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 a b s t r a c t

In this work, a high-order finite-volume method is combined with an iterative projection approach 
to solve transport equations for reactive fluids in the low-Mach number regime. The proposed so-
lution algorithm is fully collocated in both space and time and employs a vertex-centered 𝑘-exact 
discretization to achieve truly third-order spatial accuracy, even on fully unstructured median-
dual grids. To enhance both accuracy and robustness, viscous and convective fluxes are treated 
consistently within the high-order framework. Convective fluxes are discretized using a central 
face-value approximation augmented with adaptive numerical dissipation control, governed by a 
novel gradient-limiting strategy that selectively reduces the order of accuracy near strong gradi-
ents while minimizing artificial dissipation elsewhere. The performance of the method is assessed 
against a conventional finite-volume scheme for unstructured grids, with a focus on reducing the 
number of computational elements required for accurate simulations. Benchmark test cases in-
clude the isochoric advection of a hydrogen-oxygen mixture, convection of a pseudo-isentropic 
vortex, and flame kernel–vortex interaction. As a key extension, a large-eddy simulation of a 
turbulent hydrogen/nitrogen-air diffusion flame on a fully unstructured three-dimensional grid 
is presented, demonstrating the method’s capability to handle complex variable-density reactive 
flows in practical combustion scenarios. Results show that the 𝑘-exact scheme achieves accurate 
predictions even on relatively coarse grids, substantially reducing computational cost while main-
taining physical fidelity - underscoring its potential for reactive flow simulations in both industrial 
and research applications.

1.  Introduction

High-order schemes for unstructured grids offer significant potential for reducing computation time in detailed simulations of 
transient flows while maintaining substantial geometric flexibility in the mesh generation process [1]. In particular simulations that 
address reactive, multi-species flow problems benefit from a higher order accuracy, compared to conventional low-order schemes. 
This is due to the fact, that the computational overhead for achieving a higher accuracy in convective and diffusive transport is 
outweighed by the time-consuming evaluation of chemical source terms and mixture properties. Integrating high-order schemes into 
established unstructured finite-volume flow solvers, which often include numerous complex models, is a challenging task and requires 
significant verification and validation efforts. A promising approach to address these challenges is the 𝑘-exact multiple-correction 
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\begin {align}&\frac {\dd \rho }{\dd t} + \frac {\dd }{\dd x_i} \left ( \rho u_i \right ) = 0, \label {eq:NSEQ_1}\\ &\frac {\dd }{\dd t}\left ( \rho u_i \right ) + \frac {\dd }{\dd x_j} \left ( \rho u_i u_j\right ) = \frac {\dd \tau _{ij}}{\dd x_j} -\frac {\dd p}{\dd x_i}, \label {eq:NSEQ_2}\\ &\frac {\dd }{\dd t}\left ( \rho Y_{s} \right ) + \frac {\dd }{\dd x_i} \left ( \rho u_i Y_{s} \right ) = -\frac {\dd j_{i,{s}}}{\dd x_i} + \dot {\omega }_{{s}}, \label {eq:NSEQ_3}\\ &\frac {\dd }{\dd t}\left ( \rho h \right ) + \frac {\dd }{\dd x_i} \left ( \rho u_i h \right ) = -\frac {\dd q_{i}}{\dd x_i}. \label {eq:NSEQ_4}\end {align}
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\begin {equation}\label {eq:ShearStressTensor} \tau _{ij} = \mu \left ( 2 S_{ij} - \delta _{ij} \frac {2}{3} \frac {\dd u_k}{\dd x_k} \right ) \qquad \text {with} \qquad S_{ij} = \frac {1}{2} \left ( \frac {\dd u_i}{\dd x_j} + \frac {\dd u_j}{\dd x_i} \right ),\end {equation}
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\begin {equation}\label {eq:DiffusiverWaermestrom} q_i = -\frac {\lambda }{c_p} \frac {\dd h}{\dd x_i} \qquad \text {and} \qquad j_{i,s} = - \rho D_{s} \frac {\dd Y_{s}}{\dd x_i}.\end {equation}
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\begin {equation}\label {eq:ChemischerMechanismus} \sum _{s=1}^{N_s} \nu _{s,r}^{\prime } \mc {R}_{s} \mathop \rightleftharpoons \limits _{k_{b,r}}^{{k_{f,r}}} \sum _{s=1}^{N_s} \nu _{s,r}^{\dblprime } \mc {R}_{s} \qquad \text {with} \qquad r = 1, 2, \ldots , N_r,\end {equation}
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\begin {equation}\label {eq:ChemischerQuellterm} \dot {\omega }_{s} = M_{s} \sum _{r=1}^{N_r} \left ( \nu _{s,r}^{\dblprime } - \nu _{s,r}^{\prime } \right ) \left [ k_{f,r} \prod _{t=1}^{N_s+1} {c_{t}}^{\nu _{t,r}^{\prime }} - k_{b,r} \prod _{t=1}^{N_s+1} {c_{t}}^{\nu _{t,r}^{\dblprime }} \right ].\end {equation}
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\begin {align}&{RHS}_{h} = \frac {\rho ^n h^n}{\Delta t} - \frac {1}{2} \frac {\dd }{\dd x_i} \left ( \dot {m}_i^n h^n - {q}_i^n \right ) , \\ &{RHS}_{Y_{s}} = \frac {\rho ^n Y_s^n}{\Delta t} - \frac {1}{2} \frac {\dd }{\dd x_i} \left ( \dot {m}_i^n Y_s^n - j_{i,s}^n \right ) + \frac {1}{2} \dot {\omega }_{s}^{n}, \\ &{RHS}_{u_{i}} = \frac {\rho ^n u_i^n}{\Delta t} - \frac {1}{2} \frac {\dd }{\dd x_j} \left ( \dot {m}_j^n u_i^n - \tau _{ij}^n \right ) - \frac {\dd p^n}{\dd x_i},\end {align}
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\begin {equation}\label {eq:IterativeProjection_DensityPredictor} \rho ^{0} = \rho ^n - \Delta t \frac {\dd \dot {m}_i^n}{\dd x_i}.\end {equation}
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\begin {align}&\left (\frac {\rho ^{m}}{\Delta t}\right ) {h}^{m+1} + \frac {1}{2} \frac {\dd }{\dd x_i}\left (\dot {m}_i^{m} h^{m+1} - {q}_i^{m+1}\right ) = {RHS}_{h}, \\ &\left (\frac {\rho ^{m}}{\Delta t}\right ) {Y}_s^{m+1} + \frac {1}{2} \frac {\dd }{\dd x_i}\left (\dot {m}_i^{m} Y_s^{m+1} - j_{i,s}^{m+1}\right ) - \frac {1}{2} \dot {\omega }_{s}^{m+1} = {RHS}_{Y_s}.\end {align}
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\begin {equation}\dot {\omega }_{s}^{m+1} \approx \dot {\omega }_{s}^{n} + {\left . \frac {\dd \dot {\omega }_{s}}{\dd \Phi _r} \right |}_{t = t_{n}} \left ( \Phi _{r}^{m+1} - \Phi _{r}^{n} \right ), \label {Xeqn6-9}\end {equation}


$\bs {\Phi } = [h, Y_{1}, \ldots , Y_{N_s -1}]^{\text {T}}$


\begin {equation}{q}_i^{m+1} = -\left (\frac {\lambda ^n}{c_p^n}\right ) \frac {\dd h^{m+1}}{\dd x_i} \qquad \text {and} \qquad j_{i,s}^{m+1} = -\left (\rho ^{n} D_s^n\right ) \frac {\dd Y_s^{m+1}}{\dd x_i}. \label {Xeqn7-10}\end {equation}
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\begin {equation}\label {eq:IterativeProjection_TemperatureUpdate} T^{m+1} \leftarrow \left (h^{m+1} = \sum _{s=1}^{N_s} h_s(T^{m+1}) Y_s^{m+1}\right ) \qquad \text {and} \qquad \rho ^{m+1} = \frac {p_0 M^{m+1}}{R_u T^{m+1}}.\end {equation}
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\begin {equation}\label {eq:IterativeProjection_VelocityPredictor} \left (\frac {\rho ^{m+1}}{\Delta t}\right ) u_i^{*} + \frac {1}{2} \frac {\dd }{\dd x_j}\left (\dot {m}_j^{m} u_i^{*} - \tau _{ij}^{*}\right ) = {RHS}_{u_i}.\end {equation}
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\begin {equation}\label {eq:IterativeProjection_GeneralCorrectorEquation} \rho ^{n+1} u_i^{n+1} = \rho ^{n+1} u_{i}^{*} - \Delta t \frac {\dd \delta p}{\dd x_i}.\end {equation}
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\begin {equation}\label {eq:IterativeProjection_ImpulseEquation} \frac {\rho ^{n+1} u_i^{n+1} - \rho ^{n} u^n}{\Delta t} + \frac {1}{2} \frac {\dd }{\dd x_j}\left (\dot {m}_j^{n+1} u_i^{*} - \tau _{ij}^{*}\right ) + \frac {1}{2} \frac {\dd }{\dd x_j}\left (\dot {m}_j^{n} u_i^{n} - \tau _{ij}^{n}\right ) = -\frac {\dd p^{n+1}}{\dd x_i}.\end {equation}
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\begin {equation}\label {eq:IterativeProjection_PoissonEquation} \frac {\dd }{\dd x_i} \left ( \frac {\dd \delta p}{\dd x_i} \right ) = \frac {1}{\Delta t} \left [ \frac {\dd \dot {m}_i^{*}}{\dd x_i} - \frac {\dd }{\dd x_i}\left ( \rho ^{n+1} u_i^{n+1} \right ) \right ],\end {equation}
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\begin {equation}\label {eq:IterativeProjection_PoissonRHS} \frac {\dd }{\dd x_i}\left ( \rho ^{n+1} u_i^{n+1} \right ) = -{\left .\frac {\dd \rho }{\dd t}\right |}_{t=t_{n+1}} = -\frac {1}{\Delta t} \left ( \frac {3}{2} \rho ^{m+1} - 2 \rho ^n + \frac {1}{2} \rho ^{n-1}\right ) + \BigO {\Delta t^2}.\end {equation}
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\begin {equation}\label {eq:IterativeProjection_MassfluxCorrector} \dot {m}_i^{m+1} = \dot {m}_i^{*} - \Delta t \frac {\dd \delta p}{\dd x_i}.\end {equation}
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\begin {equation}\label {eq:IterativeProjection_CorrectionStep} u_i^{n+1} = u_{i}^{*} - \frac {\Delta t}{\rho ^{m+1}} \frac {\dd \delta p}{\dd x_i} \qquad \text {and} \qquad p^{n+1} = p^{n} + \delta p.\end {equation}
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\begin {equation}\label {eq:GeneralTransportEquation} \frac {\dd }{\dd t}\left (\rho \phi \right ) + \frac {\dd }{\dd x_i}\left (\rho u_i \phi \right ) - \frac {\dd }{\dd x_i}\left (\rho D \frac {\dd \phi }{\dd x_i} \right ) = 0,\end {equation}
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\begin {equation}\label {eq:GodunovCellAverage} \ol {\phi }_{\alpha } = \frac {1}{\clVol {\alpha }} \volInt {\alpha }{\phi (\mb {x})}.\end {equation}
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\begin {equation}\label {eq:AveragedGeneralTransportEquation} \frac {\dd }{\dd t} \ol {\left ( \rho \phi \right )}_{\alpha } + \frac {1}{\clVol {\alpha }} \sum _{\beta \in \HoodInnerTxt {\alpha }{1}} \left [ F_{C}^{\,(\alpha \beta )} + F_{D}^{\,(\alpha \beta )} \right ] = 0.\end {equation}


\begin {equation}\label {eq:DefinitionFluxIntegrals} F_{C}^{\,(\alpha \beta )} := \iint _{A_{\alpha \beta }} \left (\rho u_i \phi \right ) \, n_i \, \text {d} A \qquad \text {and} \qquad F_{D}^{\,(\alpha \beta )} := \iint _{A_{\alpha \beta }} \left (\rho D \frac {\dd \phi }{\dd x_{i}}\right ) \, n_i \, \text {d}A,\end {equation}
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\begin {equation}\label {eq:RekonstruktionsPolynom} \phi ^{(k+1)}(\mb {x};\mb {x}_{\alpha }) = \PntVal {\phi }{\alpha }{(k+1)} + \Grad {\phi }{i_1}{\alpha }{(k)} \left (x_{i_1} - x_{i_1,\alpha }\right ) + \ldots + \frac {1}{k!} {\left .\frac {\dd ^k \phi }{\dd x_{i_1} \ldots \dd x_{i_k}} \right |}_{\mb {x}_{\alpha }}^{(1)} \left (x_{i_1} - x_{i_1,\alpha }\right ) \ldots \left (x_{i_k} - x_{i_k,\alpha }\right ).\end {equation}
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\begin {equation}\label {eq:GreenGaussGradient} \Grad {\phi }{i}{\alpha }{(0)} = \frac {1}{\clVol {\alpha }} \sum _{\beta \in \HoodInnerTxt {\alpha }{1}} \frac {1}{2} \left ( \olphi {\alpha } + \olphi {\beta } \right ) \fmom {\alpha \beta }{}{i},\end {equation}
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\begin {equation}\label {eq:1ExactGradientCorrection} \Grad {\phi }{i}{\alpha }{(1)} = G^{(1)}_{\alpha ,ij} \Grad {\phi }{j}{\alpha }{(0)}.\end {equation}
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\begin {equation}\label {eq:GreenGaussHessian} \Hess {\phi }{i}{j}{\alpha }{(0)} = \frac {1}{\clVol {\alpha }} \sum _{\beta \in \HoodInnerTxt {\alpha }{1}} \frac {1}{2} \left ( \Grad {\phi }{i}{\alpha }{(1)} + \Grad {\phi }{i}{\beta }{(1)} \right ) \fmom {\alpha \beta }{}{j},\end {equation}


\begin {equation}\label {eq:2ExactGradientCorrection} \Hess {\phi }{i}{j}{\alpha }{(1)} = H^{(1)}_{\alpha ,ijkl} \Hess {\phi }{k}{l}{\alpha }{(0)} \qquad \rightarrow \qquad \Grad {\phi }{i}{\alpha }{(2)} = \Grad {\phi }{i}{\alpha }{(1)} - G^{(2)}_{\alpha ,ijk} \Hess {\phi }{j}{k}{\alpha }{(1)},\end {equation}
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\begin {equation}\VMom {i_1 i_2 \ldots i_p, \alpha }{} = \frac {1}{\clVol {\alpha }} \volInt {\alpha }{\left (x_{i_1}-x_{i_1,\alpha }\right ) \left (x_{i_2}-x_{i_2,\alpha }\right ) \ldots \left (x_{i_p} - x_{i_p,\alpha }\right )}, \label {Xeqn25-28}\end {equation}
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\begin {align}&\MFlux {}{\alpha \beta ,\Gamma } = \PntVal {\left (\rho u_{i}\right )}{\Gamma }{(3)} \, \FMom {i}{\alpha \beta } + {\left .\frac {\dd }{\dd x_j}{\left (\rho u_i\right )}\right |}_{\mb {x}_{\Gamma }}^{(2)} \FMom {i,j}{\alpha \beta ,\Gamma } + \frac {1}{2} {\left .\frac {\dd ^2}{\dd x_j \dd x_k}{\left (\rho u_i\right )}\right |}_{\mb {x}_{\Gamma }}^{(1)} \FMom {i,jk}{\alpha \beta ,\Gamma },\label {eq:MassfluxTerms1} \\&\MFlux {i}{\alpha \beta ,\Gamma } = \PntVal {\left ( \rho u_{j} \right )}{\Gamma }{(3)} \, \FMom {j,i}{\alpha \beta ,\Gamma } + {\left .\frac {\dd }{\dd x_k}{\left (\rho u_j\right )}\right |}_{\mb {x}_{\Gamma }}^{(2)} \FMom {j,ki}{\alpha \beta ,\Gamma },\label {eq:MassfluxTerms2} \\&\MFlux {ij}{\alpha \beta ,\Gamma } = \PntVal {\left ( \rho u_{k} \right )}{\Gamma }{(3)} \, \FMom {k,ij}{\alpha \beta ,\Gamma }.\label {eq:MassfluxTerms3}\end {align}


$\left ( \rho u_i \right )$


$\phi $


\begin {equation}\label {eq:ConvectiveFluxes} F_{C}^{\,(\alpha \beta )} = \MFlux {}{\alpha \beta ,\Gamma } \, \PntVal {\phi }{\Gamma }{(3)} + \MFlux {i}{\alpha \beta ,\Gamma } \Grad {\phi }{i}{\Gamma }{(2)} + \frac {1}{2} \MFlux {ij}{\alpha \beta ,\Gamma } \Hess {\phi }{i}{j}{\Gamma }{(1)} + |A_{\alpha \beta }| \, \bigO {h^3}.\end {equation}


$\left |A_{\alpha \beta }\right |$


$\bigOtxt {h^2}$


$\bigOtxt {h}$


$\bigOtxt {h^3}$


$2$


$k=1$


$\bigOtxt {h^2}$


$\left (\rho u_i \right )$


$\mb {x}_{\Gamma }$


$\rho $


$u_i$


\begin {align}&\PntVal {\left (\rho u_{i}\right )}{\Gamma }{(3)} = \PntVal {\rho }{\Gamma }{(3)} \PntVal {u_{i}}{\Gamma }{(3)}, \\&\Grad {\left (\rho u_i\right )}{j}{\Gamma }{(2)} = \PntVal {\rho }{\Gamma }{(3)} \Grad {u_i}{j}{\Gamma }{(2)} + \PntVal {u_i}{\Gamma }{(3)} \Grad {\rho }{j}{\Gamma }{(2)}, \\&\Hess {\left (\rho u_i\right )}{j}{k}{\Gamma }{(1)} = \PntVal {\rho }{\Gamma }{(3)} \Hess {u_i}{j}{k}{\Gamma }{(1)} + \PntVal {u_i}{\Gamma }{(3)} \Hess {\rho }{j}{k}{\Gamma }{(1)} + \Grad {\rho }{j}{\Gamma }{(2)} \Grad {u_i}{k}{\Gamma }{(2)} + \Grad {\rho }{k}{\Gamma }{(2)} \Grad {u_i}{j}{\Gamma }{(2)}.\end {align}


$\rho $


$u_i$


$\phi $


$\mb {x}_{\Gamma }$


$\Omega _{\alpha }$


$\Omega _{\beta }$


$\theta \in \left [0,1\right ]$


\begin {equation}\label {eq:FaceValue_Scalar} \PntVal {\phi }{\Gamma }{(3)} = \frac {1}{2} \left [ \phi ^{(3)}(\mb {x}_\Gamma ; \mb {x}_u) + \phi ^{(3)}(\mb {x}_\Gamma ; \mb {x}_d) \right ] - \frac {\theta }{2} \left [ \phi ^{(3)}(\mb {x}_\Gamma ; \mb {x}_d) - \phi ^{(3)}(\mb {x}_\Gamma ; \mb {x}_u) \right ].\end {equation}


$u$


$A_{\alpha \beta }$


$d$


$\PntValTxt {\phi }{\Gamma }{(3)}$


$\mb {x}_{\Gamma }$


\begin {equation}\label {eq:FaceValue_Derivatives_a} \begin {aligned} \Grad {\phi }{i}{\Gamma }{(2)} & = \frac {1}{2} \left [ \frac {\dd }{\dd x_i} \phi ^{(3)}(\mb {x}_\Gamma ; \mb {x}_u) + \frac {\dd }{\dd x_i} \phi ^{(3)}(\mb {x}_\Gamma ; \mb {x}_d) \right ] -\frac {\theta }{2} \left [ \frac {\dd }{\dd x_i} \phi ^{(3)}(\mb {x}_\Gamma ; \mb {x}_d) - \frac {\dd }{\dd x_i} \phi ^{(3)}(\mb {x}_\Gamma ; \mb {x}_u) \right ], \end {aligned}\end {equation}


\begin {equation}\label {eq:FaceValue_Derivatives_b} \begin {aligned} \Hess {\phi }{i}{j}{\Gamma }{(1)} & = \frac {1}{2} \left [ \frac {\dd ^2}{\dd x_i \dd x_j} \phi ^{(3)}(\mb {x}_\Gamma ; \mb {x}_u) + \frac {\dd ^2}{\dd x_i \dd x_j} \phi ^{(3)}(\mb {x}_\Gamma ; \mb {x}_d) \right ] -\frac {\theta }{2} \left [ \frac {\dd ^2}{\dd x_i \dd x_j} \phi ^{(3)}(\mb {x}_\Gamma ; \mb {x}_d) - \frac {\dd ^2}{\dd x_i \dd x_j} \phi ^{(3)}(\mb {x}_\Gamma ; \mb {x}_u) \right ]. \end {aligned}\end {equation}


\begin {equation}\label {eq:FinalConvectiveFlux} F_{C}^{\,(\alpha \beta )} = F_{C,LO}^{(\alpha \beta )} + F_{C,HO}^{(\alpha \beta )} + |A_{\alpha \beta }| \, \bigO {h^3},\end {equation}


$F_{C,LO}^{(\alpha \beta )}$


$0$


\begin {equation}\label {eq:HighOrderContribution} F_{C,LO}^{(\alpha \beta )} = \frac {1}{2} \MFlux {}{\alpha \beta ,\Gamma } \left (\olphi {u} + \olphi {d}\right ) - \frac {\theta }{2} \MFlux {}{\alpha \beta ,\Gamma } \left (\olphi {d} - \olphi {u}\right ).\end {equation}


