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Distinguishing quantum states with minimal sampling overhead is of fundamental importance to teach
quantum data to an algorithm. Recently, the quantum Wasserstein distance emerged from the theory of quantum
optimal transport as a promising tool in this context. Here, we show on general grounds that the quantum
Wasserstein distance between two ground states of a quantum critical system exhibits critical scaling. We
demonstrate this explicitly using known closed analytical expressions for the magnetic correlations in the
transverse field Ising model, to numerically extract the critical exponents for the distance close to the quantum
critical point, confirming our analytical derivation. Our results have implications for learning of ground states of
quantum critical phases of matter.
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I. INTRODUCTION

Given two different probability distributions, finding the
optimal mass transport between the two, that is, the most effi-
cient way of transforming one distribution to another, poses in
general a challenging mathematical problem [1] with recent
applications in signal processing, data science, and machine
learning [2–5]. In the quantum realm, the concept of opti-
mal mass transport between distributions is extended to any
two quantum states [6–8], with their corresponding density
matrices taking the role of probability distributions, whereby
a quantum distance between the two can be defined. When
defining such distance, it is often desired that, contrary to
more conventional measures like the fidelity or the relative
entropy [9,10], the considered metric is not unitarily invariant.

A prominent example of a quantum distance is the
quantum Wasserstein distance [11–19], which has gathered
considerable attention as an optimal transport map between
arbitrary quantum states. It defines a metric that is robust
against local perturbations, with the property of being non-
maximal between states having orthogonal supports. Such
distinguishability metrics are useful in reducing the number
of copies required for performing state estimation [15,20],
identifying optimal algorithms for learning quantum data
[21–28], describing optimal transport in nonequilibrium quan-
tum thermodynamics [29–32], improving variational quantum
algorithms [33,34], estimating bounds for quantum error
mitigation [35], and finding optimal tomography of unitary
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quantum circuits [36] and parametrized quantum states [37].
Despite many applications, fundamental properties of the
Wasserstein distance are not yet explored, leaving the door
open to develop connections between seemingly distant re-
search fields.

From the quantum information perspective, it is of interest
to find the role of the quantum Wasserstein distance in the
theory and detection of entanglement [38,39], for instance, by
exploring its connection to different entanglement measures,
witnesses, or alternative distances between quantum states.
It has been shown that when the quantum Wasserstein dis-
tance reduces to the self-distance of a quantum state (i.e.,
the two states become the same), it is in direct relation with
the Wigner-Yanase information [14,40] if the optimization
is carried out over general states. Recently, a direct relation
between the self-distance of a quantum state and a multipartite
entanglement witness, the quantum Fisher information (QFI),
has been noted [18].

The relation between the quantum Wasserstein distance
and the QFI suggests an immediate connection with the
field of many-body quantum systems hosting quantum crit-
ical points, where the presence of multipartite entanglement
can be witnessed experimentally through dynamic suscepti-
bilities that are directly related to the QFI [41–45]. In turn,
the relation implies that the limiting case of the quantum
Wasserstein distance as a self-distance for quantum states
is a measurable quantity for the detection and classification
of quantum phase transitions [46]. An intriguing direction
of fundamental relevance is therefore to explore the quan-
tum Wasserstein distance in many-body systems known to
host quantum phase transitions. In particular, characterizing
universal scaling laws [47] in the vicinity of such critical
points might have important implications in the search of
optimized learning protocols for many-body quantum states
[23,24,28], but also in characterizing the scaling behavior
of these systems away from alternative, more conventional
metrics [48]. Understanding the critical properties of the
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quantum Wasserstein distance could thus lead to lower mea-
surement requirements for characterizing quantum phases of
matter or to develop improved quantum machine learning
algorithms [49].

In this article, we present results on the critical behavior
of the quantum Wasserstein distance between two many-body
ground states and demonstrate this property of the distance in
a paradigmatic model of a one-dimensional spin chain hosting
nearest-neighbor interactions, the transverse field Ising model
(TFIM).

II. RESULTS

We follow the definitions from Ref. [18]. Given any two
quantum states ρ, σ living on a Hilbert space H, the quantum
Wasserstein distance of order 2 D(ρ, σ )2 between the states is
obtained by finding the coupling ρ12 ∈ H ⊗ H satisfying

2D(ρ, σ )2 = minρ12 Tr[(O ⊗ I − I ⊗ O)2ρ12],

Tr2(ρ12) = ρ, Tr1(ρ12) = σ, (1)

where O is a Hermitian operator of an N-qubit system and
Tr1(ρ12) refers to the partial trace over the leftmost subspace
in H ⊗ H.

