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The single parabolic band (SPB) model is a popular, easy-to-use, and somewhat powerful tool to
describe thermoelectric transport and is often employed for material optimization and the extraction of
band structure parameters. While the fundamental limitations of the model are well-known and usually
recognized, a discussion on the uncertainty in the derived parameters when the model is valid is missing,
but indispensable for a qualified comparison and analysis of reported values. In this work, we derive ana-
Iytical expressions for the uncertainty in the modeling parameters—the reduced Fermi level, density of
states (DOS) mass, carrier concentration (n), mobility parameter (14), Lorenz number (L), and electronic
thermal conductivity (Kg) based on experimental uncertainty in the Seebeck coefficient («), electrical con-
ductivity (o), and Hall coefficient (Ry). As the uncertainty in the SPB-derived quantities resulting from
the Seebeck coefficient depends not only on the uncertainty of the Seebeck coefficient but also on the See-
beck coefficient value itself, it is discussed in detail. The uncertainty in the most cited parameter derived
from the SPB model, i.e., the DOS mass, is dominated by the uncertainty arising due to «. For a relative
uncertainty of 5% in « alone, the uncertainty in the DOS mass ranges from 5% to 15% for 50400 pV/K,
whether scattering of electrons by acoustic phonons, polar optical phonons, ionized impurities, or neutral
impurities is assumed. Associated challenges to accurate and insightful modeling of the thermoelectric
(TE) materials are discussed and exemplified by an analysis of DOS masses for Mg, Si from various liter-
ature sources, where the observed large scatter can be rationalized by large but realistic uncertainties in o

and Ry, thereby highlighting the need for better measurement protocols.

DOI: 10.1103/Iqtf-rvim

I. INTRODUCTION

Thermoelectric (TE) materials utilize temperature dif-
ferences to generate electricity and vice versa. Generators
from these materials are solid-state devices that last long,
are highly reliable, and require virtually no maintenance.
This has prompted their extensive usage in powering space
missions, with the first spacecraft using a radioisotope
TE generator being launched in 1961 [1,2]. Among ter-
restrial applications, TE materials have found commercial
success as the key components in portable coolers [3]
and are being researched for prospective utilization of
waste heat from industries [4]. TE generators suffer from
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lower heat-to-power conversion efficiency than their tradi-
tional counterparts such as turbine-based generators, which
prevents their widespread use. Thus, increasing the per-
formance of TE materials is the focal point of current TE
research.

The performance of a TE material is determined by
the figure of merit, zT = (a’c/k)T, with a higher value
corresponding to a higher efficiency. Here, o denotes the
Seebeck coefficient, o and « denote electrical and ther-
mal conductivity, respectively, and 7 denotes temperature.
Efforts aiming at the synthesis of high z7 materials are
complemented and guided by attempts to understand the
underlying electronic band structures of such materials
[5-7]. Certain parameters associated with the electronic
band structure of a material, such as the density of states
(DOS), mass, m"p, the deformation potential, g, the
band gap, Eg, etc., aid in predicting TE properties and, in
turn, z7. More importantly, knowledge of these parameters
provides quantifiable metrics to further improve exist-
ing TE materials and discover promising new ones. The
simplest way to model the electronic band structure of a

Published by the American Physical Society
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material assumes that a single parabolic band (SPB) is suf-
ficient to describe the electronic behavior of a TE material,
usually assumed to be rigid, i.e., independent of temper-
ature or dopant concentration. At high carrier concentra-
tions (typical of most high-performance TE materials) and
at temperatures below the maximum z7, minority carrier
effects are negligible and the SPB model appears to be
valid. The SPB assumption leads to simple equations for
the measurable thermoelectric transport properties, which
can be solved numerically to obtain material parameters
such as the DOS mass, mobility parameter (u), and lattice
thermal conductivity («r) [8]. Additionally, the maximum
value of zT for a material and the corresponding carrier
concentration (nq) can also be predicted, thus provid-
ing easy guidance for further experimental efforts. The
SPB is also employed to calculate the 8 parameter [8],
given by 8 = (/Lo(m}g/me)3/2T5/2)//cL (here, m. denotes
the rest mass of an electron), which determines the opti-
mal performance of TE materials and is, therefore, an
easy but more convincing metric than z7 for the eval-
uation and comparison of novel TE materials. In more
complex cases, estimation of the effective SPB parameters
aids in band structure engineering (e.g., band convergence
[9], formation of resonant states [10]) or isovalent dop-
ing/solid solution formation [11] and is, thus, crucial for
fast material optimization. However, the most powerful
demonstrated use of the very simple SPB modeling has
been in confirming predicted band structure modifications,
such as in Mg,Si;_y, Sn, [9], where the highest apparent
DOS mass for x = 0.7 confirmed band convergence for this
particular composition. Even when the SPB model is not
applicable, it can provide critical information about the
electronic band structure, e.g., for CaZn,Sb,-CaMg,Sb;,
where an abrupt change in the apparent DOS mass pro-
vides experimental evidence of valence band crossing [12].
The material parameters obtained using the SPB model
can be compared with those obtained from first-principles
methods to check for inconsistencies and generate confi-
dence in our understanding of material properties. More-
over, when more advanced models (like two- or three-band
models) are required to model the data, pertinence of the
SPB model is preserved as it provides starting points and
consistency checks for these models [13,14]. These advan-
tages have prompted a large number of TE researchers,
particularly experimentalists, to adopt SPB modeling to
varying degrees in their research [9,10,15-25].

