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Abstract—Surface finishing is a time-consuming, dangerous
task, difficult to automate despite its necessity in many manufac-
turing processes. Its automation, particularly through robetics,
increases productivity and relieves workers from health-critical
tasks. However, challenges remain, as automated offline plan-
ning tools can result in certain areas being either neglected
or overly processed. Ergodic control offers the possibility to
cover target probability distributions in an online manner, by
taking into account the observed coverage history. However,
existing ergodic control approaches provide little flexibility in
designing and adapting coverage strategies. Moreover, they come
with simplifying assumptions, such as point-based dynamics,
which are no longer valid for tasks where the robot is in
contact with strongly varying curvatures on non-trivial surface
geometries. In this work, we introduce a closed-form ergodic
control framework that includes the tool imprint in the system
modeling while simultaneously permitting the intuitive transfer of
finish strategies, namely preferred motion directions. We build on
the Spectral Multiscale Coverage (SMC) approach, augmenting
it with a tool imprint model, as well as both target distributions
and state-dependent movement directions extracted from human
demonstrations. Through evaluations in a surface finishing task
using a torque-controlled, 7-DoF, robot arm we show that our
approach optimally covers surfaces according to the tool contact
area, with robust error convergence.

Index Terms—Ergodic Control, Learning from Demonstration,
Motion and Path Planning, Intelligent and Flexible Manufactur-
ing

I. INTRODUCTION

Surface finishing operations, such as polishing, grinding,
and sanding, are common in manufacturing and construction.
These operations are often performed by human workers due
to the difficulty of automating them [I1], [2]]. Since surface
finishing is repetitive and can be hazardous to human health,
there is a growing interest in developing robotic systems
to perform these processes [3|-[8]]. However, as the surface
quality is challenging to quantify and the machining effect
on the surface is difficult to predict, it is challenging to
develop solutions that can achieve a desired surface quality
[O], [10]. Furthermore, to establish a robotic system in a
craft environment, the system must be easy for craftspeople
to program. So, instead of programming the robot with a
complex set of rules, the robot should be able to execute
surface finishing processes from high-level task descriptions
that can be easily specified manually and/or intuitively learned
from demonstrations.
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Fig. 1: Robotic surface finishing requires addressing challenges like coverage
path planning, inconsistent tool contact on complex surfaces, limited real-
time feedback, and material- or geometry-specific finishing requirements. We
present an ergodic control framework that addresses these issues. It formulates
surface finishing as the problem of covering a desired distribution while
incorporating the tool contact area into process modeling and considering
preferred finishing directions tailored to material or geometric features.
The framework enables robots to learn high-level task descriptions, in the
form of desired coverage distributions and motion preferences, from human
demonstrations, which it uses to execute the task, enhancing adaptability and
interaction in robotic surface finishing.

Problem Statement: In robot surface finishing, coverage
planning is typically conducted offline, separating the planning
stage from the execution phase. [5], [11], [12]. The robot
initiates its task solely after completing the preliminary com-
putations, which provides little flexibility and adaptation of
coverage strategies. Moreover, certain areas of the surface may
be neglected or overly processed due to the lack of online
feedback. In addition, the contact area of the finishing tool
varies significantly for complex surfaces. For flat surfaces, the
entire tool surface is in contact, whereas for curved surfaces,
only a portion makes contact. This makes it difficult to treat
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a surface, for example, uniformly, since areas with a smaller
finishing disk contact area have to be processed with smaller
spacing between covering lines than those with a larger tool
imprint. Furthermore, human operators may have preferred
finishing directions for different materials or geometries. For
instance, wood workpieces need to be sanded along the grain
or cylindrical geometries along the direction of the main
curvature (see Fig. [T)) [13].

Contribution: To address the aforementioned limitations,
we propose an ergodic-control-based approach for robot sur-
face finishing that i) takes into account the contact area
between finishing tool and surface to optimally cover desired
distributions and ii) permits the learning of both desired
distributions and preferred finishing directions from human
demonstrations. Concretely, in this work, we:

o Formulate heavy-dutyﬂ surface processing tasks for in-
dustrial or craft applications as the problem of covering
a desired probability distribution that can be learned
from human demonstrations and achieved using ergodic
control;

o Extend the Spectral Multiscale Coverage (SMC) ergodic
control method [14] by incorporating a variable tool
contact area that adapts to non-trivial surface geometries;

o Introduce a new approach to compute optimal ergodic
control actions while accounting for preferred motion
directions;

o Propose a solution to learn preferred motion directions
from human demonstrations and incorporate them into er-
godic controllers, ensuring that the robot imitates demon-
strated behaviors while achieving the desired coverage.

We also show, in both illustrative examples and real robot
experiments, that our approach allows for the direct specifi-
cation of both desired distributions and preferred motions by
human experts, with strong optimal coverage guarantees.

The remainder of this paper is structured as follows. Re-
lated work is presented in Section [l Section provides
background information on ergodic control and the SMC
method. The proposed approach is described in Section
The experiments and results are presented in Section
Section discusses the results and provides an outlook for
future work. Finally, we conclude the paper in Section

II. RELATED WORK
A. Robotic Surface Finishing

Automating surface finishing is challenging due to the
complexity of finding an optimal trajectory for the finishing
tool to cover a surface efficiently while achieving a desired
surface quality. Various approaches use offline planning to
automate the task of covering a surface efficiently, where
the process is usually split into two phases [I5]-[17]: A
preprocessing step, segmenting the surface, followed by a
coverage path planning phase, to find an efficient trajectory for
each individual partition. For segmentation, some approaches

'Heavy-duty surface processing — mechanical processes like grinding,
sanding, and finishing that remove significant material — relies on precise
force, tool contact, and motion, as small variations can alter surface charac-
teristics and overall finish quality.

[15], [[18]] use geometry features like positional coordinates,
normal vectors or curvature. Others [16[], [[17], [19]-[21] use
topological simple and monotonic partitions. These approaches
achieve resulting segments with easy-to-handle properties like
convexity or structures without holes. By finding close-to-
isometric two-dimensional surface parametrizations, simple
patterns as rasters, Lissajous curves or spirals can be used
to generate paths on the surface [12], [22]]. This simplifies
the complexity of finding an optimal path in which only
the parameters of the pattern need to be determined. One
notable limitation of offline planning methods is that they
cannot easily handle non-uniform distributions of the desired
coverage. Furthermore, these methods base their calculations
solely on surface coverage modeling, preventing them from
adapting to changes or deviations during execution. This
limitation precludes the ability to react to unexpected events
or modify the robot’s behavior during task execution. In this
work, we propose ergodic control as a principled approach to
address these limitations by formulating coverage problems in
heavy-duty surface processing as the tracking of probability
distributions. To the best of our knowledge, this is the first
work to introduce such a formulation Pl

One key aspect of coverage path planning for surface
finishing is the tool imprint (see Fig. [T), which offline ap-
proaches already leverage to optimize path efficiency. Indeed,
in offline approaches, starting from a raster path pattern,
the path can be optimized by considering the tool imprint.
As [5], [11], [24] show, the width between coverage path
lines can be adjusted to optimize for remaining gaps and
overlapping to achieve the largest possible coverage with
minimum path length. In this context, the tool imprint model
is essential for determining the optimal path width between
coverage lines. In our previous work [5]], we estimated the
tool imprint by calculating the intersection area based on the
exact tool geometry and the surface geometry, without relying
on simplified assumptions such as constant curvature of the
workpiece geometry. Building on this foundation, in this work
we integrate the tool imprint model from [5] into an ergodic
control formulation to optimize the coverage path online, for a
varying tool contact. By combining the imprint modeling with
the flexibility and adaptability of ergodic control, we allow for
an accurate computation of the covered path, facilitating an
efficient surface coverage.

Finally, as previously mentioned, traditional offline methods
to surface finishing typically assume uniform desired cov-
erage distributions, limiting their applicability in scenarios
requiring non-uniform or more complex coverage patterns. In
contrast, ergodic control naturally handles non-uniform desired
coverage distributions, addressing this key limitation. With
this in mind, we here propose to leverage Learning from
Demonstration (LfD), particularly probabilistic solutions (see
[25] for a comprehensive review), into our ergodic approach,
enabling users to intuitively and flexibly demonstrate complex,
non-trivial coverage behaviors as desired distributions, without
explicit programming or extensive optimization. To our know-
ledge, this is the first work introducing ergodic LfD into heavy-

2In [23] we presented preliminary results as a workshop contribution.



duty surface finishing tasks for industrial or craft applications,
where we argue that adopting an ergodic approach plays a
pivotal role.

