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�� �M�m�K�#�2�` �Q�7 �}�M�B�i�2 �2�H�2�K�2�M�i�b ���M�/ �i�?�2�M �+���H�+�m�H���i�2 �i�?�2 �#�2�?���p�B�Q�` �Q�7 �i�?�2 �b�v�b�i�2�K �#���b�2�/



�*�?���T�i�2�` �k �"���+�F�;�`�Q�m�M�/ �R�8

�Q�M �i�?�2 �#�2�?���p�B�Q�` �Q�7 �i�?�2�b�2 �2�H�2�K�2�M�i�b�X �h�?�2�b�2 �2�H�2�K�2�M�i�b ���`�2 �+���H�H�2�/ �ô�}�M�B�i�2�ô �#�2�+���m�b�2

�i�?�2�v �+���M�M�Q�i �#�2 �B�M�}�M�B�i�2�b�B�K���H�c �Q�i�?�2�`�r�B�b�2�- �i�?�2 �T�`�Q�#�H�2�K �r�Q�m�H�/ �`�2�p�2�`�i �i�Q �i�?�2 �Q�`�B�;�B�M���H

�+�Q�M�i�B�M�m�m�K �7�Q�`�K�m�H���i�B�Q�M�X �h�?�2�b�2 �2�H�2�K�2�M�i�b �+�Q�M�M�2�+�i �M�Q�/�2�b�- �r�?�B�+�? ���`�2 �i�?�2 �T�Q�B�M�i�b ���i

�r�?�B�+�? �i�?�2 �T�?�v�b�B�+���H �#�2�?���p�B�Q�` �B�b ���T�T�`�Q�t�B�K���i�2�/�X �A�M�b�B�/�2 �i�?�2 �2�H�2�K�2�M�i�b�- �B�i �B�b ���b�b�m�K�2�/

�i�?���i �i�?�2 �#�2�?���p�B�Q�` �7�Q�H�H�Q�r�b �T�`�2�b�2�H�2�+�i�2�/ �b�?���T�2 �7�m�M�+�i�B�Q�M�b�- �r�?�B�+�? �m�b�2 �i�?�2 �p���H�m�2�b ���i �i�?�2

�M�Q�/�2�b ���b �T���`���K�2�i�2�`�b�X ���b �� �`�2�b�m�H�i�- �B�M�+�`�2���b�B�M�; �i�?�2 �M�m�K�#�2�` �Q�7 �2�H�2�K�2�M�i�b �Q�` �m�b�B�M�;

�K�Q�`�2 �+�Q�K�T�H�2�t �b�?���T�2 �7�m�M�+�i�B�Q�M�b ���H�H�Q�r�b �7�Q�` �i�?�2 ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7 �K�Q�`�2 �+�Q�K�T�H�B�+���i�2�/

�#�2�?���p�B�Q�`�X �6�Q�` �i�?�B�b �T���`�i�- �r�2 ���`�2 �;�Q�B�M�; �i�Q �r�Q�`�F �r�B�i�? �p�2�+�i�Q�`�B�x�2�/ �[�m���M�i�B�i�B�2�b�X

�h�Q �2�p���H�m���i�2 �i�?�2 �p���H�m�2�b ���i �i�?�2 �M�Q�/�2�b�- �i�?�2�S�`�B�M�+�B�T�H�2 �Q�7 �o�B�`�i�m���H �q�Q�`�F�+���M �#�2 �m�b�2�/�X

�G�2�i �m�b �+�Q�M�b�B�/�2�` �� �#�Q�/�v �m�M�/�2�` �F�M�Q�r�M �#�Q�/�v �7�Q�`�+�2�b�# ���M�/ �i�`���+�i�B�Q�M �7�Q�`�+�2�b�i�X �h�Q

�}�M�/ �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �/�B�b�T�H���+�2�K�2�M�i �}�2�H�/�m(�s) �#�2�i�r�2�2�M �i�?�2 �+�m�`�`�2�M�i ���M�/ �`�2�7�2�`�2�M�+�2

�+�Q�M�}�;�m�`���i�B�Q�M�b�- �� �b�K���H�H �i�`�B�+�F �+���M �#�2 �m�b�2�/�X �A�K���;�B�M�2 �i�?���i �i�?�2 �+�m�`�`�2�M�i �+�Q�M�}�;�m�`���i�B�Q�M

�m�M�/�2�`�;�Q�2�b ���M �B�M�}�M�B�i�2�b�B�K���H �/�B�b�T�H���+�2�K�2�M�i� �m�X ���b �i�?�2 �+�m�`�`�2�M�i �+�Q�M�}�;�m�`���i�B�Q�M �B�b �B�M

�2�[�m�B�H�B�#�`�B�m�K�- �i�?�B�b �B�b ���b�b�m�K�2�/ �i�Q �?���p�2 �M�Q �2�z�2�+�i �Q�M �i�?�2 �i�Q�i���H �T�Q�i�2�M�i�B���H �2�M�2�`�;�v� �X

�h�?�B�b �B�K�T�H�B�2�b �i�?���i �i�?�2 �p�B�`�i�m���H �B�M�i�2�`�M���H �r�Q�`�F�W �B�M�i�K�m�b�i �2�[�m���H �i�?�2 �p�B�`�i�m���H �2�t�i�2�`�M���H

�r�Q�`�F�W �2�t�i�,

� � = �W �B�M�i� �W �2�t�i= 0 �U�k�X�k�y�V

�h�?�2 �2�t�i�2�`�M���H �p�B�`�i�m���H �r�Q�`�F �B�b �;�2�M�2�`���i�2�/ �#�v �i�?�2 �i�`���+�i�B�Q�M �7�Q�`�+�2�i ���M�/ �#�Q�/�v �7�Q�`�+�2�#

���+�i�B�M�; �Q�M �� �T�Q�B�M�i�t �i�?���i �m�M�/�2�`�;�Q�2�b �� �p�B�`�i�m���H �/�B�b�T�H���+�2�K�2�M�i� �m�,

�W �2�t�i=
Z

@

�i � � �m�/s +

Z



�#� � �m�/v �U�k�X�k�R�V

�a�B�K�B�H���`�H�v�- �B�M�i�2�`�M���H �p�B�`�i�m���H �r�Q�`�F �B�b �;�2�M�2�`���i�2�/ �#�v �B�M�i�2�`�M���H �7�Q�`�+�2�b ���+�i�B�M�; �Q�M �T�Q�B�M�i�b

�i�?���i �m�M�/�2�`�;�Q �p�B�`�i�m���H �/�B�b�T�H���+�2�K�2�M�i�b�,

�W �B�M�i=
Z



� T � " �/v �U�k�X�k�k�V

�*�Q�K�#�B�M�B�M�; �1�[�X �k�X�k�y�- �1�[�X �k�X�k�R�- ���M�/ �1�[�X �k�X�k�k�- ���M�/ �M�2�;�H�2�+�i�B�M�; �i�?�2 �#�Q�/�v �7�Q�`�+�2�b

���;���B�M�, Z



� T � " �/v �

Z

@

�iT � �m�/s = 0 �U�k�X�k�j�V

�h�?�B�b �B�b �r�?�2�`�2 �i�?�2 �b�?���T�2 �7�m�M�+�i�B�Q�M�b �+�Q�K�2 �B�M�X �h�?�`�Q�m�;�? �i�?�2�K�- �� �/�B�b�T�H���+�2�K�2�M�i �B�b

���T�T�`�Q�t�B�K���i�2�/ �#�v �i�?�2 �M�Q�/���H �/�B�b�T�H���+�2�K�2�M�i�bû 2 R3n �- �r�?�2�`�2n �B�b �i�?�2 �M�m�K�#�2�` �Q�7

�M�Q�/�2�b�,

�m(�t) = �L(�t)û �U�k�X�k�9�V

�>�2�`�2�-�L(�t) : R3 ! R3� 3n �B�b ���M ���;�;�H�Q�K�2�`���i�B�Q�M �Q�7 ���H�H �b�?���T�2 �7�m�M�+�i�B�Q�M�b �i�?���i �K���T�b ��

�T�Q�B�M�i�t �B�M �i�?�2 �#�Q�/�v �i�Q �� �r�2�B�;�?�i �K���i�`�B�t �7�Q�` �i�?�2 �M�Q�/�2�b�X �a�B�M�+�2 �i�?�2�b�2 �r�2�B�;�?�i�b �/�2�i�2�`�K�B�M�2



�R�e �*�?���T�i�2�` �k �"���+�F�;�`�Q�m�M�/

�i�?�2 �+�Q�M�i�`�B�#�m�i�B�Q�M �Q�7 �2���+�? �M�Q�/�2�- �i�?�2�v �b�m�K �m�T �i�Q �Q�M�2 �7�Q�` �2���+�? �+�Q�K�T�Q�M�2�M�i�,

3nX

j =1

�L(�t) i;j = 1; 8 i 2 f 1; 2; 3g �U�k�X�k�8�V

�h�?�2 �b���K�2 ���H�b�Q �?�Q�H�/�b �7�Q�` �p�B�`�i�m���H �/�B�b�T�H���+�2�K�2�M�i�b�- �b�Q �1�[�X �k�X�k�9 �#�2�+�Q�K�2�b�,

� �m(�t) = �L(�t)� û �U�k�X�k�e�V

�h�?�B�b �+���M �#�2 �m�b�2�/ �i�Q �+�Q�K�T�m�i�2 �i�?�2 �p�B�`�i�m���H �b�i�`���B�M �m�b�B�M�; �1�[�X �k�X�R�y�- �b�B�M�+�2 �i�?�2 �p�B�`�i�m���H

�/�B�b�T�H���+�2�K�2�M�i �B�b �B�M�}�M�B�i�2�b�B�K���H�X �q�2 �/�2�}�M�2 �� �7�m�M�+�i�B�Q�M�" (�t) : R3 ! R6� 3n �`�2�H���i�B�M�;

�i�?�2 �b�i�`���B�M �i�Q �i�?�2 �/�B�b�T�H���+�2�K�2�M�i�,

� " =
1
2

(r � �m+ r � �mT ) =
1
2

(r �L(�t)� û + ( r �L(�t)� û )T ) = �" (�t)� û �U�k�X�k�d�V

�L�Q�r �1�[�X �k�X�k�j �+���M �#�2 �m�T�/���i�2�/ �i�Q �B�M�+�H�m�/�2 �i�?�2 �/�B�b�+�`�2�i�B�x���i�B�Q�M�,

Z



� T �" (�t)� û �/v �

Z

@

�iT �L(�t)� û �/s = 0 �U�k�X�k�3�V

�h�?�2 �p�B�`�i�m���H �/�B�b�T�H���+�2�K�2�M�i� û �+���M �M�Q�r �#�2 �7���+�i�Q�`�2�/ �Q�m�i�,

� û T

� Z



�" (�t)T � �/v �

Z

@

�L(�t)T �i �/s

�
= 0 �U�k�X�k�N�V

�a�B�M�+�2� û �B�b ���`�#�B�i�`���`�v�- �i�?�B�b �Q�M�H�v �?�Q�H�/�b �B�7�,

Z



�" (�t)T � �/v =

Z

@

�L(�t)T �i �/�b �U�k�X�j�y�V

���i �i�?�B�b �T�Q�B�M�i�- �/�B�b�T�H���+�2�K�2�M�i ���M�/ �b�i�`���B�M �?���p�2 �p���M�B�b�?�2�/ �7�`�Q�K �i�?�2 �2�[�m���i�B�Q�M�X �q�2

�`�2�B�M�i�`�Q�/�m�+�2 �i�?�2�K �m�b�B�M�; �� �+�Q�M�b�i�B�i�m�i�B�p�2 �H���r �`�2�H���i�B�M�; �b�i�`�2�b�b �i�Q �b�i�`���B�M�X �>�2�`�2�- �r�2 �m�b�2

�>�Q�Q�F�2�ö�b �H���r �U�b�2�2 �1�[�X �k�X�R�k�V�,

Z



�" (�t)T C" �/v =

Z

@

�L(�t)T �i �/s �U�k�X�j�R�V

�a�m�#�b�i�B�i�m�i�B�M�;" = �" (�t)û �- �r�2 �;�2�i�,

Z



�" (�t)T C �" (�t)û �/v =

Z

@

�L(�t)T �i �/s �U�k�X�j�k�V



�*�?���T�i�2�` �k �"���+�F�;�`�Q�m�M�/ �R�d

�h�?�B�b �H�2���/�b �i�Q �i�?�2 �}�M���H �H�B�M�2���` �b�v�b�i�2�K �Q�7 �2�[�m���i�B�Q�M�b�,

Z



�" (�t)T C �" (�t) �/v

| {z }
�E

û =
Z

@

�L(�t)T �i �/s

| {z }
�6

�U�k�X�j�j�V

�>�2�`�2�-�E 2 R3n� 3n �B�b �i�?�2 �;�H�Q�#���H �b�i�B�z�M�2�b�b �K���i�`�B�t�- �r�?�B�H�2�6 2 R3n �B�b �i�?�2 �M�Q�/���H �7�Q�`�+�2

�p�2�+�i�Q�`�X �h�?�B�b �`�2�T�`�2�b�2�M�i�b �>�Q�Q�F�2�ö�b �H���r �B�M �B�i�b �+�H���b�b�B�+���H �/�B�b�+�`�2�i�B�x�2�/ �7�Q�`�K�,

�Eû = �6 �U�k�X�j�9�V

�a�Q�H�p�B�M�; �i�?�B�b �b�v�b�i�2�K �v�B�2�H�/�b �i�?�2 �M�Q�/���H �/�B�b�T�H���+�2�K�2�M�i�b �7�Q�` �i�?�2 ���T�T�H�B�2�/ �i�`���+�i�B�Q�M �7�Q�`�+�2�b�X

�k�X�j �.�2�2�T �G�2���`�M�B�M�;

�J���+�?�B�M�2 �H�2���`�M�B�M�; �B�b �� �#�`�Q���/ �}�2�H�/ �2�M�+�Q�K�T���b�b�B�M�; ���H�H ���H�;�Q�`�B�i�?�K�b �i�?���i �+���M ���m�i�Q�K���i�B�@

�+���H�H�v �2�t�i�`���+�i �p���H�m���#�H�2 �B�M�7�Q�`�K���i�B�Q�M �7�`�Q�K �/���i�� �(�d�y�)�X �o���H�m���#�H�2 �B�M�7�Q�`�K���i�B�Q�M �B�b �m�b�m���H�H�v

�B�/�2�M�i�B�}�2�/ �i�?�`�Q�m�;�? �+�Q�`�`�2�H���i�B�Q�M�b �#�2�i�r�2�2�M �/�B�z�2�`�2�M�i �7���+�i�Q�`�b �Q�7 �p���`�B���i�B�Q�M �r�B�i�?�B�M �i�?�2

�/���i���X �h�?�2 �/�B�{�+�m�H�i�v �Q�7 �}�M�/�B�M�; �i�?�2�b�2 �+�Q�`�`�2�H���i�B�Q�M�b �m�b�m���H�H�v �/�2�T�2�M�/�b �Q�M �i�?�2 �`�2�T�`�2�@

�b�2�M�i���i�B�Q�M �i�?�2 �/���i�� �B�b �;�B�p�2�M �B�M�- ���b �i�?�2�b�2 �7���+�i�Q�`�b �+���M �#�2 �2�M�i���M�;�H�2�/�X �.�2�2�T �H�2���`�M�B�M�;

�b�T�2�+�B���H�B�x�2�b �B�M �/�B�b�2�M�i���M�;�H�B�M�; �i�?�B�b �7�2���i�m�`�2�b ���M�/ �/�B�b�+���`�/�B�M�; �i�?�Q�b�2 �i�?���i ���`�2 �B�`�`�2�H�2�p���M�i

�(�d�R�)�X �h�?�2 �T�`�B�M�+�B�T�H�2 �#�2�?�B�M�/ �/�2�2�T �H�2���`�M�B�M�; �B�b �[�m�B�i�2 �b�B�K�T�H�2�, �B�i �+�`�2���i�2�b �� �?�B�2�`���`�+�?�v �Q�7

�`�2�T�`�2�b�2�M�i���i�B�Q�M�b �B�M �r�?�B�+�? �B�M�+�`�2���b�B�M�;�H�v �+�Q�K�T�H�2�t �`�2�T�`�2�b�2�M�i���i�B�Q�M�b ���`�2 �#�m�B�H�i �7�`�Q�K �b�B�K�@

�T�H�2�` �Q�M�2�b�X �1���+�? �Q�7 �i�?�2�b�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M�b �+�Q�M�b�B�b�i�b �Q�7 �T�B�2�+�2�b �Q�7 �B�M�7�Q�`�K���i�B�Q�M �m�b�m���H�H�v

�`�2�7�2�`�`�2�/ �i�Q ���b �7�2���i�m�`�2�b�X �h�?�B�b �?�B�2�`���`�+�?�B�+���H �b�i�`�m�+�i�m�`�2 �Q�7 �7�2���i�m�`�2 �T�`�Q�+�2�b�b�B�M�; �B�b �r�?���i

�;�B�p�2�b �/�2�2�T �H�2���`�M�B�M�; �B�i�b �ô�/�2�T�i�?�ô���i�?�2 �K�Q�`�2 �?�B�2�`���`�+�?�B�+���H �H���v�2�`�b �� �K�Q�/�2�H �?���b�- �i�?�2

�/�2�2�T�2�` �B�i �B�b�X �h�?�2 �#�2�b�i �2�t���K�T�H�2 �Q�7 �i�?�B�b �T�`�B�M�+�B�T�H�2 ���`�2 �/�2�2�T �M�2�m�`���H �M�2�i�r�Q�`�F�b�- �r�?�B�+�?