The SPB model is inapplicable when the conducting
band is nonparabolic or when more than one band partic-
ipates in carrier transport [13,26-29]. For materials with
these features, the SPB model cannot predict the maximum
zT. Even in materials for which the transport properties
can be described with two degenerate bands, where the
SPB model has been shown to be applicable, the carrier
concentration cannot be predicted accurately, which limits
its utility in further analysis of the material properties

[30]. Moreover, it has been observed that good thermo-
electric materials have complex band structures [31-34]
and, therefore, the SPB model can provide only limited
insights into most materials of interest. While these limi-
tations of the SPB model are well-known and documented
[31], the uncertainty arising from the experimental data,
ie, — o, o, k, and Hall coefficient (Ry), used to obtain
microscopic parameters from the SPB model is, gener-
ally, ignored. The uncertainty in measurement of the TE
properties often varies with temperature [35] and from
instrument to instrument. While several reports indicate
that the uncertainty in the Seebeck coefficient is around
3%—5% [36—41], Mackey et al. [42] estimated that this
uncertainty could be as high as 13% at ~1300 K using a
finite element analysis. The uncertainty in electrical con-
ductivity is reported to be between 3% and 7% [37,41,42].
The reported uncertainty in the Hall coefficient varies from
~5% to ~10% [43—46]. Round-robin tests for thermal con-
ductivity indicate that the uncertainty ranges from ~3%
to ~9% between 300 and 800 K [38,47]. Certainly, the
experimental uncertainty is not negligible. As discussed,
changes in SPB-derived quantities are often employed to
identify or confirm characteristics of the transport or the
electronic band structure model that go beyond a simple
rigid SPB model, e.g., nonrigidity, nonparabolicity of the
band structure [26,31,48], multiple contributing parabolic
bands [30,49,50], etc. In such cases, the SPB-derived quan-
tities can still provide clues about the band structure of
the material, e.g., the observed variation of the DOS mass
with varying carrier concentration can be used to identify
or confirm such phenomena. However, such changes in
the SPB-derived quantities can only be used for physical
interpretation if the uncertainty in the SPB parameters is
smaller than the effect of changes in the electronic band
structure. Among all the parameters obtained using the
SPB model, the DOS mass is the one that is related clos-
est to the chemical composition of the material and least
to the microstructure (i.e., grain size, phase constitution,
and grain boundary type) and, hence, to synthesis routes
with details that vary from lab to lab. It is, therefore, in
principle most suitable for interlab comparisons, in con-
trast, e.g., to the scattering potentials and lattice thermal
conductivity, which are very sensitive to the microstruc-
ture. However, a large scatter is commonly observed while
comparing reported DOS mass values for a given TE mate-
rial, making it difficult for researchers to validate their own
findings by means of comparison. Therefore, it is crucial
to estimate the fraction of the scatter that can be expected
from experimental uncertainty.

There is limited literature available on the propagation
of uncertainty of experimental data in the SPB-derived
quantities. Crawford et al. [51] discuss the impact of sys-
tematic error on the SPB-derived quantities with a hypo-
thetical example, when the measurement of the Nernst
coefficient is also available. To the best of our knowledge,
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a generalized discussion on the propagation of uncertainty
of the experimental data into band structure modeling
parameters is missing. Therefore, in this work, we present
a systematic study of the uncertainty in the SPB-derived
quantities arising from the uncertainty, in the form of stan-
dard deviations, in the experimental quantities, i.e., «, o,
and Ry. Additionally, a curve fitting for relevant SPB
parameters is employed to enable researchers to quickly
evaluate the associated uncertainty based on their own esti-
mate of measurement uncertainty. Interestingly, the most
widely used SPB-derived parameter, i.e., the DOS mass, is
determined to have a very high uncertainty. Finally, as an
example, the discrepancies in the values of the DOS mass
for Mg, Si from 19 literature sources have been analyzed. It
has been found that ~16% uncertainty in both the Seebeck
and Hall coefficients can account for the observed scatter in
the DOS mass values, highlighting the need for improved
measurement protocols.

II. Theory

For most of the heavily doped TE materials, the minor-
ity carriers have a negligible effect on the TE properties,
namely «, o, Ry, and «, for a wide range of temperatures.
For such materials, a single parabolic band description
is assumed to be sufficient to model these properties. A
detailed discussion on the SPB model itself, with its mer-
its and shortcomings, can be found elsewhere [8,30,49].
When the SPB model is used to derive band structure
parameters, the uncertainty in the experimental data (here,
o, o, and Ry) propagates into these derived quantities.
Measurement uncertainty is quantified in terms of the stan-
dard deviation, SD, of the measurement, i.e., a measure of
variability in the measured data, which is defined as SD =
VA/n=T1) Y }_, (qx — §)*, where gy is the kth measure-
ment and ¢ is the mean of the measurand. The general
formula for estimating SD of a quantity 4, which is a func-
tion of xy, ..., x,, in terms of the SDs in each of x4, ..., x,,
is given by [52]

) , (94 , (04
sD; =D, (5 ) +Pu( 5y ) +

1
94 \?
) . (1)

0xp

+ 8D, (

The SPB model is derived from the Boltzmann transport
equation, where an applied force shifts the carriers away
from equilibrium and collisions tend to bring the carriers
to equilibrium. Thus, carrier transport is governed by the
scattering mechanisms that, for simplicity, are character-
ized by a carrier relaxation time [53]. The SPB equations
provided here assume a power law form of the relax-
ation time, T, given by T = 19e*~%3, where A is called
the scattering parameter with its value depending upon

the scattering mechanism and ¢ is the carrier energy £ in
reduced units, i.e., € = E/kgT, where kg and T denote the
Boltzmann constant and temperature, respectively. Next,
we use the following form of the Fermi-Dirac integrals:

Fi=Fi(m)
_ 1 /o" & de
S TG+DJo 1+expe—n)

forj > -1, (2)

where I' denotes the gamma function and F; relates to
a slightly different form of the Fermi-Dirac integral, F;,
which is commonly used in the SPB equations. This is
given by

Fy( )—/oo L —
)y T expie — )
=T + DF () forj > —1. 3)

It is advantageous to use Eq. (2) since, unlike Eq. (3), it
is defined for negative integers using the identity F;_; =
dF;/dn [54]. This property is used when deriving the
expressions for computing SDs using Eq. (1). The ana-
lytical expressions are derived assuming that A is known.
The relevant SPB equations [8] using F;, along with the
expressions for the respective SD [derived from Eq. (1)] in
the SPB model-derived quantities, are listed below.

