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Chapter 2 Mathematical Foundations

The following physical quantities are defined by the use of the aforementioned conven-
tion on mathematical notation:

• Time is represented by the scalar quantity t ∈ R.

• A translational displacement between two points k pi, k pj is denoted as kti,j ∈ R3.

• The orientation of Σm with respect to Σn is parametrized via a three-dimensional
vector nθ

αβγ
m ∈ R3 of Euler angles.

• Linear velocities are represented by kvi, j, which denotes the velocity of Σj relativ to
Σi expressed in the coordinate frame Σk. If Σk coincides with Σi, the abbreviated
notation kvj is employed. This frame convention is employed for all the following
quantities.

• Linear accelerations are represented by kai, j.

• Angular velocities are denoted by kωi, j.

• Angular accelerations are denoted by k .
ωi, j.

• Forces are denoted by e fi ∈ R3.

• Moments are denoted by khi =
[︂

kki
T kli

T
]︂T
∈ R6, with kki ∈ R3 resembling the

linear part and kli ∈ R3 resembling the angular part of the momentum.

• Torques are represented via kτi.

• A pose kPi =
[︂

k pi
T kθ

αβγ
i

T
]︂T
∈ R6 resembles the combined position and orienta-

tion of a body with respect to a given reference frame.

• Twist coordinates are used to represent linear and angular velocities in a single

vector. They are denoted by kξ i, j =
[︂

kvi, j
T kωi, j

T
]︂T
∈ R6.

• Wrenches are denoted by kwi =
[︁

k fi
kτi
]︁T ∈ R6.

The individual components of the vector quantities listed above are referenced by
adding an additional axis reference as a subscript. E.g., the individual entries of the
force vector, i.e., the force in direction of the Cartesian axes (x, y, z), are represented
by the scalars 0 fexample, x , 0 fexample, y , 0 fexample, z ∈ R. Individual rows or columns of a
matrix are referenced according to Mi,j, where i resembles the referenced row and j
resembles the referenced column. The use of : in this context implies all of the respective
rows/columns.

The frame notation in the above quantities is dropped whenever the respective frame
is clear from the equation’s surrounding context.
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4.3 Parametrization of Lookahead Windows

Figure 4.9: Different sampling rates for a straight walk after 2 optimization iterations.
Parameters: Five steps at 15cm stepsize, single-support: 0.7s,

double-support: 0.2s, Lookahead window: 5.7s.

Figure 4.10: Different sampling rates for a curved diagonal walk after 2 optimization
iterations. Parameters: Ten steps at X=15cm, Y=10cm, angle=−15°,

single-support: 0.7s, double-support: 0.2s, Lookahead window: 10.2s.
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Chapter 6

Experiments and Evaluation

6.1 TORO: A System Overview

Figure 6.1: DLR’s Torque-Controlled Humanoid Robot (TORO) is used for the
experimental evaluation of the proposed algorithms.
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