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Abstract

Mechanical metamaterials—engineered materials whose behavior is defined by
their internal structure rather than their base material—have received great at-
tention for the unusual properties they can exhibit. However, while the forward
problem of predicting the mechanical behavior of a given metamaterial can be
reliably done through simulation or experiments, the inverse problem—designing
metamaterials with specific properties—remains difficult, especially for heteroge-
neous metamaterials composed of multiple unit cells. This dissertation explores
the use of generative machine learning to address this inverse design problem.

The first part of the work investigates how inverse and generative models can
be conditioned to produce unit cells with prescribed mechanical properties and
how they can be used to generate multiple valid solutions for the same target. This
is examined using a curved-beam metamaterial, which allows a compact geometric
representation without complex design restrictions. The effect these restrictions
have on the generative models is investigated in the second part. For this, a
number of generative models—Variational Autoencoders, Generative Adversarial
Networks, and Diffusion Models—are evaluated on a kirigami metamaterial where
dependencies between the cuts cause intricate design constraints. The final part
covers the challenges that arise when generative models are applied to heteroge-
neous metamaterials, in which multiple unit cells are combined to create spatially
varying mechanical properties.

The results show that the applicability of generative models for the design
of metamaterials strongly depends on the choice of geometric parameterization.
Generative models make assumptions about their input data that generally hold
for images, but can be invalid for metamaterials when complex dependencies be-
tween the input parameters exist. B-splines can provide a representation without
those dependencies and are therefore well suited to be paired up with generative
models. Furthermore, it is also important how these geometrical parameters are
sampled to create the training data for the generative models, as this sampling
also affects the distribution of the properties in the training data.

Overall, while generative machine learning models prove effective for the
inverse design of mechanical metamaterials their successful application requires
careful parameterization and selection of the training data.





Zusammenfassung

Mechanische Metamaterialien – technische Materialien, deren Eigenschaften durch
ihre innere Struktur und nicht durch das Grundmaterial bestimmt werden –
haben aufgrund ihrer ungewöhnlichen Eigenschaften große Aufmerksamkeit er-
regt. Während die Vorhersage des mechanischen Verhaltens eines gegebenen Meta-
materials durch Simulationen oder Experimente zuverlässig möglich ist, bleibt
das umgekehrte Problem – der Entwurf von Metamaterialien, die bestimmte
mechanische Eigenschaften aufweisen – schwierig, insbesondere bei heterogenen
Metamaterialien, die aus mehreren Einheitszellen bestehen. In dieser Dissertation
wird der Einsatz generativer maschineller Lernmodelle zur Lösung dieses inversen
Designproblems untersucht.

Im ersten Teil der Arbeit wird untersucht, wie inverse und generative Modelle
konditioniert werden können, um Einheitszellen mit vorgegebenen mechanischen
Eigenschaften zu erzeugen, und wie sie verwendet werden können, um mehrere
gültige Lösungen für dasselbe Ziel zu generieren. Dies wird anhand eines Meta-
materials mit gebogenen Balken untersucht, das eine kompakte geometrische
Darstellung ohne komplexe Designeinschränkungen ermöglicht. Die Auswirkungen
solcher Einschränkungen auf generative Modelle werden im zweiten Teil gesondert
bewertet. Dazu wird eine Reihe generativer Modelle – Variationale Autoencoder,
Generative Adversarial Networks und Diffusionsmodelle – auf einem Kirigami-
Metamaterial evaluiert, bei dem die Abhängigkeiten zwischen den Schnitten kom-
plizierte Designeinschränkungen verursachen. Der letzte Teil befasst sich mit
den Herausforderungen, die sich ergeben, wenn generative Modelle auf heterogene
Metamaterialien angewendet werden, bei denen mehrere Einheitszellen kombiniert
werden, um räumlich variierende mechanische Eigenschaften zu erzeugen.

Die Ergebnisse zeigen, dass die Anwendbarkeit generativer Modelle für den En-
twurf von Metamaterialien stark von der Wahl der geometrischen Parametrisierung
abhängt. Generative Modelle machen Annahmen über ihre Eingabedaten, die
im Allgemeinen für Bilder gelten, aber für Metamaterialien ungültig sein können,
wenn komplexe Abhängigkeiten zwischen den Eingabeparametern bestehen. Es
hat sich gezeigt, dass B-Splines eine Darstellung ohne diese Abhängigkeiten liefern
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können und daher gut geeignet sind, um mit generativen Modellen gekoppelt zu
werden. Darüber hinaus ist es auch wichtig, wie diese geometrischen Parameter
abgetastet werden, um die Trainingsdaten für die generativen Modelle zu erstellen,
da diese Abtastung auch die Verteilung der Eigenschaften in den Trainingsdaten
beeinflusst.

Insgesamt erweisen sich generative maschinelle Lernmodelle zwar als effektiv für
das inverse Design mechanischer Metamaterialien, ihre erfolgreiche Anwendung er-
fordert jedoch eine sorgfältige Konstruktion der Parametrisierungen und Auswahl
der Trainingsdaten.
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Chapter 1

Introduction

While the mechanical properties of conventional materials are primarily deter-
mined by their molecular or atomic composition, the properties of mechanical
metamaterials are determined by their internal architecture [1]. These metamate-
rials are usually built from a periodically repeated building block, known as a unit
cell. Based on their internal architecture, metamaterials can exhibit mechanical
properties that even surpass the intrinsic properties of the constituent material,
particularly in terms of the stiffness-to-weight ratio [2] and the achievement of a
negative Poisson’s ratio [3].

Designing these metamaterials is often challenging, as the relationship between
geometry and mechanical response tends to be complex and highly nonlinear,
making it impossible to describe analytically. Finite Element Analysis (FEA) at
least allows the forward problem—predicting the mechanical properties of a given
metamaterial—to be solved numerically. Unfortunately, from a design perspective,
the inverse problem—generating a metamaterial structure that exhibits specific
mechanical properties—is much more interesting and is typically ill-posed, as there
are often multiple distinct structures that achieve similar properties. While this
is certainly true when considering all possible unit cells, it even holds when the
design space is restricted to parameterized unit cell variants within a particular
metamaterial family.

Still, for the design of a single unit cell, the inverse problem can often be reliably
solved using topology optimization or genetic algorithms, although these methods
can be computationally expensive and may get stuck in local optima. However,
when the design of multiple unit cells is required, it can be more efficient to
create a model of the inverse process instead. Although creating such a model
might be more costly than running a single topology optimization, it becomes
increasingly advantageous as the number of required unit cells grows. This has
become particularly important with the recent shift towards combining multiple
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unit cells to create heterogeneous metamaterials with locally varying mechanical
properties, which is desirable in many applications.

Finding such a model that solves the inverse problem is very similar to the condi-
tional generation tasks at which generative machine learning models have recently
been highly successful. Given their ability to generate complex images, they may
also offer a way to incorporate more intricate design elements into metamaterials.
However, when applying these models to the design of metamaterials, one must
not only choose from a variety of machine learning algorithms, but also select a
suitable representation for the metamaterial—decisions that may be influenced
by the mechanical mechanisms involved and by whether the metamaterial is one
based on a single unit cell or a heterogeneous one.

1.1 Goals

This dissertation is concerned with how generative models can be applied to the
design of mechanical metamaterials with complex design elements, how different
representations influence these models, and what challenges emerge when com-
bining multiple unit cells. The specific objectives are:

• To investigate how conditional generative models can be applied
to the inverse design of mechanical metamaterials. The focus lies on
the use of generative models and their ability to produce multiple distinct
unit cells with the same mechanical properties.

• To evaluate how the geometric representation of metamaterials
influences the performance and expressiveness of generative mod-
els. In particular, to study how design constraints affect the model’s ability
to adequately cover the design space and to map between geometry and
mechanical properties.

• To identify and address the unique challenges associated with
designing heterogeneous metamaterials. Specifically, to explore the
difficulties that arise from transitioning between geometric space and prop-
erty space in the design of structures composed of multiple unit cells.
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1.2 Outline

This thesis is divided into four main chapters, each exploring different aspects of
applying generative machine learning models to the design of mechanical metama-
terials. Chapter 2 provides a review of prior work on mechanical metamaterials
and the integration of machine learning in this context. It also introduces the deep
learning models that form the foundation for the following chapters. Chapter
3 explores how these models can be applied to generate unit cells for curved-
beam metamaterials, designed to exhibit specific Poisson’s ratios. These unit
cells are parameterized using Bézier splines, allowing for a representation that
avoids complex restrictions on the design space. Chapter 4 then moves on to
kirigami-based metamaterials, which are subject to intricate design constraints,
and discusses how these constraints affect the behavior of the machine learning
models. Finally, Chapter 5 examines how machine learning can be used to design
shape-morphing heterogeneous metamaterials, and explores the challenges that
arise for the machine learning models when combining multiple unit cells.





Chapter 2

Background

2.1 Mechanical Metamaterials

Metamaterials are artificially engineered materials that derive their properties
primarily from their internal structure rather than from the intrinsic character-
istics of their constituent materials [4]. These properties can even surpass those
of the base materials and exhibit behaviors not typically found in conventional
materials [5]. Metamaterials are usually constructed from unit cells—fundamental
building blocks that are repeated periodically in two or three dimensions. This
periodic arrangement ensures that the material’s properties are mostly homoge-
neous on a larger scale and allows the behavior of the entire metamaterial to be
described through the mechanics of this unit cell [6]. Metamaterials are often
categorized according to the physical phenomena they are designed to control,
with mechanical metamaterials primarily concerned with influencing deformation,
stress distribution, and the flow of mechanical energy [4].

2.1.1 Historic Development

Compared to other branches of metamaterials, such as electromagnetic or acous-
tic metamaterials, the branch of mechanical metamaterials is a relatively new
addition to the field [4]. Although it is difficult to pinpoint exactly when the
field of metamaterials itself began, four influential papers were instrumental in
its establishment [15]. In the first of these works—published in 1968—Veselago
[16] theorized that a material with a negative refractive index could be created
if both its electric permittivity and magnetic permeability were negative. Nearly
three decades later, this theory was revisited by Smith et al. [17], who used a
lattice of split-ring resonators [18] to create a material fulfilling these conditions.
Shortly thereafter, Shelby et al. [19] experimentally demonstrated that this ma-
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(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

Figure 2.1: Unit cells of selected metamaterials: hexagonal [7] (a), re-entrant
[7] (b), 3D re-entrant [8] (c), pentamode [6] (d), STAR-3 [9] (e),
arrowhead [10] (f), hexa-chiral [11] (g), rotating squares [12] (h),
Miura-ori tessellation [13] (i), and a kirigami metamaterial [14] (j).

terial indeed possessed a negative refractive index, thereby validating Veselago’s
theory and sparking widespread interest in metamaterials. This interest grew
further when Pendry [20], in the last of these four seminal papers, showed that
a material with a negative refractive index could be used to construct a perfect
lens. Together, these works demonstrated that metamaterials can exhibit unusual
properties, including some not found in natural materials [21]. This ability to
produce properties beyond the range of conventional materials gave rise to the
term ”metamaterial,” derived from the Greek prefix ”meta-” meaning ”beyond”
or ”transcending”.

This idea of using internal organization to create materials that could exhibit un-
usual properties later spread to other areas, giving rise to the branches of acoustic
metamaterials [22] and mechanical metamaterials [23]. However, while the con-
cept of mechanical metamaterials is relatively young, specific classes of mechanical
metamaterials with unusual properties have been known for a few decades [24].
One of the most well-known classes of these materials—two-dimensional hexag-
onal materials—was shown by Gibson et al. [7] in 1982 to exhibit a negative
Poisson’s ratio when specific geometrical parameters were used (see Figure 2.1a-
b). Building on these observations, Lakes [8] transformed a conventional open-cell
foam into a material with a negative Poisson’s ratio by creating the 3D version
of the re-entrant honeycomb structure shown in Figure 2.1c. Besides this, the
discovery by Gibson et al. [7] inspired many more works on these structures of
metamaterials with negative Poisson’s ratio [25–27].
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While most of these early works focused on the Poisson’s ratio, Milton and
Cherkaev [6] investigated in 1995 how the internal architecture influences the
stiffness tensor of materials. They found that by combining an ordinary elastic
material with regions of empty space, it is possible to design structured materials
with any form of stiffness tensor not forbidden by thermodynamics. Using these
findings, a new class of metamaterials—called Extremal materials—was developed.
These materials are very stiff in one deformation mode but highly compliant
in others. They are classified as unimode, bimode, trimode, quadramode, or
pentamode, depending on whether they exhibit near-zero stiffness in one, two,
three, four, or five modes of deformation, respectively. Among these, pentamode
materials have received the greatest attention, as they behave similarly to a fluid
by primarily resisting volumetric deformations and not shear, due to their high
bulk modulus and low shear modulus [6]. Figure 2.1d shows the unit cell of one
such pentamode metamaterial developed by Milton et al. [6].

While these examples of mechanical metamaterial exhibited promising properties,
many were difficult to manufacture, limiting their experimental evaluation. This
changed with the development of new additive manufacturing techniques, which
enabled the fabrication of free-standing, complex 3D geometries while reducing
manufacturing costs and allowing direct fabrication from CAD [28]. For instance,
additive manufacturing allowed Kadic et al. [29] to create a pentamode material in
2012, which had previously only been theorized and not realized experimentally.

Another key area of mechanical metamaterials—the design of stiff, lightweight
structures—has also been advanced by additive manufacturing [30]. For example,
Yang et al. [31] used electron beam melting to manufacture a 3D re-entrant struc-
ture from a titanium alloy, which allowed them to create lightweight structures
with high specific strength. Even lighter structures have been created through cre-
ating hollow tubular nanolattices, where a structure fabricated using two-photon
lithography was coated with aluminum oxide, and the original material was subse-
quently etched away [32]. Another stiff, ultralight material was created by Zheng
et al. [2], who used projection microstereolithography to produce a metamaterial
that maintained an almost constant stiffness per unit mass density, even when
the density was reduced by three orders of magnitude.

Advances in additive manufacturing have also enabled the recent development of
structures with locally varied material properties, allowing the functional grading
of stiffness [33] and and Poisson’s ratio [34] of the metamaterial. This ability can
be used to influence the deformation behavior of the metamaterial under load,
giving rise to shape-matching metamaterials, which are designed to achieve a
predefined shape when subjected to a specific load [35–37].
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2.1.2 Auxetic Metamaterials

Auxeticity, which is characterized by a negative Poisson’s ratio [3], is one of the
most well-studied manifestations of unusual behavior in mechanical metamateri-
als. Unlike conventional materials, which shrink laterally under uniaxial tension,
these metamaterials expand laterally instead [38]. Auxetic metamaterials are
usually defined by a single unit cell that repeats itself in two or three dimensions
[39], with the auxetic behavior encoded in this unit cell. Since the discovery of
auxetic behavior in honeycomb structures by Gibson et al. [7] in 1982, numerous
mechanisms have been developed to achieve auxeticity within a unit cell. The
most prominent of these include re-entrant structures, chiral structures, rotating
rigid (semi-rigid) structures, as well as origami and kirigami materials [3, 40,
41].

Re-entrant structures

The most basic form of re-entrant structures is the 2D re-entrant honeycomb
investigated by Gibson et al. [7]. These structures differ from classic honeycombs
(see Figure 2.1a) only in the angle between some of the beams, causing the vertical
ribs of the unit cell to point inward (see Figure 2.1b). Under a vertical tensile
load, these ribs straighten, leading the re-entrant unit cell to expand horizontally.
Similarly, under compression, the vertical ribs direct the force inward, causing
horizontal contraction. This behavior is mostly dominated by hinging at the
junctions between the beams of the unit cell, while flexure and stretching of the
beams play only a minor role [42]. The strength of this hinging effect depends on
the stiffness of the beams, with stiffer beams resulting in a less negative Poisson’s
ratio and a higher Young’s modulus in the vertical direction [43]. However, the
dominant factor determining the sign and magnitude of the Poisson’s ratio is still
the re-entrant angle between the horizontal and vertical beams. When considering
metamaterials where only this angle varies, both classic honeycomb and re-entrant
structures belong to the same family. As long as this angle is smaller than 90◦, the
vertical ribs point inward, resulting in a negative Poisson’s ratio; for angles larger
than 90◦, the Poisson’s ratio becomes positive [44, 45]. In active metamaterials, it
is even possible to switch the sign of the Poisson’s ratio dynamically by adjusting
this angle [46].

The same deformation mechanism as in the re-entrant honeycomb structures has
been used to create a variety of 2D auxetic metamaterials [40]. One notable
example of these structures is the double-arrowhead structure, developed by by
Larsen et al. [10] through structural optimization, which exhibits a negative
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Poisson’s ratio based on the re-entrant mechanism (see Figure 2.1e). Additionally,
a family of star-shaped metamaterials utilizes the same principle to achieve auxetic
behavior. In this family, each unit cell is constructed using n arrow-shaped
building blocks arranged in a star configuration. These stars are connected to
their n neighboring unit cells through n beams, leading to the designations STAR-
n for these structures [9]. A STAR-3 metamaterial is shown in Figure 2.1f.

The same principles underlying these 2D auxetic structures can also be extended
to create 3D auxetic structures. Lakes [8] created auxetic foams using a 3D
extension of the re-entrant honeycomb structure, while Lim [47] designed a 3D
version of the arrowhead structure and Ras et al. [48] introduced a 3D star-shaped
metamaterial. Beyond these truss-based designs, the re-entrant mechanism can
also be applied to 3D shell structures. These structures rely on the buckling of
the shells to create a re-entrant mechanism leading to a negative Poisson’s ratio
[49].

Chiral structures

In its literal sense, chiral metamaterials refers to all metamaterials that lack
a center of symmetry; in other words, structures that are not equivalent to
their mirror image [11]. However, over time, this term has come to describe
metamaterials whose behavior is dominated by a combination of rotation of
the unit cell and flexure of re-entrant beams [40]. The earliest description of
chiral structures in relation to mechanics goes back to a molecular model by
Wojciechowski [50] with rotational degrees of freedom and inverse interaction with
the nearest neighbors. This model showed auxetic behavior when the molecules
were given a preferred orientation or tilt. The metamaterial equivalent of this
model, introduced by Lakes [11], consists of a central disc with several tangentially
attached beams.

These or similar rotational units are typically used as the basic building blocks of
chiral metamaterials. Depending on how the beams are attached to the central
disc and the resulting rotation direction, the basic units can be classified as either
left-handed or right-handed. Using these basic units as unit cells for a periodic
metamaterial is only possible for three, four or six beams per basic unit, otherwise
no space filling design is possible [51]. These configurations are known as tri-
chiral, tetra-chiral, and hexa-chiral metamaterials, respectively. A hexa-chiral
metamaterial is shown in Figure 2.1g. Usually, multiple of these basic units are
combined to form the unit cell of a metamaterial. Depending on how left-handed
or right-handed units are combined these are called chiral, anti-chiral or meta-
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chiral materials [51]. Chiral metamaterials consist exclusively of one type of unit,
while anti-chiral metamaterials are constructed such that each unit is connected
only to units of the opposite handedness. Meta-chiral metamaterials cover all
remaining combinations. The Poisson’s ratio of these structures depends on the
thickness of the beams [52] and the ratio between beam length and disc size [53],
with negative values reported for hexa-, tetra- and anti-tetra-chiral metamaterials
[52].

Rotating rigid (semi-rigid) structures

Rotating rigid structures are usually composed of multiple rigid geometric ele-
ments connected by hinges. Under loading, these elements rotate around the
hinges, altering the horizontal and vertical dimensions of the metamaterial, which
can cause auxetic behavior. The first rotating rigid structure with a negative
Poisson’s ratio was introduced by Grima and Evans [12] in 2000. Their design
features rigid squares, which are connected to one neighboring square at each
edge (see Figure 2.1h). Under ideal conditions, this system is isotropic and has
a Poisson’s ratio of −1, as long as the squares are able to still rotate under
the given load. Similar auxetic metamaterials have been developed using other
shapes, including triangles [54], rectangles [55] and parallelograms [56]. These
other structures can exhibit a positive or negative Poisson’s ratio depending on
factors such as geometrical parameters or the current angle between the shapes.

While most of these works assume the structures to be rigid, semi-rigid structures,
where the shapes were allowed to undergo deformation have also been considered
[57]. However, while these structures can provide an easy way to facilitate aux-
eticity, they are prone to stress concentrations, as the shapes are only connected
at the hinges [58].

Origami and kirigami metamaterials

Origami materials are named after the Japanese art of paper folding, while
kirigami structures also allow cuts in addition to folds. Origami-based struc-
tures are typically designed as 2D sheets with predefined fold patterns. These
folds are used to create out-of-plane deformations, essentially transforming the 2D
sheet into a 3D structure to increase the number of degrees of freedom. Placement
of these folds allows great control over how the shape of the sheet is deformed
[59–61]. This can also be used to modify in-plane behavior, allowing to create
materials with a negative Poisson’s ratio [62, 63]. The most well known of these
auxetic origami structures is the Miura-ori tessellation [13] (see Figure 2.1i), which
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has a negative Poisson’s ratio for in-plane deformation and a positive Poisson’s ra-
tio for out-of-plane deformation. While the Poisson’s ratio of these metamaterials
is mostly determined by the fold, the stiffness depends more on the thickness of
the material and the ability of the fold to act as a hinge. Fully 3D metamaterial
can be created using origami techniques by stacking multiple folded layers [62] or
by assembling tubes folded from the flat sheets [64].

By introducing cuts alongside folds, kirigami metamaterials further expand the
design possibilities, enabling even better control over the deformation of the
sheets [58]. That said, cuts on their own already have the capability to control
the Poisson’s ratio. So can the most rotating rigid structures be manufactured
by placing cuts in flat sheets, only leaving connections between the shapes at the
hinges. Additionally, Grima et al. [14] demonstrated that Poisson’s ratio and
stiffness of a flat rubber sheet can be influenced by placing cuts with varying
orientations in it. The unit cell of this metamaterial is shown in Figure 2.1j.
Du et al. [65] showed that auxetic behavior can even be retained under large
deformations up to 50% applied strain, by exploiting out of plane buckling.

2.2 Continuum Mechanics and Finite‐Element
Foundations

This section introduces the physical foundations governing the behavior of de-
formable bodies and outlines how their mechanical response can be predicted using
the Finite Element Method (FEM). The description of the mechanical behavior
follows the continuum mechanics approach outlined by Holzapfel [66], while the
description of FEM follows the work of Dinkler and Kowalsky [67] and the lecture
notes by Bathe [68] and Kelly [69].

2.2.1 Fundamentals of Continuum Mechanics

While physical objects in the real world are composed of molecules, and their
properties arise from molecular interactions, predicting the mechanical behavior
of a structure directly from these interactions is generally infeasible. Instead,
continuum mechanics models the system at the macroscopic level using local
averages of microscopic quantities. This continuum description consists of three
main components: (1) the kinematics, which describe motion and deformation;
(2) the internal stresses and the constitutive equations, which relate them to the
deformation; and (3) the balance principles for linear and angular momentum.
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Kinematics

Kinematics are concerned with the motion and deformation of the continuum. A
movement or deformation can be described by mapping each material point from
a reference (initial) position X to a new position x in the deformed configuration.
This mapping is given by the displacement field u. In the Lagrangian form, this
field is a function of the original position:

u(X) = x(X)−X (2.1)

While this generally characterizes how each point of the continuum moves, measur-
ing the deformation requires determining the effect of the displacement field u(X)

on the size and shape of the body. For this purpose, the deformation gradient F,
given by

F =
∂x
∂X = I +∇u (2.2)

is crucial. The determinant of the deformation gradient, J = det(F), represents
the local volume change ratio. For physically meaningful deformations, it is
required that J > 0 everywhere.