B. Ergodic Control

Ergodic control is a technique used to guide the motion
of dynamical systems so they exhibit ergodicity (see for
details), ensuring they cover reference probability distributions
in an online manner. In this context, online refers to methods
that calculate an agent’s control actions in real-time while the
robot is operating and adapt to changes in the goal distribution
or system state dynamically, without requiring a dedicated re-
planning phase. In recent years, ergodic approaches have been
applied across a variety of domains, including battery-powered
robots [26], shared control for robotic arms in rehabilitation
and training [27], search trajectories for mobile robots [28]]—
[31]], active and imitation learning [32], [33]], shape estimation
using low-resolution sensors [[34f], higher-dimensional robotic
manipulation like peg-in-hole insertion [35]], [36]], and painting
artistic portraits [37]]. A key advantage of ergodic control over
offline methods in surface finishing is its ability to dynamically
adapt to discrepancies between achieved and desired coverage
caused by environmental perturbations, unmodeled contacts, or
other uncertainties. Furthermore, heuristic coverage strategies,
e.g., spiral motions [35] or random walk [33]], are known
for being inefficient, mainly due to not keeping track of
observed coverage. In this work, we argue that ergodic control
provides essential properties that address key limitations of
existing robot surface finishing formulations, including those
discussed in Particularly, it allows the system to consider
the observed coverage history and adapt to changes in the
environment, such as interruptions in task execution due to
human intervention or changes in the robot’s state. Addition-
ally, the desired coverage of the task can be modified online,
providing flexibility in task execution. Ergodic control can also
handle non-uniform desired coverage distributions, ensuring
that specific areas receive the appropriate amount of attention
based on the task requirements.

The above-mentioned applications have been facilitated by
recent advances in ergodic control methods. In this concern,
the Spectral Multiscale Coverage (SMC) method [14]], [38],
[39] aims to achieve coverage by ensuring that trajectories
of multiple agents are ergodic with respect to a prescribed
measure. This approach leverages a cost function based on the
frequency spectrum of a reference distribution to analytically
compute optimal agent actions at each time step, enabling
online planning to effectively cover a specified probability
distribution. One of the main advantages of SMC is that it
allows for prioritizing the coverage of different frequency
components. Particularly, as shown, for instance, in [14], [35],
[39], SMC prioritizes coverage of lower-frequency regions, ef-
fectively ensuring coverage of broader areas before addressing
finer details, a relevant property for surface finishing tasks.
This property extends even to multi-agent settings [30] where
different agents can focus on other aspects, e.g., one agent on
low and another on high frequency features, simultaneously.

Another online ergodic control approach is the Heat Equa-
tion Driven Area Coverage (HEDAC) method [40]. It intro-

duces an ergodicity-based algorithm based on the stationary
heat equation to generate a potential field, which directs
agent movement through its gradient. However, compared
to the SMC method, it does not allow prioritization in the
frequency spectrum, which provides a flexible mechanism for
parametrizing surface interaction strategies, such as emphasiz-
ing low- or high-frequency components. This added flexibility
is especially valuable for surface finishing tasks, where control
over the coverage behavior is fundamental for human operators
to choose the strategy they prefer.

In [41]], the authors propose a method that extends HEDAC
for exploring a region of interest using the whole body of the
robot, modeled as a collection of virtual agents constrained
by the robot’s kinematic chain. Control inputs are derived
from a consensus among these agents. Moreover, in [42], a
closed-loop control method is proposed based on HEDAC
for tasks like cleaning curved surfaces. It evaluates actual
coverage using vision and represents surfaces with point
clouds. The method determines the robot’s guiding control
input by projecting the agent’s position and nearby points
from the point cloud onto the tangent plane, then computing
the gradient of their potential field. This method, however,
does not account for varying tool imprints, which is important
in the context of surface finishing. Moreover, vision-based
estimation is limited in scope. While it may be suitable for
tasks like surface cleaning, it lacks the generality required for
a broader range of surface finishing operations. In practical
applications, key surface attributes such as smoothness and
gloss are often challenging to evaluate with standard vision
systems, necessitating specialized sensor feedback or model-
based approaches.

In a different direction, Dong et al. [29] present a novel
method for time-optimal ergodic search, balancing search
thoroughness and trajectory execution time. The approach
generates efficient search trajectories by formulating the prob-
lem as a minimum time problem with an ergodic inequality
constraint, demonstrated in both simulations and drone exper-
iments. However, this approach has the disadvantage that it
can not be used for online planning. Another ergodic search
method is presented in [43|], where an iterative linear quadratic
regulator (iILQR) algorithm is used for optimizing a given
continuous-time trajectory for a long, fixed planning horizon,
sharing similar disadvantages with [29].

The topic of computational complexity in the context of er-
godic control has also received attention in recent years. While
classical approaches [ 14], [43]] have an exponential complexity
with respect to the dimension of the search space, in [36] the
authors introduce a computationally efficient ergodic search
method applicable to both Euclidean space and Lie groups.
A kernel-based ergodic metric is used that scales linearly
with search space dimensions. Shetty et al. [[35] also address
the limitations of using ergodic control in high-dimensional
spaces by proposing the use of tensor trains, a low-rank
tensor decomposition technique, to improve computational and
storage efficiency.

In summary, various ergodic control methods have been
developed and explored in the context of robotics problems
and applications. However, many of the traditional approaches



have limitations. Particularly, a large number of them generate
erratic trajectories that lack distinct motion directions, as
the agents solely prioritize the minimization of the coverage
loss. Additionally, these methods assume a constant agent
imprint, typically a point mass, across the state space, which
is inadequate for surface finishing on non-trivial geometries
and can reduce efficiency. To address these limitations, our
work extends the SMC method by incorporating a varying tool
contact area that adapts to non-trivial surface geometries. We
also derive a new formulation to compute control actions while
taking into account preferred motion directions and propose
a Learning from Demonstration approach to learn preferred
finishing directions from human operators. Through the com-
bination of these contributions, we aim for a flexible and
adaptive solution to the problem of robotic surface finishing.

III. BACKGROUND

This section provides an overview of ergodicity, ergodic
control, and the Spectral Multiscale Coverage (SMC) method.
These concepts lay the groundwork for the subsequent sections
of this paper.

A. Ergodicity

According to Birkhoftf’s ergodic theorem, a dynamical sys-
tem is considered ergodic if and only if the time averages of
functions along trajectories are equal to their spatial averages
[14], [43]. The time averages refer to each subset A of the
domain space U and are, in each case, the average time spent
in A by an agent’s trajectory x(¢) over a time interval 7'. It
is defined as

T

HAT) = 1/ La(x(8))dt, )
T Jo

where 1.4(x) is the indicator function of the subset .4, which

equals 1 if x € A and 0 otherwise. The spatial average in

the ergodic control context is the probability of the agent’s

position being in the subset .4 of the domain space U, which

is defined as

P(A) = /A p(x)dx, @

where p(x) is the probability density function of the agent’s
position in the domain space U. For ergodic dynamics, the
time average of the agent’s trajectory in any subset A con-
verges to the spatial average, the probability of the agent’s
position in that subset, as the time interval 71" approaches
infinity. This can be expressed as

VACU: Tlgn 7(A,T) = p(A). 3)

Figure [2] illustrates the concept of ergodicity in the context of
ergodic control. The squared domain U is depicted, showing
the agent’s trajectory x(t) over a time interval T as a blue
line. For an agent moving at constant velocity, this concept
is reflected in the proportion of its trajectory within a given
subset, corresponding to the time spent in that subset relative
to the total observation period. The spatial average, represented
by the probability density function p(x), is shown in black, in-
dicating the desired coverage distribution. The figure includes

Fig. 2: Illustration of the concept of ergodicity. The agent’s trajectory x(t)
through the space is depicted in blue, representing its movement over time.
The desired coverage distribution p(x), shown as a grayscale image, indicates
where the agent should ideally allocate its time based on a predefined statis-
tical model. Three example subsets (I, II, IIT) are highlighted to demonstrate
that the time spent by the agent in each subset closely aligns with the
proportional desired coverage in that subset. This alignment ensures that the
agent’s behavior reflects the desired statistical properties.

three example subsets (I, II, III) of the domain space U, located
in regions of different probability density, where the proportion
of time spent within each subset — represented by the number
of blue lines within it — is close to the probability of the
agent’s position being in that subset given p(x), indicating a
high degree of ergodicity.