���`�2 �2�b�b�2�M�i�B���H�H�v �M�Q�M�H�B�M�2���` �7�m�M�+�i�B�Q�M�b �?�B�2�`���`�+�?�B�+���H�H�v �+�Q�M�b�i�`�m�+�i�2�/ �7�`�Q�K �/�B�z�2�`�2�M�i �i�v�T�2�b

�Q�7 �T�`�Q�+�2�b�b�B�M�; �H���v�2�`�b�X �h�?�B�b �b�2�+�i�B�Q�M �+�Q�p�2�`�b �?�Q�r �i�?�2�b�2 �/�2�2�T �M�2�m�`���H �M�2�i�r�Q�`�F�b �Q�T�2�`���i�2

���M�/ �+���M �#�2 �m�b�2�/ �i�Q �b�Q�H�p�2 �/�B�z�2�`�2�M�i �i�v�T�2�b �Q�7 �K���+�?�B�M�2 �H�2���`�M�B�M�; �T�`�Q�#�H�2�K�b�X �h�?�2 �B�/�2���b

�2�t�T�H���B�M�2�/ �?�2�`�2 ���`�2 �/�`���r�M �7�`�Q�K �� �+�Q�K�#�B�M���i�B�Q�M �Q�7 �b�Q�m�`�+�2�b �i�?���i �T�`�Q�p�B�/�2 �/�B�z�2�`�2�M�i

�T�Q�B�M�i�b �Q�7 �p�B�2�r �Q�M �/�2�2�T �H�2���`�M�B�M�;�- �i�?�2 �+�H���b�b�B�+ �T�2�`�b�T�2�+�i�B�p�2 �(�d�R�- �d�k�)�- �i�?�2 �b�i�Q�+�?���b�i�B�+

�T�2�`�b�T�2�+�i�B�p�2 �(�d�j�- �d�9�) ���M�/ �i�?�2 �K���i�?�2�K���i�B�+���H �/�2�i���B�H�b �(�d�8�)�X

�k�X�j�X�R �"���b�B�+�b �Q�7 �L�2�m�`���H �L�2�i�r�Q�`�F�b

�h�?�2 �K�Q�b�i �2�b�b�2�M�i�B���H �/�2�2�T �H�2���`�M�B�M�; �K�Q�/�2�H�b ���`�2 �/�2�2�T �7�2�2�/�7�Q�`�r���`�/ �M�2�i�r�Q�`�F�b�X �a�m�+�? ��

�7�2�2�/�7�Q�`�r���`�/ �M�2�i�r�Q�`�F �}�`�b�i ���M�/ �7�Q�`�2�K�Q�b�i �D�m�b�i �/�2�b�+�`�B�#�2�b �� �U�K�Q�b�i�H�v �M�Q�M�H�B�M�2���`�V �7�m�M�+�i�B�Q�M

f : X ! Y �7�`�Q�K ���M �/�Q�K���B�MX �i�Q ���M�Q�i�?�2�` �/�Q�K���B�MY�X �q�?�B�H�2 �i�?�B�b �7�m�M�+�i�B�Q�M ���M�/ �i�?�2



�R�3 �*�?���T�i�2�` �k �"���+�F�;�`�Q�m�M�/

�U���V �U�#�V

f (6)

f (1)

f (2)

f (3)

f (4)

f (1) f (2)

f (7)

f (5)

f (3) f (4)

�6�B�;�m�`�2 �k�X�k�,�1�t�2�K�T�H���`�v �;�`���T�?�b �7�Q�` �i�r�Q �M�2�m�`���H �M�2�i�r�Q�`�F�b�- �Q�M�2 �b�B�K�T�H�2 �H�B�M�2���` �+�?���B�M �Q�7
�H���v�2�`�b�U���V���M�/ �� �/�B�`�2�+�i�2�/ ���+�v�+�H�B�+ �;�`���T�?�U�#�V�X

�/�Q�K���B�M�b ���`�2 �i�2�+�?�M�B�+���H�H�v ���`�#�B�i�`���`�v�- �K�Q�b�i �`�2�b�2���`�+�? �7�Q�+�m�b�2�b �Q�Mf �- �i�?���i �i�`���M�b�7�Q�`�K �Q�M�2

�p�2�+�i�Q�` �B�M�i�Q ���M�Q�i�?�2�` �(�d�e�)�X �A�K���;�2�b �+���M �#�2 �`�2�T�`�2�b�2�M�i�2�/ ���b �p�2�+�i�Q�`�b �r�B�i�? �/�B�K�2�M�b�B�Q�M�b

�/�2�i�2�`�K�B�M�2�/ �#�v �i�?�2 �T�B�t�2�H �M�m�K�#�2�` �(�d�e�)�- �r�?�B�H�2 �r�Q�`�/�b �+���M �#�2 �+�Q�M�p�2�`�i�2�/ �B�M�i�Q �� �Q�M�2 �?�Q�i

�2�M�+�Q�/�B�M�; �p�2�+�i�Q�` �Q�p�2�` �b�Q�K�2 �/�B�+�i�B�Q�M���`�v �(�d�d�)�X

�q�?���i �;�B�p�2�b �b�m�+�? �� �7�m�M�+�i�B�Q�Mf �- �/�2�}�M�2�/ �#�v �� �7�2�2�/�7�Q�`�r���`�/ �M�2�m�`���H �M�2�i�r�Q�`�F�- �B�i�b �B�M�@

�i�2�`�2�b�i�B�M�; �T�`�Q�T�2�`�i�B�2�b �B�b �i�?�2 �r���v �B�i �B�b �+�Q�M�b�i�`�m�+�i�2�/ �7�`�Q�K �� �}�M�B�i�2 �M�m�K�#�2�`n �Q�7 �Q�i�?�2�`

�7�m�M�+�i�B�Q�M�bf (i ) : X (i ) ! Y (i ) ; i 2 f 1; : : : ; ng�X �a�Q�K�2f (i ) �b�2�`�p�2 ���b �B�M�T�m�i�b �i�Q �Q�i�?�2�`�b�-

�;�B�p�B�M�; �`�B�b�2 �i�Q �� �?�B�2�`���`�+�?�B�+���H�H�v �b�i�`�m�+�i�m�`�2 �B�M �r�?�B�+�? �i�?�2f (i ) ���`�2 �+���H�H�2�/�H���v�2�`�b���M�/

�i�?�2 ���`�`���M�;�2�K�2�M�iG �i�?�2�M�2�m� �̀��H �M�2�i�r�Q�`�F�X ���b �i�?�2 �H���v�2�`�bf (i ) ���`�2 �;�2�M�2�`���H�H�v ���`�#�B�i�`���`�v

�7�m�M�+�i�B�Q�M�b�- �i�?�2�v �+���M �i�?�2�K�b�2�H�p�2�b �#�2 �+�Q�K�T�Q�b�2�/ �Q�7 �K�m�H�i�B�T�H�2 �b�m�#�@�7�m�M�+�i�B�Q�M�b�X �a�m�+�? �+�Q�K�@

�T�Q�b�B�i�B�Q�M�b ���`�2 �Q�7�i�2�M �m�b�2�/ �i�Q �K���F�2 �i�?�2 �Q�p�2�`���H�H �b�i�`�m�+�i�m�`�2 �Q�7 �i�?�2 �M�2�m�`���H �M�2�i�r�Q�`�F �2���b�B�2�`

�i�Q �m�M�/�2�`�b�i���M�/�X �q�?�B�H�2 �i�?�2 �b�B�K�T�H�2�b�i �7�Q�`�K �Q�7 ���M �M�2�m�`���H �M�2�i�r�Q�`�F ���`�+�?�B�i�2�+�i�m�`�2 �B�b ��

�H�B�M�2���` �+�?���B�M �Q�7 �H���v�2�`�b �U�b�2�2 �6�B�;�m�`�2 �k�X�k���V�- �K�Q�`�2 �+�Q�K�T�H�2�t ���`�+�?�B�i�2�+�i�m�`�2�b �+���M �7�Q�`�K �/�B�@

�`�2�+�i�2�/ ���+�v�+�H�B�+ �;�`���T�?�b �(�d�R�) �U�b�2�2 ���T�T�2�M�/�B�t ���X�R �7�Q�` �i�?�2 �/�2�}�M�B�i�B�Q�M�V�- �7�2���i�m�`�B�M�; �K�m�H�i�B�T�H�2

�B�M�T�m�i�b ���M�/ �Q�m�i�T�m�i�b�- ���b �r�2�H�H ���b �b�F�B�T �+�Q�M�M�2�+�i�B�Q�M�b �i�?���i �#�v�T���b�b �B�M�i�2�`�K�2�/�B���i�2 �H���v�2�`�b

�(�d�3�) �U�b�2�2 �6�B�;�m�`�2 �k�X�k�#�V�,

�.�2�}�M�B�i�B�Q�M �k�X�R�L�2�m�`���H �M�2�i�r�Q�`�F

�� �M�2�m� �̀��H �M�2�i�r�Q�`�F�B�b �� �/�B�`�2�+�i�2�/ ���+�v�+�H�B�+ �;�`���T�?G� = ( F; C) �r�B�i�? �i�?�2 �H���v�2�`�b ���b

�M�Q�/�2�bf (i ) 2 F ���M�/ �2�/�;�2�bC � F � F �r�?�B�+�? �`�2�T�`�2�b�2�M�i �i�?�2 �+�Q�M�M�2�+�i�B�Q�M�b �#�2�i�r�2�2�M

�i�?�2 �H���v�2�`�b�X �q�?�2�`�2 �i�?�2 �b�2�i �Q�7 �H���v�2�`�b �B�b �/�B�p�B�/�2�/ �B�M�i�Q �i�?�2 �b�2�i �Q�7 �B�M�T�m�i �H���v�2�`�bFin �- �i�?�2

�b�2�i �Q�7 �Q�m�i�T�m�i �H���v�2�`�bF�Q�m�i���M�/ �i�?�2 �b�2�i �Q�7 �?�B�/�/�2�M �H���v�2�`�bF�?�B�/�/�2�M�X

F = F�B�M[ F�Q�m�i[ F�?�B�/�/�2�M

F�B�M6= ; ; F�Q�m�i6= ;

F�?�B�/�/�2�M\ (F�B�M[ F�Q�m�i) = ;



�*�?���T�i�2�` �k �"���+�F�;�`�Q�m�M�/ �R�N

�r�?�2�`�2 �i�?�2 �/�2�T�i�? �Q�7 �i�?�2 �M�2�m�`���H �M�2�i�r�Q�`�F �B�b �i�?�2 �K���t�B�K���H �H�2�M�;�i�? �Q�7 �� �T���i�? �7�`�Q�K ��

�B�M�T�m�i �H���v�2�` �i�Q �� �Q�m�i�T�m�i �H���v�2�`�X �l�b�m���H�H�v�- �2���+�? �H���v�2�` �?���b �� �T���`���K�2�i�2�` �p�2�+�i�Q�`� (i )

�r�?�B�+�? �i�Q�;�2�i�?�2�` �7�Q�`�K �i�?�2 �b�2�i �Q�7 �T���`���K�2�i�2�`�b� �7�Q�` �i�?�2 �M�2�m�`���H �M�2�i�r�Q�`�F�X

�A�7G� �?���b �Q�M�H�v �Q�M�2 �B�M�T�m�i �H���v�2�`F�B�M= f f (1) g ���M�/ �Q�M�2 �Q�m�i�T�m�i �H���v�2�`F�Q�m�i= f f (n)g �-

�B�i �/�2�b�+�`�B�#�2�b �� �7�m�M�+�i�B�Q�MG� : X (1) ! Y (n) �,

G� = g(n)(�t)

g(i )(�t) = f (i )(K); K = f g(k)(�t)jf (k) 2 �S���(̀f (i ))g

g(1) (�t) = f (1) (�t)

�r�?�2�`�2 �S���`(f (i )) ���`�2 �i�?�2 �T���`�2�M�i �M�Q�/�2�b �Q�7f (i ) �X

�q�?�B�H�2 �i�?�2�`�2 ���`�2 �K�m�H�i�B�T�H�2 �i�v�T�2�b �Q�7 �H���v�2�`�b�- �i�?�2 �K�Q�b�i �7�m�M�/���K�2�M�i���H �Q�M�2 �B�b �i�?�2 �7�m�H�H�v �+�Q�M�@

�M�2�+�i�2�/ �H���v�2�`�X �h�?�B�b �H���v�2�` �T�2�`�7�Q�`�K�b ���M ���{�M�2 �i�`���M�b�7�Q�`�K���i�B�Q�M �U�� �H�B�M�2���` �i�`���M�b�7�Q�`�K���i�B�Q�M

�7�Q�H�H�Q�r�2�/ �#�v �� �#�B���b �i�2�`�K�V�,

�.�2�}�M�B�i�B�Q�M �k�X�k�6�m�H�H�v �+�Q�M�M�2�+�i�2�/ �H���v�2�`

�� �7�m�H�H�v �+�Q�M�M�2�+�i�2�/ �H���v�2�`�B�b �� �`�2���H�@�p���H�m�2�/ �7�m�M�+�i�B�Q�Mf L : Rn ! Rm �i�?���i �B�b �;�B�p�2�M �#�v ��

�r�2�B�;�?�i �K���i�`�B�t�q 2 Rm� n ���M�/ �� �#�B���b �p�2�+�i�Q�`�#2 Rm �,

f L (�t; � ) := �q�t + �# �U�k�X�j�8�V

�r�?�2�`�2� = ( �q ; �#) ���`�2 �i�?�2 �T���`���K�2�i�2�`�b �Q�7f L ���M�/m �B�b �+���H�H�2�/ �i�?�2 �r�B�/�i�? �Q�7 �i�?�2 �H���v�2�`�X

���{�M�2 ���M�/ �H�B�M�2���` �i�`���M�b�7�Q�`�K���i�B�Q�M�b�- �b�m�+�? ���b �i�?�Q�b�2 �m�b�2�/ �B�M �S�`�B�M�+�B�T���H �*�Q�K�T�Q�M�2�M�i

���M���H�v�b�B�b �U�S�*���V �(�d�N�- �3�y�) ���M�/ �G�B�M�2���` �.�B�b�+�`�B�K�B�M���M�i ���M���H�v�b�B�b �U�G�.���V �(�3�R�)�- �+���M �#�2

�T�Q�r�2�`�7�m�H �7�Q�` �T�`�Q�+�2�b�b�B�M�; �/���i���c �?�Q�r�2�p�2�`�- �+�2�`�i���B�M �T�`�Q�#�H�2�K�b �`�2�[�m�B�`�2 �M�Q�M�@���{�M�2 �7�m�M�+�@

�i�B�Q�M�b �i�Q �b�Q�H�p�2 �i�?�2�K�X �� �T�`�Q�K�B�M�2�M�i �2�t���K�T�H�2 �Q�7 �i�?�B�b �B�b �H�2���`�M�B�M�; �i�?�2 �s�P�_ �7�m�M�+�i�B�Q�M

�(�3�k�)�X

�a�B�M�+�2 �+�Q�K�#�B�M�B�M�; �i�r�Q ���{�M�2 �i�`���M�b�7�Q�`�K���i�B�Q�M�b �`�2�b�m�H�i�b �B�M ���M�Q�i�?�2�` ���{�M�2 �i�`���M�b�7�Q�`�K���@

�i�B�Q�M�- ���T�T�`�Q�t�B�K���i�B�M�; �K�Q�`�2 �+�Q�K�T�H�2�t �7�m�M�+�i�B�Q�M�b �`�2�[�m�B�`�2�b �B�M�i�`�Q�/�m�+�B�M�; �� �M�Q�M�@���{�M�2

�2�H�2�K�2�M�i �i�Q �i�?�2 �H���v�2�`�b�X �h�Q ���+�?�B�2�p�2 �i�?�B�b�- �i�?�2 ���{�M�2 �i�`���M�b�7�Q�`�K���i�B�Q�M �B�b �i�v�T�B�+���H�H�v �T���B�`�2�/

�r�B�i�? �� �m�M�B�7�Q�`�K ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M���� �Q�M�2�@�/�B�K�2�M�b�B�Q�M���H�- �M�Q�M�@���{�M�2 �i�`���M�b�7�Q�`�K���i�B�Q�M

���T�T�H�B�2�/ �B�M�/�2�T�2�M�/�2�M�i�H�v �i�Q �2���+�? �2�H�2�K�2�M�i �Q�7 �i�?�2 �B�M�T�m�i �p�2�+�i�Q�`�,



�k�y �*�?���T�i�2�` �k �"���+�F�;�`�Q�m�M�/

�U���V �U�#�V �U�+�V �U�/�V

�6�B�;�m�`�2 �k�X�j�,���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�b �+�Q�K�K�Q�M�H�v �m�b�2�/ �B�M �M�2�m�`���H �M�2�i�r�Q�`�F�b�X �a�B�;�K�Q�B�/�,
�K���T�b �B�M�T�m�i�b �i�Q �i�?�2 �`���M�;�2 �U�y�- �R�V�U���V�X �h���M�?�, �b�B�K�B�H���` �i�Q �b�B�;�K�Q�B�/ �#�m�i
�K���T�b �B�M�T�m�i�b �i�Q �U���R�- �R�V�U�#�V�X �_�2�G�l �U�_�2�+�i�B�}�2�/ �G�B�M�2���` �l�M�B�i�V�, �Q�m�i�T�m�i�b
�x�2�`�Q �7�Q�` �M�2�;���i�B�p�2 �B�M�T�m�i�b ���M�/ �H�B�M�2���` �7�Q�` �T�Q�b�B�i�B�p�2 �B�M�T�m�i�b�U�+�V�X �G�2���F�v
�_�2�G�l�, �B�M�i�`�Q�/�m�+�2�b �� �b�K���H�H �b�H�Q�T�2 �7�Q�` �M�2�;���i�B�p�2 �B�M�T�m�i�b �i�Q �K�B�i�B�;���i�2 �i�?�2
�x�2�`�Q �;�`���/�B�2�M�i �T�`�Q�#�H�2�K�U�/�V�X

�.�2�}�M�B�i�B�Q�M �k�X�j�l�M�B�7�Q�`�K ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M

�� �m�M�B�7�Q�`�K ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�B�b �� �`�2���H�@�p���H�m�2�/ �7�m�M�+�i�B�Q�Mg : R ! R�- �i�?���i �B�b ���T�T�H�B�2�/

�2�H�2�K�2�M�i�@�r�B�b�2 �i�Q �i�?�2 �Q�m�i�T�m�i �p�2�+�i�Q�` �Q�7 �i�?�2 �T�`�2�p�B�Q�m�b �H���v�2�`�,

f A (�t) i := g(f L (�t; � ) i ) �U�k�X�j�e�V

�r�?�2�`�2f A �B�b �i�?�2 �H���v�2�` �`�2�b�m�H�i�B�M�; �7�`�Q�K �i�?�2 �+�Q�K�#�B�M���i�B�Q�M �Q�7 �i�?�2 �7�m�H�H�v �+�Q�M�M�2�+�i�2�/ �H���v�2�`

�r�B�i�? �i�?�2 ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�X

�l�M�H�B�F�2 �7�m�H�H�v �+�Q�M�M�2�+�i�2�/ �H���v�2�`�b�- �i�?�2�b�2 ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�b ���`�2 �}�t�2�/ ���M�/ �B�M�i�`�Q�/�m�+�2

�M�Q ���/�/�B�i�B�Q�M���H �T���`���K�2�i�2�`�b �i�Q �i�?�2 �+�Q�K�#�B�M�2�/ �H���v�2�`�X �A�M �i�?�B�b �r�Q�`�F�- �i�?�2 �7�Q�m�` �/�B�z�2�`�2�M�i

���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�b �b�?�Q�r�M �B�M �6�B�;�m�`�2 �k�X�j �r�B�H�H �#�2 �m�b�2�/�, �i�?�2 �b�B�;�K�Q�B�/�- �?�v�T�2�`�#�Q�H�B�+

