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Abstract

By the measurement of frequency and damping time of surface oscillations, excited
by a short pulse on a freely floating liquid droplet, the surface tension and viscosity
of the liquid can under certain conditions contactlessly be determined. The conven-
tional physical models connecting these material properties with the corresponding
measurement quantities are the well-known Rayleigh and Lamb formula. However,
the use of these formulas in oscillating drop experiments does not always deliver
physically reasonable results especially in the case of thin fluid liquids. Among oth-
ers, this is due to the fact that both equations result from calculations of the fluid
flow inside the oscillating liquid droplet which are based on the simplified linearized
Navier—Stokes equation neglecting its substantially appertaining nonlinear convec-
tive term. In the following, the theoretical basis of the Rayleigh and Lamb formulae
is investigated in more detail. Furthermore, criteria are derived to provide limits for
the reasonable application of these equations.

Keywords Droplet oscillation - Lamb - Rayleigh - Scope - Surface tension -
Viscosity

1 Introduction

For thermophysical investigations of hot, highly reactive metallic melts or melts in
the undercooled liquid state below their melting temperature, containerless handling
and contactless measurement methods are beneficial or even mandatory. To meas-
ure contactlessly the surface tension and viscosity of a liquid metal, the so-called
“Oscillating Drop” method is generally used [1, 2]. For this, a liquid droplet, freely
suspended without any mechanical contact by a high-frequency electromagnetic
or electrostatic levitation field, is squeezed by a short-time pulse of the external
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Fig. 1 Sequential images of an axially symmetric liquid metal droplet oscillating around its equilibrium
spherical shape. The images were recorded in microgravity by a camera of the TEMPUS electromag-
netic levitation facility [3]. The artificial lines stem from the edge detection algorithm used for the digital
evaluation of the sample oscillations
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Fig.2 Left: Schematic cut through a liquid metal droplet confined in the center of electromagnetic levita-
tion coils oscillating around its spherical equilibrium shape of radius R, cf. Figure 1. Right: Example for
a time-dependent normalized surface distance change €(f) = Az(f)/R in z-direction of the pole of a freely
levitated, oscillating liquid metal droplet in weightlessness. The measurement points (dots) are plotted
together with a fitted exponentially decaying sine curve (line). The graph shows Ne = 23 oscillations
until the amplitude dropped down to 1 /e of its initial value

levitation force. It is apparent that the following damped oscillation of the droplet
surface around its static equilibrium shape, as exemplarily shown in Fig. 1, is gov-
erned by the surface tension of the liquid, which acts as restoring force, and by the
viscous shear flow in the liquid, which acts as damping mechanism.

To determine these two thermophysical properties, the movement of the surface
must first be detected non-invasively by optical [1] or electrical inductive methods
[4] and then evaluated with regard to its angular frequency @ and damping time ,
as schematically shown in Fig. 2. Finally, these measurement quantities have to be
associated via a reasonable physical theory with the surface tension coefficient y and
the viscosity coefficient #.

For a freely suspended droplet oscillating with a small amplitude around a spheri-
cal equilibrium shape, a situation which occurs, e.g., in microgravity where only
marginal external levitation forces act on the liquid, simple and practicable relations
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between the measurement quantities @ and 7z and the material parameters y and # of
the liquid have been derived long-time ago by Rayleigh [5] and Lamb [6] and later
more fundamentally by Chandrasekhar [7, 8]. Since then several enhancements were
derived. The original Rayleigh formula

R3
= ng o,

ey

where p,, denotes the constant mass density and R the radius of the spherical drop-
let, which provides a simple relation between oscillation frequency w and surface
tension coefficient y was modified and extended by Cummings [9] to be applica-
ble also for slightly non-spherical droplets in ground-based levitation facilities [10].
Furthermore, Lohdfer [11] showed that the Rayleigh formula, originally derived for
undamped droplet oscillations only, is for practical purposes applicable without any
change even in cases of strongly damped oscillations. The original Lamb formula
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providing a simple relation between the damping time z of weak exponentially
damped droplet oscillations and the viscosity coefficient # of the liquid, was
extended by Lohofer [11] such that it can also be used for strongly damped droplet
oscillations.

