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Abstract
Cardiac real-time magnetic resonance imaging (MRI) is an emerging technology that images the heart at up to 50 frames
per second, offering insight into the respiratory effects on the heartbeat. However, this method significantly increases the
number of images that must be segmented to derive critical health indicators. Although neural networks perform well on
inner slices, predictions on outer slices are often unreliable. This work proposes sparse Bayesian learning (SBL) to predict
the ventricular volume on outer slices with minimal manual labeling to address this challenge. The ventricular volume over
time is assumed to be dominated by sparse frequencies corresponding to the heart and respiratory rates. Moreover, SBL
identifies these sparse frequencies on well-segmented inner slices by optimizing hyperparameters via type-II likelihood,
automatically pruning irrelevant components. The identified sparse frequencies guide the selection of outer slice images
for labeling, minimizing posterior variance. This work provides performance guarantees for the greedy algorithm. Testing
on patient data demonstrates that only a few labeled images are necessary for accurate volume prediction. The labeling
procedure effectively avoids selecting inefficient images. Furthermore, the Bayesian approach provides uncertainty estimates,
highlighting unreliable predictions (e.g., when choosing suboptimal labels).
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1 Introduction

Cardiac magnetic resonance imaging (MRI) is the clinical
reference standard for evaluating heart function, with ven-
tricular volumes serving as key quantitative parameters. In
clinical practice, these volumes are typically derived from
segmentation of the ventricular cavity in each frame. Real-
timeMRI, an emerging technology, captures continuous data
over multiple heartbeats at frame rates up to 50 frames
per second (fps) Zhang et al. (2010); Salerno et al. (2017);
Zhang et al. (2014). This enables observation of respiratory
effects on cardiac function without requiring breath-holding,
which is beneficial for vulnerable patient groups. However,
the increased temporal resolution vastly expands the num-
ber of image frames per study, making manual annotation
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especially laborious and time-consuming (Ramedani et al.
2025). A typical acquisition with 15 slices, 30 fps, and 10
seconds of recording produces 4,500 images to annotate.
Manual segmentation of such volumes is infeasible in prac-
tice, highlighting the need for label-efficient strategies to
derive reliable ventricular volume estimates.

Recent advances in automated segmentation, supported
by publicly available cine MRI datasets (Bernard et al.
2018; Campello et al. 2021) and architectures such as U-Net
(Isensee et al. 2021; Shelhamer et al. 2017), have improved
analysis in conventional cine imaging. However, these mod-
els often fail to generalize to new acquisition protocols or rare
pathologies (Bernard et al. 2018; Campello et al. 2021). For
real-timeMRI, the situation is even more challenging: to our
knowledge, only a single public dataset exists, comprising
data from one patient (Kunz et al. 2023). Segmentation per-
formance is particularly unreliable in basal and apical slices
(referred to as “outer slices” in the following), likely due
to factors such as valve planes in the basal region and thin
myocardium/small ventricular cavities at the apex. This is
consistent with observations in cine MRI, where outer slices
also exhibit reduced segmentation accuracy (Terhag et al.
2025). As a result, applying existing segmentation pipelines
alone is insufficient to obtain reliable ventricular volume
curves from real-time MRI.

In this study, we focus on real-time MRI of patients with
univentricular hearts, a rare congenital condition in which
only a single functional ventricle develops, using data col-
lected in a clinical study (Müller et al. 2024). Multiple
surgical interventions further alter cardiac geometry, result-
ing in highly variable and non-standard anatomy. These cases
pose a particular challenge for automated segmentation, as
existing datasets rarely include univentricular hearts. Neu-
ral networks, while powerful in standard cine MRI, rely on
large and diverse training sets and thus struggle to generalize
in this setting.

To address these challenges, we propose to model ventric-
ular volume curves in real-time MRI using sparse Bayesian
learning (SBL). The key observation is that ventricular vol-
ume over time is dominated by only a few frequencies,
corresponding primarily to heart rate and respiration. SBL
identifies these sparse components on well-segmented slices
and transfers this information to slices where segmentation
is unreliable. Crucially, the sparse prior allows us to deter-
mine which frames in a sequence are most informative for
manual labeling: by selecting frames that minimize posterior
uncertainty, we obtain reliable volume estimates with only a
handful of expert annotations. This targeted labeling strategy
contrasts with random or dense annotation and provides an
explicit trade-off between annotation effort and predictive
confidence. The resulting model reconstructs the full vol-
ume curve and quantifies its uncertainty, enabling clinicians
to recognize when predictions are trustworthy.