$\theta =1$


$F_{C,HO}^{(\alpha \beta )}$


$k > 0$


\begin {equation}\label {eq:HighOrderContribution} \begin {aligned} F_{C,HO}^{(\alpha \beta )} & = \MFlux {}{\alpha \beta ,\Gamma } \left [ \psi _u \left (\frac {1+\theta }{2}\right ) \Delta \phi ^{(3)}_{u}(\mb {x}_{\Gamma }) + \psi _d \left (\frac {1-\theta }{2}\right ) \Delta \phi ^{(3)}_{d}(\mb {x}_{\Gamma }) \right ] \\ \quad & + \MFlux {i}{\alpha \beta ,\Gamma } \left [ \psi _u \left (\frac {1+\theta }{2}\right ) \frac {\dd }{\dd x_i} \phi ^{(2)}(\mb {x}_{\Gamma }; \mb {x}_{u}) + \psi _d \left (\frac {1-\theta }{2}\right ) \frac {\dd }{\dd x_i} \phi ^{(2)}(\mb {x}_{\Gamma }; \mb {x}_{d}) \right ] \\ \quad & + \frac {1}{2} \MFlux {ij}{\alpha \beta ,\Gamma } \left [ \psi _u \left (\frac {1+\theta }{2}\right ) \frac {\dd ^2}{\dd x_i \dd x_j} \phi ^{(1)}(\mb {x}_{\Gamma }; \mb {x}_{u}) + \psi _d \left (\frac {1-\theta }{2}\right ) \frac {\dd ^2}{\dd x_i \dd x_j} \phi ^{(1)}(\mb {x}_{\Gamma }; \mb {x}_{d}) \right ]. \end {aligned}\end {equation}


$\psi _u$


$\psi _d$


$F_{C,LO}^{(\alpha \beta )}$


$F_{C,HO}^{(\alpha \beta )}$


$\phi $


$F_{C,LO}^{(\alpha \beta )}$


$F_{C,HO}^{(\alpha \beta )}$


$\theta $


$k$


$\theta $


$\theta $


$\sigma $


$\text {Re}_h$


$\psi _u$


$\psi _d$


\begin {equation}\label {eq:UpwindBiasEquation} \theta _{\text {max}}(\sigma , \text {Re}_h, \psi _u, \psi _d) = \max _{\omega _j} \left [ \frac {-B(\omega _j) - \sqrt {B^2(\omega _j) - 4 A(\omega _j) C(\omega _j)}}{2 A(\omega _j)} \right ],\end {equation}


$\omega _j$


$A$


$B$


$C$


$\omega _j$


$\sigma $


$\text {Re}_h$


$\psi _u$


$\psi _d$


$\theta $


$k$


$\psi _u, \psi _d = \lbrace {0,1}\rbrace $


$\sigma $


$\text {Re}_h$


$\theta $


$\psi _u, \psi _d \in [0,1]$


$\psi _u \times \psi _d$


$8 \times 8$


$(\sigma , \text {Re}_h)$


$8 \times 8$


$\psi _u \times \psi _d$


$\sigma $


$\text {Re}_h$


$\theta $


$A_{\alpha \beta }$


$(\psi _u, \psi _d)$


$(i,j), (i+1, j), (i,j+1), (i+1,j+1)$


$\psi _u \times \psi _d$


$(\sigma , \text {Re}_h)$


$\theta ^{(i,j)}$


$\theta ^{(NN)}$


\begin {equation}\label {eq:NeuralNetworkComoundEquation} \begin {aligned} \theta ^{(NN)} & = \left (1 - s\right ) \left (1 - t\right ) \, \theta ^{(i,j)} + s \left (1 - t\right ) \, \theta ^{(i+1,j)} + s t \, \theta ^{(i+1,j+1)} + \left (1 - s\right ) t \, \theta ^{(i,j+1)}, \end {aligned}\end {equation}


$s = (\psi _u / \Delta \psi _u) - i$


$t = (\psi _d / \Delta \psi _d) - j$


$\Delta \psi _u$


$\Delta \psi _d$


$\theta ^{(NN)}$


$[0,1]$


$k$


$\alpha $


$k=2$


$f_i = D \, (\dd \phi / \dd x_i)$


\begin {equation}\label {eq:SurfaceIntegralDiffusion} F_{D}^{\,(\alpha \beta )} = \rho D \Grad {\phi }{i}{\Gamma }{} \, \FMom {i}{\alpha \beta } + \rho D \Hess {\phi }{i}{j}{\Gamma }{} \, \FMom {i,j}{\alpha \beta ,\Gamma } + |A_{\alpha \beta }| \, \bigO {h^{2}}.\end {equation}


$\GradTxt {\phi }{i}{\Gamma }{}$


$\Omega _{\alpha }$


$\Omega _{\beta }$


$(\GradTxt {\phi }{i}{\Gamma }{}) \FMom {i}{\alpha \beta }$


\begin {equation}\label {eq:FaceNormalSplitting} \Grad {\phi }{i}{\Gamma }{} \FMom {i}{\alpha \beta } = \MMFac {\alpha \beta } \Grad {\phi }{i}{\Gamma }{} \Dist {x_i}{\alpha \beta } + \MMFac {\alpha \beta } \Grad {\phi }{i}{\Gamma }{} \Dist {\tilde {x}_{i}}{\alpha \beta }\end {equation}


$\Dist {x_i}{\alpha \beta } := {x}_{i,\beta } - {x}_{i,\alpha }$


$\Dist {\tilde {x}_{i}}{\alpha \beta } := \FMom {i}{\alpha \beta } / \MMFac {\alpha \beta } - \Dist {x_i}{\alpha \beta }$


$\MMFac {\alpha \beta }$


\begin {equation}\label {eq:NormalSplittingFactor} \MMFac {\alpha \beta } = \frac {\FMom {i}{\alpha \beta } \FMom {i}{\alpha \beta }}{\Dist {x_j}{\alpha \beta } \, \FMom {j}{\alpha \beta }},\end {equation}


$\FMom {i}{\alpha \beta }$


$\Dist {x_i}{\alpha \beta }$


$k$


$k=2$


\begin {equation}\label {eq:FinalDiffusionFlux} \begin {aligned} F_D^{(\alpha \beta )} &= \MMFac {\alpha \beta } \rho _{\Gamma } D_{\Gamma } \left (\PntVal {\phi }{\beta }{(3)} - \PntVal {\phi }{\alpha }{(3)} \right ) + \frac {1}{2} \rho _{\Gamma } D_{\Gamma } \left (\Grad {\phi }{i}{\alpha }{(2)} + \Grad {\phi }{i}{\beta }{(2)}\right ) \left (\FMom {i}{\alpha \beta } - \MMFac {\alpha \beta }\Dist {x_i}{\alpha \beta }\right ) \\ \quad & - \frac {1}{4} \rho _{\Gamma } D_{\Gamma } \left (\Hess {\phi }{i}{j}{\beta }{(1)} - \Hess {\phi }{i}{j}{\alpha }{(1)}\right ) \left (\FMom {i}{\alpha \beta } - \MMFac {\alpha \beta }\Dist {x_i}{\alpha \beta }\right ) \Dist {x_j}{\alpha \beta } + \frac {1}{2} \rho _{\Gamma } D_{\Gamma } \left ( \Hess {\phi }{i}{j}{\alpha }{(1)} + \Hess {\phi }{i}{j}{\beta }{(1)} \right ) \FMom {i,j}{\alpha \beta ,\Gamma }. \end {aligned}\end {equation}


$\rho _{\Gamma } = (\ol {\rho }_{\alpha } + \ol {\rho }_{\beta }) / 2$


$D_{\Gamma } = (\ol {D}_{\alpha } + \ol {D}_{\beta }) / 2$


$F_{D,LO}^{(\alpha \beta )}$


$F_{D,HO}^{(\alpha \beta )}$


\begin {equation}F_{D,LO}^{(\alpha \beta )} = \MMFac {\alpha \beta } \rho _{\Gamma } D_{\Gamma } \left (\ol {\phi }_{\beta } - \ol {\phi }_{\alpha } \right ). \label {Xeqn47-52}\end {equation}


$F_{D,LO}^{(\alpha \beta )}$


$F_{D}^{(\alpha \beta )}$


$k$


$k$


$t_n$


\begin {equation}\label {eq:VolAvgDensityPredictor} \ol {\rho }^{\,0}_{\alpha } = \ol {\rho }^{\,n}_{\alpha } - \frac {\Delta t}{\clVol {\alpha }} \sum _{\beta \in \HoodInnerTxt {\alpha }{1}} {\left (\dot {m}^{n}\right )}^{(\alpha \beta ,\Gamma )}.\end {equation}


$\dot {m}^{(\alpha \beta ,\Gamma )}$


\begin {align}&\left (\frac {\clVol {\alpha } \ol {\rho }_{\alpha }^{m}}{\Delta t}\right ) \ol {h}_{\alpha }^{\,m+1} + \sum _{\beta \in \HoodInnerTxt {\alpha }{1}} \frac {1}{2} \left [ F_C^{\,(\alpha \beta )}\left (h^{m+1}\right ) + F_D^{\,(\alpha \beta )}\left (h^{m+1}\right ) \right ] = \ol {\left ({RHS}_{h}\right )}_{\alpha }, \label {eq:ProjectionGeneralTransportEQ_h_Y_1}\\&\left (\frac {\clVol {\alpha } \ol {\rho }_{\alpha }^{m}}{\Delta t}\right ) \ol {Y}_{s,\alpha }^{\,m+1} + \sum _{\beta \in \HoodInnerTxt {\alpha }{1}} \frac {1}{2} \left [ F_C^{\,(\alpha \beta )}\left (Y_s^{m+1}\right ) + F_D^{\,(\alpha \beta )}\left (Y_s^{m+1}\right ) \right ] - \frac {1}{2} \ol {\dot {\omega }}_{s,\alpha }^{\,m+1} = \ol {\left ({RHS}_{Y_s}\right )}_{\alpha }. \label {eq:ProjectionGeneralTransportEQ_h_Y_2}\end {align}


\begin {align}&\ol {\left ({RHS}_{h}\right )}_{\alpha } = \frac {\clVol {\alpha } \ol {\rho }_{\alpha }^{\,n} \ol {h}_{\alpha }^{\,n}}{\Delta t} - \sum _{\beta \in \HoodInnerTxt {\alpha }{1}} \frac {1}{2} \left [ F_C^{\,(\alpha \beta )}\left (h^{n}\right ) + F_D^{\,(\alpha \beta )}\left (h^{n}\right ) \right ], \label {eq:ProjectionGeneralTransportEQ_h_Y_RHS_1}\\&\ol {\left ({RHS}_{Y_s}\right )}_{\alpha } = \frac {\clVol {\alpha } \ol {\rho }_{\alpha }^{\,n} \ol {Y}_{s,\alpha }^{\,n}}{\Delta t} - \sum _{\beta \in \HoodInnerTxt {\alpha }{1}} \frac {1}{2} \left [ F_C^{\,(\alpha \beta )}\left (Y_s^{n}\right ) + F_D^{\,(\alpha \beta )}\left (Y_s^{n}\right ) \right ] + \frac {1}{2} \ol {\dot {\omega }}_{s,\alpha }^{\,n}. \label {eq:ProjectionGeneralTransportEQ_h_Y_RHS_2}\end {align}


$\mb {A} \mb {x} = \mb {b}$


$\mb {x}$


$\ol {h}_{\alpha }^{\,m+1}$


$\ol {Y}_{s,\alpha }^{\,m+1}$


$\mb {A}$


$\mb {b}$


$F_{C}^{(\alpha \beta )}(\phi ^{m+1})$


$F_{D}^{(\alpha \beta )}(\phi ^{m+1})$


$F^{\,(\alpha \beta )}(\phi ^{m+1})$


$\widetilde {F}^{\,(\alpha \beta )}$


$\hat {F}^{\,(\alpha \beta )}$


$\widetilde {F}^{\,(\alpha \beta )}$


$\hat {F}^{\,(\alpha \beta )}$


\begin {equation}\label {eq:DeferredCorrectionFluxes} F^{\,(\alpha \beta )}\left (\phi ^{m+1}\right ) = \widetilde {F}^{\,(\alpha \beta )}\left (\phi ^{m+1}\right ) + \left [ \hat {F}^{\,(\alpha \beta )}\left (\phi ^{n}\right ) - \widetilde {F}^{\,(\alpha \beta )}\left (\phi ^{n}\right ) \right ],\end {equation}


$\hat {F}^{\,(\alpha \beta )}$


$\widetilde {F}^{\,(\alpha \beta )}$


$\hat {F}^{\,(\alpha \beta )}$


\begin {equation}\label {eq:ImplicitFluxes} F_{C}^{\,(\alpha \beta )}\left (\phi ^{m+1}\right ) = F_{C,LO}^{\,(\alpha \beta )}\left (\phi ^{m+1}\right ) + F_{C,HO}^{\,(\alpha \beta )}\left (\phi ^{n}\right ) \qquad \text {and} \qquad F_{D}^{\,(\alpha \beta )}\left (\phi ^{m+1}\right ) = F_{D,LO}^{\,(\alpha \beta )}\left (\phi ^{m+1}\right ) + F_{D,HO}^{\,(\alpha \beta )}\left (\phi ^{n}\right ).\end {equation}


$\ol {\rho }^{\,m+1}_{\alpha }$


$\ol {T}^{\,m+1}$


$\ol {\dot {\omega }}_{s,\alpha }$


$\ol {\mb {u}}^{*}$


\begin {equation}\label {eq:ProjectionGeneralTransportEQ_Momentum} \left (\frac {\clVol {\alpha } \ol {\rho }_{\alpha }^{\,m+1}}{\Delta t}\right ) \ol {u}_{i,\alpha }^{\,*} + \sum _{\beta \in \HoodInnerTxt {\alpha }{1}} \frac {1}{2} \left [ F_C^{\,(\alpha \beta )}\left (u_i^{*}\right ) + F_D^{\,(\alpha \beta )}\left (u_i^{*}\right ) \right ] = \ol {\left ({RHS}_{u_i}\right )}_{\alpha }.\end {equation}


\begin {equation}\label {eq:ProjectionGeneralTransportEQ_Momentum_RHS} \ol {\left ({RHS}_{u_i}\right )}_{\alpha } = \frac {\clVol {\alpha } \ol {\rho }_{\alpha }^{\,n} \ol {u}_{i,\alpha }^{\,n}}{\Delta t} - \sum _{\beta \in \HoodInnerTxt {\alpha }{1}} \frac {1}{2} \left [ F_C^{\,(\alpha \beta )}\left (u_i^{n}\right ) + F_D^{\,(\alpha \beta )}\left (u_i^{n}\right ) \right ] + \clVol {\alpha } {\ol {\left (\frac {\dd p_{\text {d}}}{\dd x_i}\right )}}_{\alpha }^{\,n}.\end {equation}


$F_C^{\,(\alpha \beta )}\left (u_i^{*}\right )$


$F_D^{\,(\alpha \beta )}\left (u_i^{*}\right )$


$\ol {(\dd p_{\text {d}}/\dd x_i)}_{\alpha }^{\,n}$


$k$


$p_{\text {d}}^{n}$


$k=2$


\begin {equation}\label {eq:AvgPressureGrad} {\ol {\left (\frac {\dd p_{\text {d}}}{\dd x_i}\right )}}_{\alpha }^{\,n} = \frac {1}{\clVol {\alpha }} \sum _{\beta \in \HoodInnerTxt {\alpha }{1}} \left ( \kval {p_{\text {d}}^n}{\Gamma }{(3)} \, \fmom {\alpha \beta }{}{i} + \ddop {\dd p_{\text {d}}^n}{\dd x_{j}}{\Gamma }{(2)} \fmom {\alpha \beta }{}{i, j} + \frac {1}{2} \ddop {\dd ^2 p_{\text {d}}^n}{\dd x_{j} \dd x_{k}}{\Gamma }{(1)} \fmom {\alpha \beta }{}{i, jk} \right ) + \bigO {h^3}.\end {equation}


$\mb {x}_{\Gamma }$


$\ol {\mb {u}}_{\alpha }^{\,*}$


$(\dot {m}^{*})^{\alpha \beta ,\Gamma }$


$\delta \ol {p}_{\alpha } = \ol {p}_{\alpha }^{\,n+1} - \ol {p}_{\alpha }^{\,n}$


\begin {equation}\label {eq:PoissonEquationDiscretized} \begin {aligned} \sum _{\beta \in \HoodInnerTxt {\alpha }{1}} F_D^{\,(\alpha \beta )}\left (\delta p\right ) &= \frac {1}{2 \Delta t^2} \left (3 \ol {\rho }^{\,m+1}_{\alpha } - 2 \ol {\rho }^{\,n}_{\alpha } + \ol {\rho }^{\,n-1}_{\alpha } \right ) + \frac {1}{\Delta t} \sum _{\beta \in \HoodInnerTxt {\alpha }{1}} {\left (\dot {m}^{*}\right )}^{(\alpha \beta ,\Gamma )}, \end {aligned}\end {equation}


$\delta p$


$F_D^{\,(\alpha \beta )}\left (\delta p\right )$


$F_D^{\,(\alpha \beta )}\left (\delta p\right )$


$1$


$\delta p$


$\delta p$


$2$


${(\left .\dot {m}^{m+1}\right .)}^{(\alpha \beta ,\Gamma )}$


$A_{\alpha \beta }$


\begin {equation}\label {eq:MassfluxCorrection} \iint _{A_{\alpha \beta }} \left (\rho ^{m+1} u_{i}^{m+1}\right ) \, n_i \, \text {d} A = \iint _{A_{\alpha \beta }} \left (\rho ^{n+1} u_{i}^{*}\right ) \, n_i \, \text {d} A - \Delta t \, \iint _{A_{\alpha \beta }} \left (\frac {\dd \, {\delta p}}{\dd x_i}\right ) \, n_i \, \text {d} A,\end {equation}


${(\left .\dot {m}^{m+1}\right .)}^{(\alpha \beta ,\Gamma )} = {(\left .\dot {m}^{*}\right .)}^{(\alpha \beta ,\Gamma )} - \Delta t \, F_D^{\,(\alpha \beta )}\left (\delta p\right )$


$\ol {u}_{i,\alpha }^{\,*}$


$\ol {p}_{\alpha }^{\,n}$


$t_{n+1}$


\begin {equation}\label {eq:DiscreteVelocityCorrection} \ol {\left (\rho ^{n+1} u_i^{n+1} \right )}_{\alpha } = \ol {\left (\rho ^{n+1} u_i^{*} \right )}_{\alpha } - \Delta t {\ol {\left (\frac { \dd \delta p}{\dd x_i}\right )}}_{\alpha } \qquad \text {and} \qquad \ol {p}_{\alpha }^{\,n+1} = \ol {p}_{\alpha }^{\,n} + {\ol {\left (\frac {\dd \delta p}{\dd x_i}\right )}}_{\alpha },\end {equation}


$\ol {(\rho u_i)}_{\alpha }$


$\ol {\rho }_{\alpha } \ol {u}_{i,\alpha }$


$k=2$


\begin {equation}\label {eq:Projection_CorrectionDerivation} \begin {aligned} \ol {u}_{i,\alpha }^{\,n+1} &= \ol {u}_{i,\alpha }^{\,*} -\frac {\Delta t}{\ol {\rho }_{\alpha }^{\,n+1}} {\ol {\left (\frac {\dd \delta p}{\dd x_i}\right )}}_{\alpha } + \frac {1}{\ol {\rho }_{\alpha }^{\,n+1}} \ddop {\dd \rho ^{n+1}}{\dd x_{j}}{\alpha }{} \left ( \ddop {\dd u_i^{n+1}}{\dd x_{k}}{\alpha }{} - \ddop {\dd u_i^{*}}{\dd x_{k}}{\alpha }{} \right ) \left ( \VMom {j,\alpha }{} \VMom {k,\alpha }{} - \VMom {jk,\alpha }{} \right ) + \bigO {h^3}, \end {aligned}\end {equation}


$\left .\dd u_i^{n+1} / \dd x_i\right |_{\mb {x}_{\alpha }}$


$\mb {x}_{\alpha }$


\begin {equation}\label {eq:DiscreteVelocityDifference} \kval {\rho ^{n+1}}{\alpha }{} \kval {u_{i}^{n+1}}{\alpha }{} = \kval {\rho ^{n+1}}{\alpha }{} \kval {u_{i}^{*}}{\alpha }{} - \Delta t \ddop {\dd \delta p}{\dd x_{i}}{\alpha }{}\end {equation}


\begin {equation}\kval {\rho ^{n+1}}{\alpha }{} \left ( \ddop {\dd u_{i}^{n+1}}{\dd x_k}{\alpha }{} - \ddop {\dd u_{i}^{*}}{\dd x_k}{\alpha }{} \right ) = \ddop {\dd \rho ^{n+1}}{\dd x_k}{\alpha }{} \left ( \kval {u_{i}^{*}}{\alpha }{} - \kval {u_{i}^{n+1}}{\alpha }{} \right ) - \Delta t \ddop {\dd ^2 \delta p}{\dd x_i \dd x_k}{\alpha }{} \label {Xeqn59-66}\end {equation}


$\kvaltxt {\rho ^{n+1}}{\alpha }{}$


$(\kvaltxt {u_{i}^{*}}{\alpha }{} - \kvaltxt {u_{i}^{n+1}}{\alpha }{})$


\begin {equation}\left ( \ddop {\dd u_i^{n+1}}{\dd x_{k}}{\alpha }{} - \ddop {\dd u_i^{*}}{\dd x_{k}}{\alpha }{} \right ) = \frac {\Delta t}{\kvaltxt {\rho ^{n+1}}{\alpha }{}} \left ( \frac {1}{\kvaltxt {\rho ^{n+1}}{\alpha }{}} \ddop {\dd \rho ^{n+1}}{\dd x_k}{\alpha }{} \ddop {\dd \delta p}{\dd x_i}{\alpha }{} - \ddop {\dd ^2 \delta p}{\dd x_i \dd x_k}{\alpha }{} \right ), \label {Xeqn60-67}\end {equation}