Equations 1 and 2 and their extensions result from calculations of the fluid flow
inside the oscillating liquid droplet which are based on the simplified linearized
Navier—Stokes equation neglecting its substantially appertaining nonlinear convec-
tive term [8]. This has, on the one hand, the advantage that the various occurring
oscillation modes can simply be represented by an expansion in spherical harmon-
ics, where (1) and (2) belong to the lowest order mode, see Sect. 2 below. On the
other hand, the use of these formulas in the context of an oscillating drop experi-
ment does not always deliver reasonable results for the material parameters y and 5
of the liquid especially in the case of low-viscous liquids [12]. A strong hint that this
failing results from the application of the linear model delivers the Reynolds number

_V.Rpy
n

Re

3

of the calculated fluid flow field, where v, stands for a characteristic velocity value
in it, because Re yields a rough estimate for the ratio between the order of magnitude
of the nonlinear convective term and that of the viscous shear flow term appearing
in the Navier—Stokes equation, see [13, Sec. 2.3.1]. This means that the use of the
linearized Navier—Stokes equation becomes doubtful whenever the value of Re is
not small. A first impression of its magnitude yields its value for the pole of the
oscillating droplet shown in Fig. 2 left. For weak damping, its flow velocity in

~ |0/0I(R + Az, cos(@ t))| ~ w Azy. Together
with Eq. 2 and the “oscillation number” defined by

z-direction is approximately v,
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Ne := wt/27, 4

which just specifies the number of damped oscillations until the amplitude has
reached 1/e of its original value, see Fig. 2 right, Eq. 3 amounts for this point to

Az,
Re,,, = 107 TNE' 5)

Reading from the experimentally found diagram of Fig. 2, a numerical value
of £(0) = Ag, / R ~ 0.1 and of Ne =~ 23, it becomes evident that for this case,
Re, . ~ 72 is by no means a small number.

The above calculation delivers only a rough estimate for the Reynolds number
of the fluid flow in the oscillating droplet and its improvement is the main subject
of the present work. This example serves primarily as a warning that the use of the
Lamb formula in the context of an oscillating drop experiment is subject to stronger
restrictions and that a small value of £(0) = Az, / R << 1 alone is not a sufficient
condition for its applicability. Another reason for the failure of these Eqs. 1 and 2
may lie in the disregard of interactions between the oscillating fluid flow and possi-
ble additional residual flows, driven, e.g., by external levitation forces, for which the
nonlinear term of the Navier—Stokes equation plays an important role as well [14].

An apparent way out of these problems would be the use of nonlinear physical
models in connection with the oscillating drop method. There are several investiga-
tions on this subject, see, e.g., [15, 16], where, however, analytical investigations
in consideration of the viscosity are mainly carried out by Becker et al. [17]. Their
model offers, on the one hand, the possibility to analyze nonlinear droplet dynamics
for a wide range of viscosity values and oscillation amplitudes. On the other hand, it
requires extended numerical calculations to relate the time-dependent shape change
of the droplet to its material parameters. This makes nonlinear models inconvenient
for practical experimental applications and suggests adhering to the simpler linear
model but under consideration of its real range of validity.

To avoid faulty results when using Egs. 1 and 2 and their enhancements in con-
nection with oscillating drop experiments, the present work investigates in more
detail the scope of the linear model on which these formulas are based. More pre-
cisely, the order of magnitude of the neglected nonlinear convective term of the
Navier—Stokes equation is estimated and compared with the order of magnitude of
its remaining ones, i.e., the viscous shear flow term and the surface tension-induced
pressure term. The essential results of these investigations are collected in the
Summary.

2 Basic Results of the Linear Model

This section contains an overview on assumptions and outcomes of the linear theory
for oscillating viscous liquid droplets taken from Chandrasekhar [8], however, refor-
mulated and adapted to our needs. Neglecting transient behavior [18], Chandrasekhar
limits himself in his calculations to freely suspended incompressible liquid droplets
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Fig.3 Sketch of the coordinates, unit vectors, and dimensions used to specify a rotationally symmetric
droplet (m = 0), oscillating in mode / = 2 between a prolate and oblate shape, together with the corre-
sponding fluid flow field calculated for different phases of the oscillation using Eqs. 50 and 51

performing under the influence of their surface tension and viscosity steady exponen-
tially damped sinusoidal oscillations around a spherical equilibrium shape. In this case,
the time-dependent distance from the center of the equilibrium sphere of radius R to
any point Xz(6, ¢, ¢) on its boundary surface, see Fig. 3, can in spherical coordinates
(r, 6, ¢) be described by an expansion in spherical harmonics Y}"(0, ¢)

o+l

rp@.0.0=R[ 1+ Y £,Y"0, $)Relexp(-52)] ), ©6)

1=2 m=—1
where the complex valued quantity

is a combination of the real-valued frequency w; and the real-valued damping time
7, of the different oscillation modes indicated by (I, m) with [ >2 and [ > m > —[.
(Here and in the following complex valued quantities, except of g, and Yl’”(é), @), are
marked by a tilde ~ and their complex conjugated counterparts additionally by a star
*).Due to the spherical equilibrium shape, 5, is degenerated, i.e., it does not depend
on mode m. For the sake of convenience, the dimensionless mode amplitudes