The deformation gradient F is also particularly important in the definition of strain
tensors, which describe the relative deformation with respect to the reference and
current configurations. These strain measures are necessary from an engineering
standpoint, as F is non-zero even for pure rotations. An ideal deformation measure,
however, would be zero under pure rotation. Fortunately, polar decomposition
allows us to split the deformation gradient into a pure stretch tensor U and a
pure rotation tensor R:

F = RU (2.3)

Since a rotation followed by its transpose results in the identity, this decomposition
allows the rotational component to be eliminated by multiplying F with its
transpose FT :

FTF = UTRTRU = UTU (2.4)

The resulting tensor, C = FTF, is called the right Cauchy-Green deformation
tensor. It contains information about the stretch of the material while excluding
any rotational effects. It is the basis for the most common strain measure, the
Green-Lagrangian strain tensor, which essentially measures how close the right
Cauchy-Green deformation tensor C is to the identity I:

ε =
1

2
(C− I) (2.5)
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Using Equation 2.2, this can be expressed in terms of ∇u:

ε =
1

2
(FTF− I) (2.6)

=
1

2
((I +∇u)T (I +∇u)− I) (2.7)

=
1

2
(∇u +∇uT +∇u∇uT ) (2.8)

For small deformations, the second-order term can be neglected, leaving:

ε =
1

2
(∇u +∇uT ) (2.9)

This can alternatively be written in terms of the deformation gradient F as:

ε =
1

2
(F + FT )− I (2.10)

Stress

The motion and deformation of a body are deeply tied to interactions between
material and neighboring material. One of these interactions is stress. Stress
determines how the traction force t (force per unit area) on a boundary surface
∂Ω of a continuum body B occupying a region Ω relates to the unit normal vector
n of the surface:

t(x,n) = σn (2.11)

Here, σ is a symmetric spatial tensor field called the Cauchy (or true) stress
tensor. For continuum mechanics, it is crucial to understand how this stress
tensor relates to the deformation of a material. This relation is material-specific
and governed through a constitutive model. In the regime of small deformations
and small strains, many materials can be accurately described by the theory
of linear elasticity. In this setting, the displacement gradients are small, and
the linearized (infinitesimal) strain tensor (Eq. 2.10) is used. The stress is then
linearly related to the strain by Hooke’s law:

σ = C : ε (2.12)

where C is the fourth-order elasticity tensor, which encodes the material’s stiffness.
For isotropic materials, this reduces to:

σ = λ tr(ε) I + 2µ ε (2.13)

where λ and µ are the Lamé parameters, and tr(·) denotes the trace operator.
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Balance Principles

In addition to the kinematical principles, there are universal physical principles
that the deformation of a body must obey. The most important of these for
continuum mechanics are the balances of linear (L) and angular (J) momentum.
These can be described through the resultant force P and the resultant moment
M:

∂L(t)
∂t

= P(t) =

∫
∂Ω

t ds+
∫
Ω

b dv (2.14)

∂J(t)
∂t

= M(t) =

∫
∂Ω

r× t ds+
∫
Ω

r× b dv (2.15)

where t is time, t the traction force, b the body force, and r = x−x0 the position
vector relative to an origin x0.

To be in equilibrium, both of these derivatives must be zero. Furthermore, in most
cases, it can be assumed that the body forces are negligible. First substituting
using Eq. 2.11, and then applying the divergence theorem, the expressions can be
converted to volume integrals:

P(t) =

∫
∂Ω

t ds =
∫
∂Ω

σn ds =
∫
Ω

divσ dv (2.16)

M(t) =

∫
∂Ω

r× t ds =
∫
∂Ω

r× σn ds =
∫
Ω

r× divσ + E : σT dv (2.17)

where E is the third-order Levi-Civita permutation tensor.

As the region Ω and the volume v are arbitrary, it follows that the integrands
must vanish at every point of the continuum:

divσ = 0 (2.18)

E : σT = 0 (2.19)

Equation 2.19 holds if and only if σ is symmetric; therefore, σ = σT .

2.2.2 Finite Element Method (FEM)

While continuum dynamics provide an accurate description of the physical behav-
ior of deformable bodies, solving the resulting equations is often so complex that
approximation methods become necessary. The Finite Element Method (FEM)
is one such method. The general idea behind FEM is to discretize the body into
a number of finite elements and then calculate the behavior of the system based
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on the behavior of these elements. These elements are called ”finite” because
they cannot be infinitesimal; otherwise, the problem would revert to the original
continuum formulation. These elements connect nodes, which are the points at
which the physical behavior is approximated. Inside the elements, it is assumed
that the behavior follows preselected shape functions, which use the values at the
nodes as parameters. As a result, increasing the number of elements or using
more complex shape functions allows for the approximation of more complicated
behavior. For this part, we are going to work with vectorized quantities.

To evaluate the values at the nodes, the Principle of Virtual Work can be used.
Let us consider a body under known body forces b and traction forces t. To
find the corresponding displacement field u(X) between the current and reference
configurations, a small trick can be used. Imagine that the current configuration
undergoes an infinitesimal displacement δu. As the current configuration is in
equilibrium, this is assumed to have no effect on the total potential energy Π.
This implies that the virtual internal work δWint must equal the virtual external
work δWext:

δΠ = δWint − δWext = 0 (2.20)

The external virtual work is generated by the traction force t and body force b
acting on a point x that undergoes a virtual displacement δu:

δWext =

∫
∂Ω

t · δu ds+
∫
Ω

b · δu dv (2.21)

Similarly, internal virtual work is generated by internal forces acting on points
that undergo virtual displacements:

δWint =

∫
Ω

σT δε dv (2.22)

Combining Eq. 2.20, Eq. 2.21, and Eq. 2.22, and neglecting the body forces
again: ∫

Ω

σT δε dv −
∫
∂Ω

tT δu ds = 0 (2.23)

This is where the shape functions come in. Through them, a displacement is
approximated by the nodal displacements û ∈ R3n, where n is the number of
nodes:

u(x) = N(x)û (2.24)

Here, N(x) : R3 → R3×3n is an agglomeration of all shape functions that maps a
point x in the body to a weight matrix for the nodes. Since these weights determine
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the contribution of each node, they sum up to one for each component:

3n∑
j=1

N(x)i,j = 1, ∀ i ∈ {1, 2, 3} (2.25)

The same also holds for virtual displacements, so Eq. 2.24 becomes:

δu(x) = N(x)δû (2.26)

This can be used to compute the virtual strain using Eq. 2.10, since the virtual
displacement is infinitesimal. We define a function B(x) : R3 → R6×3n relating
the strain to the displacement:

δε =
1

2
(∇δu +∇δuT ) =

1

2
(∇N(x)δû+ (∇N(x)δû)T ) = B(x)δû (2.27)

Now Eq. 2.23 can be updated to include the discretization:∫
Ω

σTB(x)δû dv −
∫
∂Ω

tTN(x)δû ds = 0 (2.28)

The virtual displacement δû can now be factored out:

δûT

(∫
Ω

B(x)Tσ dv −
∫
∂Ω

N(x)T t ds
)

= 0 (2.29)

Since δû is arbitrary, this only holds if:∫
Ω

B(x)Tσ dv =

∫
∂Ω

N(x)T t ds (2.30)

At this point, displacement and strain have vanished from the equation. We
reintroduce them using a constitutive law relating stress to strain. Here, we use
Hooke’s law (see Eq. 2.12):∫

Ω

B(x)TCε dv =

∫
∂Ω

N(x)T t ds (2.31)

Substituting ε = B(x)û, we get:∫
Ω

B(x)TCB(x)û dv =

∫
∂Ω

N(x)T t ds (2.32)
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This leads to the final linear system of equations:∫
Ω

B(x)TCB(x) dv︸ ︷︷ ︸
K

û =

∫
∂Ω

N(x)T t ds︸ ︷︷ ︸
F

(2.33)

Here, K ∈ R3n×3n is the global stiffness matrix, while F ∈ R3n is the nodal force
vector. This represents Hooke’s law in its classical discretized form:

Kû = F (2.34)

Solving this system yields the nodal displacements for the applied traction forces.

2.3 Deep Learning

Machine learning is a broad field encompassing all algorithms that can automati-
cally extract valuable information from data [70]. Valuable information is usually
identified through correlations between different factors of variation within the
data. The difficulty of finding these correlations usually depends on the repre-
sentation the data is given in, as these factors can be entangled. Deep learning
specializes in disentangling this features and discarding those that are irrelevant
[71]. The principle behind deep learning is quite simple: it creates a hierarchy of
representations in which increasingly complex representations are built from sim-
pler ones. Each of these representations consists of pieces of information usually
referred to as features. This hierarchical structure of feature processing is what
gives deep learning its ”depth”—the more hierarchical layers a model has, the
deeper it is. The best example of this principle are deep neural networks, which
are essentially nonlinear functions hierarchically constructed from different types
of processing layers. This section covers how these deep neural networks operate
and can be used to solve different types of machine learning problems. The ideas
explained here are drawn from a combination of sources that provide different
points of view on deep learning, the classic perspective [71, 72], the stochastic
perspective [73, 74] and the mathematical details [75].

2.3.1 Basics of Neural Networks

The most essential deep learning models are deep feedforward networks. Such a
feedforward network first and foremost just describes a (mostly nonlinear) function
f : X → Y from an domain X to another domain Y . While this function and the
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Figure 2.2: Exemplary graphs for two neural networks, one simple linear chain of
layers (a) and a directed acyclic graph (b).

domains are technically arbitrary, most research focuses on f , that transform one
vector into another [76]. Images can be represented as vectors with dimensions
determined by the pixel number [76], while words can be converted into a one hot
encoding vector over some dictionary [77].

What gives such a function f , defined by a feedforward neural network, its in-
teresting properties is the way it is constructed from a finite number n of other
functions f (i) : X(i) → Y (i), i ∈ {1, . . . , n}. Some f (i) serve as inputs to others,
giving rise to a hierarchically structure in which the f (i) are called layers and
the arrangement G the neural network. As the layers f (i) are generally arbitrary
functions, they can themselves be composed of multiple sub-functions. Such com-
positions are often used to make the overall structure of the neural network easier
to understand. While the simplest form of an neural network architecture is a
linear chain of layers (see Figure 2.2a), more complex architectures can form di-
rected acyclic graphs [71] (see Appendix A.1 for the definition), featuring multiple
inputs and outputs, as well as skip connections that bypass intermediate layers
[78] (see Figure 2.2b):

Definition 2.1 Neural network

A neural network is a directed acyclic graph GΘ = (F,C) with the layers as
nodes f (i) ∈ F and edges C ⊂ F × F which represent the connections between
the layers. Where the set of layers is divided into the set of input layers Fin, the
set of output layers Fout and the set of hidden layers Fhidden.

F = Fin ∪ Fout ∪ Fhidden

Fin 6= ∅, Fout 6= ∅
Fhidden ∩ (Fin ∪ Fout) = ∅
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where the depth of the neural network is the maximal length of a path from a
input layer to a output layer. Usually, each layer has a parameter vector θ(i)

which together form the set of parameters Θ for the neural network.

If GΘ has only one input layer Fin = {f (1)} and one output layer Fout = {f (n)} ,
it describes a function GΘ : X(1) → Y (n):

GΘ = g(n)(x)

g(i)(x) = f (i)(K), K = {g(k)(x)|f (k) ∈ Par(f (i))}

g(1)(x) = f (1)(x)

where Par(f (i)) are the parent nodes of f (i).

While there are multiple types of layers, the most fundamental one is the fully con-
nected layer. This layer performs an affine transformation (a linear transformation
followed by a bias term):

Definition 2.2 Fully connected layer

A fully connected layer is a real-valued function fL : Rn → Rm that is given by a
weight matrix W ∈ Rm×n and a bias vector b ∈ Rm:

fL(x;θ) := Wx + b (2.35)

where θ = (W,b) are the parameters of fL and m is called the width of the layer.

Affine and linear transformations, such as those used in Principal Component
Analysis (PCA) [79, 80] and Linear Discriminant Analysis (LDA) [81], can be
powerful for processing data; however, certain problems require non-affine func-
tions to solve them. A prominent example of this is learning the XOR function
[82].

Since combining two affine transformations results in another affine transforma-
tion, approximating more complex functions requires introducing a non-affine
element to the layers. To achieve this, the affine transformation is typically paired
with a uniform activation function—a one-dimensional, non-affine transformation
applied independently to each element of the input vector:
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(a) (b) (c) (d)

Figure 2.3: Activation functions commonly used in neural networks. Sigmoid:
maps inputs to the range (0, 1) (a). Tanh: similar to sigmoid but
maps inputs to (–1, 1) (b). ReLU (Rectified Linear Unit): outputs
zero for negative inputs and linear for positive inputs (c). Leaky
ReLU: introduces a small slope for negative inputs to mitigate the
zero gradient problem (d).

Definition 2.3 Uniform activation function

A uniform activation function is a real-valued function g : R→ R, that is applied
element-wise to the output vector of the previous layer:

fA(x)i := g(fL(x;θ)i) (2.36)

where fA is the layer resulting from the combination of the fully connected layer
with the activation function.
Unlike fully connected layers, these activation functions are fixed and introduce
no additional parameters to the combined layer. In this work, the four different
activation functions shown in Figure 2.3 will be used: the sigmoid, hyperbolic
tangent, ReLU, and Leaky ReLU.

Definition 2.4 Different activation functions

Sigmoid:
sig(x) = 1

1 + e−x
(2.37)

Hyperbolic tangent:

tanh(x) = ex − e−x

ex + e−x
(2.38)

ReLU:
ReLU(x) = max(0, x) (2.39)

Leaky ReLU:
LReLU(x) = max(0, x) + αmin(0, x) (2.40)

where α is a fixed parameter chosen with the activation function.

These four activation functions are typically used in different contexts. The
sigmoid function maps all real numbers to the interval (0, 1), making it useful for



Chapter 2 Background 21

output layers in classification or regression tasks where values are constrained to
a specific range. Similarly, the hyperbolic tangent activation function maps to
(−1, 1), which is useful when working with data that has been normalized to be
centered around zero. Such data is often used in generative models, making the
hyperbolic tangent popular as activation function of the output layer in generators.
The Rectified Linear Unit (ReLU) [83] on the other hand, is more suitable for
intermediate layers. However, it has the drawback that its derivative is zero
for x < 0, which can be an inconvenience that will become evident during the
explanation how these neural networks are trained. This is addressed in the Leaky
Rectified Linear Unit (LReLU) [84] where the slope of zero has been replaced
with one of α.

Depending on the activation functions used, as well as the depth and width of the
layers, a neural network can approximate a wide range of functions. This is one of
the aspects that make neural networks so powerful, almost every function between
two vector spaces can be approximated by a neural network. To quantify how
powerful different families of neural networks are, there exist several theorems
that describe the types of functions they can approximate. These are known
as universal approximation theorems. The two most famous of these theorems
are by Cybenko [85] and Hornik et al. [86]. They demonstrated that neural
networks can approximate all continuous functions from a compact set to the real
numbers, and all Borel measurable functions, respectively. This holds for any
desired degree of accuracy for neural networks with arbitrary width and bounded
depth. As mentioned before, these theorems are valid only for specific activation
functions. While Cybenko’s theorem [85] is limited to sigmoid activations, the
variant by Hornik et al. [86] considers a wider range of so-called squashing
functions. Similar results have been obtained for a bounded layer width and
arbitrary network depth—it is named deep learning, after all—when combined
with ReLU activation functions [87].

Neural Network Training

Based on the universal approximation theorem it can be assumed that a neural
network GΘ can approximate a wide range of functions if it used the right acti-
vation function and is wide and deep enough. In practice, the important part is
to select the parameters θ(i) of the the layers f (i) so GΘ approximates a specific
function f . In principle this is a optimization problem: finding the set Θ of
θ(i), that minimizes the discrepancy between GΘ and f . Solving this problem is
commonly referred to as ”training” GΘ. However, f is often a black box, and the
only way to gather information about it is through sampling, so GΘ is optimized
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to fit a training dataset Xtrain = {x(i),y(i)}, where y(i) = f(x(i)) instead. For
this, a loss function L(f,GΘ) is used, which quantifies the error between the true
values y(i) and the model predictions GΘ(x(i)). This allows the training process
to be formulated as the following minimization problem:

min
Θ
O :=

∑
i

L(y(i),GΘ(x(i))) (2.41)

Solving this problem requires efficient computation of gradients. Along with their
expressive power, efficient gradient computation is one of the greatest strengths
of neural networks. This efficiency comes from backpropagation, which leverages
the layered composition of the neural network. First introduced in the context of
optimal control in the 1960s [88, 89], backpropagation only gained recognition in
the field of machine learning over a decade later [90]. The key to backpropagation
lies in the application of the chain rule of calculus.

Theorem 2.1 Backpropagation

For each layer f (i) ∈ F of a neural network GΘ = (F,C) and z(i) = g(i)(x), the
Jacobian JL(θ

(i)) is given by:

JL(θ
(i)) =

∂L(f(x),GΘ(x))
∂θ(i)

=
∂L
∂z(n)

∂z(n)

∂θ(i)
(2.42)

where (see [74]):

∂z(j)

∂θ(i)
=

∂z(j)

∂z(i)

∂z(i)

∂θ(i)
and ∂z(j)

∂z(i)
=

∑
k∈Ch(f (i))

∂z(j)

∂z(k)

∂z(k)

∂z(i)
(2.43)

and Ch(f (i)) is the set of indexes of the child nodes of f (i). This is for one input
and one output layer, but can be easily extended to multiple ones.

It can be seen that to obtain the gradients with respect to the parameters θ(i)

of a layer f (i), the gradients of the layers along the paths between f (i) and the
outputs are used. The error is propagated back through these layers to f (i), which
is how backpropagation gets its name.

While backpropagation allows efficient computation of gradients for a given in-
put/label pair, obtaining these gradients is only part of solving the optimization
problem stated in Eq. 2.41. Computing the gradients for a single update of Θ
with respect to the objective function O requires calculating the gradients for
all (x(i),y(i)) pairs in the training dataset, which is computationally expensive
for large datasets. So instead of performing the update for the gradients com-
puted over the whole dataset, Stochastic gradient descent (SGD) [91, 92] only
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uses a single sample to approximate the gradient. This approach can lead to
high variance in the approximated gradient, so updates are usually performed
based on mini-batches of n samples instead [93]. These mini-batches are created
by randomly dividing the dataset. This can be described using the following
pseudocode:

Algorithm 2.1 Mini-batch gradient descent

Require: Θ: Start parameters
Require: η: Learning rate
Require: n: Batch size
Require: Nepochs: Number of training epochs
Require: Xtrain = {(x(i),y(i))|i ∈ {1, . . . , N}}: Training data
for Nepochs do

Shuffle Xtrain

t← 1 (Batch counter)
while t · n ≤ N do

ĝ ← 1
n
∇Θ

∑t·n
i=(t−1)n+1 L(y(i),GΘ(x(i))) (Approximate gradients)

Θ← Θ− ηĝ (Update parameters)
t← t+ 1

end while
end for

There are several variants of the Mini-batch gradient descent. One of the most
famous ones is Adam [94], which is adapted for large datasets and/or high-
dimensional parameter space and can also deal with sparse gradients and on-
stationary objectives. For this reason Adam was used throughout this work as
the optimizer for neural networks.

While the performance of GΘ on Xtrain is a good measure for how good GΘ ap-
proximates f , this measure was the target for optimizing GΘ. Every measure
which becomes a target becomes a bad measure [95]. It is possible that GΘ fits
f only for values of x(i) in Xtrain, but fails to generalize beyond that. This can
be addressed by introducing two more datasets: a validation dataset Xval and a
test dataset Xtest. The validation dataset is used to tune model parameters and
assure generalization, while the purpose of the test set is to evaluate the final
model on data that was not seen during training. Each of these datasets has to
be of adequate size to represent f . Although the validation and test datasets
can be much smaller than the training dataset, training a neural network typi-
cally requires tens of thousands of samples. Obtaining the labels y(i) = f(x(i))

for all these samples can be challenging. Depending on the problem, manual
labeling by humans may be necessary, which is common in computer vision. In
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engineering, collecting such a large number of experimental samples is often not
feasible. Numerical simulations, on the other hand, are an good alternative for
generating labels. The labeling process can be automated, and most simulations
are deterministic, resulting in data with a low amount of noise. With numerical
simulations, the applicability of the results to real-world scenarios usually depends
on the quality of the simulation rather than the machine learning process itself. In
this work, machine learning models are generally trained on data from numerical
simulations, with experimental data used for validation of the simulations.

For example, for metamaterials, a typical input might be the parameters of the
unit cell, with the output being a resulting mechanical property, such as Poisson’s
ratio. To learn this mapping, a supervised model is provided with example input
data and the corresponding predictions, known as labels.

Convolutional Neural Networks

So far, the neural networks discussed here have focused on processing vector-valued
data. However, there are cases where a vector is not the most optimal choice to
represent a given sample. The best example of data that requires a representation
other than vectors is images. Images are generally high-dimensional, such that
a neural network made up of fully connected layers would have far in too many
parameters to effectively generalize beyond the training data [96]. Fortunately,
images also have the convenient properties that their statistics are stationary and
that dependencies between pixels are only local [97], which means that an image
is hierarchically composed of low-level features, which can appear anywhere in the
image and are only correlated with their surrounding features at the same level.
This spatial hierarchy aligns well with the hierarchical nature of multiple stacked
layers in a neural network, except that the layers which extract the features
only need to consider the local portion of the next lower-level features. Such a
function, that puts zero weight on features outside of a certain interval is called a
kernel. Such a kernel can be used on different regions by essentially sliding it over
the image, resulting in a significant reduction in parameters compared to fully
connected networks. This is essentially a convolution between the kernel and the
image, which is the principle behind convolutional layers [98]:
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Definition 2.5 2D Convolutional layer

A 2D convolutional layer is a function fC : Rn1×n2×n3 → Rn1×n2×nC , that is given
through the kernels Rk ∈ Rm1,m2,n3 and biases bk ∈ R , k ∈ {1, . . . , nC}:

fC(x;θ)i,j,k = g((Rk ∗ x)i,j + bk) = g(bk +

m1−1∑
l=0

m2−1∑
m=0

n3−1∑
n=0

xi−l,j−m,nRk
l,m,n) (2.44)

where [m1,m2] are the dimensions of the kernel, n3 is the number of channels
in the input image, nC the number of channels in the output image and g the
activation function.

The output of a convolutional layer is a 2D map that indicates where the fea-
tures extracted by the different kernels appear [71]. This map is equivariant to
translation, meaning that if the input is shifted in the x or y direction, the same
shift will be reflected in the output. When shifting a kernel over an image in this
manner, the resulting output is usually smaller in size than the input. To obtain
an output with the same first two dimensions as the input, it is necessary to pad
the image with zeros for indices where i − l < 0 or i −m < 0, a process known
as zero padding. If no padding is applied, the output has smaller dimensions
(Rn1−m1+1×n2−m2+1×nC ), this is called valid padding. Any network that uses at
least one convolutional layer is called a Convolutional Neural Network. In these
networks, it is common to first use convolutional layers for feature extraction,
than convert the 2D feature map to a vector and continue with fully connected
layers.

2.3.2 Inverse and Generative Models

Most datasets in deep learning can be interpreted such that each example in the
dataset represents a state, with labels indicating properties inferred from that
state. For instance, while a photograph is a recording of photons captured by the
camera sensor, we can infer from it that the image depicts a cat. Determining
these properties for a given state is called the forward problem. The other way
around, finding a state that exhibits specified properties is called the inverse
problem. This is the same as conditional generation, where data is generated that
meets specified conditions or properties. Inverse problems have a tendency to be
ill-posed, making them difficult to solve [99].
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Definition 2.6 Well-posed and ill-posed inverse problems

A inverse problem is called well-posed if [100]:
• A solution to the problem exists
• The solution is unique
• The solution depends continuously on the input

Any inverse problem that is not well posed is called ill-posed.

Training a neural network to solve a well-posed inverse problem is quite straight-
forward: it is possible to switch the samples with the labels and treat it as a
supervised learning task. Solving ill-posed problems with neural networks is more
complex. While it can be safely assumed that there is a range of inputs for which
a solution exists (there is a dataset after all), it is more problematic that often
multiple solutions exist. This is because labels typically contain only a fraction
of the original information. For example, there are countless images that fit the
label ”cat”. To address this, conditional generative models introduce some ”noise”
as additional input, based on which one of the possible solutions is selected by
the model. This section covers several of these models for inverse and generative
design, namely: 1) Tandem Neural Networks; 2) generative models—specifically
Variational Autoencoders, Generative Adversarial Networks, and Diffusion Mod-
els; and 3) approaches for learning constraints within generative models.