$\ol {u}_{i,\alpha }^{\,n+1}$


$t_{n+1}$


$k=1$


$k=2$


$1$


$F_{C,HO}^{(\alpha \beta )}$


$F_{D,HO}^{(\alpha \beta )}$


$2$


$2$


$1$


$\rho $


$h$


$Y_{s}$


$k$


$0$


$k$


$\mathrm {H}_2$


$\mathrm {O}_2$


$\Omega \in \left [0, L\right ]$


$u_1 = 1\,\text {m}/\text {s}$


$L = 1 \, \text {m}$


$t=0$


\begin {align}&Y_{\mathrm {H}_2}(x_1) = Y_{{\mathrm {H}_2},\text {ref}} \exp {\left [-\frac {{\left (x_1 - x_{1,c}\right )}^2}{2 \sigma ^2} \right ]}, \\ &Y_{\mathrm {O}_2}(x_1) = 1 - Y_{\mathrm {H}_2}(x_1),\end {align}


$Y_{{\mathrm {H}_2},\text {ref}} = 0.1$


$\sigma = 0.05 \, \text {m}$


\begin {equation}\begin {aligned} T(x_1) = \left (\frac {p_{0}}{\rho _{\text {ref}} R_u}\right ) {\left [ \frac {1}{M_{\mathrm {O}_2}} + Y_{\mathrm {H}_2} \left (\frac {1}{M_{\mathrm {H}_2}} - \frac {1}{M_{\mathrm {O}_2}}\right )\right ]}^{-1}. \end {aligned} \label {Xeqn61-69}\end {equation}


$\rho _{\text {ref}} = 0.2\,\text {kg}/\text {m}^3$


$p_{0} = 1 \, \text {atm}$


$R_u$


$M_{\mathrm {O}_2}$


$M_{\mathrm {H}_2}$


$\Omega $


$\delta = L$


$h = \lbrace {L/32, L/64, L/128, L/256, L/512}\rbrace $


$\mathrm {H}_2$


$\mathrm {O}_2$


$\ol {Y}_{\mathrm {H}_2,\alpha }$


$h=L/64$


$2$


$1$


$\ol {h}_{\alpha }$


$L^2$


$E_{L^2}$


\begin {equation}\label {eq:L2-Error} E_{L^2}\left (\,\olphi {\alpha }\,\right ) = {\left [\frac {\sum _{\alpha =1}^{N} {\left (\olphi {\alpha }-\olphi {\alpha }^{\text {\,ex}}\right )}^2 \left |\Omega _{\alpha }\right |}{\sum _{\alpha =1}^{N} \left |\Omega _{\alpha }\right |} \right ]}^{1/2},\end {equation}
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\begin {equation}P(\mb {x}) = \kappa \exp {\left (- \frac {r^2}{2 R^2} \right )} \label {Xeqn63-72}\end {equation}


$\kappa $
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\begin {equation}\label {eq:LambOseenTangential} u_{\text {tan}}(\mb {x}) = \begin {cases} \frac {\psi }{2 \pi r} \left [ 1 - \exp {\left (- \frac {r^2}{\sigma ^2}\right )} \right ] & \quad \text {for} \quad r \leq \sigma , \\ 0 & \quad \text {for} \quad r > \sigma , \end {cases}\end {equation}


$r = \sqrt {(x_1-x_{1,c})^2 + (x_2-x_{2,c})^2}$
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$H(r)$


\begin {equation}H(r) = 1 - \frac {1}{2} \left [ 1 + \tanh {\left ( \frac {r - (1+\epsilon ) \sigma }{(1-\epsilon ) \sigma } \right )} \right ], \label {Xeqn65-74}\end {equation}


$\epsilon $


$\epsilon = 0.3$


\begin {equation}u_{\text {tan}}(\mb {x}) = \frac {\psi }{2 \pi r} H(r) \left [ 1 - \exp {\left (- \frac {r^2}{\sigma ^2}\right )} \right ]. \label {Xeqn66-75}\end {equation}


$r=\sigma $
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$r = \sigma $
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\begin {equation}Y_{s} = Y_{s,b} + \left (Y_{s,u}-Y_{s,b}\right ) \exp {\left (-\frac {r^2}{R_K^2} \right )}. \label {Xeqn67-76}\end {equation}
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\begin {equation}\ol {\omega }(t) = \frac {1}{|\Omega |} \iint _{\Omega } \omega (t) \text {d}A \qquad \text {and} \qquad \ol {Y}_{\mathrm {HO_2}}(t) = \frac {1}{|\Omega |} \iint _{\Omega } {Y}_{\mathrm {HO_2}}(t) \text {d}A. \label {Xeqn68-77}\end {equation}
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\begin {equation}E_{11}(f) = \frac {1}{\pi } \int _{-\infty }^{\infty } \langle u_{1}(t) u_{1}(t+\tau ) \rangle \exp {\left ( -2 \pi I f \tau \right )} \text {d} \tau . \label {Xeqn69-78}\end {equation}
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method [2,3], which enables a high-order reconstruction through successive corrections of approximate Green-Gauss derivatives with 
favorable parallel scaling properties and reasonable implementation effort. The cell-centered 𝑘-exact multiple-correction approach 
has recently been extended to vertex-centered median-dual grids within the framework of DLR’s ThetaCOM (Turbulent Heat Release 
Extension for TAU in its Combustion Version) flow solver. The scheme has been combined with a projection method to integrate the 
incompressible Navier-Stokes equations and it has been demonstrated, that it is capable of reducing the computing time for a wide 
range of both laminar and turbulent incompressible test cases, compared to conventional low-order finite-volume schemes  [4–8].

In this work, we use the vertex-centered 𝑘-exact multiple-correction approach in conjunction with an iterative projection method 
for solving the conservation equations for variable-density reacting flows in the low Mach number regime. The latter are solved to 
overcome the stringent time step limitation in combustion problems, which primarily stems from the propagation of fast acoustic 
waves [9]. Neglecting acoustic effects opens the opportunity to decompose the pressure into a uniform thermodynamic component 
and a spatially fluctuating hydrodynamic component [10], which finally leads the system of equations to be separated into distinct 
solution steps. However, neglecting effects of compressibility induces an elliptical character in the system of equations, which, in 
addition to the numerical stiffness introduced by the reactive source terms, necessitates the use of implicit time-stepping schemes. 
This implicit treatment and the splitting of the solution process into distinct sub-steps introduces additional complexities for the 
extension of spatial discretization schemes to higher orders of accuracy, as these are typically combined with explicit time-stepping 
methods. In contrast to incompressible solution methods, density variations must be taken into account in combustion problems, 
which increases the thermodynamic coupling between the transported variables and requires a carefully structured solution strategy. 
A notable challenge in such systems is the appearance of spurious checkerboard oscillations, particularly when employing collocated 
grid arrangements. To mitigate these instabilities, temporal staggering of field variables is used commonly  [11–18] , providing 
enhanced stability for the pressure-velocity coupling. Additionally, thermochemical transport equations are often formulated in a 
non-conservative manner  [13,19–23] to reduce their dependence on density, thereby simplifying their numerical treatment. To 
increase stability for high density gradients, the nonlinear system of equations must be solved via iterative approaches [13,16–18], 
predictor-corrector methods [13,19,20,22] or formulations for the pressure-correction involving Poisson equations with variable 
coefficients [13,21,23,24].

Despite these challenges, several groups managed to develop fractional step schemes for reactive variable-density problems in con-
junction with high-order accuracy. However, many of these efforts prioritize temporal accuracy, while relying on either conventional 
unstructured finite-volume schemes or structured high-order methods for spatial discretization. For example, Desjardins et al. [25] 
extended a high-order conservative finite-difference scheme to simulate variable-density flows using structured grids. Their method 
achieved up to sixth-order spatial accuracy and employed an iterative fractional step approach with temporal staggering, attaining 
second-order accuracy in time. Trisjono et al. [26] adapted this approach for simulating reactive flows. Motheau and Abraham [24] 
proposed an algorithm based on an operator-splitting strategy for the temporal integration of the low Mach number conservation 
equations with variable-density. Their approach relied on an implicit treatment of chemistry, while the advection-diffusion opera-
tors were handled using a Runge–Kutta–Chebyshev method. High-order compact schemes on structured grids were employed for the 
spatial discretization. Hassanaly et al. [27] developed a collocated solution procedure within the unstructured finite-volume solver 
OpenFOAM, focusing on a discretization that minimizes kinetic energy dissipation. Their method used a staggered arrangement of 
variables in time, second-order accuracy for the numerical flux discretization in space, and second-order temporal accuracy. Cang and 
Wang [28] introduced a semi-implicit algorithm that utilized collocated variables and formulated a Helmholtz equation for the pres-
sure correction step. This algorithm was incorporated into a second-order accurate, cell-centered, unstructured finite-volume method. 
Reuter et al. [10] implemented an explicit, second-order accurate method for solving the low-Mach number variable-density equa-
tions in a pseudospectral solver. Their approach focused on resolving the redundancy between the mass conservation equation, the 
equation of state, and scalar transport equations, ensuring stability of the temporal discretization. This allowed for stable simulations 
with high density ratios up to 25.7.

This work builds upon the fractional step method by Pierce and Moin [16,29], who introduced an algorithm for solving the con-
servation equations for variable-density reactive flows in the low Mach number regime, utilizing structured grids with a staggered 
arrangement of variables in both space and time. Shunn et al. [30,31] later extended this approach to unstructured grids, adopting 
a collocated arrangement of variables in space while maintaining a staggered arrangement in time. Their method is characterized 
by an iterative solution of the conservation equations at each time level to enhance stability and reduce splitting errors [31]. This 
iterative approach achieves second-order temporal accuracy when at least two outer iterations are employed. Although additional 
iterations may improve the stability, they do not increase the order of accuracy [16,31]. In this work we extend the solution al-
gorithm of Pierce and Moin [16,29] by applying the 𝑘-exact reconstruction framework, utilizing a collocated arrangement of field 
variables in both space and time. Our current 2-exact implementation enables spatial reconstruction of field variables with up to 
third-order accuracy, even on fully unstructured median-dual grids [4]. Convective fluxes are computed with third order spatial 
accuracy on truly unstructured grids, using a central flux formulation designed to minimize numerical dissipation [5]. This formu-
lation is based on a stability equation derived from a von Neumann analysis of the discretization scheme. In this work, the method 
is combined with a gradient limitation strategy to effectively constrain thermochemical field variables. For diffusive fluxes, we em-
ploy a 𝑘-exact formulation of the face-tangent scheme [32,33], which has been shown to correspond to the well-known 𝛼-damping 
scheme [34] in recent studies [35], achieving second-order spatial accuracy on fully unstructured computational grids. The gov-
erning equations are solved sequentially in a fully implicit manner using a Crank-Nicolson scheme, which ensures low dissipation 
and second-order accuracy in time. Additionally, a deferred-correction approach is employed to accelerate the implicit calcula-
tion of high-order reconstructed fluxes and the chemical source terms, maintaining computational efficiency without sacrificing
accuracy.
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In the following sections, we present the solution algorithm and the 𝑘-exact discretization approach in detail. Subsequently, we 
describe the integration of these methods for solving the reactive conservation equations in the low Mach number regime, employing 
a collocated arrangement of field variables in both space and time. Special emphasis is placed on analyzing the spatial discretiza-
tion error and deriving dedicated correction terms to enhance spatial accuracy. Furthermore, we demonstrate how the calculation 
of reconstructed fluxes can be efficiently implemented using the deferred-correction approach, resulting in an implicit calculation 
scheme that improves both accuracy and computational efficiency. The proposed approach has been implemented in DLR’s flow 
solver ThetaCOM, which is built upon the DLR TAU code, demonstrating the method’s capability for seamless integration into estab-
lished finite-volume flow solvers. The enhanced accuracy of our approach is demonstrated through various test cases of increasing 
complexity, with a focus on reconstruction levels 𝑘 = 1 and 𝑘 = 2. For comparison, a conventional unstructured finite-volume scheme 
is employed to assess both the accuracy improvements and the associated computational cost. The test cases include the convective 
transport of an isochoric H2/O2 mixture in 1𝐷, the convection of a pseudo-isentropic vortex on a two-dimensional grid of distorted 
triangles, a premixed flame kernel-vortex interaction in 2𝐷 and a large-eddy simulation of a turbulent H2/N2-air flame on a fully 
unstructured grid in 3𝐷.

2.  Numerical methods

2.1.  Governing equations

We solve the transport equations for reactive fluids in the low-Mach number regime, which are given by 
𝜕𝜌
𝜕𝑡

+ 𝜕
𝜕𝑥𝑖

(

𝜌𝑢𝑖
)

= 0, (1a)

𝜕
𝜕𝑡
(

𝜌𝑢𝑖
)

+ 𝜕
𝜕𝑥𝑗

(

𝜌𝑢𝑖𝑢𝑗
)

=
𝜕𝜏𝑖𝑗
𝜕𝑥𝑗

−
𝜕𝑝
𝜕𝑥𝑖

, (1b)
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(

𝜌𝑌𝑠
)

+ 𝜕
𝜕𝑥𝑖

(

𝜌𝑢𝑖𝑌𝑠
)

= −
𝜕𝑗𝑖,𝑠
𝜕𝑥𝑖

+ 𝜔̇𝑠, (1c)

𝜕
𝜕𝑡
(𝜌ℎ) + 𝜕

𝜕𝑥𝑖

(

𝜌𝑢𝑖ℎ
)

= −
𝜕𝑞𝑖
𝜕𝑥𝑖

. (1d)

These equations are derived from the reactive transport equations of reactive fluids in compressible formulation by an asymptotic 
investigation towards small Mach numbers [19,36–39]. The system of equations is solved for the velocity components 𝑢𝑖, the hydrody-
namic pressure 𝑝, the enthalpy ℎ and 𝑁𝑠 − 1 mass fractions 𝑌𝑠. The last species is calculated from Dalton’s law via summation ∑ 𝑌𝑠 = 1
over all 𝑁𝑠 species. The chemical source term 𝜔̇𝑠 balances the formation and decomposition of a species 𝑠 as a result of chemical re-
action. Temperature 𝑇  and density 𝜌 are related to the thermodynamic pressure component 𝑝0 using the ideal gas law 𝜌 = 𝑝0𝑀∕(𝑅𝑢𝑇 )
with the molecular weight 𝑀 = 1∕(

∑𝑁𝑠
𝑠=1 𝑌𝑠∕𝑀𝑠) of the gas mixture and the universal gas constant 𝑅𝑢. Compared to the hydrodynamic 

pressure component 𝑝, the thermodynamic pressure 𝑝0 remains spatially uniform. Both components are derived from the total pressure 
in the low-Mach number limit, where acoustic effects are neglected. The specific enthalpy of the mixture ℎ =

∑𝑁𝑠
𝑠=1 ℎ𝑠𝑌𝑠 is determined 

from specific enthalpies ℎ𝑠 of the pure substances, which in turn are calculated from NASA polynomials [40]. The latter provide 
temperature-dependent coefficients for accurately modeling the thermodynamic properties of individual species in the mixture. The 
shear stress tensor 𝜏𝑖𝑗 describes the diffusive momentum transport due to frictional effects and it is modelled using Stokes’ friction 
law

𝜏𝑖𝑗 = 𝜇
(

2𝑆𝑖𝑗 − 𝛿𝑖𝑗
2
3
𝜕𝑢𝑘
𝜕𝑥𝑘

)

with 𝑆𝑖𝑗 =
1
2

(

𝜕𝑢𝑖
𝜕𝑥𝑗

+
𝜕𝑢𝑗
𝜕𝑥𝑖

)

, (2)

where 𝑆𝑖𝑗 defines the shear stress tensor and 𝜇 is the dynamic viscosity. The heat flux 𝑞𝑖 and the diffusive flux 𝑗𝑖,𝑠 of a chemical 
component 𝑠 are calculated by

𝑞𝑖 = − 𝜆
𝑐𝑝
𝜕ℎ
𝜕𝑥𝑖

and 𝑗𝑖,𝑠 = −𝜌𝐷𝑠
𝜕𝑌𝑠
𝜕𝑥𝑖

. (3)

The modeling of diffusive transport requires the calculation of the dynamic viscosity 𝜇, the thermal conductivity 𝜆, the heat 
capacity at constant pressure 𝑐𝑝 and the diffusivity 𝐷𝑠 of a species 𝑠, which are calculated as weighted averages of the pure gas 
properties [41,42].

The finite rate chemistry approach is used to model the chemical source term 𝜔̇𝑠, where the conversion of reactants into products 
is described by a reaction mechanism involving 𝑁𝑟 elementary reactions. The latter are expressed in a generalized way, where the 
conversion of a chemical species 𝑠 due to a reversible reaction 𝑟 is expressed by the following generalized reaction equation

𝑁𝑠
∑

𝑠=1
𝜈′𝑠,𝑟𝑠

𝑘𝑓,𝑟
⇌
𝑘𝑏,𝑟

𝑁𝑠
∑

𝑠=1
𝜈′′𝑠,𝑟𝑠 with 𝑟 = 1, 2,… , 𝑁𝑟, (4)

where 𝑠 indicates the chemical component of species 𝑠. 𝜈′𝑠,𝑟 and 𝜈′′𝑠,𝑟 denote the stoichiometric coefficients of the reactants and 
products. 𝑘𝑓,𝑟 and 𝑘𝑏,𝑟 represent temperature-dependent forward and backward reaction rates, that are calculated with a modified 
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Arrhenius approach. For a detailed description on the calculation of 𝑘𝑓,𝑟, and 𝑘𝑏,𝑟 and their implementation, we refer to the liter-
ature [42–44]. The species source term 𝜔̇𝑠 results from relating the species conversion rates to the reaction rates and the species 
concentration 𝑐𝑠 = 𝜌𝑌𝑠∕𝑀𝑠 and balancing over all considered reactions

𝜔̇𝑠 =𝑀𝑠

𝑁𝑟
∑

𝑟=1

(

𝜈′′𝑠,𝑟 − 𝜈
′
𝑠,𝑟

)

[

𝑘𝑓,𝑟
𝑁𝑠+1
∏

𝑡=1
𝑐𝑡
𝜈′𝑡,𝑟 − 𝑘𝑏,𝑟

𝑁𝑠+1
∏

𝑡=1
𝑐𝑡
𝜈′′𝑡,𝑟

]

. (5)

2.2.  Temporal discretization

This section describes the iterative projection method for solving the transport Eq. (1). In this description, 𝜙𝑛 represents the known 
solution at the current time step 𝑡𝑛, while 𝜙𝑚 denotes the intermediate solution obtained during the 𝑚th sub-iteration of the projection 
step. The goal is to iteratively refine 𝜙𝑚 until the solution 𝜙𝑛+1 at the next time step is determined, which corresponds to the new time 
level 𝑡𝑛+1. This approach ensures that 𝜙𝑛+1 satisfies the governing equations at 𝑡𝑛+1, with each sub-iteration progressively improving 
the accuracy and stability of the solution.