�i���M�;�2�M�i�- �_�2�G�l�- ���M�/ �G�2���F�v �_�2�G�l�X

�.�2�}�M�B�i�B�Q�M �k�X�9�.�B�z�2�`�2�M�i ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�b

�a�B�;�K�Q�B�/�,

�b�B�;(x) =
1

1 + e� x
�U�k�X�j�d�V

�>�v�T�2�`�#�Q�H�B�+ �i���M�;�2�M�i�,

�i���M�?(x) =
ex � e� x

ex + e� x
�U�k�X�j�3�V

�_�2�G�l�,

�_�2�G�l(x) = �K���t(0; x) �U�k�X�j�N�V

�G�2���F�v �_�2�G�l�,

�G�_�2�G�l(x) = �K���t(0; x) + � �K�B�M(0; x) �U�k�X�9�y�V

�r�?�2�`�2� �B�b �� �}�t�2�/ �T���`���K�2�i�2�` �+�?�Q�b�2�M �r�B�i�? �i�?�2 ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�X

�h�?�2�b�2 �7�Q�m�` ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�b ���`�2 �i�v�T�B�+���H�H�v �m�b�2�/ �B�M �/�B�z�2�`�2�M�i �+�Q�M�i�2�t�i�b�X �h�?�2

�b�B�;�K�Q�B�/ �7�m�M�+�i�B�Q�M �K���T�b ���H�H �`�2���H �M�m�K�#�2�`�b �i�Q �i�?�2 �B�M�i�2�`�p���H(0; 1)�- �K���F�B�M�; �B�i �m�b�2�7�m�H �7�Q�`



�*�?���T�i�2�` �k �"���+�F�;�`�Q�m�M�/ �k�R

�Q�m�i�T�m�i �H���v�2�`�b �B�M �+�H���b�b�B�}�+���i�B�Q�M �Q�` �`�2�;�`�2�b�b�B�Q�M �i���b�F�b �r�?�2�`�2 �p���H�m�2�b ���`�2 �+�Q�M�b�i�`���B�M�2�/ �i�Q

�� �b�T�2�+�B�}�+ �`���M�;�2�X �a�B�K�B�H���`�H�v�- �i�?�2 �?�v�T�2�`�#�Q�H�B�+ �i���M�;�2�M�i ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M �K���T�b �i�Q

(� 1; 1)�- �r�?�B�+�? �B�b �m�b�2�7�m�H �r�?�2�M �r�Q�`�F�B�M�; �r�B�i�? �/���i�� �i�?���i �?���b �#�2�2�M �M�Q�`�K���H�B�x�2�/ �i�Q �#�2

�+�2�M�i�2�`�2�/ ���`�Q�m�M�/ �x�2�`�Q�X �a�m�+�? �/���i�� �B�b �Q�7�i�2�M �m�b�2�/ �B�M �;�2�M�2�`���i�B�p�2 �K�Q�/�2�H�b�- �K���F�B�M�; �i�?�2

�?�v�T�2�`�#�Q�H�B�+ �i���M�;�2�M�i �T�Q�T�m�H���` ���b ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �Q�m�i�T�m�i �H���v�2�` �B�M �;�2�M�2�`���i�Q�`�b�X

�h�?�2 �_�2�+�i�B�}�2�/ �G�B�M�2���` �l�M�B�i �U�_�2�G�l�V �(�3�j�) �Q�M �i�?�2 �Q�i�?�2�` �?���M�/�- �B�b �K�Q�`�2 �b�m�B�i���#�H�2 �7�Q�`

�B�M�i�2�`�K�2�/�B���i�2 �H���v�2�`�b�X �>�Q�r�2�p�2�`�- �B�i �?���b �i�?�2 �/�`���r�#���+�F �i�?���i �B�i�b �/�2�`�B�p���i�B�p�2 �B�b �x�2�`�Q

�7�Q�`x < 0�- �r�?�B�+�? �+���M �#�2 ���M �B�M�+�Q�M�p�2�M�B�2�M�+�2 �i�?���i �r�B�H�H �#�2�+�Q�K�2 �2�p�B�/�2�M�i �/�m�`�B�M�; �i�?�2
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�r�B�i�? �Q�M�2 �Q�7� �X
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�i�r�Q �p�2�+�i�Q�` �b�T���+�2�b �+���M �#�2 ���T�T�`�Q�t�B�K���i�2�/ �#�v �� �M�2�m�`���H �M�2�i�r�Q�`�F�X �h�Q �[�m���M�i�B�7�v �?�Q�r

�T�Q�r�2�`�7�m�H �/�B�z�2�`�2�M�i �7���K�B�H�B�2�b �Q�7 �M�2�m�`���H �M�2�i�r�Q�`�F�b ���`�2�- �i�?�2�`�2 �2�t�B�b�i �b�2�p�2�`���H �i�?�2�Q�`�2�K�b

�i�?���i �/�2�b�+�`�B�#�2 �i�?�2 �i�v�T�2�b �Q�7 �7�m�M�+�i�B�Q�M�b �i�?�2�v �+���M ���T�T�`�Q�t�B�K���i�2�X �h�?�2�b�2 ���`�2 �F�M�Q�r�M

���b �m�M�B�p�2�`�b���H ���T�T�`�Q�t�B�K���i�B�Q�M �i�?�2�Q�`�2�K�b�X �h�?�2 �i�r�Q �K�Q�b�i �7���K�Q�m�b �Q�7 �i�?�2�b�2 �i�?�2�Q�`�2�K�b

���`�2 �#�v �*�v�#�2�M�F�Q �(�3�8�) ���M�/ �>�Q�`�M�B�F�2�i ���H�X�(�3�e�)�X �h�?�2�v �/�2�K�Q�M�b�i�`���i�2�/ �i�?���i �M�2�m�`���H

�M�2�i�r�Q�`�F�b �+���M ���T�T�`�Q�t�B�K���i�2 ���H�H �+�Q�M�i�B�M�m�Q�m�b �7�m�M�+�i�B�Q�M�b �7�`�Q�K �� �+�Q�K�T���+�i �b�2�i �i�Q �i�?�2 �`�2���H

�M�m�K�#�2�`�b�- ���M�/ ���H�H �"�Q�`�2�H �K�2���b�m�`���#�H�2 �7�m�M�+�i�B�Q�M�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�B�b �?�Q�H�/�b �7�Q�` ���M�v

�/�2�b�B�`�2�/ �/�2�;�`�2�2 �Q�7 ���+�+�m�`���+�v �7�Q�` �M�2�m�`���H �M�2�i�r�Q�`�F�b �r�B�i�? ���`�#�B�i�`���`�v �r�B�/�i�? ���M�/ �#�Q�m�M�/�2�/

�/�2�T�i�?�X ���b �K�2�M�i�B�Q�M�2�/ �#�2�7�Q�`�2�- �i�?�2�b�2 �i�?�2�Q�`�2�K�b ���`�2 �p���H�B�/ �Q�M�H�v �7�Q�` �b�T�2�+�B�}�+ ���+�i�B�p���i�B�Q�M

�7�m�M�+�i�B�Q�M�b�X �q�?�B�H�2 �*�v�#�2�M�F�Q�ö�b �i�?�2�Q�`�2�K �(�3�8�) �B�b �H�B�K�B�i�2�/ �i�Q �b�B�;�K�Q�B�/ ���+�i�B�p���i�B�Q�M�b�- �i�?�2

�p���`�B���M�i �#�v �>�Q�`�M�B�F�2�i ���H�X�(�3�e�) �+�Q�M�b�B�/�2�`�b �� �r�B�/�2�` �`���M�;�2 �Q�7 �b�Q�@�+���H�H�2�/ �b�[�m���b�?�B�M�;

�7�m�M�+�i�B�Q�M�b�X �a�B�K�B�H���` �`�2�b�m�H�i�b �?���p�2 �#�2�2�M �Q�#�i���B�M�2�/ �7�Q�` �� �#�Q�m�M�/�2�/ �H���v�2�` �r�B�/�i�? ���M�/

���`�#�B�i�`���`�v �M�2�i�r�Q�`�F �/�2�T�i�?���B�i �B�b �M���K�2�/ �/�2�2�T �H�2���`�M�B�M�;�- ���7�i�2�` ���H�H���r�?�2�M �+�Q�K�#�B�M�2�/

�r�B�i�? �_�2�G�l ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�b �(�3�d�)�X

�L�2�m�`���H �L�2�i�r�Q�`�F �h�`���B�M�B�M�;

�"���b�2�/ �Q�M �i�?�2 �m�M�B�p�2�`�b���H ���T�T�`�Q�t�B�K���i�B�Q�M �i�?�2�Q�`�2�K �B�i �+���M �#�2 ���b�b�m�K�2�/ �i�?���i �� �M�2�m�`���H

�M�2�i�r�Q�`�FG� �+���M ���T�T�`�Q�t�B�K���i�2 �� �r�B�/�2 �`���M�;�2 �Q�7 �7�m�M�+�i�B�Q�M�b �B�7 �B�i �m�b�2�/ �i�?�2 �`�B�;�?�i ���+�i�B�@

�p���i�B�Q�M �7�m�M�+�i�B�Q�M ���M�/ �B�b �r�B�/�2 ���M�/ �/�2�2�T �2�M�Q�m�;�?�X �A�M �T�`���+�i�B�+�2�- �i�?�2 �B�K�T�Q�`�i���M�i �T���`�i �B�b

�i�Q �b�2�H�2�+�i �i�?�2 �T���`���K�2�i�2�`�b� (i ) �Q�7 �i�?�2 �i�?�2 �H���v�2�`�bf (i ) �b�QG� ���T�T�`�Q�t�B�K���i�2�b �� �b�T�2�+�B�}�+

�7�m�M�+�i�B�Q�Mf �X �A�M �T�`�B�M�+�B�T�H�2 �i�?�B�b �B�b �� �Q�T�i�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K�, �}�M�/�B�M�; �i�?�2 �b�2�i� �Q�7

� (i ) �- �i�?���i �K�B�M�B�K�B�x�2�b �i�?�2 �/�B�b�+�`�2�T���M�+�v �#�2�i�r�2�2�MG� ���M�/f �X �a�Q�H�p�B�M�; �i�?�B�b �T�`�Q�#�H�2�K �B�b

�+�Q�K�K�Q�M�H�v �`�2�7�2�`�`�2�/ �i�Q ���b �ô�i�`���B�M�B�M�;�ôG� �X �>�Q�r�2�p�2�`�-f �B�b �Q�7�i�2�M �� �#�H���+�F �#�Q�t�- ���M�/ �i�?�2

�Q�M�H�v �r���v �i�Q �;���i�?�2�` �B�M�7�Q�`�K���i�B�Q�M ���#�Q�m�i �B�i �B�b �i�?�`�Q�m�;�? �b���K�T�H�B�M�;�- �b�QG� �B�b �Q�T�i�B�K�B�x�2�/



�k�k �*�?���T�i�2�` �k �"���+�F�;�`�Q�m�M�/

�i�Q �}�i �� �i�`���B�M�B�M�; �/���i���b�2�iX�i�`���B�M= f �t(i ) ; �v(i )g�- �r�?�2�`�2�v(i ) = f (�t(i )) �B�M�b�i�2���/�X �6�Q�`

�i�?�B�b�- ���H�Q�b�b �7�m�M�+�i�B�Q�ML(f; G� ) �B�b �m�b�2�/�- �r�?�B�+�? �[�m���M�i�B�}�2�b �i�?�2 �2�`�`�Q�` �#�2�i�r�2�2�M �i�?�2 �i�`�m�2

�p���H�m�2�b�v(i ) ���M�/ �i�?�2 �K�Q�/�2�H �T�`�2�/�B�+�i�B�Q�M�bG� (�t(i ))�X �h�?�B�b ���H�H�Q�r�b �i�?�2 �i�`���B�M�B�M�; �T�`�Q�+�2�b�b

�i�Q �#�2 �7�Q�`�K�m�H���i�2�/ ���b �i�?�2 �7�Q�H�H�Q�r�B�M�; �K�B�M�B�K�B�x���i�B�Q�M �T�`�Q�#�H�2�K�,

�K�B�M
�

O :=
X

i

L (�v(i ) ; G� (�t(i ))) �U�k�X�9�R�V
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�Q�7 �M�2�m�`���H �M�2�i�r�Q�`�F�b�X �h�?�B�b �2�{�+�B�2�M�+�v �+�Q�K�2�b �7�`�Q�K �#���+�F�T�`�Q�T���;���i�B�Q�M�- �r�?�B�+�? �H�2�p�2�`���;�2�b
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ĝ  1
n r �

P t �n
i =( t � 1)n+1 L (�v(i ) ; G� (�t(i ))) �U���T�T�`�Q�t�B�K���i�2 �;�`���/�B�2�M�i�b�V
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�`�2�T�`�2�b�2�M�i �� �;�B�p�2�M �b���K�T�H�2�X �h�?�2 �#�2�b�i �2�t���K�T�H�2 �Q�7 �/���i�� �i�?���i �`�2�[�m�B�`�2�b �� �`�2�T�`�2�b�2�M�i���i�B�Q�M

�Q�i�?�2�` �i�?���M �p�2�+�i�Q�`�b �B�b �B�K���;�2�b�X �A�K���;�2�b ���`�2 �;�2�M�2�`���H�H�v �?�B�;�?�@�/�B�K�2�M�b�B�Q�M���H�- �b�m�+�? �i�?���i

�� �M�2�m�`���H �M�2�i�r�Q�`�F �K���/�2 �m�T �Q�7 �7�m�H�H�v �+�Q�M�M�2�+�i�2�/ �H���v�2�`�b �r�Q�m�H�/ �?���p�2 �7���` �B�M �i�Q�Q �K���M�v

�T���`���K�2�i�2�`�b �i�Q �2�z�2�+�i�B�p�2�H�v �;�2�M�2�`���H�B�x�2 �#�2�v�Q�M�/ �i�?�2 �i�`���B�M�B�M�; �/���i�� �(�N�e�)�X �6�Q�`�i�m�M���i�2�H�v�-

�B�K���;�2�b ���H�b�Q �?���p�2 �i�?�2 �+�Q�M�p�2�M�B�2�M�i �T�`�Q�T�2�`�i�B�2�b �i�?���i �i�?�2�B�` �b�i���i�B�b�i�B�+�b ���`�2 �b�i���i�B�Q�M���`�v ���M�/

�i�?���i �/�2�T�2�M�/�2�M�+�B�2�b �#�2�i�r�2�2�M �T�B�t�2�H�b ���`�2 �Q�M�H�v �H�Q�+���H �(�N�d�)�- �r�?�B�+�? �K�2���M�b �i�?���i ���M �B�K���;�2

�B�b �?�B�2�`���`�+�?�B�+���H�H�v �+�Q�K�T�Q�b�2�/ �Q�7 �H�Q�r�@�H�2�p�2�H �7�2���i�m�`�2�b�- �r�?�B�+�? �+���M ���T�T�2���` ���M�v�r�?�2�`�2 �B�M �i�?�2

�B�K���;�2 ���M�/ ���`�2 �Q�M�H�v �+�Q�`�`�2�H���i�2�/ �r�B�i�? �i�?�2�B�` �b�m�`�`�Q�m�M�/�B�M�; �7�2���i�m�`�2�b ���i �i�?�2 �b���K�2 �H�2�p�2�H�X

�h�?�B�b �b�T���i�B���H �?�B�2�`���`�+�?�v ���H�B�;�M�b �r�2�H�H �r�B�i�? �i�?�2 �?�B�2�`���`�+�?�B�+���H �M���i�m�`�2 �Q�7 �K�m�H�i�B�T�H�2 �b�i���+�F�2�/

�H���v�2�`�b �B�M �� �M�2�m�`���H �M�2�i�r�Q�`�F�- �2�t�+�2�T�i �i�?���i �i�?�2 �H���v�2�`�b �r�?�B�+�? �2�t�i�`���+�i �i�?�2 �7�2���i�m�`�2�b

�Q�M�H�v �M�2�2�/ �i�Q �+�Q�M�b�B�/�2�` �i�?�2 �H�Q�+���H �T�Q�`�i�B�Q�M �Q�7 �i�?�2 �M�2�t�i �H�Q�r�2�`�@�H�2�p�2�H �7�2���i�m�`�2�b�X �a�m�+�? ��

�7�m�M�+�i�B�Q�M�- �i�?���i �T�m�i�b �x�2�`�Q �r�2�B�;�?�i �Q�M �7�2���i�m�`�2�b �Q�m�i�b�B�/�2 �Q�7 �� �+�2�`�i���B�M �B�M�i�2�`�p���H �B�b �+���H�H�2�/��

�F�2�`�M�2�H�X �a�m�+�? �� �F�2�`�M�2�H �+���M �#�2 �m�b�2�/ �Q�M �/�B�z�2�`�2�M�i �`�2�;�B�Q�M�b �#�v �2�b�b�2�M�i�B���H�H�v �b�H�B�/�B�M�; �B�i �Q�p�2�`

�i�?�2 �B�K���;�2�- �`�2�b�m�H�i�B�M�; �B�M �� �b�B�;�M�B�}�+���M�i �`�2�/�m�+�i�B�Q�M �B�M �T���`���K�2�i�2�`�b �+�Q�K�T���`�2�/ �i�Q �7�m�H�H�v

�+�Q�M�M�2�+�i�2�/ �M�2�i�r�Q�`�F�b�X �h�?�B�b �B�b �2�b�b�2�M�i�B���H�H�v �� �+�Q�M�p�Q�H�m�i�B�Q�M �#�2�i�r�2�2�M �i�?�2 �F�2�`�M�2�H ���M�/ �i�?�2

�B�K���;�2�- �r�?�B�+�? �B�b �i�?�2 �T�`�B�M�+�B�T�H�2 �#�2�?�B�M�/ �+�Q�M�p�Q�H�m�i�B�Q�M���H �H���v�2�`�b �(�N�3�)�,



�*�?���T�i�2�` �k �"���+�F�;�`�Q�m�M�/ �k�8

�.�2�}�M�B�i�B�Q�M �k�X�8�k�. �*�Q�M�p�Q�H�m�i�B�Q�M���H �H���v�2�`

�� �k�. �+�Q�M�p�Q�H�m�i�B�Q�M���H �H���v�2�`�B�b �� �7�m�M�+�i�B�Q�Mf C : Rn1 � n2 � n3 ! Rn1 � n2 � nC �- �i�?���i �B�b �;�B�p�2�M

