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Abstract

The degree diameter problem is a quest to determine the largest graph in terms of vertices
satisfying given degree and diameter constraints. The largest possible graphs that can exist
and that are subject to degree and diameter constraints are called Moore graphs. Since
Moore graphs are rare, researchers are eager to build graphs closer to Moore graphs. This
paper discusses the possibility of constructing graphs closer to Moore graphs, keeping a
fixed order and minimizing the number of vertex pairs that break the diameter constraint,
and suggests a new general relative index that measures the closeness to optimality. Based
on the proposed index, it is highlighted that some of the graphs constructed in this work
are closer to Moore graphs than the existing best results in the degree diameter problem.
Furthermore, a fitness landscape analysis is conducted to identify the nature and the diffi-
culty of the problem. This new method can be considered a new approach to constructing
graphs closer to Moore graphs.
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1. Introduction
The degree diameter problem is a quest to determine the largest graph subject to given

degree and diameter constraints [1]. The degree diameter problem intends to construct the
largest graph in terms of vertices without exceeding diameter k and degree d. The largest
number of vertices that can be acquired by a graph with degree d and diameter k is called
a Moore bound. Graphs that acquire the Moore bound are called Moore graphs [2]. The
Moore bound for degree d and diameter k is derived from adding the vertices of k layers of
a d regular expansion tree [1]. Thus, the number of vertices M(d, k) of a Moore graph with
degree d and diameter k is provided by the following:

M(d, k) = 1 + d + d(d − 1) + · · ·+ d(d − 1)k−1

= 1 + d
k−1

∑
i=0

(d − 1)i

=

1 +
d (d − 1)k − d

d − 2
, if d > 2,

2k + 1, if d = 2.

(1)
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Moore graphs are rare. When the degree is 2 and the diameter is k, the Moore graphs
are cycles with 2k + 1 vertices. It has already been proven that Moore graphs do not exist
when both the degree and diameter are greater than 2. When the diameter is 2, Moore
graphs exist for degrees 2, 3, and 7, namely the Pentagon, Peterson, and Hoffman–Singleton
graphs. In [2], the authors suggest that a Moore graph may possibly exist for degree 57
and diameter 2, which is named the 57-regular Moore graph. However, the existence
of this graph is undetermined and it remains an open problem. It has been observed
that the 57-regular Moore graph cannot be vertex-transitive [3], in contrast to all existing
Moore graphs.

Motivated by their rarity, researchers are seeking to determine graphs whose order
is closer to the Moore bound. The gap between the number of vertices of a given graph
and that of the corresponding Moore graph is called a defect [4]. The optimum graphs
for different degrees and diameters are constructed using two approaches. The upper
bound can be reduced by proving the non-existence of graphs, and the lower bound can
be increased by constructing new graphs. Furthermore, the construction of graphs closer
to Moore graphs has been pursued by relaxing the degree and diameter conditions. For
instance, the construction of radial Moore graphs requires one to retain an order, degree,
and radius equal to those of a Moore graph while allowing the diameter to exceed its radius
by one [5]. The existence and the properties of radial Moore graphs have been studied
by several researchers [6,7]. The optimum graphs are constructed using various methods,
including algebraic and algorithmic methods [8,9].

In addition to the above, numerous related problems and subproblems, such as
the degree diameter problem for special graph classes, the degree diameter problem for
directed graphs, the degree diameter problem for mixed graphs [1,10], and the maximum
degree diameter bounded subgraph problem (MaxDDBS), have been examined in the
literature [11–13].

The order degree problem is a related problem in graph theory that can be thought
of as a complementary aspect of the degree diameter problem within the same theoretical
framework. It suggests determining the graph with the lowest diameter when the order
and degree of the graph are fixed. This problem is more applicable in practical scenarios
than the degree diameter problem since minimizing the average distance with a fixed order,
subject to budget constraints, is highly relevant in network design [14]. Optimizing the
network efficiency by reducing the average shortest path length (ASPL) while complying
with budget constraints and resource limitations is vital in real-world applications, such as
in communication networks and transportation systems [15]. The problem can be stated
as finding an undirected graph with the minimum diameter, with the number of vertices
equal to n and a degree less than or equal to d. If there is more than one graph with the
same diameter, a graph with the minimum ASPL is determined.