SBL provides the methodological foundation of our
approach (Tipping 2001). Originally developed in signal
processing, it has been widely applied in domains such as
remote sensing, where it identifies sparse frequency com-
ponents from noisy, complex-valued measurements (Gemba
et al. 2017; Gerstoft et al. 2016). In that literature, adaptive
extensions often focus on optimizing sensor placement, for
example in direction-of-arrival estimation where the ques-
tion is which sensor positions provide the most informative
measurements (Wang et al. 2018, 2023; Yang et al. 2013;
Tang et al. 2024). In our setting, however, the slice positions
are fixed and each slice represents a different part of the heart,
while all time points of the sequence are available simulta-
neously. The central challenge is selecting which time points
(frames) to label so as to best constrain the sparse frequency
model.

A related line of work is active learning for medical
image segmentation, where images are selected for anno-
tation based on model uncertainty (Budd et al. 2021). Such
methods, however, require large datasets and aim to improve
segmentation networks with millions of parameters, whereas
our problem involves estimating only a small number of
amplitudes for sparse frequencies (roughly 10–15 parame-
ters). Moreover, our goal is not to refine segmentation but
to directly derive reliable ventricular volume curves, making
conventional active learning strategies less applicable in this
context.

To the best of our knowledge, this is the first work to
apply SBL to cardiac real-time MRI and to exploit it for
frame selection in a label-efficiency context. Specifically, we
adapt SBL to real-valued MRI data and demonstrate its abil-
ity to recover sparse frequency components that characterize
ventricular volume dynamics. Building on this foundation,
we introduce a principled strategy for selecting frames to
annotate by minimizing posterior uncertainty, with theoreti-
cal guarantees on the performance of the greedy selection
algorithm. We further compare different selection criteria
and show that our approach substantially outperforms ran-
dom frame selection. Finally, we validate the method on
real-time MRI data from patients with univentricular hearts,
demonstrating that accurate ventricular volume curves can
be reconstructed from only a fewmanual labels. The remain-
der of this paper is structured as follows: Section 2 details
the adapted SBL algorithm and the optimization framework,
Section 3 describes the clinical dataset and workflow, Sec-
tion 4 presents the experimental evaluation, and Section 5
concludes with a discussion and outlook.
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Fig. 1 Workflow of the proposed method. A neural network segments
the MRI sequences, and a clinician performs a visual quality check
to separate reliable from unreliable slices. The reliable slices provide
sparse frequency priors, while only a few frames of the unreliable slices
are manually labeled, selected via an SBL-based criterion. The poste-

rior then reconstructs the full volume curve with uncertainty estimates,
reported as expected deviation in ml. Example MRIs are short-axis
views of univentricular hearts fromMüller et al. (2024). For details, see
Sec. 2.1.

2 Methods

2.1 Workflow overview

Figure 1 summarizes the proposed workflow. Starting from
real-time MRI sequences, a neural network provides ini-

tial segmentations of all slices. A clinician then performs
a visual quality check to distinguish slices with reliable seg-
mentations from those with unreliable ones. Importantly, this
decision is always made on the level of entire slices across
all frames, not frame by frame. The reliable slices are used
to identify the dominant sparse frequencies that characterize
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ventricular volume dynamics. For slices with unreliable seg-
mentations, the model leverages these frequencies to predict
the volume curve. Only a small subset of frames is then man-
ually annotated, with the selection guided by our SBL-based
criterion for maximizing information gain. In practice, only
the inner slices could be segmented reliably, with the exact
number varying by patient; see Sec. 4 for details.

After each newly labeled frame, the posterior distribu-
tion is updated, which not only refines the predicted volume
curve but also provides uncertainty estimates.While the opti-
mization is based on the trace of the posterior covariance
matrix, this quantity can be translated into clinically mean-
ingful terms: for example, an expected mean or maximum
deviation in ventricular volume in milliliters. This allows
practitioners to monitor whether the current level of accu-
racy meets their requirements and to stop labeling once the
uncertainty falls below a user-defined threshold. In this way,
the workflow ensures both label efficiency and clinical inter-
pretability.

2.2 Modeling

Cardiac real-timeMRI retrieves video sequences of the beat-
ing heart due to a faster capture rate than cine MRI. Thus,
for every slice � ∈ [1, L], there are images for all distinct
equidistant time steps t1, . . . , tN . Only the ventricle volume
and derived parameters, such as stroke volume, are of inter-
est. The volume over time is assumed to be well described
by a superposition of frequencies, comprising a subset of
F = { f0 = 0, f1, f2, . . . , fM }, where the main frequen-
cies are the unknown heart and respiratory rates. This work
proposes the following linear model:

Y = AX + N , (1)

with

• Y ∈ R
N×L , the real-valued measurement points yk,�;

• X ∈ R
2M+1×L , the real and imaginary parts of the com-

plex amplitudes;
• N ∈ R

N×L , additive noise with nk,� ∼ N (0, σ 2);
• A ∈ R

N×2M+1. the transfer matrix A = [1N
Re(B) Im(B)],

• with 1N an N -dimensional vector of 1s and B ∈ C
N×M

defined as follows,

B =
⎡
⎢⎣
exp(−i2π f1t1) . . . exp(−i2π fM t1)

...
. . .