�i�?�`�Q�m�;�? �i�?�2 �F�2�`�M�2�H�bR k 2 Rm1 ;m 2 ;n3 ���M�/ �#�B���b�2�bbk 2 R �-k 2 f 1; : : : ; nCg�,

f C (�t; � ) i;j;k = g((R k � �t) i;j + bk) = g(bk +
m1 � 1X

l=0

m2 � 1X

m=0

n3 � 1X

n=0

�ti � l;j � m;n R k
l;m;n ) �U�k�X�9�9�V

�r�?�2�`�2[m1; m2] ���`�2 �i�?�2 �/�B�K�2�M�b�B�Q�M�b �Q�7 �i�?�2 �F�2�`�M�2�H�-n3 �B�b �i�?�2 �M�m�K�#�2�` �Q�7 �+�?���M�M�2�H�b

�B�M �i�?�2 �B�M�T�m�i �B�K���;�2�-nC �i�?�2 �M�m�K�#�2�` �Q�7 �+�?���M�M�2�H�b �B�M �i�?�2 �Q�m�i�T�m�i �B�K���;�2 ���M�/g �i�?�2

���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�X

�h�?�2 �Q�m�i�T�m�i �Q�7 �� �+�Q�M�p�Q�H�m�i�B�Q�M���H �H���v�2�` �B�b �� �k�. �K���T �i�?���i �B�M�/�B�+���i�2�b �r�?�2�`�2 �i�?�2 �7�2���@

�i�m�`�2�b �2�t�i�`���+�i�2�/ �#�v �i�?�2 �/�B�z�2�`�2�M�i �F�2�`�M�2�H�b ���T�T�2���` �(�d�R�)�X �h�?�B�b �K���T �B�b �2�[�m�B�p���`�B���M�i �i�Q

�i�`���M�b�H���i�B�Q�M�- �K�2���M�B�M�; �i�?���i �B�7 �i�?�2 �B�M�T�m�i �B�b �b�?�B�7�i�2�/ �B�M �i�?�2x �Q�ỳ �/�B�`�2�+�i�B�Q�M�- �i�?�2 �b���K�2

�b�?�B�7�i �r�B�H�H �#�2 �`�2�~�2�+�i�2�/ �B�M �i�?�2 �Q�m�i�T�m�i�X �q�?�2�M �b�?�B�7�i�B�M�; �� �F�2�`�M�2�H �Q�p�2�` ���M �B�K���;�2 �B�M �i�?�B�b

�K���M�M�2�`�- �i�?�2 �`�2�b�m�H�i�B�M�; �Q�m�i�T�m�i �B�b �m�b�m���H�H�v �b�K���H�H�2�` �B�M �b�B�x�2 �i�?���M �i�?�2 �B�M�T�m�i�X �h�Q �Q�#�i���B�M

���M �Q�m�i�T�m�i �r�B�i�? �i�?�2 �b���K�2 �}�`�b�i �i�r�Q �/�B�K�2�M�b�B�Q�M�b ���b �i�?�2 �B�M�T�m�i�- �B�i �B�b �M�2�+�2�b�b���`�v �i�Q �T���/

�i�?�2 �B�K���;�2 �r�B�i�? �x�2�`�Q�b �7�Q�` �B�M�/�B�+�2�b �r�?�2�`�2i � l < 0 �Q�ì � m < 0�- �� �T�`�Q�+�2�b�b �F�M�Q�r�M

���b�x�2� �̀Q �T���/�/�B�M�;�X �A�7 �M�Q �T���/�/�B�M�; �B�b ���T�T�H�B�2�/�- �i�?�2 �Q�m�i�T�m�i �?���b �b�K���H�H�2�` �/�B�K�2�M�b�B�Q�M�b

�URn1 � m1+1 � n2 � m2+1 � nC �V�- �i�?�B�b �B�b �+���H�H�2�/�p���H�B�/ �T���/�/�B�M�;�X ���M�v �M�2�i�r�Q�`�F �i�?���i �m�b�2�b ���i

�H�2���b�i �Q�M�2 �+�Q�M�p�Q�H�m�i�B�Q�M���H �H���v�2�` �B�b �+���H�H�2�/ ���*�Q�M�p�Q�H�m�i�B�Q�M���H �L�2�m� �̀��H �L�2�i�r�Q�`�F�X �A�M �i�?�2�b�2

�M�2�i�r�Q�`�F�b�- �B�i �B�b �+�Q�K�K�Q�M �i�Q �}�`�b�i �m�b�2 �+�Q�M�p�Q�H�m�i�B�Q�M���H �H���v�2�`�b �7�Q�` �7�2���i�m�`�2 �2�t�i�`���+�i�B�Q�M�-

�i�?���M �+�Q�M�p�2�`�i �i�?�2 �k�. �7�2���i�m�`�2 �K���T �i�Q �� �p�2�+�i�Q�` ���M�/ �+�Q�M�i�B�M�m�2 �r�B�i�? �7�m�H�H�v �+�Q�M�M�2�+�i�2�/

�H���v�2�`�b�X

�k�X�j�X�k �A�M�p�2�`�b�2 ���M�/ �:�2�M�2�`���i�B�p�2 �J�Q�/�2�H�b

�J�Q�b�i �/���i���b�2�i�b �B�M �/�2�2�T �H�2���`�M�B�M�; �+���M �#�2 �B�M�i�2�`�T�`�2�i�2�/ �b�m�+�? �i�?���i �2���+�? �2�t���K�T�H�2 �B�M �i�?�2

�/���i���b�2�i �`�2�T�`�2�b�2�M�i�b �� �b�i���i�2�- �r�B�i�? �H���#�2�H�b �B�M�/�B�+���i�B�M�; �T�`�Q�T�2�`�i�B�2�b �B�M�7�2�`�`�2�/ �7�`�Q�K �i�?���i

�b�i���i�2�X �6�Q�` �B�M�b�i���M�+�2�- �r�?�B�H�2 �� �T�?�Q�i�Q�;�`���T�? �B�b �� �`�2�+�Q�`�/�B�M�; �Q�7 �T�?�Q�i�Q�M�b �+���T�i�m�`�2�/ �#�v �i�?�2

�+���K�2�`�� �b�2�M�b�Q�`�- �r�2 �+���M �B�M�7�2�` �7�`�Q�K �B�i �i�?���i �i�?�2 �B�K���;�2 �/�2�T�B�+�i�b �� �+���i�X �.�2�i�2�`�K�B�M�B�M�;

�i�?�2�b�2 �T�`�Q�T�2�`�i�B�2�b �7�Q�` �� �;�B�p�2�M �b�i���i�2 �B�b �+���H�H�2�/ �i�?�2�7�Q�`�r��� �̀/ �T� �̀Q�#�H�2�K�X �h�?�2 �Q�i�?�2�` �r���v

���`�Q�m�M�/�- �}�M�/�B�M�; �� �b�i���i�2 �i�?���i �2�t�?�B�#�B�i�b �b�T�2�+�B�}�2�/ �T�`�Q�T�2�`�i�B�2�b �B�b �+���H�H�2�/ �i�?�2�B�M�p�2�`�b�2

�T� �̀Q�#�H�2�K�X �h�?�B�b �B�b �i�?�2 �b���K�2 ���b �+�Q�M�/�B�i�B�Q�M���H �;�2�M�2�`���i�B�Q�M�- �r�?�2�`�2 �/���i�� �B�b �;�2�M�2�`���i�2�/ �i�?���i

�K�2�2�i�b �b�T�2�+�B�}�2�/ �+�Q�M�/�B�i�B�Q�M�b �Q�` �T�`�Q�T�2�`�i�B�2�b�X �A�M�p�2�`�b�2 �T�`�Q�#�H�2�K�b �?���p�2 �� �i�2�M�/�2�M�+�v �i�Q �#�2

�B�H�H�@�T�Q�b�2�/�- �K���F�B�M�; �i�?�2�K �/�B�{�+�m�H�i �i�Q �b�Q�H�p�2 �(�N�N�)�X



�k�e �*�?���T�i�2�` �k �"���+�F�;�`�Q�m�M�/

�.�2�}�M�B�i�B�Q�M �k�X�e�q�2�H�H�@�T�Q�b�2�/ ���M�/ �B�H�H�@�T�Q�b�2�/ �B�M�p�2�`�b�2 �T�`�Q�#�H�2�K�b

�� �B�M�p�2�`�b�2 �T�`�Q�#�H�2�K �B�b �+���H�H�2�/�r�2�H�H�@�T�Q�b�2�/�B�7 �(�R�y�y�)�,

�Ç �� �b�Q�H�m�i�B�Q�M �i�Q �i�?�2 �T�`�Q�#�H�2�K �2�t�B�b�i�b

�Ç �h�?�2 �b�Q�H�m�i�B�Q�M �B�b �m�M�B�[�m�2

�Ç �h�?�2 �b�Q�H�m�i�B�Q�M �/�2�T�2�M�/�b �+�Q�M�i�B�M�m�Q�m�b�H�v �Q�M �i�?�2 �B�M�T�m�i

���M�v �B�M�p�2�`�b�2 �T�`�Q�#�H�2�K �i�?���i �B�b �M�Q�i �r�2�H�H �T�Q�b�2�/ �B�b �+���H�H�2�/�B�H�H�@�T�Q�b�2�/�X

�h�`���B�M�B�M�; �� �M�2�m�`���H �M�2�i�r�Q�`�F �i�Q �b�Q�H�p�2 �� �r�2�H�H�@�T�Q�b�2�/ �B�M�p�2�`�b�2 �T�`�Q�#�H�2�K �B�b �[�m�B�i�2 �b�i�`���B�;�?�i�@

�7�Q�`�r���`�/�, �B�i �B�b �T�Q�b�b�B�#�H�2 �i�Q �b�r�B�i�+�? �i�?�2 �b���K�T�H�2�b �r�B�i�? �i�?�2 �H���#�2�H�b ���M�/ �i�`�2���i �B�i ���b ��

�b�m�T�2�`�p�B�b�2�/ �H�2���`�M�B�M�; �i���b�F�X �a�Q�H�p�B�M�; �B�H�H�@�T�Q�b�2�/ �T�`�Q�#�H�2�K�b �r�B�i�? �M�2�m�`���H �M�2�i�r�Q�`�F�b �B�b �K�Q�`�2

�+�Q�K�T�H�2�t�X �q�?�B�H�2 �B�i �+���M �#�2 �b���7�2�H�v ���b�b�m�K�2�/ �i�?���i �i�?�2�`�2 �B�b �� �`���M�;�2 �Q�7 �B�M�T�m�i�b �7�Q�` �r�?�B�+�?

�� �b�Q�H�m�i�B�Q�M �2�t�B�b�i�b �U�i�?�2�`�2 �B�b �� �/���i���b�2�i ���7�i�2�` ���H�H�V�- �B�i �B�b �K�Q�`�2 �T�`�Q�#�H�2�K���i�B�+ �i�?���i �Q�7�i�2�M

�K�m�H�i�B�T�H�2 �b�Q�H�m�i�B�Q�M�b �2�t�B�b�i�X �h�?�B�b �B�b �#�2�+���m�b�2 �H���#�2�H�b �i�v�T�B�+���H�H�v �+�Q�M�i���B�M �Q�M�H�v �� �7�`���+�i�B�Q�M

�Q�7 �i�?�2 �Q�`�B�;�B�M���H �B�M�7�Q�`�K���i�B�Q�M�X �6�Q�` �2�t���K�T�H�2�- �i�?�2�`�2 ���`�2 �+�Q�m�M�i�H�2�b�b �B�K���;�2�b �i�?���i �}�i �i�?�2

�H���#�2�H �ô�+���i�ô�X �h�Q ���/�/�`�2�b�b �i�?�B�b�- �+�Q�M�/�B�i�B�Q�M���H �;�2�M�2�`���i�B�p�2 �K�Q�/�2�H�b �B�M�i�`�Q�/�m�+�2 �b�Q�K�2 �ô�M�Q�B�b�2�ô

���b ���/�/�B�i�B�Q�M���H �B�M�T�m�i�- �#���b�2�/ �Q�M �r�?�B�+�? �Q�M�2 �Q�7 �i�?�2 �T�Q�b�b�B�#�H�2 �b�Q�H�m�i�B�Q�M�b �B�b �b�2�H�2�+�i�2�/ �#�v
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(x i � x̂ i )2 �U�k�X�9�3�V

�h�?�B�b ���T�T�`�Q���+�? ���H�H�Q�r�b �/�B�K�2�M�b�B�Q�M���H�B�i�v �`�2�/�m�+�i�B�Q�M �#�v �+�?�Q�Q�b�B�M�; �� �H�Q�r�2�`�@�/�B�K�2�M�b�B�Q�M���H

�H���i�2�M�i �b�T���+�2 �(�R�y�d�)�X �"�2�b�B�/�2�b �i�?�B�b�- ���m�i�Q�2�M�+�Q�/�2�`�b �+���M �#�2 �m�b�2�/ �7�Q�` �i���b�F�b �b�m�+�? ���b

�/�2�M�Q�B�b�B�M�; �Q�` �/�B�K�2�M�b�B�Q�M���H�B�i�v �`�2�/�m�+�i�B�Q�M�- ���b �i�?�2 �H���i�2�M�i �`�2�T�`�2�b�2�M�i���i�B�Q�M �T�`�2�b�2�`�p�2�b �Q�M�H�v

�i�?�2 �K�Q�b�i �B�K�T�Q�`�i���M�i �B�M�7�Q�`�K���i�B�Q�M �(�R�y�3�- �R�y�N�)�X �h�?�2 �+�Q�`�2 �B�/�2�� �#�2�?�B�M�/ �i�?�2 �o���1 �B�b

�b�i�`���B�;�?�i�7�Q�`�r���`�/�, �B�7 �2�p�2�`�v �b���K�T�H�2 �+���M �#�2 �7�m�H�H�v �`�2�+�Q�M�b�i�`�m�+�i�2�/ �7�`�Q�K �B�i�b �`�2�T�`�2�b�2�M�i���i�B�Q�M

�B�M �i�?�2 �H���i�2�M�i �b�T���+�2�- �B�i �K�B�;�?�i �#�2 �b�B�K�T�H�2�` �i�Q �;�2�M�2�`���i�2 �i�?�2�b�2 �`�2�T�`�2�b�2�M�i���i�B�Q�M�b �`���i�?�2�`

�i�?���M �i�?�2 �/���i�� �B�i�b�2�H�7�X �h�Q ���+�+�Q�K�T�H�B�b�? �i�?�B�b�- �B�i �B�b �M�2�+�2�b�b���`�v �i�Q �+�Q�M�i�`�Q�H �i�?�2 �T�`�Q�#���#�B�H�B�i�v

�/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2 �2�K�#�2�/�/�B�M�;�b �B�M �i�?�2 �H���i�2�M�i �b�T���+�2�- ���b �/���i�� �B�b �;�2�M�2�`���i�2�/ �#�v �b���K�T�H�B�M�;

�7�`�Q�K �B�i�b �/�B�b�i�`�B�#�m�i�B�Q�M�X �1�b�b�2�M�i�B���H�H�v�- �� �K���T�T�B�M�; �#�2�i�r�2�2�M �i�?�2 �/���i�� �/�B�b�i�`�B�#�m�i�B�Q�MP(x)

���M�/ �� �F�M�Q�r�M �/�B�b�i�`�B�#�m�i�B�Q�M �B�M �i�?�2 �H���i�2�M�i �b�T���+�2P(z) �B�b �+�`�2���i�2�/ �#�v �H�2���`�M�B�M�; �i�r�Q

�+�Q�M�/�B�i�B�Q�M���H �/�B�b�i�`�B�#�m�i�B�Q�M�b�,p� G(x jz) ���M�/p� E (z jx )�X �h�?�2 �o���1 ���+�?�B�2�p�2�b �i�?�B�b �+�Q�M�i�`�Q�H

�i�?�`�Q�m�;�? �� �`�2�;�m�H���`�B�x���i�B�Q�M �i�2�`�K �B�M �i�?�2 �H�Q�b�b �7�m�M�+�i�B�Q�M�- �i�?���i �+�Q�M�b�i�`���B�M�b �i�?�2 �H���i�2�M�i

�/�B�b�i�`�B�#�m�i�B�Q�M �i�Q �� �T�`�2�/�2�}�M�2�/ �T�`�B�Q�`���m�b�m���H�H�v�- �� �K�m�H�i�B�p���`�B���i�2 �M�Q�`�K���H �/�B�b�i�`�B�#�m�i�B�Q�M

�r�B�i�? �x�2�`�Q �K�2���M ���M�/ �m�M�B�i �p���`�B���M�+�2�X �6�Q�` �i�?�B�b�- �i�?�2 �`�2�;�m�H���`�B�x���i�B�Q�M �i�2�`�K �?���b �i�Q

�K�2���b�m�`�2 �i�?�2 �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M �/�B�z�2�`�2�M�+�2 �#�2�i�r�2�2�M �i�?�2 �H�2���`�M�2�/ �H���i�2�M�i �/�B�b�i�`�B�#�m�i�B�Q�M

���M�/ �i�?�2 �T�`�B�Q�`�- �r�?�B�+�? �B�b �/�B�{�+�m�H�i ���b �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �B�M �i�?�2 �H���i�2�M�i �b�T���+�2 �B�b �Q�M�H�v

�F�M�Q�r�M �i�?�`�Q�m�;�? �b���K�T�H�2�b �Q�7 �B�i�X �h�Q �+�B�`�+�m�K�p�2�M�i �i�?�B�b�- �i�?�2 �2�M�+�Q�/�2�` �Q�7 �i�?�2 �o���1E�o���1

�K���T�b �i�Q �K�2���M� ���M�/ �p���`�B���M�+�2� �Q�7 �� �M�Q�`�K���H �/�B�b�i�`�B�#�m�i�B�Q�M �B�M �i�?�2 �H���i�2�M�i �b�T���+�2�X �l�b�B�M�;

�i�?�B�b�- �i�?�2 �`�2�;�m�H���`�B�x���i�B�Q�M �i�2�`�K �+���M �i�?�2�M �#�2 �+�Q�K�T�m�i�2�/ �m�b�B�M�; �i�?�2 �E�m�H�H�#���+�F���G�2�B�#�H�2�`

�U�E�G�V �/�B�p�2�`�;�2�M�+�2 �#�2�i�r�2�2�M �i�r�Q �M�Q�`�K���H �/�B�b�i�`�B�#�m�i�B�Q�M�b�,

L �o���1 (x ; x̂ ; � ; � ) = L R(x ; x̂ )2

| {z }
�`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �H�Q�b�b

+ � D �E�G
�
N (� ; � ); N (0; �A)

�

| {z }
�`�2�;�m�H���`�B�x���i�B�Q�M �H�Q�b�b

�U�k�X�9�N�V

�r�?�2�`�2� �B�b �� �?�v�T�2�`�T���`���K�2�i�2�` �B�M�i�`�Q�/�m�+�2�/ �H���i�2�` �i�Q �i�?�2 �o���1 �7�Q�`�K�m�H���i�B�Q�M �#�v �>�B�;�;�B�M�b