B. Spectral Multiscale Coverage (SMC)

An ergodic controller guides a dynamical system online to
exhibit ergodicity by generating control actions that achieve
(3). In this work, we leverage the Spectral Multiscale Coverage
(SMC) approach [[14], [38], [39] to guide the robot in the
domain space, where ergodic control aims to achieve a desired
coverage, represented by a probability density function p(x).
The coverage at position x and time ¢ of [NV agents is calculated
as

ot = 57 > / (3 — xi(B))l, )

where, in classical SMC, the agent’s imprint v(x) is the Dirac
delta function §(x), treating the agent as a point mass. This
coverage function keeps track of the history of the agents,
indicating which areas of the state space have already been
covered. A cost function, denoted as ¢(t), quantifies the
deviation of the coverage c(x,t) from the target distribution
p(x), considering the spectral components of the coverage and
the target distribution. It is defined as

6(1) = 5 3 Axlp — ex(0))” ©
ke

where py and ci(t) are the Fourier coefficients of the target
p(x) and coverage c¢(x,t), respectively, for the wave-number



array k € K C NP of a rectangular D-dimensional domain
U, with K={0, ..., K =1} x...x {0, ..., K —1} and
K the number of frequency components. The coefficients are
weighted by Ay to emphasize different frequency components
of the distributions. This weighting is commonly chosen as

1
[\k = (6)
(L+ []j2) 7
where ||-|| is the Euclidean norm. This approach prioritizes

low-frequency components over higher ones, leading to agent
behavior in which the broader domain is covered initially, with
progressively increasing focus on finer details as the process
continues. The action u; of the SMC motion control is derived
from the optimal control formulation

u; = argmin ¢(t + At) subject to  [|u;l| = umax-  (7)

The solution to this optimization problem is given by (see
details in [[14])

*

b;(t)
U, = —Umax 73 N0
[bi(®)]

where b;(t) is defined as
bi(t) = Y Aw(pi — ac(t) V ficlxi (1)), ©)

ke

®)

and fy are the basis functions of the Fourier series decom-
position of x;(¢). Given the control action at each time step
(8), ergodic robot motions can be generated either by directly
commanding u; to the system, e.g. in a velocity control
scheme, or by integrating it at each time step, using the
resulting desired poses as references.

IV. PROPOSED APPROACH

We introduce an approach that extends the SMC ergodic
control method for surface finishing tasks using a surface
parametrization (Section [[V-A) by learning desired coverages
(Section [IV-B)), incorporating tool imprints (Section[[V-C), and
transferring motion preferences from human demonstrations
(Section [V-D} Section [V-E). The tool imprint models the
effect of the finishing tool on the surface, while the desired
coverage and motion preferences guide the robot’s motion.
With this approach, we aim to improve surface finishing
tasks in human-robot collaboration scenarios. Surface finishing
applications typically involve a single robotic agent performing
the task, as in our experiments. Therefore, we focus on
the specific case of a single agent N = 1 to simplify
the formulations. While the explicit multi-agent setting is
omitted, the underlying concept remains applicable to multi-
agent scenarios.

A. Preliminaries on Surface Parametrization

To handle arbitrary surface geometries, we follow the ap-
proach presented in [5]], where we first decompose a given
geometry mesh of the workpiece into smaller segments with
clearly defined boundaries, see Fig. 6b in [5] for reference.
These patches are designed to have well-defined boundaries
and no holes, ensuring that each patch can be processed in

{flange }

Wange}

| —

{edge point}

center point
pomnty

(b) Edge point contact
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Fig. 3: Example of tool reference frames for center and edge point contact

sequence during surface finishing. As shown in [44]], the mesh
structure of a segment can be mapped onto a two-dimensional
domain space using an as-close-as-possible isometric surface
parametrization to simplify the three-dimensional patches.
This reduced space is a simplified representation of the robot
state space, which provides a concise and tractable framework
for controlling the robot’s motion on the workpiece surface,
allowing for the development and implementation of ergodic
control strategies in this reduced-dimensional setting. Particu-
larly, operations such as the Fourier transform can be directly
applied in this Euclidean domain. Moreover, the near-isometric
nature of the parametrization helps reduce sampling distor-
tions arising from non-uniform vertex densities in the surface
mesh, offering advantages over the direct use of point-based
three-dimensional meshes [42]. For each simplified segmented
surface, which can be any polygon, we compute a minimum-
area bounding rectangle that fully encompasses this patch.
This bounding rectangle serves as the rectangular domain
U C R? required for applying the Fourier basis functions in
the context of SMC ergodic control (see Section [[II-B). Thus,
trajectory generation is initially conducted within the two-
dimensional domain and subsequently mapped onto the three-
dimensional surface via the inverse mapping. At each surface
point, the corresponding normal vector specifies the orientation
by constraining the degree of freedom (DoF) to coincide with
the surface normal. This condition determines two of the
three rotational DoF. At the same time, the remaining DoF,
associated with the axial symmetry of the finishing disk, is
chosen to mitigate potential collisions of the finishing tool with
the environment or robot. Accordingly, a trajectory defined in
two dimensions regarding position and velocity is systemat-
ically extended into a complete three-dimensional trajectory
incorporating both positional and orientational information.

The robot’s tool center point (TCP) is represented by a
single reference frame attached to the tool, which serves as
the basis for navigating the robot relative to the workpiece.
The placement of this reference frame constitutes a user-
defined design choice; however, consistency in its selection
is required across both demonstration and execution phases.
In our experiments we use the center contact of the finishing
disk as tool reference frame except in section [V-G| where we
use the disk’s edge (see Fig. [3).

B. Learning the Desired Distribution from Position Data

We propose to specify surface finishing tasks by learning
desired coverage distributions from human demonstrations.



(b) Learned distribution

(a) Demonstration trajectories

Fig. 4: The figure shows, for a surface finishing task, the human demonstration
trajectories of the finishing disk center point with its tool coordinate system
on the workpiece (a) and the learned GMM in the two-dimensional surface
parametrization (b). The grayscale image illustrates the probability density
of the GMM distribution, with the demonstration paths represented by blue
lines.

Specifically, position data collected from the demonstration
process can be utilized to infer a probability distribution
that serves as the reference distribution for the ergodic con-
troller. This is achieved using a Gaussian mixture model
(GMM), which is learned from the data via the expectation-
maximization (EM) algorithm [45]. The maximization prob-
lem involves finding the optimal set of parameters 6 that
maximizes the log-likelihood function as

M C
logp(X [ 0) = > log | > weN(x"™|p.,2) |, (10)
m=1 c=1

0" = argmgxxlogp(z’\,’ | 6), (11)
where 0 = {7, p,., E.}C | represents the parameters of
the GMM, 7. are the mixing coefficients, N (x("™)|u,, =.)
is the Gaussian distribution with mean p. and covari-
ance Y., and M 1is the number of data points. Here,
X = {xM x@ . x(M} denotes the dataset consisting of
the two-dimensional position data x(Y € R? from the hu-
man demonstration, where x() represents the contact point
coordinates on the domain space U. The GMM provides a
probabilistic framework that allows the robot to infer the task
requirements and perform it autonomously by following the
learned distribution, which is given as

p(x) :=p(x | 67).

An example of this approach is shown in Fig. @ where a hu-
man demonstration first identifies two locations on the surface.
The probabilistic model is then inferred from the correspond-
ing position data in the two-dimensional state space. We argue
that this model captures the key aspects of the surface finishing
process, including the specific areas to be processed and the
required intensity of the finishing. A higher probability density
indicates that more time should be allocated to a region,
resulting in increased processing in that area. For execution,
an ergodic controller is used to guide the robot online along
the distribution, optimizing ergodicity.

Note that the reference distribution can also be predefined,
as in [14], for instance, to achieve uniform surface finishing. In
this scenario, the reference distribution is manually configured

12)

compliant

(a) Theoretical tool disk plate composed of a rigid (light-gray) and compliant
layer (blue) for two contact scenarios

(b) Corresponding tool disks with the imprint on the surface

Fig. 5: Tllustration of the rays (green lines) inside the tool disk used to
approximate the tool imprint (blue polygon) of a tool reference point (orange)
on the workpiece surface (indicated by dashed lines in gray) for two different
contact scenarios.

to accomplish a particular task. However, this can be either too
rigid or impractical for users unfamiliar with probability the-
ory. Our LfD-based approach aims to address these limitations.

C. Ergodic Control with Imprint Model

In practice, the effect of the tool during surface finishing
is influenced by multiple factors, including the applied force,
the velocity of the tool contact point trajectory, and the
geometry of the freeform workpiece around the tool contact. In
particular, the geometry of the freeform workpiece around the
tool contact plays a major role. It determines which points are
in contact with the surface and how the pressure is distributed
on the contact area (see Fig. [I).

To incorporate the contact between the tool and the work-
piece within the framework of ergodic control, we model
the finishing tool as a flat disk with radius r (see Fig. [3).
Taking into account the flexibility of the disk and its ability to
conform to the surface, we introduce an elasticity distance e,
as proposed for offline planning purposes in [5]]. This distance
represents the tool’s compliance and defines how far the tool
and abrasive material can deform under the process forces to
conform to the surface. To estimate the contact area between
the finishing disk and the workpiece, we first slightly move
the disk inward, along its height direction, by a small distance
e toward the surface. This shifts the disk slightly into the
workpiece. Next, we determine the area where this shifted disk
intersects with the workpiece geometry, which serves as an
approximation of the contact region. To determine the shape of
this contact area, we emit rays starting from the shifted contact
point p, which acts as the origin, within the plane of the disk.
These rays are sampled at equal angular intervals, such that
the angles between consecutive rays are evenly spaced around



the origin. We can express this as

COS K;
r,=p+s|sink;|, s>0,
0 (13)
271
i=—, 1€{0,1,...,R—1},
K R ieq }

in coordinates where z- and y-directions are aligned with the
tool disk plane and R is the number of rays sampled. The rays
are limited to the boundaries of the tool disk; for example,
when the contact point is at the disk center, the ray parameter
s is restricted by the disk radius r, such that » > s. For
each ray, we compute its intersection point with the workpiece
surface. If no intersection occurs within the limits of the tool
disk, the ray’s endpoint at the disk boundary is used instead.
The resulting ordered set of points defines the vertices of
a polygon that approximates the tool imprint. Consequently,
all points within the polygon are considered part of the tool
contact region. Figure [5] visualizes our tool imprint modeling
approach.