There is a sharp distinction in how some of these models approach an inverse
design problem. While for the Tandem Neural Network the idea is to start with
the properties, find a structure that fulfills them, and then add a mechanism to
discover different structures with those properties, for generative models, it is the
other way around. Generative models are foremost concerned with creating valid
data without considering specific properties and have to be adjusted to include
properties for the inverse design.

Generative models view any dataset as a collection of samples drawn from an
underlying probability distribution P (x) over the space of all possible inputs—for
example, images of cats are drawn from a different distribution than images of
dogs within the image domain. The goal of generative models is to o create new,
valid data points by learning to sample from this distribution. Because these
distributions can be complex and are only indirectly observed through the data
sampled from them, it is often easier to map the data—and its distribution—to a
simpler one in another space called the latent space. This latent space is usually
lower-dimensional than the original space, but it can also be of equal or higher
dimensionality. Suitable distributions in latent space include multivariate normal
or uniform distributions. This approach allows for the generation of valid data
samples, but has to be adjusted to take specific target properties into account. In



Chapter 2 Background 27

(a) (b)

GTNN(y)

F(GTNN(y))

y

GTNN(y)

F(GTNN(y))

y x̂+

Figure 2.4: Schematic of a Tandem Neural Network (TNN) with a guide (a) and
without a guide (b). The TNN utilizes a pretrained prediction network
F to establish a mapping between the target properties y and the
properties of the sample generated by GTNN. In the guided variant, a
reference x̂ is incorporated as a target for the generated sample.

order to generate samples x(i) with specific properties y(i), the sampling is done
from the conditional probability distributions P (x|y(i)).

Tandem Neural Networks

Tandem Neural Networks (TNNs) are a class of neural network architectures
specifically devised for inverse design tasks, originally developed in the context of
electromagnetics and photonics [101, 102]. As depicted in Figure 2.4a the TNN
architecture consists of two parts: the inverse or generative model GTNN and the
forward model F . The generative model GTNN is a neural network that receives
specified properties y(i) as input and outputs a state x(i), which, in the context of
this work, is usually a metamaterial structure. Due to the existence of multiple
structures with identical properties, direct training of GTNN using (y(i),x(i)) pairs
is not feasible. The different possible x(i) values would pull the weights of GTNN

in different directions, making training ineffective. To circumvent this, F is used
to predict the properties of the generated structure, making it possible to create
a one-to-one mapping between target and predicted properties. F can be pre-
trained on (x(i),y(i)) pairs, and its weights fixed during the training of GTNN. By
using F for property prediction, GTNN can be trained without requiring additional
datasets. To ensure valid outputs, GTNN is constrained—usually by a sigmoid
activation function—such that every possible output corresponds to a valid design.
During training, GTNN generates samples x(i) based on y(i), for which F is then
used to predict their properties. GTNN is trained such that the properties of x(i)

(as predicted by F) match the target properties. This allows y(i) to act both as
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input and as the target output for F (G(y(i))). Therefore, y(i) values for training
GTNN can be randomly selected from the range used to train F . Usually, the
Mean Squared Error (MSE) is used as the loss function for this:

L(y,GTNN,F) =
∑
i

(yi −F(GTNN(yi)))
2 (2.45)

It would also be possible to use the FEA simulation, which was used to generate the
y(i) values, directly in place of F . However, using F instead has two advantages:
First, once trained, F can be more efficient evaluated that running a simulation.
Second, obtaining the gradients required for training GTNN is less computationally
expensive using F , as backpropagation can be used.

Using F in this manner allows to train GTNN to produce structures exhibiting the
target properties. However, a one on one mapping between y(i) and F (G(y(i)))

results in only a single possible solution x(i) for each y(i), rather than multiple
potential solutions. To address this, one approach is to introduce stochastic
sampling in some layers of the model. Bastek et al. [103] used this approach to
sample from a range of base structures, whose parameters were then adapted to
produce the target properties. While this approach produces multiple solutions,
its capabilities are limited by the number and complexity of the base structures.
We found in the context of this work, that if the x(i) values are drawn from a
compact interval [0, 1]n with an appropriate distance metric, another approach
leads to good results [104]. To select which possible structure is generated by
GTNN, an additional input x̂(i) is provided (see Figure 2.4b). This input is a target
structure which the generated structure should resemble. To compare these two
structures, usually the distance metric between the structures can be used. In
most cases this is also the MSE:

L(x,y,G,F) =
∑
i

(yi −F(GTNN(yi, x̂i)))
2 + α

∑
i

(x̂i − GTNN(yi, x̂i))
2 (2.46)

This creates a trade-off between the two objectives, which is controlled by the
parameter α. While the guide can express a preference for a certain generated
structure, it can also be selected at random if no such preference exists. Multiple
solutions can be generated by choosing different guides. Note that for training,
y(i) and x̂(i) can be chosen independently at random, as the pre-trained model F
is still used to create a mapping between the target properties and the properties
of the generated structure.
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Figure 2.5: Schematic of a Variational Autoencoder (VAE) in its standard form
(a) and with conditioning on properties y (b). The encoder EVAE
maps the input data sample x to the mean and variance of a latent
space distribution. A latent vector is sampled from this distribution
and passed to the decoder, which attempts to reconstruct x as x̂. In
the conditioned variant, a pretrained prediction network F is used
to enforce a correlation between the reconstructed sample x̂ and the
target properties y.

Variational Autoencoders

First introduced by Kingma and Welling [105], the Variational Autoencoder
(VAE) is a generative extension of the traditional autoencoder architecture. Au-
toencoders are neural networks designed to compress input data into a lower-
dimensional latent space and reconstruct it from this representation [106]. They
consist of two main components (see Figure 2.5a): the encoder EVAE, which maps
the input data x to a latent representation, and the decoder DVAE, which attempts
to reconstruct the original data from this representation. This reconstruction is
denoted as x̂. The goal of this setup is to find a low-dimensional encoding that
preserves most of the information in x. An autoencoder can be trained on this
by minimizing the error between the original data and its reconstruction, which
is called the reconstruction loss LR. In the original paper, Binary Cross-Entropy
(BCE) loss was used for the MNIST dataset, where pixels are supposed to be
either white or black, while the MSE was used for continuous problems [105]:

LBCE(x, x̂) =
1

m

m∑
i=0

x̂i · logxi + (1−x̂i) · log(1−xi) (2.47)
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LMSE(x, x̂) =
1

m

m∑
i=0

(xi − x̂i)
2 (2.48)

This approach allows dimensionality reduction by choosing a lower-dimensional
latent space [107]. Besides this, autoencoders can be used for tasks such as
denoising or dimensionality reduction, as the latent representation preserves only
the most important information [108, 109]. The core idea behind the VAE is
straightforward: if every sample can be fully reconstructed from its representation
in the latent space, it might be simpler to generate these representations rather
than the data itself. To accomplish this, it is necessary to control the probability
distribution of the embeddings in the latent space, as data is generated by sampling
from its distribution. Essentially, a mapping between the data distribution P (x)

and a known distribution in the latent space P (z) is created by learning two
conditional distributions: pΘG(x|z) and pΘE (z|x). The VAE achieves this control
through a regularization term in the loss function, that constrains the latent
distribution to a predefined prior—usually, a multivariate normal distribution
with zero mean and unit variance. For this, the regularization term has to
measure the difference between difference between the learned latent distribution
and the prior, which is difficult as the distribution in the latent space is only
known through samples of it. To circumvent this, the encoder of the VAE EVAE

maps to mean µ and variance σ of a normal distribution in the latent space. Using
this, the regularization term can then be computed using the Kullback–Leibler
(KL) divergence between two normal distributions:

LVAE(x, x̂,µ,σ) = LR(x, x̂)
2︸ ︷︷ ︸

reconstruction loss

+β DKL
(
N (µ,σ),N (0, I)

)︸ ︷︷ ︸
regularization loss

(2.49)

where β is a hyperparameter introduced later to the VAE formulation by Higgins
et al. [110] to control the trade-off between reconstruction loss and regularization
loss. The reconstruction loss of the VAE is similar to that of the standard
autoencoder, the only difference is that the latent representation is sampled from
the distribution given by the encoder rather than being directly computed. Using
this combined loss function, VAEs can be trained similar to feedforward neural
networks:
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Algorithm 2.2 Mini-batch VAE training

Require: ΘE : Start parameters of EVAE

Require: ΘG: Start parameters of GVAE

Require: η: Learning rate
Require: n: Batch size
Require: Nepochs: Number of training epochs
Require: Xtrain = {x(i)|i ∈ {1, . . . , N}}: Training data
Θ← ΘE ∪ΘG

for Nepochs do
Shuffle Xtrain

t← 1 (Batch counter)
while t · n ≤ N do

for i in {(t− 1)n+ 1, . . . , t · n} do
ε← Random samples from N (0, I)
µ(i),σ(i) ← EVAE(x(i))

x̂(i) ← DVAE(µ
(i) + σ(i) � ε)

end for
ĝ ← 1

n
∇Θ

∑t·n
i=(t−1)n+1 LVAE(x(i), x̂(i),µ(i),σ(i)) (Approximate gradients)

Θ← Θ− ηĝ (Update parameters)
t← t+ 1

end while
end for

Reparameterization of N (µ,σ) as µ+σ � ε, where ε ∼ N (0, I), creates a differ-
entiable estimator that allows backpropagation through the stochastic variables.
While the latent representations are sampled using this reparameterized formula-
tion during training, it is not needed during generation, as latent representations
are sampled from the prior distribution there. In this setup, the decoder of the
VAE also doubles as the generative model GVAE, as it turns random samples from
the prior distribution into new data essentially sampled from P (x).

While this approach allows to create new samples, it provides no control over the
properties of those samples. To enable that the VAE has to be modified such that
new data is sampled from P (x|y) rather than P (x). As a VAE does not sample
directly from P (x), this has to be broken down into two parts: First, conditioning
the decoder to generate by sampling from pΘG(x|z,y) and second conditioning the
encoder on the properties qΘE (z|x,y). This is the core idea behind the Conditional
Variational Autoencoder (CVAE) proposed by Sohn et al. [111]. Conditioning
the encoder is necessary as the distribution of the samples in the latent space
pΘE (z|y) is modulated by the properties y, however this can be relaxed back



32 Chapter 2 Background

to pΘE (z) to force the neural network to make the latent variables statistically
independent of input variables [112]. Using this relaxed version changing from
the VAE to the CVAE architectures requires only to add the properties y as
additional input to both the encoder EVAE and the decoder/generator GVAE. This
approach incorporates the properties only implicitly, as the CVAE picks up the
dependencies between the properties and the generated inputs during training, as
the training data only consists of samples with matching properties. Because they
are only incorporated implicitly, the properties might be ignored during training,
as other effects on the loss function might be more pronounced. To gain more
control over this, it is necessary to explicitly include the properties in the loss
function. This approach depends on the ability to compute the properties of the
generated samples as well as the gradients regarding the properties. Both can be
computed using a forward neural network F pre-trained to predict the properties
for a given sample (see Figure 2.5b), allowing to include the difference between
target properties and the properties of the generated samples in the loss function
[113]:

LCVAE(x, x̂,µ,σ,y) = LR(x, x̂)
2︸ ︷︷ ︸

reconstruction loss

+β DKL
(
N (µ,σ),N (0, I)

)︸ ︷︷ ︸
regularization loss

+

αLMSE(F (x̂),y)︸ ︷︷ ︸
property loss

(2.50)

Depending on its task, F is either called a Auxiliary Classifier (AC) or Auxiliary
Regressor (AC). This creates a architecture that is in parts similar to the Tandem
Neural Network (TNN) for generation. Instead of receiving the original input,
the generator receives its encoding in the latent space. This is necessary since
the assumption made for the TNN that data comes from a compact interval may
not hold for the data processed by a VAE. Due to these similarities, the training
algorithm for the CVAE with a AC/AR is a mix of the algorithms for the TNN
and VAE:
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Algorithm 2.3 Mini-batch training of the CVAE with AC/AR

Require: ΘF : Start parameters of F
Require: ΘE : Start parameters of EVAE

Require: ΘG: Start parameters of GVAE

Require: η: Learning rate
Require: n: Batch size
Require: Nepochs: Number of training epochs
Require: Xtrain = {(x(i),y(i))|i ∈ {1, . . . , N}}: Training data

for Nepochs do
Shuffle Xtrain

t← 1 (Batch counter)
while t · n ≤ N do

ĝ ← 1
n
∇Θ

∑t·n
i=(t−1)n+1 L(y(i),F(x(i))) (Approximate gradients)

ΘF ← ΘF − ηĝ (Update parameters)
t← t+ 1

end while
end for

Θ← ΘE ∪ΘG

for Nepochs do
Shuffle Xtrain

t← 1 (Batch counter)
while t · n ≤ N do

for i in {(t− 1)n+ 1, . . . , t · n} do
ε← Random samples from N (0, I)
µ(i),σ(i) ← EVAE(x(i),y(i))

x̂i ← GVAE(µ
(i) + σ(i) � ε,y(i))

end for
ĝ ← 1

n
∇Θ

∑t·n
i=(t−1)n+1 LCVAE(x(i), x̂(i),µ(i),σ(i),y(i)) (Approx. gradients)

Θ← Θ− ηĝ (Update parameters)
t← t+ 1

end while
end for
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Figure 2.6: Schematics of a Generative Adversarial Network (GAN) in its stan-
dard form (a), the Conditional GAN (CGAN) (b) and the Auxiliary
Classifier GAN (ACGAN) variant (c). In a standard GAN, the dis-
criminator DGAN aims to distinguish between real samples from the
dataset and synthetic data produced by the generator GGAN, while
GGAN attempts to generate samples that can fool DGAN. In the AC-
GAN variant, the discriminator additionally predicts the properties
of the samples, and the generator is conditioned to produce data that
matches the target properties y. In the VAR+GAN setup, property
prediction is decoupled and handled by a separate model F .

Generative Adversarial Networks

First introduced in 2014 by Goodfellow et al. [114], Generative Adversarial
Networks (GANs) provide a framework for training generative machine learning
models through an adversarial process. In this framework, shown in Figure 2.6a,
a generative model, GGAN, which converts noise from the latent space into data,
is trained alongside a discriminative model, DGAN, in a two-player game. The
goal of this game is to teach GGAN to capture the data distribution P (x). In this
process, DGAN is trained to predict the probability that a sample comes from
the training data rather than from GGAN, while GGAN is simply trained to fool
DGAN:

LD(x, x̂) = − logDGAN(x)− log
(
1−DGAN(x̂)

)
(2.51)

LG(x̂) = log
(
1−DGAN(x̂)

)
(2.52)

x̂ = GGAN(z) (2.53)

where x ∈ Xtrain is a sample from the training data, while z is a sample drawn
from the noise distribution. This two-player game reaches an Nash equilibrium
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when the distribution of the samples generated by GGAN matches the original
data distribution. Goodfellow et al. [114] have further shown that this process
is equivalent to minimizing the Jensen-Shannon (JS) divergence between the two
distributions. In practice, this two-player game is implemented by alternating the
training of the generator and discriminator on individual batches:

Algorithm 2.4 Mini-batch GAN training

Require: ΘG: Start parameters of GGAN

Require: ΘD: Start parameters of DGAN

Require: η: Learning rate
Require: n: Batch size
Require: Nepochs: Number of training epochs
Require: Xreal = {x(i)|i ∈ {1, . . . , N}}: Training data
for Nepochs do

Shuffle Xreal

t← 1 (Batch counter)
while t · n ≤ N do
{z(i)|i ∈ {(t−1)n+ 1, . . . , t·n}} ← Random samples from N (0, I)
ĝD ← 1

n
∇Θ

∑t·n
i=(t−1)n+1 LD(x(i),GGAN(z(i))) (Approximate gradients DGAN)

ĝG ← 1
n
∇Θ

∑t·n
i=(t−1)n+1 LG(GGAN(z(i))) (Approximate gradients GGAN)

ΘD ← ΘD − ηĝD (Update parameters DGAN)
ΘG ← ΘG − ηĝG (Update parameters GGAN)
t← t+ 1

end while
end for

While this approach may seem straightforward, finding Nash equilibria is notori-
ously challenging [115]. Depending on the problem, it is especially common for
gradient descent to enters a stable orbit rather than converging to the equilibrium
[71]. Other problems can arise from one of the two neural networks overpowering
the other. A common example of this is that in early learning, when GGAN is poor,
all of the samples generated by it are rejected by DGAN causing LG to saturate.
This can be avoided by modifying LG, which does not saturate in this case, while
preserving the equilibrium point [116]:

LG(x̂) = − log
(
DGAN(x̂)

)
(2.54)

Another problem is that, in the long term, GGAN can overpower DGAN, resulting
in the generation of only a very narrow range of images that consistently receive
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a high rating from DGAN—a phenomenon known as mode collapse [117]. Conse-
quently, due to the popularity of GANs, numerous solutions to this problem have
been proposed. For example, Heusel et al. [118] showed that GAN convergence
can be improved by using two separate, properly adjusted learning rates for GGAN

and DGAN. Other approaches include adding a decoder that reconstructs the
noise from a generated image, allowing reconstruction loss to stabilize training
[119, 120], as well as training the generator to match the expected value of fea-
tures at an intermediate layer of the discriminator—a technique known as feature
matching [115].

The most well known approach to stabilizing GAN training however is the Wasser-
stein Generative Adversarial Network (WGAN) [121]. The WGAN is a GAN
variant that uses the Wasserstein distance instead of the JS divergence to mea-
sure the discrepancy between the distributions of the generated and training data.
The JS divergence measures similarity between two probability distributions by
comparing them locally. This process relies on the ratio between the two probabil-
ities, which can become infinite if one of them is zero, preventing the computation
of meaningful gradients. The Wasserstein distance, on the other hand, is based
on the principle of optimal transport: a probability distribution is viewed as a
distribution of mass, and the difference between distributions is measured as the
minimal cost required to transport mass to make one distribution resemble the
other. This distance has the benefit of always remaining finite, thereby allowing
the computation of meaningful gradients. This adjustment requires reformulation
of the objectives of GGAN and DGAN:

LDWGAN(x, z) = −DGAN(x) +DGAN(GGAN(z)) (2.55)

LGWGAN(z) = −DGAN(GGAN(z)) (2.56)

While this objective allows for reliable gradient computation, it requires the
function provided by DGAN to be Lipschitz-continuous. In the standard WGAN
formulation, this is enforced by clipping the weights to a fixed interval [−c, c].
However, this approach can introduce instability into the WGAN training process,
which led Gulrajani et al. [122] to propose a WGAN variant that uses a penalty
on large gradients in the loss function instead. This gradient penalty, denoted
as gp, is computed using a randomly weighted average of a sample x from the
original data and a sample x̃ generated by GGAN:

gp(x, x̃) = (‖∇φ(x,x̃)DGAN(φ(x, x̃))‖2 − 1)2 (2.57)
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φ(x, x̃) = εx+ (1− ε)x̃ (2.58)

ε ∼ U [0, 1] (2.59)

With this gradient penalty, the loss function of DGAN can be modified to enforce
Lipschitz-continuity:

LDWGAN-gp(x, z) = DGAN(x)−DGAN(GGAN(z)) + λgp(x,GGAN(z)) (2.60)

Furthermore, to maintain a strong discriminator during training, DGAN is trained
on multiple batches (usually five) for each batch that GGAN is trained on.

Algorithm 2.5 Mini-batch WAN-gp training

Require: ΘG: Start parameters of GGAN

Require: ΘD: Start parameters of DGAN

Require: η: Learning rate
Require: n: Batch size
Require: Nepochs: Number of training epochs
Require: Xreal = {x(i)|i ∈ {1, . . . , N}}: Training data
Require: nD: Number of iterations of DGAN per GGAN iteration
Require: λ: The gradient penalty coefficient
for Nepochs do

Shuffle Xreal

t← 1 (Batch counter)
while t · n ≤ N do

for j = {1, . . . , nD} do
{z(i)|i ∈ {(t−1)n+ 1, . . . , t·n}} ← Random samples from N (0, I)
ε← Sample from U [0, 1]

x̃← GGAN(z
(i))

φ← εx+ (1− ε)x̃

gp← (‖∇φDGAN(φ)‖2 − 1)2

ĝD ← 1
n
∇Θ

∑t·n
i=(t−1)n+1DGAN(x

(i))−DGAN(x̃) + λgp
ΘD ← ΘD − ηĝD (Update parameters DGAN)
t← t+ 1

end for
{z(i)|i ∈ {1, . . . , n}} ← Random samples from N (0, I)
ĝG ← 1

n
∇Θ

∑n
i=1−DGAN(GGAN(z

(i))) (Approximate gradients GGAN)
ΘG ← ΘG − ηĝG (Update parameters GGAN)

end while
end for
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Similar to Variational Autoencoders, GANs can be conditioned to generate sam-
ples that exhibit specific properties by sampling from P (x|y) instead of P (x).
The simplest approach to achieve this is to provide both GGAN and DGAN with
properties in addition to the sample. GGAN is additionally provided with the
target properties, while DGAN receives either the corresponding properties for a
sample from the original data or the target properties for a sample generated
by GGAN: This is the idea behind Conditional Generative Adversarial Networks
(CGANs) [123] (see Figure 2.6b). It allows DGAN to capture the dependency of
the data distribution on the associated properties, thereby forcing GGAN to con-
sider the target properties itself. For this to work, the distribution of the target
properties during training must closely resemble the original distribution of the
properties. Otherwise, DGAN might simply learn to identify samples generated
by GGAN based on the properties alone. This method incorporates the properties
implicitly, which means they might be overlooked by DGAN if other effects on
the loss function are more pronounced. The Auxiliary Classifier GAN (ACGAN)
[124], shown in Figure 2.6c, includes the properties explicitly by requiring DGAN

to predict the properties instead of taking them as additional input. This is done
by incorporating a Auxiliary Decoder (or Classifier/Regressor) Network into the
discriminator, yielding a discriminator DACGAN:

DACGAN(x) = {DGAN(x), yD(x)} (2.61)

where yD(x) are the properties predicted by DACGAN for x.