We consider an extensive operator in the N-qubit system
O = ∑N

n=1 On. If at least one of the states ρ, σ is pure, the
Wasserstein distance has the simpler form [18]

D(ρ, σ )2 = 1
2 〈O2〉ρ + 1

2 〈O2〉σ − 〈O〉ρ〈O〉σ , (2)

with 〈O〉ρ = Tr(Oρ). When both states become equal to each
other (ρ = σ ), this corresponds to the QFI FQ[ρ, O] of the
state,

D(ρ, ρ)2 = 〈O2〉ρ − 〈O〉2
ρ = (�O)2 = FQ[ρ, O]

4
. (3)

A modified version of Eq. (2), which is a true metric [19],
consists in subtracting the contributions from the self-distance
[Eq. (3)]. We refrain from using the modified version since the
self-distance will also present critical scaling.

In the following, we assume a parameterized Hamiltonian
H (g) on a lattice � with lattice spacing a = 1. We assume
periodic boundary conditions in what follows. At g = gc,
the system exhibits a quantum critical point. For g < gc,
the system is in its ordered phase with order parameter O.
We consider two ground states ρ and σ with parameters
gρ − gc = g̃ρ < 0 and gσ − gc = g̃σ > 0. Close to the critical
point, |g̃ρ | � 1 and |g̃σ | � 1 hold. In this case, correlation
functions of the form 〈OjOj+n〉 ∝ n−η decay algebraically
with distance n up to the correlation lengths ξ (gρ ) and ξ (gσ ),
respectively, or system size L, depending on which is larger. In
particular, the exponent η is related to the scaling dimension of
the operators Oj . The contributions from the order parameter
are L2O2 ∼ L2(−g̃ρ )2β , with β being the scaling exponent.
We use this to approximate the expression for the quantum
Wasserstein distance by integrals in two cases.

Assumption 1 (Finite size). We consider the case in
which the lattice spacing is much smaller than the linear
system size L, but the correlation length is even larger,

1 � L � ξ (gσ ) and 1 � L � ξ (gρ ). Then, the terms in
Eq. (2) can be expanded as follows [41,47]:

〈O2〉ρ = Cρ + L2O2(gρ ) + LBρ

∫ L

0

1

rη
dr

≈ Cρ + L2Aρ (−g̃ρ )2β + BρL2−η, (4)

〈O2〉σ = Cσ + LBσ

∫ L

0

1

rη
dr

≈ Cσ + Bσ L2−η, (5)

where Aρ, Bρ, Bσ are nonuniversal constants from the approx-
imation of the sum as an integral with the correlation exponent
η and order parameter exponent β, and we have defined
the contributions from local terms Cρ/σ = L

∑
n〈O2

n〉ρ/σ . The
leading contribution is given by L2Aρ (−g̃ρ )2β , as the ground
state ρ is skewed toward a ground state with finite order
parameter and σ is not, leading to

D(ρ, σ )2 ≈ L2Aρ (−g̃ρ )2β + L2−η(Bρ + Bσ ) + (Cρ + Cσ ).

(6)

Assumption 2 (Thermodynamic limit). Here we consider the
case L 
 ξ (gσ ) 
 1 and L 
 ξ (gρ ) 
 1. Then, the terms in
Eq. (2) can be expanded as follows:

〈O2〉ρ = Cρ + L2O2(gρ ) + LBρ

∫ ξ (g̃ρ )

0

1

rη
dr + O(e− L

ξ (g̃ρ ) )

≈ Cρ + L2Aρ (−g̃ρ )2β + LBρξ (g̃ρ )1−η, (7)

〈O2〉σ = Cσ + LBσ

∫ ξ (g̃σ )

0

1

rη
dr + O(e− L

ξ (g̃σ ) )

≈ Cσ + LBσ ξ (g̃σ )1−η. (8)

The subleading contributions are given by LBρξ (g̃ρ )1−η and
LBσ ξ (g̃σ )1−η. The correlation length scales as ξ (g̃σ ) ∼ g̃−ν

σ

and ξ (g̃ρ ) ∼ (−g̃ρ )−ν ′
, respectively; absorbing a factor of 1/2

in all constants and scaling by L2, we obtain

D(ρ, σ )2

L2
≈ Aρ (−g̃ρ )2β + 1

L2
(Cρ + Cσ )

+ 1

L

(
Bρ (−g̃ρ )ην ′−ν ′ + Bσ g̃ην−ν

σ

)
(9)

for the universal scaling of the quantum Wasserstein distance
between ground states.