We modify the coverage calculation in the SMC method
to ensure that the effect of the tool contact on the surface
is taken into account. Instead of using a constant agent’s
imprint, we model it as a varying function that depends on
the tool reference position on the surface and, consequently,
the agent’s state. Additionally, we use a discrete FFT-based
computation for py and ¢ (t) instead of the analytical Fourier
transform approach, as, for example, in [35]], [39]. The discrete
FFT does not compromise accuracy compared to [14], as the
original method also relies on a finite number of Fourier basis
functions, inherently approximating the coverage signal. The
key advantage of this change lies in its ability to handle arbi-
trary input distributions and adaptable agent imprint functions.
Recalling (@), the coverage calculation can then be expressed
as

t
c(x,t) = f/ V() (X — x(1))dt, (14)
0
where 7.(x) € R denotes the tool imprint, which is varying
according to different tool positions c¢ in the robot state
space (for this case ¢ := x(t)). Let Z(c) represent the
subset of the surface in contact with the tool at a reference
point c. An illustrative example is shown in Fig. [5] where
the region enclosed by the blue polygon approximates Z(c).
The reference point ¢ is depicted in orange in Fig. [5] and
corresponds to the origin of the center or edge point frames
in Fig. 3] We then define the agent’s tool imprint as
Ye(x) = a 17 (x). (15)
The parameter o serves as a scaling factor, enabling the
formulation to operate in two distinct modes:

1) Constant Pressure Mode (o« = 1): In this mode, the
applied normal force is proportional to the contact area,
maintaining a constant pressure across the surface.

2) Constant Force Mode: In this mode, a constant total
force is applied, but its distribution varies depending on
the contact area. In this context, the imprint function

Fig. 6: Illustration of the circular and elliptical constraint for the velocity
vector with the scaled eigenvectors (s1q1, s2q2) of the matrix I" represented
as arrows along the major and minor axes of the ellipse. The dotted arrow u
exemplifies one possible velocity vector that satisfies the constraint, although
any vector along the boundary of the ellipse is also valid.

can be mathematically represented as a distribution that
sums to one, thus we have

1
foI(c) ldx’

By incorporating the tool imprints into the coverage calcula-
tion, we can optimize the surface coverage more accurately,
considering the specific characteristics of the surface and the
tool.

(16)

o =

D. Constrained Ergodic Optimization Problem

The goal of the ergodic control SMC method is to minimize
the cost function (3) by computing optimal control actions that
maximize its decrease in the next time step. We recall from
that the ergodic control action in [|14] is derived by solving
the optimization problem

min  ¢(t + At),
u(t)
s.t. u(t)Tu(t) = Umaxs

a7)

where the norm of the control action u(t) is constrained to
a maximum value u,, regardless of the direction. In further
derivations, we drop the dependence on ¢ for simplicity, unless
required in specific derivation steps. We extend this approach
by modifying the constraint definition using an invertible and
positive definite weighting matrix I', which allows the different
velocity directions to be constrained in varying ranges as

vur'—lu=1.

We further assume det(T') = 1 without loss of generality
since scaling I' is equivalent to scaling the right term in
(T8). Moreover, we assume I' to be symmetric, similarly to
a covariance matrix, thus in the two-dimensional case @])
defines an elliptical constraint. This ellipse can be represented
using the eigenvalue decomposition as

(18)

S% 0 1
FQ[O Sg]Q , (19)
where Q = [q1 qq] is the rotational part that defines the
orientation of the ellipse, and s? and s2 are the eigenvalues that
scale the ellipse along the principal axes by the factors s; and
52 (see Fig.[6). This decomposition allows us to understand the
influence of the matrix I" on the control input u, providing a



precise geometric interpretation of the constraints imposed on
the system. The two eigenvectors, q; and qs, of the matrix
represent the directions with weakest and strongest motion
constraints. By visualizing the constraint as an ellipse (Fig. [6)),
we can see that each point on its surface represents a possible
velocity vector u that satisfies the constraint. The constraint
is a circle if the matrix is the identity matrix, which is one
special case of the general formulation.

The general optimization problem considering (I8]) can then

be written as
min  ®(t + At)
u

s.t. vull~lu=1.

where we use ®(t) := t2¢(t) for notational convenience fol-
lowing (16) from the original approach [14]], which simplifies
the computation of derivatives with respect to time. Notably,
this substitution does not alter the optimization problem.
Assuming continuity of the cost concerning time, as in [[14],
the Taylor expansion is used to approximate the cost function
for subsequent points in time as

(20)

Dt + At) ~ D(t) + d(t) At + %(f(t)Atz, Q1)

where its derivatives with respect to time are given by

=) MeSi(t)Wac(t), (22)
kek
=) A (W) + ) McS(®)Wic(t)  (23)
kel ke
= Ax (Wa(1))* + b(t)Tu(t), (24)
kel
Sk(t) = (px — ex(t))t, (25)

Wi (t) :== Sk(t).

Note that we use lowercase letters for vectors such as b here
for reasons of consistency of our notation, whereas capital
letters are used in the original work [14]. Given these terms,
we can simplify the optimization problem, where the optimal
control input u* is then obtained by solving

(26)

u* =argmin b(t)Tu
u

vuil'~lu = 1.

We can solve this constrained optimization problem as shown
in Appendix |A|using Lagrange multipliers, where the optimal
control input u* is given by

27
subject to

ut = fL(t)_ (28)
b(t)TTb(t)

The matrix I' introduces an additional degree of freedom
to influence the control output of the system. Note that if
det(T") # 1, the solution (28) would be the same up to a
scaling factor (see Appendix [B| for details). By specifying
this matrix with preferred directions, we can set priorities for
the robot’s motion while simultaneously achieving a desired

coverage distribution with the ergodic controller.
As u is constrained to the elliptical shape, the constraint
enables the robot to exhibit varying magnitudes of velocity in
different directions, with higher velocities in regions where

the ellipse constraint is stretched and lower velocities in
areas where the ellipse constraint is compressed. However, to
achieve a desired velocity magnitude uy,,x in the real system,
the velocity vector that is commanded to the robot 01 can be
computed as a re-scaled version of u* as

*

0= U . (29)
[
Importantly, this re-scaling process does not alter the pri-
oritization of directions exhibited by u*. The optimization
(20) continues to favor movements in the preferred directions,
which means that these directions are more likely to be chosen,
even if they are not applied with increased velocity. Equation
(29) merely ensures that the final velocity vector attains the
desired magnitude while maintaining the directional prefer-
ences. As such, this process enables the system to maintain its
preferred motion directions while ensuring a constant speed.
The provided examples for the derivation focus on the
two-dimensional case, which suffices for surface finishing
purposes. However, the derivation of motion preference using
the matrix I' is also applicable in n-dimensional spaces.