The decoding process ensures that DACGAN must preserve information about the
properties in all layers. For this, DACGAN is trained simultaneously to predict the
probability that a sample was generated by GGAN and to predict the corresponding
properties of the original data, yd, or the target properties, yt, for the samples
generated by GGAN:

LDACGAN(x, x̂,yd,yt) = LD(x, x̂) + α
[
LMSE(yd, yD(x))+

LMSE
(
yt, yD(x̂)

)]
(2.62)

where the generator also receives the target properties as input:

x̂ = GGAN(z,yt) (2.63)

Incorporating property prediction in DGAN not only forces it to consider the
properties but has also been shown to enable more data-efficient training of DGAN
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and a general improvement in sample quality [125]. However, if a pretrained
forward network F is available it can be beneficial to run it in parallel to DGAN

instead of incorporating the property prediction. When run in parallel to DGAN,
F is called a Versatile Auxiliary Regressor/Classifier (VAR/VAC) [126] since it
can be independently used in different scenarios. This framework is shown in
2.6c. For a VAR/VAC-GAN only the generator loss function changes and if a
pretrained F is used, no labels are needed:

LGVAR-GAN(x, x̂) = LG(x̂) + αLMSE
(
yt,F(x̂)

)
(2.64)

Algorithm 2.6 Mini-batch GAN training with pretrained VAR/VAC

Require: ΘF : Start parameters of F
Require: ΘG: Start parameters of GGAN

Require: ΘD: Start parameters of DGAN

Require: η: Learning rate
Require: n: Batch size
Require: Nepochs: Number of training epochs
Require: α: Trade-off parameter
Require: nprop: Number of properties
Require: Xreal = {(x(i),y(i))|i ∈ {1, . . . , N}}: Training data

for Nepochs do
Shuffle Xreal

t← 1 (Batch counter)
while t · n ≤ N do

ĝ ← 1
n
∇Θ

∑t·n
i=(t−1)n+1 L(y(i),F(x(i))) (Approximate gradients)

ΘF ← ΘF − ηĝ (Update parameters)
t← t+ 1

end while
end for

for Nepochs do
Shuffle Xreal

t← 1 (Batch counter)
while t · n ≤ N do
{z(i)|i ∈ {(t−1)n+ 1, . . . , t·n}} ← Random samples from N (0, I)
{y(i)|i ∈ {(t−1)n+ 1, . . . , t·n}} ← Random samples from U [0, 1]nprop
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ĝD ← 1
n
∇Θ

∑t·n
i=(t−1)n+1 LD(x(i),GGAN(z(i))) (Approximate gradients DGAN)

ĝG ← 1
n
∇Θ

∑t·n
i=(t−1)n+1 LG(GGAN(z(i))) + αLMSE

(
y(i),F(GGAN(z

(i)))
)

ΘD ← ΘD − ηĝD (Update parameters DGAN)
ΘG ← ΘG − ηĝG (Update parameters GGAN)
t← t+ 1

end while
end for

Diffusion Models

Denoising Diffusion Models are a class of latent space generative models first
introduced by Sohl-Dickstein et al. [127] in 2015. These models function quite
differently from other latent space models. Instead of learning a direct mapping
between the latent space and the data space, they learn to reverse a diffusion
process that incrementally transforms data into its representation in the latent
space. Each of the T steps in the forward diffusion process adds a small amount
of noise to the components of the original data until the values of each component
are distributed completely randomly. This is a stochastic process, where the
distribution of each step’s outcome depends solely on the distribution of the result
of the previous step. This makes it possible to model the process as a Markov
chain—a stochastic model in which the probability of transitioning to the next
state is determined entirely by the current state. For data of the from x0 ∼ q(x0)

the forward process q(x1:T |x0) is given as:

q(x1:T |x0) =
T∏
t=1

q(xt|xt−1) (2.65)

The variance of the added Gaussian noise depends on the current transition step,
t, and is adjusted at each step according to a variance schedule β1, . . . , βT :

q(xt|xt−1) := N (xt;
√
1− βtxt−1, βtI) (2.66)

If the βi are chosen small enough, for Gaussian noise it is possible to reverse this
process through a similar one [128], where pΘ(xt−1|xt) is also determined by a
normal distribution:

pΘ(x1:T ) = p(xT )
T∏
t=1

pΘ(xt−1|xt) (2.67)

pΘ(xt−1|xt) = N (xt−1;µΘ(xt, t),ΣΘ(xt, t)) (2.68)

p(xT ) = N (xT ;0, I) (2.69)
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Figure 2.7: Graphical model of the forward and reverse diffusion processes. In
both directions, each state depends only on its immediate predecessor,
forming a Markov chain.

Both the forward and reverse processes are shown in Figure 2.7. Since the reverse
process is defined by a normal distribution, only the functions µΘ(xt, t) and
ΣΘ(xt, t)—representing the mean and variance—need to be estimated by a neural
network during training. This model can be trained by minimizing the variational
upper bound on the negative log-likelihood L(Θ), which is a measure for how well
the Markov Chain explains the observed data [129]:

L(Θ) = E[− log pΘ(x0)] ≤ Eq

[
− log pΘ(x0:T )

q(x1:T |x0)

]
(2.70)

where with Eq. 2.65 and Eq. 2.67:

Eq

[
− log pΘ(x0:T )

q(x1:T |x0)

]
= Eq

[
− log p(xT )−

∑
t≥1

log pΘ(xt−1|xt)

q(xt|xt−1)

]
(2.71)

This bound can be rewritten using Kullback-Leibler (KL) divergences between
Gaussians:

L(Θ) = Eq

[
DKL(q(xT |x0)‖p(xT )) +

∑
t>1

DKL(q(xt−1|xt,x0)‖pΘ(xt−1|xt))

− log pΘ(x0|x1)
] (2.72)

A simplified version of this objective was introduced by Ho et al. [129]. In
this simplified objective, the learned ΣΘ(xt, t) is replaced with untrained, time-
dependent constants, ΣΘ(t) = σ2

t I. The simplification regarding µΘ(xt, t) is more
complex. It relies on the property of the forward process that every xt can be
directly sampled from a modified normal distribution:

q(xt|x0) = N (xt;
√
ᾱtx0, (1− ᾱt)I) (2.73)

with αt := 1 − βt and ᾱt :=
∏t

i=1 αi. This allows reparameterization of xt as a
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function of x0 and ε for ε ∼ N (0, I):

xt(x0, ε) =
√
ᾱtx0 +

√
1− ᾱtε (2.74)

Using this representation, the neural network εΘ(xt, t) can be used to approximate
ε from xt instead of µ. Θ denotes the parameters of the neural network. This
switch from µΘ(xt, t) and ΣΘ(xt, t) to εΘ is what then leads to the simplified
version of the objective:

L(Θ) := Et,x0,ε

[
‖ε− εΘ(xt, t)‖2

]
(2.75)

Algorithm 2.7 Mini-batch training of Diffusion Models

Require: Θ: Start parameters of εΘ
Require: η: Learning rate
Require: n: Batch size
Require: Nepochs: Number of training epochs
Require: T : Number of diffusion steps
Require: Xtrain = {x(i)

0 |i ∈ {1, . . . , N}}: Training data
Require: {βt|t ∈ {1, . . . , T}}: Variance schedule

for t in {1, . . . , T} do
αt ← 1− βt

ᾱt ←
∏t

i=1 αi

end for
for Nepochs do

Shuffle Xtrain

j ← 1 (Batch counter)
while j · n ≤ N do
{t(i)|i ∈ {(j−1)n+ 1, . . . , j·n}} ← Random samples from U({1, . . . , T})
{ε(i)|i ∈ {(j−1)n+ 1, . . . , j·n}} ← Random samples from N (0, I)
ĝ ← 1

n
∇Θ

∑j·n
i=(j−1)n+1 ‖ε(i) − εΘ(

√
ᾱt(i)x

(i)
0 +

√
1− ᾱt(i)ε

(i), t(i))‖2

Θ← Θ− ηĝ (Update parameters)
j ← j + 1

end while
end for
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Conditional Diffusion Models

Like other latent space models, Diffusion Models essentially learn to sample form
the distribution given by the training data P (x). To produce samples with specific
target properties, several methods have been developed to condition Diffusion
Models on these properties, enabling them to sample from P (x|y) instead. For
diffusion models, conditioning the final distribution, also means condition every
step of the reverse process pΘ(xt−1|xt,y). Conditioning methods for diffusion
models are more often referred to as guidance techniques and can be broadly
classified into two categories: classifier guidance and classifier-free guidance.

Introduced by Song et al. [130], the idea behind classifier guidance is to re-
place pΘ(xt−1|xt,y) with a more easy to compute version derived using Bayes’
theorem:

pΘ(xt−1|xt,y) = ZpΘ(xt−1|xt,y)pΘ(y|xt) (2.76)

where Z is a normalization coefficient. Using this modified objective, Dhariwal
and Nichol [131] demonstrated that the reverse process can be conditioned by
simply replacing µΘ with a modified mean µ̃Θ:

µ̃Θ(xt, t) = µΘ(xt, t) + sΣΘ(xt)∇xt log pΘ(y|xt) (2.77)

where s is a scaling factor used to control the influence of the classifier guid-
ance on the overall training process. To compute ∇xt log pΘ(y|xt), a separately
trained time-dependent classifier, FDiff (xt, t), is required to learn the conditional
probability pΘ(y|xt). To train the classifier, pairs of training data (xt,y) are
needed. These pairs are generated by first sampling from (x0,y) and then apply-
ing the forward process to compute xt by sampling from q(xt|x0). This approach
ensures that the classifier has access to time-dependent representations of the
data, enabling it to provide accurate gradients for conditioning during the reverse
process.

However, as training an additional classifier on noised data introduces additional
complexity to the training pipeline, Ho et al. [132] introduced an approach
they called classifier-free guidance to condition diffusion models. This approach
discards the classifier and introduces a process, where a single model εΘ(xt, c) is
trained on both conditional and unconditional generation. For the unconditional
training simply zeros are used for the class identifier c to indicate a unconditional
generation εΘ(xt) = εΘ(xt,0). During training it is randomly determined if a
conditional or unconditional class identifier is used for a sample. The rate at
which unconditional sampling is used is usually around 10% [133]. Generation
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is performed using the linear combination of the conditioned an unconditioned
predictions:

ε̃Θ(xt, c) = (1 + w)εΘ(xt, c)− wεΘ(xt) (2.78)

where w is the weight determining the influence of the conditional model. For
w = 0 sampling only relies on the conditional model, while w > 0 also takes the
unconditional model into account.

Constraint Learning in Generative Models

While generative models generally aim to approximate the distribution of a train-
ing dataset, it is often less crucial to match the exact probability of each sample
and more important to identify samples that fit within the original data—i.e., are
considered valid—while maintaining a certain degree of diversity. For example,
to generate realistic images of cats it is more important to avoid unrealistic colors
of fur, than to exactly match the distribution of natural fur colors. The general
ability to pick up such design constraints from just a set of exemplary data is
one of the core strength of generative models. However, even for these models,
finding the exact boundary of the valid space can be difficult based on positive
data alone [134], especially when there is a sharp cutoff between valid and invalid
data.

One of the reasons it is so difficult to determine the boundary between valid
and invalid data is that this boundary is determined using data points from
just one side, as training only uses valid data. Introducing invalid—also called
negative—data into the training process of generative models adds data on the
other side of the decision boundary. Asokan and Seelamantula [135] described this
approach as teaching a model what not to learn. They incorporated invalid data
into the training of a GAN by providing the discriminator with invalid samples
and training it to classify data into three categories: valid, invalid, and generated
data. A similar approach was taken by Giannone et al. [134] by introducing a
second discriminator output that determines if data is valid or invalid. Through
an auxiliary classifier they were also able to extend this approach to diffusion
models and further showed that adding invalid data is much more valuable than
adding additional valid samples.

For these approaches it has to be decided before training which data is valid or
invalid. However, in the recent years an approach for the training of diffusion
models that handles this more flexible has become more wide spread, especially
for text-to-image generation. Negative prompts—descriptions of what should
be excluded from the generative images— are used in addition to the normal
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prompts to improve the quality of generated images [136]. Adding these negative
prompts does not even require any changes to the training process. Liu et al. [137]
found that prompts can be combined or negated during the generation process
by modifying classifier-free guidance. Just by altering the score function (see Eq.
2.78), they effectively created the equivalent of a logical conjunction (AND) and
negation (NOT) for prompts.

Perhaps even more important than how negative prompts are incorporated into
diffusion models is how these prompts take effect. This was the primary focus
of Ban et al. [136], who analyzed the cross-attention maps of diffusion models.
These maps essentially indicate the likelihood of specific tokens appearing in the
generated image [138]. By doing so, they found that during the early stages
of the diffusion process, negative prompts introduce negative noise that cancels
out the positive noise responsible for forming undesired objects in the image.
Surprisingly, if the negative prompt is applied only during the early diffusion steps,
the cancellation of positive noise results in a greater momentum towards positive
noise in the later steps, ultimately increasing the likelihood of the undesired object
forming.

2.4 Machine Learning in Mechanical
Metamaterials

Over the recent years, machine learning models have been increasingly used
to accelerate the design of mechanical metamaterials [1]. These models have
been applied primarily in two areas: using predictive models to speed up the
computation of material properties, and utilizing inverse or generative models to
design metamaterials with desired target properties.

2.4.1 Property Prediction

Assessing the material properties of a new metamaterial is crucial for determining
its potential usefulness and applications. To determine these properties, either
experiments or simulations can be used. While experiments tend to be more
precise, simulations can be automated for high throughput, enabling the assess-
ment of a large number of different structures. Machine learning models can also
predict the properties of metamaterials; however, as we know from Section 2.3.1,
training these models requires a lot of data, for which the mechanical properties
need to be obtained through either experiments or simulations. So, what is the
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purpose of assessing the properties of thousands of structures to create a model
for assessing similar structures? The answer to this is to create a computationally
efficient model to compute the properties of thousands more structures, which is
necessary for inverse and generative design [139]. Based on the complexity of the
chosen machine learning model and the representation of the metamaterial, this
can determine whether it is possible to train an inverse model at all. For instance,
Deng et al. [140] reported a reduction of computation time for 10000 samples
from 23.2 days to 0.2 seconds.

However, not every type of machine learning model is suitable for every type of
problem; this depends on what properties shall be predicted, as well as how the
metamaterial is represented and what restrictions are imposed on it. Common
deep learning models used to predict properties of mechanical metamaterials
include Feedforward Neural Networks (FNNs), Convolutional Neural Networks
(CNNs), and Graph Neural Networks (GNNs).

Feedforward Neural Networks

As one of the most universal deep learning models, FNNs are not constrained by a
specific geometric representation of the input data. The input simply needs to be
converted into a feature vector (see 2.3.1). However, when these feature vectors
are high-dimensional, it becomes difficult for an FNN to generalize beyond the
training data [96]. Consequently, FNNs are best suited for processing metamate-
rial structures that can be effectively represented through low-dimensional feature
vectors.

Due to this limitation of FNNs to low-dimensional representations, the number of
parameters used to describe mechanical metamaterials generally remains below
triple digits [140–148], with only a few exceptions [149]. As the only requirement
for these structures is to be able to be described using a low-dimensional rep-
resentation, they include a wide range of different mechanisms, such as hinged
quadrilaterals [140], beams with varying stiffness [144] or interlocking panels
[145].

The properties predicted by FNNs show a large variety. They range from general
mechanical properties such as Young’s modulus [143, 144], stress-strain curves [140,
145], and effective strain energy density [141, 148, 149], to more structure-specific
ones, such as forward and backward snapping force [144] and buckling strength
[146] in beam-based metamaterials. To acquire the training data necessary to
train a FNN, these properties must be computable through simulation—finite
element analysis (FEA) being the method used in all cases mentioned in this
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paragraph.

Training datasets for FNNs usually consist of thousands of examples, although
exceptions are possible if the design space is kept small. For example, Fatehi et al.
[141] successfully trained an FNN to predict strain energy density for interlocking
panels using only a hundred samples by limiting the forty-nine design parameters
to four discrete values each.

Convolutional Neural Networks

While FNNs are well-suited for processing metamaterials with low-dimensional
representations, CNNs are designed for grid-like data and can even handle higher-
dimensional inputs if they are properly structured [96]. Moreover, the periodic
nature of metamaterials can be easily captured using periodic padding in the
Convolutional layers. Consequently, CNNs are often used for metamaterials
whose unit cells are represented by 2D pixel grids or 3D voxel structures [45,
150–152], even if parameter numbers are low.

Due to this, the sizes of the metamaterial representations processed by CNNs
vary significantly—from around a hundred elements [45, 151], which falls within
the range manageable by FNNs, to arrays with several thousand elements [153].
For large numbers of elements, these representations become very generic; the
designs are no longer tied to a specific class of metamaterials, and the number of
parameters only limits the minimum size of the mechanisms that can be included
in the unit cells. Furthermore, for this reason, these representations are also
employed with genetic algorithms or topology optimization, which also makes
convolutional neural networks a good choice as surrogate models in combination
with these methods [151, 154].

Similar to the representations used, there is also a large discrepancy in the amount
of training data required to train these models. This number depends on the size
of the chosen representation, as well as the variance of the structures, and can
range from several hundred [150] to over a million [155]. As with FNNs, due to
the large number of samples needed for training, FEA is usually used to compute
the mechanical properties of the training data.

The mechanical properties predicted by CNNs range from basic mechanical prop-
erties such as stiffness [150, 151] and Poisson’s ratio [152] to more functional
ones, like the shape exhibited under deformation [45]. Bonfanti et al. [155]
even predicted the efficiency of mechanical pliers built from a truss metamaterial
structure.
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Graph Neural Networks

As the name suggests, Graph Neural Networks (GNNs) are specifically designed
to process data represented in the form of graphs [156]. Graph representations are
particularly well-suited for many metamaterial structures, especially mesh and
lattice metamaterials, which are essentially composed of interconnected nodes. In
addition to mesh and lattice representations [146, 157], GNNs are often applied
to predict the properties for porous metamaterials. For example, Xue et al. [158]
applied GNNs to porous metamaterials by converting them into systems of rigid
elements connected by nonlinear springs, while Meyer et al. [159] applied them to
3D porous shell metamaterials using primal and crystal graph representations.

Like CNNs, GNNs are well suited to process higher-dimensional inputs. However,
graphs offer a more flexible representation with fewer parameters than the grid-
like structures required for CNNs, which is why GNNs are more frequently applied
in three-dimensional settings [157, 159]. In such cases, grid representations scale
cubically with resolution, whereas the adjacency matrix of a graph scales only
quadratically with the number of nodes. Generally, for mechanical metamaterials,
the number of nodes is relatively small—usually less than a hundred. For example,
Zheng et al. [157] used up to 27 nodes, while the crystal graph representations
employed by Meyer et al. [159] required only up to eight.

As with FNNs and CNNs, the number of samples used to train GNNs varies
greatly depending on the type of metamaterials they are applied to. Dataset
sizes range from a few hundred samples [146] to several hundreds of thousands
[157, 159], with mechanical properties usually obtained through FEA. Often, the
property in question is the stiffness tensor of the metamaterial [157, 159]. Another
common application is predicting the deformation field of truss metamaterials
[146, 158]. However, there are also more specialized applications. For instance,
Indurkar et al. [160] used GNNs to classify whether truss-based metamaterials
are bending- or stretching-dominated.

2.4.2 Inverse and Generative Design

After a predictive model for metamaterial properties has been trained, it can serve
as a basis for training an inverse or conditional generative model (see Section
2.3.2). There are several possible choices for the architecture of such a model,
not to mention all the options for hyperparameter selection. For the design
of mechanical metamaterials, the most commonly chosen models belong to two
classes: Tandem Neural Networks (TNNs), and latent-space models.
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Tandem Neural Networks

Tandem Neural Networks (see Section 2.3.2) provide a convenient way to utilize
a pretrained property predictor for training a generative model for mechanical
metamaterials. They have been used to generate a variety of different structures,
such as spinodoid [161], truss [103], and kirigami metamaterials [162]. In general,
TNNs can be applied to any metamaterial structure, as long as it is parametrized
in such a way that generated designs cannot lie outside the range of the data used
to train the property predictor.

To fulfill these restrictions, the classes of metamaterials for which TNNs are used
are carefully constructed with such a parameterization in mind. As the training
of TNNs is very straightforward, this construction can become more complicated
than training the network itself. For example, to obtain a truss metamaterial
with a parameterization that fits these requirements, Bastek et al. [103] devised
an elaborate construction method. First, they combined one to three out of
seven elementary lattices to create an orthotropic unit cell. This unit cell is then
stretched and rotated, and subsequently stretched and rotated again to break the
orthotropic symmetry. Finally, the relative density of the unit cell is adjusted by
varying the thickness of the trusses.

In general, TNNs can only provide a single material structure for given material
properties. While this is not an issue for many applications, such as the design of
bone-mimetic scaffolds [161], multiple solutions can offer additional flexibility. One
approach to obtaining multiple unit cells from a TNN is to introduce stochasticity
into some of the TNN’s layers [103].

Latent Space Models

As with other data, the most beneficial feature of latent space models for the
design of mechanical metamaterials is— as their name suggests— the projection
to the latent space. This feature allows these models to easily generate multiple
metamaterial structures for the same material properties by sampling from a
distribution in the latent space (see Section 2.3.2).

Alternatively, if the optimization of a metamaterial structure is the target, this
can be performed in the latent space, which is usually lower-dimensional, thereby
reducing computation time. This requires a regressive model that maps represen-
tations in the latent space to the properties of the metamaterial. To train this
model, it is necessary to obtain the encoding of the training data in the latent
space, which is why this approach is usually restricted to VAEs. Zheng et al. [157]
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used this approach with a VAE to optimize the stiffness tensor of truss-lattice
metamaterials. Furthermore, Wang et al. [163] observed, that when the regressor
is trained together with the encoder and decoder, designs cluster in the latent
space not only by shape similarity, but also property, which they exploited to
design multiple metamaterial families.

Besides using a VAE with a regressor in the latent space for optimization of
metamaterials, standard conditional VAEs can be used for the inverse design of
mechanical metamaterials. For instance, Wang et al. [164] employed a conditional
VAE combined with reduced-order modeling to design unit cells that controlled
impact wave transmission in a hexagonal metamaterial. However, GANs are more
prominent than VAEs, as they tend to produce higher quality data [165].

Conditioned GANs have been used to create both 2D [166] and 3D metamaterials
[1, 167, 168]. This includes different methods of conditioning GANs, with GANs
incorporating Versatile Regressors being the most common [1, 167, 168]. However,
other approaches, such as the standard conditional GAN, have also been used
[166]. Versatile Regressors are particularly common for mechanical metamaterials
because they can be pretrained on simulation data, allowing for efficient sampling
and gradient computation during the training of the generative model. GANs can
also be used to optimize metamaterials. Mao et al. [169] used a GAN architecture
to train a neural network that generated a variety of different structures with
near-maximum normalized stiffness by modifying the discriminator. Instead of
using the probability that a structure is from the training data, they used the
probability that a structure has high stiffness as the discriminator output.

A newer addition to the latent space models used for metamaterial generation are
Denoising Diffusion Models. Diffusion models are known to outperform GANs
and VAEs in the quality of generated data for several tasks, including topology
optimization in the mechanical domain [170]. However, training and inference
with diffusion models are more computationally expensive. Consequently, they are
typically applied to more complex problems, such as generating metamaterials
that fit specific stress-strain curves [171]. Bastek and Kochmann [172] even
employed a video diffusion generative model to predict the nonlinear deformation
and stress response of mechanical metamaterials based on 2D Gaussian random
fields.

Overall, latent space models can be used with a wide range of metamaterials, such
as truss structures [157], chiral metamaterials [167], and metamaterials based on
triply periodic minimal surfaces [168]. Still, as they are designed for image
processing, these models are most often used with pixel or voxel representations
of the design space [163, 166, 169, 171, 172].



Chapter 3

Metamaterials with curved
components

3.1 Background

3.1.1 Literature review

One focus of research on metamaterial structures has been on what can essentially
be described as an arrangement of straight beams with identical thicknesses
connecting shared nodes [173]. Despite using just these beams as simple building
blocks, the resulting metamaterial structures are known for their wide range of
mechanical properties, especially for their ability to produce auxetic behavior. A
large number of metamaterials with a negative Poisson’s ratio have been developed,
most of which use the re-entrant mechanism. This mechanism relies on hinges
formed by the connections between beams within the unit cell. When the unit cell
is deformed, these hinges straighten, pushing a third connected beam outward.
This mechanism was first introduced in re-entrant honeycomb structures by Lakes
et al. [174] and later used in other metamaterials such as arrowhead [10] and
star form [9] structures. This behavior is mostly bending-dominated, which
is typically associated with lower stiffness compared to stretching-dominated
behavior [175, 176]. To create more stretching-dominated structures with higher
stiffness, approaches have primarily focused on combining different types of auxetic
and non-auxetic unit cells with additional connecting beams. Ali et al. [177]
combined re-entrant honeycomb structures with regular honeycomb, Ebrahimi et
al [178] combined them with regular honeycomb and star structures, and Etemadi
et al. [179] combined them with arrow structures. On the other hand efforts to
increase compliance in such metamaterial structures have focused on replacing
straight beams with curved ones [180].
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In general controlling curvature of the beams has been shown to be a mean to
control not only the axial and bending stiffness of the beams [181, 182], but
also the stiffness of the metamaterial as a whole [183]. Curved beams have also
been successfully applied to increase energy absorption [184, 185] and alter the
Poisson’s ratio [186] of metamaterials. The main difficulty with curved beams is
to find efficent numerical representations for them. In literature three main types
of parametric curves representing curved beams can be found: Arcs, Sinusodis
and Bézier splines [173]. Arcs allow simple parameterization by radius and angle
range, but have only a limited range of variability through this. They can be
used to cause a rotation of the node when they are deformed. This is mostly
used in combination with straight beams to produce metamaterials with high
compliance, often in combination with auxetic behavior [11, 187–189]. Sinusoidal
beams are parameterized by amplitude and frequency of the sine. They combine
high compliance with high energy absorption capability and are often used to
extend these properties to the metamaterials they are part of [190, 191]. Bézier
splines allow the greatest variance of the parameterized curves, making it possible
to also represent the other two types of curves. Their number of parameters can
be adjusted to the complexity of the curve. However, as the number of parameters
grows it gets more difficult to predict the properties of the resulting curve. B-
splines have been used to control complex metamaterials such as ”petal-like”
structures but also to decouple different mechanical properties such as Poissons’s
ratio and stiffness [192].

