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Abstract

Quantum master equations are widely used to describe the dynamics of open quantum
systems. All these different master equations rely on specific approximations that may or
may not be justified. Starting from a microscopic model, applying the standard Born and
Markov approximations results in the Redfield equation that does not guarantee to
preserve positivity. The latter is typically achieved by additionally applying the secular
approximation resulting in a quantum master equation in Lindblad form. There are other
ways to obtain an equation in Lindblad form, one of which is the recently proposed
Universal Lindblad Equation. It has been shown that it is in the same equivalence class of
approximations as the Redfield master equation although avoiding the heuristic secular
approximation [1]. In this work, we prove that the solutions of the master equation
obtained by applying the secular approximation are also obtained by an approximation of
the same order as the one performed to obtain the Redfield equation. We hereby provide a
mathematical justification for the secular approximation. We show that the result of
applying the secular approximation is obtained naturally by applying a self-consistency
argument. This shows that the resulting master equation is also in the same equivalence
class of approximations as the Redfield master equation and the Universal Lindblad
Equation. We furthermore compare it to the Universal Lindblad Equation numerically and
show numerical evidence that the master equation obtained through the secular
approximation yields more accurate solutions.
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1 Introduction
The characterization and description of open quantum systems is an important problem in physics
that has been studied for a long time [2]. It is relevant for many fields, including atomic, molecular,
and optical physics. Its significance extends especially to the field of quantum information
processing [3], where describing open quantum systems helps to understand and develop control
techniques [4]. Modern quantum technologies thus require a precise description of open quantum
systems.

A powerful tool in the study of these open quantum systems are quantum master equations.
Their validity, however, is often unclear, as it typically relies on uncontrolled approximations [2, 5]:
starting from the exact Liouville-Von Neumann equation, one performs the standard Born
(assuming weak coupling between system of interest and its environment) and Markov
approximations (assuming short bath memory) to derive the Redfield equation [6].

A more general approach to derive a master equation to describe an open quantum system is
the Nakajima-Zwanzig formalism [7,8]. In its most general form, it leads to an exact but hard (or
even impossible) to solve master equation. This equation is usually truncated to get an
approximate but more easily solvable master equation, although the validity of these
approximations is not always clear [9]. The aforementioned Redfield equation emerges as the lowest
order approximation of the Nakajima-Zwanzig equation [2].

However, the Redfield equation is not a Lindblad master equation, which in particular means
that it does not guarantee to preserve positivity [10–13]. The traditional way to achieve Lindblad
form is through another approximation called the secular approximation. This approximation is
usually performed heuristically by neglecting ”fast oscillating terms”. The resulting equation is
sometimes called the Quantum Optical Master Equation (QOME), which we will call it in this
work. It offers a range of advantages compared to the Redfield Equation [2, 14]. First, being in
Lindblad form, it preserves positivity and so guarantees physicality of the result. Furthermore, a
master equation in Lindblad form can alternatively be solved numerically by stochastic evolution of
pure states [2, 15].
An alternative and novel way to achieve a quantum master equation in Lindblad form, which is
based on the Redfield equation too, is called the Universal Lindblad Equation (ULE) [1]. It does
not rely on the heuristic secular approximation. Additionally, it does not require knowledge of the
system eigenstates to obtain the Lindblad operators, as opposed to the QOME. This makes it more
generally applicable.

In this work we show that the solutions of the QOME are valid up to the same order of
approximation as the corresponding solutions of the Redfield equation it has been derived from.
For this purpose we present a novel, systematic derivation of the QOME, resulting in the exact
same result as applying the secular approximation. This shows that the Quantum Optical Master
Equation belongs to the same equivalence class of Markov approximations as the Redfield equation
and the Universal Lindblad Equation. We furthermore give analytical considerations as well as
numerical evidence indicating that the QOME outperforms the ULE with respect to accuracy.

We present the rigorous derivation of the QOME in section 2. We start by giving a brief
overview of the Nakajima-Zwanzig approach to derive the Nakajima-Zwanzig Master Equation in
section 2.1. We show how this equation is approximated to the Redfield equation and give an
explicit form for the Redfield tensor. We write down the formal solution of the Redfield equation.
This enables us to derive the QOME from the Redfield equation in section 2.2 while showing that
none of the further neglected terms are of higher order than those already neglected to get to the
Redfield equation. This proves that the solution of the thus obtained QOME is valid up to the
same order of approximation as the solution of the Redfield Equation. We furthermore provide an
analytical consideration which indicates that the QOME should yield more accurate results than
the Universal Lindblad Equation in section 2.4.