E. Motion preference transfer from human demonstrations

Building on the constrained ergodic optimization problem,
we propose to extract motion preferences from human demon-
strations by learning a state-dependent I' and transferring them
to the robot. Let us denote a training dataset with human
demonstrations as

D ={x"V,u

where each element contains a time step with the robot state
x (") on the surface parametrlzatlon space and its corresponding
‘We model the velocity vectors

(1)),(x(2),u(2)),...,(x(M),u(M))} (30)

(&) =
velocity direction u Hx( ’II

as random variables with mean p, € R? and covariance
3. € R%2X2, We assume that surface finishing motions on
a limited space are approximately closed paths, and therefore
the average velocity in a set of demonstrations is close to
zero, i.e. pu,, ~ 0, see Appendix@] for details. Also, due to the
periodic nature of surface finishing motions, passing through
the same point multiple times with opposing velocities is
common, making the average velocity at each point approach
zero over time. We therefore turn to the covariance matrix
of the observed velocities as the descriptor of the motion
pattern distribution. One of the advantages of considering the
covariance is that its computation is invariant to the sign of
the velocity vector, capturing the trend of the motion instead.
Indeed, under p,, = 0, the maximum likelihood estimation for
the covariance of u in D is given by

Z NOMON

We thus propose to learn a state-dependent I' by identifying a
covariance matrix X,, from the dataset for any given state x.
In this scenario, we seek to define a function (x,D) — X,,.
Consequently, we derive a function that is fully defined over
the entire state space, thereby enabling us to accurately predict

¥, =E(uu’) 3D
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(a) Demonstration trajectory

(b) Learned I'-map with trajectory

Fig. 7: The figure shows the workpiece with human demonstration of the
surface finishing task (a), alongside the learned I'-map with the trajectory
mapped onto the surface parametrization (b).

outputs for any given input. For this, we follow a non-
parametric approach and use kernel regression [45], [46] to
predict covariance matrices locally for any state x using a
distance-based influence for each datapoint in the neighbor-
hood of x. We use a radial basis function (RBF) kernel,
formulated as

, — x ()2
k(x,x(’)):ﬂexp<x x > (32)

212
where [ is the length scale of the kernel and 3 is a scaling
value that makes sure that the trace of the weighted sum of
matrices is preserved (see Appendix D] for more details), i.e.,
that the resulting matrices do not scale arbitrarily. The learned
covariance matrix for an unseen state x can then be determined
as

M
Yu(x) = Zk;(x, x)uDuT,

i=1

(33)

Despite u)u™T being rank deficient, we assume [ to be
large enough that 3, (x) never is, due to the influence of
neighboring datapoints. We introduce a weighting scheme to
ensure that positions away from data gradually converge to
an isotropic covariance matrix, namely a scaled version of the
identity. In such regions, no demonstration data is available;
hence, no motion direction should be preferred. The constraint
matrix is then given by

(%) = AZ(x) + (1 - )\)%I,

where I is the identify matrix and A a weighting parameter
that indicates how far the robot state x is away from the
demonstration data and is defined as

A= k(x,x®).

(34)

max

35
ie{l,....M} (35)

The weighted sum of matrices (34) preserves the trace of the
matrix as shown in Appendix Ensuring a constant trace
is important to guarantee that the matrices are unique and do
not scale arbitrarily. We refer to the function x — I, which
assigns a specific I' to each unique state in the system, as
I'-map. An example of a learned I'-map is shown in Fig. [7]
Note that I'(x) can also be defined in a manual, handcrafted
manner, where constraints are explicitly chosen based on

domain knowledge or expert insight instead of being learned.
For instance, a region with a constant constraint can be
constructed, and furthermore, the mixture term in @) can
be used to get a gradual fading transition. In Section [V] we
extensively evaluate both learned and manually defined I'-
maps.

Algorithm 1 Ergodic Control with Imprint Model and Pre-
ferred Motion Directions
Input: Demonstration datasets X and D, initial state xq,
stopping criteria 7, time step At
1: Define desired distribution by Learning from Demonstra-
tion (T2) using X or manually
2: Learn motion covariance ¥, (x) from the dataset D using
kernel regression (33)
: Compute I'-map via (34) or define it manually
. Initialize state x <— x( and time ¢ <— 0
: while ¢(t) > 7 do
Compute ¢(x,t) as in (T4) with imprint model
Compute gradient b(t) by () using FFT coefficients
Compute I'(x) for current x
Compute control input G using (29)
10: Compute ergodic cost ¢(t) ()
11: Update state (in simulation: x < x + 0 - At)
12: Update time ¢ + ¢t + At
13: end while

R AN

Our overall approach brings together the contributions in
Sections to into a framework that leverages human
demonstrations and tool imprint models to facilitate the trans-
fer of surface finishing skills from humans to robots. The steps
of the proposed approach are outlined in Algorithm [I]

V. EXPERIMENTS

In this section, we evaluate the proposed approach on both
simulated and real surface finishing tasks and compare it to
the original SMC method [14]], which we refer to as vanilla
ergodic control (EC-V). We show the effectiveness of incorpo-
rating preferred motion directions (Section [V-A] Section [V-B))
and tool imprints (Section[V-C} Section|[V-DJ. Furthermore, we
demonstrate the benefits of using the proposed approach in a
real-world scenario with a robotic manipulator (Section [V-E]

Section [V-F Section [V-G).

A. Comparison of Vanilla Ergodic Control and Ergodic Con-
trol with Preferred Motion Patterns

In the first experiment, we compare vanilla ergodic control
(EC-V) with the proposed approach incorporating preferred
motion directions (EC-PM) learned from human demonstra-
tions. In this setting, we focus on the motion preference aspect
only, and do not yet consider the imprint model. Thus, the
agent’s imprint is a Dirac delta function. We use a uniform
coverage as the desired distribution for the ergodic controller.
For all experiments, we have a rectangular domain and use
15 frequency components for the SMC method (see (3)), such
that £ = {0,...,14} x {0,..., 14}.
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(a) Workpiece geometry and demonstrated trajectory

(b) I'-map with demonstrated trajectory
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Fig. 8: Comparison of Vanilla Ergodic Control (EC-V) and Preferred Motion Incorporated Ergodic Control (EC-PM) for a workpiece (a) with a uniform
desired distribution. The EC-PM uses the I'-map (b) learned from demonstration. The figures (d) and (e) show the resulting coverage maps of the experiments
and the diagram (c) depicts the ergodic costs over time and (f) the motion preference costs, which measure the correspondence of the trajectories with the

specified motion preference.

The trajectory depicted in Fig. [8a] was demonstrated by a
human operator using the 7-DoF DLR SARA robot through
kinesthetic teaching. The operator ensures that desired motion
directions are demonstrated on the workpiece. The recorded
data of the contact points are transformed to the two-
dimensional state space. The I'-map illustrated in Fig. [8b] was
learned by kernel regression from this demonstration data, as
explained in Section [[V-E] Figure [8] further shows the agent’s
trajectory for EC-V (Fig. [8d), our approach using the learned
I'-map (Fig. [Be), and the ergodic cost (Fig. for the two
approaches. The path of the agent is plotted in orange for
step 5 - 103. The ergodic cost is plotted over time for both
approaches, with vanilla ergodic control (EC-V) shown in blue
and ergodic control with preferred motion directions (EC-PM)
in orange.

To quantitatively assess how well a given trajectory x(t)
corresponds to the desired motion preference I'(x), we pro-
pose using the squared Mahalanobis distance of velocities over
time, defined as

d(T(x), x(t)) = /

t=0

tfinal

u(t)"T(x(t)) tut)dt.  (36)
where u(t) denotes the velocity at time ¢. This metric effec-
tively measures the degree to which the trajectory’s velocities
comply with the motion preference encoded by I'(x). We
employed this metric to compare the performance of the two
approaches (EC-V and EC-PM). The results, illustrated in
Fig. Bfl demonstrate quantitatively that EC-PM achieves a

lower average Mahalanobis distance than EC-V, indicating a
better correspondence to the specified motion preferences.

The results in Fig. [§] show that the proposed approach
effectively covers the desired distribution while prioritizing the
demonstrated motion directions. Compared to the proposed
approach, EC-V achieves a slightly lower ergodic cost for
the same number of time steps. This is expected because
the EC-PM approach minimizes the ergodic cost by includ-
ing additional directional constraints on movement, whereas
EC-V minimizes the cost function without such constraints.
Moreover, the cost function does not measure the fulfillment
of these constraints.

B. Learning Distribution and Preferred Motion from Data

In a subsequent experiment, we demonstrate the capability
of EC-PM to imitate a human-demonstrated surface finishing
task by learning both the desired coverage distribution and the
preferred motion directions directly from human demonstra-
tions. The experiment is conducted using a workpiece with
a convex, curved surface (Fig. Da). Kinesthetic teaching is
used to demonstrate the target probability distribution of the
task together with the desired motion patterns. The reference
distribution is encoded by a GMM (Fig. Pb), that models
the distribution of the end-effector position mapped onto the
surface parametrization of the workpiece, as described in
Section [[V-B] We choose C' = 5 to achieve a practical balance
between overfitting and underfitting, but its optimal value may
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Fig. 9: Learning distribution and preferred motion from demonstration data. The figure shows the human demonstration of the surface finishing task (a), the
learned desired distribution using a GMM (b), the learned I'-map with the trajectory of the robot (c), the ergodic cost over time (d), and the coverage maps

for different strengths of the I' covariance matrix (e-h) for the EC-PM method.

vary depending on the dataset and application. Additionally,
we learn the I'-map by kernel regression to imitate the motion
directions shown in the demonstration (Fig. Oc).

We evaluate the ergodic control result across four different
scenarios, comparing the execution using I' (we drop the
argument x for simplicity) extracted from data (Fig. to
scaled versions of itself where the constraints are accentuated
by taking it to different powers I'". Particularly we evaluated
I'? (Fig. of), T (Fig. [9g), and T* (Fig. Ph). In this case,
the exponentiation corresponds to the repeated matrix mul-
tiplication of I', which increases the severity of the motion
constraint as the eigenvalues become more extreme. In the

0
ﬂ Q.
S

hence taking powers of I' with n > 1 increases the largest

eigenvalue while decreasing the smallest one, assigning a
higher weight to the main motion direction.

