; is the union of two disjoint paraboloid regions

A7 ={z €R: |z| > Ry and |z2| < 2|21|"},
AT ={z €R": |z| > Ry and |z1| < 2|z2|"}.

which are “above” and “below” the diagonal |z1| = |z2|, respectively.
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The reason why we introduce these paraboloidal regions is that in these regions,
especially in the tricky region A;, the full potential has nice lower bounds which
exploit the interaction term but do not involve it explicitly. This is made precise in
the following lemma.

Lemma 3.1 Let Vi; be the Coulomb potential

1 1 U
V() =—— = — + — 3.5
e T R (3
on R8. Then for 0 < v < 1 we have
1 U-1 20

Vu(z) > —— ———5— forallz € Ay, (3.6)

lzlo  [7loo |m|go K
Vi (z) > SN for all x € Ao (3.7)

lzlo #loo

Remark 11 In the tricky region Aj, where one particle stays close to the nucleus, and the
other one can escape, the bound (3.6) shows that this will have a local energy cost of order
(U —1)/|z|c0, which makes the classically forbidden region stickier. This is a key input for
our a—priori bounds on the decay of ground states at critical coupling. A similar boost was
already noted in [16, 17], however, due to the use of conical regions in [17], which is quite
common in many—body quantum mechanics, their bound for the Coulomb interaction in the
tricky region is worse than our bound in Lemma 3.1: It is essential to use paraboloidal regions
in order to get the additional positive term fél—:i with the sharp constant U — 1 in the lower
bound for two—particle Coulomb potential in the tricky region. The use of conical regions
would not allow us to get sharp upper and lower bound on the anisotropic decay of the ground
state, one always incurs an epsilon loss in the leading order terms when using conical regions.

Proof The bound on Ay = {|z| > Ry, |z|o > |z|%} follows by dropping the positive Coulomb
repulsion. On A; we have |z|o < 2|z|%, thus

|21 — 22| < |z1] + |22 < |2|0o + 2|2|L

and
U U U 2U
|21 — 22| T |zloo +2|2|d  [7loo 22571+ 202 LY)

This implies (3.6). O

In order to use the bounds from Lemma 3.1, we need to localize the kinetic energy
into the different regions Ay, A1, and As. To construct suitable cut—off functions which
localize into these regions, take any two functions 0 < @, 0 € C*([0,00)) with & = 1
and 9 =0o0n[0,1],a=0and ¥ =1on [2,00), % > 0on [0,7/4], and ¥ > 0 on [5/4, )
and put

U 0
u::m, v::m. (3.8)
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Since @2 +9% > ¢ for some constant ¢ > 0, the functions u, v are infinitely differentiable.
Moreover, by construction, 0 < u,v < 1l,u=1and v =0o0n [0,1],u=0and v =1
on [2,00), and

w40 =1 (3.9)

Note that one can always find u, v with ||u/]|s < 2 and ||v||cc < 2. Given u and v we
set

u(jal/Ro ) .
xa(@) = v(Jal/Ro )u(lelo/I2[L.) (3.10)
o(je1/Ro) v (lzlo/Ie1%.)

Xo(7) :

x2(z) :

By construction

2
doxi=1 (3.11)

J=0

In addition, we clearly have xo € C§°(R). This is less obvious for x; and x». For large
enough Ry the support of x1, which is contained in the tricky region, separates into two
disjoint sets (contained in Ali) and on each of these sets y; is infinitely differentiable.
So we have x; € C®(RS) for large Ry and a moment of reflection shows that also
X2 € C*°(RY) for all large enough Ry. The gradients in RS of x( and y; are given by

x

Vxo(z) = Ry '/ (|z|/Ro) (3.12)

m ’
T

Vxa(z) = Ralv’(le/Ro)U(lx\o/\ZIZo)m

22| z1

#1 T T — Yzl T T Tzql
+o(lzl/Ro)u! (Jzlo/|2]2) (“““ Uzallealy = Vi [7r Aleai< 1})lml>.

o =

£ x

1
(Lol loaly = Yy oo Lol <loal ) 7

(3.13)
Thus, abbreviating s = |z|/Rg and ¢t = |z|o/|z|L,
_ 2 _
[Vxo(@)” < Ry?(w/(5))” < Ry ®||u'[13 1 {ro<fol<2 R0} (3.14)
and
[Vxa(@)? = Ryv'(s)*u(t)? + 2Rg o' (s)o(s)u/ (t)u(t) ||~ (t = 1)
(3.15)

+v(s)2/ ()% 22 (1 + 72152) .
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For Vx2 we note that a similar formula as for V1 holds, just with u replaced by wv.
Collecting terms we get

IVxa1 (@) + [Vxa(2)?
= RSQU’(S)Z(u(t)2 + v(t)Q) + 2Ry 1! (s)v(s) (v (t)u(t) + ' (t)v(t)) lz| 71 (1 — )t
() (' (62 + ' (1%) 2] 227 (14 2242

= Ry (5)% + o(s)? (/)2 + 0 (1)) 227 (1 + 422)

where we also used u? + v? = 1 and 2(u'u + v'v) = (u? + v?)’ = 0. Hence

2

Y1V (@) = Rg? (v/(|2l/Ro)® + o/ (|2]/ Ro)?)

=0

2 T 2
ool Rl (s (elo/ %)+ (e 12)") (o + |?c“!”+02) |
(3.16)

This yields the following bound on the localization error for localizing into paraboloidal
regions.

Lemma 3.2 The localization error Z?:o \ij|2 for the localizing functions x; constructed
above, is bounded from above by

2 2
_ 1+
S IVx@)F < W) + () o <R021{Rogm|§mo} + WZMZRO}) (3.17)
7=0 o0

for0 <y <1and Ry > 0.

Proof This follows immediately from (3.16) because 0 < u,v < 1, Ry < |z| < 2Rp on the
support of v’ (|z|/Ro), |x| > Rp on the support of v(|z|/Rp), and |z|p < |]co- O

Remark 12 In order to make ||(u’)? 4 (v')?||co small, a convenient choice is to pick

1, for0<s<1
u(s) = cos(ﬂ(s — 1)/2), forl<s<2
0, for s > 2

and v = /1 — 42, in which case |(u/)? 4+ (v')?||cc = 72/4. Making this choice for u and v
does not yield smooth cut-off function, however. Nevertheless, the set on which x; is not
differentiable, is a Lebesgue measure zero Lipshitz hypersurface in Rﬁ, so Lemma A.1 shows
that x; € Wl’oo(]RG) and this is all one needs to use a suitable quadratic form version of the
IMS localization formula, see the discussion in Appendix A.
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Given a wave function ¢ in the quadratic form domain of Hy, which is the Sobolev
space H(R®), we can use (3.11) and the fact that (p, Hyp) is real together with the
IMS localization formula (A8) to get

2 2 2
(¢, Hup) =Y Re(x3p, Hue) = Y (s, Huxjo) — > (@, [Vx;[*e (3.18)
=0 =0 =0

Lemma 3.2 allows us to control the localization error. To bound the local energies
(x;9, Hux;jp), where each x ;¢ is supported on A;, the following bounds will be useful.

In the following, we take any two functions u and v as above. Then Lemma 3.2
shows that there exists a constant C; = Cj(u,v) < oo such that for any 0 < v <1 the
localization error is bounded from above by

2
@)
\Y% '$2<—f0raux€R6. 3.19
Z‘ xi (@) < rnaX(|:L‘|gg,R§7) ( )

For this constant C; we set

1 @

Wo(x) = 5~ Rigv’ (3.20)

1 U-1 2U C
Wi(x ——= + — — , 3.21
1( ) 4 |l'|oo |x‘go_»y |x|gz ( )

and
1 1 C

-— .22

Lemma 3.1 and the IMS formula lead to

Proposition 3.3 (Local energy bound) For large enough Ry and all ¢ in the quadratic form
domain of Hyy

2
(¢, Hyp) > ngso, X9 - (3.23)

Remark 13 The localized functions x ¢, j = 0,1, 2, have the same permutation symmetry as
, since the x; are symmetric under permurtation of the particles.

Proof Set Lerr(z) = ——S——. From (3.18), Lemma 3.2, and (3.19) we get

max(|e|22,R2Y)
2

2 2
(o, Hue) > Y (xj0, Huxjee) — (¢, Ler) = > _ (X0, Hux ;@) — _(Xj LereXj )
Jj=0 Jj=0 Jj=0
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since Lerr is multiplication by a function and Z?:O x? = 1. So it is enough to show

o, Hux;e) 2 (xje, Wix;je) (3.24)

for each j = 0,1,2, where ,I/Iv/j = W + Lerr. Using that x2¢ is supported in the region As,
we can use Lemma 3.1 and immediately get (3.24) for j = 2 by dropping the kinetic energy
term P + P3 in (x2¢, Hux2)-
For j = 0 we again drop the Coulomb repulsion term and use
1

1
+ P} — >-1/2
|21

|z2|

to get (3.24), since the ground state energy of hydrogen is —1/4 in the atomic units we use.
When j = 1, the particles are localized in the tricky region. For large enough Ry the

localization function x1 is a sum x1 = x; + XT, where Xit are smooth and have supports in

Hy > P} —

Ali. In particular, their supports are disjoint for all large Ry. Using Lemma 3.1 and dropping

P12 we get
_ _ - 1 U-1 2U _
JH > (P — 4+ - 7>
i e Huxi¢) 2 (xr ¢ ( Chl e B v R ) RS )
_ 1 U-1 2U _
2 b - + T 1 1 19—~
e ( 17 ] W-v) e
= (x1 ¢, W1ix1 ¢)
since P§ — Ty = 1 /4. Similarly one sees

e Huxd o) > (o, Wixg ).

Since the supports of x; and XT do not overlap when Ry is large enough, we get

(xae, Huxae) = (xi ¢, Huxi ) + (T o, Huxi o)
> (x1 0, Wixi ) + (X e, Wix{ @) = (x1e, Wix1¢)
which is (3.24) for j = 1. O

4 TIsotropic upper bounds on the asymptotic decay of
bound states

Before we start the proof of the sharp anisotropic upper bound in the next section, we
give a proof of a simple isotropic bound. Such an upper bound is already quite useful,
since it is uniform in the energy E < —1/4, i.e. up to the bottom of the essential
spectrum. It allows for an easy proof of the existence of a bound state at critical
coupling: The infimum of the spectrum of Hy;, is a simple eigenvalue, see Appendix
D, even though it is embedded at the edge of the essential spectrum of Hy,.

Our main tools are the local energy bounds from Section 3 and the quadratic form
version of the IMS localization formula from Appendix A. For the simple isotropic
upper bound on the asymptotic decay of eigenfunctions of Hy we use the weight
function

Fi(r) = 2(U — 1)Y29Y/2 — K (4.1)
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for 1< U < U, K >0,and 1/6 < k < 1/2. The reason why we have to take x > 1/6
in the isotropic upper bound will follow from the proof, in particular, (4.9). Note that
the leading order term in Fj is given by 2(U — 1)1/27'1/2, the other term is a lower
order correction for any K >0 and 1/6 < k < 1/2.

When z = (z1,72) € R? x R3, |2]oe = max(|z1], |22]), we will identify Fy(z) =
F1(]z|e), by a slight abuse of notation. For simplicity of notation, we do not explicitly
write the dependence of F on its parameters.

Recall that ¢ € L?(R%) is a bound state of Hy with energy E, if it is a weak
solution of the eigenvalue equation Hrp = Etp. That is, 1 € H*(R®) and

(¢, Hu) = E(p, ) (4.2)

as quadratic forms for all p € H'.

Theorem 4.1 (Isotropic L? upper bound near critical coupling) If ¢y is a bound state of
Hy with energy Ey < —% then for any K >0 and 1/6 < k < 1/2

My € LA(RY) (4.3)

Moreover, for mormalized vy, the function et Y s L? uniformly in the parameter range
1+ p <U < U for any small fited 0 < p < Ue — 1.

Before we give the proof, we want to explain where the usual strategy fails. Let 1
be a bound state of a Schréodinger operator Hyy with energy E. Take any bounded, real
valued function ¢ € H!. Since E is real we can use ¢ = £21 in (4.2) together with the
IMS localization formula (A7) and the local energy bound from Proposition 3.3 to see

Ellep|?* = Re(E(E*, ¥)) = Re(€®y, Huy) = (€, Hu&y) — (4, [VE[*9)

2

<X]§¢a Wix;§b) — <’|v€‘2w>a

where y;, defined in (3.10), are the functions localizing in the regions A;, j = 0,1, 2.
Now choose x = x g to be another smooth cutoff function outside of a centered ball
of radius R > 2Ry and make the ansatz £ = ye!” for some bounded function F € H'.
Then
[VE]? = E|VF? +2xe® V- VF + 2 [Vx [,

hence
2
> Ouxe" . (W — B = [VFP)x xe™v) < (i, " (2xVXVE + VX)),  (4.4)
j=1

since xo and x have disjoint supports, the missing j = 0 term in the sum on the left
hand side above is zero.
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The usual strategy for using (4.4) is to assume W; — E > ¢ > 0. That is, one needs
a spectral gap for the operator Hy — E near infinity (outside large enough balls), to
have a safety distance to the essential spectrum. Under such an assumption, one gets
from (4.4)

sellxefy|? < (@, e2F (2xVXVE + [Vx?)Y) < Cryllvl?,

for the exponentially weighted bound state ef'1) on the support of y, as long as |[VF|? <
(1 = &)c for some small § > 0. This condition allows F to grow like 1/(1 — d)c|z|. Of
course, one has to remove the requirement that F' is bounded. This is easy, since the
constant C'r, depends on F' and x only on the support of Vi, which is compact. See
the argument in the proof of Theorem 4.1 below, in particular (4.6).

However, the local energy bound W; — Eyy. = Wy + 1/4 goes to zero at infinity
in the tricky region A;. Thus ¢ = 0, i.e., there is no safety distance to the essential
spectrum anymore, when Ey = —1/4 or when Ey approaches —1/4 from below as
U /U, and the above argument does not allow to control ef'1) anymore. So we have
to be more careful.