€] <1 )

are assumed to be small in order to justify the neglect of mode coupled terms in the
following results.
The fluid flow field in the incompressible viscous liquid drop of constant density p,,

VX, 1) = v.(X, e (0, d) + vy(X,1)ey(0, p) + vy (X, t)e¢(9, b), )

where x = (7, 0, ¢) denotes the position vector in spherical coordinates with origin
in the center of the equilibrium sphere and where e.(0, ¢), €,(6, ¢), and ed,(f), ®)
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are the orthogonal spherical unit vectors in radial, polar, and azimuthal direction,
is determined by the mass conservation equation

V-vx,H)=0 (10)

and by the linearized Navier—Stokes momentum conservation equation
0
Py EV(X’ 0 =nAv(x,1) — Vp(x,1) (11)

containing the viscous shear flow-induced force density field # Av(x, t) with constant
coefficient # and the surface tension-induced pressure field p(x, ¢) but neglecting the
nonlinear convective field v(x, r) - Vv(X, f) contained in the genuine Navier—Stokes
equation.

Due to the requirement (8) of small mode amplitudes the normal and tangential
unit vectors on the deformed droplet surface correspond in lowest order of ¢, ,, to the
spherical unit vectors e,, €y, and e, see Fig. 3. Correspondingly, the appropriate condi-
tion for v(x, ), which assures the conservation of the mass flow at the boundary points
x50, p,1) = rg(0, P, 1) e, (0, p) between the liquid droplet and the surrounding vac-
uum, reads

MK&aD=%m@¢ﬁ, (12)

meaning that the fluid flow in normal direction to the droplet surface corresponds to
the movement of the surface itself. The condition for v(x, #), which assure the con-
servation of the momentum flow at the free boundary surface in normal direction,
reads

PR.0..0) = 201 2v, (7,0, .1
r

= yx(xp(0. . 1), (13)
r=R
meaning that on the boundary surface the shear stress in normal direction and the
pressure equals the surface tension y x(Xz), where y denotes the constant surface
tension coefficient and

_2,1 2)(1-1 Yo
KExp(0.9) = 5+ 5 IZ(H )= De, Y0, ¢) (14)
m

is the surface curvature at xz(6, ¢, ). In f-direction, as an example for a tangential
direction, the conservation of the momentum flow requires

[va(r, 0, ¢, t)] N 9 v(R,0,,1)
r=R

d
0=R— s
00 R

or (15)

,
meaning that there is no shear stress on the fluid flow in tangential direction from
outside of the sample (slip flow).

With the definition of the dimensionless radial coordinate p := r/R, the solutions
from the set of Eqgs. 9, 10, 11, 12, 13, 14, and 15 result for the pressure field and for
the three flow velocity components in the droplet in
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Pp.0.6.0~2r/R=py 3 & 2»slm<z+1>1rm<e $)p'Re[q; exp(=5,0],  (16)
Im [

v
v (0.0.0.0= Y §e,,ml(l+ DY, ¢>Re[ ;(2” ) exp(—s,r)], (17)

Im 1§

v(p.0.9.0= 3 X

2 glmag (0, p)Re [;—Vl(p) exp(=5§; t)] (18)

vy(p.0,,1) = Rl 1i1m9 a(zp (0, ¢)Re[;—V1(p) exp(—5; t)] (19)

Lm
containing the dimensionless complex valued scalar field

o2 Ti1210) A

Vi(p) : =
: ‘Il+1/2(xl) ST

(20)

and its derivative [19, Eq. 9.1.27]

Jis12%p) Jie3/2p)
_1/2<(1+1) w1 28P) o st

9 - N a
- Vilo) =A;p - p p >+(l+1)~—p, 21
dp : : J1+1/2(x1) : J1+1/2(x1) ST @D
where J,,; ,(X;) denotes the half-integer order Bessel function of the complex argu-
ment ¥, the square of which
5,0uR?
5512 = S (22)
n

is essentially determined by the material parameters of the droplet. The dimension-
less complex valued integration constants

PP L 2’
% 1(1= 0 p(0)2/5) )
~2 2 ~ ~ 2
Q1+1/2(x1)2/x1 1 YT d+2)(IA-1)
_QLI_ < _ > ! ,
e "N\Too e i) e arn 0 @Y

appearing in (16) and (20) are due to the boundary conditions (13) — (15) and use
the abbreviation
Jie32 (&)

O &) 1= —.
172\ ]1+1/2(x1)

(25)
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With the above results and with the definitions of the x- and y-dependent
functions