...

exp(−i2π f1tN ) . . . exp(−i2π fM tN )

⎤
⎥⎦ . (2)

2.3 Finding sparse frequencies

The above model can describe measurements via super-
positioned frequencies of F . Only a few frequencies are
assumed to influence the volume substantially. Furthermore,
the influential frequencies (e.g., heart and respiratory rates)
are assumed to be shared over all slices. Identifying these
sparse frequencies is beneficial because the model predicts
slices where only a few measurement points exist in time
. Fewer amplitudes and phases must be found if fewer fre-
quencies exist.

This work applies an approach similar to Gerstoft et al.
(2016) to determine the sparse frequencies. The procedure is
presented inAlgorithm1. InGerstoft et al. (2016), the authors
used SBL to localize the sparse sources from noisy signals in
the signal processing application of estimating the directions
of arrival of plane waves from sensor array data. They obtain
observations from L different snapshots,whereas ourmethod
applies the volume over time for L different heart slices. One
additional difference of the proposed approach is that the
measurements inGerstoft et al. (2016) are complex compared
to real-valued measurements.

A Bayesian model is designed to use the SBL approach.
With the assumed additive Gaussian noise of variance σ 2,
the likelihood is

p(Y | X , σ 2) =
exp

(
− 1

2σ 2 ‖AX − Y‖2F
)

(2πσ 2)NL/2 . (3)

Moreover, SBL achieves sparsity by employing a Gaussian
zero-mean prior on the parameters X , where the variance
of each parameter is considered a hyperparameter (Murphy
2023; Tipping 2001). This work employs the expectation
maximization (EM) scheme to estimate the hyperparame-
ters, where the expectation step calculates the expectation
of the log-likelihood with respect to the current parame-
ters (E-step). The following maximization step updates the
parameters to maximize the expectation of the log-likelihood
(M-step). As the EM iterations proceed, the algorithm iden-
tifies parameters relevant to explaining the observed data.
The corresponding prior variances tend to approach zero
for parameters not supported by data (i.e., irrelevant to the
model).When a variance becomes small, the associated prior
distribution effectively becomes a delta function centered at
zero, "switching off" those parameters from the model (for
a comprehensive explanation of this method, see Murphy
2023, Sec 15.2.8).

This work aims to determine the sparse frequencies that
represent each slice simultaneously without limiting the
phase for each frequency. The amplitude of frequency fm,�,

for m ≥ 1 and slice � is determined by
√
x2m,� + x2m+M,�,
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whereas the phase is determined by � (xm,�, xm+M,�).1 The
prior is shared over all slices because the frequencies are
assumed to behave similarly over all slices. However, this
method should not influence the phase because it is indepen-
dent of the separate slices. The latter is a modeling choice
because the time between capturing the slices is unknown,
making it impossible to know the phase of one slice in relation
to the next. Thus, the prior should be uniform with respect
to the phases. This work introduces a slice-independent
variance αm > 0 to achieve this uniformity . The prior
p0(x0,�, α0) = N (0, α0) was selected for frequency f0 = 0
and

pm(xm,� | αm) = pm+M (xm+M,� | αm) = N (0, αm) (4)

for m > 0. By setting γ = [α0, α1, . . . , αM , α1, . . . , αM ]T
and � = diag(γ ), the prior of X simplifies to L independent
multivariate normal distribution for each slice L

p(X | α) =
L∏

�=1

2M+1∏
m=0

pm(xm,� | γm) =
L∏

�=1

N (0, �). (5)

Combining the Gaussian prior and likelihood yields a Gaus-
sian posterior p(X |Y , α, σ 2) with the mean and covariance
given by

μx = �AT�−1
y Y

�x =
(

1

σ 2 A
T A + �−1

)−1

,
(6)

where �y = σ 2 IN + A�AT denotes the data covariance.
This formulation reveals that the sparsity of μx controls
the row sparsity. If entry αm = 0 for m > 0, it follows
that γm = γm+M = 0, ensuring the posterior satisfying
p(xm = xm+M = 0|Y , αm = 0) = 1. This approach makes
both rows of X corresponding to frequency fm zero.