In section 3, we compare the accuracy of the solutions of the QOME and the ULE numerically
in certain cases where the Redfield equation retains valid results – and it can henceforth serve as a
benchmark. We observe that the numerical solution of the QOME shows a higher similarity to that
of the Redfield equation than that of the ULE. Hence, while the ULE does not rely on knowledge
of the system eigenstates, the numerics indicate that the QOME is a more accurate alternative for
systems where the energy structure is known.

2 The Lindblad Master Equation
In the theory of open quantum systems, the state of a system at time t is described by a Hermitian,
positive semi-definite matrix ρ̂(t) with Tr[ρ̂(t)] = 1 called the density matrix [2]. To describe its
dynamics, it is therefore desirable to use a quantum master equation that preserves these
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properties for any t, that is, it has to be completely positive and trace-preserving. As proven by
Lindblad in 1976 [10], such a master equation can always be written in the form

d

dt
ρ̂(t) = −i

[
Ĥ, ρ̂(t)

]
+

∑
k

γk

(
L̂kρ̂(t)L̂

†
k − 1

2

{
L̂†
kL̂k, ρ̂(t)

})
. (1)

Here, the time evolution of the density matrix ρ̂(t) is fully determined by a unitary part,
generated by the Hamiltonian Ĥ, and a dissipative part given by the Lindblad operators L̂k. Eq.
(1) has been applied to many tasks within a wide range of research fields, from quantum
optics [16,17] and atomic physics [18–20] to quantum information [21–25] and many more.
Although the form of the desired master equation is known, it remains an open question how to
derive such a master equation accurately based on a microscopic model in general. For example,
Ref. [17] illustrates well how the use of an inaccurate Lindblad equation can lead to discrepancies
between experiments and the theory describing them. Hence, given a quantum system of interest
described by the Hamiltonian ĤS that couples to an environment described by the Hamiltonian
ĤB, how do the correct Lindblad operators L̂k in Eq. (1) look like to accurately capture the system
dynamics?

2.1 Preliminaries: Derivation of the Redfield Equation
We consider a total quantum system described by the Hamiltonian

Ĥ = ĤS + ĤB + gĤint. (2)

Here, ĤS and ĤB denote the Hamiltonians corresponding to the quantum system of interest S and
the bath B respectively, while the interaction between system and bath with dimensionless coupling
strength g ≪ 1 is described by the Hamiltonian

Ĥint =
∑
α

Ŝα ⊗ B̂α (3)

that can be decomposed in operators Ŝα and B̂α acting respectively on the system and on the bath
only. We consider dim(ĤS) = z ∈ N in the following.

The standard way to derive a quantum master equation in Lindblad form is to derive the
Redfield master equation first, and to apply the secular approximation afterwards [2, 6]. In the
following, we show that we can achieve the same result by only dropping terms which are of same
order than those we already dropped to derive the Redfield equation.

There are plenty of ways to derive the Redfield master equation, like the phenomenological
approach by Redfield himself by applying the standard Born and Markov approximations [6], or
the Bogoliubov method [12,26]. Here, we use the systematic derivation of the Redfield master
equation based on projection operator techniques as presented in Ref. [2], chapter 9.

We arrive at a master equation in the interaction picture which reads

d

dt
ˆ̃ρS(t) = −g2

∫ t

0

ds
(
TrB

[
Ĥint(t) ,

[
Ĥint(t− s), ˆ̃ρS(t)⊗ ˆ̃ρB

]])
+ O

(
g4
)
, (4)

where we have denoted the reduced density operator of the system and bath by ρ̂S and ρ̂B
respectively, and their interaction picture counterparts as ˆ̃ρS and ˆ̃ρB .

By dropping the terms of O(g4), Eq. (4) becomes the well-known Redfield equation. This
equation can not be written in Lindblad form. In particular, Eq. (4) does not guarantee to preserve
positivity [27].

Let now εk be the eigenfrequencies of ĤS such that Π̂(k) projects onto the subspace indexed by
k. We can write Eq. (4) in the Schrödinger picture using the definitions

Ŝα(ω) =
∑

εk−εk′=ω

Π̂(k)ŜαΠ̂(k′) (5)

and

Γαβ(ω) = g2
∫ t

0

eiωsBαβ(s)ds (6)

with the bath correlation functions

Bαβ(s) = TrB

[
B̂α(t)B̂β(t− s)ρ̂B

]
=

〈
B̂α(s)B̂β(0)

〉
, (7)
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resulting in
d

dt
ρ̂S(t) = −i

[
ĤS, ρ̂S(t)