1. The reduced Fermi level (1) is determined first,
using the expression for the Seebeck coefficient

B <@> ((2+)»)F()»—|—2)]:A+1 _ ) @
“\¢)Uarorarns )

As n depends only on the Seebeck coefficient, SD in n is
given by

2
SD? = SD? on ) 5)
" “\ da

Since Eq. (4) is an invertible function, dn/do can be
expressed analytically using the expression

an 1

da  da/dn’

The reduced Fermi level, n, for typically good TE mate-
rials, takes values close to zero, making the relative SD
in n very large and meaningless. However, in most other
cases, it is more convenient and practical to use relative
standard deviation (hereon denoted by sd). For all other
SPB model-derived quantities, sds, denoted by sd, where
sdy = SD4 /A are used, where 4 denotes the absolute value
of the physical quantity for which the relative standard
deviation is being calculated.
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2. The value of 5 is then used to calculate the Hall
prefactor, ry, as

_ 3ﬁ f05(7))(05 + ZA.)F(OS + 2)\.)?(2)\_0'5)
4 14+ 0)32TA 4+ 1) F? '

(6)

rH

Using the Hall prefactor and the Hall coefficient (Ry),
the carrier concentration, n, can be calculated as
follows:

n = ry/eRy. 7

The relative standard deviation in the carrier concentration,
sdy, is given by

SD N\ [ 0r \2 [ an\*
dy* = sdg,” “)(Z2) (L) @
’ ”H+(m><an)<aa) ®
3. The DOS mass, m"p, can be calculated from the
expression for the carrier concentration

2 m* ph T\ >/
n= 2(%) Fip. ©)

Here, kg, e, and & denote the Boltzmann constant, ele-
mentary charge, and Planck’s constant, respectively. Using
Egs. (6), (7), and (9), the DOS mass can be expressed as
follows:

1 \2/3
m}“)zK(R—H> T (10)

Here,

o 3yT\
- anekBT( 8e )

summarizes the quantities that do not depend on 1 and

B ((0.5 +20T(0.5 + 22 .7:2,\0.5>2/ :
A+ AT+ F2

summarizes the Fermi integrals. The relative standard
deviation in the DOS mass, sd,x , is then given by

2
2 2 (sD an\2 [0\
dy? = =sd ) (= b1
s = (3ot ) +(Jm>5) (5e) (552) - a»

4. The electrical conductivity can be expressed as o =
ngepy, where py is the Hall mobility. As uy depends
upon the Fermi level, which in turn depends upon the
carrier concentration or doping, it is often desirable to
work with the mobility parameter (uo), which is an intrin-
sic material parameter. Using o, Ry, and 7, the mobility
parameter can be determined. The expression for o is as
follows [13]:

_ o 0.5+ 2M)T(0.5+21) Fai—os

o= 12
Ry A+ 4+4) F (12)
Using Egs. (6), (7), and (12), uo can be expressed as
2

Here,

o A+0rd4n Fi
O (0.5 4 20)T(0.5 4+ 24) Fosos

The relative SD in the mobility parameter, sd,,, is
given by

SD,\> [ an\? [0, \°
sd,? = sdy” + sdpy” + <J ) (£> <_a;0) )
0

(14)

Acoustic phonon scattering is the most commonly
employed scattering mechanism when modeling thermo-
electric transport properties and the associated mobility
parameter relates to the deformation potential, E 4, by the
relation

71«/gi’z“e,ovlzNVS/3
4E§ef m* 25 (kBT)3/2 i

(15)

Mo,AP =

where p, vj, and N, denote material density, longitudinal
velocity of sound in the material, and the degeneracy of
the electronic band, respectively. Additionally, sdg, . can
then be evaluated as

1 S 2
sdp, ;= <§de0) + (stm*D) _ (16)

5. The Lorenz number (L) is used to evaluate the
electronic thermal conductivity. It is given by

e

I (12)2 A+0C+MIU+MFG+VNFFon — 2+ D) TR+ 1)) Fanr’
- (1+ AT+ )2 F? '

(17)
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As it only depends on the reduced Fermi level, its relative
SD, sd;, is given by

> (SDu\ [0\ oL\’
(2R o

6. The electronic thermal conductivity is calculated
using the electrical conductivity and Lorenz number as
follows:

kg = LoT. (19)

Its relative SD, sd,., is written as

E>

sd.* = sd,* + sdi*. (20)

7. Electronic thermal conductivity is commonly used
to determine «, using the relation, k. = k — kg; sd, is
then given by

deLZ =sd’ + deEz. (21)

8. Finally, the uncertainty in the 8 parameter can be
calculated using

3 2
sdg® = sd,, > + <§sdm5) + sdy, *. (22)

TABLE L.