2.3.1 Sparse Bayesian learning and hyperparameter
estimation

The SBL approach relies on estimating the hyperparameters
αm and σ 2 with empirical Bayes, setting the hyperparameters
that maximize the marginal likelihood. The marginal likeli-
hood p(Y |α, σ 2) is calculated by treating the amplitudes X as
a nuisance parameter and marginalizing over themWipf and
Rao (2007); Gerstoft et al. (2016), obtaining the following:

p(Y |α, σ 2) =
∫

p(y|X , σ 2)p(X |α)dX

1 The notation � (a, b) denotes the phase of the complex number a+ib.

=
exp

(
−tr(Y T�−1

y Y )
)

(
πN det�y

)L . (7)

The aim is to maximize the log marginal likelihood, obtain-
ing the following cost function:

L(α, σ 2)

= −tr(Y T�−1
y Y ) − L log det�y ∝ log p(Y |α, σ 2). (8)

Next, this cost function is derived with respect to αm . Note
that α0 only occurs once in the diagonal matrix �, whereas
αm for m > 0 occurs at �m,m and �m+M,m+M . Here, the
focus is on m > 0, as the derivative with respect to α0 can
be calculated analogously. Hence, for m > 0,

∂�−1
y

∂αm
= −�−1

y
∂�y

∂αm
�−1

y

= −�−1
y ama

T
m�−1

y − �−1
y am+MaTm+M�−1

y

(9)

∂ log det
(
�y

)
∂αm

= tr

(
�−1

y
∂�y

∂αm

)

= aTm�−1
y am + aTm+M�−1

y am+M

(10)

yields the following derivative:

dL(α, σ 2)

dαm
= tr

(
Y T�−1

y ama
T
m�−1

y Y + Y T�−1
y am+MaTm+M�−1

y Y
)

− L
(
aTm�−1

y am + aTm+M�−1
y am+M

)

= ||Y T�−1
y (am + am+M )||22

− L
(
aTm�−1

y am + aTm+M�−1
y am+M

)
,

(11)

where am denotes the mth column vector of A (cf. (Gerstoft
et al. 2016)). The M-step uses the MacKay update rule intro-
duced in MacKay (1992), obtained by setting the derivative
(11) to zero and using a fixed-point equation. The update rule

αnew
m = ||(μx )m + (μx )m+M ||22

L
(
1 − 1

αold
m

(
(�x )m,m + (�x )m+M,m+M

)) (12)

is analogous to the results in Tipping (2001); Wipf and Rao
(2007).

For the estimation of the hyperparameter σ 2, the update
rule introduced in (Gerstoft et al. 2016, (27)) is employed, as
the definition of the hyperparameter αm does not influence
this update. Thus, the update rule becomes

(
σ 2

)new = 1

N − K
tr

(
(IN − AMA+

MSy)
)
, (13)
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where Sy = YY T /L represents the data sample covariance
matrix. The matrix AM = (a0, am1 , . . . , amK , am1+M , . . . ,

amK+M ) consists of column vectors of A with the indices
m1, . . . ,mK corresponding to the K largest values in α.
The Moore–Penrose inverse of AM is denoted by A+

M. The
parameter K << M can be selected with model-order selec-
tion criteria, as described in Gerstoft et al. (2016). The choice
of K did not significantly influence the results.

Algorithm 1 Calculate the sparse prior

Initialize: here σ 2
0 = 0.2, α = 1M+1, εmin = 1e − 4

1: while ε > εmin do
2: γ = [α0, α1, . . . , αM , α1, . . . , αM ]T , � = diag(γ )

3: Calculate μx , �x with (6)
4: Update αm with (12)
5: Update σ 2 with (13)
6: ε = ||αnew − αold||1/||αold||1
7: end while

2.4 Minimizing labeling work

For each heart, there are slices with reliable volumes over
time, whereas others have no information about the ventricle
volumes. In these slices, practitioners rely on hand-labeled
images. Labeling images by hand is tedious and expensive.
The sparse priors obtained using the SBL approach intro-
duced above minimize the labeling effort. Because the priors
are sparse, only a few complex amplitudes xm + i xm+M must
be found.

Let J be the index set J ⊂ {1, . . . , N } = �, and PJ ∈
R

N×N be the projection matrix, projecting all rows i ∈ �\ J
to 0.When limited labeled data J exist, themodel (1) reduces
to

PJY = PJ AX + N ,

Theposterior of X is aGaussianwithmeanμx and covariance
�x , similar to (6),

μ(J )
x = �AT PT

J

(
�(J )

y

)−1
YJ

�(J )
x =

(
1

σ 2 A
T PJ A + �−1

)−1

,

(14)

where�
(J )
y = σ 2 I|J |+PJ A�(PJ A)T is the data covariance–

this time with the projected matrices and |J | labeled images.
The prediction over the full time is obtained by multiplying
the fullmatrix Awith the posterior and addingGaussian noise
N . A posterior prediction is obtained, normally distributed

with mean μ
(J )
posty and covariance �

(J )
posty , given by

μ
(J )
posty = Aμ(J )

x

�
(J )
posty = σ 2 IN + A�(J )

x AT .
(15)

The variance is a satisfactory measure of the distribution
spread for a one-dimensional normal distribution . In this
multivariate case, a few possible measures exist (Paindav-
eine 2008). The predominant considerations in the literature
are the trace of the covariance matrix tr(�(J )

posty ) Dümbgen

(1998); Visuri et al. (2003), the determinant det(�(J )
posty )