3.1.2 Motivation

To fully harness the benefits provided by the curved beams in the unit cells, a
full understanding of the relationship between the geometry and the properties
of the structure is needed. This understanding can generally be divided into the
forward problem—predicting the properties for a given structure—and the inverse
problem—finding a structure with given properties, which is more interesting from
a design perspective (see also Section 2.3). While it often is possible to solve the
forward problem analytically when only straight beams are involved, incorporat-
ing curved beams in the unit cells makes this more difficult [193, 194]. Therefore,
numerical methods, such as Finite Element Analysis (FEA), are widely used to de-
termine the mechanical behavior of such structures. The inverse problem however
is often even more complicated, as multiple possible structures for the same target
properties make it ill-posed. Recent developments in generative machine learning
models provide an possible answer to this issue. Here, it was investigated how well
Variational Autoencoders (VAEs) [105], Generative Adversarial Networks (GANs)
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Figure 3.1: A quadratic (p=2) B-spline build from the six control points (ci, i =
1, .., 6) and the knot vector k = (0, 0, 0, 0.2, 0.5, 0.8, 1, 1, 1)

[114] and Tandem Neural Networks (TNNs) [161] perform in solving the inverse
problem. Parts of this chapter, including most figures, are adapted from: Felsch,
G., & Ghavidelnia, N., & Schwarz, D., & Slesarenko, V. Controlling auxeticity in
curved-beam metamaterials via a deep generative model. Computer Methods in
Applied Mechanics and Engineering, 410, 0045-7825 (2023) [104]. Reproduced in
accordance with Elsevier’s author rights policy.

3.1.3 Bézier curves

To incorporate curved elements into the unit cells of a metamaterial, a suitable rep-
resentation of these elements is needed. For machine learning, this representation
is ideally low-dimensional with independent components. Such a representation
for curved beams can be provided through B-splines. B-spline curves B(t) in Rd

are defined by a combination of n so-called control points ci ∈ Rd, i = 1, . . . , n, a
knot vector k ∈ Rn+p+1 and n basis functions N

(i)
p : [0, 1]→ [0, 1] of order p [195].

One such B-spline and the corresponding control points are shown in Figure 3.1.
Each point t ∈ [0, 1] along the B-spline curve is given by a weighted sum of the
control points, where the weights are defined by the basis functions:

B(t) =
n∑

i=1

N (i)
p (t)ci (3.1)

This method assures that the base functions control how dependent a point on the
curve is on each control point. Generally each segment of the curve only depends
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on a subset of the control points. To create these segments, the curve is partitioned
into smaller intervals, divided by knots ki, i = 1, . . . , n+ p+ 1, ki ≤ ki+1. These
knots are then used in the recursive definition of the basis functions. Each zero-
order basis (p = 0) function is defined as

N
(i)
0 (t) =

1 if ki < t < ki+1

0 otherwise
(3.2)

It can be seen in Figure 3.2, that the basis functions of order 0 are not smooth.
For higher orders this is changed through the recursive step which performs a
smoothing operation on each base functions using one neighboring function, giving
continuous curves:

N (i)
p (t) =

t − ki
ki+p − ki

N
(i)
p−1(t) +

ki+p+1 − t

ki+p+1 − ki+p

N
(i+1)
p−1 (t) (3.3)

Through this operation the number of control points contributing to each point of
the curve increases this the order. For quadratic splines (p = 2) as the one shown
in Figure 3.1 this number is usually three. However, the start and end point of
the curve should only depend on the first and last control point to be able to
control them better. For this to occur, it is necessary to have p+ 1 duplicates of
these knots, ki = k0 for i = 0, . . . , p and ki = kn+p+1 for i = p+ 1, . . . , n+ p+ 1.
In this case Eq. 3.1 yields B(0) = c1 and B(1) = cn. To generate the B-splines
for the unit cells the package Splipy [196] was used.

3.2 Machine learning for auxeticity prediction

3.2.1 The curved-beam metamaterial

The unit cells of the investigated curved beam metamaterial are based on hexag-
onal and re-entrant honeycomb structures. As shown in Figure 3.3, the straight
beams connecting the horizontal struts have been replaced by a curved beam or
its mirrored equivalent. Based on the shape of the curved beam, the metamaterial
displays different properties. To ensure that this variation in shape of the curved
beams is the only geometric variable influencing the properties, the length of the
horizontal struts (AB in Figure 3.3) was kept constant for all unit cells. Due to
the periodicity there are several way to pick a unit cell; the unit cell shown in
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Figure 3.2: Selected B-spline basis functions of order 0,1,2 for the knot vector k
= (0, 0, 0, 0.2, 0.5, 0.8, 1, 1, 1)
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Figure 3.3: A B-spline, its corresponding representative unit cell, and the resulting
curved-beam metamaterial composed of 8 × 5 representative unit cells.

Figure 3.3 is just one of many possibilities.

The curved beams were represented as B-splines, allowing a very efficient repre-
sentation of the unit cells. Each unit cell can be fully described through the shape
of the curved beam, which is then defined by a B-spline. This B-spline, in turn,
is fully described by the coordinates of the control points, as the basis functions
were fixed. For the unit cell in Figure 3.3, there are six control points with just
twelve parameters. This number is further reduced, as control points were placed
equidistantly along the y-axis, leaving only the coordinates along the x-axis as
design variables. Also the coordinates of the first control point can be fixed as
(0,0), allowing to represent each structure only through a set of five independent
parameters - the vertical values ci,y of the control points ci, i = 2, . . . , 6 (see
Figure 3.1).

3.2.2 Property Prediction

The Poisson’s ratio of the resulting curved-beam metamaterial was predicted
through simulation using the Finite Element Modeling software package COMSOL
5.4a. In this model, the curved beams were discretized into 150 Euler–Bernoulli
beam elements, while each straight beam was represented by a single element. As
described in Section 2.2.2, finite elements are defined by the nodes they connect,
the shape functions that interpolate the mechanical response within the element,
and the constitutive equations that relate deformation to other relevant physical
quantities, such as stress.

Euler–Bernoulli beam elements in COMSOL connect just two nodes, one at each
end of the beam. Between these, the displacements u ∈ R3 and rotations θ ∈ R3
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are interpolated as: (
u(ξ)

θ(ξ)

)
= N(ξ)


û1

θ̂1

û2

θ̂2

 (3.4)

where ûi ∈ R3 and θ̂i ∈ R3 are the nodal displacements and rotations, and
ξ ∈ [0, 1] is the coordinate running along the beam length. The shape function
matrix N(ξ) is given by:

N =



N1 0 0 0 0 0 N2 0 0 0 0 0

0 N3 0 0 0 N5 0 N4 0 0 0 N6

0 0 N3 0 −N5 0 0 0 N4 0 −N6 0

0 0 0 M1 0 0 0 0 0 M2 0 0

0 0 M3 0 M5 0 0 0 M4 0 M6 0

0 −M3 0 0 0 M5 0 −M4 0 0 0 M6


(3.5)

where:

N1(ξ) = 1− ξ (3.6)

N2(ξ) = ξ (3.7)

N3(ξ) = 1− 3ξ2 + 2ξ3 (3.8)

N4(ξ) = 3ξ2 − 2ξ3 (3.9)

N5(ξ) = L(ξ − 2ξ2 + ξ3) (3.10)

N6(ξ) = L(−ξ2 + ξ3) (3.11)

M1(ξ) = 1− ξ (3.12)

M2(ξ) = ξ (3.13)

M3(ξ) = −
6

L
(ξ − ξ2) (3.14)

M4(ξ) =
6

L
(ξ − ξ2) (3.15)

M5(ξ) = 1− 4ξ + 3ξ2 (3.16)

M6(ξ) = −2ξ + 3ξ2 (3.17)

and L is the length of the beam. The constitutive law is given by:

σ = Eε (3.18)

τ = Gγ (3.19)

where E is the Young’s modulus, τ is the shear stress, γ is the shear strain, and
G is the shear modulus.
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Figure 3.4: The forward NN model F . The different layers are color-coded. Green
are Poisson’s ratios, black B-splines and blue hidden layers. The
hidden layers consist of fully connected (FC) and layer normalization
(LN) layers in combination with LeakyReLU (LU) activation functions.

3.2.3 Machine learning approach

Network architecture

To predict the Poisson’s ratio of a structure the forward neural network (NN)
model F depicted in Figure 3.4 was chosen. This architecture is quite simple,
with just four fully connected layers with a maximum width of fifty. Key to this
simplicity is the low dimensional input of the network. As previously discussed,
a given structure can be represented by the five constitutive parameters of the
corresponding B-spline—the x-coordinates of its control points. Therefore, the
input to the neural network is a vector with just five entries. Each of the three
hidden layers was followed by a layer normalization layer [197] for regularization
and reduced training time, as well as a ReLU activation function.

Training process

Two instances of the forward NN model F were trained on two separate datasets
to predict the Poisson’s ratio of a given structure. Both datasets consist of pairs
(x(i), y(i)) of unit cells based on B-splines (x(i)) and the corresponding Poisson’s
ratio (y(i)). For Set 1 the end point c6 of the B-splines determining the unit cells
was fixed, resulting in a dataset where all entries correspond to variation of a single
re-entrant unit cell (B′B = 0.5 C ′C see Figure 3.3). All unit cells in this dataset
have the same dimensions, also meaning the horizontal struts always maintain the
same relative position. For Set 2 the y-coordinate of the end point of the B-spline
was determined randomly, allowing a wider range of geometries and properties.
Figure 3.5 shows that this variation can change the underlying geometry of the
unit cell from re-entrant-like to more hexagonal. To obtain the Poisson’s ratio
labels for the structures in both datasets, simulations were performed in the FEA
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(a) (b)

Figure 3.5: Unit cell examples from Set 1 (a) and Set 2 (b). While the dimensions
of the unit cells in Set 1 are constant, the cells in Set 2 resemble either
re-entrant or hexagonal structures more.

software package COMSOL 5.4a. This means that F acts as a surrogate model
for the FEA simulation. For these simulations, the B-splines were discretized into
150 beam elements. Both datasets comprised 25,000 data points, with 90% used
as training data and the remaining 10% used as test set. Both the parameters
of the structures and the corresponding Poisson’s ratio labels were normalized to
the interval [0, 1]. The Mean Squared Error (MSE) between the Poisson’s ratio
predicted by the neural network and the label obtained by the simulation was
used as the loss function for training F :

min
F
O(F) = 1

N

N∑
i=1

(
F(x(i))− y(i)

)2
(3.20)

For both instances of the model, Adam [94] was chosen as the optimizer. Training
was performed for 1000 epochs with a learning rate of 1e-4 and a batch size of
32.

3.2.4 Results

Figure 3.6a shows the comparison between the Poisson’s ratios obtained by the
FEA (νs) and the forward model F (νn) for both the train and test parts of Set
1. It can be seen that the predictions of the network are very similar to the FEA
results (R2 = 0.99984). An ideal fit would yield a 45◦ line which the results are
quite close to. Furthermore, a good generalization beyond the training data can
be observed as a similar fit is obtained for the test set (R2 = 0.99984). Similar
results were obtained for Set 2. Figure 3.6b shows the comparison between the
Poisson’s ratio calculated through FEA and the value predicted by the network.
Again, predictions of F are very similar to simulation results (R2 = 0.99976) and
the model shows good generalization with test set performance equivalent to the
training set (R2 = 0.99975).
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(a) (b)

Figure 3.6: Comparison between the Poisson’s ratios obtained by FEA (νs) and
the forward NN model F (νn) for training and testing data from Set
1 (a) and Set 2 (b).

3.2.5 Conclusion

The presented forward NN model F shows the ability to reliably predict the
mechanical properties of the metamaterial with curved elements (R2 > 0.999)
and shows good generalization beyond the training data (R2 > 0.999). Due
to the low-dimensional representation of the unit cells, made possible by using
B-splines to describe the curved elements, the network has a low number of
parameters and a inference time of 0̃.07s. This combination of precise predictions
and computational efficiency allows the model to act as a reliable surrogate for
the simulation. Therefore, from here on out, F will be used to replace simulations
for the solution of the inverse problem.

3.3 Inverse Design

3.3.1 Tandem Neural Network

Network architecture

As introduced in Section 2.3.2, a TNN model utilizes a pretrained neural network
that solves the forward problem to circumvent the one-to-many mapping problem
of inverse problems. Here, the TNN architecture shown in Figure 3.7 was used.
It utilizes the forward model F to establish a one-to-one mapping between the
Poisson’s ratio of a generated structure and its target value, which is then used
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compare comparepriorize

Figure 3.7: Schematic of the inverse design system. The generative model GTNN
receives a target Poisson’s ratio and a guide curve. Based on these
inputs, it generates unit cells defined by a B-spline. This B-spline is
then passed to the forward model F , which estimates the Poisson’s
ratio of the generated structure so it can be compared to the target
value during training.

to train a generative model GTNN. To create multiple unit cells with the same
properties, the parameters of a target unit cell were supplied as guide.

The generative model GTNN shown in Figure 3.8 is a inverted version of F with
the guide as additional input. It has three hidden layers with a width of 50, 50,
and 30, respectively, and an output layer with five outputs. Each of the three
hidden layers was followed by a layer normalization layer [197] for regularization
and reduced training time, as well as a ReLU activation function. The output
layer is followed only by a sigmoid activation function to constrain the output to
the range of unit cells observed during training.

Training process

Similar to F , two instances of GTNN were trained: one to generate unit cells
with fixed dimensions and another to generate unit cells with varying dimensions.
These two only differ in the instances of F used during the training process. Since
F requires normalized data, the same normalization as for F was applied to both
the representation of the generated unit cell and the input parameters. This also
allowed simple generation of a training dataset for the tandem NN. For the 25,000
Poisson’s ratio and guide unit cell combinations (x(i), y(i)) the target Poisson’s
ratios and the parameters of the guide unit cells were sampled randomly from
uniform distributions. 90% of these were used as training set and the remaining
10% as test set. For this training no labeling by FEA simulation was required,
since the surrogate F was utilized instead, which can also be seen by the absence
of any labels in the loss. The loss function for this TNN is comprised of three parts,
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Figure 3.8: The generative NN model GTNN. The different layers are color-coded.
Green are Poisson’s ratios, black B-splines and blue hidden layers.
The hidden layers consist of fully connected (FC), layer normalization
(LN) layers in combination with LeakyReLU (LU) and Sigmoid (Sig)
activation functions.

1) the MSE between the target properties and the properties of the generated
structure, as predicted by F 2) the MSE between the parameters of the generated
structure and the guide 3) a term that penalizes solutions that deviate too much
from a straight line:

min
GTNN
O(F ,GTNN) =

1

N

N∑
i=1

(F(GTNN(x(i), y(i)))− y(i))2︸ ︷︷ ︸
1)

+ α
1

n

N∑
i=1

(GTNN(x(i), y(i))− x(i))2︸ ︷︷ ︸
2)

+
1

N

N∑
i=1

Nc∑
j=1

1dj>K dj︸ ︷︷ ︸
3)

,

(3.21)

Again, for both instances of the model, Adam [94] was chosen as the optimizer.
Training was performed for 1000 epochs with a learning rate of 1e-4 and a batch
size of 32.

Results

For the validation of the two instances of the generative model GTNN, the Poisson’s
ratio of around 2,500 generated structures were predicted by FEA simulation and
compared to the target ratio. The result was an agreement with R2 > 0.997

for the version with fixed size unit cells and R2 > 0.998 for the flexible version
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(a) (b)

Figure 3.9: Comparison between the target Poisson’s ratios (νt) and the Poisson’s
ratios of the corresponding structures by GTNN (νg) fixed size unit cells
(a) and unit cells with flexible size (b).

(see Figure 3.9). When assessing these results it is important to remember that
GTNN was not trained using labels from the simulation, but only the surrogate F .
Figures 3.10a-b show the variety of unit cells generated for the same guide with
different target Poisson’s ratio. It can be seen that the change in target Poisson’s
ratio leads to a quite smooth transition between the guide and the generated unit
cells. This fits the intuition that a continuous change in the beams should lead to
a continuous change in the properties. Similarly, Figures 3.10c-d show the variety
of curves generated for the same target Poisson’s ratio, but with different guides.
It can be seen, that the generated curves display great variety, despite having
almost the same Poisson’s ratio. This becomes especially evident in Figure 3.10d
where the model displays the full range of possible unit cell sizes while barely
affecting the Poisson’s ratio.

3.3.2 Generative Adversarial Network

Network architecture

To solve the inverse problem of generating curved-beam metamaterials with target
properties using a GAN, a variant that allows conditioning is needed. For this
reason, a GAN with a so called Versatile Auxiliary Regressor (VAR) [126] was
chosen (see Section 2.3.2). This architecture is comprised of three models, the
generator GGAN, the discriminator DGAN and the VAR (see Figure 3.11). The
VAR is an external regression NN that facilitates the conditioning by predicting
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Figure 3.10: Generated unit cells and corresponding B-splines for variation of tar-
get Poisson’s ratio with the same guide for with constant dimensions
(a) and flexible dimensions (b). Similarly, the generated unit cells
and corresponding B-splines for variation of the guide while keeping
the target Poisson’s ratio the same for unit cells with fixed size (c)
and flexible size (d).

the Poisson’s ratio of a generated structure, allowing it to be compared with the
target Poisson’s ratio. Since predicting the Poisson’s ratio of a given structure is
exactly what the pretrained forward NN F does, F was chosen as the VAR.

For the Discriminator DGAN almost the same architecture as for F was used (see
Figure 3.12a). DGAN only differs from F through the sigmoid activation function
added to the output layer. For the generative model GGAN an modified inverted
version of F was chosen (see Figure 3.12b). However, it has another input in
addition to the target Poisson’s ratio. This input is a noise vector with 16 entries,
each sampled from a normal distribution with zero mean and unit variance. It
has three hidden layers with a width of 50, 50, and 30, respectively, and an output
layer with five outputs. Each of the three hidden layers was followed by a layer
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Figure 3.11: Schematic of the Generative Adversarial Network (GAN). The gen-
erative model GGAN takes as input a target Poisson’s ratio and a
noise vector. Based on these inputs, it generates unit cells defined by
a B-spline representation. The resulting B-spline is passed to both
the forward model, F , and the discriminator, DGAN. The forward
model F estimates the Poisson’s ratio of the generated structure to
compare it with the target value during training. Meanwhile, the
discriminator, DGAN, receives both the generated unit cells and a
training dataset of real unit cells, and determines whether a given
unit cell originates from the dataset or was generated by GGAN.

normalization layer [197] for regularization and reduced training time, as well
as a ReLU activation function. The output layer is followed only by a sigmoid
activation function to constrain the output to the range of unit cells observed
during training.

Training process

Two pairs of instances of GGAN and DGAN were trained: one pair to generate
unit cells with fixed dimensions and another to generate unit cells with varying
dimensions. Training of these two pairs differs in three aspects. First, different
instances of F were used as the VAR during training of each pair. These versions
of F were trained either on datasets with fixed or varying dimensions, depending
to the desired training outcome. Second, different datasets were supplied as ”real”
examples to train DGAN. Here the same datasets as for training the corresponding
instance of F were chosen. Third, different normalizations were applied to the
unit cell and Poisson’s ratio during the training process. Again, these were chosen
to match the versions used to train the different variants of F . Less complicated
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Figure 3.12: The NN models of the discriminator DGAN (a) and generator GGAN
(b). The different layers are color-coded: green represents Poisson’s
ratios, black represents B-splines, gray represents noise, and blue
represents hidden layers. The hidden layers consist of fully con-
nected (FC) layers, layer normalization (LN), and a combination of
LeakyReLU (LU) and Sigmoid (Sig) activation functions.

was the selection of input batches for GGAN. Both the noise and Poisson’s ratio
inputs were samples from a uniform distribution U[0,1].

Since F was used as the pretrained VAR, no Poisson’s ratio labels were required
during training. This can be also seen in the loss functions used to train the
generator GGAN:

min
GGAN
O(F ,GGAN,DGAN) =−

1

N

N∑
i=1

logDGAN(GGAN(z(i), y(i)))

+ α
1

N

N∑
i=1

(F(GGAN(z(i), y(i)))− y(i))2

(3.22)

and the discriminator DGAN:

min
DGAN

O(GGAN,DGAN) =−
1

N

N∑
i=1

logDGAN(x(i))

+
1

N

N∑
i=1

log(1−DGAN(GGAN(z(i), y(i))))

(3.23)

Adam [94] was chosen as the optimizer for both instances of GGAN and DGAN each.
Training was performed for 3000 epochs with a learning rate of 1e-4 for GGAN and
5e-4 for DGAN. A batch size of 32 and a noise dimension of 16 were used.
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(a) (b)

Figure 3.13: Comparison between the target Poisson’s ratios (νt) and the Poisson’s
ratios of the corresponding structures by GGAN (νg) fixed size unit
cells (a) and unit cells with flexible size (b).

Results

For the validation of the two instances of the generative model GGAN, the Poisson’s
ratio of around 2,500 generated structures were predicted by FEA simulation and
compared to the target ratio. The results are shown in Figure 3.13. For the
version with fixed size unit cells an agreement of R2 > 0.994 was reached and
R2 > 0.994 for the flexible version.

3.3.3 Variational Autoencoder

Network architecture

Similar to the GAN, a conditional version of the VAE featuring an Auxiliary
Regressor (AR) [113] was used (see Section 2.3.2). This architecture is comprised
of three networks, as shown in Figure 3.14: the encoder EVAE, which maps the
structures into the latent space; the decoder GVAE, which reconstructs the struc-
tures from the representation in the latent space; and the aforementioned AR. In
VAE architectures, the decoder also functions as generator after training, hence
its designation as GVAE. For generation, the latent representation is randomly
drawn from a multivariate normal distribution N (0, I) and is supplied together
with the target properties as input to GVAE. The encoder and AR on the other
hand play only a role during training. EVAE is needed to map structures to the
latent space so that representation drawn from N (0, I) are reconstructed as valid
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+ +

Figure 3.14: Schematic of the Variational Autoencoder (VAE). The encoder, EVAE,
takes a unit cell and its corresponding Poisson’s ratio as inputs and
maps them to a distribution in the latent space. The generative
model, GVAE, samples noise from this distribution and, together with
the Poisson’s ratio, generates unit cells represented by a B-spline.
For training, the generated unit cells are compared to the original
input to the encoder. Additionally, the generated B-spline is passed
to the forward model, F , which estimates the Poisson’s ratio of the
generated structure to evaluate consistency with the target value.

structures. The AR is part of one of two conditioning mechanisms. Its task is to
predict the Poisson’s ratio y(i) of the reconstructed unit cell, so it can be compared
to the target ratio. This allows to just use the pretrained F (see Section 3.2.3)
as AR. The other conditioning mechanism works by just supplying the target
Poisson’s ratio to both EVAE and GVAE this allows GVAE to pick up the correlation
between y(i) and the reconstructed image x̂(i). More details on training VAEs can
be found in Section 2.3.2.

For the encoder EVAE, a similar architecture to F was used (see Figure 3.15a). This
architecture differs only in the output layer. Instead of predicting the Poisson’s
ratio, EVAE produces two output vectors: the mean and the logarithmic variance of
the variational distribution in the latent space. Each of these two fully connected
layers has a output size of 16, the size that was chosen for the latent space.