�2�i ���H�X �(�R�R�y�) �i�Q �+�Q�M�i�`�Q�H �i�?�2 �i�`���/�2�@�Q�z �#�2�i�r�2�2�M �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �H�Q�b�b ���M�/ �`�2�;�m�H���`�B�x���i�B�Q�M

�H�Q�b�b�X �h�?�2 �`�2�+�Q�M�b�i�`�m�+�i�B�Q�M �H�Q�b�b �Q�7 �i�?�2 �o���1 �B�b �b�B�K�B�H���` �i�Q �i�?���i �Q�7 �i�?�2 �b�i���M�/���`�/

���m�i�Q�2�M�+�Q�/�2�`�- �i�?�2 �Q�M�H�v �/�B�z�2�`�2�M�+�2 �B�b �i�?���i �i�?�2 �H���i�2�M�i �`�2�T�`�2�b�2�M�i���i�B�Q�M �B�b �b���K�T�H�2�/ �7�`�Q�K

�i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �;�B�p�2�M �#�v �i�?�2 �2�M�+�Q�/�2�` �`���i�?�2�` �i�?���M �#�2�B�M�; �/�B�`�2�+�i�H�v �+�Q�K�T�m�i�2�/�X �l�b�B�M�;

�i�?�B�b �+�Q�K�#�B�M�2�/ �H�Q�b�b �7�m�M�+�i�B�Q�M�- �o���1�b �+���M �#�2 �i�`���B�M�2�/ �b�B�K�B�H���` �i�Q �7�2�2�/�7�Q�`�r���`�/ �M�2�m�`���H

�M�2�i�r�Q�`�F�b�,



�*�?���T�i�2�` �k �"���+�F�;�`�Q�m�M�/ �j�R

���H�;�Q�`�B�i�?�K �k�X�k�J�B�M�B�@�#���i�+�? �o���1 �i�`���B�M�B�M�;

�_�2�[�m�B�`�2�,� E�, �a�i���`�i �T���`���K�2�i�2�`�b �Q�7E�o���1

�_�2�[�m�B�`�2�,� G�, �a�i���`�i �T���`���K�2�i�2�`�b �Q�7G�o���1

�_�2�[�m�B�`�2�,� �, �G�2���`�M�B�M�; �`���i�2

�_�2�[�m�B�`�2�,n�, �"���i�+�? �b�B�x�2

�_�2�[�m�B�`�2�,N �2�T�Q�+�?�b�, �L�m�K�#�2�` �Q�7 �i�`���B�M�B�M�; �2�T�Q�+�?�b

�_�2�[�m�B�`�2�,X�i�`���B�M= f �t(i ) ji 2 f 1; : : : ; Ngg�, �h�`���B�M�B�M�; �/���i��

�  � E [ � G
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�T�`�Q�T�2�`�i�B�2�b �/�m�`�B�M�; �i�`���B�M�B�M�; �K�m�b�i �+�H�Q�b�2�H�v �`�2�b�2�K�#�H�2 �i�?�2 �Q�`�B�;�B�M���H �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2

�T�`�Q�T�2�`�i�B�2�b�X �P�i�?�2�`�r�B�b�2�-D�:���L �K�B�;�?�i �b�B�K�T�H�v �H�2���`�M �i�Q �B�/�2�M�i�B�7�v �b���K�T�H�2�b �;�2�M�2�`���i�2�/

�#�vG�:���L �#���b�2�/ �Q�M �i�?�2 �T�`�Q�T�2�`�i�B�2�b ���H�Q�M�2�X �h�?�B�b �K�2�i�?�Q�/ �B�M�+�Q�`�T�Q�`���i�2�b �i�?�2 �T�`�Q�T�2�`�i�B�2�b

�B�K�T�H�B�+�B�i�H�v�- �r�?�B�+�? �K�2���M�b �i�?�2�v �K�B�;�?�i �#�2 �Q�p�2�`�H�Q�Q�F�2�/ �#�vD�:���L �B�7 �Q�i�?�2�` �2�z�2�+�i�b �Q�M

�i�?�2 �H�Q�b�b �7�m�M�+�i�B�Q�M ���`�2 �K�Q�`�2 �T�`�Q�M�Q�m�M�+�2�/�X �h�?�2���m�t�B�H�B���`�v �*�H���b�b�B�}�2�` �:���L�U���*�:���L�V

�(�R�k�9�)�- �b�?�Q�r�M �B�M �6�B�;�m�`�2 �k�X�e�+�- �B�M�+�H�m�/�2�b �i�?�2 �T�`�Q�T�2�`�i�B�2�b �2�t�T�H�B�+�B�i�H�v �#�v �`�2�[�m�B�`�B�M�;D�:���L

�i�Q �T�`�2�/�B�+�i �i�?�2 �T�`�Q�T�2�`�i�B�2�b �B�M�b�i�2���/ �Q�7 �i���F�B�M�; �i�?�2�K ���b ���/�/�B�i�B�Q�M���H �B�M�T�m�i�X �h�?�B�b �B�b �/�Q�M�2

�#�v �B�M�+�Q�`�T�Q�`���i�B�M�; �� ���m�t�B�H�B���`�v �.�2�+�Q�/�2�` �U�Q�` �*�H���b�b�B�}�2�`�f�_�2�;�`�2�b�b�Q�`�V �L�2�i�r�Q�`�F �B�M�i�Q �i�?�2

�/�B�b�+�`�B�K�B�M���i�Q�`�- �v�B�2�H�/�B�M�; �� �/�B�b�+�`�B�K�B�M���i�Q�`D���*�:���L �,

D���*�:���L (x ) = fD �:���L (x ); yD (x )g �U�k�X�e�R�V

�r�?�2�`�2yD (x ) ���`�2 �i�?�2 �T�`�Q�T�2�`�i�B�2�b �T�`�2�/�B�+�i�2�/ �#�vD���*�:���L �7�Q�`x �X

�h�?�2 �/�2�+�Q�/�B�M�; �T�`�Q�+�2�b�b �2�M�b�m�`�2�b �i�?���iD���*�:���L �K�m�b�i �T�`�2�b�2�`�p�2 �B�M�7�Q�`�K���i�B�Q�M ���#�Q�m�i �i�?�2

�T�`�Q�T�2�`�i�B�2�b �B�M ���H�H �H���v�2�`�b�X �6�Q�` �i�?�B�b�-D���*�:���L �B�b �i�`���B�M�2�/ �b�B�K�m�H�i���M�2�Q�m�b�H�v �i�Q �T�`�2�/�B�+�i �i�?�2

�T�`�Q�#���#�B�H�B�i�v �i�?���i �� �b���K�T�H�2 �r���b �;�2�M�2�`���i�2�/ �#�vG�:���L ���M�/ �i�Q �T�`�2�/�B�+�i �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�;

�T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �Q�`�B�;�B�M���H �/���i���-y d�- �Q�` �i�?�2 �i���`�;�2�i �T�`�Q�T�2�`�i�B�2�b�-y t �- �7�Q�` �i�?�2 �b���K�T�H�2�b

�;�2�M�2�`���i�2�/ �#�vG�:���L �,

L D ���*�:���L (x ; x̂ ; y d; y t ) = L D (x ; x̂ ) + �
h
L �J�a�1(y d; yD (x ))+

L �J�a�1
�
y t ; yD (x̂ )

� i
�U�k�X�e�k�V

�r�?�2�`�2 �i�?�2 �;�2�M�2�`���i�Q�` ���H�b�Q �`�2�+�2�B�p�2�b �i�?�2 �i���`�;�2�i �T�`�Q�T�2�`�i�B�2�b ���b �B�M�T�m�i�,

x̂ = G�:���L (z; y t ) �U�k�X�e�j�V

�A�M�+�Q�`�T�Q�`���i�B�M�; �T�`�Q�T�2�`�i�v �T�`�2�/�B�+�i�B�Q�M �B�MD�:���L �M�Q�i �Q�M�H�v �7�Q�`�+�2�b �B�i �i�Q �+�Q�M�b�B�/�2�` �i�?�2

�T�`�Q�T�2�`�i�B�2�b �#�m�i �?���b ���H�b�Q �#�2�2�M �b�?�Q�r�M �i�Q �2�M���#�H�2 �K�Q�`�2 �/���i���@�2�{�+�B�2�M�i �i�`���B�M�B�M�; �Q�7D�:���L



�*�?���T�i�2�` �k �"���+�F�;�`�Q�m�M�/ �j�N

���M�/ �� �;�2�M�2�`���H �B�K�T�`�Q�p�2�K�2�M�i �B�M �b���K�T�H�2 �[�m���H�B�i�v �(�R�k�8�)�X �>�Q�r�2�p�2�`�- �B�7 �� �T�`�2�i�`���B�M�2�/

�7�Q�`�r���`�/ �M�2�i�r�Q�`�FF �B�b ���p���B�H���#�H�2 �B�i �+���M �#�2 �#�2�M�2�}�+�B���H �i�Q �`�m�M �B�i �B�M �T���`���H�H�2�H �i�QD�:���L

�B�M�b�i�2���/ �Q�7 �B�M�+�Q�`�T�Q�`���i�B�M�; �i�?�2 �T�`�Q�T�2�`�i�v �T�`�2�/�B�+�i�B�Q�M�X �q�?�2�M �`�m�M �B�M �T���`���H�H�2�H �i�QD�:���L �-

F �B�b �+���H�H�2�/ �� �o�2�`�b���i�B�H�2 ���m�t�B�H�B���`�v �_�2�;�`�2�b�b�Q�`�f�*�H���b�b�B�}�2�` �U�o���_�f�o���*�V �(�R�k�e�) �b�B�M�+�2 �B�i

�+���M �#�2 �B�M�/�2�T�2�M�/�2�M�i�H�v �m�b�2�/ �B�M �/�B�z�2�`�2�M�i �b�+�2�M���`�B�Q�b�X �h�?�B�b �7�`���K�2�r�Q�`�F �B�b �b�?�Q�r�M �B�M

�k�X�e�+�X �6�Q�` �� �o���_�f�o���*�@�:���L �Q�M�H�v �i�?�2 �;�2�M�2�`���i�Q�` �H�Q�b�b �7�m�M�+�i�B�Q�M �+�?���M�;�2�b ���M�/ �B�7 ��

�T�`�2�i�`���B�M�2�/F �B�b �m�b�2�/�- �M�Q �H���#�2�H�b ���`�2 �M�2�2�/�2�/�,

L G�o���_�@�:���L (x ; x̂ ) = L G(x̂ ) + � L �J�a�1
�
y t ; F (x̂ )

�
�U�k�X�e�9�V

���H�;�Q�`�B�i�?�K �k�X�e�J�B�M�B�@�#���i�+�? �:���L �i�`���B�M�B�M�; �r�B�i�? �T�`�2�i�`���B�M�2�/ �o���_�f�o���*

�_�2�[�m�B�`�2�,� F �, �a�i���`�i �T���`���K�2�i�2�`�b �Q�7F

�_�2�[�m�B�`�2�,� G�, �a�i���`�i �T���`���K�2�i�2�`�b �Q�7G�:���L

�_�2�[�m�B�`�2�,� D �, �a�i���`�i �T���`���K�2�i�2�`�b �Q�7D�:���L

�_�2�[�m�B�`�2�,� �, �G�2���`�M�B�M�; �`���i�2

�_�2�[�m�B�`�2�,n�, �"���i�+�? �b�B�x�2

�_�2�[�m�B�`�2�,N �2�T�Q�+�?�b�, �L�m�K�#�2�` �Q�7 �i�`���B�M�B�M�; �2�T�Q�+�?�b

�_�2�[�m�B�`�2�,� �, �h�`���/�2�@�Q�z �T���`���K�2�i�2�`

�_�2�[�m�B�`�2�,n�T�`�Q�T�, �L�m�K�#�2�` �Q�7 �T�`�Q�T�2�`�i�B�2�b

�_�2�[�m�B�`�2�,X�`�2���H= f (�t(i ) ; �v(i ))ji 2 f 1; : : : ; Ngg�, �h�`���B�M�B�M�; �/���i��

�7�Q�Ǹ �2�T�Q�+�?�b�/�Q

�a�?�m�|�2X�`�2���H

t  1 �U�"���i�+�? �+�Q�m�M�i�2�`�V

�r�?�B�H�2t � n � N �/�Q

ĝ  1
n r �

P t �n
i =( t � 1)n+1 L (�v(i ) ; F (�t(i ))) �U���T�T�`�Q�t�B�K���i�2 �;�`���/�B�2�M�i�b�V

� F  � F � � ĝ �U�l�T�/���i�2 �T���`���K�2�i�2�`�b�V

t  t + 1

�2�M�/ �r�?�B�H�2

�2�M�/ �7�Q�`

�7�Q�Ǹ �2�T�Q�+�?�b�/�Q

�a�?�m�|�2X�`�2���H

t  1 �U�"���i�+�? �+�Q�m�M�i�2�`�V

�r�?�B�H�2t � n � N �/�Q

f �x(i ) ji 2 f (t�• 1)n + 1; : : : ; t�ængg  �_���M�/�Q�K �b���K�T�H�2�b �7�`�Q�KN (0; �A)

f �v(i ) ji 2 f (t�• 1)n + 1; : : : ; t�ængg  �_���M�/�Q�K �b���K�T�H�2�b �7�`�Q�KU[0; 1]n �T�`�Q�T



�9�y �*�?���T�i�2�` �k �"���+�F�;�`�Q�m�M�/

ĝD  1
n r �

P t �n
i =( t � 1)n+1 L D (�t(i ) ; G�:���L (�x(i ))) �U���T�T�`�Q�t�B�K���i�2 �;�`���/�B�2�M�i�bD�:���L �V

ĝG  1
n r �

P t �n
i =( t � 1)n+1 L G(G�:���L (�x(i ))) + � L �J�a�1

�
�v(i ) ; F (G�:���L (z (i )))

�

� D  � D � � ĝD �U�l�T�/���i�2 �T���`���K�2�i�2�`�bD�:���L �V

� G  � G � � ĝG �U�l�T�/���i�2 �T���`���K�2�i�2�`�bG�:���L �V

t  t + 1

�2�M�/ �r�?�B�H�2

�2�M�/ �7�Q�`

�.�B�z�m�b�B�Q�M �J�Q�/�2�H�b

�.�2�M�Q�B�b�B�M�; �.�B�z�m�b�B�Q�M �J�Q�/�2�H�b���`�2 �� �+�H���b�b �Q�7 �H���i�2�M�i �b�T���+�2 �;�2�M�2�`���i�B�p�2 �K�Q�/�2�H�b �}�`�b�i

�B�M�i�`�Q�/�m�+�2�/ �#�v �a�Q�?�H�@�.�B�+�F�b�i�2�B�M�2�i ���H�X�(�R�k�d�) �B�M �k�y�R�8�X �h�?�2�b�2 �K�Q�/�2�H�b �7�m�M�+�i�B�Q�M �[�m�B�i�2

�/�B�z�2�`�2�M�i�H�v �7�`�Q�K �Q�i�?�2�` �H���i�2�M�i �b�T���+�2 �K�Q�/�2�H�b�X �A�M�b�i�2���/ �Q�7 �H�2���`�M�B�M�; �� �/�B�`�2�+�i �K���T�T�B�M�;

�#�2�i�r�2�2�M �i�?�2 �H���i�2�M�i �b�T���+�2 ���M�/ �i�?�2 �/���i�� �b�T���+�2�- �i�?�2�v �H�2���`�M �i�Q �`�2�p�2�`�b�2 �� �/�B�z�m�b�B�Q�M

�T�`�Q�+�2�b�b �i�?���i �B�M�+�`�2�K�2�M�i���H�H�v �i�`���M�b�7�Q�`�K�b �/���i�� �B�M�i�Q �B�i�b �`�2�T�`�2�b�2�M�i���i�B�Q�M �B�M �i�?�2 �H���i�2�M�i

�b�T���+�2�X �1���+�? �Q�7 �i�?�2T �b�i�2�T�b �B�M �i�?�2 �7�Q�`�r���`�/ �/�B�z�m�b�B�Q�M �T�`�Q�+�2�b�b ���/�/�b �� �b�K���H�H ���K�Q�m�M�i

�Q�7 �M�Q�B�b�2 �i�Q �i�?�2 �+�Q�K�T�Q�M�2�M�i�b �Q�7 �i�?�2 �Q�`�B�;�B�M���H �/���i�� �m�M�i�B�H �i�?�2 �p���H�m�2�b �Q�7 �2���+�? �+�Q�K�T�Q�M�2�M�i

���`�2 �/�B�b�i�`�B�#�m�i�2�/ �+�Q�K�T�H�2�i�2�H�v �`���M�/�Q�K�H�v�X �h�?�B�b �B�b �� �b�i�Q�+�?���b�i�B�+ �T�`�Q�+�2�b�b�- �r�?�2�`�2 �i�?�2

�/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �2���+�? �b�i�2�T�ö�b �Q�m�i�+�Q�K�2 �/�2�T�2�M�/�b �b�Q�H�2�H�v �Q�M �i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �Q�7 �i�?�2 �`�2�b�m�H�i

�Q�7 �i�?�2 �T�`�2�p�B�Q�m�b �b�i�2�T�X �h�?�B�b �K���F�2�b �B�i �T�Q�b�b�B�#�H�2 �i�Q �K�Q�/�2�H �i�?�2 �T�`�Q�+�2�b�b ���b �� �J���`�F�Q�p

�+�?���B�M���� �b�i�Q�+�?���b�i�B�+ �K�Q�/�2�H �B�M �r�?�B�+�? �i�?�2 �T�`�Q�#���#�B�H�B�i�v �Q�7 �i�`���M�b�B�i�B�Q�M�B�M�; �i�Q �i�?�2 �M�2�t�i

�b�i���i�2 �B�b �/�2�i�2�`�K�B�M�2�/ �2�M�i�B�`�2�H�v �#�v �i�?�2 �+�m�`�`�2�M�i �b�i���i�2�X �6�Q�` �/���i�� �Q�7 �i�?�2 �7�`�Q�K�t0 � q(�t0)

�i�?�2 �7�Q�`�r���`�/ �T�`�Q�+�2�b�bq(�t1:T j�t0) �B�b �;�B�p�2�M ���b�,

q(�t1:T j�t0) =
TY

t=1

q(�t t j�t t � 1) �U�k�X�e�8�V

�h�?�2 �p���`�B���M�+�2 �Q�7 �i�?�2 ���/�/�2�/ �:���m�b�b�B���M �M�Q�B�b�2 �/�2�T�2�M�/�b �Q�M �i�?�2 �+�m�`�`�2�M�i �i�`���M�b�B�i�B�Q�M �b�i�2�T�-

t�- ���M�/ �B�b ���/�D�m�b�i�2�/ ���i �2���+�? �b�i�2�T ���+�+�Q�`�/�B�M�; �i�Q �� �p���`�B���M�+�2 �b�+�?�2�/�m�H�2� 1; : : : ; � T �,

q(�t t j�t t � 1) := N (�t t ;
p

1 � � t �t t � 1; � t �A) �U�k�X�e�e�V

�A�7 �i�?�2� i ���`�2 �+�?�Q�b�2�M �b�K���H�H �2�M�Q�m�;�?�- �7�Q�` �:���m�b�b�B���M �M�Q�B�b�2 �B�i �B�b �T�Q�b�b�B�#�H�2 �i�Q �`�2�p�2�`�b�2 �i�?�B�b