Dümbgen and Tyler (2005); Salibián-Barrera et al. (2006),
or the largest eigenvalue λ1(�

(J )
posty ) Randles (2000). The

trace measures the total variance but does not account for
the correlation. Nonetheless, the trace is computationally
inexpensive. The determinant of the covariance matrix, as
proposed in Paindaveine (2008), offers an alternative but
may encounter numerical problems, particularly as det(�)

approaches 0 in high-dimensional settings with small eigen-
values. A third option is to employ the largest eigenvalue
of �, corresponding to the variance along the first princi-
pal component. This approach is also computationally more
demanding than applying the trace of the covariance matrix.

This method results in the following optimization prob-
lem: Let S : SN → R

+
0 be a measure for the spread of a

distribution, where SN denotes the set of real-valued sym-
metric positive definite N×N matrices. For k labeled images,
we want to determine

J ∗ := arg min|J |=k
S

(
�

(J )
posty

)
(16)

the indices J ∗ of the images, which need to be labeled to
minimize the spread.

It might be desirable to let a practitioner iteratively
label the next optimal image until practitioners are satisfied
with the results. This approach leads to a slightly differ-
ent optimization objective, lending itself to applying greedy
algorithms. For a given index set J ⊂ {1, . . . , N }, find

j∗ := arg min
j∈{1,...,N } S

(
�

(J∪ j)
posty

)
. (17)

The selected images J ∗ and j∗ do not depend on the mea-
surements at those slices. Thus, the indices can be computed
before the labeling process. However, they strongly depend
on the computed sparse frequencies. The procedure is pre-
sented in Algorithm 2.

2.5 Optimality of the greedy algorithm

Finding the optimal solution of (16) is difficult due to the
combinatorial explosion as k increases. There are already
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more than 19 billion combinations to draw five images from
N = 300 time steps. Thus, iteratively solving (17) using a
greedy approach is a feasible alternative. The objective func-
tion is first reformulated to establish performance guarantees.
Let J ⊆ � = {1, . . . , N } and�y := σ 2 IN + A�AT the data
covariance, we define the objective function as follows:

f (J ) = tr
(
�y

) − tr
(
�

(J )
posty

)

= tr(�y) − tr

(
σ 2 IN + A

(
1

σ 2 A
T PJ A + �−1

)−1

AT

)
.

(18)

Maximizing this function is equivalent to minimizing

tr
(
�

(J )
posty

)
. For brevity, this work is limited to investigating

the trace because this measure performed best in the experi-
ments. The following definitions are introduced:

Definition 1 Let � be a finite set and 2� be the power set of
�. A set function f : 2� → R is monotone non decreasing
if f (X ) ≤ f (Y) for all X ⊆ Y ⊆ �.

Definition 2 The marginal gain of adding element j to setX
is defined as follows:

f j (X ) := f (X ∪ j) − f (X ). (19)

Definition 3 A set function f : 2� → R is submodular if

f j (X ) ≥ f j (Y) (20)

for every subset X ⊆ Y ⊂ � and every j ∈ � \ Y .

The authors of Nemhauser et al. (1978) demonstrated that
the greedy algorithm generates a solution at least (1−1/e) of
the optimal solution for submodular set functions. The objec-
tive function (18) is not submodular, as Figure 4 presents
counterexamples. However, a weaker bound exists for (18).
This work follows the definition from Hashemi et al. (2019).

Definition 4 The weak-submodularity constant c f of a
monotone non decreasing function f is defined as follows:

c f := max
(X ,Y,i)∈�̃

fi (Y)/ fi (X ), (21)

where �̃ = {(X ,Y, i)|X ⊆ Y ⊂ �, i ∈ � \ Y}.
Note, that f is submodular if and only if c f ≤ 1 and is
weakly submodular if and only if c f is bounded.
For J ⊂ � and i ∈ � the marginal gain of the objective
function (18) simplifies to

fi (J ) = f (J ∪ {i}) − f (J )

= tr
(
�

(J )
posty

)
− tr

(
�

(J∪{i})
posty

)
.

(22)

Moreover, we can prove the following lemma.

Lemma 5 For fi defined in (18), it holds fi (J ) > 0 for all
J ⊂ � and i ∈ � \ J .

Proof If J ⊂ � and i ∈ � \ J , it holds that

fi (J ) = tr
(
�

(J )
posty

)
− tr

(
�

(J∪{i})
posty

)

= tr

(
A

(
1

σ 2 A
T PJ A + �−1

)−1

AT

)

− tr

(
A

(
1

σ 2 A
T PJ∪{i}A + �−1

)−1

AT

)

= tr

(
A

((
1

σ 2 A
T PJ A + �−1

)−1

−
(

1

σ 2 A
T PJ∪{i}A + �−1

)−1
)
AT

)
.