For the generative model GVAE an modified inverted version of F was chosen (see
Figure 3.15b). As mentioned before, this modified version has two inputs, first
the latent vector which contains information on the original structure that should
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Figure 3.15: The NN models of the encoder EVAE (a) and generator GVAE (b).
The different layers are color-coded. Green are Poisson’s ratios, black
B-splines, gray noise and blue hidden layers. The hidden layers
consist of fully connected (FC), layer normalization (LN) layers in
combination with LeakyReLU (LU) and Sigmoid (Sig) activation
functions.

be reconstructed and second the target Poisson’s ratio for the decoded structure.
It has three hidden layers with a width of 50, 50, and 30, respectively, and an
output layer with five outputs. Each of the three hidden layers was followed by
a layer normalization layer [197] for regularization and reduced training time, as
well as a ReLU activation function.

Training process

Two pairs of instances of EVAE and GVAE were trained: one pair to generate unit
cells with fixed dimensions and another to generate unit cells with varying di-
mensions. Since part of the conditioning of the VAE functions through capturing
the correlation between unit cell and properties from the training data, a labeled
dataset is needed to train EVAE and GVAE. Here it is possible to use the same set
as for training F (see Section 3.2.3). For each pair of EVAE and GVAE instances,
this training dataset and the corresponding instance of F were selected according
to the restrictions on unit cell dimensions. Similar to the training of F , both the
parameters of the structures and the corresponding Poisson’s ratio labels were
normalized to the interval [0, 1]. The loss function for this VAE is comprised of
three parts, 1) the reconstruction loss, here the MSE between original and recon-
structed image 2) the regularization loss, the Kullback-Leibler (KL) divergence
between the variational and target distribution 3) the MSE between the target
Poisson’s ratio and the Poisson’s ratio of the reconstructed structure:
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(a) (b)

Figure 3.16: Comparison between the target Poisson’s ratios (νt) and the Poisson’s
ratios of the corresponding structures by GVAE (νg) fixed size unit
cells (a) and unit cells with flexible size (b).

min
GVAE,EVAE

O(F ,GVAE, EVAE) =
1

N

N∑
i=1

(x̂(i) − x(i))2︸ ︷︷ ︸
1)

− α

2N

N∑
i=1

1 + logσ(i) − (µ(i))
2 − σ(i)

︸ ︷︷ ︸
2)

+
β

N

N∑
i=1

(F(x̂(i))− y(i))2︸ ︷︷ ︸
3)

(3.24)

where x̂(i) = GVAE(EVAE(x(i), y(i)), y(i)) and {µ(i),σ(i)} = EVAE(x(i), y(i)). Adam
[94] with a learning rate of 1e-4 was chosen as the optimizer for both instances of
GVAE and EVAE each. Training was performed for 3000 epochs with a batch size
of 32 and a noise dimension of 16.

Results

For the validation of the two instances of the generative model GVAE , the Poisson’s
ratios of around 2,500 generated structures were predicted by FEA simulation
and compared to the target ratio. The results are shown in Figure 3.16. For the
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(a) (b)

Figure 3.17: Distribution of the Poisson’s ratios of the unit cells in the training
dataset for F and GVAE for unit cells with fixed size (a) and unit
cells with flexible size (b).

version with fixed size unit cells an agreement of R2 > 0.992 was reached and
R2 > 0.993 for the flexible version. However, it can also be seen in Figure 3.16
that deviations from the target values are higher for extreme cases of νt. Very low
and high νt show more variance than the average νt. These regions correspond
to lower populations of ν in the training dataset, which can be seen in Figure
3.17. This lower number of training examples makes it more difficult for GVAE

to learn the correlation between between these Poisson’s ratio values and the
corresponding structures.

3.3.4 Conclusion

By using curved beams instead of straight ones in re-entrant honeycomb meta-
materials, a wide range of Poisson’s ratios, including both positive and negative
values, can be achieved. NURBS are able to provide a efficient and low dimen-
sional representation for these curved beams, which has been shown to be well
suited for machine learning. This representation allowed training of a NN with a
maximum layer width of 50, that still could make reliable predictions about the
Poisson’s ratios of a given unit cell (R2 > 0.999). While training a neural network
to solve this forward problem was straightforward, training another network to
solve the inverse problem was more complex due to the existence of multiple
possible unit cells for the same target properties. For the inverse problem three
different machine learning architectures were trained: A modified TNN, a GAN
and a VAE. To create a one-on-one mapping to the generated structures, the
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generators of all three models received an additional input alongside the target
Poisson’s ratio. For the GAN and VAE, this additional input was noise, while
the TNN received a guide structure that the generated geometry should resemble.
All three inverse models were able to accurately generate unit cells that fit target
properties (R2 > 0.99), with the VAE performing slightly worse on generating
structures with Poisson’s ratios at the extremes of the achievable range. Unlike
the GAN and TNN, the conditioning mechanism for the VAE prevents training
on a dataset with uniformly distributed Poisson’s ratios, leading to diminished
accuracy in edge cases with lower probability. While the GAN does not have
this issue with edge cases, the TNN offers additional advantages over it. The
adversarial process used to train the GAN is generally unstable, whereas the TNN
can be trained like a forward model. Furthermore, the TNN allows not only to
generate unit cells with target properties, but also to express preference for a
specific shape.



Chapter 4

Kirigami metamaterials

4.1 Background

4.1.1 Literature review

Kirigami metamaterials—named after the Japanese art of paper cutting—utilize
cuts and, in some cases, folds in the material to achieve the desired behavior
[198–201]. While adding cuts to a structure is a relatively simple process, it alone
can lead to a wide range of behaviors and influence properties such as Young’s
modulus [14, 202], ultimate stress [203], deformation [162], Poisson’s ratio [12, 14,
202] (see also Section 2.1.2), and even bi- and multistability [204]. The effect of
a single cut in a plate is relatively simple: it breaks the continuity constraint on
the structure’s deformation [205]. When multiple cuts are combined, they can be
used to design more complex mechanisms.

A common strategy for achieving more complex behavior is to create rotating
rigid polygons (see also 2.1.2), which are connected only at their edges. These
connections form hinges that allow the polygons to rotate, but they also lead to
significant deformation and stress concentrations at these points [205]. To create
these hinges, the cuts do not fully stretch the edges of the polygon, which is why
this technique is also referred to as a fractal cut [206]. The polygons themselves are
used to form more complex unit cells. While the cuts and polygons are typically
arranged to create ordered structures, even with some degree of randomness in the
cuts, the same mechanisms can still result in unusual behaviors, such as auxeticity
[14].

Without the added flexibility provided by the hinges in the rotating rigid polygon
structures, most kirigami metamaterials tend to undergo out-of-plane deformation
[201]. This deformation manifests in buckling behavior that varies significantly
depending on whether the kirigami structure is subjected to tension or compres-
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sion. The stretch- and buckled-buckled kirigami structures are known to exhibit
complex mechanical responses, where behavior varies with the applied strain
[207].

4.1.2 Motivation

Kirigami metamaterials are known to exhibit a wide range of mechanical properties
based on the arrangement of the cuts [14]. However, the full range of these
properties is seldom fully explored, as the possible combinations of cuts are
limited to avoid intersections and the possibly resulting stress concentrations—or
even isolated pieces of material.

These limitations usually concern the rotations of the cuts, either by limiting
them [14] or even aligning them [203]. In other cases, parameters and their
ranges are carefully chosen to exclude unwanted designs [162]. Unfortunately,
these approaches not only exclude configurations with intersections but also valid
designs without them, thus limiting the range of achievable properties. On the
other hand, finding parameterizations that include only valid designs is often
difficult, if not impossible. This challenge is not unique to kirigami metamaterials;
many other metamaterials are carefully constructed so that all structures adhere
to certain design restrictions. This can be achieved by limiting designs to a fixed
set of base structures that are then deformed [157], by using mirroring during
construction to satisfy boundary conditions [172], or—most often—by by choosing
a base structure and making small, independent alterations to it, as is done with
the curved-beam metamaterial from Chapter 3.

Another approach to the problem of how to deal with these design restrictions is
to learn them directly from examples. This strategy leverages a dataset containing
only valid designs—those that satisfy the desired constraints—so that the model
implicitly learns the underlying restrictions during training, rather than having
them hard-coded into the parameterization. This is one of the great strengths of
the generative machine learning (ML) models that have revolutionized image gen-
eration, such as Variational Autoencoders (VAEs) [105], Generative Adversarial
Networks (GANs) [114] and the more recent Denoising Diffusion Models [129].

These techniques have recently been adapted for the inverse design of metamateri-
als [102, 157, 163, 168]. However, even when these models are used, metamaterials
are still most often parameterized so parameters are independent and no meaning-
ful restrictions on the design have to be learned. This poses the question why the
use of generative models for generating metamaterials is so different from image
generation. This chapter discuses how the non-trivial design space and absence
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(a) (b) (c)

Figure 4.1: Mechanical metamaterials based on straight cuts. (a) Initial 6×6 pat-
tern with alternating cuts. This architecture gives rise to auxetic be-
havior through the rotating squares mechanism. (b) Perturbation of
the initial architecture is performed by adding rotations βi,j to each
cut. The absolute value of rotations is capped by parameter βmax.
(c) Resulting admissible design without intersections between cuts.
The likelihood of obtaining intersection-free sample through random
rotations (βmax = 90◦) does not exceed 0.001%.

of a good similarity metric caused by the design restrictions in kirigami metama-
terials interacts with the machine learning algorithms and why some of them are
better at learning design restrictions than others. Parts of this chapter, including
most figures, are adapted from: Felsch, G., & Slesarenko, V. Generative models
struggle with kirigami metamaterials. Scientific Reports, 14, 19397 (2024) [208].
Reproduced in accordance with Springer Nature’s author rights policy.

4.2 The kirigami metamaterial

The unit cells of the kirigami metamaterials investigated here are based on a
pattern where cuts with horizontal and vertical orientations are alternated within
the sheet (Figure 4.1a). This base structure is known to exhibit auxetic behavior
via the rotating squares mechanism [12]. Furthermore, it has been shown that
by rotating the cuts (Figure 4.1b), the material properties of the resulting meta-
material can be altered [14], with the range of achievable properties increasing
with magnitude of the allowed rotations. However, if the rotations reach a certain
magnitude, intersections between the cuts can occur, which may lead to stress
concentrations or even isolated regions of material. Due to this, the design space
is usually restricted to designs without intersections. The easiest way to do this
is by limiting the rotations in general, however, this excludes the majority of
intersection-free configurations, such as the one shown in Figure 4.1c.
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(a) (b)

Figure 4.2: Limiting the perturbations enables control over the success rate of
generation. (a) The average number of intersections in the samples
and the likelihood of generating unit cells without intersections vs
maximum deviation βmax from the base structure. (b) Exemplary
unit cells for a maximum added rotations βmax of 20◦, 60◦ and 90◦.

To create the individual unit cells, a 6× 6 cut version of the alternating unit cell
(Figure 4.1a) is used, with a unit distance between the centers of the cuts and
a total cut length of l =

√
3. The rotations, denoted as βi,j for a given cut ci,j,

where i, j = 0, . . . , 5 (Figure 4.1b), are then applied to the base structure. These
rotations depend on the position of each cut on the grid, which is challenging for a
neural network to process. Therefore, it is necessary to consider the angle of each
cut relative to the vertical direction, denoted as αi,j. The distance between the
cuts and cut length were chosen so no intersections occur as long as βmax < 30◦.

This can be also seen in Figure 4.2a, which shows how the average number of
intersections and the percentage of generated unit cells without intersections
depend on the maximum for the added rotations, βmax. For βmax > 30◦, the share
of unit cells without intersections drops drastically, almost reaching zero at around
50◦, while the average number of intersections rises until it peaks a bit over 70◦.
This peak likely occurs because cuts have the highest probability of intersecting
in regions where they can intersect with both their direct and diagonal neighbors.
This means that, depending on βmax, the restrictions imposed on the unit cells
by avoiding intersections vary greatly—from almost no restrictions to making it
nearly impossible to fulfill them by randomly selecting cuts.
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4.2.1 Design restrictions of the kirigami metamaterial

Before moving on to how the design restrictions imposed on the kirigami meta-
material influence the machine learning models, let us first examine their general
effect. From a human perspective, the design restrictions imposed on the kirigami
metamaterial are quite simple: the cuts should not intersect, as this prevents stress
concentrations and disconnected regions within the metamaterial. However, from
a mathematical perspective, this restriction has far more profound implications.
Intersections are determined not only by the rotation of a single cut but also
by that of its neighbors, meaning that this restriction introduces dependencies
between the parameters βi,j used to describe the kirigami metamaterial. This
makes it more difficult to measure similarity between different instances.

When the normalized parameters βi,j ∈ [0, 1] used to describe a mechanical
metamaterial are independent, the design space itself is a compact interval [0, 1]n.
On a closed interval the Euclidean distance (ED) between their parameters can
be used to measure the similarity between two structures. In a n-dimensional
space Rn, the ED between two samples x and x̂ is calculated as follows:

DE(x,x̂) =

√√√√ n∑
i=1

(xi − xî)2 (4.1)

Dependencies between parameters, however, cause non-admissible regions in the
compact interval that would otherwise represent the design space. This diminishes
the ability of the ED to accurately measure distances between structures and fur-
thermore means it can no longer be used for interpolation. Figure 4.3a illustrates
this principle by showing three different configurations for two neighboring cuts
with the following angles: A) [5◦,4◦], B) [−5◦,−3◦], and C) [65◦,−45◦], with
an angle of 0◦ corresponding to a vertical cut. When using the ED to measure
similarity between these structures it yields DE(A,B) < DE(A,C) < DE(B,C),
since:

DE(A,B) =
√
(5 + 5)2 + (4 + 3)2 ≈ 12.206

DE(A,C) =
√
(5− 65)2 + (4 + 45)2 ≈ 77.466

DE(B,C) =
√
(−5− 65)2 + (−3 + 45)2 ≈ 81.633

(4.2)

Nevertheless, when examining Figure 4.3b, it can be observed that the magenta
line, which represents the ED-based linear interpolation between A and B, crosses
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(a) (b) (c) (d)

Figure 4.3: Suitability of the Euclidean Distance for two cuts. (a) Three different
configurations (A: [5◦,4◦], B: [−5◦,−3◦] C: [65◦,−45◦]) of adjacent
cuts with unit length between centers and length of

√
3. (b) The

design space for the considered system with two cuts. Purple zones
correspond to the angle pairs of intersecting cuts. Magenta and green
lines show two possible routes between A and B. (c) Sequence of cut
positions corresponding to direct transition from A and B (magenta
path). (d) Sequence of cut positions for detour path shown by green
line. Note passing configuration C on a route from A to B.

the dark purple non-admissible zone. This zone indicates pairs of angles where
two neighboring cuts intersect. Consequently, despite A and B being free of
intersections, the same does not hold for all intermediate configurations between
them. When staying inside the admissible design space, the path between A and
B becomes much longer, as shown by the green line in Figure 4.3b. This path
also passes through C, meaning that a metric D taking intersections into account
should yield D(A,C) < D(B,C) < D(A,B), which is quite different from the
estimate given by the ED. This matter becomes even more complicated when
taking more of the neighboring cuts into account. Therefore, despite seeming
initially straightforward, introducing this restriction on intersections between cuts
severely influences the design space and prevents measuring the similarity between
cuts using the ED.

To investigate how the presence of inadmissible zones in the parameter space and
the inadequacy of the ED to measure similarity between unit cells influence the
generation of kirigami metamaterials, three different values for βmax were chosen.
First, 20◦, where the design space forms a compact interval and the ED can be
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used to measure similarity without limitations. Second, 90◦, the fully random
case, where large inadmissible zones exist in the parameter space and the ED
is not admissible for measuring similarity. And finally, 60◦, where the average
number of intersections is even slightly higher than for 90◦ (see Figure 4.2a) and,
when considering a cut and its direct neighbor, the fraction of the inadmissible
zone within the parameter space increases to 18.7% compared to 16.5% in the
90◦ case. However, although the inadmissible zone is larger, it is mostly confined
to the edges of the design space, making the ED mostly applicable. For the same
example as before with just the two neighboring cuts, for βmax = 60◦ only 3.5%
of the straight paths connecting two random points within the admissible design
space pass through the inadmissible zone, meaning that for all other combinations
the ED can be used to measure similarity. For βmax = 60◦, this value is 23.7%.

4.3 Property Prediction

4.3.1 Machine learning approach

Selecting a good predictive neural network model highly depends on how the pro-
cessed data is structured. In the case of the investigated kirigami metamaterials,
the representation in question is a 6×6 matrix containing the αi,j that denote the
rotations of the cuts. Furthermore, in terms of the resulting mechanical properties,
these representations are translation invariant, as the simulations assume that
the metamaterial is infinitely periodic via periodic boundary conditions. Such
grid-like, translation-invariant data structures are exactly what Convolutional
Neural Networks (CNNs) are designed for.

Network architecture

To predict the Poisson’s ratios of the kirigami structures, the neural network
model F depicted in Figure 4.4 was chosen. It consists of four convolutional
layers followed by a fully connected layer. This relatively simple architecture was
chosen as the 6× 6 array is a very small input for a CNN, even compared to older
image datasets like MNIST (28× 28) [209] and ImageNet (256× 256) [210]. All
four convolutional layers were followed by a Batch Normalization layer [211] and
a LeakyReLU activation function, while a Dropout [212] layer was placed before
the fully connected layer to prevent overfitting.
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Figure 4.4: The architecture of the forward model F , which predicts the apparent
Poisson’s ratio for a unit cell of a kirigami metamaterial. The different
layers are color-coded: red indicates the input unit cell, black repre-
sents the output Poisson’s ratio, and blue corresponds to the hidden
layers. The network combines fully connected (FC) and convolutional
(Conv) layers with dropout (Drop), batch normalization (BN) and
LeakyReLU (LU) activation functions.

Training process

To evaluate the influence of the design restrictions on the neural network models,
three instances of F were trained on three separate datasets, each for one of the
three βmax values chosen in Section 4.2.1. These datasets contain pairs (x(i), y(i))

consisting of the unit cell of a kirigami metamaterial (x(i)) and the corresponding
Poisson’s ratio (y(i)). For the first dataset, X1, the rotations were limited to
20◦, meaning there are no design restrictions besides limiting each angle value
individually. For X2, the rotations were limited to 60◦, representing an interme-
diate case between no restrictions and fully random cuts. Finally, for X3, with
βmax = 90◦, the rotations are fully random, imposing complex design restrictions
on the kirigami unit cells.

The apparent Poisson’s ratio labels for the structures in all three datasets were
obtained through simulations in the finite element analysis (FEA) software pack-
age COMSOL 5.4a. The metamaterial was modeled as a quadratic 2D sheet
featuring rectangular cuts with semicircular fillets at both ends. For the analysis,
quadratic serendipity elements were employed under plane strain conditions. To
account for the periodic nature of the metamaterial, periodic boundary conditions
were applied in the simulations. This was mirrored in the CNN by using circular
padding in the convolutional layers. The apparent Poisson’s ratio was measured
as the ratio between lateral and axial deformations. Since the metamaterial is
anisotropic due to the cuts, this measurement corresponds to only one component
of the compliance matrix. Nonetheless, as we will see later, even predicting this
single value presents a significant challenge for neural networks. Each dataset
comprised 3, 300 samples, with 90% used for training and the remaining 10% as
the test set. The apparent Poisson’s ratio was normalized to the interval [0, 1],
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(a) (b)

Figure 4.5: Comparison between the apparent Poisson’s ratios obtained by FEA
(νs) and the forward NN model F (νn) for training and testing data
for X1 with βmax = 20◦ (a) and X2 with βmax = 60◦ (b).

while the rotation angles were linearly projected to the interval [−1, 1], where 1

corresponds to (βmax+90◦) and −1 to its negative counterpart. For training F the
MSE between the apparent Poisson’s ratio predicted by the neural network and
the label obtained by the simulation was used as the loss function. Furthermore,
for all datasets training was performed for 4000 epochs with a learning rate of
1e-4, a batch size of 16 and Adam [94] as the optimizer. Also, L2 regularization
[213] was used to improve generalization.

4.3.2 Results

Figure 4.5a shows the comparison between the apparent Poisson’s ratios obtained
by the FEA (νs) and those predicted by the forward model F (νn) for both the
training and test sets of X1, where βmax = 20◦. It can be seen that the model
has learned the correlation between the angle values and the resulting properties
(R2 = 0.93566), with the data points loosely stretching along the 45◦ line that
represents the ideal fit. Furthermore, generalization can be observed, as a similar
fit is obtained for the test data (R2 = 0.89538).

Figure 4.5b shows similar results for X2, with βmax = 60◦, although the value range
of the apparent Poisson’s ratio has changed. Less negative Poisson’s ratio can be
achieved. At the same time the quality of the fitting on the training has slightly
decreased (R2 = 0.9017), with the same for the test data (R2 = 0.85636).

This is very different for X3, with βmax = 90◦. Figure 4.6a shows a much weaker fit
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(a) (b)

Figure 4.6: Comparison between the apparent Poisson’s ratios obtained by FEA
(νs) and the forward NN model F (νn) for training and testing data
for X3 with βmax = 90◦ (a) and the evolution of the MSE-loss during
training on the test sets for X1, X2 and X3. An averaging over five
epochs was used for curve smoothing (b).

between the apparent Poisson’s ratios obtained by the FEA and those predicted
by the forward model (R2 = 0.79157). In particular, the generalization of the
model to the test data is reduced (R2 = 0.49031), even though Figure 4.6b shows
the loss on the test set converging. Furthermore, it can be seen that while there
is a small difference in the losses for βmax = 20◦ and βmax = 60◦, there is a much
larger difference between these two cases and βmax = 90◦. This suggests a more
profound difference between these cases.

4.3.3 Conclusion

While the predictive model F has shown the ability to reliably predict the ap-
parent Poisson’s ratio of the kirigami metamaterial and generalize this beyond
the training data when the ED is mostly applicable (R2 > 0.85), it has shown
much more trouble to do so when it is not (R2 = 0.49031). At this point, let us
remember the theorem by Cybenko [85] (see also Section 2.3.1). This theorem
proved that neural networks are capable of approximating continuous functions
from a compact set to the real numbers. This is exactly what we are trying
to approximate in the case of βmax = 20◦, and it is quite close to the case of
βmax = 60◦, with the ability to measure distances via the ED being a core feature
of compact intervals. So these two are relatively easy cases for a neural network.
For βmax = 90◦, on the other hand, the design space does not form a compact
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interval and it can be assumed that the inadmissible zones break the continuity of
the property function. This makes it at least a lot more difficult to approximate
the function predicting the properties from the unit cell.

While this disadvantage might be overcome through more training data, another
approach might be better. More training data also means more computationally
expensive FEA simulations for predicting the mechanical properties. So instead
of learning to predict the properties first, as was done for the curved-beam meta-
material (see Chapter 3), in this case it might prove useful to first learn the design
restrictions and, with them, a mapping to a complex interval in the latent space.
Once this is done, a mapping between the embeddings in the latent space and
the properties can be learned.

4.4 Learning design restrictions

4.4.1 Generative Models and design restrictions

One of the great strengths of Generative Models (see Section 2.4.2) is often
described as having the ability to learn design constraints. By training on a
dataset filled with examples that fit these constraints, Generative Models can
learn to generate data that also adheres to them. However, more precisely, they
possess the ability to generate data similar to the training examples, with ”similar”
most often interpreted as also adhering to the design restrictions. For this to work,
there needs to be a mathematical understanding of what ”similarity” means in
the context of the data. There are two main approaches to this, which can also be
combined. The first approach views the training and generated data as probability
distributions over the design space, with similarity measured as the difference
between these two distributions. In the second approach, similarity is assessed
directly through comparisons between two samples, requiring the selection of a
sample-to-sample similarity metric. The most commonly used metric for this is
the ED, which might impact the generation of kirigami metamaterials, as we have
established that it is not suitable for assessing similarity for the examined kirigami
metamaterials (see Section 4.2.1). This suggests that generative models relying
on the sample-to-sample approach for measuring similarity might not work for
kirigami metamaterials, at least when using the ED.