. . 57
two-dimensional case, (I9) becomes I' = Q |

The corresponding ergodic cost functions over time are
shown in Fig. [9d] The results indicate that increasing n leads
to stricter adherence to the motion constraints, while the
convergence of the ergodic cost slows down. This is expected
since a stronger adherence to the motion constraints limits the
solution space, hindering optimality in terms of covering the
reference distribution. Note that, nonetheless, the ergodic cost
decreases consistently over time in all cases. Finally, also note
that the possibility to accentuate the effect of the main motion
directions provides users with a principled way to regulate the
system’s adherence to the demonstrated patterns.

C. Simulation with Imprint Model

We further extend the previous experiment by incorporat-
ing an imprint model to simulate the interaction between
the finishing tool and the surface. The simulation assumes
a constant normal pressure applied across varying imprints
(compare (13)).

For this experiment, we use the geometry shown in Fig.[T0a]
which consists of flat regions on the sides and a varying curva-
ture in the middle section. The geometry affects the imprint of
the tool in a way that, in flat regions, the entire finishing disk
is in contact with the surface, creating a circular imprint. In
contrast, increasing curvature reduces the contact area of the
finishing disk. The reference distribution is manually set to be
uniform in the rectangular domain U. In Fig.[I0d| we show the
result of the ergodic control approach considering the imprint
model (EC-IM) for different numbers of time steps: 103 (first
row), 103 (second row), and 10* (third row). It can be seen
that the density of the trajectory points (orange line) increases
in the regions where the tool has a smaller contact area with
the geometry, compensating for the smaller imprint by visiting
these areas more frequently than those with a larger imprint.

A direct consequence of the need to spend more time in
the middle section due to the smaller contact area is that, if
preferred motion directions are not enforced — as in the case
of EC-IM - a significant number of motions are generated
orthogonally to the curvature. This behavior is arguably sub-
optimal for surface finishing, as discussed in Section |II With
this in mind, we subsequently evaluate the approach extended
with preferred motion directions (EC-IM-PM).

As discussed in [[V] our formulation allows both for learn-
ing the motion constraints from demonstrations or directly
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Fig. 10: Simulation experiment to compare EC-IM and EC-IM-PM for a single curved workpiece surface (a). The experiment demonstrates motion preferences
that follow the surface curvature, as shown in (b). It compares their performance using the SMC ergodic cost function (c) with EC-V as a baseline. Subfigures
(d) and (e) show the coverage maps augmented with the tool reference trajectory to compare EC-IM results on the left (d) and EC-IM-PM on the right (e)

for three different numbers of time steps.

handcrafting them, through the manual definition of T'. In
this experiment, we again use a uniform desired distribution,
and add a handcrafted constraint such that, in the center of
the workpiece, the motion follows the direction of the surface
curvature, as a craftspeople would do in such a region, counter-
acting the tendency observed with EC-IM. The corresponding
I'-map is shown in Fig.[T0b] In the center parts, the preferred
direction of T" aligns with the horizontal coordinate axes, with
one eigenvalue significantly larger than the other; hence, the
constraint is strongly enforced in these regions. Towards the
left and right outer regions, the constraint gradually fades into
an unconstrained area, exhibiting the same behavior observed
from the mixture term (34) when learning the T'-map from

demonstration.

In Fig. [I0¢] we show the results in the same manner as
for EC-IM at three different time steps. EC-IM-PM achieves
the desired coverage at ¢ = 10*, while respecting the desired
motion patterns in the middle section, as encoded in T
The coverage in the center part, where motion constraints
are enforced, converges slightly more slowly than EC-IM to
the desired distribution, as motion constraints influence the
fulfillment of the ergodic objective. Furthermore, as seen in
Fig. EC-IM-PM achieves a slightly higher ergodic cost
than EC-IM while, nonetheless, still consistently decreasing
over time.

To assess the importance of using the imprint model in
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Fig. 11: Result for an EC-V experiment to guide the system and evaluated with
the coverage map considering the imprint model as in EC-IM. The result does
not converge to the target distribution but to a constant ergodic cost value, as
regions with smaller imprints are not compensated by more dense trajectories
that spend more time in those regions. The subplot on the left shows the
coverage map at the end of the experiment tg,,1, While the subplot on the
right displays the mean coverage ¢(z1,t) := fol c([z1  =z2]T,t)dx along
the xo axis for each x1 value. This highlights the regions that are under- and
overprocessed relative to the uniform target distribution.

such a task where the contact area varies, we simulate a
vanilla ergodic controller where the agent is treated as a point
mass (EC-V) and evaluate the ergodic cost of the resulting
trajectory using the imprint model. In this way, we can better
assess the importance of accounting for the contact area when
computing the coverage history. Figure [I0c|shows the obtained
result (green line). We observe that the ergodic cost stops
decreasing around ¢t = 103, highlighting the mismatch between
the actual agent footprint and the simplified, point mass one.
Furthermore, we show the corresponding coverage in Fig. [T1]
side by side with the desired one. The results indicate that the
approach without the imprint model does not converge to the
desired distribution. Specifically, areas with a smaller imprint
are visited less frequently than those with a larger imprint. This
provides a visual interpretation of EC-V not minimizing the
cost function effectively and asymptotically converging to a
constant cost error as shown in Fig. For completeness, in
Section [E] we provide a comparison between ergodic cost and
a probabilistic coverage error (PCE) metric, highlighting that
the former is a valid metric for evaluating coverage quality.
The rate of convergence for EC-IM-PM maintains an O(t~1)
complexity, consistent with the EC-IM approach, however,
with a slightly lower rate.

D. Comparison to Offline Planning

In our next experiment, we compare EC-IM against offline
planning approaches [5], for achieving uniform coverage
on a convex, non-trivial geometry. The geometry in question
is shown Fig. [8a] from the previous experiment. It corresponds
to segment 1 used in the offline planning approach [5]], where
the width of the tool imprint is utilized to adjust the spacing
between trajectory lines in a grid pattern to avoid gaps and
overlaps.

The result of the coverage map produced by the offline
planning approach is depicted in Fig. [[2a] We observe that
the parallel coverage lines yield varying intensity of coverage,
with points near the center of the tool imprint receiving more
intense coverage than those at the edge. This disparity arises
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Fig. 12: Comparison between offline surface finishing approach with adaptive
spacing to achieve a full coverage (a) with ergodic control EC-IM with imprint
model (b). For both subplots of the methods, we show the coverage map of
the resulting trajectories at the end of the experiment tgy,,; on the left and
its cross-section marked as a blue line on the right to break down the profile
in more detail. The right-hand plot thus shows the coverage intensity ¢(x, )
along the blue lines in the xa-direction in the two-dimensional state space
X = [zl xz]r. The position x2 = 0, marked in red, corresponds to the
lower end and x2 = 1, marked in green, to the upper end of the coverage
map. The subplot (c) shows both approaches’ ergodic costs over time. Since
the offline approach has a constant runtime and is not performed online, it
is shown here as a constant value. In contrast, the ergodic control approach
improves with increasing runtime and outperforms the offline coverage after
some time.

from the longer imprint length in the direction of the trajectory
for points near the center compared to those at the edge. As
the length of the imprint in the direction of the trajectory
increases, the overlapping in the motion direction becomes
more pronounced. In contrast, EC-IM directly minimizes the
deviation of the coverage distribution from the desired uniform
distribution, thereby producing a more uniform coverage as
shown in Fig. [I2b]

The ergodic cost over time is presented in Fig. com-
pared to the cost obtained from the offline planning approach.
Notably, the ergodic control with the imprint model starts with
a higher cost but ultimately outperforms the offline planning
approach after some time. This is because the ergodic control
consistently minimizes the cost function. In contrast, the grid
pattern constrains the offline planning approach and avoids
overlapping trajectory lines to compensate for the varying
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Fig. 13: In comparing two scenarios of a robot surface finishing tasks (a),
we analyze the ergodic cost over time (b). The first scenario (c) involves 15
interruptions to the ergodic control path using a state machine, marked by
green dots as starting points of the ergodic trajectory and blue dots as end
points. The second scenario (d) features uninterrupted execution of a single
ergodic control path.

intensity of coverage.

However, as demonstrated in previous studies [47], the
overlap of parallel coverage lines, which arises from offline
planning approaches, also has its limitations. Specifically, the
overlapping of two continuous coverage distributions of the
offline planning method can only approximately sum up to a
uniform distribution, rather than achieving it precisely. Fur-
thermore, these approaches are typically designed for uniform
distributions and lack the flexibility to accommodate other
desired distributions. Another key advantage of ergodic control
with the imprint model is the ability to create more natural
surface textures.