The concept of generalized Moore graphs was introduced in [16] as a candidate
solution for the order degree problem. However, generalized Moore graphs do not exist for
all degrees and diameters. The authors in [17] conducted further studies on generalized
Moore graphs, developed an algorithm to solve the problem, and provided some reasonable
solutions to the problem. The authors in [18] proposed a method to solve some instances of
the order degree problem with a new sampling method called Estimation of Distribution
Algorithms with Graph Kernels (EDA-GK). The ASPL of the generalized Moore graph can
be considered as a lower bound for the ASPL of a graph. A generalized Moore graph can
be defined as follows [17].

Definition 1. Let G be a k-regular graph with order n, and V(G) represents the set of all vertices
of the graph G. Suppose that Nl

G(v) represents the set of all vertices where the shortest path length
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from the vertex v ∈ V(G) is l. Then, a connected k-regular graph of order n is called a generalized
Moore graph if all vertices v ∈ V(G) satisfy the following condition:

Nl
G(v) =


k(k − 1)l−1, i f 1 ≤ l ≤ Q(k, n)

R(k, n), i f l = Q(k, n) + 1

0, i f Q(k, n) + 2 ≤ l ≤ n − 1

(2)

where, Q(k, n) ≜ max{q|n − 1 ∑
q
l=1 k(k − 1)l−1 ≥ 0} and R(k, n) ≜ n − 1 − ∑

Q(k,n)
l=1 k(k −

1)l−1.

Numerous methods and algorithms have been developed to solve cases related to the
order degree problem, such as the genetic algorithm, which is an optimization heuristic
inspired by natural selection [19]. The authors in [20] proposed a genetic algorithm-based
method to produce an approximate solution to the problem, while, in [15], the authors
suggested a heuristic method to solve the order degree problem, maximizing the number of
pentagons inside the graph. Furthermore, the researchers in [21] proposed three algorithms
in order to minimize the diameter of a graph by adding k new edges while satisfying the
degree constraint.

In network design, maximizing the number of vertices while minimizing the diameter
is crucial in improving performance while minimizing the cost [22]. Therefore, for a given
degree and diameter, designing a network as close to a Moore graph as possible possesses
significant theoretical value in this scenario. However, since Moore graphs are available
only for a few cases, approaching the Moore bound is impossible in most cases. When
constructing a graph satisfying degree and diameter constraints, all distances between all
pairs of vertices must not exceed the diameter value. However, the Moore bound can be
acquired if a few pairs of vertices are released from the diameter constraint. In this paper,
we suggest constructing graphs closer to Moore graphs, keeping the order equal to the
Moore bound, and minimizing the pairs of vertices that violate the diameter constraint.
Furthermore, a new relative index is introduced to measure how close a given graph is
to optimality.

The rest of the paper is organized as follows. In Section 2, the order degree problem
for the Moore bound is introduced with a new index to measure the closeness of a graph to
optimality. In Section 3, a heuristic algorithm based on simulated annealing is introduced,
and the results are presented. In Section 4, a fitness landscape analysis is conducted
to identify the problem difficulty. In Section 5, a Latin square-based problem-specific
algorithm is suggested, and the conclusions and future developments are described in
Section 6.

2. Order Degree Problem for Moore Bound
Let M(d, k) be the Moore bound for degree d and diameter k. Then, the order degree

problem for Moore bound M(d, k) is defined as follows.

Problem 1. Construct a graph minimizing the number of vertex pairs that exceed the shortest path
length k when the order is equal to M(d, k) and the maximum degree is d, such that the maximum
distance between any given vertices does not exceed k + 1.

This problem seeks to build graphs with an order equal to the Moore bound, minimiz-
ing the average shortest path length. With this definition, the problem essentially becomes
a study of radial Moore graphs minimizing the average shortest path length. Therefore,
the problem can be considered as an intersection of the order degree problem and the
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study of radial Moore graphs. The existence of radial Moore graphs with radius 2 and
3 has already been confirmed [7]. Furthermore, it is known that, for any given radius k,
there exists a positive integer ∆k such that radial Moore graphs with radius k exist for all
degrees ∆ ≥ ∆k [5]. This paper considers the order degree problem for the Moore bound
for M(d, 2).