In the following, we demonstrate this scaling using exact
expressions for the transverse field Ising model:

HTFIM = −J
∑

j

σ x
j σ

x
j+1 − h

∑
j

σ z
j , (10)

where σ x
j , σ

z
j represent the Pauli x and z matrices at site j of

the chain, respectively. The model is exactly solvable [50,51].
We define the parameter g = h/J . The model has critical
behavior at g = 1, where there is a quantum phase transi-
tion from an ordered (g < 1) phase to a disordered (g > 1)
phase. The order parameter capturing the critical behavior
in the model is the transverse field magnetization, given by
Mx = ∑L

i=1 σ x
i . From now on, we take O = Mx in the above

expressions.
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FIG. 1. The Wasserstein distance in Eq. (2) scaled by L2, as a
function of gσ for different values of gρ , for a system size L = 500.
Regions of magnetic order and disorder are identified by the nonan-
alytic behavior of the distance close to the quantum critical point.

The correlations 〈σ x
i σ x

i+n〉 are obtained using the exact
expressions given in Ref. [51]; these correlations depend on
integrals of the form

L(n) = 1

π

∫ π

0
dk

cos(nk)√
1 + 1

g2 + 2
g cos(k)

. (11)

We employed arbitrary floating point precision Python li-
brary “mpmath” [52] to compute the integrals. We use the
exact result from Pfeuty [51] in the limit L → ∞ for the
magnetization density:

lim
L→∞

〈Mx〉ρ
L

=
{(

1 − g2
ρ

)1/8
, gρ � 1,

0, gρ > 1.
(12)

In what follows, Eq. (12) is assumed regardless of the system
size L. We identify the scaling exponent 2β = 1/4. From
Ref. [51], the correlations 〈σ x

i σ x
i+n〉 ∝ n−1/4, which deter-

mines the correlation function exponent η = 1/4.
The Wasserstein distance between two ground states of the

TFIM given by Eq. (2) is represented in Fig. 1 as a func-
tion of gσ , for different values of gρ . Close to the quantum
critical point, there are contributions from both 〈M2

x 〉 and
〈Mx〉2; however, exactly at g = 1, correlations due to 〈M2

x 〉
dominate, whereas in the ordered phase, 〈Mx〉 dominates the
distance between the states. Note that for gρ < 1, the distance
between both ground states is almost always finite, stabiliz-
ing when gσ > 1. For gρ = 0, gσ > 1, contributions due to
〈M2

x 〉σ and 〈Mx〉σ vanish in Eq. (2), leaving contributions
from 〈M2

x 〉ρ only. From Ref. [51], we find D(ρ, σ )2 ∼ L〈Mx〉ρ
2 ;

hence, D(ρ, σ )2/L2 ∼ 1
2 in this limit, as shown in Fig. 1.

Signatures of critical behavior are visible when approaching
the quantum critical point, where D(ρ, σ )2/L2 develops non-
analytic behavior even though both states are different. This

FIG. 2. (a) The QFI (self-distance) scaled by L7/4, for different
system sizes L. Close to the quantum critical point g = 1, the QFI
develops a narrow peak separating the two phases of the model
when approaching the thermodynamic limit L → ∞, in accordance
with the results of Ref. [41]. (b) The critical exponent for the
quantum Wasserstein distance in the TFIM, when the two quantum
states ρ, σ are close to the critical point g = 1, as a function of
g̃σ = |gσ − 1|. In the limit gρ, gσ → 1, we obtain the scaling expo-
nent from Ref. [41]. We note that in regions away from the critical
point, the scaling with L might be ill-defined under Assumption 1.
The different system sizes used to extract the exponents are L =
20, 40, 80, 120, 150, 200, 250, 300, 350, 400, 450, 500, 600, 700.

shows that the quantum Wasserstein distance can be employed
as a proxy to capture the critical behavior of the system.

We begin the scaling analysis by looking at systems under
Assumption 1. Based on Eq. (4), we explore the self-distance
defined in Eq. (3) for the TFIM, which is directly related to
the QFI. The QFI for the TFIM is known to exhibit critical
behavior around the quantum critical point [41,53,54] with

FQ[ρ, Mx] ∼ L�FQ , �FQ = 7
4 . (13)

We observe that under Assumption 1, this scaling exponent is
recovered analytically from Eq. (4), and identify �FQ = 2 − η

iff ρ = σ . In Fig. 2(a), we represent the QFI scaled by L7/4 for
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different system sizes L, as a function of the parameter g. This
critical scaling confirms the result from Ref. [41], with the
QFI developing a spike at the critical point. In Fig. 2(b), we
represent the scaling of the distance as a function of g̃σ for
different states ρ, σ to the left and right vicinity of the critical
point, respectively. We stress that in the limit considered here,
values of gρ, gσ result in large correlation lengths ξ 
 L, thus
holding under Assumption 1. The results show the scaling
exponent 2 − η for quantum states being close to the critical
point; the limit ξ → ∞ corresponds to having both states
exactly critical, in which case we recover �FQ as the scaling
exponent.