Unlike traditional offline planning methods that result in
parallel lines on the surface, this approach creates unstruc-
tured paths that maintain the texture of a naturally occurring
workpiece. Workers often prefer to process surfaces manually
rather than relying on machines because it allows for more
natural results. Automation with ergodic control can achieve
similar benefits.

E. Robot Experiment: Interactive Surface Finishing

In this subsection, we present an experiment demonstrating
the robot’s interactive behavior during execution. The ex-
periment leverages the online formalism of ergodic control,
enabling state changes without compromising overall cov-
erage. We utilize the DLR SARA robot, a 7-DoF torque-
controlled manipulator, to validate the proposed approach in
a real-world scenario. The joint torque sensor, in combination
with additional force-torque sensors, allows for measuring the

interaction forces during surface finishing tasks, as detailed in
[48]]. We employ a Festool random orbital sander with a 125
mm disk diameter for the finishing tool. The robot employs
impedance control [49] with a force overlay f; to generate
the desired normal force during task execution, as described
by 7 =J7(q)[Gp(pa — P) + Gp(Pa — p) + f4] where 7 is
the torque vector commanded to the robot, Gp, Gp are the
stiffness and the damping gain matrices respectively, J(q)
denotes the Jacobian of the end-effector for configuration q,
and pg, p, P4, P are the end-effector desired and current
positions and velocities. The desired signals are generated
by the ergodic controller. For more details on robot control,
please refer to [48]], [SO]], [51]]. To enable seamless interaction
and task execution, we make the end-effector stiffness Gp
decrease with the distance to the surface, varying from a
high stiffness near the surface to a low stiffness far from
the surface, facilitating the manual repositioning of the robot.
When the robot’s tool is lifted by human intervention and
is no longer in contact with the surface, the ergodic control
execution is paused. It is resumes once the tool reestablishes
contact with the surface, at which point the new position is
updated, and the execution of ergodic control continues. We
again use the workpiece surface as illustrated in Fig. [§d] to
test the online planning approach. Moreover, we use the same
desired distribution learned from the human operator without
considering motion constraints.

The comparison of two execution scenarios is shown in
Fig. [13] In scenario one (see Fig. [[3¢), the robot executes the
task while enabling user interaction for position adjustments.
User interruptions occur 15 times, where the user moves the
robot away from the surface, repositioning it at another loca-
tion on the workpiece. Trajectory starts are marked with green
dots, and endpoints with blue dots. Scenario two (see Fig.[T3d)
involves uninterrupted execution of an ergodic control path,
taking about 10 minutes, compared to the first scenario, which
is prolonged by user interactions, such that the ergodic control
in both cases is executed with the same number of time steps.

The robot during the experiment is shown in Fig. [T3a] with
a fleece material attached to the surface finishing tool for
polishing. Both scenarios demonstrate effective task following
and surface coverage (see Fig. [I3). As shown in Fig. [T3D] the
ergodic cost decreases similarly in both scenarios, indicating
that the robot can adapt to user interactions without compro-
mising convergence.

F. Robot Experiment: Application Paint Removal

Moreover, we evaluate the performance of our proposed
methods on a paint removal application to achieve uniform
coverage on a non-trivial geometry with varying curvature,
focusing on motion preference aspects (see Fig. [I4). The
experimental setup involves a wooden chair, which serves
as the workpiece and consists of an almost flat region with
small curvature and a bending region with a large main
curvature. The central point of the disk is used as the tool
center point (TCP). The tool imprint varies depending on the
position on the workpiece, being larger in flat regions and
smaller in curved areas, as illustrated in Fig. @ For the
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(a) T'-map (b) Tool imprint (a) Desired coverage (b) I'-map

(d) Surface before experiment (e) Final outcome

Fig. 14: The 7-DoF robot executes a paint removal task with uniform coverage,
prioritizing motion along the main curvature (a) while incorporating tool
imprint modeling (b). The experiment setup is shown in (c), utilizing the
finishing disk center point as TCP. The surface was pre-colored before the
experiment (d), and after processing, the color was evenly removed across the
entire surface (e).

practical experiment, we apply a constant normal force across
varying imprints (compare (T3)). This provides a challenging
yet practical testbed for surface finishing applications.

The Festool random orbital sander is equipped with sand-
paper with grit 180. An interface soft pad is attached between
the sander and the sandpaper to enhance adaptability to
curved surfaces (see Fig. [T4c). Additionally, a Festool suction
system is used to minimize dust and particle generation during
the process. To evaluate the coverage uniformity, we use
Festool marking powder, which is distributed uniformly in
a rectangular shape on the surface of the chair workpiece
before the experiment begins. The goal for the robotic sys-
tem is to remove this marking powder, ensuring uniform
coverage across the selected region. In addition to ergodic
coverage, the EC-IM-PM incorporates motion constraints to
guide the robotic system through regions of high curvature (see
Fig. [T4a). The result demonstrates that the approach achieves
uniform coverage across all regions of the wooden chair (see

st B

(d) Surface before experiment (e) Final outcome

Fig. 15: The experiment involves scratch removal using a convoluted Gaussian
kernel as the desired distribution (a). Motion constraints perpendicular to the
scratch direction are employed for effective removal (b). The robotic workcell
setup and the robot execution using the finishing disk’s edge point as TCP,
are illustrated in (c). The surface is uniformly covered with marking powder
(d) to facilitate precise profiling. The robot successfully removes the desired
convoluted Gaussian profile from the surface paint (e).

Fig. [[4d| and Fig. [[4e). Furthermore, EC-IM-PM moves in
a natural, human-like way in the curved bending region by
adhering to the prescribed motion constraints and following
the curvature of the surface. The robot experiment lasted 32
minutes, a duration comparable to the time a human operator
needs for this paint removal task. The reader is referred to the
accompanying video for details.

G. Robot Experiment: Application Scratch Removal

Finally, we investigate the ability of our system to re-
move localized defects, e.g., scratches, from a surface. Once
more, the wooden chair is used as the workpiece, with a
single scratch introduced on its surface before processing (see
Fig. [I5). The goal is for the robotic system to selectively
process the region around the scratch while leaving the rest
of the surface untouched. We define the desired coverage as
a Gaussian function convoluted along the scratch points to



achieve this. It ensures that the system focuses only on the
immediate vicinity of the scratch (see Fig. [I5a). Additionally,
we impose a motion constraint that requires the robotic system
to move perpendicular to the scratch line during processing
(see Fig. [I5D).

The SARA robot is equipped with the Festool random
orbital sander with grit 180 and uses the vacuum system again
to reduce the dust produced (see Fig. [[5¢). We do not use the
interface soft pad to enhance precision and employ an edge-
point contact configuration instead of the standard center-point
contact. This results in a smaller imprint of the finishing disk
and increased pressure per unit area, which is beneficial for
localized defect removal while maintaining constant force. The
imprint model is not used in this scenario because the edge-
point contact produces a nearly constant, punctual imprint in
the processing region. We again use Festool marking powder
to assess the coverage uniformity within the processing region
for evaluation.

The results demonstrate that the system successfully re-
moves the desired shape corresponding to the scratch and
adheres to the prescribed motion constraints (see Fig. [I5d]
and Fig. [[5¢). This experiment highlights the effectiveness
of EC-PM in achieving precise and localized defect removal
while achieving the Gaussian-shaped coverage function. The
duration of this robot experiment was 17 minutes. The reader
is referred to the accompanying video for details.

VI. DISCUSSION

The results in Section |V| show that our approach success-
fully permits users to formulate surface finishing problems via
ergodic control, while accounting for many of the intricacies of
this type of task. Experiments show that our solution
allows for the learning and fulfillment of preferred motion
directions during surface finishing. The results consistently
indicate that, despite the motion constraints, the coverage
cost decreases over time. They also suggest that enforcing
preferred motion directions affects the rate of ergodic cost
convergence. Particularly, this effect is more noticeable as
constraints are enforced more strongly. We argue that this
trade-off between coverage and naturalness might also be
implicitly present in craftsmen-driven surface finishing, as it is
known that the motion directions play an important role [[13].
Our optimization-based framework thus provides a principled
way to quantify this trade-off mathematically, making the task
better suited for execution by autonomous systems, as we show
in experiments [V-G] The results in experiments
validate our approach to include the imprint model of the
finishing disk as part of the agent footprint in ergodic control.
Particularly, they show that the robot spends more time in
regions where the contact area is smaller and can better avoid
both under- and over-processed regions, which are common
in offline planning solutions. Finally, experiment shows
that our formulation allows the operator to physically interact
with the robot without compromising the overall coverage
quality, making it well-suited to collaborative surface finishing
scenarios.