At the start of a new time step, all dependent field variables are synchronized with the current solution. This includes the variables 
𝜇𝑛, 𝜆𝑛, 𝑐𝑛𝑝 , 𝐷𝑛, as well as the Jacobian of the chemical source term, which is required for the semi-implicit calculation of 𝜔̇𝑠. Next, the 
explicit fluxes and source terms of all transport equations are calculated and stored as right-hand sides 𝑅𝐻𝑆: 

𝑅𝐻𝑆ℎ =
𝜌𝑛ℎ𝑛

Δ𝑡
− 1

2
𝜕
𝜕𝑥𝑖

(

𝑚̇𝑛𝑖 ℎ
𝑛 − 𝑞𝑛𝑖

)

, (6a)

𝑅𝐻𝑆𝑌𝑠 =
𝜌𝑛𝑌 𝑛𝑠
Δ𝑡

− 1
2
𝜕
𝜕𝑥𝑖

(

𝑚̇𝑛𝑖 𝑌
𝑛
𝑠 − 𝑗𝑛𝑖,𝑠

)

+ 1
2
𝜔̇𝑛𝑠 , (6b)

𝑅𝐻𝑆𝑢𝑖 =
𝜌𝑛𝑢𝑛𝑖
Δ𝑡

− 1
2
𝜕
𝜕𝑥𝑗

(

𝑚̇𝑛𝑗 𝑢
𝑛
𝑖 − 𝜏

𝑛
𝑖𝑗

)

−
𝜕𝑝𝑛

𝜕𝑥𝑖
, (6c)

where the mass fluxes 𝑚̇𝑛𝑖 = 𝜌𝑛𝑢𝑛𝑖  have been introduced for the sake of clarity. The factors of 1∕2 arise due to the Crank-Nicolson 
scheme [45] for the temporal integration of convective and diffusive fluxes and the chemical source term. The dynamic pressure 
gradient is treated fully explicit. An initial approximation for the new density field 𝜌0 ≈ 𝜌𝑛+1 is obtained by explicitly discretizing the 
continuity Eq. (1a) in time:

𝜌0 = 𝜌𝑛 − Δ𝑡
𝜕𝑚̇𝑛𝑖
𝜕𝑥𝑖

. (7)

The mass fluxes 𝑚̇0
𝑖 = 𝑚̇𝑛𝑖  are initialized from the previous time step. Subsequently, a specified number of 𝑁it sub-iterations are 

performed to compute the solution of the entire transport equation system at the new time level 𝑡𝑛+1. Starting with 𝑚 = 0, the 
thermochemical transport equations are solved in a fully coupled manner for the field variables ℎ𝑚+1 and 𝑌 𝑚+1𝑠 : 

(

𝜌𝑚

Δ𝑡

)

ℎ𝑚+1 + 1
2
𝜕
𝜕𝑥𝑖

(

𝑚̇𝑚𝑖 ℎ
𝑚+1 − 𝑞𝑚+1𝑖

)

= 𝑅𝐻𝑆ℎ, (8a)
(

𝜌𝑚

Δ𝑡

)

𝑌 𝑚+1𝑠 + 1
2
𝜕
𝜕𝑥𝑖

(

𝑚̇𝑚𝑖 𝑌
𝑚+1
𝑠 − 𝑗𝑚+1𝑖,𝑠

)

− 1
2
𝜔̇𝑚+1𝑠 = 𝑅𝐻𝑆𝑌𝑠 . (8b)

The implicit calculation of 𝜔̇𝑚+1𝑠  is carried out by linearization with its analytical Jacobian 𝜕𝜔̇𝑠∕𝜕Φ𝑟

𝜔̇𝑚+1𝑠 ≈ 𝜔̇𝑛𝑠 +
𝜕𝜔̇𝑠
𝜕Φ𝑟

|

|

|

|𝑡=𝑡𝑛

(

Φ𝑚+1
𝑟 − Φ𝑛

𝑟
)

, (9)

with the thermochemical state vector 𝚽 = [ℎ, 𝑌1,… , 𝑌𝑁𝑠−1]
T . The implicit diffusive fluxes are calculated by

𝑞𝑚+1𝑖 = −

(

𝜆𝑛

𝑐𝑛𝑝

)

𝜕ℎ𝑚+1

𝜕𝑥𝑖
and 𝑗𝑚+1𝑖,𝑠 = −

(

𝜌𝑛𝐷𝑛
𝑠
) 𝜕𝑌 𝑚+1𝑠
𝜕𝑥𝑖

. (10)

The updated states ℎ𝑚+1 and 𝑌 𝑚+1𝑠  are used to compute the temperature 𝑇 𝑚+1 and density 𝜌𝑚+1 from the caloric and thermal equation 
of state

𝑇 𝑚+1 ←

(

ℎ𝑚+1 =
𝑁𝑠
∑

𝑠=1
ℎ𝑠(𝑇 𝑚+1)𝑌 𝑚+1𝑠

)

and 𝜌𝑚+1 =
𝑝0𝑀𝑚+1

𝑅𝑢𝑇 𝑚+1
. (11)

The mixture’s molar mass 𝑀𝑚+1 is calculated as 𝑀𝑚+1 = 1∕(
∑𝑁𝑠
𝑠=1 𝑌

𝑚+1
𝑠 ∕𝑀𝑠) and the temperature 𝑇 𝑚+1 is determined as a root of the 

NASA polynomials [40] using a Newton-Raphson method.
Next, the momentum Eq. (1b) are solved using the updated density and the dynamic pressure gradient from the previous time 

step 𝜕𝑝𝑛∕𝜕𝑥𝑖:
(

𝜌𝑚+1

Δ𝑡

)

𝑢∗𝑖 +
1
2
𝜕
𝜕𝑥𝑗

(

𝑚̇𝑚𝑗 𝑢
∗
𝑖 − 𝜏

∗
𝑖𝑗

)

= 𝑅𝐻𝑆𝑢𝑖 . (12)
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The resulting velocity field 𝑢∗𝑖  does not satisfy the conservation of mass at the new time level 𝑡𝑛+1 and hence requires correction using 
a pseudo-pressure field 𝛿𝑝 = 𝑝𝑛+1 − 𝑝𝑛

𝜌𝑛+1𝑢𝑛+1𝑖 = 𝜌𝑛+1𝑢∗𝑖 − Δ𝑡
𝜕𝛿𝑝
𝜕𝑥𝑖

. (13)

The pseudo-pressure 𝛿𝑝 is defined such that, upon convergence (𝜌𝑚+1 ≈ 𝜌𝑛+1 and 𝑚̇𝑚 ≈ 𝑚̇𝑛+1), substituting Eq. (12) into Eq. (13) results 
in a discretized momentum equation of the form:

𝜌𝑛+1𝑢𝑛+1𝑖 − 𝜌𝑛𝑢𝑛

Δ𝑡
+ 1

2
𝜕
𝜕𝑥𝑗

(

𝑚̇𝑛+1𝑗 𝑢∗𝑖 − 𝜏
∗
𝑖𝑗

)

+ 1
2
𝜕
𝜕𝑥𝑗

(

𝑚̇𝑛𝑗 𝑢
𝑛
𝑖 − 𝜏

𝑛
𝑖𝑗

)

= −
𝜕𝑝𝑛+1

𝜕𝑥𝑖
. (14)

Eq. (14) introduces a splitting error due to the flux terms 𝑢∗𝑖  and 𝜏∗𝑖𝑗 , accompanied by a temporal error (Δ𝑡2). It remains to determine 
the pseudo-pressure 𝛿𝑝. This is achieved by taking the divergence of Eq. (13), resulting in the following Poisson equation for 𝛿𝑝:

𝜕
𝜕𝑥𝑖

(

𝜕𝛿𝑝
𝜕𝑥𝑖

)

= 1
Δ𝑡

[ 𝜕𝑚̇∗
𝑖

𝜕𝑥𝑖
− 𝜕
𝜕𝑥𝑖

(

𝜌𝑛+1𝑢𝑛+1𝑖
)

]

, (15)

where the mass fluxes 𝑚̇∗
𝑖 = 𝜌𝑚+1𝑢∗𝑖  are used to approximate 𝜕(𝜌𝑛+1𝑢∗𝑖 )∕𝜕𝑥𝑖. Taking into account the continuity Eq. (1a), the term 

𝜕(𝜌𝑛+1𝑢𝑛+1𝑖 )∕𝜕𝑥𝑖 is substituted by an approximate temporal derivative of 𝜌, leading to:
𝜕
𝜕𝑥𝑖

(

𝜌𝑛+1𝑢𝑛+1𝑖
)

= −
𝜕𝜌
𝜕𝑡

|

|

|

|𝑡=𝑡𝑛+1
= − 1

Δ𝑡

(3
2
𝜌𝑚+1 − 2𝜌𝑛 + 1

2
𝜌𝑛−1

)

+ 
(

Δ𝑡2
)

. (16)

This substitution is commonly applied in variable density projection methods, but it is also recognized as a potential source of 
instability, particularly in cases involving high-density gradients [19,37]. The pressure correction equation is solved during each 
sub-iteration. Subsequently, the mass fluxes 𝑚̇𝑚+1𝑖  are updated according to the Eq. (13) through

𝑚̇𝑚+1𝑖 = 𝑚̇∗
𝑖 − Δ𝑡

𝜕𝛿𝑝
𝜕𝑥𝑖

. (17)

Finally, after performing 𝑁𝑖𝑡 sub-iterations, the intermediate velocity field 𝑢∗𝑖  and the pressure 𝑝𝑛 are corrected using the current 
pseudo-pressure field 𝛿𝑝 according to

𝑢𝑛+1𝑖 = 𝑢∗𝑖 −
Δ𝑡
𝜌𝑚+1

𝜕𝛿𝑝
𝜕𝑥𝑖

and 𝑝𝑛+1 = 𝑝𝑛 + 𝛿𝑝. (18)

2.3.  Spatial discretization

The spatial discretization is carried out with the vertex-centered, 𝑘-exact multiple-correction method, which is based on the finite 
volume method. The approach is illustrated below using a model transport equation of a field variable 𝜙

𝜕
𝜕𝑡
(𝜌𝜙) + 𝜕

𝜕𝑥𝑖

(

𝜌𝑢𝑖𝜙
)

− 𝜕
𝜕𝑥𝑖

(

𝜌𝐷
𝜕𝜙
𝜕𝑥𝑖

)

= 0, (19)

which describes the transport of 𝜙 in a flow field with density 𝜌, velocity 𝐮 and diffusivity 𝐷. The equation is to be solved in a 
computational domain Ω, which is discretized by a set of non-overlapping median-dual elements [46]. These are constructed from an 
underlying tesselation of tetrahedrals, hexahedrals, pyramids and prisms in three dimensions or triangles and quadrilaterals in two 
dimensions. An exemplary median-dual representation of a two dimensional grid is given in Fig. 1, where two adjacent elements Ω𝛼
and Ω𝛽 share a common face 𝐴𝛼𝛽 . All adjacent elements to Ω𝛼 are referred to as its first neighborhood, which is denoted by the set 
{𝛽(1)𝛼 }.

Central to the finite-volume approach is the volume-average 𝜙𝛼 of the considered field variable over Ω𝛼

𝜙𝛼 = 1
|Ω𝛼| ∭Ω𝛼

𝜙(𝐱)d𝑉 . (20)

Fig. 1. Median-dual grid in 2D, indicated in solid lines. The corresponding primary grid is drawn in dashed lines. The simulation variables are 
stored at the location of primary grid nodes, e.g. 𝐱𝛼 or 𝐱𝛽 .
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Applying the volume-averaging operator on Eq. (19) leads to a set of equations where the unknown volume-averages 𝜙𝛼 act as degrees 
of freedom

𝜕
𝜕𝑡
(𝜌𝜙)𝛼 +

1
|Ω𝛼|

∑

𝛽∈{𝛽(1)𝛼 }

[

𝐹 (𝛼𝛽)
𝐶 + 𝐹 (𝛼𝛽)

𝐷

]

= 0. (21)

Here, the convective and diffusive fluxes are defined by

𝐹 (𝛼𝛽)
𝐶 ∶= ∬𝐴𝛼𝛽

(

𝜌𝑢𝑖𝜙
)

𝑛𝑖 d𝐴 and 𝐹 (𝛼𝛽)
𝐷 ∶= ∬𝐴𝛼𝛽

(

𝜌𝐷
𝜕𝜙
𝜕𝑥𝑖

)

𝑛𝑖 d𝐴, (22)

with 𝑛𝑖 denoting the unit normal vector.

2.3.1.  The 𝑘-exact reconstruction approach
To close the system of equations, we aim to approximate the fluxes in terms of 𝜙𝛼 and proceed to a new time step. This is achieved 

using the 𝑘-exact reconstruction approach, where Taylor polynomials 𝜙(𝑘+1)(𝐱; 𝐱𝛼) of degree 𝑘 are used to approximate the solution 
in the vicinity of an element Ω𝛼 :

𝜙(𝑘+1)(𝐱; 𝐱𝛼) = 𝜙 |

|

|

(𝑘+1)

𝐱𝛼
+

𝜕𝜙
𝜕𝑥𝑖1

|

|

|

|

|

(𝑘)

𝐱𝛼

(

𝑥𝑖1 − 𝑥𝑖1 ,𝛼
)

+…+ 1
𝑘!

𝜕𝑘𝜙
𝜕𝑥𝑖1 … 𝜕𝑥𝑖𝑘

|

|

|

|

|

(1)

𝐱𝛼

(

𝑥𝑖1 − 𝑥𝑖1 ,𝛼
)

…
(

𝑥𝑖𝑘 − 𝑥𝑖𝑘 ,𝛼
)

. (23)

These polynomials are expanded around the nodal positions 𝐱𝛼 , which define the median-dual elements Ω𝛼 . In Eq. (23), a special 
notation distinguishes polynomial coefficients from true point values of the solution. Here, 𝜙|(𝑘+1)𝐱𝛼

 represents an approximated point 
value 𝜙(𝐱𝛼) with accuracy (ℎ𝑘+1), where ℎ denotes the local grid scale. Similarly, the 𝑛th derivative term refers to an approximation 
of the true point derivative at 𝐱𝛼 with accuracy (ℎ𝑘−𝑛+1).

The classical 𝑘-exact method determines these unknown polynomial coefficients by requiring that the volume-averaged polynomial 
in Eq. (23) matches the volume-averaged solution of neighboring elements to the corresponding accuracy. This leads to a least-
squares system that is solved for each element Ω𝛼 [47–49]. While robust, this approach introduces complex data dependencies: cell-
averaged solution values from potentially multiple layers of neighboring elements are needed across decomposed domain boundaries 
in parallel computations. Consequently, additional layers of ghost elements must be communicated between processors, increasing 
implementation effort and potentially reducing parallel efficiency. The 𝑘-exact multiple-correction approach [2,4] alleviates these 
issues by successively estimating the polynomial coefficients from correction steps based on Green-Gauss gradients.

The latter approximate the gradient of 𝜙 at 𝐱𝛼 using volume-averages of all direct neighbors of Ω𝛼
𝜕𝜙
𝜕𝑥𝑖

|

|

|

|

(0)

𝐱𝛼
= 1

|Ω𝛼|
∑

𝛽∈{𝛽(1)𝛼 }

1
2

(

𝜙𝛼 + 𝜙𝛽
)

 (𝛼𝛽)
𝑖 , (24)

where  (𝛼𝛽)
𝑖  denotes the surface normal vector between two adjacent elements Ω𝛼 and Ω𝛽 . On general unstructured grids, these 

gradients lack sufficient accuracy for direct use in Eq. (23). To overcome this, the multiple-correction approach applies grid-specific 
correction matrices 𝐆(𝑘)

𝛼  to improve accuracy. For a 1-exact gradient, this correction takes the form:

𝜕𝜙
𝜕𝑥𝑖

|

|

|

|

(1)

𝐱𝛼
= 𝐺(1)

𝛼,𝑖𝑗
𝜕𝜙
𝜕𝑥𝑗

|

|

|

|

|

(0)

𝐱𝛼

. (25)

This corrected gradient is then used to compute higher derivatives recursively - for example, estimating the Hessian matrix of 𝜙:

𝜕2𝜙
𝜕𝑥𝑖𝜕𝑥𝑗

|

|

|

|

|

(0)

𝐱𝛼

= 1
|Ω𝛼|

∑

𝛽∈{𝛽(1)𝛼 }

1
2

(

𝜕𝜙
𝜕𝑥𝑖

|

|

|

|

(1)

𝐱𝛼
+
𝜕𝜙
𝜕𝑥𝑖

|

|

|

|

(1)

𝐱𝛽

)

 (𝛼𝛽)
𝑗 , (26)

followed by further correction steps involving both the Hessian matrix and the gradient:

𝜕2𝜙
𝜕𝑥𝑖𝜕𝑥𝑗

|

|

|

|

|

(1)

𝐱𝛼

= 𝐻 (1)
𝛼,𝑖𝑗𝑘𝑙

𝜕2𝜙
𝜕𝑥𝑘𝜕𝑥𝑙

|

|

|

|

|

(0)

𝐱𝛼

→
𝜕𝜙
𝜕𝑥𝑖

|

|

|

|

(2)

𝐱𝛼
=

𝜕𝜙
𝜕𝑥𝑖

|

|

|

|

(1)

𝐱𝛼
− 𝐺(2)

𝛼,𝑖𝑗𝑘
𝜕2𝜙

𝜕𝑥𝑗𝜕𝑥𝑘

|

|

|

|

|

(1)

𝐱𝛼

, (27)

where 𝐇(1)
𝛼  and 𝐆(2)

𝛼  denote further correction matrices.
A key advantage of this approach lies in its data exchange requirements. Unlike the least-squares method, which involves non-

local stencils spanning multiple layers of elements, the multiple-correction scheme requires only derivatives from direct neighbors. 
As a result, the MPI communication across decomposed domain boundaries is limited to first-layer ghost elements - no additional 
transfer of extended stencil data is needed. This design considerably simplifies integration into existing solvers and enhances parallel 
scalability, particularly for large-scale simulations on unstructured grids.

The correction matrices 𝐆(1)
𝛼 ,𝐆

(2)
𝛼 ,𝐇

(1)
𝛼  represent tensors of different ranks, whose calculation for cell-centered grids can be found 

in the work of Pont et al. [2] and for median-dual grids in our previous work [4]. There, it is also shown how the costly tensor 
product in Eq. (27) can be turned to a matrix-vector product by utilizing the symmetry properties of the Hessian. The calculation of 
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all correction matrices depends primarily on grid-dependent metrics, which are referred to as geometric volume moments. These are 
generally defined by

𝑖1𝑖2…𝑖𝑝 ,𝛼
= 1

|Ω𝛼| ∭Ω𝛼

(

𝑥𝑖1 − 𝑥𝑖1 ,𝛼
)(

𝑥𝑖2 − 𝑥𝑖2 ,𝛼
)

…
(

𝑥𝑖𝑝 − 𝑥𝑖𝑝 ,𝛼
)

d𝑉 , (28)

where 𝑖1𝑖2…𝑖𝑝 ,𝛼
 refers to a moment of rank 𝑝. The moment calculation for polyhedral elements can be found in the literature [50,51]. 

The final coefficient to be determined in Eq. (23) is the point value 𝜙|(𝑘+1)𝐱𝛼
. It is related to the volume-average 𝜙𝛼 by averaging the 

reconstruction polynomial volumetrically over Ω𝛼 and by taking into account the introduced 𝑖1𝑖2…𝑖𝑝 ,𝛼
, as well as the corrected 

derivatives:

𝜙 |

|

|

(𝑘+1)

𝐱𝛼
= 𝜙𝛼 −

𝜕𝜙
𝜕𝑥𝑖1

|

|

|

|

|

(𝑘)

𝐱𝛼

𝑖1 ,𝛼
−…− 1

𝑘!
𝜕𝑘𝜙

𝜕𝑥𝑖1 … 𝜕𝑥𝑖𝑘

|

|

|

|

|

(1)

𝐱𝛼

𝑖1…𝑖𝑘 ,𝛼
+ 

(

ℎ𝑘+1
)

. (29)

Finally, Eq. (21) contains volume-averaged conservative variables (𝜌𝜙)𝛼 which must be transformed into their corresponding 
primitive counterparts 𝜌𝛼 and 𝜙𝛼 . We can derive a relation by approximating 𝜌 and 𝜙 analogously to Eq. (23) by Taylor polynomials, 
which are then to be offset against each other and volume-averaged over Ω𝛼 . By comparing the mean values of these separate Taylor 
polynomials, we can extract the deviation between (𝜌𝜙)𝛼 and 𝜌𝛼𝜙𝛼 to

(𝜌𝜙)𝛼 = 𝜌𝛼𝜙𝛼 −
𝜕𝜌
𝜕𝑥𝑖

|

|

|

|

(𝑘)

𝐱𝛼

𝜕𝜙
𝜕𝑥𝑗

|

|

|

|

|

(𝑘)

𝐱𝛼

(

𝑖,𝛼𝑗,𝛼 −𝑖𝑗,𝛼

)

+ 
(

ℎ3
)

. (30)

This shows that a second-order spatial error arises when two conservatively averaged variables (𝜌𝜙)𝛼 are replaced with the product 
of their primitive means 𝜌𝛼𝜙𝛼 .

2.3.2.  Limitation
In combustion simulations, a high-order reconstruction might induce parasitic errors due to the steep gradients near the flame 

front, which can be attributed to the Gibbs phenomenon [1,52]. To circumvent this, we apply the gradient limiting approach by Barth 
and Jespersen [46] to limit the reconstruction of thermochemical variables, such as the enthalpy ℎ, the density 𝜌 and the species mass 
fractions 𝑌𝑠. The reconstruction polynomial of a field variable 𝜙 is extended by a limiter variable 𝜓𝛼

𝜙(𝑘+1)(𝐱; 𝐱𝛼) = 𝜙𝛼 + 𝜓𝛼 Δ𝜙(𝑘+1)
𝛼 (𝐱), (31)

where the term Δ𝜙(𝑘+1)
𝛼 (𝐱) contains the derivatives and the contribution of the geometric volume moments that result from the 

conversion from point values to volume averages (the right hand side of Eq. (29) excluding 𝜙𝛼). For 𝑘 = 2, these termse are given by

Δ𝜙(3)
𝛼 (𝐱) = 𝜕𝜙

𝜕𝑥𝑖

|

|

|

|

(2)

𝐱𝛼

(

𝑥𝑖 − 𝑥𝑖,𝛼 −𝑖,𝛼

)

+ 1
2

𝜕2𝜙
𝜕𝑥𝑖𝜕𝑥𝑗

|

|

|

|

|

(1)

𝐱𝛼

[

(

𝑥𝑖 − 𝑥𝑖,𝛼
)(

𝑥𝑗 − 𝑥𝑗,𝛼
)

−𝑖𝑗,𝛼

]

. (32)

The limiter variable 𝜓𝛼 is calculated using [46]

𝜓𝛼 = min
Γ∈{Γ𝛼}

⎧

⎪

⎨

⎪

⎩

min (1, 𝑦) for Δ𝜙(𝑘+1)
𝛼 (𝐱Γ) ≠ 0,

1 for Δ𝜙(𝑘+1)
𝛼 (𝐱Γ) = 0,

(33)

where the set {Γ𝛼} comprises the points 𝐱Γ at which the fluxes of an element Ω𝛼 are calculated. The quantity 𝑦 in function min(1, 𝑦)
is calculated at these points via [46,53]

𝑦 = max

⎡

⎢

⎢

⎢

⎣

(

𝜙min − 𝜖𝛼
)

− 𝜙𝛼

Δ𝜙(𝑘+1)
𝛼 (𝐱Γ)

,

(

𝜙max + 𝜖𝛼
)

− 𝜙𝛼

Δ𝜙(𝑘+1)
𝛼 (𝐱Γ)

⎤

⎥

⎥

⎥

⎦

. (34)

The min(1, 𝑦) function in Eq. (33) ensures that the reconstruction polynomial stays between 
(

𝜙min − 𝜖𝛼
)

 and 
(

𝜙max + 𝜖𝛼
)

 when 
limited with 𝜓𝛼 [46,53]. 𝜙min and 𝜙max indicate the smallest negative and largest positive volumetric averages in the first neighbor-
hood {𝛽(1)𝛼 }, respectively. The value 𝜖𝛼 represents an element specific threshold that artificially extends the interval 

[

𝜙min, 𝜙max
]

. It 
represents a modification to the original limiting approach according to Moe et al. [54] and is used to prevent an unwanted acti-
vation of the limiter in smooth regions. Similar approaches for deactivating the limitation were used in the work of Michalak and 
Ollivier-Gooch [55], Nishikawa [53] and Venkatakrishnan [56] by adapting the min(1, 𝑦) function. In the work of Moe et al. it was 
shown that 𝜖𝛼 must scale with the factor (ℎ𝑟) and 𝑟 ≤ 2, in order to obtain a higher spatial error order near smooth extrema of the 
solution. In this work, it is calculated by 𝜖𝛼 = 𝐾 ∇𝜙 ℎ̃, where 𝐾 = 1∕2 denotes a constant and ∇𝜙 is a global gradient based upon the 
extrema of 𝜙 from the entire domain Ω divided by the maximum length scale of the domain 𝐿. The value ̃ℎ denotes a local length scale 
which is calculated by ̃ℎ =

√

|Ω𝛼|∕𝐿, to scale with (ℎ3∕2). 𝜖𝛼 is updated in each time step for each field variable, which, in particular, 
helps to ensure that the limiter remains switched off for all species equally in smooth regions - especially for the minor species with 
very small scales. A similar approach has been utilized in the work of Wang [57]. In the work of Tsoutsanis [58] it was shown that 

Journal of Computational Physics 545 (2026) 114449 

7 



F. Setzwein, P. Ess and P. Gerlinger

the use of the first neighborhood to determine the values 𝜙min and 𝜙max in the Barth-Jespersen method for 𝑘 > 1 can be associated 
with a reduced order of accuracy. This is due to activation of the limiter variable when the grid quality is poor. However, Tsoutsanis 
showed that this error can be reduced by searching for the extremes 𝜙min and 𝜙max in the entire neighborhood {𝛽(𝑘)𝛼 }, which is used 
for the 𝑘-exact reconstruction. This improvement could also be determined in numerical experiments for the vertex-centered 𝑘-exact 
multiple-correction method and is used for the 2-exact method in the further course of this work.