Obtained from the SPB model using
experimental data

Experimentally
obtained

Band structure

parameter

Material
performance
parameter

Scattering
parameter

FIG. 1. A flowchart depicting the experimentally determined
TE quantities, i.e., @, o, and Ry (orange background) and the
quantities obtained through the experimental data using the SPB
model (blue background).

A flowchart summarizing the experimentally determined
thermoelectric quantities and the associated SPB-derived
quantities is given in Fig. 1. The expressions for the

Summary of the expressions for standard deviations in various SPB model-derived parameters due to SD in experimental

data. Here, sd; and SD; denote relative and absolute standard deviations, respectively. Expressions for related derivatives are given in

Table II.

Experimental
SPB-derived quantity

quantity involved

Expression for standard deviation

Reduced Fermi level, n a

Carrier concentration, n o, Ry
Density of states mass, m7, o, Ry
Mobility parameter, uo o, 0, Ry
Deformation potential, E gef o, 0, Ry
Lorenz number, L o
Electronic thermal conductivity, xg o, 0
Lattice thermal conductivity, p, o, 0, K

B parameter o,0,Kk, Ry

an 2
SD} :SDﬁ(—)
o
SD, \? ory 2 an 2
dn2: d 2 o _
’ SRH+<VH>(3'7)<3“>
2
2 2 SDQ 8Jm* 2 0 2
sdyr? = Ssdr, | + . e ,
b 3 I, an do
B ((0.5 + 20005+ 22) Faross )2/ ’
"o A+ TA+20)7?  F?

SDe\2 (3,0 \2 {37\ >
d2:d2 d2 o Ko il
sdy© = sds” + sdpy” + T on va )

;o 1+ + 1) Fi
KO 0.5 + 20T(0.5 + 24) Fosos

1 /5 2
2= <§sduo> + (stm*D>
Do\ (IL\? [ 0n\?
SdL2 = a — l
L an do
deEZ = sd,? + sd;?

deLz =sd. + sd,cE2

3 2
sd%3 = sa’uo2 + (ESde> +deL2

044085-5



NAITHANI, MULLER, and DE BOOR

PHYS. REV. APPLIED 24, 044085 (2025)

TABLE II
the SPB parameters, as given in Table I.

Expressions for the derivatives of terms dependent on the reduced Fermi level, used in calculating standard deviations in

Derivative Expression in terms of Fermi-Dirac integrals
an I da (e K}—f_ﬂ“}—“‘ ) Q2+ Mr(A+2)
da da/on’ dn  \ ks " F? T+ T+ 1)
For—15FosFE+ fzxo.sfos]:f—z-;':xfxlfzxo.sfo.s>
Koy
orn A
an o _ 3T (05420705 +2)
T4 A4+ 0T +0)?
2 Focos\ Fono15F = 2F Fro1Fanos
0 37\ 2 T
n K <(0.5+2A)F(0.5+2A)>2/3
Ty =\ (14 WA+ 2))>
Fra1Fo—o5 — Fa15F
Ko 2
8y Fri-os
an A+ Mrd+a
0 T 0.5+ 20T (0.5 + 21)
ks\* 1
(£> —— K (Fio1Fipa + Foni F)F? - 2K Fi1 Fy = 2 Fo1 (K FoFogn — KinFoi1?)
oL e ) KpF)
an Kii=1+M)C+MIA+MTG+1); K= Q2+ 2MXT2+A)5

Kis = 1+ 20> + 1))?

SDs in various SPB-derived quantities are summarized in
Table I and related expressions for derivatives are given in
Table I1.

ITI. RESULTS

Acoustic phonon (AP) scattering (A = 0) is the most
commonly employed scattering mechanism within the
SPB model, as it has been found to fit the experimen-
tal data quite effectively above room temperature [8]. As
most known TE materials are polar, polar optical phonon
(POP) scattering (A = 1)is also a relevant scattering mech-
anism to consider [53,55,56]. Additionally, we have con-
sidered ionized impurity (II) scattering (A = 2), which is
relevant for doped materials, in particular at low tem-
peratures, and neutral impurity (NI) scattering (A = 0.5),
which might be relevant at very low temperatures for
lightly doped materials [53]. Since the dependence of the
SPB-derived quantities on o, Ry, and « is straightforward,
their dependence on only o needs to be analyzed fur-
ther. The partial derivatives given in Table II indicate the
SPB-derived quantities’ sensitivity to changes in the Fermi
level and, in turn, the Seebeck coefficient. These deriva-
tives are plotted in Figs. 2(b)-2(f). The Fermi integrals F;
are integrated numerically for j >—1 and F_, 5 is evalu-
ated using the relationship F_15 = dF_¢s/dn. For F_1,
the analytic expression 7_| = 1/1 4+ ¢~ " [54] is used. The
Seebeck value for heavily doped materials, which is gen-
erally required for high z7, is typically <200 pV/K. From