]
+ R̂ρ̂S(t), (8)

with the Redfield tensor

R̂ρ̂(t) =
∑
ω,ν

∑
α,β

Γαβ(ω)
(
Ŝβ(ω)ρ̂(t)Ŝ

†
α(ν)− Ŝ†

α(ν)Ŝβ(ω)ρ̂(t)
)
+H.c.,

where we dropped the subscript S to shorten the notation, since from now on the considered
density matrix is always the one of that system of interest S. In an eigenbasis of the system
Hamiltonian, Eq. (8) written in component form becomes

d

dt
ρab(t) = −iωabρab(t) +

∑
j,k

Rabjkρjk(t), (9)

where ωjk = εj − εk denote the Bohr frequencies. By definion the matrix elements of R̂ satisfy
Rabjk = O

(
g2
)
and (

R̂ρ(t)
)
ab

= ⟨a| R̂ρ(t) |b⟩ =
∑
j,k

Rabjkρjk. (10)

We first explicitly calculate the term

⟨a| Ŝβ(ω)ρ̂(t)Ŝ
†
α(ν) |b⟩ =

∑
n,m,

ωnm=ω

∑
p,l,

ωpl=ν

⟨a|n⟩ ⟨n| Ŝβ |m⟩ ⟨m| ρ(t) |l⟩ ⟨l| Ŝα |p⟩ ⟨p|b⟩

=
∑
m,

ωam=ω

∑
l,

ωbl=ν

⟨a| Ŝβ |m⟩ ⟨l| Ŝα |b⟩ ρml(t). (11)

We can do the same for the other terms in Eq. (9) and then compare the coefficients in the sum in
Eq. (10). We observe that the elements of the Redfield tensor can be rewritten as

Rabjk =
∑
ω,ν

(
S(1)
ab,ων,jk − S(2)

ab,ων,jk + S(3)
ab,ων,jk − S(4)

ab,ων,jk

)
, (12)

using the definitions

S(1)
ab,ων,jk =

∑
α,β

Γαβ(ω)
∑
m

ωam=ω

∑
l

ωbl=ν

⟨a|Ŝβ |m⟩⟨l|Ŝα|b⟩δmjδlk

S(2)
ab,ων,jk =

∑
α,β

Γαβ(ω)
∑
m

ωma=ν

∑
l

ωml=ω

⟨a|Ŝα|m⟩⟨m|Ŝβ |l⟩δljδbk (13)

and similar definitions for S(p)
ab,ων,jk, p ∈ {3, 4}.

In the next section, we show that there is a systematic method to perform the secular
approximation. We will use this method to simplify Eq. (12). This will yield an equation that is
equivalent to the Redfield equation in approximation order, but is a Lindblad master equation.

2.2 Self-Consistent Analysis of the Solutions to the Redfield Equation
Note that to get to the Redfield equation, we neglect all terms of order O

(
g4
)
= O

(
R2

)
in Eq. (4).

Any further approximation which only discards terms of this order will therefore be self-consistent
and therefore equivalent in approximation order. As we show in the following, the secular
approximation emerges as a direct result of this self-consistency argument.

We start by vectorizing Eq. (9), which reduces the problem of solving the differential equation
to solving the characteristic equation of a matrix. We show that we can neglect certain terms in
this characteristic equation. This leads to the double sums in Eq. (9) reducing to a single sum over
one parameter, which corresponds to the usual way of applying the secular approximation [2].

First, we vectorize Eq. (9). For the indices i, j, k, l ∈ {n ∈ N, n < z} in matrix form we define

c = iz + j, d = kz + l ∈ {n ∈ N, n < z2 − 1}, (14)

4
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so for example in the case of a two-level system the vectorized density matrix can be written as

ρ̂(t) =

(
ρ00(t) ρ01(t)
ρ10(t) ρ11(t)

)
−→ ρ(t) =


ρ00(t)
ρ01(t)
ρ10(t)
ρ11(t)

 . (15)

For the density matrix and the frequencies in the Redfield Eq. (9)) we get

ρc = ρij and ωc = ωij . (16)

We then define the matrices H with

H = −i · diag (ω0, ω1, . . . , ωz2−1) (17)

and R with

Rcd = Rijkl. (18)

The Redfield Eq. (9) can be written as

d

dt
ρ(t) = (H+R) ρ(t). (19)

This system of ordinary differential equations can be solved by the eigenanalysis method. The
general solution is given by [28]

ρ(t) =
∑
j

cje
sjtvj , (20)

where sj and vj are the eigenvalues and eigenvectors of H+R =: M. Plugging in ρ(0) = ρ
0
gives

the unique solution to the initial value problem.
The characteristic equation is given by det (A(s)) = 0 of M, where A(s) = −sI+H+R. Note

again that in the derivation of Eq. (9), we neglected terms of order O(g4). Therefore, if we drop
these in the characteristic equation, the solution will be of the same order of approximation. In the
following, our goal is to show that if we do that, we in fact get back the QOME.