�T�`�Q�+�2�b�b �i�?�`�Q�m�;�? �� �b�B�K�B�H���` �Q�M�2 �(�R�k�3�)�- �r�?�2�`�2p� (�t t � 1j�t t ) �B�b ���H�b�Q �/�2�i�2�`�K�B�M�2�/ �#�v ��

�M�Q�`�K���H �/�B�b�i�`�B�#�m�i�B�Q�M�,

p� (�t1:T ) = p(�tT )
TY

t=1

p� (�t t � 1j�t t ) �U�k�X�e�d�V

p� (�t t � 1j�t t ) = N (�t t � 1; � � (�t t ; t); � � (�t t ; t)) �U�k�X�e�3�V

p(�tT ) = N (�tT ; 0; �A) �U�k�X�e�N�V



�*�?���T�i�2�` �k �"���+�F�;�`�Q�m�M�/ �9�R

�6�B�;�m�`�2 �k�X�d�,�:�`���T�?�B�+���H �K�Q�/�2�H �Q�7 �i�?�2 �7�Q�`�r���`�/ ���M�/ �`�2�p�2�`�b�2 �/�B�z�m�b�B�Q�M �T�`�Q�+�2�b�b�2�b�X �A�M
�#�Q�i�? �/�B�`�2�+�i�B�Q�M�b�- �2���+�? �b�i���i�2 �/�2�T�2�M�/�b �Q�M�H�v �Q�M �B�i�b �B�K�K�2�/�B���i�2 �T�`�2�/�2�+�2�b�b�Q�`�-
�7�Q�`�K�B�M�; �� �J���`�F�Q�p �+�?���B�M�X

�"�Q�i�? �i�?�2 �7�Q�`�r���`�/ ���M�/ �`�2�p�2�`�b�2 �T�`�Q�+�2�b�b�2�b ���`�2 �b�?�Q�r�M �B�M �6�B�;�m�`�2 �k�X�d�X �a�B�M�+�2 �i�?�2 �`�2�p�2�`�b�2

�T�`�Q�+�2�b�b �B�b �/�2�}�M�2�/ �#�v �� �M�Q�`�K���H �/�B�b�i�`�B�#�m�i�B�Q�M�- �Q�M�H�v �i�?�2 �7�m�M�+�i�B�Q�M�b� � (�t t ; t) ���M�/

� � (�t t ; t)���`�2�T�`�2�b�2�M�i�B�M�; �i�?�2 �K�2���M ���M�/ �p���`�B���M�+�2���M�2�2�/ �i�Q �#�2 �2�b�i�B�K���i�2�/ �#�v �� �M�2�m�`���H

�M�2�i�r�Q�`�F �/�m�`�B�M�; �i�`���B�M�B�M�;�X �h�?�B�b �K�Q�/�2�H �+���M �#�2 �i�`���B�M�2�/ �#�v �K�B�M�B�K�B�x�B�M�; �i�?�2 �p���`�B���i�B�Q�M���H

�m�T�T�2�` �#�Q�m�M�/ �Q�M �i�?�2 �M�2�;���i�B�p�2 �H�Q�;�@�H�B�F�2�H�B�?�Q�Q�/L(�) �- �r�?�B�+�? �B�b �� �K�2���b�m�`�2 �7�Q�` �?�Q�r �r�2�H�H

�i�?�2 �J���`�F�Q�p �*�?���B�M �2�t�T�H���B�M�b �i�?�2 �Q�#�b�2�`�p�2�/ �/���i�� �(�R�k�N�)�,

L(�) = E[� �H�Q�;p� (�t0)] � Eq

"

� �H�Q�;
p� (�t0:T )

q(�t1:T j�t0)

#

�U�k�X�d�y�V

�r�?�2�`�2 �r�B�i�? �1�[�X �k�X�e�8 ���M�/ �1�[�X �k�X�e�d�,

Eq

"

� �H�Q�;
p� (�t0:T )

q(�t1:T j�t0)

#

= Eq

"

� �H�Q�;p(�tT ) �
X

t � 1

�H�Q�;
p� (�t t � 1j�t t )
q(�t t j�t t � 1)

#

�U�k�X�d�R�V

�h�?�B�b �#�Q�m�M�/ �+���M �#�2 �`�2�r�`�B�i�i�2�M �m�b�B�M�; �E�m�H�H�#���+�F�@�G�2�B�#�H�2�` �U�E�G�V �/�B�p�2�`�;�2�M�+�2�b �#�2�i�r�2�2�M

�:���m�b�b�B���M�b�,

L(�) = Eq

h
DKL (q(�tT j�t0)kp(�tT )) +

X

t> 1

DKL (q(�t t � 1j�t t ; �t0)kp� (�t t � 1j�t t ))

� �H�Q�;p� (�t0j�t1)
i �U�k�X�d�k�V

�� �b�B�K�T�H�B�}�2�/ �p�2�`�b�B�Q�M �Q�7 �i�?�B�b �Q�#�D�2�+�i�B�p�2 �r���b �B�M�i�`�Q�/�m�+�2�/ �#�v �>�Q�2�i ���H�X�(�R�k�N�)�X �A�M

�i�?�B�b �b�B�K�T�H�B�}�2�/ �Q�#�D�2�+�i�B�p�2�- �i�?�2 �H�2���`�M�2�/� � (�t t ; t) �B�b �`�2�T�H���+�2�/ �r�B�i�? �m�M�i�`���B�M�2�/�- �i�B�K�2�@

�/�2�T�2�M�/�2�M�i �+�Q�M�b�i���M�i�b�-� � (t) = � 2
t I �X �h�?�2 �b�B�K�T�H�B�}�+���i�B�Q�M �`�2�;���`�/�B�M�;� � (�t t ; t) �B�b �K�Q�`�2

�+�Q�K�T�H�2�t�X �A�i �`�2�H�B�2�b �Q�M �i�?�2 �T�`�Q�T�2�`�i�v �Q�7 �i�?�2 �7�Q�`�r���`�/ �T�`�Q�+�2�b�b �i�?���i �2�p�2�`�v�t t �+���M �#�2

�/�B�`�2�+�i�H�v �b���K�T�H�2�/ �7�`�Q�K �� �K�Q�/�B�}�2�/ �M�Q�`�K���H �/�B�b�i�`�B�#�m�i�B�Q�M�,

q(�t t j�t0) = N (�t t ;
p

�� t �t0; (1 � �� t )I ) �U�k�X�d�j�V

�r�B�i�?� t := 1 � � t ���M�/�� t :=
Q t

i =1 � i �X �h�?�B�b ���H�H�Q�r�b �`�2�T���`���K�2�i�2�`�B�x���i�B�Q�M �Q�7�t t ���b ��



�9�k �*�?���T�i�2�` �k �"���+�F�;�`�Q�m�M�/

�7�m�M�+�i�B�Q�M �Q�7�t0 ���M�/� �7�Q�`� � N (0; I )�,

�t t (�t0; � ) =
p

�� t �t0 +
p

1 � �� t � �U�k�X�d�9�V

�l�b�B�M�; �i�?�B�b �`�2�T�`�2�b�2�M�i���i�B�Q�M�- �i�?�2 �M�2�m�`���H �M�2�i�r�Q�`�F� � (�t t ; t) �+���M �#�2 �m�b�2�/ �i�Q ���T�T�`�Q�t�B�K���i�2

� �7�`�Q�K�t t �B�M�b�i�2���/ �Q�7� �X� �/�2�M�Q�i�2�b �i�?�2 �T���`���K�2�i�2�`�b �Q�7 �i�?�2 �M�2�m�`���H �M�2�i�r�Q�`�F�X �h�?�B�b

�b�r�B�i�+�? �7�`�Q�K� � (�t t ; t) ���M�/� � (�t t ; t) �i�Q� � �B�b �r�?���i �i�?�2�M �H�2���/�b �i�Q �i�?�2 �b�B�K�T�H�B�}�2�/

�p�2�`�b�B�Q�M �Q�7 �i�?�2 �Q�#�D�2�+�i�B�p�2�,

L(�) := Et; �t0 ;�

h
k� � � � (�t t ; t)k2

i
�U�k�X�d�8�V

���H�;�Q�`�B�i�?�K �k�X�d�J�B�M�B�@�#���i�+�? �i�`���B�M�B�M�; �Q�7 �.�B�z�m�b�B�Q�M �J�Q�/�2�H�b

�_�2�[�m�B�`�2�,� �, �a�i���`�i �T���`���K�2�i�2�`�b �Q�7� �

�_�2�[�m�B�`�2�,� �, �G�2���`�M�B�M�; �`���i�2

�_�2�[�m�B�`�2�,n�, �"���i�+�? �b�B�x�2

�_�2�[�m�B�`�2�,N �2�T�Q�+�?�b�, �L�m�K�#�2�` �Q�7 �i�`���B�M�B�M�; �2�T�Q�+�?�b

�_�2�[�m�B�`�2�,T�, �L�m�K�#�2�` �Q�7 �/�B�z�m�b�B�Q�M �b�i�2�T�b

�_�2�[�m�B�`�2�,X�i�`���B�M= f �t(i )
0 ji 2 f 1; : : : ; Ngg�, �h�`���B�M�B�M�; �/���i��

�_�2�[�m�B�`�2�,f � t jt 2 f 1; : : : ; Tgg�, �o���`�B���M�+�2 �b�+�?�2�/�m�H�2

�7�Q�`�i �B�Mf 1; : : : ; Tg �/�Q

� t  1 � � t

�� t  
Q t

i =1 � i

�2�M�/ �7�Q�`

�7�Q�Ǹ �2�T�Q�+�?�b�/�Q

�a�?�m�|�2X�i�`���B�M

j  1 �U�"���i�+�? �+�Q�m�M�i�2�`�V

�r�?�B�H�2j � n � N �/�Q

f t (i ) ji 2 f (j �• 1)n + 1; : : : ; j �ængg  �_���M�/�Q�K �b���K�T�H�2�b �7�`�Q�KU(f 1; : : : ; Tg)

f � (i ) ji 2 f (j �• 1)n + 1; : : : ; j �ængg  �_���M�/�Q�K �b���K�T�H�2�b �7�`�Q�KN (0; �A)

ĝ  1
n r �

P j �n
i =( j � 1)n+1 k� (i ) � � � (

p
�� t ( i ) �t(i )

0 +
p

1 � �� t ( i ) � (i ) ; t (i ))k2

�  � � � ĝ �U�l�T�/���i�2 �T���`���K�2�i�2�`�b�V

j  j + 1

�2�M�/ �r�?�B�H�2

�2�M�/ �7�Q�`



�*�?���T�i�2�` �k �"���+�F�;�`�Q�m�M�/ �9�j

�*�Q�M�/�B�i�B�Q�M���H �.�B�z�m�b�B�Q�M �J�Q�/�2�H�b

�G�B�F�2 �Q�i�?�2�` �H���i�2�M�i �b�T���+�2 �K�Q�/�2�H�b�- �.�B�z�m�b�B�Q�M �J�Q�/�2�H�b �2�b�b�2�M�i�B���H�H�v �H�2���`�M �i�Q �b���K�T�H�2 �7�Q�`�K

�i�?�2 �/�B�b�i�`�B�#�m�i�B�Q�M �;�B�p�2�M �#�v �i�?�2 �i�`���B�M�B�M�; �/���i��P(�t)�X �h�Q �T�`�Q�/�m�+�2 �b���K�T�H�2�b �r�B�i�? �b�T�2�+�B�}�+

�i���`�;�2�i �T�`�Q�T�2�`�i�B�2�b�- �b�2�p�2�`���H �K�2�i�?�Q�/�b �?���p�2 �#�2�2�M �/�2�p�2�H�Q�T�2�/ �i�Q �+�Q�M�/�B�i�B�Q�M �.�B�z�m�b�B�Q�M

�J�Q�/�2�H�b �Q�M �i�?�2�b�2 �T�`�Q�T�2�`�i�B�2�b�- �2�M���#�H�B�M�; �i�?�2�K �i�Q �b���K�T�H�2 �7�`�Q�KP(�tj�v) �B�M�b�i�2���/�X �6�Q�`

�/�B�z�m�b�B�Q�M �K�Q�/�2�H�b�- �+�Q�M�/�B�i�B�Q�M�B�M�; �i�?�2 �}�M���H �/�B�b�i�`�B�#�m�i�B�Q�M�- ���H�b�Q �K�2���M�b �+�Q�M�/�B�i�B�Q�M �2�p�2�`�v

�b�i�2�T �Q�7 �i�?�2 �`�2�p�2�`�b�2 �T�`�Q�+�2�b�bp� (�t t � 1j�t t ; �v)�X �*�Q�M�/�B�i�B�Q�M�B�M�; �K�2�i�?�Q�/�b �7�Q�` �/�B�z�m�b�B�Q�M

�K�Q�/�2�H�b ���`�2 �K�Q�`�2 �Q�7�i�2�M �`�2�7�2�`�`�2�/ �i�Q ���b �;�m�B�/���M�+�2 �i�2�+�?�M�B�[�m�2�b ���M�/ �+���M �#�2 �#�`�Q���/�H�v

�+�H���b�b�B�}�2�/ �B�M�i�Q �i�r�Q �+���i�2�;�Q�`�B�2�b�, �+�H���b�b�B�}�2�` �;�m�B�/���M�+�2 ���M�/ �+�H���b�b�B�}�2�`�@�7�`�2�2 �;�m�B�/���M�+�2�X

�A�M�i�`�Q�/�m�+�2�/ �#�v �a�Q�M�;�2�i ���H�X�(�R�j�y�)�- �i�?�2 �B�/�2�� �#�2�?�B�M�/ �+�H���b�b�B�}�2�` �;�m�B�/���M�+�2 �B�b �i�Q �`�2�@

�T�H���+�2p� (�t t � 1j�t t ; �v) �r�B�i�? �� �K�Q�`�2 �2���b�v �i�Q �+�Q�K�T�m�i�2 �p�2�`�b�B�Q�M �/�2�`�B�p�2�/ �m�b�B�M�; �"���v�2�b�ö

�i�?�2�Q�`�2�K�,

p� (�t t � 1j�t t ; �v) = Zp� (�t t � 1j�t t ; �v)p� (�vj�t t ) �U�k�X�d�e�V

�r�?�2�`�2Z �B�b �� �M�Q�`�K���H�B�x���i�B�Q�M �+�Q�2�{�+�B�2�M�i�X �l�b�B�M�; �i�?�B�b �K�Q�/�B�}�2�/ �Q�#�D�2�+�i�B�p�2�- �.�?���`�B�r���H

���M�/ �L�B�+�?�Q�H �(�R�j�R�) �/�2�K�Q�M�b�i�`���i�2�/ �i�?���i �i�?�2 �`�2�p�2�`�b�2 �T�`�Q�+�2�b�b �+���M �#�2 �+�Q�M�/�B�i�B�Q�M�2�/ �#�v

�b�B�K�T�H�v �`�2�T�H���+�B�M�;� � �r�B�i�? �� �K�Q�/�B�}�2�/ �K�2���M~� � �,

~� � (�t t ; t) = � � (�t t ; t) + s� � (�t t )r �t t �H�Q�;p� (�vj�t t ) �U�k�X�d�d�V

�r�?�2�`�2s �B�b �� �b�+���H�B�M�; �7���+�i�Q�` �m�b�2�/ �i�Q �+�Q�M�i�`�Q�H �i�?�2 �B�M�~�m�2�M�+�2 �Q�7 �i�?�2 �+�H���b�b�B�}�2�` �;�m�B�/�@

���M�+�2 �Q�M �i�?�2 �Q�p�2�`���H�H �i�`���B�M�B�M�; �T�`�Q�+�2�b�b�X �h�Q �+�Q�K�T�m�i�2r �t t �H�Q�;p� (�vj�t t )�- �� �b�2�T���`���i�2�H�v

�i�`���B�M�2�/ �i�B�K�2�@�/�2�T�2�M�/�2�M�i �+�H���b�b�B�}�2�`�-FDif f (�t t ; t)�- �B�b �`�2�[�m�B�`�2�/ �i�Q �H�2���`�M �i�?�2 �+�Q�M�/�B�i�B�Q�M���H

�T�`�Q�#���#�B�H�B�i�vp� (�vj�t t )�X �h�Q �i�`���B�M �i�?�2 �+�H���b�b�B�}�2�`�- �T���B�`�b �Q�7 �i�`���B�M�B�M�; �/���i��(�t t ; �v) ���`�2

�M�2�2�/�2�/�X �h�?�2�b�2 �T���B�`�b ���`�2 �;�2�M�2�`���i�2�/ �#�v �}�`�b�i �b���K�T�H�B�M�; �7�`�Q�K(�t0; �v) ���M�/ �i�?�2�M ���T�T�H�v�@

�B�M�; �i�?�2 �7�Q�`�r���`�/ �T�`�Q�+�2�b�b �i�Q �+�Q�K�T�m�i�2�t t �#�v �b���K�T�H�B�M�; �7�`�Q�Kq(�t t j�t0)�X �h�?�B�b ���T�T�`�Q���+�?

�2�M�b�m�`�2�b �i�?���i �i�?�2 �+�H���b�b�B�}�2�` �?���b ���+�+�2�b�b �i�Q �i�B�K�2�@�/�2�T�2�M�/�2�M�i �`�2�T�`�2�b�2�M�i���i�B�Q�M�b �Q�7 �i�?�2

�/���i���- �2�M���#�H�B�M�; �B�i �i�Q �T�`�Q�p�B�/�2 ���+�+�m�`���i�2 �;�`���/�B�2�M�i�b �7�Q�` �+�Q�M�/�B�i�B�Q�M�B�M�; �/�m�`�B�M�; �i�?�2 �`�2�p�2�`�b�2

�T�`�Q�+�2�b�b�X

�>�Q�r�2�p�2�`�- ���b �i�`���B�M�B�M�; ���M ���/�/�B�i�B�Q�M���H �+�H���b�b�B�}�2�` �Q�M �M�Q�B�b�2�/ �/���i�� �B�M�i�`�Q�/�m�+�2�b ���/�/�B�i�B�Q�M���H

�+�Q�K�T�H�2�t�B�i�v �i�Q �i�?�2 �i�`���B�M�B�M�; �T�B�T�2�H�B�M�2�- �>�Q�2�i ���H�X�(�R�j�k�) �B�M�i�`�Q�/�m�+�2�/ ���M ���T�T�`�Q���+�?