Fig. 2(b), it can be seen that the reduced Fermi level is most
sensitive to the Seebeck coefficient value in this range.
Thus, even a small uncertainty in o would lead to a large
uncertainty in 1. The difference between different scatter-
ing mechanisms is most pronounced in the sensitivity of
the mobility parameter to n. This is not surprising as the
calculated carrier mobility is likely to be most affected by
the scattering mechanism. For NI scattering, the mobil-
ity parameter and the Hall prefactor are independent of »
[Egs. (6) and (15)] and, therefore, are not sensitive to it.
Sensitivity to 1 is only an intermediate factor in evalu-
ating the uncertainty in SPB-derived quantities due to the
relative SD in the Seebeck coefficient (denoted by sdy 4
where A4 is an SPB-derived parameter); sd4, can be eval-
uated using the expressions given in Table II, assuming
sd,? = stH2 = 0. For sd, =0.01 (the plots can be eas-
ily scaled according to the actual value of sd,), SD, and
sdy o are visualized in Fig. 3. Figure S1 in Supplemen-
tal Material [57] (including references [13,58,59]) shows
the relative SD in n for 1 <7 < 10 for AP scattering. The
standard deviation in the Fermi level at low values of
the Seebeck coefficient (typical for heavily doped mate-
rials) is quite high and varies among different scattering
mechanisms; 1 depends on the carrier concentration and
doping level and is not an intrinsic feature of the band
structure. Among other SPB-derived quantities, the DOS
mass—an important quantity associated with the electronic
band structure—is by far the most affected. Assuming
sdy = 5% (based on round-robin tests’ reports [39,40])
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FIG. 2 (a) Seebeck coefficient as a function of the reduced Fermi level for different scattering mechanisms. (b) Sensitivity of the
reduced Fermi level to the Seebeck coefficient. Sensitivity of the (c) Hall coefficient, (d) density of states effective mass, (¢) mobility
parameter and (f) Lorenz number to the reduced Fermi level (factors in the expressions of these SPB-derived quantities containing
the reduced Fermi level are listed in Table I and the analytical expression for their derivatives plotted here are given in Table II). AP,
POP, II, and NI denote the results assuming scattering with acoustic phonons, polar optical phonons, ionized impurities, and neutral
impurities, respectively.

leads to sd,; , = ~8.5% at 200 pV/K for all scattering
mechanisms considered. To estimate sde,a directly from
the Seebeck coefficient, second-order polynomial fitting
was employed for AP scattering as shown in Fig. 3(c). As
Sdm*D,a for all considered scattering mechanisms are very

similar in the fitting range, the same polynomial function
can also be used to estimate Sdm*D,cx for other scattering
mechanisms. For all scattering mechanisms considered
here, Sdmz"),a can be evaluated with a maximum deviation
of 7% between 40 uV/K and 600 pV/K using (with o
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FIG. 3 (a)H(e) Standard deviations in the SPB-derived quantities only due to a standard deviation of 1% in the Seebeck coefficient.
Here, sd and SD denote relative and absolute standard deviations, respectively.

in pV/K)

sy (@, 5dy) = sdg(bo +brar + bya?),  (23)
where by=8.115x 107!, by =4.113 x 1073 (uV/K)~},
and b, =4.019 x 107° (uV/K)~2.

Similarly, curve fitting for SD, ., and sd,,0, for AP scat-
tering was employed and is shown in Fig. S2 with the
associated functions and parameters given in Table S1 of

the Supplemental Material [57]. The accuracy of these fits
in the form of residuals is shown in Fig. S3 in the Sup-
plemental Material [57]. The peak value of sd; for AP
scattering is the highest among all the mechanisms con-
sidered, at a maximum of ~1.5% for sd, = 5%. Thus, sd;
can generally be ignored if sd, is small. The highest val-
ues of sd,, and sd,, . are observed for II scattering. For
sdy = 5%, sd,, , would have the maximum value of ~2.5%
at ~250 pV/K and sd,,;, would have a maximum value
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of ~7% at ~40 pV/K. While ignoring sd,, might not
cause any significant deficiencies in any modeling analy-
sis, sd,,, » can generally not be ignored. However, for AP
and POP scattering, sd,,, , remains small and, by assuming
the measurement uncertainty in the electrical conductivity
to be 5%, Eq. 14 gives the maximum total uncertainty in
Lo as ~5.6%. Thus, for these two mechanisms, the uncer-
tainty in uo caused by sd, is small if sd, is comparable
with or higher than sd,,, which is typically reported.

We have shown the uncertainties assuming a few com-
monly employed scattering mechanisms. The effect of
different values of the scattering exponent can be observed
for a general A by evaluating the standard deviations at
fixed values of the reduced Fermi level. This is plotted
in Fig. S4 in the Supplemental Material [57]. Here, sd, 4
and sd,,x  increase monotonously with A while changes in
S and sd;, are not monotonous for chosen values of 7.
For low values of sd,, sd; can still be ignored.

In Fig. 4, we plot the relative uncertainties in the SPB-
derived parameters for AP scattering as a function of the
Seebeck coefficient values, assuming sd, = sd, = sd, =
5% and sdg, = 10%. Uncertainties in n, uo, kg, and k.
remain largely unaffected by the Seebeck coefficient val-
ues at ~10%, ~12%, ~5%, and ~7%, respectively. For
m7,, the uncertainty increases strongly with increasing See-
beck coefficient and uncertainty between ~8% and ~17%
for 50400 pV/K (typical range for most of the good TE
materials) can be expected. For the same range of Seebeck
coefficients, the uncertainty in Eg4r amounts to between
~12% and ~20% and, in the B parameter, is between
~18% and ~30%.

n
64 2 0 -2 —4
“1Ainsd, '
36 | n(a,Ry) — kg (@,0)
32_- —mﬁo (a,Ry) K (a,0,6)
28 ] Mo (aoRy) —— B(ayo.x)
|7 Eses (2, ,Ry)

24
20
16 |
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1]
0 100

FIG. 4. Uncertainties in SPB-derived quantities for 5%, 5%,
5%, and 10% of uncertainty in «, o, «k,and Ry, respectively.