To investigate if this dependency on the ED has an influence on how well gen-
erative models handle kirigami metamaterials, it is important to establish first
which approaches rely on it and which don’t. We will do so for four of the



84 Chapter 4 Kirigami metamaterials

models introduced in Section 2.3.2, namely VAEs, GANs, WGANs and Diffusion
models.

VAEs

As introduced in Section 2.3.2, the loss function for training the VAE has two
parts, the regularization loss and the reconstruction loss. The regularization
loss is usually defined by the Kullback–Leibler (KL) divergence [214] between the
target and generated sample distributions, thereby clearly falling into the category
of distribution-based similarity measures. The reconstruction loss on the other
hand uses either the Binary Cross-Entropy (Eq. 2.47) for discrete problems, or
the Mean Squared Error (MSE) (Eq. 2.48) for continuous ones [105]. With the
MSE, which is actually the square of the ED, the loss of the VAE (see Eq. 2.49)
becomes:

LVAE(x,x,̂µ,σ) = DE(x,x̂)2︸ ︷︷ ︸
reconstruction loss

+β DKL
(
N (µ,σ),N (0, 1)

)︸ ︷︷ ︸
regularization loss

(4.3)

where x is the original input, x̂ the reconstructed one and µ,σ are the mean and
variance of the learned distribution of x in the latent space, while κ is a parameter
controlling the trade-off between the two losses.

GANs

Analyzing the influence of the ED on the GAN loss is quite challenging in its
two-player game formulation (see Eq. 2.51 and Eq. 2.52). Fortunately, it has
been demonstrated that this two-player game is equivalent to minimizing the
Jensen–Shannon (JS) divergence between the distribution of the data generated
by the generator G and the distribution of the training data [114]:

LGAN = DJS
(
p(x), p(x)̂

)
= DKL

(
p(x), p(x̂)

)
+DKL

(
p(x̂), p(x)

)
(4.4)

As a symmetric extension of the KL divergence, the JS divergence is a metric
between two probability distributions, which means the GAN should be able to
learn intersection avoidance.



Chapter 4 Kirigami metamaterials 85

WGANs

The main difference in training a GAN and WGAN is, that for training the
WGAN the JS divergence used for training the GAN has been replaced by the
Wasserstein distance (also called Kantorovich–Rubinstein metric or Earth mover
distance) to measure the discrepancy between the distributions of the generated
and the training data. This metric, first introduced by Kantorovich [215], is based
on the principle of optimal transport. The compared probability distributions
are seen a distribution of mass in the design space, while the distance between
them is measured as the minimal cost of shifting the mass of one distribution, so
it resembles the other. While the Wasserstein distance has multiple advantages
over the JS divergence, such as always staying finite, it relies on an underlying
distance to measure how far the mass has been transported. For this, the WGAN
usually used the ED:

Wass1(p(G(z)), p(x)) = inf
π∈Π(G(z)),p(x))

E(X1,X2)∼πDE(X1, X2) (4.5)

Although the WGAN uses a similarity metric between probability distributions,
it still relies on a sample-to-sample similarity metric to learn how to generate
data.

DDPMs

Training of Diffusion models is done by learning to reverse a process that adds
gradually noise to a sample (see Section 2.3.2). This is usually done by performed
by minimizing the variational upper bound on the negative log-likelihood, which
can be fully expressed as a difference between the actual and expected noise that
was added to the sample (see Eq. 2.75):

L(Θ) := Et,x0,ε

[
‖ε− εΘ(xt, t)‖2

]
(4.6)

To measure this difference, the ED is used. However, this formulation is a simpli-
fication of the variational upper bound expressed through KL divergences (see Eq.
2.72). Furthermore, the ED is not used to measure similarity between samples,
but the added noise, for which is suitable by construction. Therefore, the train-
ing of DDPMs only depends on the similarity between the target and generated
probability distributions and should not suffer from the inability to use the ED
to measure sample-to-sample similarity.
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4.4.2 Implementation and network architectures

The PyTorch deep learning framework [216] was chosen for the implementation of
all four generative models—the VAE, GAN, WGAN, and DDPM. This followed
the same reasoning as choosing PyTorch for the predictive models (see Section
4.3.1). PyTorch allows efficient implementation of CNNs with periodic padding,
which were chosen for the kirigami metamaterial given its periodicity and grid-like
structure, where intersections primarily depend on the direct neighbors of a cut.

To keep models comparable, the same architecture was used for the generators
of both GAN architectures as well as for the decoder of the VAE. This means
that the generative models produced by the three frameworks differ only in their
weights. Similarly, the discriminator architectures for the GAN and WGAN were
kept nearly identical, with the only difference being the addition of a sigmoid
activation function for the GAN due to different value range requirements imposed
by the objective functions.

To stabilize GAN training, the architectures themselves were mostly based on
the DCGAN framework [217], including the use of Batch Normalization in the
generators, decoders, and also the VAE’s encoder to minimize batch internal
dependencies [115]. Furthermore, the two-timescale update rule (TTUR) [118], in
which different learning rates are used for the generator and discriminator (10−5

and 5 · 10−4, respectively), was applied for the same purpose.

As DDPMs are limited to latent spaces that share the same dimensions as the
data, a different architecture was needed for it [129]. As standard for diffusion
models, a modified version of the convolutional U-Net architecture [218] was
chosen there, with filter numbers similar to the other generative network to assure
comparability.

For each model, three instances corresponding to βmax values of 20◦, 60◦, and 90◦

were trained. Each instance was trained for 3000 epochs with a batch size of 32
using the Adam optimizer [94]. Detailed descriptions of the network architectures
are provided in Appendix A.2.

4.4.3 Results

When examining the capability of generative models to learn the design restrictions
imposed on the kirigami metamaterials, we are interested in two factors: First,
of course, the general ability of the model to produce metamaterial structures
without intersections, for which we will look at the average number of intersections
in the generated structures. The second factor is the extent to which the generative
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model can reproduce the probability distribution of the cuts and, in particular,
learn the dependencies between a cut and its neighbors, as these dependencies
determine whether the ED can be used to measure similarities.

For this, we will analyze 2D histograms that represent the number of instances
where a random cut and its bottom-side neighbor possess a specific combination
of angles (βi,j, βi+1,j). If the histogram for the generated data matches that of
the training data, it can be concluded that the model is capable of capturing the
dependencies between neighboring cuts.

One additional detail about these histograms must be noted. Since cuts may have
different orientations for the same added rotation depending on their position
in the grid (as seen in Figure 4.1b), the first elements of these angle pairs are
always taken from cuts at positions corresponding to vertical cuts in the initial
undisturbed sample for clarity.

Euclidean Case

Setting the maximum absolute value for the added rotations, βmax, to 20◦ auto-
matically ensures that no intersections occur, as there are no angle combinations
for which neighboring cuts intersect while still adhering to these restrictions. This
also means that the angle values can be chosen independently from each other
and that the design space can be represented as a compact interval. Therefore, in
this case, the ED can be used to measure the similarity between different kirigami
structures.

Figure 4.7a shows that in this case, the VAE, GAN, and DDPM are able to almost
completely avoid intersections after a few epochs, while the WGAN, despite poor
stability, manages to reduce the average number of intersections to below 0.1

after 500 epochs. To avoid intersections, the model must only learn to restrict
the added rotations to the same range as the training data. Figure 4.7b shows
this for the DDPM. After 3000 epochs, the DDPM has learned to imitate the
distribution of the βi,j in the training data, which was drawn from a uniform
random distribution. However, there is some deviation around the borders of
the admissible zone. Some designs lie outside of the admissible zone, while the
number of designs inside the admissible zone close to the border is reduced.

A similar effect can be observed in the histograms in Figure 4.8, which illustrate
the relationship between the added rotation of a cut and its bottom-side neighbor
(βi,j, βi+1,j). If the trained model has correctly learned the dependency between
neighboring cuts, the distributions in the generated histograms should match those
of the training data. All four models learn that angle values should be uniformly
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(a) (b)

Figure 4.7: Training of models for βmax = 20◦. (a) The evolution of the average
number of intersections during training for unit cells generated by
different machine learning approaches. An averaging over five epochs
was used for curve smoothing. (b) Distribution of the cuts with the
specific added angles βi,j in the training dataset for βmax = 20◦ (red)
and in the set generated by trained DDPM (blue).

distributed inside admissible zone. However, differences arise in determining the
border of this zone and the sharpness of the cutoff. The histograms for the GAN
and DDPM show only slight uncertainty regarding the exact placement of the
border, while the VAE avoids borderline cases by narrowing the range of generated
angles.

This behavior of the VAE is associated with the trade-off between reconstruction
and regularization loss in the VAE’s loss function (see Eq. 4.3). The presence
of the regularization term weakens the reconstruction term, making imperfect
reconstructions that are closer to the average value more common, thus leading
to a narrowed angle range. This effect persists even after careful hyperparameter
tuning. Like the VAE, the WGAN centers designs more toward the middle of
the admissible interval. However, there is no clear cutoff between admissible
and non-admissible configurations. Instead, there is a smooth transition between
these areas, making the distribution resemble a normal distribution more than a
uniform one.

Fully Random Case

When the maximum absolute value for the added rotations, βmax, is set to 90◦,
intersections can no longer be avoided by looking at every cut individually, the
dependencies between them need to be taken into account. That said, compared
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Figure 4.8: Relation between adjacent cuts for βmax = 20◦. 2D histograms show
the likelihood of angle combinations for a cut and its bottom neighbor
for a maximum absolute value for β = 20◦. Only angles at positions
that correspond to vertical cuts in the base structure were chosen as
the first elements in pairs..

to drawing the βi,j from a uniform random distribution the probability of inter-
sections can still be reduced without taking these dependencies into account.

The reason for this is that the dependencies between the cuts influence the fre-
quency at which certain rotations occur in the dataset, as some rotation values
have a lower probability of causing intersections. As a result, angle rotations are
not uniformly distributed in the training dataset, and the likelihood of intersec-
tions can be reduced by sampling each cut individually from this distribution,
even without learning the dependencies between cuts. This difference is illustrated
in Figure 4.9a, where the orange dotted line represents the average number of
intersections when sampling angles from a uniform distribution, while the black
dashed line represents the average number of intersections when sampling from
the distribution of angles in the training data. Therefore, to demonstrate that a
generative model has learned the dependencies between cuts, it must reduce the
average number of intersections below the baseline established by sampling from
the distribution of angles in the training data.

Figure 4.9a shows that the VAE does not reduce the average number of intersec-
tions below this baseline; instead, it appears to converge toward it. The WGAN
manages to reduce the average number of intersections below this baseline but
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(a) (b)

Figure 4.9: Training of models for βmax = 90◦ (a) and βmax = 60◦ (b). The
evolution of the average number of intersections during training for
unit cells generated by different machine learning approaches. An
averaging over 20 epochs was used for curve smoothing. The dashed
line corresponds to the average number of intersections when sampling
all angles of a unit cell randomly and independently from the angle
distribution of the training dataset.

fails to converge, making this success short-lived. This failure to converge is a
common drawback of WGAN [219]. In contrast to the VAE and WGAN, the
GAN and DDPM lower the average number of intersections significantly below
the baseline, although both still fail to generate only completely intersection-free
samples.

Similar differences can be observed when looking at the 2D histograms (Fig-
ure 4.10) showing the dependencies between a cut and its bottom neighbor. The
histogram for the training data shows two dark regions with zero occurrence corre-
sponding to angle pairs where the two cuts intersect (compare with Figure 4.3b).
For angle combinations that do not cause an intersection between the two exam-
ined cuts, the frequency differs greatly, depending on how likely intersections with
other neighbors are. It can be seen that the VAE and WGAN struggle to learn
these dependencies, with both generating angle pairs inside the non-admissible
zones. On the other hand, the GAN and DDPM manage to capture the design
space and demonstrate an understanding of the constraints, with the DDPM
outperforming the GAN.

Intermediate Case

Setting the maximum absolute value for the added rotations, βmax, to 60◦, creates
an intermediate case between the 20◦ case, where the design space is a compact
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Figure 4.10: Relation between adjacent cuts for βmax = 90◦. 2D histograms show
the likelihood of angle combinations for a cut and its bottom neighbor
for fully random rotations of the cuts. Only angles at positions that
correspond to vertical cuts in the base structure were chosen as the
first elements in pairs.

interval, and the 90◦ case, where the rotations are fully random. For this βmax,
there are non-admissible zones inside the design space, but the ED can roughly be
used to measure similarity between samples. Figure 4.9b shows that in this case,
while the GAN and DDPM still perform better than the VAE and WGAN, all four
models are capable of reducing the average number of intersections significantly
below the baseline, for which angles were sampled individually from the angle
distribution of the training dataset.

Again, even the DDPM, which performed best was not able to achieve a 100%
success rate in generating intersection-free configurations, with an average of
1.7 intersections per sample observed. What is more important though is the
increase of the share of generated samples without intersections. For sampling
from the uniform distribution only about three structure out of a million have no
intersections (success rate less than 0.001%). This increases to around 0.5% of
the structures when sampling from the training distribution and approximately
25% success rate for the GAN and DDPM, while it is around 10% for VAE and
WGAN.
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4.4.4 Conclusion

While all four investigated generative models—the VAE, GAN, WGAN, and
DDPM—are able to learn to avoid intersections when the design space of the
kirigami metamaterials is a compact interval (βmax = 20◦), for kirigami metama-
terials where the ED cannot be used to measure similarities between samples, this
is not the case. The VAE and WGAN, in particular, depend on this similarity
measure for effective generation. In the case where inadmissible zones in the
parameter space render the ED inapplicable (βmax = 90◦), both the VAE and
WGAN failed to outperform the baseline established by randomly sampling from
the angle distribution of the training dataset. However, when similar inadmissible
zones exist but the ED remains mostly applicable (βmax = 60◦), the VAE and
WGAN significantly outperform the baseline. This means that it is the reliance
on the ED, rather than the presence of inadmissible zones, that impacts their
performance.

The GAN and DDPM—neither of which rely on the ED in their objective—demon-
strated in both scenarios a greater potential to learn design space restrictions
from the training data. They were not only able to achieve a greater reduction
of intersection, but show a very distinct behavior from the other two models,
further asserting the critical role the admissibility of the ED plays in the design
of kirigami metamaterials. Nevertheless, while these two managed to outperform
the VAE and WGAN, both still fail to achieve a 100% success rate in generating
intersection-free configurations. So even if the generative models do not rely on
the ED, there are other effects preventing them from fully capturing the design
restrictions and making further investigation necessary.

4.4.5 Possible Solutions

There are several techniques that might help improve the ML-based generation
of the kirigami structures. Generally, they fall into one of two categories. The
first category comprises methods that help in finding the exact boundary of the
valid space. Most of these focus on incorporating negative data into the training
process (see Section 2.3.2). Adding negative data allows one to purposefully
penalize data outside the admissible space. When only valid data is used for
training, it matters more how well the probability distributions of the training
and generated data match in general, and less whether generated designs lie
outside or inside the admissible space. However, even if negative data is included,
edge cases—where two cuts barely intersect—might not be present in the training
data, making it impossible for the model to determine whether they are admissible



Chapter 4 Kirigami metamaterials 93

or not. Active learning is concerned with selecting new samples to be added to
the dataset so that the information gain is maximized [220], allowing to add these
edge cases to the dataset which is the only way to make it possible to decide these
cases. Various active learning approaches have already been successfully applied
to improve data collection in engineering applications, such as Gaussian Processes
[221] and t-METASET [222].

The other possible solution besides improving the learning of the decision bound-
aries is to further reduce the assumptions made about the data by the generative
models. While they do not assume that the ED can be used to measure simi-
larity between samples, the GAN and DDPM do assume that the data lies on a
low-dimensional Euclidean manifold. If this assumption is not fulfilled, GAN and
DDPM are not able to completely learn to avoid intersections. Most efforts in this
area focus on improving diffusion models so that they can map to more complex
manifolds, thus increasing the range of functions they can represent [223–225].

4.5 Conclusion on kirigami metamaterials

The design space limitations imposed on kirigami metamaterials by avoiding inter-
secting cuts have a profound impact on both property prediction and generative
modeling via neural networks. For property prediction, these design restrictions
result in a more complex function relating the unit cell to its resulting properties,
which makes approximation with a neural network more challenging. While this
might be offset by increasing the amount of training data, the additional simula-
tions required to obtain the properties for this data tend to be computationally
expensive and should be avoided. An alternative approach is to first learn a
mapping to a better representation of the designs in a latent space, and then learn
to predict properties for those representations before moving on to conditional
generation.

However, the design restrictions also impact the generative models that are can-
didates for learning them. The main factor is that the restrictions can make
the classical Euclidean distance (ED) inapplicable as a metric for assessing the
similarity between unit cells. This especially impacts the VAE and WGAN, which
rely on this similarity measure for effective generation. This makes these models
less suited for learning complex design restrictions that lead to a scattered design
space, but at the same time improves stability and lowers computational costs
when parameters are independent. on the contrary, the GAN and DDPM-who
do not rely on the ED- show better capabilities to learn the design restrictions,
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but at the cost of less stability (GAN) or greater computation time (DDPM).
Still, even these models fail to fully capture the restrictions, suggesting there are
additional factors influencing how they learn them.

These challenges in learning design restrictions have an impact on studies that
use machine learning for mechanical metamaterials. While in image generation
generative models are often used to derive design constraints from training data,
mechanical metamaterials are frequently elaborately constructed to yield ”nice”
parameterizations, where the parameters are continuous and independent.
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Heterogeneous metamaterials

.

5.1 Background

5.1.1 Literature Review

While traditional mechanical metamaterials are typically constructed from a single
unit cell repeated periodically in two or three dimensions, there has recently been
a shift towards the development of heterogeneous metamaterials, which combine
different unit cell geometries within a single structure [45]. The variation in unit
cells introduces a certain level of disorder into the metamaterial, similar to what
is observed in structured materials found in nature [226, 227]. This disorder can
enhance mechanical performance compared to fully periodic systems [228].

Naturally, introducing disorder is not the only way to incorporate multiple unit
cells within a single structure. Heterogeneous metamaterials with enhanced prop-
erties have also been built by mirroring ordered structures, such as architected
composites [229] or the microstructures found in natural crystals [230]. Both
disordered and ordered heterogeneous metamaterials have been shown to lead
to notable improvements in various mechanical properties, including fracture
toughness [231], plastic energy absorption [232], stress distribution [233], damage
tolerance [230, 234], and the ability to control the shape a material takes under
load [37].

However, the most common approach to combining multiple unit cells is through
functionally graded metamaterials (FGMMs). Functional grading refers to a
smooth spatial transition of material properties [235]. Initially developed inde-
pendently of metamaterials, with a focus on composition at the microstructural
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level [236, 237], the concept of functional grading has since expanded to porous
structures [238] and metamaterials [239]. Among other applications, FGMMs
have been used to control thermal conductivity [240], reduce fatigue fractures
[241], and improve energy absorption [242].

While heterogeneous metamaterials have been shown to exhibit a wide range
of useful mechanical properties, their design can be challenging, as it requires a
detailed understanding of how unit cell geometries influence the resulting material
behavior. For this reason, machine learning has become increasingly common in
the design process. Its most typical application is to identify unit cells that match
a desired distribution of local properties. To achieve this, machine learning models
are used to establish a continuous relationship between geometrical parameters
and local material properties [103, 163, 243]. However, it is also possible to use
machine learning to determine the local property distribution itself in order to
achieve a specific global behavior [45]. For example, Jia et al. [233] combined ma-
chine learning with topology optimization to design a heterogeneous metamaterial
that modulates stress distribution in critical regions of bones.

5.1.2 Motivation

One of the advantages of heterogeneous metamaterials that has recently gained
attention is their ability to be designed for specific deformations under load [244].
This shape-morphing behavior has proven useful in deployable structures [245],
robotics [4, 246], and biomedical applications [247]. However, these shape changes
depend on both the individual unit cells and their spatial arrangement within the
heterogeneous metamaterial, which can make their design challenging. Designing
such materials can be framed as the inverse problem to the forward problem of
predicting the shape resulting from a given arrangement of unit cells. While this
problem can, in some cases, be solved analytically if the geometrical parameters
are chosen accordingly [37], it generally requires more elaborate methods. A
common approach is to minimize the difference between the target and exhibited
properties [36, 45], often through topology optimization [244]. Nevertheless, this
process is typically computationally expensive, which is why machine learning is
often used to assist—either by learning the relationship between geometry and
local properties [103, 163, 243], or by serving as a surrogate model for shape
prediction, enabling efficient gradient computation during topology optimization
[233]. Here, however, building on recent successes in training inverse models
for mechanical metamaterials [104, 172], we investigate how a Tandem Neural
Network (TNN) can be used to directly solve the inverse problem.
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Figure 5.1: A flat, quasi-one-dimensional shape-morphing sheet composed of 40×9
curved-beam unit cells of fixed size.

5.2 The heterogeneous metamaterial

The investigated heterogeneous metamaterial is a 2D structure composed of differ-
ent unit cells belonging to the class of curved-beam metamaterials introduced in
Chapter 3. These unit cells are based on hexagonal re-entrant structures, where
the straight, angled horizontal beams have been replaced by curved ones (see
Figure 3.3). To ensure that these unit cells can be combined seamlessly into a
larger structure, their dimensions were fixed at 2 × 1.5 × 0.1 cm, meaning the
properties of the re-entrant unit cells are controlled solely by the curvature added
to the vertical beams, while their angles remain fixed.

To form the heterogeneous metamaterial, a 40 × 9 array of these unit cells was
assembled into a flat, shape-morphing sheet (see Figure 5.1), similar to the one
presented by Zhang and Krushynska [37]. For simplicity, the unit cells in this
sheet are arranged in a quasi-one-dimensional manner, meaning their parameters
vary only along the longitudinal direction, while remaining uniform along the
vertical axis. The deformation responsible for shape morphing is applied as a
fixed displacement along the longitudinal direction.

5.2.1 Shape Prediction

Accurately predicting the morphing of the metamaterial sheets is no simple task,
as the boundaries of each layer of unit cells are connected to other layers, and the
way these connections are made plays a role. Furthermore, under a displacement-
controlled load, the axial deformation of each unit cell depends not only on its
own stiffness but also on the stiffness of all other unit cells in the sheet. This
means that the deformation of a unit cell is influenced not only by its neighbors
but also by the entire arrangement.
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Taking this into account, the best way to compute the overall behavior is through
Finite Element Analysis (FEA) using the actual unit cells. However, since this
is computationally expensive—and the goal here is to demonstrate how machine
learning can be used for the design of these quasi-one-dimensional shape-morphing
sheets—a simpler approach was used. Instead of using FEA on the full geometry
of the sheet to predict the resulting shape, FEA was used only to compute the
effective mechanical properties of each unit cell. These properties were then used
in a simplified mechanical model to compute the overall shape. This computation
was divided into two steps: first, the Young’s moduli of the unit cells were used
to compute the axial strain; then, the Poisson’s ratio was applied to determine
the transverse deformation.

For this, the shape-morphing sheet was modeled as a composite material. Since
the heterogeneous metamaterial is quasi-one-dimensional in nature, this composite
model consists of N = 40 stacked layers l(i) that are perpendicular to the loading
direction. This allows for the assumption of constant stress between them, σ(i) =

σ(j) ∀ i, j ∈ {1, . . . , N}, which is also equal to the total stress σtot. Given this,
the axial strains of the individual layers ε(i) can be determined using the total
axial strain εtot and the individual stiffness values E(i) through the Reuss model
[248]:

ε(i) =
εtot∑N
j=0

E(i)

E(j)

(5.1)

If it is assumed that each layer deforms independently, then the individual trans-
verse strains ε

(i)
trans can be simply calculated using the Poisson’s ratios ν(i) of the

layers. However, unfortunately the transverse strains are not independent here,
as the layers are fixed to each other at the connections between the unit cells. To
account for this interaction, homogenization was used to compute the mesoscopic
strain εmes. Yvonnet and Bonnet [249] demonstrated that this can be achieved by
applying a Gaussian filter to the individual strains via convolution:

εmes(x) = γ(x) ∗ εtrans(x) (5.2)

γ(x) =
1√
2πσ

e
−x2

2σ2 (5.3)

εtrans(x) =
∑
i

ε
(i)
trans1x∈li (5.4)

This approach requires an empirical selection of the parameter σ, which in this
case was set to σ = 8.
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Figure 5.2: The TNN network system used to generate, the quasi-one-dimensional
shape morphing sheets. FS is a pretrained prediction network, while
GS generates a sequence of unit cells based on the target shape it
has received. For spatial efficiency, the shape-morphing sheets are
displayed rotated 90◦.