Proof of Theorem 4.1 Let a = (U — 1)1+/2, 1/6 < k < 1/2, K > 0, and put
G(r) = 2art/? — Kr®/2. (4.5)

We use K/2 instead of K in the definition of G to have some wiggle room which allows us
to absorb error terms later, see (4.12) and (4.13) below. Note that G(r) is positive when r is
large enough, so its regularized version
__G)
~ 146G(r)
is well defined and bounded for all large enough r and all § > 0. We also denote G(z) =
G(|z|oo) and the same for Gy, with a slight abuse of notation. Note that G and G4 are
continuous on R® and continuously differentiable on {|z1| # |x2|, || > R} for large enough R.
Furthermore, let 0 < x < 1 be a smooth function on [0, c0) with x(r) =0 for 0 <r <1,
x(r) =1 for r > 2, |x'| <2, and put xg(z) = x(z/R). Lemma A.1 shows that £ = xre% is
in the Sobolev space W1°°(R%) and multiplication with & and &2 leaves the quadratic form
domain of Hy invariant. Setting r = |z|oo one calculates

Gs(r) (4.6)

] 1
VG(z) = (ar Y2 — Krr™71)2) ('g; {”“”2'}) , (4.7)
Tea] L2 |> a1}
VG
VO = sae

Thus
IVGs[? < VG2 = (ala]/? — Krlz|51/2)°,
for large enough |z|co. Using (4.4) with F replaced by Gs and taking R such that G(z) > 0
for all z in the support of x g one gets
2

> (xixre“ Y, (W — E — |VGI)x;xre )
= (4.8)

< (,e* 2|VxRIIVG| + [Vxr[*)¥) < Crllvl
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where we also used that G5(z) < G(z) and |VGs(x)| < |VG(z)| once G(z) > 0. The constant
Cr is given by

Cr=4 sup ezG(S)(|G/(s)|/R+ 1/R2) < 0
R<s<2R
since Vg is supported on the annulus R < |z| < 2R and |Vxg| < [IX leo/R < 2/R.
In the following, we will use C for a generic constant, which may change from line to line.
Recall that 0 < ey = —1/4 — Ey is the ionization energy. On Az we have

5 1 1 1 C 1
_ _ > = _ _ _ -
Wale) = By = VG 2 | +ev ~ [ = = o~ V6@ 2 g
for large enough |z|oc. On A; we get
2 U-1 2U C 9
Wi(e) = By = [VG@) 2 20 + T = s = g — IV6(@)
[ee] (oo}
>ep+ aK,qx\“*?’/? — (k)22 —ou)a 5 - el (49)

k—3/2

>ey + aKka|x| 2U|as|g<,72 — C’|x\<;,2v

for all large enough |JI:|OQ7 since k < 1/2, which implies x — 3/2 > 2(k — 1). The minimum
of max(y — 2, —2v) is attained at v = 2/3. The choice v = 2/3 gives v — 2 = —2v = —4/3,
which leads to the lower bound

k—3/2

4/3 ‘ Iy 3/2

3
Wi(z) — By — |[VG(z)]* > ey + aK/-@|x| — QU +0O)|zlee " > ey + 225

uniformly in 1+ p < U < U < 2 for large enough |z|o, since k > 1/6. Puttmg everything
together, we see that
2 3/2 3 +aK 4/3,
> xmxs(Ws — B~ [VGP)xxn > (20 + ol ?)xh > UL o/
j=1
(4.10)
for large enough R and all bound state energies Ey < —1/4, i.e., ey > 0. Using (4.10) in
(4.8) we get
12Cg

4
(xre® 4, |21 xpePiy) < ver LA (4.11)
v+ U -1YK
for all 6 > 0. The right hand side of (4.11) is independent of § > 0, so
—4/3 12C
Oere, ol xre@w) = lim (ere v, ol xre ) < Bl
ey + (U - 1)+ K

by monotone convergence. Since arbitrary positive multiples of 7" control any logarithmic
term Inr for large r, we have

2 2
Fi(r) = 2art/? — K" < 2ar'/? — Kr®/2 — 3 Inr=G(r) — 3 Inr (4.12)
for r large. This shows
F —4/3
Ixre™ 01 < (xrev, 2l xreTY) < —22Cn | (4.13)

cu+(U-1)K

for any 0 < U < Ue. It is easy to see that U — ey is decreasing and the discussion in the

introduction shows that £1 > 0. So ey + (U — 1)1/2K 2 1 uniformly in 0 < U < Ug, hence
(4.13) proves the theorem. O
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Our isotropic upper bound also allows for a simple proof for the existence of a
ground state at critical coupling, see Proposition D.1 in the appendix. In the infinite
mass approximation, the existence of a bound state at critical coupling had been
proven first in [16] with PDE methods and in [17] with variational methods.

Corollary 4.2 At critical coupling the operator Hy;, has a simple eigenvalue at the edge of
its essential spectrum. That is, there exists a bound state 1. € L? (RG) with energy —1/4 of
Hy, which is unique up to a phase.

The proof is given in the appendix, where we also gather more information about
the ground states ¢y for 0 < U < U,, see Proposition D.1.

5 First anisotropic upper bound

In this section we prove a preliminary version of the anisotropic upper bound from
Theorem 1.1. This will be done in two steps: First we prove a L? version with the help
of energy methods and convert this into a pointwise bound in a second step.

Unfortunately, our first anisotropic upper bound given in Proposition 5.1 is subop-
timal in a transition region where |z|Y, < |x|o < 2]z|%. So it does not give the sharp
anisotropic upper bound we are aiming for. However, it has the correct asymptotics
well within the tricky region, more precisely, when |z]p < |z]|& for o < 1/2, and in
the region near the diagonal, i.e., where |x|o ~ |z|~ are large. This provides essential
a-priori information for the decay of the ground state well within the tricky region
and near the diagonal, which is a crucial for the proof of the sharp global anisotropic
upper bound in the next section.

Recall that we set a = ay == (U — 1)_11_/2 and e = ey = —i — Ey > 0, where Ey is
the ground state energy of Hy. Moreover recall that

a2

Feo= (6+r>1/27"+jz(ln(\/ar—kaz—i—\/;r)—lna). (5.1)

For convenience, we abbreviate

Fy =F ap (5.2)
and define
K 1 K
FQ’U(Tl,TQ) = FU(”‘I) — Kl’l“ll + 5(’/‘2 — K2T22 — 27,’1y)+ . (53)

With a slight abuse of notation, we also use F» y(x) = Fo y(|2|oo, |2]0) for (z1,22) =
x € RS.

Remark 14 For U = U, we have

1/2 1
Fyy, (r1,m2) =2(Uc — 1)1/27"1/ — Klrfl + 5(7“2 — KQT';Z — 2r¥)+ ,

see Remark 8.
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Remark 15 Let us motive the slightly odd looking dependence of Fj 17(r1,r2) on ra: At first
sight, a more natural choice would be

1
Fy(ri,re) = Fy(r) + 57‘2 — Klrlﬁl — KQ’I";Q (5.4)

and to use Fyy(z) = Fy(]z|oo, |z]|0) as an exponential weight in the energy estimates. For
simplicity, let us look at the critical case where U = Uc. In this case we have Fy_(r1) =
2(Ue — 1)1/27"1/2 and one calculates

Wy () = (U = )Y Y2 = i Kyrf N2 4 (12 = ko Korf? ™ 1)?
U.—-1 1 _ _
:%+1*2(Uc*1)}/21{1ﬂ1r1’ﬂ 3/27K2KJ11"§2 1

_1)

272 2 272 2 —1
+I€1K1T1(H1 +K2K2T2(K2 ).

The cross terms will allow to control errors, in particular, the localization error and all terms
involving rf(m Y and TS(@_U. However, leading order term in |V Fy;_(z)|? now includes the
additional constant term 1/4, which needs to be compensated by the ionization energies. In
the tricky region, where one particles escapes to infinity, the ionization energy is zero and we
only have an additional local boost of the form U;—fl in the energy estimates from Lemma 3.1
and Proposition 3.3 and no additional term coming from the second ionization energy, which
is the energy to remove the second particle. The additional constant term 1/4 in |V Fy._(z)|?
cannot be compensated by the local energy boost in the tricky region. Thus for the seemingly
natural and simpler ansatz (5.4) the gradient of Fy; is too big. We need to modify the ansatz
to ensure that F', hence also its gradient, only depends on 71 inside the tricky region. This
is the reason for choosing %(rg — Kory? — 27"'{)_’_ as the additional term in (5.3) capturing
the decay of the ground state in ro = |z|g, since it vanished by construction in the tricky
region A; and only becomes positive inside the green shaded region in Figure 3.1, where both
particles are far from the nucleus and the additional ionization energy of the second particle
can compensate the constant term 1/4 in the gradient of the exponential weight.
Eventually we have to choose 1/2 < v < 1 in order to be able to control the localization
error. The somewhat surprising fact is that the additional term —27’1)' does not mess up the
asymptotic behavior of Fy 7(r1,72) for large 71 even at criticality, where the leading order

term in Fp iy only grows proportional to /71.

Proposition 5.1 (First global anisotropic L? upper bound at critical coupling) Choose
parameters K1, Ko > 0, 1/6 < k1 < 1/2 and 1/2 — k1 < k3 < 1, as well as (3 —2r1)/4 <
v < min((kg + 1)/2,k1 + 1/2). Then the ground state Yy of helium-type atoms at coupling
U has the L? upper bound

2y e L3R (5.5)

for all 0 < U < Ue and with Fy iy defined in (5.3). Moreover, in the range 0 < U < Ue —
for some small > 0, the bound (5.5) holds with any choice of parameters 0 < k1,k2 < 1
and 1/2 < v < (k2 +1)/2.

Remark 16 The most important part of Proposition 5.1 is of course the statement which
holds uniformly in 0 < U < U.. By this we mean that for any choice of ground state vy,
which is normalized, i.e., |[¢y] = 1, we have

F.
sup le”* Yyl < oo.
0<U<U.
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A simple calculation shows that (3 — 2k1)/4 < min((k2 + 1)/2,k1 + 1/2) is equivalent to
k1 > 1/6 and k2 > 1/2 — k1. So the range of allowed values for 7 in Proposition 5.1 is not
empty. Moreover, for any such choice we have v > (3 — 2k;1)/4 > 1/2, since k1 < 1/2. The
bound is uniform in 0 < U < U, and the implicit constant depends only on the parameters
Ki,K2>0,1/6 <k; <1/2and 1/2 — k1 < kg < 1.

Proof As in the proof of the isotropic bound, we use a modified version of Fy r,
1
Ga(r1,m2) = Fy(r1) — Kir{' /2 + 5(1"2 — Kory? — 2r¥)+ (5.6)

replacing K1 by K7/2. In the remainder, we will use 8; = Or,, respectively, 92 = 9r, and
also freely abbreviate a = ayy.

We again use the smooth cut—off functions x g, which projects outside of large balls of
radius R centered at zero and whose gradient Vx g is supported on the annulus R < |z| < 2R
and bounded by |Vxgr| < R~L

We also put Go(z) = Ga(|#|co, |z]0) as a function on RS, with a slight abuse of notation.
Note that Ga(z) > 0 for all z in the support of xr as long as R is large enough, so we can
regularize G2 by using

G2
“26 = 1756,
which is then well defined on the support of xg and bounded for all ¢ > 0. Clearly G> s
is continuous on and differentiable on {|z|o — K2|z|(? — 2|z[&% > 0} N {|z| > Ro} and
{lzlo — Kalz|§? — 2[z|d% < 0} N {|z| > Ro}, for all large enough Ry. Up to the smooth
zero Lebesgue measure surface {|z|o — K2|z|(? — 2|z|d = 0, |z| > Ro} these two sets cover

(5.7)

{|z] > Ro}. Hence Lemma A.1 shows that the exponential weight £ = xzre®? has, for all
large enough R, a bounded weak derivative on RS, which is almost everywhere given by its
classical gradient and we can use £ in the IMS localization formula.

As in the proof of the isotropic upper bound, see (4.4), one deduces from the IMS
localization formula and the local energy bound from Proposition 3.3 that

2
Gas 2 Ga,5 2G2 2
S (xixre P, (W) — By — [VGa*)x;xre“>*v) < (0, > (2|VXR|[VGal| + [VXr[)¥),
j=1
(5.8)

by choosing ¢ = (XReG” )21/) as a test function in the quadratic form version of the eigenvalue
equation. Wj and Wa are given in (3.21) and (3.22). Similar to the derivation of (4.8), we
used |VGg s(x)| < |VGa(x)| and G 5(x) < G2(x) when |z|oo is large and there is no j = 0
term in (5.8) since xoxr = 0 for all R > 2Ry.

Recall that x1 localizes into the tricky region A1 = {|z|p < 2|z|%,|z| > Ro}. Clearly

Ga(z) = 2a\m|<1>42 — K1|z|58/2 for € Ay. Thus, setting r1 = ||oc,

1G24y > s} 9, 1 - Tor Hlwr [ >[ea |}
VGa(z) = [z ] Uml=e2ln ) o g2 /p ) Y2 KygyrfThy) [ Tzl HE
2( ) <61G2|w;|1{|x2>21} (( / 1) 1R17Ty / ) ﬁ1{|$2|>|$1\}

(5.9)
for all z € A;. Using —Ey = % + & we have on the support of x1
Wi(2)-Ey — |VGaf®

>e+ azrfl — 2Ur¥_2 —((e + <12/r1)1/2 — Klnlr?lfl/Z)z — Crl_z’y

34



_K1n1r'“7 (2(E+a2/r1)1/2—K1m1rm* /2))/2—=2Ur]" Z_cr _Z’Y

If0<U<U:— pthen e =ey > ¢ > 0 for some constant depending on p > 0. In this case
we get

Wi(z)—Ey — [VGal®
> Klmlrf171(201/2 K1m1r517 /2))/2 - ZUTY_Q — C’rl_z'y

rk1—1 y—2 —2v -1
2T —r] = 2t 27"1

for large enough r1, i.e., large enough Ry, as long as k1 — 1 > max(y — 2, —2v), which is
equivalent to (1 —K1)/2 <7y <1+ k1.