For the following considerations, we distinguish between two types of eigenvalues. Since H is
diagonal, the eigenvalues sj of M have to be of the form sj = iωj + δsj , with δsj = O(R). Note
that O(R) = O(g2) as the Redfield tensor is of order O(g2). If ωj = 0, then we call sj an
incoherent pole. If ωj ̸= 0, then we call sj a coherent pole.

We first consider all the diagonal elements of A that are of order O(g2). We define the set

D =
{
d ∈

{
0, . . . , z2 − 1

}∣∣Add ∈ O(g2)
}
. (21)

This is a finite set. We call its number of elements nD := #D and index its elements by
d0, . . . dnD−1. Note that if c /∈ D, then Acc = O(g0). Furthermore, we have Acd ∈ O(g2) for c ̸= d,
since H is diagonal. Now, we compute the determinant using the Leibniz formula. It follows

det (A (s)) =
∑

τ∈Sz2

sgn (τ)

z2−1∏
i=0

Ai,τ(i) (s)

=

z2−1∏
i=0

i/∈D

Aii (s)


︸ ︷︷ ︸

O(g0)

∑
τ∈UD

sgn (τ)
∏
k∈D

Ak,τ(k) (s)︸ ︷︷ ︸
O(g2nD )

+O
(
g2(nD+1)

)
, (22)

where UD = {τ ∈ Sz2 , τ (i) = i ∀ i /∈ D}. By definition, Aii is of order O(1) for i /∈ D. For all other
c, d we have by definition Acd ∈ O

(
g2
)
. The first term on the right hand side of Eq. (22) is

therefore of order O
(
g2nD

)
. Furthermore, the Aii for i /∈ D are the only elements of A which are

not of order O
(
g2
)
. This means that, except for the aforementioned first term, all other terms

contained in the determinant are at least of order O
(
g2(nD+1)

)
.

Let us consider the equation

det (A(s)) = 0. (23)

5
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We now apply the self-consistency argument. To derive the Redfield equation from the
Nakajima-Zwanzig equation (Eq. (4)), we only kept the terms in the equation that are of lowest
order in g, so terms of order O(g2). All terms of higher order, namely those of order O(g4) were
dropped. For the determinant, as illustrated above, the terms of lowest order in g are of order
O(g2nD ) Therefore, to apply this approximation consistently here, we drop all terms that are of
order O

(
g2(nD+1)

)
. This leaves us with the equationz2−1∏

i=0

i/∈D

Aii (s)

 ∑
τ∈UD

sgn (τ)
∏
k∈D

Ak,τ(k) (s) = 0, (24)

where we can factor out

(∏z2−1
i=0

i/∈D
Aii (s)

)
̸= 0 to obtain∑

τ∈UD

sgn (τ)
∏
k∈D

Ak,τ(k) (s) =: det
(
Ã (s)

)
= 0. (25)

Here, we defined the nD × nD-matrix Ã as

Ã =
(
Ãij (s)

)
i,j∈{0,...,nD−1}

with Ãij (s) = Adidj
(s) . (26)

We can visualize this process by the matrix represented in fig. 1. All the nondiagonal terms of this
matrix are of order O(g2). Only on the diagonal, we can have terms of order O(g0). This means
that the term of lowest order in g has to be the product of all diagonal elements. Furthermore, any
permutation that leads to a term of the same order has to only swap out diagonal elements of order
O(g2). All of these permutations are contained in the set UD.

Hence, we can restrict ourselves to only calculating the determinant of the reduced matrix Ã.
This is equivalent to the fact that, instead of R, we only consider the reduced matrix

R̃ =
(
R̃ij (s)

)
i,j∈{0,...,nD−1}

with R̃ij (s) = Rdidj
(s) . (27)

The elements contained in the reduced matrix R̃ depend on the set D, which differs for coherent
and incoherent poles. For coherent poles, we have

Add = −iωc + δs + iωd +Rdd ∈ O(g2) ⇔ ωd = ωc, (28)

or equivalently
D =

{
d ∈

{
0, . . . , z2 − 1

}
; ωd ̸= 0; ωd = ωc

}
. (29)

For incoherent poles, we have s = δs ∈ O(g2), such that

Add = δs + iωd +Rdd ∈ O(g2) ⇔ ωd = 0, (30)

hence
D =

{
d ∈

{
0, . . . , z2 − 1

}
; ωd = 0

}
. (31)

In both cases, the remaining matrix elements R̃ij satisfy ωi = ωj . Going back to the
non-vectorised notation Rabjk, we find

ωab = εa − εb = ωc = εj − εk = ωjk. (32)

6
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

O(g2) · · · □ · · · □ · · · □ · · ·
...