5.3 Shape Matching

Solving the inverse problem of finding a quasi-one-dimensional sequence of unit
cells that results in specific shape-morphing behavior requires a good understand-
ing of how the choices of the individual unit cells influence the overall resulting
shape of the sheet. As with the shape prediction (see Section 5.2.1), the con-
nections between neighboring unit cells cause dependencies between their defor-
mations, meaning that to achieve a desired shape, it is necessary to design the
sequence of unit cells as a whole. To solve this complex inverse problem, a TNN
was chosen (see Section 3.3.1).

5.3.1 Network architectures

The TNN, shown in Figure 5.2, consists of a forward neural network, FS, which
predicts the deformation of the sheet, and a generative network, GS, which gen-
erates a sequence of unit cells that produces a target deformation. Since only a
single solution is required, no guide was used. Training this TNN requires pairs
(x(i),y(i)), where x(i) is a sequence of unit cells and y(i) is the corresponding result-
ing shape. Obtaining the shapes for a set of unit cell sequences is straightforward,
as discussed in Section 5.2.1. What is more challenging is determining which unit
cell sequences to include in the training dataset. A standard approach would be to
uniformly sample the geometric parameters of each unit cell in the sequence. How-
ever, this leads to an unbalanced distribution of shapes in the dataset. As shown
in Figure 5.3, when uniformly sampling the geometric parameters of the unit
cells, the resulting property distribution not only shows a dependency between
Poisson’s ratio and Young’s modulus, but also that some property combinations
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Figure 5.3: Distribution of Poisson’s ratios and Young’s moduli when sampling
the geometric parameters of the unit cells from a uniform random
distribution. The color indicates the length of the resulting curve .

are much more likely than others.

This effect is multiplied when randomly selecting 40 unit cells and combining them
into a sequence. Since the resulting shape is mainly determined by the mechanical
properties of the unit cells, this approach excludes a wide range of possible
shapes from the training data—leading to a difference in maximum deformation
by a factor of four compared to uniformly sampling in property space. As a
result, the generative model is limited to producing only shapes from this reduced
distribution. To sample directly from the property space, it is necessary to convert
between sequences of unit cells and their associated properties. Fortunately, this
can be done using a neural network (see Chapter 3) that processes each unit cell
individually. While this switch between geometric parameters and mechanical
properties could be done using an inverse model, it is actually simpler to integrate
a forward model directly into the TNN architecture.

The forward model

The forward model FS of the TNN, which takes a sequence of unit cell geometries
as input and predicts the corresponding shape morphing, was built by combining
two separate models (see Figure 5.4). First, the model F , which predicts the
mechanical properties of an individual unit cell, is used to transform the sequence
of geometric parameters—serving as the input to FS—into a sequence of mechan-
ical properties. This sequence then serves as the input to the second model, FE

which predicts the shape morphing from it. This has the advantage that F can be
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Figure 5.4: The forward model FS used to predict the resulting shape under de-
formation for a sequence of unit cells. This model consists of two
separately trained networks: F , which transforms the sequence of
geometries into a sequence of material properties, and FE, which pre-
dicts the resulting shape from the sequence of mechanical properties.

trained using FEA data for individual unit cells, while FE can be trained directly
with data from the property space. A question that may arise here is why go
through the geometric design space at all and not stick to the property space. The
reason is that this is a simple way to limit the generated property sequences to
realizable structures, rather than having to learn these restrictions separately.

For F , a network architecture nearly identical to that in Chapter 3 was used (see
Figure 3.4). The only modification was the inclusion of the Young’s modulus as
an additional output. The network consists of four fully connected layers with
a width of 50, 50, 30, and 2, respectively. It receives an five-dimensional vector
corresponding to the parameters of the Bézier curve defining the unit cell (see
Section 3.2.1), while it has two outputs, one corresponding to the Poisson’s ratio,
the other to the Young’s modulus. Each of the three hidden layers was followed
by a layer normalization layer [197] for regularization and reduced training time,
as well as a ReLU activation function.

For FE, the architecture shown in Figure 5.5 was chosen. Since the input consists
of a sequence of properties, where the local deformation primarily depends on
each unit cell and its neighbors, a 1D Convolutional Neural Network (1D-CNN)
was used. The network consists of four 1D convolutional layers with 64, 64, 32,
and 8 filters, respectively, followed by two fully connected layers with a width of
256 and 41. The network receives a sequence of 40 unit cells, represented by their
Poisson’s ratio and Young’s modulus, and outputs the transverse displacement of
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Figure 5.5: The architecture of the forward model FE, which predicts the shape
for a sequence of mechanical properties. The different layers are
color-coded: red indicates the input sequence of Poisson’s ratios and
Young’s moduli, black represents the output vector containing the y-
coordinates of the deformed shape, and blue corresponds to the hidden
layers. The network combines fully connected (FC) and convolutional
(Conv) layers with layer normalization (LN) and LeakyReLU (LU)
activation functions.

the sheet at 41 positions. Each convolutional layer uses a kernel of size 5 and is
followed by a LeakyReLU activation function. The hidden fully connected layer is
followed by a layer normalization layer [197], as well as a LeakyReLU activation
function.

To combine these two models into FS, a split layer is first applied to decompose
the input sequence into individual unit cells. These unit cells are then processed
in parallel by F and recombined into a sequence using a concatenation layer,
before the resulting sequence of properties is fed into FE.

The inverse model

The inverse model GS of the TNN, shown in Figure 5.6, receives a target shape
as input and outputs a corresponding sequence of unit cells. The target shape is
first processed by a fully connected layer with a width of 40, whose output is then
converted into a sequence of features. This combined feature sequence is then
fed into a block of five 1D convolutional layers with 16, 32, 32, 64, and 4 filters,
respectively. The last of these has four outputs, as the fifth geometric parameter
is constant for the unit cells with fixed sizes. Therefore, the final convolutional
layer is followed by a concatenation layer, which adds this parameter to the
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Figure 5.6: The architecture of the inverse model GS, which predicts the shape
for a sequence of mechanical properties. The different layers are color-
coded: black indicates the input vector containing the y-coordinates
of the deformed shape, red represents the output sequence of unit cell
parameters, and blue corresponds to the hidden layers. The network
combines fully connected (FC) and convolutional (Conv) layers with
layer normalization (LN) and LeakyReLU (LU) and Sigmoid (Sig)
activation functions.

others. Each convolutional layer uses a kernel of size 5, with same padding.
Regarding activation functions, the first four convolutional layers as well as the
fully connected layer use LeakyReLU functions, while the last convolutional layer
employs a sigmoid activation function. Furthermore, layer normalization [197]
was used in the fully connected layer for regularization.

5.3.2 Training process

As per the TNN architecture, first FS was trained to predict the resulting de-
formation for a given quasi-one-dimensional shape morphing sheet. However, in
this case, that meant training its two constituent networks, F and FE, indepen-
dently.

F was trained on a dataset consisting of pairs of vectors (x(i),y(i)), where x(i)

represents the unit cell parameters and y(i) corresponds to the Poisson’s ratio
and Young’s modulus. This dataset is very similar to the one used in Chapter
3 for fixed-dimension unit cells, but with more structures and the addition of
labels for the Young’s modulus of the metamaterials. Like those for the Poisson’s
ratio, these labels were obtained through simulations using the finite element
(FE) software package COMSOL 5.4a. For these simulations, periodic boundary
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conditions were assumed. The dataset comprised 50, 000 data points, with 90%
used as training data and the remaining 10% as the test set. Both the parameters
of the unit cells and the mechanical properties were normalized to the interval
[0, 1]. Adam [94] was chosen as the optimizer, with training performed for 1,500
epochs using a learning rate of 1e-4, a batch size of 32, and the MSE as the loss
function.

FE was trained on 80, 000 pairs consisting of vectors (x(i), y(i)), where x(i) rep-
resents the unit cell sequences and y(i) corresponds to the resulting shape at 41
points along the curve. Out of these 80, 000 pairs, 90% were used as training data,
with the remaining 10% serving as the validation set. All parameters of both the
input and output were normalized to the interval [0, 1]. Adam [94] was chosen as
the optimizer, with training performed for 1,500 epochs using a learning rate of
1e-4, a batch size of 32, and the MSE as the loss function.

The resulting shapes from this dataset were also used to train GS with the help of
FS. For this, GS was provided with target shapes, which were then compared to
the predictions made by FS for the corresponding unit cell sequences generated
by GS. As before, Adam [94] was used as the optimizer, with training performed
for 3, 000 epochs using a learning rate of 1e-4, a batch size of 32, and the MSE
as the loss function.

5.3.3 Results

Since the components F and FM of the forward model FS were trained inde-
pendently, it is important to evaluate both their individual performance as well
as their performance in combination. For F , the comparison between the Pois-
son’s ratios (νs) predicted through simulation for given unit cells and the pre-
dicted values (νn) is shown in Figure 5.7a, while Figure 5.7b shows the same
comparison for the Young’s moduli. It can be observed that for both proper-
ties, the predictions made by F are very close to those computed by simulation
(R2 = 0.99996 and R2 = 0.99986), with the fit nearly aligning with the 45◦ line,
which would indicate an ideal match. Furthermore, these predictions generalize
well to the test set (R2 = 0.99995 and R2 = 0.99985).

The results for FE are shown in Figure 5.8a. It shows the comparison between
the components of the resulting shapes (ci, with i ∈ {1, . . . , 41}) and the cor-
responding predictions (ĉi) made by FE for both the training and testing data.
Since there are 41 components, the predictions for all of them were combined into
a single graph for convenience. It can be observed that there is good agreement
between the labels and predictions (R2 = 0.99564), which also generalizes well to
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(a) (b)

Figure 5.7: Comparison between Poisson’s ratios (νs) obtained by simulation and
the corresponding predictions made by F (νn) (a), between Young’s
moduli (Es) obtained by simulation and the corresponding predictions
made by F (En) (b).

the test data (R2 = 0.99506). In a similar manner, Figure 5.8b shows the results
for FS on a dataset where the unit cells of the shape morphing sheet were selected
by sampling the geometric parameters from a uniform distribution, instead of
sampling the properties. This leads to a very different distribution than the one
used to train FE. Despite this, a good fit was achieved by the combined model
FS for this data (R2 = 0.95301). The same data was also used to evaluate GS.
Figure 5.8c shows the comparison between the components of the target shape
(ti) and the shapes resulting from the corresponding generated sheets (ci). It can
be observed that there is a good agreement between them (R2 = 0.965).

Furthermore, to validate the entire system, shape morphing was computed via
simulation in COMSOL 6.2 for four generated sheets and compared to both the
target shapes and the predictions made by FS (see Figure 5.9a–d). Of the four
target shapes, two—a sine curve and a linear slope—were selected based solely on
their geometric form, while the other two were chosen based on their associated
distributions of mechanical properties. These correspond to shapes resulting
from five discrete sections of material properties and from a randomly assigned
property distribution, respectively. All four cases show good agreement between
the simulation results and the target shapes, although a closer examination reveals
that the fit near the boundaries is less accurate, with values tending to be too
small on the left edge and partially too large on the right.
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(a) (b)

(c)

Figure 5.8: Comparison between the components of the shape vector (ci) and
the predictions (ĉi) made by FE for the corresponding sequence of
properties or training and validation data (a), between the compo-
nents of the shape vector (ci) and the corresponding predictions (c̃i)
made by FS for the sequence of unit cells (b) and between the target
components of the shape vector (ti) and the computed deformation
(ci) for the corresponding sequence of unit cells generated by GS (c).



Chapter 5 Heterogeneous metamaterials 107

(a) (b)

(c) (d)

Figure 5.9: Results of the shape morphing for four shape-morphing sheets with the
following target shapes: a sine curve (a), a linear slope (b), a shape
resulting from five discrete sections of material properties (c), and
a shape resulting from randomly assigned material parameters (d).
The black unit cells represent the results computed via simulations in
COMSOL 6.2, while the blue line indicates the target shape and the
orange line represents the prediction made by FS. The prediction was
intentionally shifted by one to avoid overlapping with the other lines.

5.4 Conclusion

By combining different unit cells of curved-beam metamaterials, it is possible
to create quasi-one-dimensional shape-morphing sheets. These sheets can be
designed to match target deformations using a TNN approach, achieving high
accuracy (R2 = 0.965). However, training such a network is not without challenges.
A uniform distribution of unit cells in the design space does not necessarily
result in a uniform distribution in the property space. While this is generally
not problematic, it poses difficulties for data-driven approaches when combining
multiple unit cells into a heterogeneous metamaterial. In such cases, combinations
involving rare unit cells with extreme properties become increasingly unlikely,
leading to training data dominated by examples with average overall properties.
Here, the issue was addressed by introducing a second neural network to map
between the design and property spaces for individual unit cells. This enabled
sampling directly in the property space, allowing for the inclusion of more extreme
deformations in the dataset.
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Conclusion

The design of mechanical metamaterials poses a fundamentally challenging in-
verse problem: how to derive complex internal architectures that produce desired
mechanical properties. Traditional computational approaches, such as topology
optimization, have achieved great success in solving this problem at the scale
of individual unit cells. However, when the design involves multiple unit cells,
these methods often struggle with scalability and computational cost—making
data-driven, model-based approaches more attractive.

This thesis investigated how generative machine learning models—particularly
those that have shown success in image generation—can be applied to solve this
inverse problem for mechanical metamaterials, with a focus on how the choice of
representation and the presence of design restrictions influence the performance
of these generative models.

6.1 Summary

To begin, this thesis first reviewed different types of metamaterials, as well as
generative and inverse machine learning models, and their existing applications in
the design of mechanical metamaterials. It also discussed how generative models
can be used to solve inverse problems. The investigated approaches can be divided
into two categories: first, the Tandem Neural Network (TNN), a model designed
for inverse problems but limited in its ability to provide multiple solutions for the
same target properties; and second, generative machine learning models, which
are primarily designed to generate data that satisfy design constraints and require
careful conditioning on the target properties to solve inverse problems.

To explore how these models can be used for the design of metamaterials, Chap-
ter 3 focused on their application for the design of a curved-beam metamaterial
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based on a single unit cell. By replacing some of the straight beams in the unit
cells with curved ones, the Poisson’s ratio of the metamaterial could be modified.
To parameterize the curves, B-splines were used, enabling the design space to be
represented as a compact interval. It was then shown how to apply a TNN, VAE,
and GAN to generate unit cells with target properties for a metamaterial defined
by such a design space. All three approaches showed good performance; however,
each involves a trade-off between the diversity of the generated samples and the
accuracy with which the target properties are matched.

The representation chosen for the curved-beam metamaterial had the advantage
that no dependencies between the design parameters existed, and therefore no
complex design restrictions had to be learned by the generative models. To inves-
tigate the effect such constraints have on generative models, Chapter 4 explored
the design of a kirigami metamaterial, where design constraints—specifically, the
prohibition of intersecting cuts—introduced complex limitations on the design
space and caused dependencies among the different design features. This not
only made training the forward model difficult, but also impacted the generative
models, which are expected to learn design restrictions. As these models are
designed for images, they make assumptions about the design space that are
generally appropriate for image data but not for metamaterials. For the VAE
and WGAN, this assumption is that Euclidean distance can be used to measure
similarity between samples. While this leads to greater stability during image
generation [121], it prevented the generative models from effectively learning the
constraints of the kirigami material. The GAN and diffusion models, which do not
rely on this assumption, performed better—yet even they did not fully capture
the design restrictions.

Finally, after evaluating how these models can be applied to metamaterials based
on a single unit cell, Chapter 5 turned to their application in the design of hetero-
geneous metamaterials and the challenges that come with combining multiple unit
cells. For this purpose, a shape-morphing heterogeneous metamaterial composed
of spatially varying unit cells was investigated. Once again, cells from the curved-
beam metamaterial were used, allowing a TNN to be employed as the inverse
model. Combining multiple unit cells introduced a new challenge: uniformly sam-
pling unit cells in the design space resulted in a non-uniform distribution in the
property space. While this is generally acceptable when designing a single unit
cell, combinations involving multiple rare unit cells become even less likely. This
is often the case for unit cells with extreme properties that lie on the edge of the
property space, effectively excluding large deformations of the shape-morphing
metamaterial from the training data. This challenge was addressed by splitting
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the forward model of the TNN into two parts: first, a model that predicts shape
deformation based on the properties of the unit cells used in the metamaterial;
and second, a model that predicts these properties from the geometric parameters.
This separation made it possible to train the model using a uniform property
distribution, including extreme cases in the training data, thereby enabling the
training of a generative model capable of controlling shape deformation.

6.2 Limitations and Outlook

The central objective of this thesis was to investigate the use of generative machine
learning models for the design of various classes of mechanical metamaterials. A
key finding was that the parameterization of the metamaterial has a significant
influence on how well these models can be applied to its design. In Chapter 4, it
was observed that generative models struggle when design constraints introduce
complex dependencies between parameters. Since most generative models have
been originally developed for image data, they often rely on assumptions—such
as the use of Euclidean distance to quantify similarity—that do not necessarily
hold for the representations of metamaterials. As a result, these models may
fail to learn valid design spaces and can generate geometries that violate design
constraints, even when not conditioned on specific target properties.

This limitation can be addressed in two ways: through careful selection of pa-
rameterizations or through more advanced machine learning models. Regarding
parameterization, B-splines—used in Chapter 3 and Chapter 5—proved to be
especially effective. Not only do they work well with generative models, but
they also open the door to further integration with simulation techniques, such
as Isogeometric Analysis (IGA), which could improve the accuracy of property
predictions [195]. On the model side, advances such as the Diffusion Probabilistic
Field [225], which are specifically designed for complex and structured design
spaces in 3D model generation, may also offer the capability to learn the design
constraints on metamaterial design spaces. Furthermore, the choice of parame-
terization also affects how the design space is sampled—ultimately shaping the
training dataset. This, in turn, influences critical factors such as the distribution
of mechanical properties across the dataset, which can have a strong impact on the
training performance and generalization ability of the models. As demonstrated
in Chapter 5, it is essential to consider which distributions—in geometry space or
property space—should be achieved, and to sample the training data accordingly.
This is especially important for the design of heterogeneous metamaterials, where
the combination of multiple unit cells amplifies these effects.
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Overall, while generative machine learning models have proven useful for the
design of mechanical metamaterials—both for those based on a single unit cell
and for heterogeneous ones—their application requires the selection of intelligent
parameterizations and careful consideration of the training data.
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Appendix A

A.1 Graphs

A directed graph G is a tuple G = (V,A), where V is a set of nodes and A ⊆ V ×V
is a set of directed edges—connections between two nodes that are represented
as ordered pairs. If (u, v) ∈ A, then node u is called the parent of node v, and v

is the child of u. A directed graph is called a Directed Acyclic Graph (DAG) if it
contains no directed cycles—that is, there is no non-empty sequence of directed
edges (v(1), v(2)), (v(2), v(3)), . . . , (v(k−1), v(k)) such that v(1) = v(k).

A.2 Network Architectures (Chapter 4)

The tables below show the neural network architectures used in Chapter 4.

VAE Encoder
Layer Kernel Strides Features BN Activation Padding Previous

Input I1 6× 6 - - 1 - - - -
Convolution C1 3× 3 1× 1 8 Yes LeakyReLU circular I1
Convolution C2 5× 5 2× 2 16 Yes LeakyReLU circular C1
Convolution C3 3× 3 1× 1 32 Yes LeakyReLU circular C2
Convolution C4 5× 5 2× 2 64 Yes LeakyReLU circular C3

Flatten F1 - - 256 No - - C4
Linear L1 - - 64 No - - F1
Linear L2 - - 64 No - - F1

Optimizer Adam lr=1e-4
Batch size 32
Epochs 3000
LeakyReLU slope 0.2

Table A.1: Dimensions and training hyperparameters of the Encoder of the VAE



D Appendix A

VAE Decoder + GAN Generator + WGAN Generator
Layer Kernel Strides Features BN Activation Padding Previous

Input I1 - - 64 - - - -
Linear L1 - - 256 No ReLU - I1

Reshape R1 2× 2 - - 64 - - - L1
Transposed Conv T1 3× 3 1× 1 32 No ReLU zeros R1

Convolution C1 3× 3 1× 1 32 Yes ReLU circular T1
Transposed ConvT2 3× 3 1× 1 32 No ReLU zeros C1

Convolution C2 3× 3 1× 1 1 No Tanh /
None (WGAN) circular T2

Optimizer Adam lr=1e-4
Batch size 32
Epochs 3000

Table A.2: Dimensions and training hyperparameters of the generative parts of
the VAE, GAN and WGAN

DDPM
Layer Kernel Strides Features BN Activation Padding Previous

Input I1 6× 6 - - 1 - - - -
Convolution C1 3× 3 1× 1 256 Yes GELU circular (1) I1
Convolution C2 3× 3 1× 1 256 Yes GELU circular (1) C1
Convolution C3 3× 3 1× 1 256 Yes GELU circular (2) C2
Convolution C4 3× 3 1× 1 256 Yes GELU circular (2) C3

MaxPool M1 2× 2 - 256 - - - C4
Convolution C5 3× 3 1× 1 256 Yes GELU circular (1) M1
Convolution C6 3× 3 1× 1 512 Yes GELU circular (1) C5

MaxPool M2 2× 2 - 512 - - - C6
AvgPool A1 2× 2 - 512 - GELU - M2

Transposed Conv T1 2× 2 2× 2 512 - - - A1
GroupNorm G1 8× 8 - 512 - ReLU - T1

Input I2 (t) - - 1 - - - -
Linear L1 - - 512 No GELU - I2
Linear L2 - - 512 No GELU - L1
Linear L3 - - 512 No GELU - I2
Linear L4 - - 512 No GELU - L3

Transposed Conv T2 2× 2 2× 2 256 No - - G1 + L2
Convolution C7 3× 3 1× 1 256 No GELU circular (1) T2 + C6
Convolution C8 3× 3 1× 1 256 No GELU circular (1) C7 + C6

MaxPool M3 2× 2 - 256 - - - C8
Transposed Conv T3 3× 3 1× 1 256 No - - M3 + L4

Convolution C9 3× 3 1× 1 256 No GELU None T3 + C4
Convolution C10 3× 3 1× 1 256 No GELU None C9

MaxPool M4 2× 2 - 256 - - - C10
Convolution C11 3× 3 1× 1 256 No LeakyReLU circular (1) M4 + C1
GroupNorm G2 8× 8 - 256 - ReLU - C11
Convolution C12 3× 3 1× 1 1 No LeakyReLU circular (1) G2
Optimizer Adam lr=1e-4
Batch size 32
Epochs 3000
Number of time steps 400
Noise schedule β1 = 1e− 4, β2 = 0.02

Table A.3: Dimensions and training hyperparameters of the DDPM
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GAN + WGAN Discriminator
Layer Kernel Strides Features BN Activation Padding Previous

Input I1 6× 6 - - 1 - - - -
Convolution C1 3× 3 1× 1 16 Yes LeakyReLU circular I1
Convolution C2 5× 5 2× 2 32 Yes LeakyReLU circular C1
Convolution C3 3× 3 1× 1 64 Yes LeakyReLU circular C2
Convolution C4 5× 5 2× 2 128 Yes LeakyReLU circular C3

Flatten F1 - - 512 No - - C4

Linear L1 - - 1 No Sigmoid /
None (WGAN) - F1

Optimizer Adam lr=1e-4
Batch size 32
Epochs 3000
LeakyReLU slope 0.2

Table A.4: Dimensions and training hyperparameters of the discriminators of
GAN and WGAN
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