(23)

This work defines D := 1/σ 2AT PJ A + �−1, which is
symmetric positive definite because � is a diagonal matrix
with positive diagonal entries. For D and ei , the standard
basis vector in the i th direction, note that

1

σ 2 A
T PJ∪{i}A + �−1 = D + 1

σ 2 A
T P{i}A

= D + AT ei e
T
i A

(24)

With this formulation (24) and the Sherman–Morrison for-
mula (Bartlett 1951), (23) can be written as follows:

fi (J ) = tr

(
A

(
D−1 −

(
D + AT ei e

T
i A

)−1
)
AT

)

=
S.−M .

tr

(
A

(
(1 + 1

σ 2 e
T
i AD−1AT ei )

−1 1

σ 2 D
−1AT ei e

T
i AD−1

)
AT

)

=
(
1 + 1

σ 2 e
T
i AD−1AT ei

)−1

(
1

σ 2 e
T
i AD−1AT AD−1AT ei

)
,

(25)

where 〈·, ·〉D can be written for the weighted inner prod-
uct because D is a symmetric positive definite matrix. The
marginal gain in (25) simplifies to

fi (J ) =
(
1 + 1

σ 2 e
T
i AD−1AT ei

)−1 (
1

σ 2 e
T
i AD−1AT AD−1AT ei

)

= 1

σ 2 〈AD−1AT ei , AD
−1AT ei 〉/

(
1 + 1

σ 2 〈AT ei , A
T ei 〉D−1

)

>0.

(26)
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Fig. 2 Values for αm , where m > 0, after the expectation maximization procedure of the SBL algorithm. The largest peak is at the heart rate, with
smaller peaks at double the heart rate. The respiratory rate is about 0.25 Hz.

This result holds because the numerator is zero if and only if
a zero row i exists in A, but by construction, the first entry
of each row is 1. ��
Theorem 6 The objective function f (J ), as defined in (18),
is a weakly submodular set function.

Proof From Lemma 5, it follows directly that f (J ) is a
monotone non-decreasing function. It is left to be shown,
that the weak-submodularity constant c f is bounded.

As � is a finite set, there exists

cmax := max
X⊂�,i∈�\X

fi (X ) (27)

and

cmin := min
X⊂�,i∈�\X

fi (X ). (28)

We know from Lemma 5, that 0 < cmin ≤ cmax ; thus, cb =
cmax/cmin exists, and the weak-submodularity constant c f

is bounded with

c f = max
(X ,Y,i)∈�̃

fi (Y)/ fi (X ) ≤ cb, (29)

for �̃ = {(X ,Y, i)|X ⊆ Y ⊂ �, i ∈ � \ Y}. ��
Based on Das and Kempe (2011); Hashemi et al. (2019), the
solution obtained by the greedy algorithm is guaranteed to be
within a factor of (1−e−1/c f ) of the optimal solution f (J ∗).
Section4 empirically examines theweak-submodularity con-
stant.

3 Application

This application involves real-time MRI scans of univentric-
ular hearts, with videos of N = 300 images in each slice
through the heart. Although the automatic segmentation in
the intermediate slices is very reliable, it contains no informa-
tion on the outer slices. Thiswork is interested in the ventricle
volume for each slice over time. Combining the results of
Sections 2.3 and 2.4 can minimize the labeling effort in the
outer slices. This work builds a linear model (1) to describe
the volume over the slices and time. Section 2.3 employs the
SBL algorithm to determine the prior empirically. The SBL
algorithm ensures that the prior is sparse. Thus, the prior for
many frequencies is close to a delta distribution around 0. The
distributions are normal with variances of αm ≈ 0. More-
over, αm can be set to 0 for small αm , and the corresponding
columns can be removed from A and rows removed from X
to circumvent numerical problems and reduce the computa-
tional expense of the problem. A practical method to set a
threshold is εthresh = 0.01 ·maxm∈{1,...,M}(αm), as frequen-
cies with amplitudes orders of magnitudes smaller than the
most significant frequency have a negligible effect on the
final volume.

A prior that assigns weight only to a few frequencies is
beneficial when predicting slices without information about
the volume because only the phase and amplitude of the
most influential frequencies must be fit. Thus, only a few
labeled images suffice to predict a whole slice. The sequence
of images can be optimized for labeling by solving (16) for
a fixed number of images. This problem is difficult due to
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Fig. 3 Posterior distribution and ground-truth data for two slices of two hearts. (a) Heart 1 is much less regular. The posterior distribution reflects
this, with a broader posterior.

the combinatorial explosion for larger numbers. Practically,
(17) can be iteratively solved, and the best slice can be con-
secutively labeled until the practitioner is satisfied with the
results. Section 2.5 proves that the solution of this approach
is at most a factor of (1 − e−1/c f ) away from the optimal
solution to (16).