. . .
...

...
...

□ · · · O(g2) · · · □ · · · □ · · ·
...

...
. . .

...
...

□ · · · □ · · · O(g2) · · · □ · · ·
...

...
...

. . .
...

□ · · · □ · · · □ · · · O(g2) · · ·
...

...
...

...
. . .


Figure 1. Illustration of the simplification process for the matrix. Only permutations that swap O(g2)-elements on

the diagonal are of lowest order in g2. This means we only have to consider the determinant of the reduced matrix

Ã, which consists of the O(g2)-elements together with the squares in the figure.

We found a condition for Rabjk to be negligible, namely that ωab = ωjk. This condition we

insert in the definition (13) of S(1)
ab,ων,jk. We note that by definition for any contribution to

S(1)
ab,ων,jk, we have

ωaj = εa − εj = ω and ωbk = εb − εk = ν, (33)

which implies using Eq. (32) that

ν = εb − εk = (εa − ωc)− (εj − ωc) = εa − εj = ω. (34)

We obtain the same result for the other S(p)
ab,ων,jk analogously. This means that the double sum∑

ω,ν in Eq. (12) will simplify to a single sum.

2.3 Rediscovering The Secular Approximation
To conclude section 2.2, by neglecting terms of higher than the lowest order in g2, we rediscover
exactly the standard secular approximation [2]. Eq. (9) becomes

R̂ρ̂(t) =
∑
ω

∑
α,β

Γαβ(ω)
(
Ŝβ(ω)ρ̂(t)Ŝ

†
α(ω)− Ŝ†

α(ω)Ŝβ(ω)ρ̂(t)
)
+H.c. (35)

It is known that this equation can be cast into Lindblad form [2] by splitting up the coefficients

Γαβ(ω) =
1

2
γαβ(ω) + i Im(Γαβ(ω)) (36)

with

γαβ(ω) = 2Re (Γαβ(ω)) = g2
∫ t

−t

eiωsBαβ(s)ds. (37)

Diagonalizing the coefficient matrix (Γαβ(ω))α,β yields

R̂ρ̂(t) = −i
[
ĤLS, ρ̂(t)

]
+
∑
ω,q

γq(ω)

(
Ŝq(ω)ρ̂(t)Ŝq(ω)

† − 1

2

{
Ŝq(ω)

†Ŝq(ω), ρ̂(t)
})

(38)

with the Lamb shift Hamiltonian

ĤLS =
∑
ω,q

Im (Γq(ω)) Ŝq(ω)
†Ŝq(ω). (39)

We finally arrive at the quantum master equation in Lindblad form

d

dt
ρ̂(t) = LQOMEρ̂ = −i

[
ĤS + ĤLS, ρ̂(t)

]
+
∑
ω,q

γq(ω)

(
Ŝq(ω)ρ̂(t)Ŝq(ω)

† − 1

2

{
Ŝq(ω)

†Ŝq(ω), ρ̂(t)
})

.

(40)

7
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This is the well-known Quantum Optical Master Equation (QOME) [2]. We conclude that the
solutions to this equation are valid up to the same order of approximation as the solutions of the
Redfield equation. The presented derivation shall be understood as the formalization of the secular
approximation. We systematically remove terms of higher order in the coupling strength g between
system and bath from the formal solutions of the Redfield equation. As a result, we obtain the
Quantum Optical Master Equation naturally, as we would by applying the secular approximation
in the traditional, heuristic way.

2.4 Comparison to Universal Lindblad
Eq. (40) is in Lindblad form, but its solutions are valid up to the same order of approximation in
the bath coupling strength g as the Redfield equation. The fact that there is an equation in
Lindblad form, which is in the same equivalence class of approximations as the Redfield equation,
is nothing new though. In fact, Rudner and Nathan have shown that there is another such
equation, the ULE [1]. The core difference to the result obtained here is that the ULE contains
only one Lindblad operator LUL for each q.