2.3.3.  Approximation of fluxes
Following the reconstruction of the solution, we utilize 𝜙(𝑘+1)(𝐱; 𝐱𝛼) to approximate the surface integrals of transport Eq. (19) to 

close the system of equations. The approximation of the numerical fluxes 𝐹 (𝛼𝛽)
𝐶  and 𝐹 (𝛼𝛽)

𝐷  is realized with a single-point integration, 
which is based on a Taylor series expansion around a point 𝐱Γ = (𝐱𝛼 + 𝐱𝛽 )∕2 located on the surface 𝐴𝛼𝛽 :

∬𝐴𝛼𝛽
𝑓𝑖 𝑛𝑖 d𝐴 = 𝑓𝑖

|

|

|𝐱Γ
 (𝛼𝛽)
𝑖 +

𝜕𝑓𝑖
𝜕𝑥𝑗1

|

|

|

|

|𝐱Γ

 (𝛼𝛽,Γ)
𝑖,𝑗1

+…+ 1
𝑘!

𝜕𝑘𝑓𝑖
𝜕𝑥𝑗1 … 𝜕𝑥𝑗𝑘

|

|

|

|

|𝐱Γ

 (𝛼𝛽,Γ)
𝑖,𝑗1…𝑗𝑘

+ 
(

ℎ𝑘+1
)

. (35)

This expression allows us to integrate any flux function 𝑓𝑖 by means of the reconstructed point value 𝜙|𝐱Γ  and its derivatives at 𝐱Γ, as 
long as these values maintain appropriate orders of accuracies. The integration is based on rank 𝑝 geometric surface moments, which 
ensure a proper integration of the surface-integral in a single point, regardless of the shape of the surface 𝐴𝛼𝛽 . These moments are 
generally defined as

 (𝛼𝛽,Γ)
𝑖,𝑗1𝑗2…𝑗𝑝

= ∬𝐴𝛼𝛽
𝑛𝑖
(

𝑥𝑗1 − 𝑥𝑗1 ,Γ
)(

𝑥𝑗2 − 𝑥𝑗2 ,Γ
)

…
(

𝑥𝑗𝑝 − 𝑥𝑗𝑝 ,Γ
)

d𝐴, (36)

where the subscripts 𝑖 and 𝑗𝑝 are separated by a comma, to highlight that 𝑖 indicates the face normal direction and 𝑗𝑝 the spatial 
direction of the terms 

(

𝑥𝑗𝑝 − 𝑥𝑗𝑝 ,Γ
)

. The superscripts (𝛼𝛽,Γ) indicate the elements Ω𝛼 and Ω𝛽 adjacent to the face, as well as the point 
𝐱Γ where the Taylor series expansion is located. The rank zero surface moment  (𝛼𝛽)

𝑖  does not include the superscript Γ since it only 
refers to the joint normal of the face 𝐴𝛼𝛽 and is thus independent of 𝐱Γ.

2.3.4.  Convective fluxes
To approximate the convective fluxes, we substitute the flux function 𝑓𝑖 =

(

𝜌𝑢𝑖𝜙
) by two separate reconstruction polynomials for 

(

𝜌𝑢𝑖
) and 𝜙. The resulting product is evaluated at point 𝐱Γ. The derivatives of 𝑓𝑖 are approximated in a similar fashion. For 𝑘 = 2, we 

introduce the integrated mass flux 𝑚̇(𝛼𝛽,Γ) and its higher order tensors 𝑚̇(𝛼𝛽,Γ)
𝑖 , 𝑚̇(𝛼𝛽,Γ)

𝑖𝑗

𝑚̇(𝛼𝛽,Γ) =
(

𝜌𝑢𝑖
)

|

|

|

(3)

𝐱Γ
 (𝛼𝛽)
𝑖 + 𝜕

𝜕𝑥𝑗

(

𝜌𝑢𝑖
)

|

|

|

|

|

(2)

𝐱Γ

 (𝛼𝛽,Γ)
𝑖,𝑗 + 1

2
𝜕2

𝜕𝑥𝑗𝜕𝑥𝑘

(

𝜌𝑢𝑖
)

|

|

|

|

|

(1)

𝐱Γ

 (𝛼𝛽,Γ)
𝑖,𝑗𝑘 , (37a)

𝑚̇(𝛼𝛽,Γ)
𝑖 =

(

𝜌𝑢𝑗
)

|

|

|

(3)

𝐱Γ
 (𝛼𝛽,Γ)
𝑗,𝑖 + 𝜕

𝜕𝑥𝑘

(

𝜌𝑢𝑗
)|

|

|

|

(2)

𝐱Γ
 (𝛼𝛽,Γ)
𝑗,𝑘𝑖 , (37b)

𝑚̇(𝛼𝛽,Γ)
𝑖𝑗 =

(

𝜌𝑢𝑘
)

|

|

|

(3)

𝐱Γ
 (𝛼𝛽,Γ)
𝑘,𝑖𝑗 . (37c)

Upon application of the product rule to the product of the reconstructed functions for (𝜌𝑢𝑖
) and 𝜙, the convective flux integral can 

be reformulated into

𝐹 (𝛼𝛽)
𝐶 = 𝑚̇(𝛼𝛽,Γ) 𝜙 |

|

|

(3)

𝐱Γ
+ 𝑚̇(𝛼𝛽,Γ)

𝑖
𝜕𝜙
𝜕𝑥𝑖

|

|

|

|

(2)

𝐱Γ
+ 1

2
𝑚̇(𝛼𝛽,Γ)
𝑖𝑗

𝜕2𝜙
𝜕𝑥𝑖𝜕𝑥𝑗

|

|

|

|

|

(1)

𝐱Γ

+ |𝐴𝛼𝛽 |
(

ℎ3
)

. (38)

Due to the definition of the geometric surface moments, all terms scale with ||
|

𝐴𝛼𝛽
|

|

|

. The mass flux tensors in Eqs. (37b) and (37c) 
scale with (ℎ2) and (ℎ), respectively. Hence, an overall spatial error of (ℎ3) can be accomplished for the flux approximation using 
Eq. (38) and a 2-exact reconstruction. In the case of a 𝑘 = 1, the second derivatives are omitted and an error (ℎ2) is achieved. The 
terms (𝜌𝑢𝑖

) at location 𝐱Γ are calculated from the reconstructed values of 𝜌 and 𝑢𝑖 using the following relations 
(

𝜌𝑢𝑖
)

|

|

|

(3)

𝐱Γ
= 𝜌 ||

|

(3)

𝐱Γ
𝑢𝑖
|

|

|

(3)

𝐱Γ
, (39a)

𝜕
(

𝜌𝑢𝑖
)

𝜕𝑥𝑗

|

|

|

|

|

(2)

𝐱Γ

= 𝜌 ||
|

(3)

𝐱Γ

𝜕𝑢𝑖
𝜕𝑥𝑗

|

|

|

|

|

(2)

𝐱Γ

+ 𝑢𝑖
|

|

|

(3)

𝐱Γ

𝜕𝜌
𝜕𝑥𝑗

|

|

|

|

|

(2)

𝐱Γ

, (39b)

𝜕2
(

𝜌𝑢𝑖
)

𝜕𝑥𝑗𝜕𝑥𝑘

|

|

|

|

|

(1)

𝐱Γ

= 𝜌 ||
|

(3)

𝐱Γ

𝜕2𝑢𝑖
𝜕𝑥𝑗𝜕𝑥𝑘

|

|

|

|

|

(1)

𝐱Γ

+ 𝑢𝑖
|

|

|

(3)

𝐱Γ

𝜕2𝜌
𝜕𝑥𝑗𝜕𝑥𝑘

|

|

|

|

|

(1)

𝐱Γ

+
𝜕𝜌
𝜕𝑥𝑗

|

|

|

|

|

(2)

𝐱Γ

𝜕𝑢𝑖
𝜕𝑥𝑘

|

|

|

|

(2)

𝐱Γ
+

𝜕𝜌
𝜕𝑥𝑘

|

|

|

|

(2)

𝐱Γ

𝜕𝑢𝑖
𝜕𝑥𝑗

|

|

|

|

|

(2)

𝐱Γ

. (39c)

To calculate the field variables 𝜌, 𝑢𝑖 and 𝜙 at location 𝐱Γ, we utilize the respective reconstruction functions from the two adjacent 
elements Ω𝛼 and Ω𝛽 , combined with an adaptive numerical dissipation control. The latter is based upon an upwind bias value 𝜃 ∈ [0, 1], 
which enables us to control the amount of numerical dissipation introduced by the scheme

𝜙 |

|

|

(3)

𝐱Γ
= 1

2
[

𝜙(3)(𝐱Γ; 𝐱𝑢) + 𝜙(3)(𝐱Γ; 𝐱𝑑 )
]

− 𝜃
2
[

𝜙(3)(𝐱Γ; 𝐱𝑑 ) − 𝜙(3)(𝐱Γ; 𝐱𝑢)
]

. (40)
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Index 𝑢 denotes the element upstream of 𝐴𝛼𝛽 and 𝑑 the element downstream. This formulation is similar to generalized Lax-Friedrichs 
flux [59] and has, for example, also been used in the work of Mary and Sagaut [60] or Pont et al. [2]. The former term represents a 
purely central approximation of 𝜙|(3)𝐱Γ

, whereas the trailing term controls the degree to which the solution is favored from the upstream 
side, hence, introducing numerical dissipation without affecting the formal order of accuracy. Derivatives at the interface location 𝐱Γ
are reconstructed in a similar fashion via

𝜕𝜙
𝜕𝑥𝑖

|

|

|

|

(2)

𝐱Γ
= 1

2

[

𝜕
𝜕𝑥𝑖

𝜙(3)(𝐱Γ; 𝐱𝑢) +
𝜕
𝜕𝑥𝑖

𝜙(3)(𝐱Γ; 𝐱𝑑 )
]

− 𝜃
2

[

𝜕
𝜕𝑥𝑖

𝜙(3)(𝐱Γ; 𝐱𝑑 ) −
𝜕
𝜕𝑥𝑖

𝜙(3)(𝐱Γ; 𝐱𝑢)
]

, (41)

𝜕2𝜙
𝜕𝑥𝑖𝜕𝑥𝑗

|

|

|

|

|

(1)

𝐱Γ

= 1
2

[

𝜕2

𝜕𝑥𝑖𝜕𝑥𝑗
𝜙(3)(𝐱Γ; 𝐱𝑢) +

𝜕2

𝜕𝑥𝑖𝜕𝑥𝑗
𝜙(3)(𝐱Γ; 𝐱𝑑 )

]

− 𝜃
2

[

𝜕2

𝜕𝑥𝑖𝜕𝑥𝑗
𝜙(3)(𝐱Γ; 𝐱𝑑 ) −

𝜕2

𝜕𝑥𝑖𝜕𝑥𝑗
𝜙(3)(𝐱Γ; 𝐱𝑢)

]

. (42)

Taking into account the method described for limiting the reconstruction polynomial, the convective flux can be represented by the 
following two terms

𝐹 (𝛼𝛽)
𝐶 = 𝐹 (𝛼𝛽)

𝐶,𝐿𝑂 + 𝐹 (𝛼𝛽)
𝐶,𝐻𝑂 + |𝐴𝛼𝛽 |

(

ℎ3
)

, (43)

where former term 𝐹 (𝛼𝛽)
𝐶,𝐿𝑂 contains all contributions of a 0-exact reconstruction:

𝐹 (𝛼𝛽)
𝐶,𝐿𝑂 = 1

2
𝑚̇(𝛼𝛽,Γ)

(

𝜙𝑢 + 𝜙𝑑
)

− 𝜃
2
𝑚̇(𝛼𝛽,Γ)

(

𝜙𝑑 − 𝜙𝑢
)

. (44)

For 𝜃 = 1 this term changes to a pure upwind method, which is necessary to prevent the emergence of new extrema in the sense of 
Godunov’s theorem. The term 𝐹 (𝛼𝛽)

𝐶,𝐻𝑂 accounts for the high-order reconstruction with 𝑘 > 0 and is defined by

𝐹 (𝛼𝛽)
𝐶,𝐻𝑂 = 𝑚̇(𝛼𝛽,Γ)

[

𝜓𝑢
( 1 + 𝜃

2

)

Δ𝜙(3)
𝑢 (𝐱Γ) + 𝜓𝑑

( 1 − 𝜃
2

)

Δ𝜙(3)
𝑑 (𝐱Γ)

]

+ 𝑚̇(𝛼𝛽,Γ)
𝑖

[

𝜓𝑢
( 1 + 𝜃

2

) 𝜕
𝜕𝑥𝑖

𝜙(2)(𝐱Γ; 𝐱𝑢) + 𝜓𝑑
( 1 − 𝜃

2

) 𝜕
𝜕𝑥𝑖

𝜙(2)(𝐱Γ; 𝐱𝑑 )
]

+ 1
2
𝑚̇(𝛼𝛽,Γ)
𝑖𝑗

[

𝜓𝑢
( 1 + 𝜃

2

) 𝜕2

𝜕𝑥𝑖𝜕𝑥𝑗
𝜙(1)(𝐱Γ; 𝐱𝑢) + 𝜓𝑑

( 1 − 𝜃
2

) 𝜕2

𝜕𝑥𝑖𝜕𝑥𝑗
𝜙(1)(𝐱Γ; 𝐱𝑑 )

]

.

(45)

It can be deactivated via the limiter variables 𝜓𝑢 and 𝜓𝑑 , which are calculated using Eq. (31). This separation of the convective flux 
in two terms is also taken into account when solving the entire system of equations. Since 𝐹 (𝛼𝛽)

𝐶,𝐿𝑂 involves only volume averages from 
face-neighboring elements, an implicit treatment of this term leads to a compact element molecule in the system matrix. In contrast, 
the term 𝐹 (𝛼𝛽)

𝐶,𝐻𝑂 contains derivatives of 𝜙 and thus indirectly the information of elements at a greater distance. Hence, an implicit 
calculation would cause a large element molecule in the system matrix and require a constant update of all derivatives within sub-
iterations of the solution algorithm. To save computing time, a deferred correction strategy is utilized [61,62] where 𝐹 (𝛼𝛽)

𝐶,𝐿𝑂 is treated 
implicitly and 𝐹 (𝛼𝛽)

𝐶,𝐻𝑂 explicitly.

2.3.5.  Upwind bias
The calculation of the upwind bias 𝜃 for incompressible flows has been discussed in a previous work [5], where an advection-

diffusion model equation was discretized using the proposed 𝑘-exact method, followed by a Von Neumann stability analysis. This 
analysis allowed the derivation of a stability criterion for the method, which in turn was used to determine 𝜃. As result, 𝜃 could 
be calculated at each surface of the computational grid using a stability equation that depends on a local Courant-Friedrichs-Lewy 
(CFL) number 𝜎, a local grid Reynolds number Reℎ and the limiter variables 𝜓𝑢 and 𝜓𝑑 of the upstream and downstream elements, 
respectively. The stability equation is expressed as

𝜃max(𝜎,Reℎ, 𝜓𝑢, 𝜓𝑑 ) = max
𝜔𝑗

⎡

⎢

⎢

⎢

⎣

−𝐵(𝜔𝑗 ) −
√

𝐵2(𝜔𝑗 ) − 4𝐴(𝜔𝑗 )𝐶(𝜔𝑗 )

2𝐴(𝜔𝑗 )

⎤

⎥

⎥

⎥

⎦

, (46)

where 𝜔𝑗 is the wavenumber resulting from the Fourier transformation in the Von Neumann analysis. For the precise definitions 
of coefficients 𝐴, 𝐵 and 𝐶, we refer to the previous work [5], where a comprehensive overview is provided. In addition to being 
influenced by the wavenumber 𝜔𝑗 , these coefficients depend on the parameters 𝜎, Reℎ, 𝜓𝑢 and 𝜓𝑑 . Eq. (46) allows us to predict the 
upwind bias 𝜃 so that the 𝑘-exactly discretized model equation remains stable. This approach minimizes the numerical dissipation 
introduced by the method, preserving the accuracy of the solution. However, the downside of this equation is that its calculation is 
computationally expensive and must be performed at every interface between elements of the computational grid. In the previous 
work, only the limiter states 𝜓𝑢, 𝜓𝑑 = {0, 1} were considered, focusing on deactivating the reconstruction in specific regions. To address 
the computational cost, Eq. (46) was approximated using compact neural network functions that depend solely on the CFL number 𝜎
and the grid Reynolds number Reℎ. This approach made the calculation of 𝜃 negligible in terms of computation time. In this work, we 
extend this methodology to cover the entire range of limiter variables 𝜓𝑢, 𝜓𝑑 ∈ [0, 1]. This enables the gradient limitation described in 
Section 2.3.2 to be combined with an adaptive upwind bias calculation, which reduces the introduced amount of numerical dissipation 
even in limited regions of the domain.
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Fig. 2. Calculation of the upwind bias 𝜃.

The parameter space 𝜓𝑢 × 𝜓𝑑 is uniformly discretized into 8 × 8 grid points, with each grid point associated with a dedicated 
neural network model that takes the local flow parameters (𝜎,Reℎ) as inputs. The choice of 8 × 8 points was determinded through 
a trial-and-error procedure to balance model accuracy and computational efficiency. Selecting a power-of-two discretization further 
enables efficient identification of neighboring models in the 𝜓𝑢 × 𝜓𝑑 space via binary modulo operations.

The model parameters 𝜎 and Reℎ are determined based on the corresponding ranges of values from Eq. (46). This segregated 
approach was chosen over a fully connected neural network with all four input variables for several reasons. First, it allowed us to 
leverage the existing training infrastructure with minimal modifications, requiring only an adjustment of the training data based on 
the two limiter values. Second, due to the low dimensionality of the problem, we could employ Levenberg-Marquardt optimization 
during training, as successfully used in previous work. This was followed by a fine-tuning step using Gradient Descent to prevent the 
models from underpredicting the upwind bias, which would otherwise violate the stability criterion. Compared to training a fully 
connected network with all four input variables, this strategy led to significantly improved upwind bias predictions. Furthermore, 
this approach substantially reduced computational costs, as the smaller networks were much more efficient to execute, and selecting 
the best-performing network for a given limiter pair could be implemented with high efficiency. For a detailed comprehension on the 
methodology to determine the structure of the perceptron models and their weights we refer to our previous work [5].

For the flux calculation at a face 𝐴𝛼𝛽 , the limiter values (𝜓𝑢, 𝜓𝑑 ) of the adjacent elements are used to locate the four surrounding 
grid nodes - (𝑖, 𝑗), (𝑖 + 1, 𝑗), (𝑖, 𝑗 + 1), (𝑖 + 1, 𝑗 + 1) - that enclose the input point in the discretized 𝜓𝑢 × 𝜓𝑑 -space. These four models 
are evaluated with the local inputs (𝜎,Reℎ), yielding corresponding upwind bias values 𝜃(𝑖,𝑗). The final upwind bias 𝜃(𝑁𝑁) is then 
computed by bilinear interpolation of these four outputs:

𝜃(𝑁𝑁) = (1 − 𝑠)(1 − 𝑡) 𝜃(𝑖,𝑗) + 𝑠(1 − 𝑡) 𝜃(𝑖+1,𝑗) + 𝑠𝑡 𝜃(𝑖+1,𝑗+1) + (1 − 𝑠)𝑡 𝜃(𝑖,𝑗+1), (47)

where the weights 𝑠 = (𝜓𝑢∕Δ𝜓𝑢) − 𝑖 and 𝑡 = (𝜓𝑑∕Δ𝜓𝑑 ) − 𝑗 are determined from the relative position of the input point within the local 
grid cell, and Δ𝜓𝑢, Δ𝜓𝑑 denote the grid increments. This bilinear interpolation approach, using only the four immediate neighbors, is a 
standard and efficient method for interpolating structured 2D grids and fully captures the local variation without requiring additional 
nodes. Finally, 𝜃(𝑁𝑁) is clipped to the value range [0, 1]. A schematic overview of this procedure is provided in Fig. 2.