IV. DISCUSSION

The uncertainty in the DOS mass obtained from the SPB
model has many implications. Firstly, while comparing lit-
erature values for the DOS mass, one should account for
the associated uncertainty based on Fig. 4. Secondly, it
should be noted that the uncertainty in mj, is higher for
higher values of the Seebeck coefficient. A higher See-
beck value is associated with the measurements of samples
with large band gaps, with low doping or measurements
at high temperatures. Materials with large band gaps or
low doping are often poor TE materials and of less practi-
cal significance. However, often materials are synthesized
with varying carrier concentrations in order to optimize
material properties. If the doping concentration is varied
for a material for which the SPB assumption is valid, the
resulting room temperature Seebeck coefficients will dif-
fer, with the lower-doped material having a higher Seebeck
coefficient. Given that the uncertainty in mj, for a higher
Seebeck coefficient is higher [Fig. 3(c)], the m}, value for
this sample could be quite different than the one for the
sample with higher doping (or lower Seebeck coefficient).
This difference could be misconstrued as a manifestation of
an erroneous SPB assumption and attributed, for instance,
to the influence of the minority carrier band. The Seebeck
coefficient also increases with temperature for most highly
doped TE materials and so does the experimental uncer-
tainty [35]. Thus, at high temperatures, sd,; is higher due
to an increased Seebeck coefficient and enlarged experi-
mental uncertainty compared with the room temperature.
In this case, for a single sample, the uncertainty in mj,
increases with temperature and any deviation from the SPB
model, which one would expect to see at high tempera-
tures, could lie within the error bars, making it difficult to
comment on the nature of the electronic band structure.
Additionally, an even higher uncertainty is observed for
the deformation potential. As E 4 is also more affected by
sample-to-sample variations due to the impact of changes
in the microstructure, its high uncertainty due to the uncer-
tainty of the underlying measurement quantities makes its
analysis and comparisons among literature values all the
more challenging. As the 8 parameter is impacted by the
uncertainties of all four measurement quantities, it pos-
sesses the highest uncertainty among all the SPB-derived
quantities. Thus, the significant uncertainty in the 8 param-
eter must be considered when employing it to prioritize one
material over the other.

So far, we have looked at uncertainty in measurements
in terms of standard deviation. While it is more practically
relevant, another aspect of measuring a physical quan-
tity is error. Error is the difference between the measured
and true value (principally unknown). Instances might
occur where a measuring apparatus systematically under-
or over-estimates a physical quantity. Martin [35], using
a custom-built apparatus, demonstrated that a four-probe
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measurement overestimates the Seebeck coefficient due to
nonideal thermal contact between the sample and thermo-
couple. In this design, the cold finger effect (asymmetric
parasitic heat flow from the sample to the environment)
leads to an underestimation of the temperature difference
and, thus, leads to an overestimation of o [42,60]. On
the other hand, for the two-probe arrangement, poor ther-
mal contact leads to an overestimation of the temperature
difference and, hence, an underestimation of the Seebeck
coefficient. Microprobe measurement techniques also usu-
ally underestimate the Seebeck coefficient [61,62]. Finite-
sized contacts in the van der Pauw configuration lead to
systematic under- or over-estimation of the Hall coeffi-
cient and electrical conductivity, depending on the ratio of
material and contact resistivity, and it can be challenging
to calculate the corresponding correction factors [63,64].
Thermal conductivity and z7' measurements also have sys-
tematic errors due to radiation loss to the environment at
high temperatures, leading typically to an overestimation
of k¥ and an underestimation of z7 [65—67]. If an estimate
of the amount of under- or over-estimation can be made, it
is possible to correct for it. However, it is more common to
know the direction of the error than its magnitude. There-
fore, it is worthwhile to assess the impact of measurement
error on the SPB-derived quantities. As my, is least affected
by microstructure or synthesis routes, making it easier to
compare among samples, we discuss how it is affected by
error in the measurement of o and Ry. Since (dn/da) < 0
[Fig. 2(b)], an overestimation of « leads to an underes-
timation of n. For dn <0, dJ,: is positive [Fig. 2(d)],
which implies that, for an overestimated «, m}, would be

@ 0 . —— . . .
T (oee = 100pV/K
Ry true =5x10°m%/C -
1.10 S
£ |
*S .
1S (+0) (0)
m
& 1.00 O u -
*Q
T ++) (0,0) --)
| |
0.90 - (0,4+) (=0) .
|
(_l+)
090 098 105 113
Nspa/Nirye
FIG. 5.

overestimated. If Ry is overestimated, n (o< (1/Ry)) is
underestimated and so is, in turn, m},(oc n%/3). Thus, there
is a compensating effect of the overestimation in both o and
Ry on mj,. Based on accurate, over-, and under-estimation
of @ and Ry, 9 (3%) combinations of measurements are
possible.

In Fig. 5(a), we use true values of 100 pV/K and
5 x 1078 m?/C at 300 K for o (with 5% error) and Ry (with
10% error), respectively, as an example, and plot mj, and
n for those nine measurement combinations; AP scatter is
assumed here but, as observed in Fig. 3, the calculation
results for POP would be very similar. Using Egs. (4), (6),
(7), and (10), the true values of m}, and n are determined as
1.33 x 10?® m~2 and 1.32 m,, respectively, while the other
results are calculated using the same equations with the
over- or underestimated values. It can be observed from
Fig. 5(a) that the scatter in SPB-derived quantities, based
on the specified example, can span across ~+15% and
~=£10% for mj}, and n, respectively. The standard devia-
tion according to the equations in Table I (within which
~68% of all the values lie for a normal distribution), is
~=£8% and ~+10% for m}, and n [yellow rectangle in
Fig. 5(a)], respectively. Usually, the offset in measurement
is unknown and it is not possible to correct for errors,
but this could be an additional source of scatter in data
while comparing measurement results from different lab-
oratories. Even while comparing data within one lab and
for the same material, systematic errors in the measured
properties can show up as a systematic change in the SPB-
derived quantities. In Fig. 5(b), we plot the variation of
the SPB-derived m}, with n for a 5% overestimation of «