In the range 0 < U < Ue, we note that when r; > 1 we have ¢ + a2/r1 =cey + a?]/rl >
(ev + (U = 1)4)/r1 > ¢/r1, with ¢ = info<p<p, (ev + (U — 1)) > 0. So uniformly in
0 < U < U, we have

Wi(z) — By — |VGa|?* > Kikir' 1 (2(e/r)"? — Kiryr§ 71 /2)) /2 — 200] 2 — O™
Z r/f1—3/2 o 7”1)/72 _ r;Z’y Z TT1—3/2 > 7"1_4/3
for large enough r1, i.e., large enough Ry, as long as k1 — 3/2 > max(y — 2, —2v), which is
equivalent to (3 — 2k1)/4 < v < K1 + 1/2. We also used that k1 > 1/6 in the last bound.

For the energy bound on the support of y2 C As, we split A2 into the two regions
Ay = {|n1]" < |w2| < |21, [e1] > Ro} and Af = {|2|7 < |21| < |a2l, |z2| > Ro} which
cover As up to a null set within the diagonal {|z1| = |z2|}. It is enough to provide a lower
bound for Wy — Eyy — |V G3|? on A5, the same bound will then also hold on A; by symmetry,
Since null sets are irrelevant such a bound will then hold on the support of x2.

For the same reason, we can also disregard the null set {|z2|—Ka|z2|*? —2|z1|” = 0}NAS,
on which the classical gradient of G2 does not exist.

On {|zg| — K2|z2|™ —2|z1]” < 0}NAS we again have Ga(z) = 2alz1|Y/? — K1|z1|". Thus

Wa(z)—-Ey — [VGa(x)|?

> phe—ril = = (e ¥ /)2 — Kimir TV 2) - o

— 4
>3- Q+ad! = - K T2 2
on this set and all large enough R > 0.
For z € {|z2]| — Ka|x2|™ — 2|z1]” > 0} N A5, we have
1
Ga(z) = Fy(r1) — Kiry" /2 + 5 (ra = Korg® — 2r]) (5.10)

with 71 = |z1| and r2 = |z2|. Hence

Vea(a) = (21 _ (v +a/r)t? = Kimrt 2 =] 7h) 2y (5.11)
T oGy ) T 3 (1= Karary ™) 2y '

[z2]
which implies

1
Wa(2) — By — [VGa()]* > Wa(z) +  +e — [VGa(a)[*

11 ~1\? -1 1
=171 (1 — Kokary? ) -1y =Ty
2 —1\2 —2y
+e— ((s—i—a /7“1) — Kikir} /2 ] ) - Cry
1 B B B B 2
> ZKQKZQT;2 L (2 — KQI{QT’;Q 1) -7 L_ Ty 1_4
1
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2 / 2
+ (E—:la ) (Klmrfl_l—i—Q’yr?*l) - (Klmr'fl_l/Q—l—’er*l) —CTIQW.
Using again e+a? = e +(U—=1)4 = 1 uniformly in 0 < U < U, and also that v > 1/2 > &1,

~v—1

so terms such as r control r'fl_l for large r1, we arrive at the lower bound

Wa(z) — By — |VGa(x)|?
2

1 _ _ _ _
> — Kakory? 1 (2 — Kakors? 1) -] Lo Ty 1_a
4 1
e+ a2 1/2 1 1/2 1)2 2
—|—( . ) (Klnlr'fl_l+2'yr3_ )— (Klmrfﬁ / +r]” ) —Cr{ ™"
1

— - —3/2 2(y—1 - - - -3/2 2(y-1 -
>l 3/ _Tl(w )_7,12727,:2@2 Loty 3/ —?‘2(7 )_7,127

>rg? tz ez

for all Tiy < rg < rp, and large enough 71, as long as 0 < k2 < 1, ko — 1 > 2(y — 1), and
v —3/2 > —2v, which is equivalent to 1/2 < v < (k2 + 1)/2.

It is straightforward to check that 1/2 < v < (k2 +1)/2 and (3 —2K1)/4 <y < K1 +1/2
is equivalent to (3 — 2k1)/4 < v < min((k2 + 1)/2, k1 + 1/2), since (3 — 2k1)/4 > 1/2 when
k1 < 1/2. This is the condition on the parameter v for the range 0 < U < Uk.

One also easily checks that (1—k1)/2 <y < 1+k; and 1/2 < v < (k2+1)/2 is equivalent
to 1/2 < v < (k2 +1)/2 for 0 < k1, k2 < 1. This is the condition on the parameter v when
U stays away from the critical coupling.

Collecting the lower bounds on % + W — |VG2|2 on the supports of x; and x2 and
plugging this into (5.8), one arrives at

Ie —4/3 G 2
(xreC?0, 2|2 2 x reS2 0y < Clly|? .

The constant C is uniform in € > 0, since Gg is bounded on the support of Vxp for any
fixed R > 0. Hence we can again use the monotone convergence theorem to conclude

G —4/3 G . G —4/3 G 2
(ere @, [l xR ) = lim (xre@22 4, |of P xR 0w) < Oy

which proves the theorem since Ga(x) — %ln |Z|oo > Fa(z) for all large |z|oo. O

Corollary 5.2 (Pointwise version of Proposition 5.1) Given parameters Ki, Ko > 0, 1/6 <
k1 < 1/2,and 1/2 — k1 < kg < 1, as well as (3 — 2k1)/4 < v < min((k2 + 1)/2, k1 + 1/2),
there exists a constant C' > 0, depending only on the above parameters such that for any
normalized ground state ¢y of the helium-type system Hamiltonian Hy; we have

Yu(z) < Cexpl=Fay(|aloo, []0)] for all z € R, (5.12)

uniformly in 0 < U < U, with Fy defined in (5.3).
Moreover, in the subcritical range 0 < U < Ue — u for some small 1 > 0, the bound (5.12)
holds with any choice of parameters 0 < k1,k2 < 1 and 1/2 <y < (k2 +1)/2.

Remark 17 As discussed in the introduction, we expect the ground state to have an

asymptotic anisotropic decay given by

() < Cexp (— 2(Ue — VjalS2 — Llay). (5.13)
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up to some lower order corrections. The bound provided by Corollary 5.2 does not quite
achieve to prove this. If |z| < |z|p < 2|z|d we expect the bound state to decay at least as
fast as

belw) < Coxp (= 2(Ue — Dl ~ Jalk) (5.14)

and since 1/2 < v < 1, the second term now dominates. However, the upper bound from
Corollary 5.2 only shows that

V(@) < Cexp (- 2(Ue — 1Yl 2% + Kla|2) (5.15)

in the region |z|o < 2|z|l. This is the reason why we have to refine the upper bound
from Corollary 5.2 in the next section. Nevertheless, the bound from Corollary 5.2 provides
essential a—priori information for this refinement, see the proof of Lemma 6.1.

Proof Proposition D.1 shows that Hy has a unique ground state ¢y for any 0 < U < U,
which up to a phase can be chosen positive. The subsolution estimate of Trudinger [39] in the
version of Aizenman and Simon [20], see also [22, Theorem C.1.3] shows that for any r > 0
and z € RS

@l <C [l (5.16)

le—y|<r

since the Coulomb potential is in the Kato class. The constant C; depends only on r and the
Kato norm of the potential, see, e.g., [22, Section C.1]. Thus, with |B{| the volume of the
unit ball in ]Rd,

1/2
2Dy ()] < ol B ( /‘ 220 @y ()2 dy)

e—y|<1 (5.17)
< C'1|Bf|1/2 sup 6F2,U(I)_F2,U(y)HeFZUwUH
B |lz—y|<1
for all z € R®. One easily checks that for all |r1| > 1 and |r1 — s1],|r2 — s2| >1
Fyy(ri,re) — Fou(s1,s2)
S = )P = s I = sl D5 — 57+ 1] — o]
< V2 4l 4 4o min{2, 0T 40
with t = max(ry, s1), v = max(ra, s2) Hence
Cy=sup sup |Fpy(zr)—Fou(y)l <oco. (5.18)
z€RS [z—y|<1
So (5.17) gives the pointwise exponential upper bound
o ()| < CCLCo| BV 2e 20 (@) for all 2 € R (5.19)

for the ground state iy, where C is the constant from the L? upper bound of Proposition
5.1. This proves Corollary 5.2. O
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6 Global anisotropic upper bound

In this section we give the proof of Theorem 1.1 and the proof of the upper bound
from Theorem 1.3. Recall that the function F is given by

1
Fy(ri,m) =2(U. — 1)1/2r}/2 — Kyt + 572~ Kors? (6.1)
and the function Ff is given by
1
FE(Tl,TQ) :FU(rl) 7K17"'f1 +§7'2 *KQT'gz (62)

for r1,79 > 0 with Fyy defined in (1.9). We also set Fy(z) = Fy(|2]co, |]o) and the
same for Ff We choose ¥y to be the unique positive ground state of Hy. We want
to use the comparison principle from Theorem B.1 to show that there exist a constant
0 < C < o0, depending only on the parameters k1, ko, K1, Ko in the definition of Ff
such that

Yu(x) < Cexp(—FY (|2]oc, [2]o0)) (6.3)

for all z € R% and all 0 < U < U,. Since 9y is bounded by Proposition D.1 and
exp(—Ff) is bounded away from zero on compact sets uniformly in U, it is enough
to assume that |2|. > R for some large R > 0. In this section, we abbreviate

Ju = exp(~FY) (6.4)

and note that, similarly as for FU, we will not explicitly write the dependence of fis
on the other parameters except U, for simplicity of notation.

Remark 18 Note that FE, hence also f, is twice continuously differentiable for all 0 < |z|g <
|z|o. However, it is not twice differentiable on any neighborhood of the diagonal |z2| = |z1],
since the gradient of F_[,{ has a jump discontinuity across the diagonal. Nevertheless, we
could use Agmon’s quadratic form version of the comparison principle, see Theorem B.1, as
long as one could control certain boundary terms on the diagonal |z1| = |z2|, which appear
from integration by parts. However, as the proof of the global lower bound in Section 8, in
particular, the proof of Lemma 8.4, will show, the boundary terms have the wrong sign and
cannot be discarded. This is why we cannot apply the comparison theorem directly. Instead,
one has to apply the comparison theorem separately on { R* < |z2| < |z1|} and {R* < |z1] <
|za|}, for large enough R. This forces us to have very precise a-priori information about
the asymptotic behavior of 1y at infinity near the diagonal |z|g = |%|co, since we need the
a—priori information that ¢y (z) < fy(z) near the diagonal |x1| = |z2|. Fortunately this is
exactly what Corollary 5.2 provides. We summarize the necessary a-priori information about
the asymptotic decay of ¥ near the diagonal and within the tricky region in the following

38



Lemma 6.1 Given any K1,K92 >0,1/6 < k1 <1/2,0<a< k1, and 3/4—K1/2 < ke <1,
there exist a constant 0 < C' < oo such that

Yy (z) < Cfu(z) (6.5)

on the sets {|z]o < |2|%, |Z]co > R} and {|Z]|oo — 1 < |2|o < |Z|c0, |Z|oo > R} for all large
enough R >0 and all 0 < U < U..

Moreover, in the subcritical range 0 < U < U, — p for some small p > 0, for any choice
of parameters 0 < k1, k2 < 1, max(k1,k2) > 1/2, 0 < a < min(k1,1/2), and K1, K2 > 0,
there exist R > 0 such that the bound (6.5) holds on the above sets and the constant C' is
again independent of 0 < U < U¢ — p.

Remark 19 The first part of Lemma 6.1 provides an upper bound on the ground state g
in the green shaded region near the diagonal 1 = ro and deep within the tricky region near
ro = r{ in Figure 6.1 up to the critical case when U = Uk.

The second part allows for a wider range of parameters ki,k2 but works only for
subcritical couplings U which stay away from Uk.

Proof The conditions 1/6 < k1 and 3/4 — k1/2 < kg are equivalent to
(3 —2k1)/4 < min(ka, k1 +1/2).

Since k2 < 1, we also have ko < (k2+1)/2, so any v with (3—2k1)/4 < v < min(kg, k1 +1/2)
fulfills the condition of Corollary 5.2 in the whole range 0 < U < Uk.

In the subcritical range where U stays away from Uc, we choose 1/2 < v < max(k1, k2)-
Note that for this choice the conditions of Corollary 5.2 for the subcritical case are also
satisfied since ko < (k2 +1)/2.

Given the parameters k1, 52,7 and Ki, K2 > 0 we use the exponential weight F5 iy from
Corollary 5.2, but with K7 replaced by K7/2, that is, with a slight abuse of notation, we use

1
F27U(7”1,7”2) = FU(rl) — K1Tf1/2—|— 3 (7”2 — KQng — 27"’1y)+ .

Due to o < 1/2 < 7y, we have Fy y7(r1,7m2) = Fy(r1) — %r'fl when ro < r{ and r is large.

In particular,

K 1 K 1
Fy(r1,r) = Fy(r1) — 717“'{"1 > Fy(r1) — Kiri' + 32— Kord? + 71?“?1 —5r2
K 1
> Ff(rl,m) + 717”'1“ — 57“? > Fg(m,rg)

if r9 < r{ and 71 is large enough since o < k1. Similarly,

K 1 K
FQ,U(T]_,TQ) = FU(rl) - 717"1,{61 + 57"2 - 727’;2 — 7"’1)/

K K
> Fg(rl,rg) + 717”'1“ + 72(7"1 - 1) — r? > Fg(rl,rg)

when 1 — 1 <79 <r; and r; is large, since v < kg in the critical case and v < max(k1, k2)
in the subcritical case. From Corollary 5.2 we get, the pointwise upper bound

vu (@) < Cexpl-Foy()] < Cexp[-FY (2)] = Cfy() (6.6)
in the regions |z|g < |2|S, respectively, |z|ooc — 1 < |z|o < |Z|oo, When |z|oo is large enough.
]
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The next Lemma shows that fy is a supersolution on a set “sandwiched between”
the sets {|z|o < |2]%, |2]eo = R} and {|z]oec — 1 < |2]0 < |Z|0o, |T|co > R}

Lemma 6.2 Let 0 < k1 < 1/2 < k2 < 1, K1,K2 > 0, and 0 < o < 1. Then the function
fu= exp(—FE), with F_,L_f given in (6.1), is a classical supersolution of Hys at energy Ey on
the set
Br = {lz|c — 1 < |z|o < |2|oo, [2]c > R} (6.7)
for all large enough R > 0. That is,
(Hy — Ey) fu > 0 pointwise in BR . (6.8)

In particular, fiy is a supersolution in the quadratic form sense a la Agmon: for large enough
R and all 0 < ¢ € C§°(BR) we have the quadratic form inequality

(¢, (Hu — Ey) fu) = 0. (6.9)

Moreover, in the subcritical range, where 0 < U < U. — p for some small p > 0, for any choice
of parameters 0 < K1,k2 < 1, and 0 < o < 1, there exists R > 0 such that the function fi;
is a classical supersolution in the set Bp.