Algorithm 2 Efficient labeling and prediction
Require: � = diag([α0, α1, . . . , αM , α1, . . . , αM ]) and σ 2 from
Algorithm 1

Initialize: J = { }
1: while insufficient prediction do

2: j∗ := argmin j∈{1,...,N } S
(
�

(J∪ j)
posty

)
with S from (30)

3: Manually label j∗
4: J = J ∪ j∗
5: Calculate posterior μ

(J )
posty , �

(J )
posty with (15)

6: end while
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4 Results

The MRI scans are from patients with univentricular hearts.
This condition makes automatic segmentation incredibly
challenging because their hearts usually differ significantly
from the geometry of the hearts of other patients. Therefore,
it is not possible to use publicly available datasets. The data
contain MRI scans of two patients. The inner five slices for
Heart 1 and the inner four slices for Heart 2 can be seg-
mented reliably using a U-Net approach similar to Isensee
et al. (2021). A medical expert confirmed the segmentation
for those slices. The outer slices could not be segmented reli-
ably, with mostly zero predictions.

4.1 Finding sparse frequencies

The frequencies fm = 3m/40 Hz for m = 0, . . . 100 were
employed to cover a broad range of possible frequencies.
Although one of the ventricle volumes (Heart 1) is visibly
more irregular than the other, the SBL algorithm reliably
found sparse frequencies for both hearts. Figure 2 illustrates
the values for αm , m > 0, after the EM procedure of the
SBL algorithm. For both hearts, the algorithm found seven
frequencies higher than the threshold 0.01 · maxm>0(αm).
By far, the most significant influence is the heart frequency.
Minor influences include the respiratory rate at about 0.3 Hz
and double the heart rate (i.e., , higher harmonics). Figure 3
depicts the posterior of the slices. The broader posterior for
Heart 1 captures the more irregular heartbeat.

4.2 Minimizing labeling work

The labeling effort on the other slices can be minimized
after empirically determining the prior on thewell segmented
intermediate slices. We used a greedy algorithm to search for
the best next point to label. As objective functions, this work
used the following:

S
(
�

(J )
posty

)
= tr

(
�

(J )
posty

)

S
(
�

(J )
posty

)
= N

√
det

(
�

(J )
posty

)

S
(
�

(J )
posty

)
= λ1

(
�

(J )
posty

)
.

(30)

The eigenvalues of the matrix became too small for a numer-

ical calculation of det
(
�

(J )
posty

)
, which yields a value of 0.

Therefore, the property that the determinant is the product of
the eigenvalues was applied to compute the following:

S
(
�

(J )
posty

)
= N

√
det

(
�

(J )
posty

)
=

N∏
i=1

N

√
λi

(
�

(J )
posty

)
. (31)

Fig. 4 Histogram of 30,000 random draws of c(X ,Y,i), as defined in
(33), to estimate theweak-submodularity constant. The highest obtained
value is ≈ 2.52, and only 1.2% of the samples are greater than 1.

Section 2.5 demonstrates that, for the trace tr
(
�

(J )
posty

)
, the

solution obtained by the greedy algorithm is guaranteed to
be within a factor of (1 − e−1/c f ) of the optimal solution,
where c f denotes the weak-submodularity constant

c f := max
(X ,Y,i)∈�̃

fi (Y)/ fi (X ), (32)

with �̃ = {(X ,Y, i)|X ⊆ Y ⊂ �, i ∈ � \ Y} for � =
{1, . . . , 300}. Next, 30,000 samples were uniformly drawn
for i ∈ �, Y ∈ � \ {i} and X ⊂ Y to estimate c f , and the
following is calculated:

c(X ,Y,i) := fi (Y)/ fi (X ) (33)

The highest value was ≈ 2.52, whereas only 1.2% of the
sampleswere greater than 1 (see Figure 4). The values greater
than1prove that the function is not a submodular set function,
but the moderate value could suggest that c f is within this
order of magnitude.

We used jackknife resampling to evaluate the performance
of the approach on the patient data because additional thor-
oughly segmented slices from the respective hearts were
unavailable. Thus, slices were left out to determine the prior
with sampling from the left-out slice. Despite the presence
of visual obstructions, such as valves that may appear differ-
ently in certain heart diseases and pose challenges for neural
network approaches to segment the images accurately, the
most significant frequencies affecting the volume over time,
such as respiratory and heart rates, are expected to remain
consistent in those slices. Hence, the posterior predictions
can be compared to the segmented images as ground truth.