1 n
=RI+1DH(I-1
) 21+ 1)( )pMR2 (26)
2 . Y
W) 1=+ 2= D, @7

the boundary condition (12) leads finally to the “characteristic equation” in the nota-
tion of [11, Egs. 14 and 15]

o B (Pt Qr1p(¥) 2/ %)
7.,(n) 241 1-0p,,p(®)2/%

I > + g (1) =0, (28)
which resembles that of a simple damped harmonic oscillator. Equation 28 links
the experimentally measurable quantities: oscillation frequency o, and the damping
time 7; with the material parameters:viscosity # and surface tension y of the droplet.
With the definition of the “oscillation number”

Nel = wlTl/(zﬂ'), (29)

where Ne, represents physically just the number of oscillations of mode / until the
amplitude dropped to 1/e of its original value, cf. Figure 2, the imaginary part of
Eq. 28 results in an extended Lamb formula [11]:

TLJ(”I) _

T

1+ O(Nel_l/z) (30)

and its real part in an extended Rayleigh formula [11]:

2
@ (V)

2
@,

1+0<Nel_3/2>. 31)

The Ne-dependent remainders on the right-hand side of (30) and (31), which are
not explicitly specified here, remain for the practically relevant values of Ne; > 2
below ~ 10%.

3 Limits of the Linear Model

3.1 Formulation of the Problem

As shown in Sect. 2, the Rayleigh formula Eq. 31 including 27 as well as the Lamb
formula Eq. 30 including 26, which relate the oscillation frequency @ and the damp-

ing time 7 of the liquid droplet to its surface tension coefficient y and viscosity coef-
ficient #, respectively, is based on the simplified linearized Navier—Stokes Eq. 11.
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The actual behavior of the fluid flow in the oscillating droplet is, however, governed
by the genuine Navier—Stokes equation

pM(%v(x, 1)+ pyv(x,1) - VV(X, 1) = n Av(X, 1) — Vp(X, 1) (32)

containing the nonlinear convective term p,,v(X,?) - Vv(X, ). This means, that in
connection with an oscillating drop experiment the application of the results from
the simpler linear theory, presented in Sect. 2 and denoted for the moment by
v;i,(X, 1) and p;, (X, 1), leads for the determination of # to reasonable results only if
the order of magnitude of the nonlinear term py,v;, (X, 1) - Vv;,(X,t), composed of
the linear flow field v, (X, f), is much less than the order of magnitude of the viscous
shear flow term n Av,, (X, ?). By the same reason the determination of y via the lin-
ear theory makes sense only if the magnitude of p,v,, (X, ?) - Vv;,(X, ) is much less
than the order of magnitude of the surface tension-induced pressure term Vp,;, (X, ).
Denominating for the moment any of these quantities by A(x, #), the author defines
in the following its order of magnitude by the quadratic mean over time and space

VA DI, o= m / : / A, DI2diddx,  (33)
S.B 0

where, according to the particular situation, S denotes the domain of the entire
spherical droplet and B the domain of a boundary layer of S, defined in Sec. 3.5, and
V(S) and V(B) are their corresponding volumes. Accordingly, the aim of this paper
consists in the finding of a more specific expression for the Reynolds number of the
oscillating droplet, defined in the present case by

Re := \/<||valin(x, ) - Vv, (X, t)||2>3/ \/<||;1 Av, (X, t)||2>B (34)

and for its Euler number, defined in the present case by

sy (IIPMVun(x,t)-Vvh-n<x,r>llz>s/ V{wnusol), o9

Since (34) and (35) contain only results of the linear model the subscript
be skipped hereafter for convenience.

i Wil

3.2 Significance of the Oscillation Number

The discussion in the Introduction in connection with Eq. 5 suggests that the validity
of the Lamb formula 30 becomes critical for great values of the oscillation number
Ne; = w;r;/(27) defined in Eq. 29. This implies that in calculating a criterion for the
acceptability of the linear theory for the oscillating drop method, as discussed in the
preceding section, only terms of highest order of magnitude in Ne; are of interest.

@ Springer



193 Page 10 of 23 International Journal of Thermophysics (2025) 46:193

Especially for the relations (26), (30), and (27), (31) between the material param-
eters # and y and the measurement quantities o, and 7, this means that only their
asymptotic expressions for Ne, = oo, i.e.,

I+ 2)( — 1)pMVR3 =: wp (1) ~ @], (36)
n__._1 1
G+ DE= 1)PMR2 - 71,(n) 7 ©7

need to be considered, which, as already mentioned at the end of Sec. 2, disregards
lower order terms of the order of magnitudes of ~ 10% only. (The wave sign~is
used for results that are only asymptotically equivalent for Ne; - o0.) The asymp-
totic relations (36) and (37), which just correspond to the original Rayleigh and
Lamb formulas, render possible to replace the dependence of Egs. 20, 21, 22, 23, 24
on the material parameters # and y by a dependence on the measurement quantities
w; and 7;. This again allows to calculate asymptotic expressions for the pressure and
flow fields (16) — (19).