Proof In order to be able to control the errors, it will be important that both particles are
far from the nucleus in Bpr. For large enough R > 0, the set Bp is the disjoint union of
By = {|z1]" — 1 < |z2| < |21], [z1] > R}, the part of Br “below the diagonal” |za| = |1,
and the part BE above the diagonal, defined similarly as By but with 21 and z3 interchanged.
By symmetry of fyy, which is clear from the symmetry of Ff, it is enough to show that fir
is a classical supersolution of Hy at energy Ey on Bp.

Let V be the gradient and A the Laplacian on R®. We abbreviate F = FH and f = fyu.
Since they are twice differentiable on B, we clearly have

—Af = f[~IVFI* + AF]
on By. Also recall that ¢ = —% — Ey > 0 is the ionization energy (which is zero when

U = U.) and we also abbreviate a = (U — 1)}‘_/2, so F;(r1) = (e + a?/r1)'/2. Moreover, we

have f(z) = exp(—F(r1,72)) with r1 = |z1] and rg = |z2] on By, so one easily calculates

O F &L Fl(r) — Kqkprft—1) 21

VF(z) = (a;F:ED = <( [é I)Kw;glzll)é:xl) on Bp (6.10)
and

AF(z) :8%F+81F%+8§F+82Fé on Bj. (6.11)
Thus

CAf= {—|81F|2 0o F|? + O2F + aw% +O3F + 62Fé} ,
on By, hence also
(Hy — By)f = f[e — 100F1® +  ~ 102F + 07 F + alF% 2R + agpé
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.t 1 L]
lz1]  fw2|  [w1 — @2
2, 1 2, 42
> fle—|OF|" + - —|02F|" + 01F + 02F — — — — —
4 ro T1 T2
where we dropped the positive terms 5‘§F, U/|z1 — x2|, and also alF%, which is positive for
large enough r1. Furthermore, using Fy;(r1) = (¢ + a2/r1)1/2 > (e+ a2)1/2r;1/2 > cr;l/2
with the constant ¢? = info<py<uy, (e + aQU) > 0 we have

2 / rp—1\2
€—|81F‘ =& — (FU(Tl)—KllﬁlT‘l )

= 70,27“171 + 2K1/€1F£](7‘1)TT171 — (Klﬂlr?lil)Q

-1 —3/2  2(k1—1 -1 —3/2
Z-r o+t / —7”1(K1 ) Z -+ 2
since K1 — 3/2 > 2(k1 — 1). Moreover,
1 2 -1 -1 -1
1= |0oF|” = KQHQT;z (1- KQHQTSZ )~ 7‘;2 R

2 —1/2
8%F =FJ(r) + K1k (1 — nl)r'fl_Q = —% (5 + a2/r1) + Kik1(1— m)rfl_z
1

(12 7‘1/2
> - LKkl — R s
T C
1

)

2 —1 1 ko—1 2 -1 Ko—2
WFL ol (2 K =1y 2 ~ —ph2
o - Ty (2 2K2Ty )r2 Ty v

for all large enough r1,7r2. So we get
(Hy = Bo)f 2 f [ =i 4o 722 s on 192 oo =2] 2 [ =yt
Zf[—rl_l—i-r'fz_l} zfr'frl >0,

for all z € B and large enough R. The second inequality holds since rfﬁ
for large r1, the third because rgz_l > rTz_l and the fourth, because r'f"’_ -ry =
rf2_1(1 - ") 2 r'lw_l. This proves Lemma 6.2 uniformly in 0 < U < U..

In the subcritical case, when 0 < U < U, — p for some fixed small p > 0, we have the
bound

e— | F?Z —r7 4t - r?(mil) >t
uniformly in 0 < U < U — p and therefore
(Hy — Ey)f 2 f[r'fl_l —|—r§2_1 - r;3/2 - 7‘;2_2] >0,
since 0 < K1,k < 1,71 > R, 72 > R* — 1 and R is large enough, which proves the second

claim. 0

Now we come to the proof of the global upper bound.

Theorem 6.3 (Sharp upper bound, arbitrary coupling) For any choice of parameters
Ki,K2>0,1/6 < k1 <1/2, and (3 —2k1)/4 < K < 1 there ezist constants Cy depending
only on K1, ko, K1, and Ko, such that for the unique positive choice of the ground state of
the helium-type operator Hyy the pointwise bound

b (@) < O exp (=FY (|loc, 210) ) (6.12)
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holds uniformly in 0 < U < Uk.

For the subcritical case, where for fized small p > 0 the repulsion parameter U is allowed
to vary uniformly in 0 < U < Ue — p assume that 0 < k1, k2 < 1, max(k1,k2) > 1/2, and
K1,K2 > 0. Then there exist a constant 5+, depending only on k1, k2, K1, Ko, and also p,
such that the upper bound

vu (@) < Cp exp (= FY (aloc, 210)) (6.13)
holds for all0 < U < U¢ — p.

Remark 20 Note that Theorem 1.1 is a special case of Theorem 6.3 for U = Uk.

Proof of Theorem 6.3: Since vy is bounded uniformly in 0 < U < U, see Proposition D.1,
and fy = exp(—FE) is bounded away from zero on compact sets uniformly in 0 < U < U,
we clearly have ¥y (z) < Cfy(x) = Cexp(—Ff (z)) for all |z|oc < R for some constant C,
which might depend on R and the parameters but not on U.

So it is enough to show there exists some constant C' such that ¢y (z) < Cfy(z) on
{|z|oc > R} for some R > 0. By symmetry, it is enough to prove that there exists a constant
C such that

Yu(e) < Cfy(x) = Cexp(~FY (2)) (6.14)
for all {|za| < |z1|,|z1] > R} and large enough R > 0.

Fix any 0 < a < min(k1,1/2). Due to the assumptions on the parameters k1, k2, K1, K2
in Theorem 6.3 the assumptions of Lemma 6.1 are satisfied with this choice of «. Hence the
bound (6.14) holds for some constant C' on the sets By g = {|r2| < |z1|%,|z1] > R} and
By g = {|z1| — 1 < |z2| < |#1],|z1] > R}, both in the critical and subcritical case.

So we only have to prove the same bound on the intermediate region By, = {|z1|% -1 <
|za| < |z1|,|z1] > R}. Consider

OBk = {|z1| — 1 < |za| < |z1|, 21| > R+ 1}

OB% = {|z1]|* — 1 < |za| < |z1]|*, 21| > R+ 1}
and

OB = {|z1|* =1 < |za| < |@1], R < |21| < R+1}.
Then 533 = U?:(Jng% is a boundary layer of By in the sense of Definition 2. Moreover,
as already mentioned above, we know from Lemma 6.1 that (6.14) holds on the parts 5311%
and 5312% when R is large enough. Since fi; = exp(—Ff) is bounded away from zero on any
compact set and the closure of 53% is bounded, we see that fyy is bounded away from zero
on 5B%. Using that ¢y is bounded, shows that the bound (6.14) also holds on 5B% for some
constant C. Thus, enlarging the constant if necessary, we see that the upper bound (6.14)
holds on the boundary layer 5BR for some constant C'. This constant only depends on the
constant from Lemma 6.1, on uniform bounds on ¢ from Proposition D.1, and lower bounds
on fy on compact sets, which are independent of U.

To finish the argument, we note that fyy is a classical supersolution, hence also in the
quadratic form sense, of Hyy at energy Eyy on B, by Lemma 6.2 (for the precise notion see the
discussion in Appendix B). Moreover, ¥y € H 1 (RG) is a solution, hence also a subsolution, in
the quadratic form sense a la Agmon on B . The subharmonic comparison principle given in
Theorem B.1 then yields the upper bound (6.14) on all of Bp. This proves the upper bound
from Theorem 1.3 in the critical and subcritical case. O
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Fig. 6.1 The intermediate region By and its boundary layer (colored in green). Lemma 6.1, which
is heavily based on Corollary 5.2, provides sharp a—priori upper bounds on the ground state in the
part of the boundary layer of By, near the diagonal 72 = 71 and deep within the tricky region when
ro =1

Remark 21 1t is very convenient to have a quadratic form version of the subharmonic compar-
ison principle, since it allows us to directly work with weak eigenfunctions, which are only in
HY(R%) and not in H2(R®). To the best of our knowledge, the quadratic form version of the
subharmonic comparison principle goes back to a beautiful paper by Agmon [34]. Theorem
B.1 in the appendix is a slight extension of Agmon’s original result. Agmon works on open
sets which are neighborhoods of infinity, i.e., complements of compacts sets, while we have
to work on unbounded sets, which are not necessarily neighborhoods of infinity.

7 Lower bound in the tricky region

Theorem 7.1 (Lower pointwise bound in the tricky region) Let Hy be the helium—type
Schrédinger operator given in (1.1) and let oy € L*(R®) be the positive ground state of Hys
for 0 < U < Ue. Then for any 1/6 < kK < 1/2 and any 0 < v < k+1/2 and any K >0

1
Yu(@) 2 exp (= Fulels) = Klo|% = Slalo)  for all [alo < Jol% (7.1)

with Fy defined in (1.9). Again we use |z|o = min{|z1], |z2|}, |2|co = max{|z1]|, |z2|}. The
implicit constant in the above bound depends on the parameters k,~y, and K, but not on U in
the range 0 < U < Uk.

Moreover, in the subcritical case, i.e., when U stays away from U, the lower bound (7.1)
holds for any fized small p uniformly in 0 <U < Ue—p and any 0 < k <1 and 0 <y < 1.

Remark 22 Theorem 7.1 provides a lower bound for the ground state when one particle
escapes while the other stays close to the nucleus. This is an important a-priori bound for
our proof of the global lower bound.

Since the leading order behavior of Fy;(r) switches from linear to /2t U = Uc, we
need the restriction k < 1/2 in the first case, so that r® is a lower order correction compared
to the leading order term Fy(r), uniformly in 0 < U < U,.

When U stays away from Ue, the leading order term Fy;(r) is always linear in 7, which
allows for a larger range for x and ~.
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Proof For 0 < v < 1 define A = {|z]o < |z|L}. For large enough R, the regions E;E =
{Jx2] < |z1|7, 1] > R} and A~E = {|z1| < |z2|",|z2| > R} are disjoint. By symmetry, a
lower bound of the form (7.1) on the set gl_%, for some R > 0 implies the same bound on ZE
The set A\ (gé U ZJ}%) = {|z|o < |z| < R} is a compact subset of R®. Clearly the right
hand side of (7.1) bounded above on compact sets and, because of Proposition D.1, ¢y is
bounded away from zero on compact sets. Hence there is some constant C' > 0 with

1 -~ -
bu(z) > Cexp ( — Fy(|z)oo) — Klz|% — §|x|0) forall z € A\ (A7 UAS).

Thus, shrinking the involved constant, if necessary, one sees that the lower bound (7.1) holds
on A iff it holds on A}, for some R > 0.
For technical reasons, we need to work on the slightly larger set

Ap = {l|z2] < 2|z1|7, |z1] > R}.

which is just the (lower) tricky region from Section 3. Recall that a = (U — 1)_1,’_/2 and

€= f% — Ey is the ionization energy. Fyy, defined in (1.9), depends on these two parameters.
Finally we define

F3y(ri,r2) = Fy(r1) + Krf — 4rg forri,m3 >0,

1, 0<s<1
P(s) =g cos (F(s—1)) , l1<s<?2 (7.2)
0, 2<s
x(z) = ¢(|~"Ux12|‘7) for & = (z1,x2) € A
and
gu(x) = x(z) exp(=F3y(|z1], |z2)) for z = (z1,22) € AR (7.3)

We will suppress the dependence of F3 i and gy on the other parameters, except on U, for
simplicity of notation. Note that x(z) = 1 on A, so the bound (7.1) will hold on A%, hence
also on g, once we show that 9y > Cgy on Ap for some R > 0 and some constant C' > 0,
which can depend on all the parameters, but not on U.

The boundary dAF; is the union of the unbounded part A}, | = {|z2| = 2|z1|7, |z1] > R}
and the compact set AL 5 = {|x1] = R, |z2] < 2R7}. We clearly have ¢y (z) > 0 = gy(z)
for all x € AR ;. By continuity of ¥y and gy, there exists an open neighborhood O of
8141;1 such that ¢y (x) > gy (x) for all x € O1. Hence ¢y > gy on O1 N Ap,.

Moreover, 7 > 0 is bounded from below by a positive constant on compact subsets of
RG, uniformly in 0 < U < Ug, see Proposition D.1 and g;; > 0 is continuous and depends
continuously on the parameters. Thus, since Ay, , is compact, there exists a constant C' > 0
such that ¥y > 2Cgy > Cgy on 0AL , for all 0 < U < Uc. By continuity, there exist an open

neighborhood Og of 8A§,2 such that ¥y > Cgy on Og, hence Yy > Cgy on O2 N Ay. Thus

1y > min(C,1)gy on the boundary layer (O1 UO2) N Ax.

Now assume that 1/6 < k < 1/2 and (3 — 2k)/4 < v < K+ 1/2. In Lemma 7.2 we show
that under these conditions there exists R > 0 such that gy is a subsolution of Hy; at energy
Ey in Ag, for all 0 < U < U, in the quadratic form sense a la Agmon. Moreover, it is easy
to see that gy € Lz(R6). Hence we can apply Theorem B.1 to conclude that ¥y > Cgy on
all of Ay, hence on all of {|z[p < |z|d}-
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It remains to get rid of the lower bound on 7. Note that the sets {|z|o < |z|d} are
increasing in 0 < v < 1, i.e., once the bound (7.1) holds for some (3 —2k)/4 <~y < Kk+1/2
it holds for all 0 < v < k + 1/2. This finishes the proof of Theorem 7.1. O

It remains to prove that for suitable choices of the parameters, the function gy
defined in (7.3) is a classical subsolution in the tricky region.