�i�?�2�v �+���H�H�2�/�+�H���b�b�B�}�2�`�@�7� �̀2�2 �;�m�B�/���M�+�2�i�Q �+�Q�M�/�B�i�B�Q�M �/�B�z�m�b�B�Q�M �K�Q�/�2�H�b�X �h�?�B�b ���T�T�`�Q���+�?
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�i�`���B�M�B�M�; �b�B�K�T�H�v �x�2�`�Q�b ���`�2 �m�b�2�/ �7�Q�` �i�?�2 �+�H���b�b �B�/�2�M�i�B�}�2�`�+�i�Q �B�M�/�B�+���i�2 �� �m�M�+�Q�M�/�B�i�B�Q�M���H
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�� �/�2�b�B�;�M �T�2�`�b�T�2�+�i�B�p�2 �U�b�2�2 ���H�b�Q �a�2�+�i�B�Q�M �k�X�j�V�X �q�?�B�H�2 �B�i �Q�7�i�2�M �B�b �T�Q�b�b�B�#�H�2 �i�Q �b�Q�H�p�2 �i�?�2

�7�Q�`�r���`�/ �T�`�Q�#�H�2�K ���M���H�v�i�B�+���H�H�v �r�?�2�M �Q�M�H�v �b�i�`���B�;�?�i �#�2���K�b ���`�2 �B�M�p�Q�H�p�2�/�- �B�M�+�Q�`�T�Q�`���i�@

�B�M�; �+�m�`�p�2�/ �#�2���K�b �B�M �i�?�2 �m�M�B�i �+�2�H�H�b �K���F�2�b �i�?�B�b �K�Q�`�2 �/�B�{�+�m�H�i �(�R�N�j�- �R�N�9�)�X �h�?�2�`�2�7�Q�`�2�-

�M�m�K�2�`�B�+���H �K�2�i�?�Q�/�b�- �b�m�+�? ���b �6�B�M�B�i�2 �1�H�2�K�2�M�i ���M���H�v�b�B�b �U�6�1���V�- ���`�2 �r�B�/�2�H�v �m�b�2�/ �i�Q �/�2�@

�i�2�`�K�B�M�2 �i�?�2 �K�2�+�?���M�B�+���H �#�2�?���p�B�Q�` �Q�7 �b�m�+�? �b�i�`�m�+�i�m�`�2�b�X �h�?�2 �B�M�p�2�`�b�2 �T�`�Q�#�H�2�K �?�Q�r�2�p�2�`

�B�b �Q�7�i�2�M �2�p�2�M �K�Q�`�2 �+�Q�K�T�H�B�+���i�2�/�- ���b �K�m�H�i�B�T�H�2 �T�Q�b�b�B�#�H�2 �b�i�`�m�+�i�m�`�2�b �7�Q�` �i�?�2 �b���K�2 �i���`�;�2�i

�T�`�Q�T�2�`�i�B�2�b �K���F�2 �B�i �B�H�H�@�T�Q�b�2�/�X �_�2�+�2�M�i �/�2�p�2�H�Q�T�K�2�M�i�b �B�M �;�2�M�2�`���i�B�p�2 �K���+�?�B�M�2 �H�2���`�M�B�M�;

�K�Q�/�2�H�b �T�`�Q�p�B�/�2 ���M �T�Q�b�b�B�#�H�2 ���M�b�r�2�` �i�Q �i�?�B�b �B�b�b�m�2�X �>�2�`�2�- �B�i �r���b �B�M�p�2�b�i�B�;���i�2�/ �?�Q�r �r�2�H�H

�o���`�B���i�B�Q�M���H ���m�i�Q�2�M�+�Q�/�2�`�b �U�o���1�b�V �(�R�y�8�)�- �:�2�M�2�`���i�B�p�2 ���/�p�2�`�b���`�B���H �L�2�i�r�Q�`�F�b �U�:���L�b�V



�*�?���T�i�2�` �j �J�2�i���K���i�2�`�B���H�b �r�B�i�? �+�m�`�p�2�/ �+�Q�K�T�Q�M�2�M�i�b �8�j

c1

c2

c3

c4

c5

c6

�6�B�;�m�`�2 �j�X�R�,�� �[�m���/�`���i�B�+ �U�T�4�k�V �"�@�b�T�H�B�M�2 �#�m�B�H�/ �7�`�Q�K �i�?�2 �b�B�t �+�Q�M�i�`�Q�H �T�Q�B�M�i�b �Uci ; i =
1; ::; 6�V ���M�/ �i�?�2 �F�M�Q�i �p�2�+�i�Q�`k = (0 ; 0; 0; 0:2; 0:5; 0:8; 1; 1; 1)

�(�R�R�9�) ���M�/ �h���M�/�2�K �L�2�m�`���H �L�2�i�r�Q�`�F�b �U�h�L�L�b�V �(�R�e�R�) �T�2�`�7�Q�`�K �B�M �b�Q�H�p�B�M�; �i�?�2 �B�M�p�2�`�b�2

�T�`�Q�#�H�2�K�X �S���`�i�b �Q�7 �i�?�B�b �+�?���T�i�2�`�- �B�M�+�H�m�/�B�M�; �K�Q�b�i �}�;�m�`�2�b�- ���`�2 ���/���T�i�2�/ �7�`�Q�K�, �6�2�H�b�+�?�-

�:�X�- �� �:�?���p�B�/�2�H�M�B���- �L�X�- �� �a�+�?�r���`�x�- �.�X�- �� �a�H�2�b���`�2�M�F�Q�- �o�X�*�Q�M�i� �̀Q�H�H�B�M�; ���m�t�2�i�B�+�B�i�v �B�M

�+�m�`�p�2�/�@�#�2���K �K�2�i���K���i�2�`�B���H�b �p�B�� �� �/�2�2�T �;�2�M�2� �̀��i�B�p�2 �K�Q�/�2�H�X�*�Q�K�T�m�i�2�` �J�2�i�?�Q�/�b �B�M

���T�T�H�B�2�/ �J�2�+�?���M�B�+�b ���M�/ �1�M�;�B�M�2�2�`�B�M�;�-�9�R�y�- �y�y�9�8�@�d�3�k�8 �U�k�y�k�j�V �(�R�y�9�)�X �_�2�T�`�Q�/�m�+�2�/ �B�M

���+�+�Q�`�/���M�+�2 �r�B�i�? �1�H�b�2�p�B�2�`�ö�b ���m�i�?�Q�` �`�B�;�?�i�b �T�Q�H�B�+�v�X

�j�X�R�X�j �"�û�x�B�2�` �+�m�`�p�2�b

�h�Q �B�M�+�Q�`�T�Q�`���i�2 �+�m�`�p�2�/ �2�H�2�K�2�M�i�b �B�M�i�Q �i�?�2 �m�M�B�i �+�2�H�H�b �Q�7 �� �K�2�i���K���i�2�`�B���H�- �� �b�m�B�i���#�H�2 �`�2�T�@

�`�2�b�2�M�i���i�B�Q�M �Q�7 �i�?�2�b�2 �2�H�2�K�2�M�i�b �B�b �M�2�2�/�2�/�X �6�Q�` �K���+�?�B�M�2 �H�2���`�M�B�M�;�- �i�?�B�b �`�2�T�`�2�b�2�M�i���i�B�Q�M

�B�b �B�/�2���H�H�v �H�Q�r�@�/�B�K�2�M�b�B�Q�M���H �r�B�i�? �B�M�/�2�T�2�M�/�2�M�i �+�Q�K�T�Q�M�2�M�i�b�X �a�m�+�? �� �`�2�T�`�2�b�2�M�i���i�B�Q�M

�7�Q�` �+�m�`�p�2�/ �#�2���K�b �+���M �#�2 �T�`�Q�p�B�/�2�/ �i�?�`�Q�m�;�? �"�@�b�T�H�B�M�2�b�X �"�@�b�T�H�B�M�2 �+�m�`�p�2�bB(t) �B�MRd

���`�2 �/�2�}�M�2�/ �#�v �� �+�Q�K�#�B�M���i�B�Q�M �Q�7n �b�Q�@�+���H�H�2�/ �+�Q�M�i�`�Q�H �T�Q�B�M�i�bci 2 Rd; i = 1; : : : ; n�- ��

�F�M�Q�i �p�2�+�i�Q�`k 2 Rn+ p+1 ���M�/n �#���b�B�b �7�m�M�+�i�B�Q�M�bN (i )
p : [0; 1] ! [0; 1] �Q�7 �Q�`�/�2�`p �(�R�N�8�)�X

�P�M�2 �b�m�+�? �"�@�b�T�H�B�M�2 ���M�/ �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �+�Q�M�i�`�Q�H �T�Q�B�M�i�b ���`�2 �b�?�Q�r�M �B�M �6�B�;�m�`�2 �j�X�R�X

�1���+�? �T�Q�B�M�it 2 [0; 1] ���H�Q�M�; �i�?�2 �"�@�b�T�H�B�M�2 �+�m�`�p�2 �B�b �;�B�p�2�M �#�v �� �r�2�B�;�?�i�2�/ �b�m�K �Q�7 �i�?�2

�+�Q�M�i�`�Q�H �T�Q�B�M�i�b�- �r�?�2�`�2 �i�?�2 �r�2�B�;�?�i�b ���`�2 �/�2�}�M�2�/ �#�v �i�?�2 �#���b�B�b �7�m�M�+�i�B�Q�M�b�,

B (t) =
nX

i =1

N (i )
p (t)ci �U�j�X�R�V

�h�?�B�b �K�2�i�?�Q�/ ���b�b�m�`�2�b �i�?���i �i�?�2 �#���b�2 �7�m�M�+�i�B�Q�M�b �+�Q�M�i�`�Q�H �?�Q�r �/�2�T�2�M�/�2�M�i �� �T�Q�B�M�i �Q�M �i�?�2

�+�m�`�p�2 �B�b �Q�M �2���+�? �+�Q�M�i�`�Q�H �T�Q�B�M�i�X �:�2�M�2�`���H�H�v �2���+�? �b�2�;�K�2�M�i �Q�7 �i�?�2 �+�m�`�p�2 �Q�M�H�v �/�2�T�2�M�/�b



�8�9 �*�?���T�i�2�` �j �J�2�i���K���i�2�`�B���H�b �r�B�i�? �+�m�`�p�2�/ �+�Q�K�T�Q�M�2�M�i�b

�Q�M �� �b�m�#�b�2�i �Q�7 �i�?�2 �+�Q�M�i�`�Q�H �T�Q�B�M�i�b�X �h�Q �+�`�2���i�2 �i�?�2�b�2 �b�2�;�K�2�M�i�b�- �i�?�2 �+�m�`�p�2 �B�b �T���`�i�B�i�B�Q�M�2�/

�B�M�i�Q �b�K���H�H�2�` �B�M�i�2�`�p���H�b�- �/�B�p�B�/�2�/ �#�v �F�M�Q�i�bki ; i = 1; : : : ; n + p + 1; ki � ki +1 �X �h�?�2�b�2

�F�M�Q�i�b ���`�2 �i�?�2�M �m�b�2�/ �B�M �i�?�2 �`�2�+�m�`�b�B�p�2 �/�2�}�M�B�i�B�Q�M �Q�7 �i�?�2 �#���b�B�b �7�m�M�+�i�B�Q�M�b�X �1���+�? �x�2�`�Q�@

�Q�`�/�2�` �#���b�B�b �Up = 0�V �7�m�M�+�i�B�Q�M �B�b �/�2�}�M�2�/ ���b

N (i )
0 (t) =

8
<

:
1 �B�7ki < t < k i +1

0 �Q�i�?�2�`�r�B�b�2
�U�j�X�k�V

�A�i �+���M �#�2 �b�2�2�M �B�M �6�B�;�m�`�2 �j�X�k�- �i�?���i �i�?�2 �#���b�B�b �7�m�M�+�i�B�Q�M�b �Q�7 �Q�`�/�2�` �y ���`�2 �M�Q�i �b�K�Q�Q�i�?�X

�6�Q�` �?�B�;�?�2�` �Q�`�/�2�`�b �i�?�B�b �B�b �+�?���M�;�2�/ �i�?�`�Q�m�;�? �i�?�2 �`�2�+�m�`�b�B�p�2 �b�i�2�T �r�?�B�+�? �T�2�`�7�Q�`�K�b ��

�b�K�Q�Q�i�?�B�M�; �Q�T�2�`���i�B�Q�M �Q�M �2���+�? �#���b�2 �7�m�M�+�i�B�Q�M�b �m�b�B�M�; �Q�M�2 �M�2�B�;�?�#�Q�`�B�M�; �7�m�M�+�i�B�Q�M�- �;�B�p�B�M�;

�+�Q�M�i�B�M�m�Q�m�b �+�m�`�p�2�b�,

N (i )
p (t) =

t � ki

ki + p � ki
N (i )

p� 1(t) +
ki + p+1 � t

ki + p+1 � ki + p
N (i +1)

p� 1 (t) �U�j�X�j�V

�h�?�`�Q�m�;�? �i�?�B�b �Q�T�2�`���i�B�Q�M �i�?�2 �M�m�K�#�2�` �Q�7 �+�Q�M�i�`�Q�H �T�Q�B�M�i�b �+�Q�M�i�`�B�#�m�i�B�M�; �i�Q �2���+�? �T�Q�B�M�i �Q�7

�i�?�2 �+�m�`�p�2 �B�M�+�`�2���b�2�b �i�?�B�b �i�?�2 �Q�`�/�2�`�X �6�Q�` �[�m���/�`���i�B�+ �b�T�H�B�M�2�b �Up = 2�V ���b �i�?�2 �Q�M�2 �b�?�Q�r�M

�B�M �6�B�;�m�`�2 �j�X�R �i�?�B�b �M�m�K�#�2�` �B�b �m�b�m���H�H�v �i�?�`�2�2�X �>�Q�r�2�p�2�`�- �i�?�2 �b�i���`�i ���M�/ �2�M�/ �T�Q�B�M�i �Q�7

�i�?�2 �+�m�`�p�2 �b�?�Q�m�H�/ �Q�M�H�v �/�2�T�2�M�/ �Q�M �i�?�2 �}�`�b�i ���M�/ �H���b�i �+�Q�M�i�`�Q�H �T�Q�B�M�i �i�Q �#�2 ���#�H�2 �i�Q

�+�Q�M�i�`�Q�H �i�?�2�K �#�2�i�i�2�`�X �6�Q�` �i�?�B�b �i�Q �Q�+�+�m�`�- �B�i �B�b �M�2�+�2�b�b���`�v �i�Q �?���p�2p + 1 �/�m�T�H�B�+���i�2�b �Q�7

�i�?�2�b�2 �F�M�Q�i�b�-ki = k0 �7�Q�`i = 0; : : : ; p ���M�/ki = kn+ p+1 �7�Q�`i = p + 1; : : : ; n + p + 1�X

�A�M �i�?�B�b �+���b�2 �1�[�X �j�X�R �v�B�2�H�/�bB(0) = c1 ���M�/B (1) = cn �X �h�Q �;�2�M�2�`���i�2 �i�?�2 �"�@�b�T�H�B�M�2�b

�7�Q�` �i�?�2 �m�M�B�i �+�2�H�H�b �i�?�2 �T���+�F���;�2 �a�T�H�B�T�v �(�R�N�e�) �r���b �m�b�2�/�X

�j�X�k �J���+�?�B�M�2 �H�2���`�M�B�M�; �7�Q�` ���m�t�2�i�B�+�B�i�v �T�`�2�/�B�+�i�B�Q�M

�j�X�k�X�R �h�?�2 �+�m�`�p�2�/�@�#�2���K �K�2�i���K���i�2�`�B���H

�h�?�2 �m�M�B�i �+�2�H�H�b �Q�7 �i�?�2 �B�M�p�2�b�i�B�;���i�2�/ �+�m�`�p�2�/ �#�2���K �K�2�i���K���i�2�`�B���H ���`�2 �#���b�2�/ �Q�M �?�2�t���;�@

�Q�M���H ���M�/ �`�2�@�2�M�i�`���M�i �?�Q�M�2�v�+�Q�K�# �b�i�`�m�+�i�m�`�2�b�X ���b �b�?�Q�r�M �B�M �6�B�;�m�`�2 �j�X�j�- �i�?�2 �b�i�`���B�;�?�i

�#�2���K�b �+�Q�M�M�2�+�i�B�M�; �i�?�2 �?�Q�`�B�x�Q�M�i���H �b�i�`�m�i�b �?���p�2 �#�2�2�M �`�2�T�H���+�2�/ �#�v �� �+�m�`�p�2�/ �#�2���K �Q�`

�B�i�b �K�B�`�`�Q�`�2�/ �2�[�m�B�p���H�2�M�i�X �"���b�2�/ �Q�M �i�?�2 �b�?���T�2 �Q�7 �i�?�2 �+�m�`�p�2�/ �#�2���K�- �i�?�2 �K�2�i���K���i�2�`�B���H

�/�B�b�T�H���v�b �/�B�z�2�`�2�M�i �T�`�Q�T�2�`�i�B�2�b�X �h�Q �2�M�b�m�`�2 �i�?���i �i�?�B�b �p���`�B���i�B�Q�M �B�M �b�?���T�2 �Q�7 �i�?�2 �+�m�`�p�2�/

�#�2���K�b �B�b �i�?�2 �Q�M�H�v �;�2�Q�K�2�i�`�B�+ �p���`�B���#�H�2 �B�M�~�m�2�M�+�B�M�; �i�?�2 �T�`�Q�T�2�`�i�B�2�b�- �i�?�2 �H�2�M�;�i�? �Q�7 �i�?�2

�?�Q�`�B�x�Q�M�i���H �b�i�`�m�i�b �UAB �B�M �6�B�;�m�`�2 �j�X�j�V �r���b �F�2�T�i �+�Q�M�b�i���M�i �7�Q�` ���H�H �m�M�B�i �+�2�H�H�b�X �.�m�2 �i�Q

�i�?�2 �T�2�`�B�Q�/�B�+�B�i�v �i�?�2�`�2 ���`�2 �b�2�p�2�`���H �r���v �i�Q �T�B�+�F �� �m�M�B�i �+�2�H�H�c �i�?�2 �m�M�B�i �+�2�H�H �b�?�Q�r�M �B�M



�*�?���T�i�2�` �j �J�2�i���K���i�2�`�B���H�b �r�B�i�? �+�m�`�p�2�/ �+�Q�K�T�Q�M�2�M�i�b �8�8