Using (36) and (37), Eq. 28 results for Ne, = w;7;/(27) — oo in the asymptotic
relation:

Q1+1/2(552)2/551 _ 1 _1 [+ I/ZL (38)
1 =01 p(%) 2/% 11— Qy12(%) 2/% P-1357
which depends via (7)

only on the oscillation number Ne,. The same holds for the asymptotic relation of
(22)

B~ QL+ 1)U = D5z = QL+ 1)1 = 1)(1 = 2zNey), (40)

and for the asymptotic relations of the integration constants defined in (23) and (24)

ALttt 1 1 i
T B =05 W+1/2) KB—1)2aNe, @D
. 57 N 6012’[12 (27Ne,)? i2nNe, 42)
T U DA+ T+ D T A+ D U+ DA+ 12y
implying
o ! i} ! 27Ne g

57 TUr DU+ Tr sy e D@+ iy
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3.3 Experimental Facts

Generally, the oscillating drop method is practically used for measurements on lig-
uids which are freely suspended in electromagnetic or electrostatic levitation devices,
see, e.g., Figure 2 left. For its application, the (non-rotating) droplets have to oscillate
around a spherical equilibrium shape. This requires during the measurement phase
external levitation forces which are negligible compared to forces resulting from the
surface tension, a situation which occurs for small samples or samples in microgravity.
Furthermore, the levitation forces have to be sufficiently weak such that possible resid-
ual fluid flows driven by them do not interfere significantly with the fluid flow resulting
from the oscillation.

Oscillations of the levitated droplet are excited by a short-time pulse of the exter-
nal levitation forces. Due to the rotational symmetry (around the z-axis) of the levi-
tation devices, the pulses generate in general rotational symmetric oscillation modes
which are independent of the azimuthal variable ¢, see Fig. 1. This implies an oscilla-
tion mode index of m = 0. Furthermore, only the lowest order oscillation mode [ = 2 is
usually evaluated in oscillating drop experiments. Because, due to Egs. 6 and 7, modes
of higher order (I > 2) are, according to (37), considerably stronger damped and have,
according to (36), higher frequencies. Consequently, we restrict our investigations in
the following to the experimentally mainly observed m = 0, / = 2 oscillation mode.
In this case, the time-dependent distance from the center of the droplet to any point
X5(0, t) on its surface, see Fig. 3, can analog to Eq. 6 be described by

r5(0,1) = R (1 + &, P;(cos 0) Re [exp(—5,1)] ), (44)
where the @-independent angular function
P,(cos8) = (3cos’ 6 — 1)/2 (45)

is the second-order Legendre polynomial. Let us denote the amplitude of
the droplet pole (# =0) at time =0 in positive or negative z-direction by
Azy :=|r(0,0) — R| < R. Then, the normalized quantity ¢, in Eq. 44 is determined
by

£, = 2Az/R, where |¢)| <1, (46)

due to Eq. 8. For €, > 0, the initial shape of the droplet is prolate (as shown on the
left side of Fig. 3) and for €, < 0, it is oblate (as shown on the right side of Fig. 3). It
turns out, however, that the specific sign has no influence on the final results.

Due to their identical time dependence, it is convenient to write Egs. 16, 17, 18, 19
of the pressure and flow field for the m = 0,/ = 2 mode in the notation

p(x,1) — 2y /R = Re [p(x) exp(=3, 1)], (47)

v(x,7) = Re [V(x) exp(—5, t)] (48)

using the complex valued components:
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pp,0) 1= pM 3€2P2(COS 0)p*q,, (49)
z
V) e = 7.(p,0) = —6£2P2(c0 $0) 2(") (50)
. N R o0
V(X) - ey =Vy(p,0) 1= £2 a‘9P2(cos 0)——V2(p) (51)
V(%) - € = 7y(p,0) =0, (52)

containing the dimensionless complex function Vz(p) and its derivative defined in
(20) and (21) and the coefficients A, and g, defined in (41) and (42).