Lemma 7.2 Let x > 1/6 and (3 — 2x)/4 < v < min(k + 1/2,1). Then there exists R > 0
such that the function gy defined in (7.3) is a classical subsolution of Hy at energy Ey =
—1/4 — ey < —1/4 on the set Ar = {|z]o < 2||%, |*|cc > R}, that is,

(Hy — Ey)gy <0 pointwise in A (7.4)
for any 0 < U < Ue. In particular, it is a subsolution in the quadratic form sense a la Agmon:
for large enough R and all 0 < ¢ € C5°(AR) we have the quadratic form inequality

(¢, (Hy — Ey)gu) < 0. (7.5)

Moreover, in the subcritical case, i.e., when U stays away from U., the same holds for
any fixed small p uniformly in 0 < U < Ue — p and any « > 0 and max((1—«)/2,0) <y < 1.

Remark 23 Tt is easy to see that (3 —2k)/4 < k+1/2 is equivalent to k > 1/6. So the set of
allowed values for v is not empty iff k > 1/6.

Proof The bound (7.5) immediately follows from (7.4) by integration by parts, since ¢ has
compact support inside Ar and is non—negative on Agr. Moreover, since Ap splits into the
regions Ay = {|z2| < 2|21]7, |z1] > R} and AE = {|z1| < 2|x2]7,|z2| > R} which are
disjoint for large enough R, it is enough to prove (7.4) on Ap, by symmetry.

In the remainder of the proof, we will work only on A, abbreviate I’ = F3 y and g = gy,
and also identify the function F with F(|z1], |z2]), for simplicity of notation.

Clearly, F' is twice continuously differentiable on A. Moreover, ® is twice differentiable
on [0,2) and one easily checks that g € H} (Axp)n H2(AI_%). Since Vg = Vye I — xVFe I,
we have

—Ag=¢eF [XAF — XIVF? = Ax + 2VXVF].

From the definition of F' and y, setting r1 = |z1]|, r2 = |z2|, and recalling 91 = 9r,, 02 = Or,,

one calculates
x / kr—1\ x
VF(@) = 31F—|I1‘ _ (Fi(r1) + Kk} )—‘zh
Do F 22 1
|z2] 2 Jza]

with F{;(r1) = (e + a2/T1)1/2 ande=1/4—FEy >0and a= (U — 1)3_/2. Moreover,

7»77”72L
r ST
V() :@l(%) < r 12|w1|> ]

" 77 Twa]
Thus
V(@) VF(@) = @' (3) [02Fry7 =901 Frary 7
and !
Ax(a) =8 (3F) (%87 )+ (3) (207 -0 =)
1 1
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2Vx(x)VF(z) — Ax(z)

— _3" (T%) (,yzrgrl—z»y—z + Tl—zy)
Ty

i @’(%) r [282F — 2901 Frary 4+ (1 = y)rary 2 — 2T51] .
1

(7.6)

Note that ® < 0 and since the support of ® is contained in the interval [1,2], we have
riy <rg < 21"1y for the second term on the right hand side above. Thus we get the lower bound

200 F — 2781Fr2r1_1 +(1 - 7)7“27“1_2 — 2r2_1 > 209 F — 4781F'r1’_1 — 27'2_"Y 21

since 205 F' = 1 and 01 F is bounded at infinity uniformly in 0 < U < Uk.
So we can again use ® < 0 to drop the second term on the right hand side of (7.6) to
arrive at
2
2Vx(z)VF(z) — Ax(z) < _(I)//(T%) (727'37‘172772 + 7”17%) < 7rZ}((yc) (4727'1_2 + 7’1727)
1

for all large enough 71, where we also used that —®” < %2(1) on [0, 2) by definition of ®. Hence

7'(2

—Ag < g[AF — |VF* + 1

@272 +r72)] on Ag. (7.7)

for large enough R.
Now the rest of the argument is easy: One checks

AF = 93F + aF2 4+ O3F + P2 — OiF + ar 4L
1 ] T1 T2
since 9o F = 1/2. Using this, 1/4 — (82F)% = 0, and (7.7), we get

U 1 2 9 -
- +0F + alFa + %(4727“1 2 +r] )

(Hy — Ey)g < g|e — (01F)* + ——— —
|x1 — 22| 7

(7.8)
On Aj, we have |z2| < 2|z1|7, so |21 — x| > |o1] — |@2| > 71 — 2r]. Thus
- 2Ur]"?
U _ig in_i:U 1+ 1 7 onAp
|z1 —x2| 71 r1 —2r] r1 1 1— QT’IY—

for large enough R. Since 61 F = F{;(r1) + Km“f_l and v < 1, we have

U 1 ! rk—1 Y—2
— — — < 2Kk Fyy(r1)r +4Ur
‘ml 7$2| r U( ) 1 1

e— (01F)* +
for all 71 > 0 such that 1 — 21"?71 > 1/2. The bound F{J/ < 0 implies
2 _ _
OF + alFr— = F{j(r) + Kr(k + 1)} 24 2FY; (r1)7] !
1

< 2F(/](r1)r1_1 + Kk(k + 1)r'f_2
which leads to
1 2
— — 4R+ F=
1 r1

/ -1 —2 2 k—3/2 2
S—Fu(r)ry 4] T+ S ] / +r]
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for large 71, using again the bound F{;(r1) > cr; /~ with some constant ¢ > 0, uniformly in
0 < U < Ue. Thus from (7.8) we get

(Hy —Eu)g < g [71{73/2 + 7"?_2 + rf2 + 7"1_27] <0 in AL
for all large enough R, under the condition that k—3/2 > max(y—2, —2v), which is equivalent
to (3 —2k)/4 < v < k+ 1/2. Since we have the constraint v < 1, this is equivalent to the
condition on the parameters in the range 0 < U < U,.

In the subcritical case we use that F{;(r1) > ¢y > 0, for any 0 < U < Uc — p s0
F['J(rl)r’f_l P r'f_l uniformly in 0 < U < Ue — p. Using this as before, we see that (Hy —
Ey)g <0 on A for all large enough R, under the condition that x — 1 > max(y — 2, —27).
This is equivalent to (1 — k)/2 < v < Kk + 1. Since we have the constraint 0 < v < 1, this is
equivalent to the condition on the parameters in the subcritical case. O

8 Global lower bound

In this section we prove the global pointwise lower bound for the ground state of helium
type atoms, including the critical coupling. The Coulomb repulsion of the particles,
which can become arbitrary large when the particles are close to each other, requires
a considerably more complicated ansatz for the subsolution compared to the proof of
the lower bound in the tricky region in Section 7. On the other hand, since we already
proved a lower bound in Theorem 7.1 in the tricky region, we can now assume that
both |z|g and |z| are large, which helps to control the errors.

Recall that for non-negative constants ki, ko, K1, Ko, and s,77,79 > 0 the weight
function FY is given by

1
FY(ri,ra) = FU(7“1)+§7’2+K17“f1 + Kory? (8.1)

with Fy defined in (1.9) and we consider the couplings in the range p < U < U, for
some positive u. Moreover, we will use

1
0(s) = s (8.2)
h(s,re) == s0(ry"s) (8.3)
for some 0 < v < 1. Recall also 1 < U, < 2. Furthermore, we will use
Ly(z) = Ly (x1,22) = FY(|a]oc, 2]o) — h(|z1 — 22, |z]o) (8.4)
and abbreviate
gu = exp(—Ly) (8.5)

in the remainder of this section. Again, for simplicity of notation, we do not indicate
the dependence of Ly and gy on the other parameters except for U, in our notation.
Note that g € H(R®), but its gradient has a jump discontinuity along the diagonal
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|z1| = |z2], so it is not even locally in H?(U) for any open set U N {|z1| = |z2|} # 0.
Fortunately, the subharmonic comparison principle which we will use does not require
local H? regularity.

Proposition 8.1 Forall0 < 8,v < 1,0 < k1 < kg < 1, max(v,1—v) < ke, and K1, K2 > 0,
the function gy = exp(—Ly) is a subsolution of Hy at energy Ey in the sense of Agmon in
the region

Cryp = {lzlo > |25, [z > R} (8.6)

for all large enough R uniformly in 0 < U < Uc. That is, for all 0 < ¢ € Hl(CRﬁ) one has,
as quadratic forms,

(¢, (Hy — Eu)gu) <0 (8.7)

and R depends on the parameters k1, k2, and v, but not on U in the range 0 < U < Uk.
Moreover, if 0 < B,v,k1,k2 < 1, max(v,1 — v) < k2, and 0 < p < Uc then there exists
R > 0 independent of U in the range u < U < U. such that (8.7) again holds.

Proof The proof of Proposition 8.1 follows directly from Lemma 8.4 and 8.5 at the end of
this section. 6.2 O

Remark 24 Since max(v,1 —v) > 1/2 we always have 1/2 < k2 < 1 in Proposition 8.1.

The lower bound U > p > 0 is needed in the proofs of Lemma 8.4 and 8.5 when 0 < kg <
k1 < 1. It is not needed if 0 < K1 < Ko < 1.

The additional term h in the comparison function gy = exp(—Ly) allows us to control
the Coulomb repulsion between the particles. We believe that our choice of subharmonic
comparison function gy = exp(—Ly) is not only considerably simpler than the one used by
Thomas Hoffmann—Ostenhof [32] in his derivation of exponential lower bounds for the ground
state of subcritical helium-type systems but it also allows us to get the sharp coefficients of
the leading order terms in the lower bound!

Moreover, the proof shows that one has considerable flexibility in the choice of 6. The
only properties of § which we need are

1) 6 > 0 is continuous on [0, 00) and twice differentiable on (0, o),

2) 0(s) >1/2for 0 <s<1,

3) s+ sb(s) is increasing and bounded on [0, c0),

4) s (14 s+ 52)]0'(s)| and s — (s + s + 5%)[0”(s)| are bounded on (0, c0)

Assuming Proposition 8.1 and given the quadratic form version of the sub-
harmonic comparison principle, the proof of the following lower bound is relatively
straightforward.

Theorem 8.2 Let 17 be the positive ground state of helium—type operator Hys, i.e, Hyy =
Eyiy, in the quadratic form sense. Then for 1/6 < k1 < %, 0<v<l1 max(v,1 —v) <
ke < 1, and K1, Ko > 0, we have the lower bound

Yy (x) = Cexp (- Ly(x)) (8.8)
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for all x € RS where Ly is defined in (8.4), the constant C depends on the parameters
K1, k2,v, and Ky, Ko but not on U in the range 0 < U < Uk.

Moreover, if 0 < v,k1 < 1, max(v,1 —v) < ke <1, K1,K2 >0, and 0 < pu < Uc/2, then
we again have the bound (8.8) for some constant C, depending on the parameters ki, k2,V,
K1, K2, and p but not on U in the range p < U < Ue — p.

Proof The lower bound given in Theorem 7.1 shows that uniformly in 0 < U < U, and for
all fixed 1/6 < k1 <1/2,0<~vy < k1 +1/2,and K1 >0

Y0 (@) 2 exp (= Fu(leloe) = el = 2lelo) (5.9)

for all |z|o < |z|d. Since s6(s) < 1, one sees 0 < h(s,r2) = s0(ry"s) < r§ uniformly in
s > 0. Thus, since 0 < v < Ko,

1
Fy(r1) + Kﬂfl + 51‘2 < FB(TLTQ) — h(s,r2) + 15 — K2T52 < Fg(rhrg) — h(s,r2) +C

for all s,71,72 > 0 and some constant 0 < C' < oo. This proves the lower bound (8.8) in the
tricky region A = {|z|o < |z|L} for any 0 < y < k1 + 1/2.

The same argument applies, for subcritical U uniformly in the range 0 < U < U, — u, for
small fixed p > 0, for all fixed 0 < y,xk; < 1 and 0 < v < Ka.

Let 0 < 8 < v and abbreviate Cg = Cg g = {|z|o > |x\go, |z|oo > R} for the remainder
of this proof. Its boundary is given by Cr = OC}% U 86’123 with 80}3 = {Rﬁ < lzlp <
R,|z| = R}, which is compact, and dC% = {|z|o = |x|§o, |z|oo > R}, which is unbounded.
Since the bound (8.8) holds on the tricky region At clearly holds on 8012{, that is, there
exist a constant C7 > 0 such that

Yy (x) > Crgy(z) for all x € 80123

where the constant C does not depend on U. Moreover, since ¥y is bounded away from zero
uniformly in 0 < U < U. on compact sets, see Proposition D.1, and g;; is continuous and
80113 is compact, there exist a constant Cy > 0 such that

Yy (z) > Cogy(z) for all z € CE
with Cy independent of U. Hence, for some constant C' > 0 we have ¢y (z) > 2Cgy(z) for

all x € 0CR. By continuity of 1y and g7, there exists a boundary layer C g such that
Yy (z) > Cgy(x) for all x € CR. (8.10)

Such a boundary layer is an open subset of C'g near the boundary 0Cr with dist(x,0Cg) > 0
for all x € Cg \ 56*3, see Appendix B.

Due to Proposition 8.1 we can use Theorem B.1, to extend the bound (8.10) to almost all
z € Cg. Since ¥y and gy = exp(—Ly) are continuous, this lower bound clearly holds for all
x € Cg and since we already showed that the same type of lower bound holds in the region
A= {|z|o < |#|}, it holds on Cr U A.

The complement of C'g UA in RS is bounded, hence its closure is compact. Using Proposi-
tion D.1 one sees that 1y is bounded away from zero on compact sets and since gy is bounded
uniformly in 0 < U < U, a bound of the form vy > Cgp also holds on R® \ (CrUA). Thus,
at the expense of decreasing the constant C' > 0, if necessary, the lower bound (8.8) holds
globally uniformly in in the critical range 0 < U < Uk.

In the subcritical case, where we allow for a wider range of parameters k1, k2, the same
arguments apply, but now U has to stay away from both U. and zero. That is, we have to
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restrict the range of allowed parameters U to u < U < U¢ — p for arbitrary but fixed small p,
due to the additional lower bound on U in Proposition 8.1 and the upper bound on U from
Theorem 7.1. O

Now we come to the proof of the global lower bound.