We consider now the system under Assumption 2, for the
case when gρ = 0 and gσ ∼ 1 in the disordered phase. Since
σ is at gσ > 1, 〈Mx〉σ = 0 and ignoring the terms Cρ,Cσ in
Eq. (9), we get

D(ρ, σ )2

L2
≈ 1

2
+ 1

L
Bσ g̃ν(η−1)

σ . (14)

We represent the extracted exponent ν(η − 1) in Fig. 3(a) for
different system sizes. As long as L 
 ξ , with ξ being the cor-
relation length, the power-law behavior of the subleading term
is confirmed, obtaining ν(η − 1) ∼ −0.741, fairly close to the
exact value ν(η − 1) = −3/4. We understand this scaling as
follows. In Eq. (7), we integrate up to the correlation length ξ ,
which on the lattice yields

∑
n〈σ x

i σ x
i+n〉 ∼ ξ 1−η = ξ 3/4. Now

the correlation length ξ scales as g̃−ν
σ with ν = 1, which yields∑

n〈σ x
i σ x

i+n〉 ∼ |1 − gσ |−3/4. A careful analysis of the formu-
las in Ref. [51] shows that there are subleading corrections
to the n−1/4 dependency of correlations, which also influence
the summation. However, the obtained result becomes exact
in the thermodynamic limit, i.e., under Assumption 2. We
stress here that the above result applies to the distance be-
tween different ground states that do not approach each other.
Finally, in Fig. 3(b), we consider the case with gσ = 10, i.e.,
with the state σ deep in the disordered phase. In that case, the
leading contribution dominates the scaling, and one obtains
the exponent 2β ∼ 0.243 to be fairly close to the analytic
value 2β = 1/4 for the TFIM [51].

III. CONCLUSION

To summarize, we have shown that the quantum Wasser-
stein distance exhibits clear signatures of criticality in
many-body quantum systems hosting quantum critical points
by revealing how it scales with system size and model parame-
ters in both finite-size and thermodynamic-limit scenarios. We
explicitly demonstrated this scaling in the integrable TFIM.

From a broader perspective, these findings offer insights
into recent approaches of learning many-body quantum
states [55–59] by tomographic and sampling-based meth-
ods. Specifically, the recent works [23,24] have employed
the quantum Wasserstein distance of order 1 to efficiently
infer expectation values of local observables with minimal
sampling requirements. Importantly, these methods require a
“well-behaved” phase of matter, i.e., exponentially decaying
correlations. We note that the Wasserstein distance of order 2
has recently been used in a similar manner to learn quantum
glassiness of ground states [60]. The generality of our results
allows to investigate such methods and bounds now close to

FIG. 3. (a) The power-law behavior for the subleading contribu-
tion in Eq. (6), for gρ = 0 and the state σ being close to the critical
point, for different system sizes L. Note that since the contribution is
subleading, we have scaled by a factor of L after subtracting the an-
alytic value of Aρ = 1

2 . Note the logarithmic scale on both axes. The
critical exponent is extracted numerically for the largest L, showing
good agreement with the predicted analytic result ν(η − 1) = −3/4.
(b) Power-law behavior of the leading contribution in Eq. (6) when
gσ = 10. The critical exponent is obtained numerically, in close
agreement with the predicted analytic value for the TFIM 2β = 1

4 .

quantum criticality, in which correlations decay only slowly
with a power law. Addressing the modified scaling of the
Wasserstein distance in these critical regimes could lead to
refined sampling strategies that remain robust against long-
range correlations. Similar considerations apply to variational
algorithms [33,34,61,62] that aim to learn states with long-
range correlations with minimal sampling overhead.

An interesting outlook is to consider the Wasserstein dis-
tance between two thermal states, i.e., arbitrary Gibbs states
of the model at different temperatures, along the lines of
Ref. [17]. For the case of exactly solvable models, such as
the TFIM, it is expected that even at finite temperatures, the
complexity of the optimization problem in Eq. (1) gets consid-
erably reduced. A particularly interesting direction of future
research is to investigate the scaling behavior of the quantum
Wasserstein distance across a quantum phase transition in
nonequilibrium [63], as well as in dissipative systems [64].

043223-4



CRITICAL SCALING OF THE QUANTUM WASSERSTEIN … PHYSICAL REVIEW RESEARCH 7, 043223 (2025)

It is also interesting to explore whether solving the opti-
mization problem in the set of separable couplings is enough
to capture most of the critical behavior of this distance. This
could have potential implications in finding efficient ways
to discriminate distinct quantum states subjected to ther-
mal equilibrium, but also to extract valuable information on
the structure and the nature of entanglement in many-body
systems displaying critical behavior.
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