(b) 5 ;
v v v
v v v v v v v
Bl i it o e i e i N e et e (o i e £ )
)
g
=" True m', (m,)
E m 05 A 2
°
o o 1 v 4
E A A A AT A A A A A a
(T e e T L L Ll s g e e gy
9
m
o
(2]
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(a) SPB-derived mj}, and n from the Seebeck and Hall coefficients for nine combinations of 5% and £10% errors, respec-

tively. First and second place in the brackets indicate error directions of the Seebeck and Hall coefficients, respectively, with 0, 4-, and
— indicating accurate, overestimated, and underestimated quantities, respectively. The dark yellow rectangle indicates the span of one
standard deviation from the true values of m}, and n, as calculated from the equations in Table I. (b) SPB-derived mj, vs n for four
hypothetical SPB materials calculated assuming 5% overestimation of o and 10% underestimation in Ry. The dashed lines represent

the true values of mj, for each case.
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and a 10% underestimation in Ry, as it corresponds to the
scenario which would result in maximum error in m},. Four
true values of m}, ranging from 0.5m, to 4m, (which would
physically correspond to four different material composi-
tions following the SPB model) are chosen. For each case,
the m}, vs n plots could be misinterpreted to conclude that
the SPB assumption is invalid when, in fact, the system-
atic variation of mj, with » is simply a manifestation of the
systematic errors in « and Ry. It is also observed that the
relative error escalates with increasing my,, as for the plot-
ted range of n, it varies from 13.2% to 12.6% for m},=0.5
and from 20.9% to 14.5% for mj,=4. This provides fur-
ther motivation to improve the measurement techniques as
well as poses a significant challenge for obtaining reliable
microscopic parameters using experimental data.

As mj, is the most cited band structure parameter, which
is extracted using SPB modeling, it is common to com-
pare literature values and almost equally common to find
discrepancies in those values. In Fig. 6, assuming only
AP scattering, we compare room temperature (RT) or near
RT values for mj,, calculated using Seebeck and Hall
coefficients in a temperature range between ~300 and
~380 K, collected from various literature sources [62,68—
85] (including data available on Starrydata2 [86]). The
samples had a nominal composition of Mg, ;Sij_,A,,
where 0 <8< 0.12 and A denotes dopants (most of the
samples were either Bi or Sb doped) with x <0.07. A large

18 ° ° -

@ Experimental data
0.4 e \eaN o
Envelope containing 1 SD of m,

023 -
0.1 L* 4 T T T T T T
0.001 0.500 1.000 1.500 2.000 2.500 3.000
n (10%m™3)

FIG. 6. Effective mass, mj},, for Mg,Si, plotted as a function
of the carrier concentration. Here, mj, is calculated using the
SPB equations from « and Ry values at or near room temper-
ature from various literature sources and the pink lines indicate
the envelope of the mean effective mass =+ the standard deviation
assuming sdg,, = sd, = 15.7%. An SPB effective mass obtained
from calculated transport properties using a three-band model of
Mg, Si [89] is also plotted along with an uncertainty envelope
assuming 5% and 10% uncertainty in « and Ry, respectively.

scatter (sdys = 41%, assuming normal distribution) in mj,
is observed, far from a constant value one would expect
from a material that follows the SPB model. There could be
various reasons for the scatter. For instance, grain bound-
aries with different properties than the bulk might influence
the overall measured “composite” properties [87,88]. As
grain size varies among preparation routes and samples,
differences in grain sizes could have some systematic effect
on « and Ry values leading to differing values of my.
However, upon segregating the data according to different
parameters such as grain size, material density, Mg con-
tent, and dopant species, wherever the information was
directly available (Fig. S5 in the Supplemental Material
[57]), we found no clear evidence that these attributes
could resolve the observed scatter. Next, we calculated the
amount of overall experimental scatter in « and Ry, which
would lead to the observed scatter in m},. We calculated
the mean of the all the mj; values (which equates to 1.12
m,) and assumed it to be the single true value of mj}, for
all the data shown. Using this true mj, value, we calcu-
lated the theoretical « for each n value plotted on the graph.
Assuming equal uncertainty in & and Ry, and using

2 2
2 2
Sdmz) = <§SdRH> + (Sde,a)

[with the empirical fit for sd,; , given in Eq. (23)] for
each value of the theoretically calculated «, we calculated
the standard deviation for & and Ry, which would produce
an envelope that contains ~68% or one standard deviation
of all the mj, values. This gave 16.4% of sdr, and sd,
each and is also shown in Fig. 6. A similar analysis was
also performed on CuGaTe,, which is also usually mod-
eled with a single parabolic band [59] and, coincidentally,
the scatter in the SPB mass could again be explained by a
high uncertainty of 19% in sdg, and sd, ., (Fig. S6 in the
Supplemental Material [57]).