Theorem 8.3 (Sharp lower bound, arbitrary coupling) For any choice of parameters
Ki,Ko >0,1/6 < k1 <1/2, and 1/2 < ko < 1 there exist a constant C— depending only
on K1, ke, K1, and Ko, such that for the unique positive choice of the ground state of the
helium-type operator Hyy the pointwise bound

v () = C—exp (—F (|aloo, |2l0)) (8.11)

holds uniformly in p < U < U,.

For the subcritical case let 0 < k1 <1,1/2 < ka <1, K1,K2 >0, and 0 < pu < Uc/2 be
arbitrary. Then there exist a constant 5_, depending only on K1, k2, K1, K2, and also on u,
such that the lower bound

b (@) = O exp (~FY (|aloo, |alo)) (8.12)
holds for all p < U < U¢e — p.

Remark 25 Note that Theorem 1.2 is a special case of Theorem 8.3 for U = Uk.

Proof of Theorem 8.3: Given 1/6 < k1 < 1/2 < k2 < 1 we choose any 0 < v < 1 with
max(v,1 — v) < kg2. Theorem 8.2 gives the global lower bound ¢y > Cexp(—Ly) =
Cexp(—FY 4+ h) > Cexp(—FY), since h > 0 with the constant C from Theorem 8.2 which
does not depend on U in the range 0 < U < Ue. The same argument applies for the subcritical
range p < U < Uc — p. O

We still have to give the proof of Proposition 8.1. This will be done in two steps.
We split the region Cg g in two subregions

O};,ﬁ = {|I1|5 < |IE2| < |l‘1|, |x1| > R}, (813)
Ch = {lwal? < |21] < |awal, |w2] > R}, (8.14)

and the diagonal
Dp = {|o1] = |z2| > R} (8.15)

While e=2v with Ly defined in (8.4) is not H?(Cg,g), due to the jump of the gradient
of Ly along the diagonal Dp, it is twice differentiable in C;; - The next lemma shows

that e~ LV is a subsolution on Cr,p in the quadratic form sense a la Agmon , see
[34] and Appendix B, as soon as it is a classical subsolution locally on C’j; 8 that is,

(Hy — Ey)e tv <0 on C’Eﬁ and on C, 5 separately.
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Lemma 8.4 Let 0 < # < 1 and assume that gy = e LU is a classical subsolution of Hy at
energy Ey, i.e., (Hy — Ey)gy < 0 pointwise, both in CEﬁ and O}E,B'

If 0 < v,k1 < k2 < 1, then gy is a subsolution in the quadratic form sense a la Agmon
on CR g for any large enough R > 0 independent of 0 < U < Ue. That is

{¢,(Hu — Eu)gu) <0 (8.16)

for all 0 < ¢ € C5°(CR,g)-
Moreover, if 0 < v,k1,k2 < 1 and 0 < p < Uc then there exists R > 0 independent of U
in the range u < U < Uc such that (8.16) again holds.

Proof We will write g, L, and F for gy, Ly, respectively, FY in the remainder of this proof,
for simplicity of notation. The contribution of the Coulomb potential is local. So we only
have to show that for R large enough,

<V307 v.g>L2 (Cr.p) < <307 _A9>L2 (CIJ':’,,[%) + <§05 _Ag>L2(C (817)

R.8)

for all p € C5°(CR,g), since then for all ¢ > 0 the pointwise bounds (Hy — Ey)g < 0 in Clj%:”@,
together with (8.17) will imply (8.16). The bound (8.17) follows from splitting the domain
CR,p into two pieces along the diagonal D = {|z2| = |z1| > R} and integration by parts,
since the boundary term on Dg has the right sign when R is large enough, as we will show
in a moment. Thus we can drop the boundary term to get (8.17).

Given z = (x1,22) € Dg, the vectors

L L
n_(x)=—|[ 32 and ny(x) = — [ %} (8.18)
V2 < Teal ) V2 A\ T
are the outer normals of Cp 8 respectively C’I'L: 3> on the diagonal Dg. To see this simply

note that level sets {N(z) = A} NCp 5 with A <1 of the function N(z) = |x2|/|x1] converge
to the diagonal Dg from within C'p g as A 1. The gradient of N points into the direction

of the largest increase, hence the vector n_(z) is a positive, and n4(x) a negative, multiple
of VN(z) when z = (x1,22) € Dg. This proves (8.18), because

Ry - L (T
_ x x — 1
VN (z) = {7l ) = o

[z1] [z2] £

(Ve Vol ra(cne) = (Vo Vo) 2c;, ) TV VO 2ot ) (8.19)

when |z1| = |z2]|. Since

Gauf}’ formula, i.e., integration by parts, gives
Ve Vo) paor ) = (0 =B 2cr ) +/DR ¢Vg-n_dS (8:20)

where S is 5-dimensional Hausdorff (surface) measure on Dpg. There are no contributions
from the other parts of the boundary of C'g g, since ¢ vanishes there. Similarly,

<v§07 VQ>L2(C$,[3) = <507 _Ag>L2(C;,/3) + /DR (,ng N4 ds. (8.21)
Thus (8.17) will follow once the boundary integrals in (8.20) and (8.21) are non-positive for

all ¢ > 0 and large enough R. By symmetry, it is enough to show this for the boundary
integral in (8.20).
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Clearly Vg = —e LVL. Using ¢ > 0 and el > 0, one sees that the second term in
(8.20) is non-positive as soon as

VL-n_ >0 on Dp. (8.22)

On Cp 3 the function L is given by

L(z) = F(|z1], [x2]) — h(lz1 — z2], [22]) (8:23)
with h(s,r2) = s6(s™"s). So
ST T1—o
_— (vwl (F—h)> _ < MF - BTy ) | (8.24)
hence on D we have
VOVL -n_ = _31F+ashw +32F_32h_33hw
|z1]|z1 — w2 |z2|[z1 — 22|
(8.25)
— _OVF + 0o — Dah + ,p ™ (L= @2) — w2 (2 — 1)
|[z1]|z1 — 22
using also |z1| = |x2| on Dg. Since x1 - (x1 — x2) — o - (¥2 — 1) = |x1|> — |z2|> =0 on Dy
this simplifies to
VOVL -n_ = —0,F 4+ 82F — Osh. (8.26)
Also
0 < Oah = Ba(s0(ry ¥'s)) = —wry L (ryVs)260 (5 Vs) S rh 1 (8.27)
by our choice of 8. Thus, with r1 = |z1| = |z2| = 72, we get for all large enough r1

1

V2VL -n_ > 0 F 4 0oF — doh > —Fyr(r1) — Kl'ilr?ﬁ1 + B

+ K2l€21"2'€271 — CT11’71

2y 1/2
=— (er%) +57K1/11r1“1_1+K2112r'f2_1fC’rf_l >0
1

where we used the bound (8.28) below, ro = ry is large, and 0 < v, k1 < k2 < 1 uniformly in
0 < U < Ue. If U stays away from zero, we also get v/2VL - n_ > 0 uniformly in U in the
range u < U < U, for large r1, any small p > 0, and 0 < v, k1, k2 < 1, using (8.29).

Thus the second term in (8.20), hence by symmetry also the second term in (8.21), is
non-positive when R is large enough. O

Remark 26 In the proof above, and also in the proof of Lemma 8.5 below the inequality

a2U 1
sup (EU + 7) < - (8.28)
0<U<U, 1 4
for all large enough r; plays an important role. Also the refined bound
a2U 1
limsup sup (SU + —) <= (8.29)
r1—o0 p<U<LU,. T1 4
for any small p > 0. The second bound clearly implies
. : 1 afr\1/2
a=timinf it (5= (ev+57) ) >0 (8.30)

for any 0 < pu < U. which is needed in the proof of Lemma 8.5 below.
These bounds can be seen as follows: Since the Coulomb repulsion is positive and the
ground state energy of Hg is —1/2 (twice the energy of hydrogen), we clearly have Ey >
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Ey=—-1/2,s0ey = —1/4— Ey < 1/4, always. Since Ey is strictly increasing in 0 < U < Uk,
by the Hellman-Feynman formula, we also have ey = —1/4 — Ey < —1/4 — Ey = ¢, < 1/4
for any 0 < < U < Ue. Since ayy = (U — 1)}/? we get
Ucs—1 <

T1

2
a 1
sup (e + ) <eu+ T
p<U<U, 1 4
for all large enough r; > 0, which immediately implies (8.29). Moreover, for 0 < U < 1 we

have
2
1
5U+G7U:5U§50:*
1 4
for all 71 > 0. Since Ue < 2, we get for 1 < U < U,
2
1 1
v+ W <e v =<
r1 r1 4

for all large enough 71, independently of 1 < U < U, since ey < g1 < 1/4 for U > 1. The
last two bounds prove (8.28).

Lemma 8.5 Assume 0 < B,v < 1,0 < k1 < k2 < 1 and max(v,1 — v) < kg and Ly given
by (8.4). Then gy = e~V is a classical subsolution of Hy; at energy Eyy on Cﬁ,,@ for all large
R independently of 0 < U < Uk.

Moreover, if 0 < 8,v,k1,k2 < 1, max(v,1 — v) < ko, and 0 < u < U, then there exists
R > 0 independent of U in the range u < U < U, such that gy is again a classical subsolution
of Hy at energy Ey on C’Ij%:_ﬂ.

Proof Again, we abbreviate g = g7, L = Ly, and F = FY. Clearly, L and hence g = e

is C? on Cfs 3 and the derivatives of g up to order two are in L? (C'Ij%[ ﬁ) for large enough R.
Moreover, we only have to show the pointwise bound (Hy — Ey)g < 0 in C’};B, since by
symmetry the same bound then also holds on CE 5
From Vg = —efLVL, one gets
_Ag=g [—\VL|2 n AL} . (8.31)

}Cl)n Cr g we have L(z) = F(|z1l, |z2|) — h(|x1 — z2], |z2]). Using formula (8.24) for VL we
ave

AL = Vg, (alpﬂ _ ashm>

|z1] lz1 — 22|

# Ve (0P 2 - a2 2=
2ac2 2 , Tl — X2 , (8.32)
=RF+ O F—— +05F + 9oF —— — 03h — doh—— — 20°h

|1 |z2] |2

_omaptz @2 m) a4
T wrllzr —x2] T |21 — a2

The term ashﬁ will allow us to control the Coulomb repulsion between the electrons.

Dropping the positive term (9sh)? we also get from (8.24)
VL = [Var L* + |V, LI
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> (1 F)? — 20shoy FEL(ZL=22) | (0o F — 0zh)? — 2(85F — oh)0sh 22 (T2 = 1)
|z1]|z1 — 22| |z2|z1 — 22

hence
1 1 U 1
Hy—E)g=(-A— — - — 4+~ 4=
(Ho = Bu)g = ( o " Teal ter—ma TA T
1
<gle— (1F)°+ — (02F - 0ah)’
1 ﬁf_/

1
xo - (x2 — 1)
lz2||z1 — 22

z1 - (w1 — x2)

+ 205h(0 FEL P T P2)
|z1|[x1 — 2]

+ (aQF — 82}7,)

II1

cRFro P2 — L Lo r e r 2 - L (8.33)
lza] o] lza| |zl

v \Y%

— 03h — Osh—2 — 202k — 20,0,k "2 (T2 = T1)
|22 |z2l|z1 — 22
VI VII

U 4
|2y — x| \ml—x2|]'

VIII

Abbreviating r1 = |z1|,r2 = |z2|, s = |z1 — 22|, we have

O F = Fl/](""l) + Kllﬂrlfl_l,

1/2
and since Fj;(r1) = (a + a2/r1) > 0 we have € — (F{;(r1))? < 0. Hence
1<0.
Moreover,
1 Hz—l
O F = 5 + Kaok1ry R
O2h = —1/1“12'71(7‘27”3)29/(7“27”5) < 1/1“12'71 ,
where the last bound holds since 0 < t — ¢2[0/(¢)| < 1. Since v < kg < 1, we get
1 1
II = (5 — 02F + 02h) (5 + 8o F — 02h)

< 7(K21127’§2_1 - 1/7'12'_1)(1 + Kg/{gr'z'”_l - 1/7*5_1) < 77'52_1
for ro > 1.

The bound for the third term III is tricky, since neither 01 F', 92 F nor 9sh go to zero
as ry,ro — 00. We will do this one last and bound the other terms first. Since 01 F =
Fli(r1) + Klmr'fl_l we get

OLF = Fij(r1) — Kik1(1 — k)i 72 <0,
since k1 < 1 and F['J’ < 0. Thus

2
IV < (2F)(r1) — Dyt = (2(s+ Ly 1) <o

T1
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for 1 > 1 because of (8.28). Similarly,
. Ka—2 1 Ka—1y 2 1 Ka—2
V = Kaka(ka — 1)ry + (5 + Kokary )E —ry " = Koka(ka + 1)1 .

Moreover, with t = 7'2_”3, we have
03h] < vy (18710 ()] + 10" (1)) <577
02| = 3" |20 () + 0" ()] < r3”
since ¢'(t) and 6" (t) are bounded for ¢ > 0. Thus we get
VIS 2 +r3"
for all r9 > 1 and since
|020sh| = vry |20 (8) + 20" ()] Srg !
we have
VIIS !,
For the term VIII which contains the Coulomb repulsion, we have
VIII = %(U —40(ryVs)) —4r3 70 (r3"s) < %(2 —40(ryVs)) +4ry " .
Recall that U < Ue < 2. If 5 ¥s < 1, we have 0(r5 “s) > 1/2, hence also 2 —40((r5 "s)) < 0.
If 1y ”s > 1 we have s~ (2 — 40(r5 Vs)) < 2ry ”. Altogether,
VI < 2ry ¥ +4ry " = 6ry 7

for all ro > 0.
Now we come to the term III, which is the hardest term to bound. Recall that |O2h| <
r’2’71. Moreover, Osh = 0(rys) + 15 Vs (r;Vs) > 0, so |0sh| < 1. Thus

Il = 205h (81Fm1 (@1 =) | 5 po2- (@2 = xl)) — Oshopn 22 = 1)
lz1|[r1 — 22| [z2|[z1 — 2] lz2|lr1 — 22|

< 204k (alle (@1 =) | g po2 (@2 = 3”1)) +oryt.