2.3.6.  Diffusive fluxes
The calculation of the diffusive fluxes is based on a 𝑘-exact extension of Mathur and Murthy’s scheme [32], which has been 

presented in our recent publication [6]. There it was also shown, that it can be cast into the well-known 𝛼-damping scheme [34]. The 
following is a brief description of the approach for 𝑘 = 2. Starting point is the flux function 𝑓𝑖 = 𝐷 (𝜕𝜙∕𝜕𝑥𝑖), which is inserted Eq. (35)

𝐹 (𝛼𝛽)
𝐷 = 𝜌𝐷

𝜕𝜙
𝜕𝑥𝑖

|

|

|

|𝐱Γ
 (𝛼𝛽)
𝑖 + 𝜌𝐷

𝜕2𝜙
𝜕𝑥𝑖𝜕𝑥𝑗

|

|

|

|

|𝐱Γ

 (𝛼𝛽,Γ)
𝑖,𝑗 + |𝐴𝛼𝛽 |

(

ℎ2
)

. (48)

The method aims to express the gradient 𝜕𝜙∕𝜕𝑥𝑖|𝐱Γ  in terms of the volume-averages of the adjacent elements Ω𝛼 and Ω𝛽 , which 
results in a stronger coupling of the underlying system of equations and a suppression of parasitic errors [32]. It relies on separating 
the scalar product between the gradient and the surface normal (𝜕𝜙∕𝜕𝑥𝑖|𝐱Γ )

(𝛼𝛽)
𝑖  into orthogonal and non-orthogonal parts [63]

𝜕𝜙
𝜕𝑥𝑖

|

|

|

|𝐱Γ
 (𝛼𝛽)
𝑖 = 𝜀(𝛼𝛽)

𝜕𝜙
𝜕𝑥𝑖

|

|

|

|𝐱Γ
Δ𝑥𝑖(𝛼𝛽) + 𝜀(𝛼𝛽)

𝜕𝜙
𝜕𝑥𝑖

|

|

|

|𝐱Γ
Δ𝑥̃(𝛼𝛽)𝑖 (49)

with the distance vectors Δ𝑥𝑖(𝛼𝛽) ∶= 𝑥𝑖,𝛽 − 𝑥𝑖,𝛼 and Δ𝑥̃(𝛼𝛽)𝑖 ∶=  (𝛼𝛽)
𝑖 ∕𝜀(𝛼𝛽) − Δ𝑥𝑖(𝛼𝛽). The scalar 𝜀(𝛼𝛽) places a degree of freedom for the 

construction of the scheme. For the present work, it is calculated according to the over-relaxed approach [63]:

𝜀(𝛼𝛽) =
 (𝛼𝛽)
𝑖  (𝛼𝛽)

𝑖

Δ𝑥𝑗 (𝛼𝛽) 
(𝛼𝛽)
𝑗

, (50)
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which leads to a stronger weighting of the non-orthogonal part when the surface normal  (𝛼𝛽)
𝑖  and the distance vector Δ𝑥𝑖(𝛼𝛽) are not 

aligned [63]. To unify the method with the 𝑘-exact approach, the two scalar products in Eq. (49) are expressed by the reconstruction 
polynomials of the adjacent elements. For 𝑘 = 2, the diffusive flux can be finally expressed by

𝐹 (𝛼𝛽)
𝐷 = 𝜀(𝛼𝛽)𝜌Γ𝐷Γ

(

𝜙 |

|

|

(3)

𝐱𝛽
− 𝜙 |

|

|

(3)

𝐱𝛼

)

+ 1
2
𝜌Γ𝐷Γ

(

𝜕𝜙
𝜕𝑥𝑖

|

|

|

|

(2)

𝐱𝛼
+
𝜕𝜙
𝜕𝑥𝑖

|

|

|

|

(2)

𝐱𝛽

)

(

 (𝛼𝛽)
𝑖 − 𝜀(𝛼𝛽)Δ𝑥𝑖(𝛼𝛽)

)

− 1
4
𝜌Γ𝐷Γ

⎛

⎜

⎜

⎝

𝜕2𝜙
𝜕𝑥𝑖𝜕𝑥𝑗

|

|

|

|

|

(1)

𝐱𝛽

−
𝜕2𝜙
𝜕𝑥𝑖𝜕𝑥𝑗

|

|

|

|

|

(1)

𝐱𝛼

⎞

⎟

⎟

⎠

(

 (𝛼𝛽)
𝑖 − 𝜀(𝛼𝛽)Δ𝑥𝑖(𝛼𝛽)

)

Δ𝑥𝑗 (𝛼𝛽) +
1
2
𝜌Γ𝐷Γ

⎛

⎜

⎜

⎝

𝜕2𝜙
𝜕𝑥𝑖𝜕𝑥𝑗

|

|

|

|

|

(1)

𝐱𝛼

+
𝜕2𝜙
𝜕𝑥𝑖𝜕𝑥𝑗

|

|

|

|

|

(1)

𝐱𝛽

⎞

⎟

⎟

⎠

 (𝛼𝛽,Γ)
𝑖,𝑗 .

(51)

For the case of variable density and diffusion coefficients, we approximate the interface values with 𝜌Γ = (𝜌𝛼 + 𝜌𝛽 )∕2 and 𝐷Γ =
(𝐷𝛼 +𝐷𝛽 )∕2. Similar to convective fluxes, we utilize the deferred-correction approach for an efficient implicit discretization of the 
diffusive fluxes. Hence, Eq. (51) is split in two parts: A low-order term 𝐹 (𝛼𝛽)

𝐷,𝐿𝑂 and an high-order term 𝐹 (𝛼𝛽)
𝐷,𝐻𝑂. The former only involves 

the volume-averages that are captured in the first term on the right of Eq. (51) and is defined by

𝐹 (𝛼𝛽)
𝐷,𝐿𝑂 = 𝜀(𝛼𝛽)𝜌Γ𝐷Γ

(

𝜙𝛽 − 𝜙𝛼
)

. (52)

The high-order term is obtained by subtracting 𝐹 (𝛼𝛽)
𝐷,𝐿𝑂 from 𝐹 (𝛼𝛽)

𝐷 .

2.4.  The 𝑘-exact projection scheme

In the following section, we will apply the spatial discretization method from Section 2.3 to the iterative projection method from 
Section 2.2. This basically involves the volumetric averaging of the different equations of the projection step and applying the 𝑘-
exact reconstruction to it. We assume the volume-averages of the various field variables for time level 𝑡𝑛 to be known. The density is 
approximated at the next time step using Eq. (7), where volumetric averaging leads to:

𝜌 0𝛼 = 𝜌 𝑛𝛼 − Δ𝑡
|Ω𝛼|

∑

𝛽∈{𝛽(1)𝛼 }

(𝑚̇𝑛)(𝛼𝛽,Γ). (53)

The mass fluxes 𝑚̇(𝛼𝛽,Γ) at the element surfaces are calculated from Eq. (37). The thermochemical transport equations are subse-
quently solved as a coupled system of equations, that is written in the following: 

(

|Ω𝛼|𝜌
𝑚
𝛼

Δ𝑡

)

ℎ
𝑚+1
𝛼 +

∑

𝛽∈{𝛽(1)𝛼 }

1
2

[

𝐹 (𝛼𝛽)
𝐶

(

ℎ𝑚+1
)

+ 𝐹 (𝛼𝛽)
𝐷

(

ℎ𝑚+1
)

]

=
(

𝑅𝐻𝑆ℎ
)

𝛼 , (54a)

(

|Ω𝛼|𝜌
𝑚
𝛼

Δ𝑡

)

𝑌
𝑚+1
𝑠,𝛼 +

∑

𝛽∈{𝛽(1)𝛼 }

1
2

[

𝐹 (𝛼𝛽)
𝐶

(

𝑌 𝑚+1𝑠
)

+ 𝐹 (𝛼𝛽)
𝐷

(

𝑌 𝑚+1𝑠
)

]

− 1
2
𝜔̇
𝑚+1
𝑠,𝛼 =

(

𝑅𝐻𝑆𝑌𝑠
)

𝛼
. (54b)

Here, the volume-averaged right-hand side terms are given by 

(

𝑅𝐻𝑆ℎ
)

𝛼 =
|Ω𝛼|𝜌

𝑛
𝛼ℎ

𝑛
𝛼

Δ𝑡
−

∑

𝛽∈{𝛽(1)𝛼 }

1
2

[

𝐹 (𝛼𝛽)
𝐶 (ℎ𝑛) + 𝐹 (𝛼𝛽)

𝐷 (ℎ𝑛)
]

, (55a)

(

𝑅𝐻𝑆𝑌𝑠
)

𝛼
=

|Ω𝛼|𝜌
𝑛
𝛼 𝑌

𝑛
𝑠,𝛼

Δ𝑡
−

∑

𝛽∈{𝛽(1)𝛼 }

1
2

[

𝐹 (𝛼𝛽)
𝐶

(

𝑌 𝑛𝑠
)

+ 𝐹 (𝛼𝛽)
𝐷

(

𝑌 𝑛𝑠
)

]

+ 1
2
𝜔̇
𝑛
𝑠,𝛼 . (55b)

Eq. (54) is transformed to a linear system of equations 𝐀𝐱 = 𝐛, which is solved using the Biconjugate Gradient Stabilized (BiCGSTAB) 
method [64]. Here, 𝐱 represents the solution vector with entries ℎ𝑚+1𝛼  and 𝑌 𝑚+1

𝑠,𝛼  to be determined. The sparse matrix 𝐀 results from 
the implicit fluxes and source terms, whereas the vector of the right-hand side 𝐛 is calculated from explicit components. As mentioned 
above, a fully implicit treatment of the fluxes 𝐹 (𝛼𝛽)

𝐶 (𝜙𝑚+1) and 𝐹 (𝛼𝛽)
𝐷 (𝜙𝑚+1) requires a costly update of all flow gradients during the 

sub-iterations of the iterative solution method. To save computing time, we utilize the deferred correction approach [61,62] where a 
flux 𝐹 (𝛼𝛽)(𝜙𝑚+1) is split in two parts 𝐹 (𝛼𝛽) and 𝐹 (𝛼𝛽). The former part 𝐹 (𝛼𝛽) corresponds to a low-order flux formulation, which only 
requires information from immediate neighboring elements. In contrast, a higher order of accuracy can be realized with the latter 
part 𝐹 (𝛼𝛽). The splitting allows us to calculate any implicit flux through [61,62]

𝐹 (𝛼𝛽)(𝜙𝑚+1
)

= 𝐹 (𝛼𝛽)(𝜙𝑚+1
)

+
[

𝐹 (𝛼𝛽)(𝜙𝑛) − 𝐹 (𝛼𝛽)(𝜙𝑛)
]

, (56)

where the computationally expensive flux 𝐹 (𝛼𝛽) only needs to be calculated in an explicit manner. This significantly reduces the 
computing time to solve the system of equations. The components 𝐹 (𝛼𝛽) and 𝐹 (𝛼𝛽) are selected in such a way that we obtain the 
following implicit fluxes:

𝐹 (𝛼𝛽)
𝐶

(

𝜙𝑚+1
)

= 𝐹 (𝛼𝛽)
𝐶,𝐿𝑂

(

𝜙𝑚+1
)

+ 𝐹 (𝛼𝛽)
𝐶,𝐻𝑂(𝜙

𝑛) and 𝐹 (𝛼𝛽)
𝐷

(

𝜙𝑚+1
)

= 𝐹 (𝛼𝛽)
𝐷,𝐿𝑂

(

𝜙𝑚+1
)

+ 𝐹 (𝛼𝛽)
𝐷,𝐻𝑂(𝜙

𝑛). (57)
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After solving the system of Eq. (54), the updated density 𝜌𝑚+1𝛼  and temperature 𝑇 𝑚+1 are calculated using the volume-averaged 
Eq. (11). However, we simply use the primitive volume-averages, which introduces the spatial error described in Eq. (30). Similar 
errors arise in the volumetric averaging of the chemical source term 𝜔̇𝑠,𝛼 and for the volumetric averaging of time derivatives. This 
error is accepted in favor of the complexity of our method. Otherwise it would require a more frequent update of flow gradients and 
thus cause a massive increase in computing time.

The updated density field is used to solve for the volume-averaged intermediate velocity field 𝐮∗ by solving the discretized 
momentum equations:

(

|Ω𝛼|𝜌
𝑚+1
𝛼

Δ𝑡

)

𝑢 ∗𝑖,𝛼 +
∑

𝛽∈{𝛽(1)𝛼 }

1
2

[

𝐹 (𝛼𝛽)
𝐶

(

𝑢∗𝑖
)

+ 𝐹 (𝛼𝛽)
𝐷

(

𝑢∗𝑖
)

]

=
(

𝑅𝐻𝑆𝑢𝑖
)

𝛼
. (58)

The right-hand side is given by
(

𝑅𝐻𝑆𝑢𝑖
)

𝛼
=

|Ω𝛼|𝜌
𝑛
𝛼 𝑢

𝑛
𝑖,𝛼

Δ𝑡
−

∑

𝛽∈{𝛽(1)𝛼 }

1
2

[

𝐹 (𝛼𝛽)
𝐶

(

𝑢𝑛𝑖
)

+ 𝐹 (𝛼𝛽)
𝐷

(

𝑢𝑛𝑖
)

]

+ |Ω𝛼|
(

𝜕𝑝d
𝜕𝑥𝑖

)
𝑛

𝛼
. (59)

Analogous to the thermochemical transport, we use the deferred correction approach to compute the implicit fluxes 𝐹 (𝛼𝛽)
𝐶

(

𝑢∗𝑖
) and 

𝐹 (𝛼𝛽)
𝐷

(

𝑢∗𝑖
)

. The volume-averaged dynamic pressure gradient (𝜕𝑝d∕𝜕𝑥𝑖)
𝑛
𝛼  is calculated by a sum of 𝑘-exact fluxes of 𝑝𝑛d over the element 

surfaces, which is given for 𝑘 = 2 by
(

𝜕𝑝d
𝜕𝑥𝑖

)
𝑛

𝛼
= 1

|Ω𝛼|
∑

𝛽∈{𝛽(1)𝛼 }

⎛

⎜

⎜

⎝

𝑝𝑛d
|

|

|

(3)

𝐱Γ
 (𝛼𝛽)
𝑖 +

𝜕𝑝𝑛d
𝜕𝑥𝑗

|

|

|

|

|

(2)

𝐱Γ

 (𝛼𝛽)
𝑖,𝑗 + 1

2

𝜕2𝑝𝑛d
𝜕𝑥𝑗𝜕𝑥𝑘

|

|

|

|

|

|

(1)

𝐱Γ

 (𝛼𝛽)
𝑖,𝑗𝑘

⎞

⎟

⎟

⎠

+ 
(

ℎ3
)

. (60)

The face values at the point 𝐱Γ are calculated centrally from the reconstruction polynomials of the adjacent elements. It was shown 
in a previous work [4] that the accuracy of this term has a significant impact on the spatial accuracy on the entire projection step.

Once the intermediate velocity field 𝐮 ∗
𝛼  has been obtained from Eq. (58), it is used to update the intermediate mass fluxes (𝑚̇∗)𝛼𝛽,Γ

at the element interfaces using Eq. (37a). These terms then act as right-hand side for a discretized Poisson equation for the pseudo-
pressure 𝛿𝑝𝛼 = 𝑝 𝑛+1𝛼 − 𝑝 𝑛𝛼 , which is obtained by averaging Eq. (15) volumetrically:

∑

𝛽∈{𝛽(1)𝛼 }

𝐹 (𝛼𝛽)
𝐷 (𝛿𝑝) = 1

2Δ𝑡2
(

3𝜌𝑚+1𝛼 − 2𝜌 𝑛𝛼 + 𝜌 𝑛−1𝛼

)

+ 1
Δ𝑡

∑

𝛽∈{𝛽(1)𝛼 }

(

𝑚̇∗)(𝛼𝛽,Γ), (61)

which also contains the time derivative of the density on the right-hand side. Due to the elliptical character of Eq. (61), we use 
the Flexible Generalized Minimal Residual (FGMRES) method with multi-grid preconditioning to solve for 𝛿𝑝. Additionally, the 
Laplace fluxes 𝐹 (𝛼𝛽)

𝐷 (𝛿𝑝) are calculcated in a fully implicit manner, hence requiring significantly more computing time. For this 
reason, we calculate 𝐹 (𝛼𝛽)

𝐷 (𝛿𝑝) always with a 1-exact accuracy, even if higher accuracy levels are used for the other field variables. 
This significantly reduces the computing time since we do not require a frequent update of the Hessian of 𝛿𝑝 within each Krylov sub-
iteration. A previous study [4] also showed that the solution accuracy is only marginally affected by this treatment of 𝛿𝑝 compared 
to a fully implicit 2-exact discretization.

The pseudo-pressure gradient is used to update the mass fluxes ( 𝑚̇𝑚+1 )(𝛼𝛽,Γ) for the next sub-iteration. This is done by enforcing 
Eq. (17) on the element surfaces 𝐴𝛼𝛽 :

∬𝐴𝛼𝛽

(

𝜌𝑚+1𝑢𝑚+1𝑖
)

𝑛𝑖 d𝐴 = ∬𝐴𝛼𝛽

(

𝜌𝑛+1𝑢∗𝑖
)

𝑛𝑖 d𝐴 − Δ𝑡 ∬𝐴𝛼𝛽

(

𝜕 𝛿𝑝
𝜕𝑥𝑖

)

𝑛𝑖 d𝐴, (62)

which corresponds to ( 𝑚̇𝑚+1 )(𝛼𝛽,Γ) = ( 𝑚̇∗ )(𝛼𝛽,Γ) − Δ𝑡 𝐹 (𝛼𝛽)
𝐷 (𝛿𝑝). Hence, the updated mass fluxes are determined by subtracting the in-

troduced pseudo-pressure Laplace flux. This indirectly enforces the continuity equation on the element surfaces, which was found 
to suppress the emergence of parasitic error modes, especially for variable-density flow problems and with a collocated variable 
arrangement in space and time.

Once all sub-iterations have been carried out, the approximate velocity field 𝑢 ∗𝑖,𝛼 and the old pressure 𝑝 𝑛𝛼  are updated to the next 
time level 𝑡𝑛+1 through the volume-averaged Eq. (13)

(

𝜌𝑛+1𝑢𝑛+1𝑖
)

𝛼 =
(

𝜌𝑛+1𝑢∗𝑖
)

𝛼 − Δ𝑡
(

𝜕𝛿𝑝
𝜕𝑥𝑖

)

𝛼
and 𝑝 𝑛+1𝛼 = 𝑝 𝑛𝛼 +

(

𝜕𝛿𝑝
𝜕𝑥𝑖

)

𝛼
, (63)

where the averaged pseudo-pressure gradient is calculated according to Eq. (60). The velocity correction still contains the averaged 
conservative variables (𝜌𝑢𝑖)𝛼 , which cannot be replaced by their primitive counterparts 𝜌𝛼𝑢𝑖,𝛼 without sacrificing spatial accuracy 
when reconstructing with 𝑘 = 2. To counteract this, we use Eq. (30) to derive the following correction term

𝑢 𝑛+1𝑖,𝛼 = 𝑢 ∗𝑖,𝛼 −
Δ𝑡
𝜌 𝑛+1𝛼

(

𝜕𝛿𝑝
𝜕𝑥𝑖

)

𝛼
+ 1
𝜌 𝑛+1𝛼

𝜕𝜌𝑛+1

𝜕𝑥𝑗

|

|

|

|

|𝐱𝛼

(

𝜕𝑢𝑛+1𝑖
𝜕𝑥𝑘

|

|

|

|

|𝐱𝛼

−
𝜕𝑢∗𝑖
𝜕𝑥𝑘

|

|

|

|

|𝐱𝛼

)

(

𝑗,𝛼𝑘,𝛼 −𝑗𝑘,𝛼

)

+ 
(

ℎ3
)

, (64)
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which, however, requires the gradient of the final velocity field 𝜕𝑢𝑛+1𝑖 ∕𝜕𝑥𝑖
|

|

|𝐱𝛼
. We can obtain an expression for this variable by 

enforcing Eq. (13) at locations 𝐱𝛼
𝜌𝑛+1 ||

|𝐱𝛼
𝑢𝑛+1𝑖

|

|

|𝐱𝛼
= 𝜌𝑛+1 ||

|𝐱𝛼
𝑢∗𝑖

|

|

|𝐱𝛼
− Δ𝑡

𝜕𝛿𝑝
𝜕𝑥𝑖

|

|

|

|𝐱𝛼
(65)

and by taking the spatial derivative of this relation, which leads to the following relation:

𝜌𝑛+1 ||
|𝐱𝛼

(

𝜕𝑢𝑛+1𝑖
𝜕𝑥𝑘

|

|

|

|

|𝐱𝛼

−
𝜕𝑢∗𝑖
𝜕𝑥𝑘

|

|

|

|

|𝐱𝛼

)

=
𝜕𝜌𝑛+1

𝜕𝑥𝑘

|

|

|

|

|𝐱𝛼

(

𝑢∗𝑖
|

|

|𝐱𝛼
− 𝑢𝑛+1𝑖

|

|

|𝐱𝛼

)

− Δ𝑡
𝜕2𝛿𝑝
𝜕𝑥𝑖𝜕𝑥𝑘

|

|

|

|

|𝐱𝛼

(66)

Dividing by the point-valued density 𝜌𝑛+1||
|𝐱𝛼

 and substituting the difference of velocities ( 𝑢∗𝑖
|

|

|𝐱𝛼
− 𝑢𝑛+1𝑖

|

|

|𝐱𝛼
) via Eq. (65) finally results 

in an expression for the difference of the velocity gradients in Eq. (64)
(

𝜕𝑢𝑛+1𝑖
𝜕𝑥𝑘

|

|

|

|

|𝐱𝛼

−
𝜕𝑢∗𝑖
𝜕𝑥𝑘

|

|

|

|

|𝐱𝛼

)

= Δ𝑡
𝜌𝑛+1|

|𝐱𝛼

(

1
𝜌𝑛+1|

|𝐱𝛼

𝜕𝜌𝑛+1

𝜕𝑥𝑘

|

|

|

|

|𝐱𝛼

𝜕𝛿𝑝
𝜕𝑥𝑖

|

|

|

|𝐱𝛼
−

𝜕2𝛿𝑝
𝜕𝑥𝑖𝜕𝑥𝑘

|

|

|

|

|𝐱𝛼

)

, (67)

which allows us to obtain the corrected velocity field 𝑢 𝑛+1𝑖,𝛼  at time level 𝑡𝑛+1. For clarification, an overview of the entire solution 
algorithm is given in Fig. 3.