It relates to Eq. (40) in that the sum over ω of the Lindblad operators in that equation equate
the Universal Lindblad operator, so

L(UL)
q =

∑
ω

√
γq(ω)Ŝq(ω). (41)

We give an analytical intuition for the better accuracy of the Quantum Optical Master
Equation compared to the Universal Lindblad Equation. Following Ref. [1], the Redfield equation
in the interaction picture takes the form

˙̃ρ(t) =

∫ ∞

−∞
dt′

∫ ∞

−∞
dsF(t, s, t′)[ρ̃] (42)

with

F(t, s, t′)[A] = γθ(t− t′)g(t− s)g(s− t′)[S̃(t), A(S̃(t′)] + H.c. (43)

and

g(s) =
1√
2π

∫ ∞

−∞
dν

√
J(ν)e−iωs (44)

with the bath spectral function J . We transform back to the Schrödinger picture. We get

˙̃ρ(t) = i[HS , ρ̃(t)] +Rρ̃(t) (45)

with

Rρ̃(t) =

∫ ∞

−∞
dt′

∫ ∞

−∞
dsU†(t)F(t, s, t′)U(t)

=

∫ ∞

−∞
dt′

∫ ∞

−∞
ds

(
Sρ̃(t)eiHS(t−t′)Se−iHS(t−t′) − ρ̃(t)eiHS(t−t′)Se−iHS(t−t′)S

)
+H.c. (46)

We consider a two-level system with system Hamiltonian HS = ϵσz +∆σx in the following. In its
eigenbasis, the previous equation reads

Rρ̃(t) =

∫ ∞

−∞
dt′

∫ ∞

−∞
ds

[
γθ(t− t′)g(t− s)g(s− t′)∑

a,b,c,d

eiωdc(t−t′) ⟨a|S |b⟩ ⟨c|S |d⟩ |a⟩ ⟨b| ρ(t) |c⟩ ⟨d|

+
∑

a,b,c,d

eiωab(t−t′) ⟨a|S |b⟩ ⟨c|S |d⟩ δcbρ(t) |a⟩ ⟨d|

]
+H.c., (47)

where |a⟩ are the eigenstates of HS . We calculate the terms for the Redfield tensor by

Rabcd = ⟨a| (R |c⟩ ⟨d|) |b⟩ . (48)
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d
dt
ρ(t) =

G(ω) +G(−ω) 0 0 G(ω) +G(−ω)
0 iω + 2G(−ω) 2G(ω) 0
0 2G(−ω) −iω + 2G(ω) 0

G(ω) +G(−ω) 0 0 G(ω) +G(−ω)

 ρ(t)

G(ω) +G(−ω) 0 0 G(ω) +G(−ω)
0 iω 0
0 0 −iω 0

G(ω) +G(−ω) 0 0 G(ω) +G(−ω)


F (ω) + F (−ω) 0 0 F (ω) + F (−ω)

0 iω + 2F (−ω) 2F (ω) 0
0 2F (−ω) −iω + 2F (ω) 0

F (ω) + F (−ω) 0 0 F (ω) + F (−ω)



QOMEULE

Figure 2. Comparison of the resulting superoperators of the Universal Lindblad equation (ULE) and the Quantum

Optical master equation (QOME) with respect to the Redfield equation. We see that in the case of the Universal
Lindblad equation, in addition to the matrix elements that can be compared to ω, the other matrix elements are also

changed.

We now consider for simplicity a system with S = σz and HS = σx and E0 = 1 and E1 = −1
being the eigenenergies of HS . Defining ω = E0 − E1 enables us to write down the Redfield
superoperator with Ran+b,cn+d = Rabcd explicitly as

R =


G(ω) +G(−ω) 0 0 G(ω) +G(−ω)

0 2G(−ω) 2G(ω) 0
0 2G(−ω) 2G(ω) 0

G(ω) +G(−ω) 0 0 G(ω) +G(−ω)

 (49)

with

G(ω) =

∫ ∞

−∞
dt′

∫ ∞

−∞
dsγθ(t− t′)g(t− s)g(s− t′)eiω(t−t′). (50)

We describe the two approaches to bring the Redfield equation into Lindblad form:

• For the Quantum Optical Master Equation, we remove all the terms except
R00,R03,R30,R33.

• For the Universal Lindblad equation, we replace the function G by the function F defined
by [1]

F (ω) =

∫ ∞

−∞
ds′

∫ ∞

−∞
dsγθ(s− s′)g(s− t)g(t− s)eiω(t−s′). (51)

The changes made by the Quantum Optical Master Equation and the Universal Lindblad
Equation are visualized in Fig. 2. We see that for this simple case, the terms removed by
application of the secular aproximation are only the ones which are dominated by ω anyways. In
the Universal Lindblad case, the other matrix elements are changed as well. Since in the weak
coupling limit, ω is large compared to G(ω) or F (ω), changing F to G in terms containing ω has
little effect on the solution. However, in the case of the Universal Lindblad Equation, even terms
that are not dominated by ω are changed, which leads to a higher divergence from the solution of
the Redfield equation than in the case of the Quantum Optical Master Equation.

In the following section, we do a numerical comparison of the two equations by applying both to
a toy model and comparing both solutions to the solution of the Redfield equation. We see that the
numerical results for the toy model confirm the above expectations.