2
|z1|[z1 — @2 |z2||lz1 — 22|
Note also
1
z1 - (21 —x2) = 5 (m% — x% + |z — x2|2)
and

2 2 2
($2—931+|991—$2| ),

N |

z2 - (x2 —21) =
so with r% = m% > r% = x% we have

(z1 — (g — F F\ r?—r2 F F
9 L1 (x1 —x2) 4 g2 (x2 — 1) :(81 02 ) r{ —ry (81 0o >|a;1 ol
|x1]|z1 — z2 |xa||z1 — z2| 2r1 2ry ) |1 — x2| 2r1 2ro

Due to ro < rp and (8.28), we have uniformly in 0 < U < U,

2\1/2
NnF 0 F (et _ 1 _
15 927 7( r1) + Klﬁlel 2o~ K2’f27’2’{2 2
1 79 r1 2ro
2 1/2 1
< 7,1—1 {(5 + LL) -5 + Klmrfl_l - Kgngr'fz_l} < —er_l <0
r1

for all large r; when 0 < K1 < Ko < 1.
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When 0 < k1,k2 < 1 and U stays away from zero, we again get 87}1F 82F < -ry Cu/2 <

0 uniformly in U in the range p < U < U, for large r1 and small p > 0 ublng now (8.30).
Thus with s = |21 — z2| we see that
F _
111 < sdsh (81— + 62—F) +ory!
1 2
for large r1. Since dsh = 0(ry"'s) +ry Vs (ry”'s) > 0 we have
sOsh = r" ((r?”s)@(r;'/s) + (rgys)zel(rgys)) <ry

uniformly in s > 0. Moreover, 81Frf1 < rfl + r'f1_2 and 82Fr;1 < r{l + 7"'52_2, S0 we

arrive at

v+r1—2 vt+ko—2

I < ry [rf1+r1ﬁ172+r2 +r5?T 2]57"2 + 7y + 7y
since k1,ko < 1 and ro < ry.
Collecting the above bounds in (8.33) we finally arrive at

(Hu + Eu)g Sg[—r5> vyt 4yt ppftee=2 4 )

H22

+T2Vi2+7“2711+7’271]
§9T22_ |:—1—|—’I“5 H2+TD+I€1 Ko— 1+T5_ —|—7‘2 —|—7‘2 —1— n2+ 1—v— n2+ —ng]

<0

for all large enough rg, since 0 < v, k1, k2 < 1 and max(v,1 — v) < k2 < 1. This proves the
lemma. O
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Appendix A A quadratic form version of the IMS
localization formula

In this section we derive the well-known IMS localization formula under rather weak
assumptions on the localization functions. Our derivation is motivated by [36] who used
quadratic form methods to derive an IMS localization formula for pseudo-relativistic
Schrodinger operators under weak assumptions on the localization functions. While we
believe that the result for non-relativistic Schrédinger operators is known, at least to
the experts, we could not find any reference in the literature for the version we need.

In the following, we consider the momentum operator P = —iV on R? and acting in
L?(R%) for general d € N. The domain of P is the Sobolev space D(P) = H*(R?) = H'.
The kinetic energy is given by the the quadratic form (Py, Py), which is a closed
quadratic form on D(P). In order to be able to even formulate the IMS localization
formula, on needs to have weight functions ¢ : R? — R such that £2¢, £p € D(P) for
any ¢ € D(P).

Lemma A.1 Assume that £ : R? — R is bounded and continuous and there exist k € Nand
pairwise disjoint open sets Uj, j = 1, ...,k with Lipshitz boundary, such that R? = U;U; and

€y, € Wi (U;) forallj=1,....k (A1)

that is, the weak derivative V¢ is bounded on each U;, j = 1,...,k. Then for all ¢ € D(P)
we have {2907 &p € D(P), that is, as multiplication operators ¢2 and € map D(P) into itself.

Proof First, we show that the weak derivative of £ exists and is given by the function V§
defined by V§ = V£ on Uj and VE( ) = 0if z € U;U;. Of course, we can set V{( ) equal
to an arbitrary fixed vector in R? for & U;U;

Since the boundary 0Uj; is Lipshitz regular it has zero d-dimensional Lebesgue measure.
By definition of the distributional derivative, we get

k
(VE,0) = —(6, V) = Z / Evpds = (/U Vg da /8 ’ swj»dH“) (A2)
=1 J J

for any test function ¢ € C§° (Rd), where the last equality follows from the weak form of
Gauf}’s theorem, see [40, Theorem A6.8] or [41, Theorem 1 in Chapter 5.8], H¥%lisd—-1
dimensional Hausdorff measure, and v; is the outer normal, which is well defined H 4=1 almost
everywhere on 9Uj, see [40, Section 6.5] or [41, Section 5.1].

Since in the sum over j each part of the boundaries OU; comes in pairs with opposite
direction of their corresponding normals and the integrand £y is the same on each of these
pairs, we have

k
> / Eov;dHI = 0. (A3)
j=1790U;

Thus

(6, Vg) = / Ve du = (VE, ¢) (A4)
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for any test function ¢ € C§°(R%), so & € W1 >°(RY).
Now we check that £ : D(P) — D(P): Clearly, since & is bounded, ||£¢| < ||€|loll]l-
Since ¢ has weak derivative in W1 we have

V(Ep) = (Ve +EVe (A5)
for all ¢ € D(P). Thus

IPER) < (VEell + [IEPoll < [[VElloollell + lI€]loo 1P|l
< (IVE€lloo + [I€lloo) 1@l 11
which shows that the multiplication operator £ : D(P) — D(P) is bounded.
This argument shows also that £2 : D(P) — D(P) is bounded, since replacing £ by
€2 in the argument leading to (A4) shows &2 € WH(R?) as soon as ¢ is bounded and
continuous, with bounded weak derivatives on U, since on each component U; we clearly

have V(€2) = 26Ve € WH*(U;). Thus, by what we already proved, £2 € W (R?) and
€2 : D(P) — D(P) is bounded. O

Remark 27 As the proof shows, the continuity assumption on & can be weakened to & is con-
tinuous in a neighborhood of the boundary set U;0U; and this can also be further weakened
using the appropriate notion of traces, see, e.g., [40, Section A.6]. Furthermore, the natural
regularity assumption on the boundary of Uj is that U; has locally finite perimeter, see [41,
Chapter 5], so that a suitable integration—by—parts formula holds.

Our version of the famous IMS localization formula is

Lemma A.2 (IMS localization formula, quadratic form version) Let & : R? — R be bounded
and continuous and assume that there exist k¥ € N and pairwise disjoint open sets Uj, j =

1,...,k with a Lipshitz boundary, such that RY = Ujﬁj and
¢y e W) forallj=1,... k. (A6)
J
Then for all ¢ € D(P) = H'(R?) we have
Re(V(£%9), Vo) = (V(£9), V(69)) — (o, IVEPp). (A7)

In particular, for a Schrédinger operator H = P24 V', defined in the sense of quadratic forms
with a local potential V', we have

Re(€%p, Hp) = (€p, HEp) — (9, |VE[*p) . (A8)

Remark 28 A natural choice for ¢ is §2 =1=> j X? for suitable “partition of unity” given
by cut-off functions x;. A second choice, which is useful to derive weighted L? bounds, is

given by an exponentially weighted function £ = XeF for some (bounded) function F. Our
version of the IMS localization formula allows us to have rather minimal, weak regularity
properties on the involved functions x;, x, and F, which is very convenient for the proof of
our upper bounds.

o8



Proof Lemma A.1 shows that €2 and £p are in H'(R%) as soon as ¢ is. So both sides of (A7)
are well defined. Given p € H I and using that £ is real-valued, a short calculation reveals
Re(V(E%0), Vip) = Re(€V (€p) + (VE)Ep, Vi) = Re(V (£9), £V ) + Re((VE), £V )
= Re(V(£p), V(Ep) — (V@) + Re((VE) ¢, EV)
(V(&p), V(&p)) — Re((VE)¢ + £V, (VE)p) + Re((VE)p, V)
(V(&p), V(&p)) = ((VE)ep, (VE)p)

since also Re((VE&)p, EVe) = Re(€Vp, (VE)p). Thus (A7) holds.
The formula (A8) follows immediately from (A7) since the potential V is a local
multiplication operator, hence we have (524,0, Vi) = (£p, VEp) for the quadratic form. |

\Y
\Y

Appendix B Sub— and supersolution bounds a la
Agmon

Let H=—A 4V be a Schrédinger operator defined by the quadratic form
(o, HY) = (Vo, V) + (o, V) (B1)

for p,¢ € H'(R?) and an infinitesimally form small perturbation by a real-valued
function V. Here we define (@, Vi) = (sgn(V)|V|/2¢p, |[V|'/2¢) where sgn(t) = t/|t|
when ¢ # 0 and sgn(0) := 0.

Definition 1 (Sub- and supersolutions in the quadratic form sense a la Agmon) Let Q be
an open subset of R%. Then a real-valued function P € Hlloc(Q) is a supersolution of H at
energy F € R in Q if

(o, (H = E)p) >0 (B2)
and ¢ is a subsolution if

(o, (H=E)Y) <0 (B3)
for all non-negative ¢ € C5°(£2).

For our slight extension of a beautiful result of Agmon [34] we need one more
notation.

Definition 2 Let Q C R? be an open set with boundary 0€2. We call a closed set 92 an
(inner) boundary layer of Q if it is a subset of the closure of Q which contains the boundary
09 of Q in such a way that Q\ 9 has locally positive distance from the boundary 9. More
precisely, for any compact set K C R? we have

dist (99, (K N Q) \ 69Q) > 0. (B4)

In other words, a boundary layer o0 provides locally a safety distance to the
boundary: For any R > 0 there exist § > 0 such that

dist(z, 002) > 6
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uniformly in x € Q\ 99 with |z| < R.

Theorem B.1 Let Q) be an open subset of ]Rd, [ a positive supersolution and g a subsolution
of H at energy E in Q). Assume that for some X\ > 1

lim inf L2 / g3 dr =0 (B5)
Lo ON{L<|z|<ALY
where g4+ = sup(g, 0) is the positive part of g, and
f>g for (almost) all x € O (B6)

where OQ is an (inner) boundary layer of Q. Then f > g almost everywhere in Q.

Remark 29 We would like to stress that this is basically Theorem 2.7 in [34]. It is a slight
extension of Agmon’s result, since he considers neighborhoods of infinity, i.e., complements
of compact subsets of R%. We need to work with more general unbounded domains which
contain infinity but are not necessarily neighborhoods of infinity.

Proof We give a sketch of the proof, for the convenience of the reader. Since f is a positive
supersolution and g is a subsolution in €2, the function

u=(g9—f)+ (B7)
is a subsolution of H at energy E in (Q, see [34, 2.9 Lemma] whose proof also shows that one
only needs V' € L}OC(Rd) for this. So for any real-valued & € CS°(€2) we can choose ¢ = £2u
as a testfunction in the IMS localization formula (A7) to get
(€u, (H — E)éu) — (u, |VE[*u) = Re(%u, (H — E)u) = (£*u, (H — E)u) < 0.
That is, we have
(€u, (H — B)éu) < (u, |VE*u) for all € € C3°(Q). (B8)

Extend u by zero to Q°, by a slight abuse of notation, we continue to use u for this extension.
Since u vanishes on the boundary layer 0f2, i.e, within a safety—distance to the boundary
092, this extension of u is in the Sobolev space Hl(Rd), Moreover, thanks to u being zero
on the boundary layer 5?2, it is easy to see that (B8) continues to hold for all real-valued
Eecye (]Rd)7 since the both sides of the inequality (B8) depend only on the values of £ on
the support of u. So

(¢u, (H — B)éu) < (u, |VEu) for all £ € C°(RY). (B9)

By assumption, f > 0 is a supersolution of H at energy F in 2. Thus for any real-valued
Eecye (Rd) we can choose ¢ = p?f, with p = &u/f, as a positive test function with support
in  to get, from the definition of a supersolution,

0 (. (T = B)) = (1.1 = B)f) = (g, (11 = D)) = (19 (5P (B10)
where we again used the IMS localization formula. Together with (B9) this yields

(, |V(§7“) 12£) < (u,|VE[Pu) for all € € C5°(RY). (B11)
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Now pick x € C§°(RY) with 0 < x < 1, x(z) =1 for || < 1, x(z) = 0 for || > 2, and use the
scaled version &(z) = €1, (z) = x(x/L) in (B11). Since £;, — 1 pointwise as L — oo, Fatou’s
lemma and (B11) imply

2
19 (F)] 0 < tmine( 9 (560) 1) < timin (a9, ) -
<tminf | VeL Py do =0

where in the second inequality we used u = (g— f)+ < g+, which follows from f > 0in . The
last equality in (B12) is due to the bound V¢ < ||Vx\|goL721{L§‘w|§)\L} and assumption
(B5).

Clearly, (B12) implies that u = ¢f in £ for some constant c. Since f > 0in Q and u =0
on the boundary layer 99, we must have ¢ = 0. Thus u = (¢ — f)+ = 0 almost everywhere
in Q, which proves the lemma. O

Appendix C A tightness argument

In this section we show how one can prove a simple tightness argument for weakly
convergent sequences in L2(R?) from [42]. Of course, such results are well-known using,
for example, the locally compact embedding of the Sobolev space H! into suitable L?
spaces. Our point is that one can work with a pure L?-space version. The tightness
argument we use is based on the following equivalence.

Theorem C.1 ([42]) Let (¥n)nen be a sequence in L*(R?) and (ZZn)nEN the sequence of
Fourier transforms. Then the following are equivalent.

1) The sequence (¥n)pen is converging strongly,

2) The sequence (Yn)neN 18 converging weakly and satisfies

lim limsup [tn ()2 dz =0, (C1)

R—c0 n—oo Jjz|>R

lim limsup [n (k) 2dk =0, (C2)

L—oo n—oo Jik|>L

3) The sequence (Yn)pen @S converging weakly and there exist functions H,F > 0 with
lim| ;o0 H(z) = 00 = lim|y| o F'(k) such that

timsup [ H(@)ln (o) o < oo (C3)

n—oo R4

limsup/ F (k)| (k) dk < oo. (C4)
n—oo JRdA

Remark 30 1t is straightforward to see that conditions (C1) and (C3), respectively, conditions
(C2) and (C4), are equivalent.