3.  Results

The proposed discretization method is verified and validated for two exactness levels 𝑘 = 1 and 𝑘 = 2. In the 1-exact method, the 
Green-Gauss gradient is corrected according to Eq. (25), without calculating higher-order derivatives. Consequently, the correction 
terms 𝐹 (𝛼𝛽)

𝐶,𝐻𝑂 and 𝐹
(𝛼𝛽)
𝐷,𝐻𝑂, used for the computation of convective and diffusive fluxes, are simplified. In contrast, the 2-exact method 

requires the computation of the Hessian matrix, as well as an additional correction step for the gradients. The calculations for the 
flux correction terms and the correction terms in the projection method follow the 2-exact formulations presented above. However, 
for the solution of the pressure correction equation, the Laplacian fluxes are computed using a 1-exact reconstruction, as discussed 
above. The high-order limitation approach is only applied to thermochemical field variables 𝜌, ℎ and 𝑌𝑠.

To assess the impact of the 𝑘-exact discretization on the numerical error, the test cases are also computed using conventional 
discretization methods. These schemes are characterized by a formal 0-exact reconstruction, meaning that no correction of the Green-
Gauss gradients is applied. Depending on the test case, convective fluxes are either discretized using the Central Difference Scheme 
(CDS) or the Quadratic Upwind Difference Scheme [65] (QUDS). The latter is commonly referred to as quadratic upwind interpolation 
for convection kinematics (QUICK) scheme. The CDS method is consistently used for flux calculations in the momentum conservation 
equations, without any limiter. This method is particularly known for its low numerical dissipation on Cartesian grids [66], though it 
tends to suffer from instability. For the discretization of enthalpy and species fluxes, the QUDS method is applied, in conjunction with 
the limiter approach by Venkatakrishnan [56]. This is necessary because the species and enthalpy transport equations in reactive 
flows require higher numerical dissipation to stabilize the solution due to large gradients near the flame front. The calculation of 
diffusive fluxes is performed using the method proposed by Mathur and Murthy [32] given above, without applying the derived 
𝑘-exact corrections.

For all three methods considered, the BiCGSTAB algorithm with Jacobi preconditioning is used to solve all transport equations. The 
Poisson equation is consistently solved using the FGMRES method, with a geometric multigrid preconditioning scheme implemented 
over three grid levels using a V-cycle. It is important to note that the solver ThetaCOM is limited to three-dimensional computational 
grids. Therefore, even for the one- and two-dimensional test cases, three-dimensional computational domains are defined. In these 
cases, the third spatial direction is resolved by a single element, and symmetry boundary conditions are applied to the plane.

3.1.  Isochoric species convection

In this test case, we consider the isochoric transport of a hydrogen-oxygen (H2/O2) mixture, neglecting diffusive transport and 
chemical reaction. The mixture is advected through a periodic one-dimensional domain Ω ∈ [0, 𝐿] with a constant background velocity 
𝑢1 = 1m∕s and a length scale 𝐿 = 1m. The initial species mass fraction profiles at 𝑡 = 0 are given by 

𝑌H2
(𝑥1) = 𝑌H2 ,ref exp

[

−

(

𝑥1 − 𝑥1,𝑐
)2

2𝜎2

]

, (68a)

𝑌O2
(𝑥1) = 1 − 𝑌H2

(𝑥1), (68b)

with 𝑌H2 ,ref = 0.1 and 𝜎 = 0.05m. The initial temperature profile is defined according to

𝑇 (𝑥1) =
(

𝑝0
𝜌ref𝑅𝑢

)

[

1
𝑀O2

+ 𝑌H2

(

1
𝑀H2

− 1
𝑀O2

)]−1

. (69)

with a uniform density 𝜌ref = 0.2 kg∕m3 and thermodynamic pressure 𝑝0 = 1 atm. 𝑅𝑢, 𝑀O2
 and 𝑀H2

 define the universal gas constant, 
as well as the molecular weights of oxygen and hydrogen, respectively. The temperature field in this setup is designed to enforce a 
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Fig. 3. Sequence diagram for an iterative projection step.
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Fig. 4. Simulation results for the advection of an isochoric H2/O2 mixture.

Fig. 5. Volume-averaged enthalpy profiles ℎ𝛼∕ℎ𝛼,ref and corresponding limiter variables 𝜓𝛼 for the advection of an isochoric H2/O2 mixture on a 
grid with ℎ = 𝐿∕128. The analytic solution (black solid line) is compared with the numerical solutions (colored lines). Shaded regions indicate the 
activation of the limiter, where 𝜓 < 1.

constant density within Ω, ensuring that the velocity and pressure remain unaffected by variations in temperature and species mass 
fractions. As a result, this test case isolates the behavior of the species transport under idealized conditions, allowing us to evaluate 
the accuracy of the convective operator in a simplified yet relevant scenario for combustion applications. The profile of the mixture 
is advected by a distance 𝛿 = 𝐿, where it should ideally preserve its initial shape. The calculations are performed on various grids 
with an average grid scale ℎ = {𝐿∕32, 𝐿∕64, 𝐿∕128, 𝐿∕256, 𝐿∕512}.

Fig. 4(a) shows volume-averaged profiles for hydrogen mass fraction 𝑌 H2 ,𝛼 , obtained after simulations with the three considered 
schemes on the grid with ℎ = 𝐿∕64. The respective profiles are shifted, for the sake of clarity. In all cases, the maxima of the analytic 
solution are undercut. The 2-exact scheme provides the best accuracy with respect to symmetry and preservation of the maxima, 
maintaining the original profile shape more effectively than the 1-exact scheme, with the conventional scheme showing the largest 
deviation from the initial solution. Fig. 4(b) shows the spatial error convergence for the mixture’s volume-averaged enthalpy ℎ𝛼 as 
the grid is refined. To assess the simulation results, the 𝐿2-norm error 𝐸𝐿2  is calculated using the following equation:

𝐸𝐿2

(

𝜙𝛼
)

=

⎡

⎢

⎢

⎢

⎣

∑𝑁
𝛼=1

(

𝜙𝛼 − 𝜙
ex
𝛼

)2
|

|

Ω𝛼||
∑𝑁
𝛼=1

|

|

Ω𝛼||

⎤

⎥

⎥

⎥

⎦

1∕2

, (70)

with the exact solution 𝜙 ex𝛼  and the number of primary grid points 𝑁 . The error of the 2-exact method falls from the grid with 
ℎ = 𝐿∕128 even at a slightly higher rate than a third order. This is due to the central flux calculation in Eq. (38), which changes to 
a fourth order on Cartesian grids and in the limit of a vanishing upwind bias 𝜃 [5]. In contrast, both the 1-exact and conventional 
schemes show second-order accuracy. Notably, the 1-exact scheme reduces errors compared to the conventional scheme, indicating 
its improved performance in preserving the solution profile as the grid is refined.

To assess the performance of the proposed schemes in preserving solution quality and limiting behavior Fig. 5 presents the 
solutions for volume-average enthalpy ℎ𝛼 profiles obtained with all considered schemes on a grid with ℎ = 𝐿∕128. The underlying 
shaded regions indicate the locations where the limiter variable 𝜓𝛼 satisfies 𝜓 < 1 and hence, where the limitation procedure is 

Journal of Computational Physics 545 (2026) 114449 

15 



F. Setzwein, P. Ess and P. Gerlinger

active. The results demonstrate clear differences in the behavior of the limiters across the schemes. The conventional method exhibits 
a significantly larger share of limited elements, with limitation triggered even in smooth regions of the solution. This over-activation 
leads to increased numerical diffusion and noticeable distortion of the advected profile. In contrast, the 2-exact scheme shows superior 
accuracy, with minimal limiter activation. For this scheme, limited elements are confined to small regions near the extrema of the 
profile. No element is fully limited on either grid, highlighting the robustness of the modified limiting procedure. The 1-exact scheme 
exhibits intermediate behavior, with slightly more limited elements than 𝑘 = 2, and a minor asymmetry in the solution profile. 
Notably, for 𝑘 = 1, the limiter is also activated near 𝑥∕𝐿 ≈ 0.65, correlating with the observed asymmetry.

3.2.  Pseudo-isentropic vortex convection

The spatial error order of the convective operator is often verified in the literature by the convection of an isentropic vortex. 
However, this represents a solution of the compressible Euler equations and is therefore not applicable for the solution method of this 
work. In the work by Gendre et al. [67], the derivation of an alternative test case was presented, for which the convective transport 
of a pseudo-isentropic vortex through an inviscid fluid at low Mach numbers is considered. This test case is used in the following 
to determine the spatial error order of the convective operator for the 𝑘-exact multi-correction methods. The initial solution of the 
pseudo-isentropic vortex is given by: 

𝑢1(𝐱) = 𝑢1,0 − 𝑎0
(𝑥2
𝑅

)

𝑃 (𝐱), (71a)

𝑢2(𝐱) = 𝑢2,0 + 𝑎0
(𝑥1
𝑅

)

𝑃 (𝐱), (71b)

𝑝(𝐱) = 𝑝0 −
1
2
𝛾𝑝0

[

𝑃 2(𝐱) − 1
4
𝑃 4(𝐱) − 1

24
(𝛾 − 2)𝑃 6(𝐱)

]

, (71c)

𝜌(𝐱) = 𝜌0 −
1
2
𝜌0
[

𝑃 2(𝐱) + 1
4
(𝛾 − 2)𝑃 4(𝐱) + 1

24
(𝛾 − 2)(2𝛾 − 3)𝑃 6(𝐱)

]

. (71d)

Here 𝑟2 = 𝑥21 + 𝑥
2
2 represents the radial coordinate and 𝑅 the size scale of the vortex. The quantities 𝑎0 and 𝑇0 denote the speed of 

sound and the temperature of the uniform flow field. The perturbation function 𝑃 (𝐱) is represented by a Gaussian function of the 
form

𝑃 (𝐱) = 𝜅 exp
(

− 𝑟2

2𝑅2

)

(72)

where the parameter 𝜅 specifies the degree of disturbance and thus the vorticity. The vortex is driven by an inviscid fluid at ambient 
velocity 𝐮0 = (50, 0)Tm∕s, temperature 𝑇0 = 300K and pressure 𝑝0 = 100 kPa. The composition of dry air is selected for the fluid, 
which results in the density 𝜌0 = 1.28286 kg∕m3 and the speed of sound 𝑎0 = 344.108m∕s at ambient conditions. The strength and 
length of the vortex are specified by the parameters 𝜅 = 0.1 and 𝑅 = 0.005m. The vortex is placed in the center 𝐱𝑐 = (𝐿∕2, 𝐿∕2)T of a 
periodic domain Ω ∈ [0, 𝐿] × [0, 𝐿] and is convected over a distance 𝛿𝑥 = 𝐿, where 𝐿 = 0.1m. Hence, the vortex passes through the 
entire domain and should return to its starting position. The simulations are carried out on five fully unstructured triangular grids, 
where the average grid scale varies between 𝐿∕16 and 𝐿∕256. Fig. 6(a) shows an exemplary grid along with the initial solution for 
the 𝑥2-velocity field.

First, this test case is used to analyze how the number of sub-iterations in the projection method influences the temporal error. 
Fig. 6(b) demonstrates the error convergence for the velocity component 𝑢1, with results calculated using the 2-exact scheme on the 

Fig. 6. Setup for the pseudo-isentropic vortex advection test case and temporal error convergence for the 2-exact scheme with varying numbers of 
projection step sub-iterations.
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Fig. 7. Spatial error convergence (left) and performance results (right) for the pseudo-isentropic vortex advection test case.

finest grid, as the time step size is progressively reduced. A single sub-iteration produces first-order accuracy, while two or more 
iterations yield second-order accuracy. As noted by Pierce [16], increasing the number of iterations beyond two does not improve 
overall accuracy but influences the method’s stability. Similar findings were observed for other spatial schemes and are omitted for 
clarity.

Based on these observations, two sub-iterations (𝑁it = 2) were selected for all subsequent simulations as a practical trade-off 
between accuracy and computational cost. It should also be noted that while a fixed number of sub-iterations suffices for the cases 
considered in this work, configurations involving extreme density variations or highly stiff source terms may benefit from a higher 𝑁it
to enhance robustness. Alternatively, the introduction of an adaptive stopping criterion based on residual convergence could provide 
additional efficiency by dynamically adjusting the number of iterations. Exploring such an adaptive strategy is an interesting path 
for future work.

Fig. 7 shows the spatial error convergence for the three spatial schemes in terms of 𝑥1-velocity and enthalpy, using two sub-
iterations. The time step Δ𝑡 was chosen to ensure a sufficiently small CFL number 𝜎 = 0.03, minimizing the influence of temporal 
discretization errors and allowing a clearer comparison of spatial accuracy across the schemes. The 2-exact scheme achieves third-
order spatial accuracy for the convective operator, despite grid irregularities. The other two schemes demonstrate second-order spatial 
accuracy, with the 1-exact scheme significantly reducing overall error compared to the conventional scheme.

Both 𝑘-exact schemes result in higher computational costs per iteration, as can be observed on the right of Fig. 7, where the same 
spatial errors are shown over the reduced computing time 𝜏∕𝜏ref for a single iteration of each scheme. The latter is calculated with 
the calculation time 𝜏ref, which stems from one iteration with the CDS/QUDS scheme on the coarsest grid.

On average, the 1-exact method increases iteration time by 25%, and the 2-exact method by 75%, compared to the conventional 
scheme. Nevertheless, for a given error threshold, the 𝑘-exact schemes can greatly reduce overall computational time. For example, 
if an error threshold 0.4 is set for the velocity component 𝑢1 (as indicated by the grey dashed line), the 2-exact method can cut 
computation time by 90%, owing to the coarser grid allowed while maintaining the time step. Since the coarser grid also permits a 
fourfold increase in time step (due to the CFL condition), total time savings can reach 95%. Similarly, the 1-exact method reduces 
computing time by 75% with the same time step and up to 85% with an adjusted time step.
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Fig. 8. Test case setup for the flame kernel-vortex interaction in a premixed H2-air mixture (left) and flame regimes of the test case according to 
Vasudeo et al. [70] (right). The abbreviation RGE denotes the regeneration after general extinction regime. The red, square symbol indicates the 
simulated regime from the work of Vasudeo et al. whereas the blue, round symbol represents the regime position of this work. (For interpretation 
of the references to color in this figure legend, the reader is referred to the web version of this article.)

Table 1 
Initial temperature and gas composition for the flame kernel-vortex interaction test 
case.

 Gas state 𝑇 𝑌H2
𝑌O2

𝑌N2
𝑌H2O 𝑌OH 𝑌O

 Unburned 300.00 K 0.01885 0.14958 0.83157  –  –  –
 Burned 1907.42 K  – 0.00320 0.83174 0.16445 0.00054 0.00001

3.3.  Flame kernel-vortex interaction

Next, we consider an ignited flame kernel within a premixed hydrogen-air mixture interacting with a two-dimensional vortex pair. 
This interaction causes folding and stretching of the flame front, which can be classified into distinct regimes that have been studied 
both experimentally and numerically in several works [68–70].

Fig. 8 illustrates a schematic of the test case, along with various flame regimes for the flame kernel-vortex interaction, adapted 
from the work of Vasudeo et al. [70]. The simulation takes place within a two-dimensional domain of dimensions 3 cm × 4 cm. 
At the start, a counter-rotating vortex pair is initialized using two superimposed Lamb-Oseen vortex models [71], whose velocity 
fields overlap along the central axis of the simulation domain. The tangential velocity of a vortex is defined by Kolera-Gokula and 
Echekki[69], Vasudeo et al. [70]

𝑢tan(𝐱) =
⎧

⎪

⎨

⎪

⎩

𝜓
2𝜋𝑟

[

1 − exp
(

− 𝑟2

𝜎2

)]

for 𝑟 ≤ 𝜎,

0 for 𝑟 > 𝜎,
(73)

where 𝑟 =
√

(𝑥1 − 𝑥1,𝑐 )2 + (𝑥2 − 𝑥2,𝑐 )2 is the radial distance, 𝜎 = 1.5mm is the vortex length scale, 𝜓 represents the vortex strength, 
and the initial vortex centers are located at 𝐱𝑐 = [±1mm,−1.5mm]T. The chosen values for 𝜎 and 𝐱𝑐 yield an outer vortex radius of 
𝑅𝑉 = 2.5mm. It is worth noting that Eq. (73) presents a discontinuity at 𝑟 = 𝜎, which may introduce parasitic pressure modes during 
the simulation. To avoid discontinuities in the velocity field, the vortex field in our work is multiplied by a continuous function 𝐻(𝑟), 
defined as

𝐻(𝑟) = 1 − 1
2

[

1 + tanh
(

𝑟 − (1 + 𝜖)𝜎
(1 − 𝜖)𝜎

)]

, (74)

where the parameter 𝜖 controls the smoothness of the transition and is set to 𝜖 = 0.3. This results in the following modified velocity 
field:

𝑢tan(𝐱) =
𝜓
2𝜋𝑟

𝐻(𝑟)
[

1 − exp
(

− 𝑟
2

𝜎2

)]

. (75)

This modification eliminates the discontinuity at 𝑟 = 𝜎, creating a smooth vortex field, which is used as initial condition for the test 
case.

The vortex strength is given by 𝜓 ≈ 9.9399 ⋅ 𝜎 ⋅ 𝑢max, where the maximum tangential velocity is set to 𝑢max = 40m∕s at 𝑟 = 𝜎. The 
flame kernel, with a radius 𝑅𝐾 = 0.72mm, is positioned at a distance of 𝐿 = 3mm from the vortex pair. The initial temperature and 

Journal of Computational Physics 545 (2026) 114449 

18 



F. Setzwein, P. Ess and P. Gerlinger

Fig. 9. Volume-averaged heat release (𝐻𝑅)𝛼 at different times of the flame kernel-vortex interaction, calculated on the reference grid with 
1536 × 2048 vertices. White lines indicated the normalized vorticity 𝜔 ⋅ (𝛿𝐹 ∕𝑠𝐿) ∈ {10, 20, 40, 80, 160}.

gas composition of the flame kernel are detailed in Table 1, based on the equilibrium state of the mixture after combustion in an 
isobaric reactor model. The enthalpy and species mass fractions are initialized using a Gaussian pulse function, which, for the species 
mass fractions 𝑌𝑠, takes the form

𝑌𝑠 = 𝑌𝑠,𝑏 +
(

𝑌𝑠,𝑢 − 𝑌𝑠,𝑏
)

exp

(

− 𝑟2

𝑅2
𝐾

)

. (76)

Here, 𝑟 is the radial distance from the center of the flame kernel, 𝑌𝑠,𝑢 represents the mass fractions of the unburned gas, and 𝑌𝑠,𝑏 those 
of the burned gas. The unburned gas is a stoichiometric hydrogen-air mixture with a molar N2∕O2 ratio of 6.35, and the ambient 
pressure is set to 𝑝0 = 1 bar. To enhance convergence, a constant background velocity of 𝑢∞ = −2m∕s is added in the 𝑥2-direction. 
The top and bottom edges of the domain are treated with inflow and outflow boundary conditions, while the lateral boundaries use 
periodic conditions.

With the given parameters for 𝑅𝑉 , 𝑅𝐾 and 𝑢max, the work by Vasudeo et al. shows flame kernel-vortex interaction in the "wrinkled 
kernel" regime. In this regime, the flame kernel is strongly deformed by the vortex pair without extinguishment, as indicated by the 
red symbol in Fig. 8. The regime position is influenced by both the velocity 𝑢max and the laminar flame velocity 𝑠𝐿. Vasudeo et al.
used the GRI-Mech 2.11 reaction mechanism [72], which predicts a flame speed of 𝑠𝐿 ≈ 1.15m∕s. In contrast, this work uses the more 
recent H2 reaction mechanism by Ó Conaire [73] which comprises eight species and 19 elementary reactions, and which predicts a 
laminar flame speed 𝑠𝐿 = 0.9388m∕s and a flame thickness 𝛿𝐹 = 0.45793mm. This change in flame speed shifts the test case’s regime 
in the diagram toward the "breakthrough regime" (shown by the blue symbol in Fig. 8), characterized by the flame kernel locally 
extinguishing and splitting due to the vortex interaction. However, these differences in the regimes are not critical for this study, as the 
data from Vasudeo et al. is insufficient to validate the higher-order schemes used here. Thus, a reference solution is generated for the 
parameters on a fine Cartesian grid with 1536 × 2048 vertices. This grid is sufficiently fine that differences between the discretization 
schemes are marginal. The objective is to assess whether the flame front propagation can be accurately captured on coarser grids 
using various spatial schemes. The flame-vortex interaction is simulated over the chemical timescale (𝛿𝐹 ∕𝑠𝐿) = 0.48778ms, with a 
time step of Δ𝑡 = 0.05 𝜇s in the reference simulation.

Fig. 9 presents the volume-averaged heat release at selected points in time, calculated using the 2-exact discretization scheme. 
White iso-lines represent the vorticity 𝜔, highlighting the location of the vortex pair. Initially, the vortex pair directly impacts the 
flame kernel, inducing a strong deformation that causes the flame front to spread in a horseshoe shape around the vortices. This 
interaction leads to the detachment of a second vortex pair in the opposite direction, expanding the lower section of the flame kernel. 
As the central vortex pair continues to exert significant momentum, it locally extinguishes the flame, splitting it into two distinct flame 
kernels at 𝑡 = 0.51 ⋅ (𝛿𝐹 ∕𝑠𝐿). After this extinction, hot exhaust gases are drawn back into the vortex pair, leading to the re-ignition of 
the mixture. Over time, the flame fronts from the two separate ignition points merge into a single flame kernel, which is evident at 
𝑡 = 0.97 ⋅ (𝛿𝐹 ∕𝑠𝐿).