The adjacency matrix A of a Moore graph with degree d and diameter 2 can be
described as a (d2 + 1)× (d2 + 1)-sized block matrix containing four sub-matrices [2]

A =

[
L D

DT P

]
(3)

where L and D are defined as follows.
Let L be a square matrix of size d + 1, where L = {lij} is defined as

lij =

1, if i = 1 or j = 1 and i ̸= j

0, otherwise
(4)

Let D be a (d + 1)× d(d − 1) matrix, where D = {d̂ij} for i ∈ {1, 2, . . . , (d + 1)} and
j ∈ {1, 2, . . . , d(d − 1)},

d̂ij =

1, if i > 1 and (i − 1)(d − 1)− (d − 2) ≤ j ≤ (i − 1)(d − 1)

0, otherwise
(5)

The sub-matrix P is a d(d − 1)× d(d − 1) block matrix, which consists of d2 permuta-
tion matrices, each of size (d− 1)× (d− 1). Permutation matrices are formed by permuting
the rows of an identity matrix [23]. All the diagonal blocks are zero, and all the blocks in
the first row (and column) of blocks (except the diagonal) are identity matrices. The Moore
graphs are obtained by arranging the other permutation matrices in an optimized way.
Figure 1 presents the adjacency matrix of the Peterson graph (a Moore graph with degree 3
and diameter 2) for a better understanding. The shaded area of the matrix represents the
block matrix P. However, since only a few Moore graphs exist, we consider graphs whose
order is equal to that of a Moore graph with diameter 2 and aim to minimize the number of
vertex pairs whose distance exceeds 2.

Figure 1. Adjacency matrix of Peterson graph.

Problem 2. Construct a graph minimizing the number of vertex pairs that exceed the shortest
path length 2 when the order is equal to M(d, 2) and the degree does not exceed d, such that the
maximum distance between any given vertices does not exceed 3.
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The aim of this problem is to construct graphs structurally similar to Moore graphs.
The defined problem can also be viewed as an approach to constructing radial Moore
graphs with radius 2. The existence problem of radial Moore graphs with radius 2 has
already been addressed, and all radial Moore graphs with degree 3 and radius 2 have
been constructed [6]. Moreover, some specific families of radial Moore graphs have been
studied in the literature [24,25]. However, while the construction of radial Moore graphs
aims to minimize the number of vertices with eccentricity 3, this problem focuses on
minimizing the average shortest path length of the graph and minimizing the number of
vertex pairs with a shortest path length greater than 2. Several quantitative measures can be
employed to quantify the similarity or the deviation between two graphs. These measures
are theoretically significant as they can be applied to provide insight into the structural
similarities and deviations between the graphs. For instance, the graph edit distance (GED),
applied in inexact graph matching, indicates the similarity between two graphs through the
number of edit operations required to transform one graph into another [26]. The spectral
distance of two graphs quantifies the structural similarity between two graphs in terms of
the norm of the difference between the spectra of the two graphs [27].

The indices include the Lanzhou index [28], which describes the connectivity of a
graph; the harmonic index [29], which calculates the sum of the harmonic means of the
degrees of pairs of adjacent vertices; the Wiener index [30], which provides the sum of the
shortest path distances between all pairs of vertices in a graph; and the Balaban index [31],
which is based on the distances between vertices and measures the cyclicity of a graph.
Ref. [32] provides insight into the topological structure of a graph.

Furthermore, these measures can be applied to depict the closeness or deviation
of a graph to or from optimality. For instance, defect or excess indicate the number of
vertices required to acquire the Moore bound for a given graph and can be considered
as a measure of deviation from optimality [4]. However, defining an index to quantify
the similarity or deviation between a provided graph and a hypothetical Moore graph
in terms of vertex pairs is significant, since the graphs are used to represent the pairwise
relationships between entities. For this purpose, a new index, namely the Moore Deviation
Index (MDI), is introduced. The MDI is defined as follows.