All three objective functions aim to reduce the posterior
distribution spread. Figure 5a and 5b demonstrate that each
objective function produces narrower posterior distributions
than random sampling, suggesting that the greedy algorithm
is a sensible approach.AppendixA compares allmeasures on
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Fig. 5 Results of optimizing the posterior covariance. (a, b) Resulting
covariance of the greedy approacheswith 10,000 randomdraws. Shaded
areas display the range of the random draws, where darker blue marks
the inner 90%, and the blue curve represents themean for (a) covariance

trace, (b) determinant, and (c, d) resulting negative log-likelihood on
Hearts 1 and 2. Thewider band onHeart 1 reflects the higher irregularity
in the heartbeat in this heart.

both hearts. The posterior distributions found by minimizing
the trace and determinant of the posterior covariance matrix
perform similarly, minimizing the largest eigenvalue yields
a wider posterior. The first eigenvalue seems insufficient to
describe the full spread of the posterior.More critical than the
spread of the posterior distribution is for the posterior to rep-
resent the unknown data accurately. The jackknife sampling
method enables a comparison of the posterior distributions

with the ground-truth data, as illustrated in Figure 5c and
5d . The negative log-likelihood of the left-out slices using
the greedy approach is compared with that of 10,000 random
samples.

Among the three objective functions, S
(
�

(J )
posty

)
=

tr
(
�

(J )
posty

)
achieves the best results, as it is the only

method to surpass random sampling across all samples with
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Fig. 6 Predictive posterior for measured data depicted in the shaded
yellow area for labeled images from unknown ground-truth data. The
measured data ismarkedwith a green x. (c) Results of 15 labeled images
selected by a greedy worst approach on Heart 2. Compared to the result

of six selected images by a greedy algorithm minimizing the trace on
Heart 1 (a) or Heart 2 (b), the posterior variance is significantly smaller
in (a) and (b) with fewer labeled images. The posterior also corresponds
more accurately to the ground-truth data in those examples.

15 labeled images on both hearts. The determinant yields
slightly worse results but still outperforms all random sam-
ples for more than 12 labeled images in Heart 2 and over
95% of the random samples in Heart 1 for 14 and 15 labeled
images. Using the largest eigenvalue as an objective function
yields the worst results, barely outperforming the average
random sampling approach on Heart 2. This finding is also

consistent with the observation that minimizing the largest
eigenvalue fails to minimize the spread of the posterior to the
same degree as the other two objectives.

Overall, the most important benefit of using these greedy
algorithms is preventing the random selection of inefficient
sequences, especially in the more irregular heart (Heart 1).
The broader negative log-likelihood range of the random
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samples indicates the importance of an informed selection of
labeled images. Drawing seven images according to the trace
of the posterior distribution outperforms the worst random
samplewith 15 labeled images. ForHeart 2, only nine labeled
images are needed to outperform the worst random sample
with 15 images. The importance of avoiding poor sequences
can also be visually observed. The posterior distribution cap-
tures the ground truth for only five sample points selected
with the greedy trace approach (see Figure 6a and 6b). In
contrast , when selecting the sample images with a greedy
worst approach, the posterior does not fit the data. However,
the model also represents this uncertainty in a wide posterior
distribution, providing a clear warning signal for the practi-
tioner not to trust the predictions (Figure 6c).

5 Conclusion

The SBL algorithm identifies the dominant frequencies in
ventricle volumes over time from real-time MRI scans.
Sparse frequency priors can efficiently label slices where
automatic segmentation is inadequate. A greedy approach
can be applied to select the optimal image for manual seg-
mentation to minimize an objective function related to the
posterior covariance spread. In this application, using the

trace of the posterior covariance as an objective function
is the least computationally expensive and yields the best
results. Performance can be guaranteed for the greedy algo-
rithm on the trace of the posterior covariance. The greedy
approach stays within a factor of (1− e−1/c f ) of the optimal
solution. Empirically, the highest value was ≈ 2.5, sug-
gesting that c f might also be in this order of magnitude.
Testing this approach on real-life patient data demonstrated
that the selection procedure minimized the posterior covari-
ance spread. Moreover, the resulting models also accurately
predicted the unknown data. Specifically, the model using
15 labeled images selected based on the trace of the poste-
rior covariance consistently outperformed all models using
randomly selected images, achieving the lowest negative log-
likelihood for Hearts 1 and 2 across 10,000 random samples.

Appendix A Supplementary Figures

This work measures the posterior covariance spread with
the trace, determinant, and largest eigenvalue of the pos-
terior covariance matrix (see (30)). The greedy algorithm
determined which images to label on the three mentioned
measures. Figure 7 compares the performance of the selec-
tion schemes on both hearts for all three measures.
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Fig. 7 Results of optimizing the posterior covariance, comparing the
covariance of the greedy approacheswith 10,000 randomdraws. Shaded
areas depict the range of random draws, where darker blue marks the

inner 90%, and the blue curve is the mean. For comparison, the largest
eigenvalue, determinant, and trace of the posterior covariance are plot-
ted for both hearts.
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