3 Numerical Demonstrations
So far, we performed the secular approximation to the Redfield Eq. (8) in a novel way to achieve
the QOME in Lindblad form of Eq. (40). This derivation reproduced the well-known result that we
would get if we just threw away the “fast oscillating terms” instead.

In this section, we are going to apply the QOME to benchmark its performances against the
ULE for a Two-Level-System (TLS). The single-particle Hamiltonian describing the TLS is given by

ĤS = E
(
cos(ϕ)σ̂z + sin(ϕ)σ̂x

)
, (52)
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where E, ϕ are some constants describing the qubit energy and orientation in the Bloch sphere,
respectively; also we have to consider the interaction with the environment, that we are going to
model as an Ohmic or Jaynes-Cummings-like bath. Note that this is only valid in the Purcell
regime, since the approach relies on perturbation theory.

Ohmic baths are ubiquitous in high frequency (≳ 1GHz) spectroscopy accounting for Nyquist
noise [29], the Ohmic spectral density function bath reads

J(ω) = αω
Ω2

Ω2 + ω2
, (53)

where α is some bath-amplitude parameter and the high frequency pseudo-Lorenz cutoff
Ω2/(Ω2 + ω2) prevents ultraviolet divergences for ω ≫ Ω.

The Jaynes-Cummings-like (JC from now on) spectral density function

J(ω) =
αωΩ4

(ω2 − Ω2)2 + 4π2Γ2ω2Ω2
(54)

as discussed in [30,31], can be derived by assuming that an oscillator is coupled via another
oscillator of frequency Ω to infinite many oscillators having an Ohmic spectrum
J(ω) = ΓωΘ(ω − ωc) up to some cutoff frequency ωc ≫ Ω. This spectrum is known to mimic the
“damped” behavior of an open Jaynes-Cummings model or a spin-boson model.

Let us now compare the QOME with the Universal Lindblad equation [1]. The first thing to
note is that the ULE has only one Lindblad operator, while the QOME has multiple Lindblad
operators, their number depending on the degeneracy of the system Hamiltonian. We are going to
show that for the chosen toy model, the numerical results for QOME are much closer to the
Redfield-induced dynamics than the ULE, at the price of limiting the usability of our Lindblad
equation, since the Lindblad operators in the QOME cannot be determined without knowing the
system’s eigenvalues and eigenvectors. In contrast, for the ULE, it is possible to approximately
determine the Lindblad operator without diagonalizing the system explicitly.

As an example, Fig. 3 showcases the different time dependent expectation values of the Pauli
operators after evolving with the ULE (blue line), the QOME (green line) and the Redfield
equation (red line). QOME and RE are completely overlapping and therefore undistinguishable,
highlithing the difference with the ULE.

We now want to setup a more systematic comparison of the ULE and the QOME. In order to do
that we keep the Redfield Equation as a benchmark, fix a time at which we measure the distance to
the benchmark, and vary the different parameters related to the TLS and the bath. We start by
defining the trace distance at a given time tf between two different evolutions as the trace distance
between the two evolved density matrices at that given time. For example, we want to compare the
propagation induced by the ULE with respect to the Redfield equation, we thus compute

Figure 3. Comparison of the time dependent expectation values of the Pauli operators ⟨σ̂i⟩ after evolving a TLS

coupled to a JC bath with the ULE, Redfield Equation (RE) and QOME respectively indicated in blue, red and

green. Setting E = 1, so that tfinal = 10/E, the parameters used to simulate the plotted evolution are as follows:
α = 0.2, T = 0.05, θ = π/2, ϕ = π/4, φ = π/2, Ω = 50.

DUL-RE(tf ) = T (ρ̂UL(tf ), ρ̂RE(tf )) (55)

where the trace distance T (·) is defined as

T (ρ̂, σ̂) =
1

2
Tr

{√
(ρ̂− σ̂)†(ρ̂− σ̂)

}
(56)
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Table 1. Random parameters of the TLS Hamiltonian and initial state

Parameters Min. Value Max. Value

ϕ 0 π/4
θ 0 π
φ 0 2π

see e.g. [2], and analogously we define

DQO-RE(tf ) = T (ρ̂QO(tf ), ρ̂RE(tf )). (57)