Fig. 10 displays the temporal trajectories of the integral mean values of vorticity 𝜔 and the hydroperoxyl mass fraction 𝑌 HO2
, 

computed by integrating over the entire computational domain Ω

𝜔(𝑡) = 1
|Ω| ∬Ω

𝜔(𝑡)d𝐴 and 𝑌 HO2
(𝑡) = 1

|Ω| ∬Ω
𝑌HO2

(𝑡)d𝐴. (77)

The vorticity characterizes the flow field, while the hydroperoxyl radical represents an intermediate species indicating the progress 
of chemical reactions. Both characteristic curves will be used to evaluate the discretization schemes when the test case is reproduced 
on coarser computational grids. Initially, an increase in vorticity is observed up to 𝑡 ≈ 0.45 ⋅ (𝛿𝐹 ∕𝑠𝐿), corresponding to the horseshoe-
shaped deformation of the flame kernel. Following this, vorticity decreases due to the passage of the vortex through the ignition 
core, leading to local extinction of the flame front. At 𝑡 ≈ 0.80 ⋅ (𝛿𝐹 ∕𝑠𝐿), vorticity increases again, marking the re-ignition phase. 
Unlike vorticity, the hydroperoxyl curve shows a steady increase throughout the simulation. The trajectories calculated from all three 
discretization schemes exhibit only minor differences, confirming that the grid used for the reference simulation is sufficiently fine. 
To validate this, an additional simulation was performed using the 2-exact method on an even finer grid, which revealed no further 
changes in the solution, reinforcing the adequacy of the chosen grid resolution.
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Fig. 10. Temporal evolution of the integral vorticity 𝜔 and the integral hydroperoxyl mass fraction 𝑌 HO2
 during the flame kernel-vortex interaction 

calculated on the reference grid with 1536 × 2048 vertices.

Fig. 11. Parallel speedup of the discretization methods for the flame kernel-vortex interaction on the reference grid with 1536 × 2048 primary grid 
vertices. 𝜏𝑖𝑡 refers to the average iteration time of the considered discretization schemes and 𝜏 (𝐶𝐷𝑆)𝑖𝑡,64  is the iteration time of the CDS/QUDS scheme 
with 64 processors used as reference.

Parallel scalability is a key factor for evaluating the performance of the 𝑘-exact multiple-correction method. In the reference 
simulations, the computational grid includes 6.3 million nodes (taking the third dimension into account), providing a large number 
of degrees of freedom to assess scalability against the conventional scheme. To examine this, the average iteration time for each of 
the three schemes was measured as a function of the number of processors 𝑁𝑃 = {64, 128, 256, 512, 1024, 2048} over five independent 
simulation runs. Each run computed ten time steps of the test case with a constant five sub-iterations for the Krylov solver to maintain 
consistency. Fig. 11 presents the speedup, comparing the average iteration time 𝜏(𝐶𝐷𝑆)𝑖𝑡,64  of the CDS/QUDS method on 64 processors 
with the average iteration time 𝜏𝑖𝑡 of the other setups. The results demonstrate linear scaling across all methods up to 𝑁𝑃 = 1024, 
after which the speedup begins to taper off slightly. This shows that the multiple-correction approach preserves parallel scalability, 
even with higher-order reconstructions. Although both 𝑘-exact methods exhibit higher iteration times than the conventional method, 
the increase is modest: about 10% for 𝑘 = 1 and 40% for 𝑘 = 2. This overhead is notably lower than in the previous non-reactive test 
case, likely due to the additional computational demand of the chemical source term, which diminishes the relative impact of 𝑘-exact 
corrections on the overall computation time.

Fig. 12(a) shows iso-lines of temperature at 𝑇 = 1192.4 K, calculated using the three different schemes on a coarser grid and at time 
𝑡 = 0.82 ⋅ (𝛿𝐹 ∕𝑠𝐿). For comparison, the gray solid iso-line represents the results from the 2-exact reference simulations using the finer 
grid. The coarser grid consists of 768 × 1024 nodes and hence half the resolution of the reference grid, resolving the flame thickness 
with 11.72 nodes. The simulation is carried out with a time step Δ𝑡 = 0.1 𝜇s, which is twice as large as in the reference simulation. 
Despite the lower resolution, both 𝑘-exact methods closely predict the flame shape, especially in regions of strong flame curvature. In 
contrast, the CDS/QUDS scheme shows larger deviations, particularly in these highly curved regions, indicating its reduced accuracy 
under such conditions. These errors become more pronounced on the even coarser grid with 384 × 512 nodes, as shown in Fig. 12(b). 
For the simulations on this grid, the time step has been further increased to Δ𝑡 = 0.2 𝜇s. Both 𝑘-exact methods show only slight 
deviations from the reference solution, which are within the error tolerance of the conventional method on the grid with 768 × 1024
nodes. The 2-exact method achieves the most accurate agreement, demonstrating its accuracy even with reduced grid resolution.

Fig. 13 shows the progression of integral vorticity, with the reference solution represented as a confidence band for comparison. 
The gray band indicates the envelope spanned by the minimum and maximum values of the three high-resolution solutions, while 
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Fig. 12. Temperature iso-lines at 𝑇 = 1192.4 K for the flame kernel-vortex interaction at time point 𝑡 = 0.82 ⋅ (𝛿𝐹 ∕𝑠𝐿), calculated with different grids 
and discretization schemes.

Fig. 13. Temporal evolution of the integral vorticity 𝜔 for the flame-vortex interaction on coarser Cartesian grids.

Fig. 14. Temporal evolution of the integral hydroperoxyl mass fraction 𝑌 HO2
 for the flame-vortex interaction on coarser Cartesian grids.

Journal of Computational Physics 545 (2026) 114449 

21 



F. Setzwein, P. Ess and P. Gerlinger

Fig. 15. Computational grid for the H3 flame test case.

the black line denotes their mean. This combined reference was adopted in place of a single high-order result (e.g., 𝑘 = 2) to provide 
a more robust benchmark and to account for residual differences among the finest-grid solutions.

Both 𝑘-exact methods closely reproduce the reference simulations up to 𝑡 ≈ 0.9(𝛿𝐹 ∕𝑠𝐿), whereas the conventional discretization 
method shows noticeable deviations from the reference between 0.4(𝛿𝐹 ∕𝑠𝐿) < 𝑡 < 0.7(𝛿𝐹 ∕𝑠𝐿). On the even coarser grid in Fig. 13(b), 
the conventional scheme exhibits even larger deviations, whereas both 𝑘-exact schemes capture the reference trajectory with minor 
differences up to 𝑡 ≈ 0.8(𝛿𝐹 ∕𝑠𝐿). A similar behavior is observed for the hydroperoxyl mass fraction in Fig. 14. On the grid with 
768 × 1024 nodes, the trajectory is predicted almost identically using the 2-exact method, followed by the 1-exact method, which 
slightly overestimates the mass fraction. In contrast, the curve for the conventional method rises too steeply starting at 𝑡 ≈ 0.2(𝛿𝐹 ∕𝑠𝐿). 
On the coarsest grid, the mass fraction is overestimated by all three schemes, although the 2-exact method still yields the smallest 
errors. The results indicate that for both 𝑘-exact schemes, the solution quality on the 768 × 1024 grid remains largely consistent with 
that of the fine reference grid, whereas the conventional method already shows significant deviations at the same resolution. This 
suggests that higher-order schemes can achieve comparable accuracy on a coarser grid while substantially reducing computational 
costs. Considering the use of a larger time step on the coarse grid for comparability between different resolutions, the computational 
effort is reduced by 73.1% with 𝑘 = 2 and by 77.1% with 𝑘 = 1 compared to the conventional approach on the fine reference grid. If 
the same time step were used for both grid resolutions, the reduction in computational effort would be 47.4% with the 2-exact scheme 
and 54.3% with the 1-exact scheme.

3.4.  H3 flame

The H3 flame is a standard benchmark for non-premixed flame modeling and has been extensively studied in previous work 
[74–80]. The burner consists of an 8,mm fuel nozzle supplying a diluted H2/N2 jet at 𝑈 = 34.8,m∕s, surrounded by a 140,mm coaxial 
air coflow at 0.2,m∕s. Both streams enter at 300,K and atmospheric pressure. Optical measurements of this configuration provide 
high-quality experimental data for validation [81,82].

The test case is used to demonstrate the capability of the proposed multiple-correction scheme and the iterative projection method 
for simulating complex turbulent flames. The simulation domain, with a length of 155𝐷, is discretized predominantly using tetrahedral 
elements, as shown in Fig. 15. Despite its simple geometry, a fully unstructured grid is used to highlight the flexibility of the approach 
for complex large-eddy simulation test cases. The average grid scale ℎ of the elements increases with distance to the fuel nozzle and 
the burner main axis, as indicated in Fig. 15. A time-varying turbulent velocity profile is imposed at the fuel inlet, which has been 
extracted from a turbulent pipe flow precursor simulation. Prismatic elements are used in the vicinity of the fuel nozzle walls, as shown 
in Fig. 15, to realize a sufficient boundary layer resolution. The primary grid comprises 1,056,108 nodes and 6,145,732 elements. 
An outlet boundary condition is used at the upper boundary of the computational domain, whereas an inlet boundary condition with 
the velocity and fluid composition of the air coflow is imposed at the conical side surfaces. Similar to the previous test case, the 
H2 reaction mechanism by Ó Conaire [73] is utilized. In the context of large-eddy simulations, the governing Eq. (1) are solved in 
a Favre-filtered framework [83–85]. The Wall Adapting Local Eddy Viscosity (WALE) model [86] is used to take the influence of 
unresolved turbulent scales on the resolved flow field into account. The corresponding model constant 𝐶𝑊  is set to a value of 0.5. In 
addition, an assumed probability density function model is used to model the influence of turbulence-chemistry interaction on the 
chemical source term [87,88]. The latter requires us to solve additional transport equations for the temperature variance and the 
turbulent scalar energy, both of which are treated in a similar fashion as the remaning thermochemical state variables. Assuming 
an optically thin medium, radiative heat losses are included by an additional source term 𝑞̇rad = −4𝜎𝑠𝑇 4𝜖 applied to the enthalpy 
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Fig. 16. Instantaneous temperature (left) and temporally averaged OH mass fraction for the H3 flame test case, calculated with the considered 
discretization schemes.

Fig. 17. One-dimensional energy spectra 𝐸11(𝑓 ) on the main axis of the H3 flame, extracted at 𝑥1∕𝐷 = 20.

transport equation, where 𝜎𝑠 is the Stefan-Boltzmann constant and 𝜖 is the emissivity factor [89,90]. The simulations are performed 
with both proposed 𝑘-exact schemes and the CDS/QUDS scheme already used in the previos test case. For the sake of brevity, the 
latter is referred to as “CDS” in some figures. For all schemes, the limiting approach is only applied to the thermochemical state 
variables ℎ and 𝑌𝑠, whereas for pressure and velocities no limitation was required. A simulation is initialized with a starting solution 
of a fully developed flame, resulting from a former LES of the test case. First, the flame is simulated for 0.035 s, in order to account 
for effects from the initialization, followed by a temporal averaging of the flow variables for further 0.965 s. A time step of Δ = 1 µs 
is used in all simulation.

The left of Fig. 16 displays instantaneous, Favre-filtered temperature fields in the 𝑥1 − 𝑥2 plane, calculated through the utilized 
discretization schemes. A characteristic feature of the test case is the region 𝑥1∕𝐷 ≤ 15, where unburned fuel interacts with the 
surrounding airflow. In this upstream zone, mixing is partially driven by molecular diffusion [75,91]. Beyond 𝑥1∕𝐷 > 15, how-
ever, turbulent transport becomes the dominant mixing mechanism [75,81]. This transition is captured in all simulations, although 
the CDS/QUDS method produces coarser coherent structures starting from approximately 𝑥1∕𝐷 ≈ 15 onward compared to both 𝑘-
exact approaches. Additionally, the high-order schemes exhibit enhanced transport of hot temperature regions, resulting in elevated 
temperatures downstream of 𝑥1∕𝐷 > 40. The differences in flame structure become even more pronounced when considering the 
time-averaged OH mass fraction, shown on the right of Fig. 16. The extent of the reaction zone is indicated by the black iso-line, 
corresponding to a time-averaged mass fraction of ⟨𝑌OH⟩ = 0.0004. The CDS/QUDS scheme yields a shorter and broader reaction zone, 
marked by elevated ⟨𝑌OH⟩ values relative to those produced by the 𝑘-exact methods. Furthermore, for the 1-exact case, the reaction 
zone extends slightly farther downstream than for the 2-exact case.

Fig. 17 shows one-dimensional energy spectra calculated from the axial velocity 𝐸11(𝑓 ) [85]

𝐸11(𝑓 ) =
1
𝜋 ∫

∞

−∞
⟨𝑢1(𝑡)𝑢1(𝑡 + 𝜏)⟩ exp (−2𝜋𝐼𝑓𝜏)d𝜏. (78)

The spectra are calculated from temporal signals of 𝑢ax extracted at the location 𝑥1∕𝐷 = 20 on the flame axis. The mean axial centerline 
velocity 𝑈𝑐 at the corresponding location is used for normalization. In all three simulations, a characteristic −5∕3 slope is observed, 
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Fig. 18. Time-averaged mean profiles of selected field quantities along the main axis of the H3 flame. Experimental measurements are taken from 
Cheng et al.[82] and Meier et al.[81].

indicating the inertial subrange where energy cascades towards smaller scales at a constant rate [85]. However, both 𝑘-exact schemes 
resolve this range with finer scales compared to the conventional CDS/QUDS discretization, which is consistent with the presence of 
smaller coherent structures in the temperature fields shown in Fig. 16.

Time-averaged axial profiles of velocity ⟨𝑢1⟩, temperature ⟨𝑇 ⟩, and species mass fractions ⟨𝑌O2
⟩, ⟨𝑌N2

⟩, ⟨𝑌H2
⟩, and ⟨𝑌OH⟩ are shown 

in Fig. 18, alongside corresponding RMS fluctuations in Fig. 19. All profiles are extracted along the centerline of the flame in the 
axial direction. Experimental data from Cheng et al.[82] and Meier et al.[81] are included for comparison, with error bars shown in 
selected plots to indicate measurement uncertainty. All simulation results represent Favre-filtered quantities, with notation omitted 
for clarity.

The comparison reveals that the conventional CDS/QUDS scheme exhibits the largest deviations from experimental data across 
nearly all quantities. Specifically, it predicts a more rapid decay of the axial velocity ⟨𝑢1⟩ and shows upstream displacements of 
the peak locations in the temperature and species profiles by approximately 5𝐷, indicating excessive scalar mixing and premature 
ignition. In terms of turbulence statistics, the CDS/QUDS scheme overestimates the axial turbulence intensity 

√

⟨𝑢′1𝑢
′
1⟩∕⟨𝑢1⟩ by about 

5% in the region 10 < 𝑥1∕𝐷 < 20, and the RMS fluctuations of O2 and H2 decay prematurely, deviating from the experimental trends 
by approximately 5𝐷. These observations are consistent with the right of Fig. 16, where the flame predicted by the CDS/QUDS scheme 
appears shorter and broader compared to those produced by the higher-order methods.

In contrast, both 𝑘-exact discretization schemes exhibit significantly improved agreement with the experimental data, underscoring 
their superior numerical accuracy and robustness towards grid distortions. Notably, the 𝑘 = 1 scheme shows slightly better visual 
agreement in the upstream region (𝑥1∕𝐷 < 30), particularly for mean velocity, temperature, and the mass fractions of major species. 
Beyond this region (𝑥1∕𝐷 > 30), the 𝑘 = 2 scheme more accurately captures mean temperature and certain fluctuation statistics, 
such as 

√

⟨𝑌 ′
O2
𝑌 ′
O2
⟩. However, the differences between the two 𝑘-exact schemes are relatively minor and largely within experimental 

uncertainty. Consequently, a definitive ranking of the two schemes cannot be established based solely on the current dataset. The axial 
turbulence intensity at the inlet (𝑥1∕𝐷 = 0) is underpredicted by both 𝑘-exact schemes by approximately 5% compared to experimental 
measurements. Nevertheless, this value aligns well with previous LES studies [77,79]. One area where both 𝑘-exact schemes show 
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Fig. 19. Time-averaged fluctuation profiles of selected field quantities along the main axis of the H3 flame. Experimental measurements are taken 
from Cheng et al.[82] and Meier et al.[81].

Fig. 20. Time-averaged mean profiles for hydrogen mass fraction ⟨𝑌H2
⟩ and temperature ⟨𝑇 ⟩ along the main axis of the H3 flame, calculated with 

the 1-exact scheme with (purple) and without limitation (blue) of thermochemical field variables. Experimental measurements are taken from Cheng 
et al.[82] and Meier et al.[81]. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this 
article.)

consistent discrepancies is the prediction of ⟨𝑌OH⟩ and its RMS fluctuations in the flame front region. While the axial position of the 
peak values is accurately captured, the peak magnitudes are underpredicted. Similarly, RMS fluctuations of N2 are underestimated 
for 𝑥1∕𝐷 > 25. These discrepancies persist even on a refined computational grid with approximately twice the number of degrees 
of freedom, which is not shown for brevity. This suggests that the errors are not primarily due to grid resolution. Instead, they 
may originate from limitations in turbulence–chemistry interaction modeling or deficiencies in the underlying chemical mechanism, 
which, for example, does not take the formation of nitric oxides into account.
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To further assess the impact of the limitation strategy, an additional simulation has been performed with the 1-exact scheme 
without any limitation applied. The 1-exact scheme has been chosen due to computational constraints. However, the observed effects 
are expected to extend similarly to 𝑘 = 2. Fig. 20 presents time-averaged axial profiles of the hydrogen mass fraction ⟨𝑌H2

⟩ and 
temperature ⟨𝑇 ⟩ along the burner centerline, comparing the limited and unlimited versions of the 1-exact scheme. The unlimited 
scheme exhibits a pronounced overshoot in ⟨𝑌H2

⟩ near the region where the hydrogen jet interacts with the air coflow. Notably, 
the maximum mass fraction exceeds the core jet value, indicating an unphysical behavior. Analysis of instantaneous fields reveals 
that this artifact arises from local overshoots generated at the interface between the hydrogen jet and the coflow due to steep species 
gradients. These spurious local extrema accumulate during temporal averaging, resulting in the observed anomaly in the mean profile. 
The limited simulation effectively suppresses these overshoots, leading to a physically consistent decay of ⟨𝑌H2

⟩ along the centerline 
and improved agreement with experimental measurements. A similar trend is observed for the temperature profile: the unlimited case 
produces an elevated peak temperature and a larger deviation from the experimental data, whereas the limited solution exhibits a 
reduced peak and better overall correspondence. The temperature overprediction in the unlimited case may stem from compounded 
thermochemical coupling effects amplified by the spurious species overshoots. Overall, these results emphasize the importance of 
robust limiting procedures in handling large thermochemical gradients without introducing non-physical artifacts.

4.  Conclusion

In this work, the 𝑘-exact multiple-correction scheme for vertex-centered grids was applied, in conjunction with an iterative projec-
tion method, to solve transport equations for reactive flows in the low-Mach number regime. Implemented within the DLR ThetaCOM 
flow solver, this method demonstrates the potential of higher-order spatial discretization within an established production envi-
ronment, preserving spatial accuracy through both 1- and 2-exact formulations. The results validate the advantages of the 𝑘-exact 
schemes over a conventional finite-volume method in terms of accuracy and computational efficiency. The 2-exact scheme achieved 
third-order spatial accuracy on fully unstructured grids, while the 1-exact scheme maintained second-order accuracy, both offering 
substantial improvements over the conventional discretization method.

In various test cases, the 𝑘-exact methods delivered significant computational savings over the conventional scheme. The test case 
of a pseudo-isentropic vortex transport revealed that two sub-iterations of the proposed iterative projection method were needed to 
sustain second-order temporal accuracy, highlighting the computational efficiency of the proposed solution algorithm. The method 
was particularly effective in simulating a flame kernel-vortex interaction, accurately capturing complex, transient reactive flow dy-
namics and proving its applicability to time-dependent reactive flows. Parallel scaling properties were comparable to those of the 
conventional scheme, confirming the approach’s suitability for large-scale computations. Additionally, both 𝑘-exact schemes preserved 
the resolution of integral vorticity and hydroperoxyl mass fraction with half the grid resolution required by the conventional approach, 
reducing computational demands without compromising accuracy. Even at grid sizes further reduced, the 𝑘-exact method accurately 
maintained the vortex-flame kernel interaction, particularly with regard to integral vorticity, while the conventional scheme showed 
substantial deviations from reference results.

The simulation of a turbulent H2/N2-air diffusion flame aided as a comprehensive test for our proposed scheme to be used for 
large-eddy simulations of complex, turbulent combustion problems on fully unstructured grids. The results emphasized the limited 
predictive capability of the conventional scheme in capturing both mean and fluctuating fields of the reacting flow. Conversely, the 
𝑘-exact schemes, including the 𝑘 = 1 variant, provided substantial improvements and reliably reproduce key features of the flame. 
These findings highlight the effectiveness of high-order discretization methods for LES of complex, chemically reacting flows, and 
demonstrate that even lower-order implementations of the 𝑘-exact approach offer significant advantages over conventional schemes.

The proposed approach for the limitation in conjunction with adaptive numerical dissipation control demonstrated superior ac-
curacy and robustness in all considered test cases. In the 1𝐷 advection test case, the 𝑘-exact schemes effectively preserved solution 
features and minimized unwanted limiter activation. In the turbulent H2/N2-air diffusion flame, the limiting approach suppressed 
unphysical species overshoots and clearly improved agreement with experimental data, highlighting its importance for maintaining 
physical fidelity in challenging reactive flow environments.

In conclusion, the proposed 𝑘-exact multiple-correction scheme provides not only enhanced accuracy but also significant efficiency 
benefits for simulating complex reactive flows on unstructured grids, establishing itself as a valuable tool for high-fidelity flow 
simulations in production-level computational environments. For future work, we aim to extend this 𝑘-exact approach to investigate 
its potential in enhancing the accuracy of turbulent reactive flow simulations in applications with complex geometries.
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