Definition 2. Let G be a graph with n number of vertices and maximum degree d; then, the
deviation index of graph G with respect to the Moore bound M(d, k) is given by

MDI(d,k) = 1 − ρ − µ

Cd,k
(6)

where Cd,k =
M(d,k) C2 is the number of vertex pairs of the hypothetical Moore graph with diameter

k and degree d. Furthermore, ρ is the total pairs of vertices (nC2) and

µ =
∞

∑
r=1

rµr

µr = |{(u, v) ∈ V × V|d(u, v) = k + r}|, for r > 0

where µr represents the number of vertex pairs in which the shortest path length exceeds the diameter
constraint by r. Conveniently, it can be observed that the MDI of a Moore graph is 0. As the number of
vertex pairs that violate the diameter constraint increases or the size of the graph decreases, the MDI
value deviates from zero. The index is sensitive to the vertex pairs that break the diameter constraint.
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In earlier studies, ranking measures to indicate the proximity of a radial Moore
graph to a hypothetical Moore graph have been applied, such as by Carles Capdevila
et al. [6]. When G is a radial Moore graph, the status s(v) of a vertex v ∈ V(G) can be
defined as s(v) = ∑u∈V d(u, v). The status vector S(G) is a vector that contains all
statuses of the vertices of the graph G. Then, the closeness measure Np(G) is defined as
Np(G) = ∥S(G) − Sd,k∥p for any integer p, where ∥.∥ denotes the p − norm of a vector
and Sd,k represents the status vector of the Moore graph with degree d and diameter k.
Furthermore, a similar method based on the girths of the vertices has also been employed
for the same purpose. However, the two ranking measures described above have only been
applied to indicate the proximity of radial Moore graphs to a hypothetical Moore graph. In
contrast, we apply the MDI to measure the closeness of the non-radial Moore graphs con-
structed in the degree diameter problem, in addition to radial Moore graphs. Furthermore,
the new measure offers an inclusive approach to comparing the graphs constructed in the
degree diameter problem and the order degree problem.

In the present study, several graphs are generated, keeping the order fixed to M(d, 2)
and minimizing the number of vertex pairs for which the shortest path length between
them is greater than 2.

3. Heuristic Algorithms to Construct Graphs Closer to Moore Graphs
Heuristic algorithms are used to determine solutions closer to optimality using prob-

abilistic approaches. In general, heuristic algorithms are applied when deterministic
algorithms fail to identify exact solutions. Heuristic algorithms do not guarantee the best
solution. However, they provide approximate or near-optimal solutions. Simulated an-
nealing is a heuristic algorithm that simulates the natural cooling process of a material [33].
Unlike greedy algorithms, such as hill climbing, simulated annealing searches not only in
the direction of improving the solution. This method increases the possibility of finding the
most efficient solution by escaping from local optima. The authors in [34,35] have applied
simulated annealing for the order degree problem, particularly for graphs with order and
degree (n, d) = (72, 4), (256, 5), (256, 10), making the graph topology symmetrical.

Simulated annealing starts with a random solution and a parameter called the tem-
perature. The temperature is gradually decreased using a predefined schedule. At each
iteration, a new solution is generated from a defined neighborhood. If the new solution
is better than the previous one, it is accepted. Otherwise, the solution is accepted with a
probability that decreases with the cooling process. Initially, this results in a high probability
of accepting an inferior solution, and, gradually, the algorithm starts behaving in a greedy
manner. The flow chart in Figure 2 depicts the simulated annealing process.

This problem can be viewed as a combinatorial optimization problem. The objective
function (energy in the simulated annealing algorithm) is the number of vertex pairs that
exceed the shortest path length 2. The neighborhood operator is selected, preserving
the symmetry of the adjacency matrix. The neighborhood operator follows three steps.
The neighborhood operator is somewhat similar to the operator applied in [36] to solve
Sudoku puzzles.

Step 1: Randomly select a permutation matrix Pij and the corresponding diagonal reflec-
tion matrix Pji inside the matrix P.

Step 2: Randomly select two rows of Pij and the corresponding two columns of the subma-
trix Pji.

Step 3: Swap the two selected rows (and columns).

The neighborhood operation ensures that the degree of the graph does not change.
Figure 3 describes the three-step neighborhood operation. It is observed that the new
adjacency matrix is generated with the new matrix P and then the new E value is calculated.
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The new E and the new adjacency matrix A are accepted if the new E value is less than the
existing one. Otherwise, it is accepted with the probability pr(∆E, T) = e

−∆E
T , where T is

the temperature and ∆E is the difference between the new energy and old energy.

Figure 2. Simulated annealing process.

Figure 3. Three steps of the neighborhood operation.

For a given degree d of the graph, the algorithm is initialized by setting the initial
temperature to 500d. The simulated annealing algorithm is executed 100d2 times, setting
all permutation submatrices of the matrix P in the adjacency matrix to the identity matrix.
The cooling rate α is 0.99. After the initial run, the solution is refined with a cyclic reheating
process. During each reheating phase, the algorithm runs for 600 iterations with the initial
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temperature 1000 and cooling rate 0.99. The reheating process is carried out ten times
recursively. A summary of the obtained results is presented in Table 1.