3.4 Magnitude of the Pressure Term

To compare the different terms of the genuine, nonlinear Navier—Stokes Eq. 32, the
order of magnitude of the pressure term Vp;, (X, ), composed of the pressure field
Piin(X, 1) from the linear theory, is calculated in this section for the m =0 and [ =2
oscillation mode. For convenience, the subscript ,, is skipped in the following. On
account of (47) and (49), it reads

lin

Vp(x, 1) = Re[Vp(x) exp(=5, 1)], (53)

with the time-independent expression

2
T,
—Vp(0) = 3623, RV [Py(cos 0)p°] = 3631, p<2P2(cos 0)e, + %Pz(cos 9)e9).

Pm
(54)
3.4.1 Quadratic Mean

For the quadratic mean (33) of the pressure term Vp(X, f), the vector square of (53) has
to be calculated. Due to the general identity Re[A] = (A + A*)/2, the product between
the real parts of any two complex valued scalars or vectors A and B satisfies the relation

Re[A] - Re[B] = SRe[A* - B] + JRe[A - B] (55)

Furthermore, it is convenient to extend the well-known square of the vector norm for
real-valued vectors A, i.e., [|Al|*> ;= A-A = A2 to complex valued vectors A by

IA|> := A -A* =Re[A] + Im[A] . (56)

In consideration of (54), this implies for the vector square of (53) that
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IVp(x. 0)|I* = %u VH(x)||* exp(—2Re([5,] 1) + %Re [(VB(x))” exp(—25, 1)]

R 3e,)?
= <%> ( 622) <(2P2(cos 0)) (09P2(COS 0)) > (57)

2

X <|Z]2 |2 exp(=2Re|[3,] 1) + Re[q; exp(—23, 1)] )

Due to Re [52] = 1/1,, the time mean of Eq. 57 reveals the two integrals

2 o0
|| |‘12| 2(zNe,y)*
T—Z/exp( (2/7y) Hdt = > "~ T 9 (58)
0
i 4] lel (xNe,)?
Re —/exp(—2§2 Bdt | =Re | — < — - ~ » (59)
7, 25,7, |1 — i27Ne,| 9
0

whose final asymptotic relations for Ne, — oo result from (42). Since only terms of
highest order in Ne, need to be considered for our purposes, the asymptotic relation
of the time mean of (57) reads

2

Rp

- / IVp(x, O)||*dt ~ < fZM > €2(xNey)*p*(3cos? 6 + 1), (60)
2

where (45) has been used. To determine the quadratic mean (33) of the pressure
term Vp(X, f), Eq. 60 has still to be integrated over the domain of the spherical drop-
let. In highest order of Ne, this results finally in

r 1 <)
/ 1 . Rp 6
<||Vp(x,1)||2>s= 2/3//T—z/||Vp(p,€,t)||2dtp2dps1n0d9~T—ZM\/E|£2|(nNgz)2‘
0 0 2

(61)

3.5 Magnitude of the Shear Flow Term

To compare the different terms of the genuine, nonlinear Navier—Stokes Eq. 32, the
order of magnitude of the shear flow term n Av,, (X, ), composed of the flow field
v, (X, 1) from the linear theory, is in this section calculated for the m = 0, | = 2 oscil-
lation mode. Here too, the subscript ;,, is skipped in the following for convenience.
On account of (48), it reads

lin

n Av(x, 1) = Re[n A¥(x) exp(=3, 1)], (62)
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where the time-independent expression 7 AV(x) follows from the insertion of Eqs. 47
and 48 into the linear Navier—Stokes Eq. 11

0 = Re[ (1 AV(X) + py5,9(%) = V(X)) exp(=5, 1)]. (63)

Since Eq. 63 holds for arbitrary values of ¢ this means, that in consideration of (37)
and with the help of (50), (51), and (54) the time-independent part of the shear flow
term # AV(X) amounts to

2 < 42 2

T_zn AV(X) = _Szl{,(x) + _Zvﬁ(x
puR R puR
=-3¢,———( (Bcos“ 0 — 1)——e, 64
2 p2 J5/2(%2) ©4)
Js52(%0p) J72(2p)
—cosesin9<3 32 ~2 —X,p 772 ~2 >e9>,
Js2(%,) Js2(%,)

where its final expression follows from (20), (21), and (45). Using (87) and in con-
sideration of (39), (41), and (84) an asymptotic relation of (64) for Ne, — oo is

R
nAV(X) ~ PL2§£2(1_1 - i2nNez>
5 6

1 ]5/2(55217) 65)

X((3cos* 0 — 1)e, — cos 0 sin i —_—
((3cos )e, — cos @ sin (lep)eg)p3/2 T

3.5.1 Quadratic Mean

For the quadratic mean (33) of the shear flow term 5 Av(x, ), it is convenient to cal-
culate at first the time mean of the vector square of (62). In consideration of (55) and
since Re [Ez] = 1/1,, it results for Ne, — oo asymptotically in

0 5 o0 o
Ti / lln Av(x, 1)||>dt = %[HA\?(X)HZ% / exp(—2Re[§2]t)dtRe|:(A\7(x))2% / exp(—25, t)dt]]
2

0 0 0

(66)

(A¥(x))
2(1 — i2zNe,)