While this uncertainty is plausible for Ry at the first
glance, this is a fairly high uncertainty for o, especially
considering that the uncertainty in « from round-robin
tests has been reported to be around 5% [38—40]. Due to
the availability of limited literature data, this estimated
standard deviation likely provides an upper limit on exper-
imental uncertainty; the actual experimental uncertainty
could still be lower but probably is not as low as is
often reported. It is possible that round-robin tests reflect
the most careful measurement conditions with the best
samples and, practically, the measurement conditions and
samples used in “standard measurements” are not cho-
sen as carefully. It should also be noted that values for
mj, have not been calculated in all the publications and,
thus, unexpected differences between comparable samples
might not have been identified at the time of the mea-
surement. Systematic errors varying among instruments
could also be a contributing factor in this large uncertainty.
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Furthermore, we have assumed equal uncertainties for o
and Ry here, while, e.g., a slightly larger uncertainty in
Ry would lead to a reduced uncertainty in o required to
explain the observed scatter. Finally, the calculations are
performed assuming that Mg,Si can be described by an
SPB model. Non-SPB features might be masked by the
scatter, in which case it is not the DOS mass that is being
calculated but the SPB effective mass [90] for which this
calculation of experimental uncertainty is not applicable.
The exact band structure parameters for Mg,Si are dis-
puted and there is no generally accepted parameter set,
with uncertainty in particular with respect to the ener-
getic difference between the two lowest lying conduction
bands. Recently, Agrawal ef al. [89] fitted a 1VB +2CB
model to experimental data of a few differently doped sam-
ples and obtained a lower energetic difference between the
two conduction bands than assumed earlier. Using their
band structure model (parameters are listed in Table 4 in
[89]) as an estimate of the potential influence of a further
conduction band, we generated the Seebeck and Hall coef-
ficients. Carrier concentration and the SPB effective mass
were then calculated using the SPB model and are plotted
in Fig. 6. With uncertainties of 5% and 10% assigned to
o and Ry, respectively, the envelope of uncertainty (dotted
red) around this SPB effective mass is also shown in Fig. 6.
Most of the experimental data lies far away from this enve-
lope and the expected systematic increase of the effective
mass with carrier concentration cannot be inferred from
the data. Thus, even if there is potentially an influence of a
second conduction band, the analysis shows that the (large)
experimental uncertainty is at least partially responsible for
the observed scatter of the data.

The results of the uncertainty analysis of SPB-derived
quantities can also be qualitatively extended to more com-
plex band structures, e.g., one valence band (VB) and
one conduction band (CB) model (with parabolic bands).
At high temperatures, the minority carrier effects can-
not be ignored and evidence of mixed conduction can be
seen clearly in the transport properties of the material.
For example, the Seebeck coefficient starts to decrease
according to the following equation [13]:

o = YeBocB + avBOVB
ocg + ovB

24

Here, the subscripts denote the contributions from the two
bands. As the two contributing Seebeck coefficients have
opposite signs, this leads to a lower net o at high tem-
peratures. Mixed conduction is of practical relevance as,
generally, the maximum z7 is attained at temperatures
directly below the temperatures at which mixed conduction
can be observed in the transport coefficients. As transport
properties can be expressed as functions of the respec-
tive values of the individual bands, it is therefore plausible
that the parameters extracted from more complex models

depend on the uncertainties of the underlying measurement
quantities at least as sensitively as for the SPB case. A key
difference between single carrier transport and mixed con-
duction is the sensitivity of n on « and, for exemplary
cases, we find that dn/da is much larger in the mixed
conduction regime (Fig. S7 in the Supplemental Material
[57]). Even though further analysis is required to substan-
tiate the point, this indicates that the provided estimates for
the SPB-derived parameters represent a lower limit for the
uncertainty in more complex cases.

V. CONCLUSION

In this work, we derive analytical expressions for the
uncertainty of semiconductor parameters extracted from
the SPB model based on uncertainty in measuring the
thermoelectrical properties, i.e., Seebeck coefficient, «,
electrical conductivity, o, and Hall coefficient, Ry. While
the uncertainty in SPB-derived quantities due to o and
Ry can be calculated in a straightforward manner, their
dependence on the Seebeck coefficient is more complex
and is, therefore, discussed in detail. Scattering by acous-
tic phonons, polar optical phonons, ionized impurities,
and neutral impurities is considered. The uncertainty in
most SPB-derived parameters also depends on the scatter-
ing mechanism. However, for the DOS mass, m},, which
is the most cited, relevant, and easy to compare param-
eter derived from the SPB model, the uncertainty does
not change among different scattering mechanisms con-
sidered. A convenient fitting function is also provided to
quickly estimate the uncertainty in mj, due to uncertainty
in o, bypassing the need for evaluating Fermi integrals. As
acoustic phonon scattering is most commonly employed
as the dominant scattering mechanism, overall uncertain-
ties are quantified and reported for it. Based on literature
reports, we assume uncertainties in «, o, k, and Ry to
be 5%, 5%, 5%, and 10%, respectively. For 5% uncer-
tainty in o, the uncertainty in the Lorenz number can be
ignored and the uncertainty in the carrier concentration,
mobility parameter, and electronic thermal conductivity
due to the uncertainty in « are quite small (<0.5%, <2.5%
and <1.25%, respectively). The uncertainties in uo and kg
are ~11% and ~5%, respectively. The deformation poten-
tial has the highest uncertainty among all the SPB-derived
quantities, varying from ~12% to ~20% between 50 pV/K
and 400 pV/K. The uncertainty in the 8 parameter, which
is often used as a criterion for selecting good TE mate-
rials, within the same range of Seebeck coefficients, is
between ~18% and ~30%. We also show that systematic
errors can lead to apparent changes in mj,, which could
be misconstrued as manifestations of the electronic band
structure. While comparing extracted literature values of
mj, for Mg, Si, we observe a large scatter in mJ, (standard
deviation of 41%), which could be explained by a ~16%
standard deviation in both « and Ry, indicating that only
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the measurements performed under ideal conditions with
ideal samples would lead to 5% uncertainty in the Seebeck
coefficient, as reported for the round-robin measurements.
Additionally, non-SPB features can become masked by
the large uncertainty in the calculated mj,, preventing us
from drawing meaningful conclusions about the features
of the electronic band structure. Thus, this work provides
an additional tool to analyze SPB calculations and further
motivation to improve measurement protocols.
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