It should be noted that, despite our focus on surface finish-
ing, several of our contributions are application-agnostic and

are likely to have an impact on other ergodic control frame-
works. Learning and enforcing preferred motion directions
during coverage may benefit the broader scope of robotic ex-
ploration. For instance, aerial or underwater vehicles can favor
paths aligned with favorable currents or wind to reduce energy
expenditure and extend mission duration, agricultural robots
can bias traversal perpendicular to gentle slopes to improve
energy efficiency and coverage consistency, and swarm robots
can develop collective motion preferences that reduce overlap
while maximizing area coverage. Even in planetary or re-
mote exploration, such statistical preferences can guide agents
toward energetically favorable or information-rich motions,
improving endurance and data collection without restricting
flexibility.

Although due to our surface parametrization framework, we
focus on the two-dimensional case, our derivations are generic
to spaces of arbitrary dimension.

One limitation of the presented approach is its reliance on
prior geometric knowledge about the workpiece, which limits
its direct applicability in scenarios involving unknown ge-
ometries that require upstream scanning of three-dimensional
meshes. Another limitation lies in the footprint model used
by our agent. While it captures essential information about
the contact area, its accuracy is limited when accounting for
real-world effects during tasks. Deviations from the workpiece
geometry or position can impact force distribution and material
removal accuracy at different points of the disk, making it
difficult to model. This underscores the need for integrat-
ing sensors to enhance model fidelity and reduce modeling
errors. The current motion constraint is limited to a single
dominant direction, which could be overcome by enabling the
representation of multiple directional motion preferences in
future work. Further research is needed to explore continuous
changes in contact points. Lastly, while our online ergodic
control approach for generating ergodic trajectories is robust,
its time efficiency could be improved regarding convergence
speed. Enhancing this aspect would make the approach more
practical for real-world applications with stringent cycle time
requirements.

VII. CONCLUSION

We presented a novel ergodic control framework for learn-
ing robot surface finishing skills with human preferences. Our
approach builds on the SMC method and incorporates tool
imprints, target distributions, and motion preferences learned
from human demonstrations. The proposed framework enables
robots to learn complex surface finishing tasks with high-level
task descriptions or human demonstrations, which facilitates
easier programming of robotic systems by craftspeople. The
experimental results show the effectiveness of our approach
for achieving uniform coverage on convex geometries, outper-
forming vanilla ergodic control and offline planning methods.
Additionally, they show that it is possible to learn both
desired coverage behaviors and preferred motion directions
from human demonstrations. The results were further validated
successfully using the DLR SARA robot in a real-world
scenario.
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APPENDIX

A. Minimization of Ergodic Cost under Motion Constraints

Consider the constrained optimization problem of minimiz-
ing the objective function

min  b(t)Tu,
b (37
subject to uTI' 'u = d°.

We can solve this constrained optimization problem using
the method of Lagrange multipliers and define the objective
function and the constraint as

f(u) = b(t)Ty, (38)
g(u) =u'T tu—d (39)

The Lagrangian function is then given by
L(u,A) = f(u) - Ag(u). (40)

To find the stationary points of the Lagrangian, we set the
partial derivatives of the Lagrangian with respect to the control
input u and the Lagrange multiplier A to zero. This yields the
following system of equations

oL _ofw) \d(w oy
e = ou A S = b(t) =2\ 'u=0, (41)
oL =gu)=uT tu-d*=0, (42)

OA

considering the symmetric property of I'. Solving (1) for u,
we obtain

1
= —TI'b(t). 43
w= o Th() @3)
Substituting this expression for u into yields
b(¢)T'b(¢
A= i%. (44)

Finally, substituting A back into the expression for u, we
obtain
T'b(t)

a V/b(t)TTb(t)

The solution with the negative sign minimizes the objective
function. Therefore, the optimal control input u* is given by

u= 45)

w = g0 (46)
b(t)TTb(l)

B. Motion Direction of 28)) is Invariant to Scaling
Given the constraint

vuTAu=d

where A is an invertible, positive definite matrix in D di-
mensions and A := I'"!, we aim to justify restricting the
determinant of T'.

If det(A) # 1, we can normalize A by scaling it with a
factor ¢ such that

det(cA) = ¢ - det(A) =1,

=L (49)

R/det(A)’
This scaling leads to a matrix A’ := cA with det(A’) = 1.
Correspondingly, the parameter d can be adjusted to

A/
{JuT—u=d,

(47)

(48)

. (50)
VuTAa = e -d=:d. 1)

such that the constraint remains satisfied.

This demonstrates that choosing a matrix A with a determi-
nant different from one merely scales the parameter d and does
not alter the constraint’s essential nature. Therefore, restricting
det(T') = 1 is without loss of generality, as any scaling can be
compensated by adjusting d. Thus, it is redundant to consider
different determinants for A (and consequently for its inverse
TI') since they can all be normalized to have a determinant of
one.

C. Mean Velocity in Surface Finishing Demonstrations is
Close to Zero

To justify the assumption that the mean velocity u,, is zero,
we start by considering the average overall velocities, which
can be calculated as

(52)

where u(®) represents the velocity at the i-th data point, and
M is the total number of data points. Integrating the velocities
over time gives the overall displacement of the system

u(t) = x(t),
T T ) 7 .
/0 u(t) dt = /0 x(t) dt = x(T) — x(0),

where x(t) is the position at time ¢, and 7' is the total time
duration. Assuming the data points are sampled uniformly over
time, we can discretize the integral as

(53)

(54)

N
> uWAt =x(T) - x(0), (55)
i=0

where At is the time interval between consecutive data points,
and T = N-At. An ergodic controller aims to cover the entire
state space rather than reaching a specific point. Therefore,
it is reasonable to assume that the initial and final positions
are similar, x(0) ~ x(7T'), or at least that the displacement is



relatively small compared to the overall trajectory. Under this
assumption, we have

x(T) — x(0) = 0. (56)

Substituting this into the discretized integral, we get

N .

> u®At 0. (57)

i=0
Dividing both sides by NAt, we obtain

1
=17 Z u® (58)
i=0

Thus, we can conclude that the mean velocity u,, is approxi-
mately zero, which justifies the assumption used in our model.

D. Weighted Sum of Matrices is Preserving the Trace

Given a weighted sum of matrices as for ¥,(x) and I'(x),
defined in (33) and (34), we demonstrate that the trace of the
weighting scheme is preserved. This preservation holds under
the assumption that

W(x (M) u ) eD:u® e RP, tr(u(z) (i)T) =1. (59)

and use a scaled identity matrix DI with trace one. The
trace of the weighted sum can be calculated as

M
tr (Zu(x)) = Y kxx D) tr (wul7) =
1 (60)
Ix — x@

—Zﬂ exp(——— 55— ),

since the trace is linear. To ensure that (33) is trace-preserving,
we can determine the scaling factor 3 as

tr (B, (x)) =1,

1
5= e
Sy exp(— 5l
Furthermore, we can derive that the trace of the weighting
term as in (33) and (34) is preserved as
tr(T(x)) =Atr (B (x)) + (1 = A) tr
=A-1+(1-X)-1=1

(61)

(62)

(D7) (63)

(64)

E. Comparison between Ergodic Cost and Probabilistic Cov-
erage Metric

We argue that the SMC ergodic cost can be directly inter-
preted within surface finishing as a coverage measure when
the tool imprint is considered the agent’s footprint. This way,
it provides a task-relevant performance metric that evaluates
whether contact is appropriately distributed over the target
region according to a prescribed distribution. To validate our
argument, we introduce a probabilistic coverage error (PCE)
that measures the discrepancy between the achieved and the
desired coverage maps in state space, rather than in the spectral

PCE Cost
10—0.5 4
1071 A
1071 4
—  EC-IM
EC-IM-PM
10-2 H— EC-V
T T T
10% 1035 10*
time steps

Fig. 16: Comparison of probabilistic coverage error (PCE) for EC-IM, EC-
IM-PM, and EC-V (Experiment section [V-C)

domain, as is done for the SMC cost. Formally, we define it
as

PCE(p,c) = / (p(x) — c(x,t))2 dx, (65)
where p(x) denotes the target distribution and c(x,t) the
coverage distribution.

A comparison of the PCE results for the experiment in
section is presented in Fig.[T6] highlighting the time steps
where the curves of the different approaches start to diverge,
for visualization purposes. This comparison demonstrates a
strong alignment to the SMC ergodic cost (see Fig. [I0c)),
although the two measures differ in scale. The resulting
coverage maps for EC-IM, EC-IM-PM, and EC-V correspond
to Fig. Fig. and Fig. (left), respectively. Both
metrics, PCE and SMC ergodic cost, consistently reflect
the quality of coverage and lead to the same qualitative
conclusions. Specifically, they exhibit matching trends across
algorithms and agree on the relative ranking of different
strategies. The primary distinction lies in scaling and more
pronounced oscillations observed in the SMC ergodic cost.
This behavior can be attributed to the spectral weighting
inherent in the ergodic formulation, where deviations in low-
frequency components are penalized more strongly than in
the PCE measure. These results indicate that the ergodic cost
provides a comprehensive and task-relevant characterization of
spatial coverage.
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