To compare the accuracy of the QOME and the UL with respect to the Redfield Equation, we
pick 100 instances of the parameters ϕ, θ, φ, randomly defining the initial state and the mixing
angle of the Hamiltonian, whitin the ranges in Table 1; and we sample 100 linearly spaced values
for the coupling to the bath α and the temperature T whitin the ranges in Table 2. The initial
state ρ(t = 0) = |ψ0⟩⟨ψ0| is given by

|ψ0⟩ = cos (θ/2) |0⟩+ eiφ sin (θ/2) |1⟩ (58)

and contains the parameters θ and φ. The histograms in Fig. 4 show how many instances evolved
with the ULE and the QOME end up having trace distance smaller than a certain threshold
Dthres = 0.01. The height of the bars in the pair of plots on the left indicates the number of
simulations for which DUL-RE(tf ) < Dthres; analogously, on the right are plotted the counts of
density matrices evolved with the QOME satysfying DUL-RE(tf ) < Dthres. The type of bath does
not seem to play a role since the upper pair, featuring an Ohmic spectral density function, looks
pretty much the same as the bottom pair, where the spectral density function is JC. We notice that
the accuracy of the QOME with respect to the Redfield Equation is on average much higher than
that of the ULE. Only when the bath coupling α and temperature T are much smaller than the
qubit energy, so E1 ≫ α, T , the solutions become close in accuracy. In these cases, we expect
coupling to the environment to be small enough that the effect of the Lindblad operators becomes
negligible. Overall, this numerical analysis strongly indicates that the QOME surpasses the ULE in
accuracy if the system-bath coupling is relevant.

Table 2. Linearly sampled coupling to the bath and temperature

Parameters Min. Value Max. Value

α 0.1 1
T 0.01 0.1

4 Conclusions
In this work, we have shown a way to formally derive the Quantum Optical Master Equation from
the Redfield Equation. This systematic way of deriving the QOME only discards terms in the
solution of the master equation that are of the same or higher order than those already neglected
to derive the Redfield equation. The QOME therefore belongs to the same equivalence class of
Markov approximations as the Redfield Equation. A similar procedure has already been done by
Rudner and Nathan, who showed that the Universal Lindblad Equation also belongs to this
equivalence class [1].

This result not only formally justifies the secular approximation that is usually done in a very
informal way by just neglecting ”fast oscillating terms”, which in itself is of high analytical interest.
Furthermore, analytical considerations hint that the QOME yields more accurate solutions than
the ULE.

To test this hypothesis, we applied both the Quantum Optical Master Equation and the
Universal Lindblad Equation to solve single-qubit systems with varied parameters, and we
compared the solutions to the solution of the Redfield Equation in certain cases where the latter
retains valid results. For the systems we considered, we found that on average, the Quantum
Optical Master Equation yielded a solution much closer that of the Redfield equation. However, it
remains an open question whether this is the case for other, more complex models. A natural
continuation of this work would be to do numerical testing on more complex models to see if the
QOME leads to more accurate solutions for those as well.

11



IOP Publishing Journal vv (yyyy) aaaaaa Author et al

However, one caveat is that the QOME requires knowledge of the system eigenstates, while the
ULE does not. A useful prospect for further work would be to see if the Lindblad operators of the
Quantum Optical Master Equation can be derived without knowledge of the system eigenstates in
a similar way as the Lindblad operator of the ULE can.

In conclusion, we have shown a formal way to derive the QOME from the Redfield Equation for
any open quantum system. With that, we have shown that the QOME yields solutions that are
valid up to the same order of approximation than those of the Redfield equation, a result which is
of great analytical and practical significance.

Figure 4. Histograms showing the number of instances whose final states (at a given time tf = 10/E1) have a trace

distance smaller than a certain value Dthres = 0.01 as a function of the coupling to the bath α and the temperature

T . The parameters α and T are linearly sampled within the intervals in Table 2, while the mixing angle and the
Bloch sphere angles are randomly chosen within the ranges in Table 1. Plots a. and c.: DUL-RE(tf ) < 0.01 for an

Ohmic and a JC bath respectively. Plots b. and d.: DQO-RE(tf ) < 0.01 for an Ohmic and a JC bath respectively.
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Schulte-Herbrüggen T, Sugny D and Wilhelm F K 2022 EPJ Quantum Technology 9 ISSN
2196-0763 URL http://dx.doi.org/10.1140/epjqt/s40507-022-00138-x

[5] Soret A and Esposito M 2025 Thermodynamics of coherent energy exchanges between lasers
and two-level systems (Preprint 2501.09625) URL https://arxiv.org/abs/2501.09625

[6] Redfield A G 1957 IBM Journal of Research and Development 1 19–31 ISSN 0018-8646

[7] Zwanzig R 1960 The Journal of Chemical Physics 33 1338–1341

[8] Nakajima S 1958 Progress of Theoretical Physics 20 948–959

[9] Vadimov V, Tuorila J, Orell T, Stockburger J, Ala-Nissila T, Ankerhold J and Möttönen M
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