_ [ IAvl
T2 2

}12
+Re[ > ~ IIIM(X)IIZ,

where according to (65), (86), and (84) the right-hand side assumes in the range of
0 < p < 1the asymptotic relation

25
2

2
2
_ puR 3 3 . 10
%HAV(X)”Z ~ <L_> &5 (7Ne,)” (cos 6 sin 6’)2; exp (2\/57rNez(p - 1)).
(67)
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Fig.4 Diagrams showing shear flow-induced force density fields # Av(x, ) in the upper quadrant of a
rotationally symmetric droplet for high damped Ne, = 2 and low damped Ne, = 10 mode / = 2 oscilla-
tions. The vector diagrams were calculated for the oscillation phase wt = z/2, cf. Figure 3, using

Eqgs. 62 and 64. The dashed line limits the boundary layer B of thickness 6§ = 1 / y/57Ne, within which
n Av(x, t) decreases exponentially to 1 /e of its value at the surface

The exponential decrease of (67) with p — O clearly reveals that the shear flow term
n Av(x, t) of the Navier—Stokes equation presented in (62) including (65) affects the
flow in the oscillating liquid droplet merely in a small boundary layer below its surface,
see Fig. 4.Consequently, also the nonlinear convective term p,,v(X, t) - Vv(X, ) of the
genuine Navier—Stokes Eq. 32 interacts with the shear flow term n Av(x, f) essentially
in this boundary layer only. Accordingly, for a later comparison of the order of magni-
tudes of both terms in Sec. 3.7, we may restrict the required volume integration of (66)
including (67) to the range of boundary layer B within which the quadratic time mean
of these equations decreases to 1/e of its value at the surface, i.e., to the range
1-6/2<p<1withé :=1 / v/ S7Ne,. With the asymptotic (dimensionless) volume
of B

4 1
V(B) = / / p*sin@dpdd ~ 6 (68)

0 1-5/2

the asymptotic relation of the quadratic mean (33) of n Av(x, f), averaged over the
boundary layer B, results for Ne, — oo immediately in
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T

1 )
1 1 .
V(inave o), = |+ / / 1 / lln AV(p. 0. 0)|1%dt pPdpsin 6 d6
2

0 1-6/2 0

R2
M \/_|62| (nNez)3/2\/ 1-1/e
2
(69)
For a different use, the asymptotic relation of the quadratic mean (33) of n Av(x, 1),
averaged over the entire droplet S, is also calculated and amounts to

T

1 0
Vil aveeolP) = | 7= / / . / 11 Av(p. 0. 1)|dt p2dpsin 6 do
2
0 0

MR3 [ 2 5/4
—\&,|(mNe .
22 5 \/gl 2|( 2)

3.6 Magnitude of the Nonlinear Term

(70)

To compare the different terms of the genuine nonlinear Navier—Stokes Eq. 32, the
order of magnitude of the nonlinear term py,v; (X, 1) - Vv, (X, 1), composed of the
flow field vy;,(x, ) from the linear theory, is calculated in this section for the m = 0,
! = 2 oscillation mode. Here too, the subscript ,, is skipped in the following for con-
venience. In consideration of (48) and (55) the nonlinear term can be split into
Py VX, 1) - VV(x, 1) = (Re [7*(x) - V¥(x)] exp(—2Re[3,] 1) + Re[¥(x) - V¥(x) exp(=25, 1)] ),
(71)

where, due to /00 e.(0, p) = e,(0, ¢p) and /00 e,(8, p) = —e,(0, ¢p), the time-inde-
pendent expression V*(x) - VV(x) (and, analogously, ¥(x) - V¥(x) without complex
conjugation) reads more explicitly

Vi(x) - Vi(x) = lp (9*(p,9)p—V(p,9)+V(p,9) V(pﬂ))

_e(0.9)
-

(N*(p,e)p—v(p,0)+9*(p,0)< ¥,(ps )—%(pﬁ))) (72)

0,
+ 200 <~»«(,,, 00 5-50(p.0) + 75(p.0)(5570(0.0) 47, 9)))

The flow field components 7.(p,8) and 7,(p, §) are defined in (50) and (51),
respectively.
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3.6.1 Quadratic Mean

For the quadratic mean (33) of the nonlinear term p,,v(X, ?) - VV(X, ) it is conveni-
ent to calculate first the time mean of the square of (71). Because of Re [52] =1/7,
and due to (55) it results for Ne, — oo asymptotically in

Ti / loavx, 1) - Vy(x, )| dt
2 0

©

2
= p—MRe[\"I*(x)‘Vf'(x)]zl / exp(—4t/,)dt
4 T,
0

5 o
PM 0y o - - N | / -
—R -V -R -V — =2(1 d|
+ e[V (x) - VI(x)] e[v(x) ¥(x) =y exp(—2(1/7, +5,) 1) t} (73)