Proof For the convenience of the reader, we give a sketch of the proof. The equivalence of
part 1 and 2 of Theorem C.1 was already shown in [42]. The easy argument is as follows: It is
clear that part 1 implies part 2. For the converse assume that i, converges weakly to zero in
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L2, without loss of generality. Let P, = 1¢1p|<z) be a Fourier cutoff onto momenta In| <L
in Fourier space and Qgr = 121<Ry be a cutoff in z-space. Then it is easy to see that PrQpr

has a square integrable kernel, i.e., it is a Hilbert—Schmidt operator on L27 hence compact,
[43]. Since

tn = Prpn + (1 — Pp)n = PLQRrYn + Pr(1 — Qr)¥n + (1 — Pr)¢n

and Py, is an orthogonal projection we get

lim sup [[¢on || < limsup [[(1 = Qr)¢n|| + limsup [|(1 — Pr)in|| (C5)
n— oo n— oo n—oo

using that limp oo || PLQRYn| = 0, by compactness of Py Qg for all fixed L, R. Now simply
note that the two terms on the right hand side of (C5) go to zero as R, L — oo due to (C1),
respectively (C2).

Clearly part 3 implies part 2 using the Chebycheff-Markov inequality. For the converse
assume that (C3) holds and take an increasing sequence of radii Ry — oo with

lim sup ¢on (@) |?dz < 27 2% (C6)
n—oo ‘g;|>Rk

for all k£ € N. Setting
(oo}
H(z) = Y 2° (c7)

k:Rk<\x|
we get

o0
hmsup/H ) (x | dr < Z 2 hmsup/ |ton (x \zd:c < Z 27k =1
k=0

|z|> Ry

i.e., (C3) holds. Similarly one shows that (C2) implies (C4). O

Appendix D Basic properties of the ground state

In this appendix we gather some basic properties of the ground state and the ground
state energy. We call Ey = inf o(Hy) the ground state energy, although, technically,
it is only the ground state energy when a ground state exists.

A result of Lieb [44], based on a clever idea of Benguria, but now applied for the
case that the electron—electron repulsion term contains a coupling constant U, shows
that a single atom with nuclear charge Z can only bind

27
N<—+1 D1
o+ (D1)

particles, independent of the statistics of the particles. That is, if the ground state
energy is strictly below the essential spectrum, then (D1) holds. For N =2 and Z =1
this shows that Ey < —1/4 = 0ess(Hy) implies U < 2. Thus, for the operator given
by (1.1), the critical coupling U, is bounded by

1<U, <2. (D2)

These simple rigorous bounds give are rough, but not bad, estimate for the critical cou-
pling U,. As discussed in the introduction, calculations by quantum chemists predict
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U. ~ 1.09766, see [45], and even pushed the calculation to U, ~ 1,097 660 833 738 56
in [10]. Bethe showed in [12] with the help of a variational calculation that hydrogen
can bind two electrons, hence clearly U. > 1. Moreover, Hill showed that even for finite
nuclear mass M the H~ quantum system has a ground state in the center—of-mass
frame for some U > 1 as long as the mass ration m/M < 0.2101.

Proposition D.1 Given a helium-type operator Hy, with infinite nuclear mass let Ey =
inf o(Hy) be its ground state energy. Then

1) U — Ey is concave and continuous. It is strictly increasing on [0,Uc], constant on
[Ue,0), and

1 1
EU<—1 foro<U < U, EUC:_Z' (D3)
Moreover, Ey is differentiable in U < U. with a positive derivative. At U. its left
derivative exists and is positive.

2) At critical coupling the energy Ey, = —1/4 is a simple eigenvalue at the edge of the
essential spectrum. The corresponding ground state 1 = 1y, € L? is unique and positive
up to a global phase factor.

3) Choosing all ground states Yy for 0 < U < Ue normalized, i.e., ||Yy|l2 = 1, and positive,
the map [0,Uc] 2 U — ¢y is continuous in H' and in LY for all 2 < g < c0. Moreover,
there exist a constant C < co such that for any 2 < q < oo we have

sup  [[Yullq < C. (D4)
0<U<U.
4) For any normalized positive ground state yy with ||[Yy|l2 = 1 and any compact set
K C RS there exists a constant Ck > 0 such that
inf inf ¢Ypy(z) > Ck . (D5)

0<U<U. 2€K

Proof Let Hg be the operator Hy with U = 0. Since Hy = Hg + —Y s linear in the

r1—T2
perturbation, one sees that Ey = inf\lw\|=1<¢7 Hy) is an infimum of‘ linear‘functions, hence
concave. Since —oo < By < oo for all U € R, it is continuous.

At critical coupling and above, the energy Ey is equal to the infimum of the essential
spectrum, which by the HVZ theorem is given by the ground state energy of hydrogen. Hence
Ey =—-1/4for all U > U..

When U < U, perturbation theory [3] applies. First order perturbation theory, the
so-called Feynman—Hellmann formula, see Remark (3.5.18) in [1], shows
duEy = (Yu, CZJTUMJW = (Yu, Yu) >0 (D6)
for all U < U.. Moreover, this formula also holds, as soon as a normalizable ground v state
exists, for critical coupling U = U., when one replaces the derivative dy Eyy with the left

|21 — @2

derivative ;; Ey = limy ~y, %:756”“, see [46]. This proves claim D.1.1, once a normalizable
ground state exists at critical coupling. This is known from [16, 17] but we will give an
alternative proof for this, which uses the isotropic upper bound from Theorem 4.1.

The Coulomb potential Vi; is in the so—called Kato—class, for a definition see [20—22],
for any coupling U € R. Moreover, Vi; > Vp for all U > 0, so [22, Theorem B.1.1] and
monotonicity of the Schrodinger semigroup in the potential gives

Ey —tH E —tH E —tH
leully = Nl e ™y llp < eV lle ™ [lampllvull < eV le™ 0 l2mpllvull -
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So for fixed t > 0 and with Cp = etEUHeftHOHQ_,p we have |[Yyllp < Cpllyy|| for all

2 < p < oo. The Riesz-Thorin interpolation theorem also shows Cp < C? C’éo_e for any
1/p=06/2+(1-0)/oco =0/2and 0 < © < 1. Hence Cp < max(Cs,Co) = C and we
arrive at
sup Yy, <C (D7)
0<U<U,
when |[¢y|| =1 for 0 < U < Ue.

Take a sequence 1 < U, < U which converges to U. and consider the corresponding
sequence of normalized bound states i, of H, = Hy, with energies En < —1/4. The
Coulomb potential Vi; is relatively form bounded with respect to the Laplacian —A in RS
with relative form bound zero, thus

(0, V)| < 8)IVlI> + bs ] (D8)

and, in particular,

(¥, )| < SV + bs| ]I (D9)

for all 0 < § < 1 and some bg > 0 uniformly in 0 < U < U, for all ¢ € Hl(R6). So for ¥n, we
get

o
|1 — 22|

En = (n, Haton) = (Vion, Vi) + (¥n, Vuton) > (1= 8)|[Veon® — bsl|nl)?
which implies
b
IV ]* < 72 nll?
since the energy FEj of the minimizing sequence is bounded. So
2 2 2 bs 2 2 bs
l¥nll 1 sy = 1¥nll” + [[Vibn|” < m”ﬂ’nn + nl” = 1T_g T1<>

uniformly in n € N, since 9, is normalized. Thus the sequence vy, is bounded in H L hence
there exists a subsequence, which we also denote by %, which converges weakly to some
e € HY(RY). We claim that v, is a normalized ground state of Hy,_, ie., ||[¢c|| =1, ¢ €
HY(R®), and (p, Hy 1he) = —1/4(p, ) for all p € H(RE).

Since vy, is a bounded sequence in Hl(R6) it is tight in momentum space,

lim sup/ |1Zn\2d77 =0. (D10)
L=ooneNJin|>L

Moreover, the upper bound from Theorem 4.1, which only needs the bound (D7) for ¢, = 9y,

with subcritical Uy, < Ug, easily implies also tightness of the sequence v, in position space,

lim sup/ |¢n|2dn:O (D11)
R=00neNJn|>L

and standard compactness results, for example Theorem C.1, show that v, converges to 1.
strongly in L(R%), so ||¢¢|| = limp—o0 [|¢n || = 1.

We will show in a moment that 1, also converges strongly in H 1(]R6), the form domain
of all operators Hy;. Once this is the case a bound of the form (D8) for some § > 0 implies
(e, Vi, te) = limp— oo (¥n Vi, ¥n). Once we have this, we also get

1

1 ..
1 < (e, Hy,be) = liminf (n, Hy, Pn) = — . (D12)
n— 00 4

because of the strong convergence of ¥y, in H'(R®) and (¢, Hy, tYn) = En — —1/4 in the
limit n — oo, where we also used that v is normalized and Hy, > — 3, as quadratic forms.
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Thus 1) is a normalized minimizer of the energy. By the variational principle, 1. is a weak
eigenfunction of Hy,: (@, Hy te) = —%(cp,wc) for all ¢ € H(R®). The uniqueness, up to a
global phase, follows from the usual arguments, [3, Theorem XII44], see also [23], since the
semigroup e tHu g positivity improving, i.e. eitHUf > 0if f > 0and f # 0. This proves
claim D.1.2, once we established the strong convergence of ¢y, in H'(R6).

To prove the strong convergence in H 1(]RG) we note that

Hy = Hy, + Un = Ue = Hy. + Wy,
o1 — o
so for all p € H(RY) we have

<%HUC(wn - ¢m)> = <90:Hn¢n> - <807HmwM>
— (o, Wy, (Yn = ¥m)) + (0, Wu,, (¥n — ¥m))
= En(p;¥n) — Em(p,¥m)
- <<P7 WUn (¢n - ¢m)> + <907 WUm (wn - wm»
< llell(1Bnlllvnll + [Em|l¥mll)
— e, Wu,,(¥n — ¥m)) + (o, Wu,,, (¥n — thm)) -
Choosing ¢ = ¥n — ¥m, using also (D9) to bound the terms (¥n, — VYm, Wy (¥n — ¥m)), and
the normalization ||¢¥n| = 1 we get
(Yn — ¥m,Hy, (Yn — ¥m))
< (1Bl + |Eml) 1on — dml (D13)
+ (2e = Un = Un) (311V (n — ) 1* + bslln — m]°)
On the other hand, due to (D8) we also have the lower bound

(ton — tom, Hy, (¥n = m)) = (1= )|V (¥ — ¥m) | = bslleon — vom |
and using this in (D13) and rearranging terms one gets
(1 =61+ (2Ue = Un = Um)) [V (von — o) ||
< (|Bn + |Emlvon — dmll +bs(1 +2Ue = Un = Um)[tn — v
Since 6 < 1 and Uy, Uy, — Ug, this shows
limsup ||V (¢n — ¢m)|‘2 S limsup [[¢hn — ¥m| =0 (D14)
n,m—00

n,M—00

since 1, converges to 1. strongly in L?. Thus 1n, is also Cauchy in H L (]R(i)7 hence it converge
strongly in H'(R®). This finishes the proof of D.1.2.

Having the existence of ¥y at U = Ug, the same argument which proved (D7) can be
used to prove (D4). Continuity of ¢ in U < U. with respect to the L? norm follows from
perturbation theory. We will give an alternative proof, which also yields continuity in H Lin
the whole interval of parameters U for which a ground state exits.

Take an arbitrary Uy € [0,U¢] and any sequence U, € [0,U.] converging to Uy. Let
U Jl = Un; be an arbitrary subsequence. Then the above argument shows that this sequence is

tight. Since [|1;71|| = 1 there exists a further subsequence U? = Ujlk
J

such that ng converges
weakly in L? to )y, , which is the unique ground state of Hyy,. By tightness, Q/JU]z converges
strongly in L? and the above argument then shows that it also converges strongly in H L
Thus any subsequence of ¥y, with U, — Ug € [0,U,] has a further subsequence which
converges to the same limit vy, , i.e., ¥y, convergesin H Lo Yy, for any sequence Up, — Up.

Hence [0, U¢] 3 U + 1y is continuous in H®.
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The Coulomb potential Vi, is in the Kato—class and it is continuous in U in the Kato—norm
(for definitions, see [22, Section A.2]). Thus [22, Theorem B.10.1] shows that as operators

from L? to LY
le™ v — ety 0 — 0

as U — Up for any fixed ¢ > 0 and 2 < ¢ < oo. Define fIU = Hy — Ey. Then continuity
—tHyr 6_tHUH2~>q — 0 as U’ — U for any fixed t > 0 and
2 < g < . Using }NIUl/)U =0, we have ¥y = eftHUdJU for all U < U.. Hence

—tH, —tH —tH,y —tH —tH
Yy —py = ey — et U¢U=(€ Hur o=t U)¢U/+€ AU (i — )

and with the L? normalization ||¢7|| = 1 and the L? continuity of ¢y in U € [0, U] we have

of Ey in U shows that also ||e

—tHy —tH —tH
o = vullg < lle” 0 — eV lag + le™ Y lam gl — dull =0
as U’ — U for any fixed t > 0 and 2 < ¢ < co. This finishes the proof of claim D.1.3.

Let 1y be the strictly positive ground state which, as we just proved, exists for any
U < Ue. Since Vyy is in the Kato—class, any eigenfunction of Hy; is continuous [22, Theorem
B.3.1]. So for any compact set K C RS and each 0 <U<U.

o(K,U) = inf ¥y(z) >0. (D15)
zeK
By continuity of the L? norms in U, there exists an open set Oy C R such that
1

I = Yulleo < 5e(K,U)  for all U €0,U]nOy. (D16)

Thus
1
inf / > inf — r— > —c(K,U
dnf Yyr(x) 2 inf Yy (@) —[Yor —dulle 2 5e(K,U)

for all U’ € [0,Uc] N Oy. Clearly, since U € Oy, the open sets Oy cover [0, Uc], i.e., [0,Uc] C

UUe[07UC]OU~ Since [0, Uc] is compact, there exist finitely many O; = Oy,,j=1,...,N such
that [0, U] C U;-V:le. So with ¢;(K) = ¢(K,U;), we get
1
inf  inf > = i (K) =
ogglch vekK Yu(z) 2 2 j:rfl,.l.l.l,N oj(K) = Cx >0,
which proves the last claim. O
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