Table 1. Results generated by the proposed algorithm.

Order (n) Degree (d) Diameter (k) ASPL MDI

17 4 3 1.816176 0.06618
26 5 3 1.873846 0.07385
37 6 3 1.968468 0.13514
50 7 3 2.010612 0.16653
65 8 3 2.071154 0.19615
82 9 3 2.107498 0.21861
101 10 3 2.133069 0.23307
122 11 3 2.150657 0.24157

In addition to simulated annealing, algorithms such as stochastic tunneling [37] and
the noising method [38] have been applied to find a solution with the same neighborhood
operation for degree 7, yielding ASPL values of 2.025 and 2.029, respectively.

4. Fitness Landscape Analysis
Fitness landscape analysis can be applied to understand the difficulty levels and

structural properties of the solution spaces of combinatorial optimization problems [39].
The concept of fitness landscape analysis was proposed by Sewall Wright to study the
influence of genetic variations on the evolutionary success of organisms in theoretical
biology [40]. Subsequently, it was adapted to analyze the difficulty levels, structural
properties, and success of algorithms in various optimization problems. The landscape
of an optimization problem is defined in terms of three components, namely the solution
space, fitness function, and neighborhood structure. The solution space is the set of all
possible solutions under consideration, while the neighborhood structure determines the
connections between the solutions. A distance measure, such as the Hamming distance [39],
quantifies the difference between two solutions in the solution space. A fitness function
can be described as a mapping from the solution space to real numbers, which describes
the quality of the solution [41].

The landscape related to our problem can be defined as L = (X, f , d), where X is the
set of matrices under consideration, f (x) = E(x), x ∈ X, where E(x) is the energy function
of the matrix x. The distance measure d(A, B) is defined as the number of swaps required
to transform matrix A to B. It is evident that the distance satisfies the following conditions:

d(A, A) = 0, d(A, B) ≥ 0 and d(A, B) ≤ d(A, C) + d(C, B) for all A, B, C ∈ X.

Fitness landscape analysis techniques have been applied to study the nature of various
classical combinatorial optimization problems [42,43]. Several measures have been intro-
duced to examine the properties of the fitness landscape. For instance, autocorrelation and
the fitness distance correlation (FDC) provide insight into the ruggedness of the landscape
and the difficulty level of the problem [44].

Autocorrelation: Autocorrelation measures the similarity between neighboring solu-
tions. A higher correlation value is an indication of a smooth landscape, while a rugged
landscape shows a lower correlation [41,45]. A rugged landscape may result in trapping
the local search algorithm in local optima.
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ρ(l) =
1

(T − l) · σ2( f )

T−l

∑
t=1

( ft − f̄ )( ft+l − f̄ ) (7)

where
ρ(l) = autocorrelation at lag l;
T = total number of solutions;
l = lag (0 < l < T);
ft = fitness value of the tth solution;
f̄ = mean of the fitness values;
σ2( f ) = variance of the fitness values f .

The correlation length ξ of the landscape is defined as follows:

ξ =
−1

ln(|ρ(1)|) (8)

We calculate the autocorrelation values and correlation lengths of the fitness land-
scapes for degrees 4 to 16. The correlation lengths for degrees 4 to 16 are presented in
Tables 2 and 3.

Table 2. Correlation lengths for d = 4 to d = 10.

Degree d = 4 d = 5 d = 6 d = 7 d = 8 d = 9 d = 10

Correlation Length 1.324416 3.720679 7.802902 13.376536 21.293150 29.411606 44.182527

Table 3. Correlation lengths for d = 11 to d = 16.

Degree d = 11 d = 12 d = 13 d = 14 d = 15 d = 16

Correlation Length 59.935531 78.512440 107.868322 136.920301 172.608163 208.615316

The total number of rows of the permutation matrices that are crucial for the final

solution for degree d is given by m(d) = (d−1)2(d−2)
2 . The graph in Figure 4 presents the

relationship between m(d) and the correlation length for the corresponding degree. It
appears to be an approximate linear relationship.

Figure 4. m(d): The total number of rows of the permutation matrices that have a direct impact on
the final solution for degree d vs. the correlation length ξ for degree d.