�6�B�;�m�`�2 �j�X�k�,�a�2�H�2�+�i�2�/ �"�@�b�T�H�B�M�2 �#���b�B�b �7�m�M�+�i�B�Q�M�b �Q�7 �Q�`�/�2�` �y�-�R�-�k �7�Q�` �i�?�2 �F�M�Q�i �p�2�+�i�Q�` �F
�4 �U�y�- �y�- �y�- �y�X�k�- �y�X�8�- �y�X�3�- �R�- �R�- �R�V



�8�e �*�?���T�i�2�` �j �J�2�i���K���i�2�`�B���H�b �r�B�i�? �+�m�`�p�2�/ �+�Q�K�T�Q�M�2�M�i�b

�6�B�;�m�`�2 �j�X�j�,�� �"�@�b�T�H�B�M�2�- �B�i�b �+�Q�`�`�2�b�T�Q�M�/�B�M�; �`�2�T�`�2�b�2�M�i���i�B�p�2 �m�M�B�i �+�2�H�H�- ���M�/ �i�?�2 �`�2�b�m�H�i�B�M�;
�+�m�`�p�2�/�@�#�2���K �K�2�i���K���i�2�`�B���H �+�Q�K�T�Q�b�2�/ �Q�7 �3 �“ �8 �`�2�T�`�2�b�2�M�i���i�B�p�2 �m�M�B�i �+�2�H�H�b�X

�6�B�;�m�`�2 �j�X�j �B�b �D�m�b�i �Q�M�2 �Q�7 �K���M�v �T�Q�b�b�B�#�B�H�B�i�B�2�b�X

�h�?�2 �+�m�`�p�2�/ �#�2���K�b �r�2�`�2 �`�2�T�`�2�b�2�M�i�2�/ ���b �"�@�b�T�H�B�M�2�b�- ���H�H�Q�r�B�M�; �� �p�2�`�v �2�{�+�B�2�M�i �`�2�T�`�2�@

�b�2�M�i���i�B�Q�M �Q�7 �i�?�2 �m�M�B�i �+�2�H�H�b�X �1���+�? �m�M�B�i �+�2�H�H �+���M �#�2 �7�m�H�H�v �/�2�b�+�`�B�#�2�/ �i�?�`�Q�m�;�? �i�?�2 �b�?���T�2

�Q�7 �i�?�2 �+�m�`�p�2�/ �#�2���K�- �r�?�B�+�? �B�b �i�?�2�M �/�2�}�M�2�/ �#�v �� �"�@�b�T�H�B�M�2�X �h�?�B�b �"�@�b�T�H�B�M�2�- �B�M �i�m�`�M�-

�B�b �7�m�H�H�v �/�2�b�+�`�B�#�2�/ �#�v �i�?�2 �+�Q�Q�`�/�B�M���i�2�b �Q�7 �i�?�2 �+�Q�M�i�`�Q�H �T�Q�B�M�i�b�- ���b �i�?�2 �#���b�B�b �7�m�M�+�i�B�Q�M�b

�r�2�`�2 �}�t�2�/�X �6�Q�` �i�?�2 �m�M�B�i �+�2�H�H �B�M �6�B�;�m�`�2 �j�X�j�- �i�?�2�`�2 ���`�2 �b�B�t �+�Q�M�i�`�Q�H �T�Q�B�M�i�b �r�B�i�? �D�m�b�i

�i�r�2�H�p�2 �T���`���K�2�i�2�`�b�X �h�?�B�b �M�m�K�#�2�` �B�b �7�m�`�i�?�2�` �`�2�/�m�+�2�/�- ���b �+�Q�M�i�`�Q�H �T�Q�B�M�i�b �r�2�`�2 �T�H���+�2�/

�2�[�m�B�/�B�b�i���M�i�H�v ���H�Q�M�; �i�?�2 �v�@���t�B�b�- �H�2���p�B�M�; �Q�M�H�v �i�?�2 �+�Q�Q�`�/�B�M���i�2�b ���H�Q�M�; �i�?�2 �t�@���t�B�b ���b

�/�2�b�B�;�M �p���`�B���#�H�2�b�X ���H�b�Q �i�?�2 �+�Q�Q�`�/�B�M���i�2�b �Q�7 �i�?�2 �}�`�b�i �+�Q�M�i�`�Q�H �T�Q�B�M�i �+���M �#�2 �}�t�2�/ ���b

�U�y�-�y�V�- ���H�H�Q�r�B�M�; �i�Q �`�2�T�`�2�b�2�M�i �2���+�? �b�i�`�m�+�i�m�`�2 �Q�M�H�v �i�?�`�Q�m�;�? �� �b�2�i �Q�7 �}�p�2 �B�M�/�2�T�2�M�/�2�M�i

�T���`���K�2�i�2�`�b �@ �i�?�2 �p�2�`�i�B�+���H �p���H�m�2�bci;y �Q�7 �i�?�2 �+�Q�M�i�`�Q�H �T�Q�B�M�i�bci ; i = 2; : : : ; 6 �U�b�2�2

�6�B�;�m�`�2 �j�X�R�V�X

�j�X�k�X�k �S�`�Q�T�2�`�i�v �S�`�2�/�B�+�i�B�Q�M

�h�?�2 �S�Q�B�b�b�Q�M�ö�b �`���i�B�Q �Q�7 �i�?�2 �`�2�b�m�H�i�B�M�; �+�m�`�p�2�/�@�#�2���K �K�2�i���K���i�2�`�B���H �r���b �T�`�2�/�B�+�i�2�/

�i�?�`�Q�m�;�? �b�B�K�m�H���i�B�Q�M �m�b�B�M�; �i�?�2 �6�B�M�B�i�2 �1�H�2�K�2�M�i �J�Q�/�2�H�B�M�; �b�Q�7�i�r���`�2 �T���+�F���;�2 �*�P�J�a�P�G

�8�X�9���X �A�M �i�?�B�b �K�Q�/�2�H�- �i�?�2 �+�m�`�p�2�/ �#�2���K�b �r�2�`�2 �/�B�b�+�`�2�i�B�x�2�/ �B�M�i�Q �R�8�y �1�m�H�2�`���"�2�`�M�Q�m�H�H�B

�#�2���K �2�H�2�K�2�M�i�b�- �r�?�B�H�2 �2���+�? �b�i�`���B�;�?�i �#�2���K �r���b �`�2�T�`�2�b�2�M�i�2�/ �#�v �� �b�B�M�;�H�2 �2�H�2�K�2�M�i�X ���b

�/�2�b�+�`�B�#�2�/ �B�M �a�2�+�i�B�Q�M �k�X�k�X�k�- �}�M�B�i�2 �2�H�2�K�2�M�i�b ���`�2 �/�2�}�M�2�/ �#�v �i�?�2 �M�Q�/�2�b �i�?�2�v �+�Q�M�M�2�+�i�-

�i�?�2 �b�?���T�2 �7�m�M�+�i�B�Q�M�b �i�?���i �B�M�i�2�`�T�Q�H���i�2 �i�?�2 �K�2�+�?���M�B�+���H �`�2�b�T�Q�M�b�2 �r�B�i�?�B�M �i�?�2 �2�H�2�K�2�M�i�-

���M�/ �i�?�2 �+�Q�M�b�i�B�i�m�i�B�p�2 �2�[�m���i�B�Q�M�b �i�?���i �`�2�H���i�2 �/�2�7�Q�`�K���i�B�Q�M �i�Q �Q�i�?�2�` �`�2�H�2�p���M�i �T�?�v�b�B�+���H

�[�m���M�i�B�i�B�2�b�- �b�m�+�? ���b �b�i�`�2�b�b�X

�1�m�H�2�`���"�2�`�M�Q�m�H�H�B �#�2���K �2�H�2�K�2�M�i�b �B�M �*�P�J�a�P�G �+�Q�M�M�2�+�i �D�m�b�i �i�r�Q �M�Q�/�2�b�- �Q�M�2 ���i �2���+�?

�2�M�/ �Q�7 �i�?�2 �#�2���K�X �"�2�i�r�2�2�M �i�?�2�b�2�- �i�?�2 �/�B�b�T�H���+�2�K�2�M�i�bu 2 R3 ���M�/ �`�Q�i���i�B�Q�M�b� 2 R3



�*�?���T�i�2�` �j �J�2�i���K���i�2�`�B���H�b �r�B�i�? �+�m�`�p�2�/ �+�Q�K�T�Q�M�2�M�i�b �8�d

���`�2 �B�M�i�2�`�T�Q�H���i�2�/ ���b�,

 
u (� )

� (� )
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= �L(� )
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B
B
B
B
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û 1

�̂ 1

û 2

�̂ 2

1

C
C
C
C
A

�U�j�X�9�V

�r�?�2�`�2̂u i 2 R3 ���M�/�̂ i 2 R3 ���`�2 �i�?�2 �M�Q�/���H �/�B�b�T�H���+�2�K�2�M�i�b ���M�/ �`�Q�i���i�B�Q�M�b�- ���M�/

� 2 [0; 1] �B�b �i�?�2 �+�Q�Q�`�/�B�M���i�2 �`�m�M�M�B�M�; ���H�Q�M�; �i�?�2 �#�2���K �H�2�M�;�i�?�X �h�?�2 �b�?���T�2 �7�m�M�+�i�B�Q�M

�K���i�`�B�t�L(� ) �B�b �;�B�p�2�M �#�v�,

�L =

2

6
6
6
6
6
6
6
6
6
4

N1 0 0 0 0 0 N2 0 0 0 0 0

0 N3 0 0 0 N5 0 N4 0 0 0 N6

0 0 N3 0 � N5 0 0 0 N4 0 � N6 0

0 0 0 M 1 0 0 0 0 0 M 2 0 0

0 0 M 3 0 M 5 0 0 0 M 4 0 M 6 0

0 � M 3 0 0 0 M 5 0 � M 4 0 0 0 M 6

3

7
7
7
7
7
7
7
7
7
5

�U�j�X�8�V

�r�?�2�`�2�,

N1(� ) = 1 � � �U�j�X�e�V

N2(� ) = � �U�j�X�d�V

N3(� ) = 1 � 3� 2 + 2� 3 �U�j�X�3�V

N4(� ) = 3 � 2 � 2� 3 �U�j�X�N�V

N5(� ) = L(� � 2� 2 + � 3) �U�j�X�R�y�V

N6(� ) = L(� � 2 + � 3) �U�j�X�R�R�V

M 1(� ) = 1 � � �U�j�X�R�k�V

M 2(� ) = � �U�j�X�R�j�V

M 3(� ) = �
6
L

(� � � 2) �U�j�X�R�9�V

M 4(� ) =
6
L

(� � � 2) �U�j�X�R�8�V

M 5(� ) = 1 � 4� + 3� 2 �U�j�X�R�e�V

M 6(� ) = � 2� + 3� 2 �U�j�X�R�d�V

���M�/L �B�b �i�?�2 �H�2�M�;�i�? �Q�7 �i�?�2 �#�2���K�X �h�?�2 �+�Q�M�b�i�B�i�m�i�B�p�2 �H���r �B�b �;�B�p�2�M �#�v�,

� = E" �U�j�X�R�3�V

� = G
 �U�j�X�R�N�V

�r�?�2�`�2E �B�b �i�?�2 �u�Q�m�M�;�ö�b �K�Q�/�m�H�m�b�-� �B�b �i�?�2 �b�?�2���` �b�i�`�2�b�b�-
 �B�b �i�?�2 �b�?�2���` �b�i�`���B�M�- ���M�/

G �B�b �i�?�2 �b�?�2���` �K�Q�/�m�H�m�b�X
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�G�l
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�6�B�;�m�`�2 �j�X�9�,�h�?�2 �7�Q�`�r���`�/ �L�L �K�Q�/�2�HF �X �h�?�2 �/�B�z�2�`�2�M�i �H���v�2�`�b ���`�2 �+�Q�H�Q�`�@�+�Q�/�2�/�X �:�`�2�2�M
���`�2 �S�Q�B�b�b�Q�M�ö�b �`���i�B�Q�b�- �#�H���+�F �"�@�b�T�H�B�M�2�b ���M�/ �#�H�m�2 �?�B�/�/�2�M �H���v�2�`�b�X �h�?�2
�?�B�/�/�2�M �H���v�2�`�b �+�Q�M�b�B�b�i �Q�7 �7�m�H�H�v �+�Q�M�M�2�+�i�2�/ �U�6�*�V ���M�/ �H���v�2�` �M�Q�`�K���H�B�x���i�B�Q�M
�U�G�L�V �H���v�2�`�b �B�M �+�Q�K�#�B�M���i�B�Q�M �r�B�i�? �G�2���F�v�_�2�G�l �U�G�l�V ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�b�X

�j�X�k�X�j �J���+�?�B�M�2 �H�2���`�M�B�M�; ���T�T�`�Q���+�?

�L�2�i�r�Q�`�F ���`�+�?�B�i�2�+�i�m�`�2

�h�Q �T�`�2�/�B�+�i �i�?�2 �S�Q�B�b�b�Q�M�ö�b �`���i�B�Q �Q�7 �� �b�i�`�m�+�i�m�`�2 �i�?�2 �7�Q�`�r���`�/ �M�2�m�`���H �M�2�i�r�Q�`�F �U�L�L�V

�K�Q�/�2�HF �/�2�T�B�+�i�2�/ �B�M �6�B�;�m�`�2 �j�X�9 �r���b �+�?�Q�b�2�M�X �h�?�B�b ���`�+�?�B�i�2�+�i�m�`�2 �B�b �[�m�B�i�2 �b�B�K�T�H�2�-

�r�B�i�? �D�m�b�i �7�Q�m�` �7�m�H�H�v �+�Q�M�M�2�+�i�2�/ �H���v�2�`�b �r�B�i�? �� �K���t�B�K�m�K �r�B�/�i�? �Q�7 �}�7�i�v�X �E�2�v �i�Q �i�?�B�b

�b�B�K�T�H�B�+�B�i�v �B�b �i�?�2 �H�Q�r �/�B�K�2�M�b�B�Q�M���H �B�M�T�m�i �Q�7 �i�?�2 �M�2�i�r�Q�`�F�X ���b �T�`�2�p�B�Q�m�b�H�v �/�B�b�+�m�b�b�2�/�-

�� �;�B�p�2�M �b�i�`�m�+�i�m�`�2 �+���M �#�2 �`�2�T�`�2�b�2�M�i�2�/ �#�v �i�?�2 �}�p�2 �+�Q�M�b�i�B�i�m�i�B�p�2 �T���`���K�2�i�2�`�b �Q�7 �i�?�2

�+�Q�`�`�2�b�T�Q�M�/�B�M�; �"�@�b�T�H�B�M�2���i�?�2 �t�@�+�Q�Q�`�/�B�M���i�2�b �Q�7 �B�i�b �+�Q�M�i�`�Q�H �T�Q�B�M�i�b�X �h�?�2�`�2�7�Q�`�2�- �i�?�2

�B�M�T�m�i �i�Q �i�?�2 �M�2�m�`���H �M�2�i�r�Q�`�F �B�b �� �p�2�+�i�Q�` �r�B�i�? �D�m�b�i �}�p�2 �2�M�i�`�B�2�b�X �1���+�? �Q�7 �i�?�2 �i�?�`�2�2

�?�B�/�/�2�M �H���v�2�`�b �r���b �7�Q�H�H�Q�r�2�/ �#�v �� �H���v�2�` �M�Q�`�K���H�B�x���i�B�Q�M �H���v�2�` �(�R�N�d�) �7�Q�` �`�2�;�m�H���`�B�x���i�B�Q�M

���M�/ �`�2�/�m�+�2�/ �i�`���B�M�B�M�; �i�B�K�2�- ���b �r�2�H�H ���b �� �_�2�G�l ���+�i�B�p���i�B�Q�M �7�m�M�+�i�B�Q�M�X

�h�`���B�M�B�M�; �T�`�Q�+�2�b�b

�h�r�Q �B�M�b�i���M�+�2�b �Q�7 �i�?�2 �7�Q�`�r���`�/ �L�L �K�Q�/�2�HF �r�2�`�2 �i�`���B�M�2�/ �Q�M �i�r�Q �b�2�T���`���i�2 �/���i���b�2�i�b

�i�Q �T�`�2�/�B�+�i �i�?�2 �S�Q�B�b�b�Q�M�ö�b �`���i�B�Q �Q�7 �� �;�B�p�2�M �b�i�`�m�+�i�m�`�2�X �"�Q�i�? �/���i���b�2�i�b �+�Q�M�b�B�b�i �Q�7 �T���B�`�b

�U�t(i ) ; �v(i ) �V �Q�7 �m�M�B�i �+�2�H�H�b �#���b�2�/ �Q�M �"�@�b�T�H�B�M�2�b �U�t(i ) �V ���M�/ �i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �S�Q�B�b�b�Q�M�ö�b

�`���i�B�Q �U�v(i ) �V�X �6�Q�`�a�2�i �R�i�?�2 �2�M�/ �T�Q�B�M�ic6 �Q�7 �i�?�2 �"�@�b�T�H�B�M�2�b �/�2�i�2�`�K�B�M�B�M�; �i�?�2 �m�M�B�i �+�2�H�H�b

�r���b �}�t�2�/�- �`�2�b�m�H�i�B�M�; �B�M �� �/���i���b�2�i �r�?�2�`�2 ���H�H �2�M�i�`�B�2�b �+�Q�`�`�2�b�T�Q�M�/ �i�Q �p���`�B���i�B�Q�M �Q�7 �� �b�B�M�;�H�2

�`�2�@�2�M�i�`���M�i �m�M�B�i �+�2�H�H �UB 0B = 0:5 C0C �b�2�2 �6�B�;�m�`�2 �j�X�j�V�X ���H�H �m�M�B�i �+�2�H�H�b �B�M �i�?�B�b �/���i���b�2�i

�?���p�2 �i�?�2 �b���K�2 �/�B�K�2�M�b�B�Q�M�b�- ���H�b�Q �K�2���M�B�M�; �i�?�2 �?�Q�`�B�x�Q�M�i���H �b�i�`�m�i�b ���H�r���v�b �K���B�M�i���B�M �i�?�2

�b���K�2 �`�2�H���i�B�p�2 �T�Q�b�B�i�B�Q�M�X �6�Q�`�a�2�i �k�i�?�2 �v�@�+�Q�Q�`�/�B�M���i�2 �Q�7 �i�?�2 �2�M�/ �T�Q�B�M�i �Q�7 �i�?�2 �"�@�b�T�H�B�M�2

�r���b �/�2�i�2�`�K�B�M�2�/ �`���M�/�Q�K�H�v�- ���H�H�Q�r�B�M�; �� �r�B�/�2�` �`���M�;�2 �Q�7 �;�2�Q�K�2�i�`�B�2�b ���M�/ �T�`�Q�T�2�`�i�B�2�b�X
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