Thus, ξd or the correlation length for degree d can be approximated as

ξd ≈ 0.1333 (d−1)2(d−2)
2 + 0.6739. This represents a significant sign of the predictability

of the landscape structure of the problem. This observation may provide insight for the
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design of a unified algorithm to solve the optimization problem and for the scale-free
characterization of the landscape structure.

Fitness Distance Correlation (FDC): The fitness distance correlation evaluates the
correlation between the fitness values and their distance from the global optimum. The
fitness distance correlation (FDC) can be expressed as the Pearson correlation coefficient
between the fitness values and their distances to the global optimum. Therefore, it always
lies between −1 and 1. In a minimization problem, a positive value of FDC indicates a
smooth landscape, while a negative value indicates a misleading landscape, while the
opposite is true for a maximization problem [44].

FDC =
cov( f , d)

σf σd
(9)

where
f : fitness value;
d: distances to the global optimum;
cov( f , d): covariance between fitness and distance;
σf , σd: standard deviations of fitness and distance, respectively.

We compute the FDC for degree 7 as the global optimum, currently known only for
degree 7, yielding FDC = 0.2886495570966903. This result suggests that the problem
contains a highly rugged landscape as the FDC is closer to zero. Since the fitness landscapes
for other degrees exhibit similar characteristics, the result is expected to be consistent across
the fitness landscapes of the other degrees.

Modality is another measure that is used to analyze the number of local optima in the
landscape. Since it is possible to form multiple adjacency matrices for isomorphic graphs,
it is evident that modality refers to a multi-modal landscape [46]. The selection of the
most suitable algorithm complying with a specific optimization problem is challenging,
since it requires studying various aspects of the problem [47]. The current results of this
problem obtained from simulated annealing represent only a marginal enhancement over
the results given by the greedy algorithm (the results given by the greedy algorithm are not
provided here, as presenting all the values in detail is not essential for this discussion). The
underlying cause of this slight improvement is the rugged nature of the fitness landscape.
However, a largely complete picture of the fitness landscape can be obtained for cases with
small degrees. The experimental results for small degrees suggest that global optimum
solutions are extremely rare in the solution space. Furthermore, the scarcity of high-quality
solutions grows as the degree increases, making the problem more challenging. Thus,
expanding the area of exploration or identifying a more problem-specific algorithm is vital
in acquiring better outcomes.

5. A Latin Square-Based Algorithm
In this section, the algorithm is developed further in a problem-specific manner by

amplifying the impact of the neighborhood operation. The major task of the problem is to
identify the most suitable arrangement of the permutation matrices inside the adjacency
matrix. As is known already, the optimum graph for degree 7 is produced by arranging
involution permutation matrices in a specific order [2]. Motivated by the above result, we
examine the results for other degrees by arranging the involution matrices in a predefined
pattern. Evidently, this generates a substantial improvement in the quality of the results.
The algorithm is developed by defining a mapping between the permutation blocks inside
the submatrix P and a new n × n square matrix ZP.
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Definition 3. Let P be the block matrix described in Equation (3). Then, the corresponding square
matrix ZP = {zij} is defined in terms of blocks inside P as follows.
Let Pij be the matrix in the ith row of blocks and jth column of blocks inside the matrix P. Then,
zij = 0 if Pij is a zero matrix;
zij = 1 if Pij is an identity matrix;
zij = k if Pij is a permutation matrix where 1 in the first row is in the kth column.

Observe that all the diagonal entries of ZP are zero, and the non-diagonal entries of
the first row and column are 1. All other entries are defined according to the corresponding
permutation matrices inside P. The key structure of interest is the matrix that remains
after deleting the first row and column of the matrix ZP. We refer to this matrix as ZP2

henceforth. The matrix ZP2 formed by the Hoffman–Singleton graph is a Latin square with
diagonal entries that are zero [48]. The initial step of our algorithm is creating the matrix
ZP2 and hence ZP. The corresponding matrix P is formed by arranging the involutions
following the relationship described in Section 2. Then, the simulated annealing method
is applied, following a new neighborhood operation. The new neighborhood operator
follows two steps. In the first step, it randomly picks a non-diagonal entry from the matrix
ZP2. Then, the corresponding permutation matrix in the matrix P is replaced by a new
involution matrix accordingly.

The algorithm begins with constructing the matrices ZP and ZP2. Our focus is to
construct ZP2 as a Latin square since the corresponding matrix of the Hoffman–Singleton
graph also forms the structure of a Latin square. The matrix ZP2 must be a symmetric
matrix where the entries of the main diagonal are zero. However, constructing a matrix
adhering to the above conditions is only possible when the degree of the graph is odd (i.e.,
the order of the matrix is even) [48]. Therefore, for even degrees, we focus on constructing
ZP2 to be structurally closer to a Latin square. The obtained results are fine-tuned by
swapping the rows as described in Section 3. Figure 5 presents the change in the energy
function of the graph with degree 7 over the first 500 iterations of the new algorithm.

Figure 5. Energy fluctuations in Latin square-based algorithm over first 500 iterations for the graph
with degree 7 .

The final results obtained with this new algorithm are presented in Table 4.
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Table 4. Graph statistics including ASPL, MDI, and excess vertex pairs for various orders and degrees.

Order Degree Diameter ASPL MDI Excess
Vertex Pairs

10 3 2 1.666667 0.000000 0
17 4 3 1.816176 0.066180 9
26 5 3 1.867692 0.067692 22
37 6 3 1.947447 0.114114 76
50 7 3 1.920000 0.062857 77
65 8 3 2.041346 0.166346 346
82 9 3 2.074375 0.185486 616
101 10 3 2.116040 0.216040 1091
122 11 3 2.132367 0.223276 1648
257 16 3 2.211515 0.274015 9014

The MDI values of some of the selected graphs from the table of the degree diameter
problem for general graphs are presented in Table 5 [9]. By comparing the MDI values of
the graphs presented in Table 4 with those in Table 5, it can be observed that the graphs can
be moved closer to optimality by releasing a few vertex pairs from the diameter constraint.
For instance, the graphs of degree 4, 5, 6, 11 and 16 in Table 4 are closer to Moore graphs
than those in Table 5. In general, since the graphs represent the pairwise relationships
between entities, assessing their closeness to optimality based on the number of vertex pairs,
rather than merely the number of vertices, may be beneficial in assessing the efficiency of
real-world networks.

Table 5. MDI values of the existing solution graphs of the degree diameter problem.

Order (n) Degree (d) Diameter (k) MDI

15 4 2 0.24167
24 5 2 0.15077
32 6 2 0.25530
50 7 2 0.00000
57 8 2 0.23270
74 9 2 0.18670
91 10 2 0.18920
104 11 2 0.27440
200 16 2 0.39510

6. Conclusions
The present study developed a method to search for a graph with the minimum

average shortest path length when the order is equal to the Moore bound. The required task
was tested with two heuristic algorithms based on simulated annealing, a well-established
heuristic method. Although the first algorithm produces the best solutions for small
degrees, the quality of the solutions is reduced for higher degrees due to the rugged nature
of the solution space. The second algorithm is more problem-specific with a comparatively
large neighborhood operator. This was applied to solve the order degree problem for (17, 4),
(26, 5), (37, 6), (65, 8), (82, 9), (101, 10), (122, 11) and (257, 16). Moreover, the constructed
graphs were compared with the existing best graphs in the degree diameter problem,
focusing on vertex pairs instead of the number of vertices of the graph. A new and simple
index was used for this comparison. It was highlighted that, although Moore graphs do not
exist for some degrees and diameters, it might be possible to construct graphs structurally
closer to a Moore graph by releasing a few vertices from the diameter constraint of the
degree diameter problem. Although this paper focuses only on the Moore bound of graphs
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with diameter 2, a similar method can be applied to find solutions for higher diameters
with slight changes in the objective functions.

The quality of the solutions produced in the degree diameter problem is measured
by focusing on the number of vertices of the graph, and, for the order degree problem,
the focus is on the diameter or average shortest path length. However, since a graph is
used to represent pairwise relationships, we introduce a new, simple index to measure the
closeness to optimality of a graph relative to the Moore bound, focusing on the number
of vertex pairs. This new index provides a pathway to compare the solutions obtained in
both the degree diameter problem and order degree problem using a common criterion. In
the future, this suggested method can be applied to build graphs closer to the 57-regular
Moore graph in different approaches. Further development of the proposed method may
possess practical value in network design, and it may provide theoretical insights for the
study of the existence of the missing Moore graphs, in addition to traditional approaches.
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