2

+%4[||\7(x)-vv(x)||zri / exp(—4z/rz)dt+Re[(v(x)~VV(x))2TL / exp(—43, t)dt}]
2 2
0 0

< lirge [ V] + b I¥e0) - VIGoII?
16 32
2
= g—“; (3Re[7* () - V3] + 1m[7" (0 - Vo],

where the final result considers that the second and fourth integral on the right-hand
side of (73), which contain complex exponents, deliver results of lower order in Ne,
than the first and third one, which contain purely real exponents (cf. (58) and (59)).
To determine the quadratic mean (33) of the nonlinear term py, v, (X, 1) - Vv, (X, 1),
Eq. 73 including 72 has to be integrated over the domain of the spherical droplet. As
in the preceding sections, only its asymptotic behavior for Ne, — oo is considered in
the following. Except of the center and surface points, i.e., p = 0 and p = 1, which do
not contribute to the volume integral, the Bessel function ratios J,,, > (%,0)/Js /(X))
occurring in \72(,0) of (20) and its derivative (21), decrease, according to (88),
exponentially for Ne, — co0. As a consequence of this, the asymptotic behavior of
the flow field components of (50) and (51) assumes for Ne, — oo in the range of
0 < p < 1the simple notation

2(/7) R

T

v,.(p,0) = ££Z6P2(cos 0) 826£P2(COS 0)p, (74)
$27

- R
Vo(p, 0) = ) 6P2(COS 9) —Vz(P) ~ —523 —Pz(COS 0)p. (75)
7 70

With these results, it is a straightforward task to calculate the asymptotic
expression of Eq. 72

2
V*(x) - V¥(X) ~ —629 (Bcos*0 + 1)e, —3cosOsinfey)p,  (76)

Tz

which, inserted into (73), delivers the asymptotic relation of the quadratic time mean
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© 2
R
1 / o v(x, 1) - Vv(x, t)||2dt ~ <pL2£§(7rNez)2> 33—2(15 cos? 0 + 1) p?
Ty 1'2
0
(77)

after (43) has been considered. Integrated over the entire droplet S, the asymptotic
relation of the quadratic mean for Ne, — oo reads

\/<||va(x 1) - Vv(x, t)|| J o // /||va(x 1) - Vv(x, l)|| dtp?dp sin @ d

puR 27
~ 2 g(nNez )2,
7

(78)

Integrated over the boundary layer B only, the asymptotic relation of the quad-
ratic mean reads

\/<||va(}( 1) - Vv(x, t)|| \J / / /||va(x 1) - Vv(x, t)|| dt p>dp sin 0 dO

0 1-5/2 0 (79)
puR 3
~ % 16 (Ney)?

3.7 Scope of the Linear Theory

As discussed in the Introduction and Sec. 3.1, the Lamb and Rayleigh formulas
(37) and (36) provide a link between the damping time 7 and frequency w of a
liquid oscillating droplet and its viscosity and surface tension coefficient # and
y. However, being deduced from the simplified linear Navier—Stokes equation,
these formulas deliver realistic results for # and y only, if the order of magnitude
of the nonlinear convective term p,,v;,(X,?) - Vv;,(X,t) appearing in the genu-
ine Navier—Stokes Eq. 32 and composed of the linear flow field v,(xX, ), is suf-
ficiently small. Restricted to the experimentally relevant m = 0, [ = 2 oscillation
mode this means more precisely, that:

1. For a reasonable determination of the viscosity coefficient # via the Lamb
formula (37) the Reynolds number, as defined in Eq. 34,

\/<|lvali"(X’ 0 - V(X t)||2>3 5v3x

Re = ~ |2| Ne, = 24— ZO\/Ne <1
<||}1AVII-”(X, l)||2>B 84/1 — 1

(80)
composed of Eqs. 79 and 69 has to be small. In Eq. 80, both quantities
nAv,,(x,1) « p~lexp((p — 1)/6) and v, (x,1) - Vv;,(X,1) « p were averaged only
over the boundary layer B of the droplet S (B C §) limited by I — 6 < p < 1. This is
reasonable because according to (67) the shear flow term affects the fluid flow and
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thus also the convective term in the asymptotic case of Ne, — oo mostly in this area
of the droplet, see Sec. 3.5.1 and Fig. 4.

2. For a reasonable determination of the surface tension coefficient y via the Ray-
leigh formula (36), the Euler number, as defined in Eq. 35,

2
\/<””MV”'"(X’”'VV”"(X”)“ A 1 Az,
el ~
<||Vplin(x9t)||2>s

composed of Egs. 78 and 61 has to be small. Contrary to the previous situation, both
quantities v(X, t);;, - Vv;;,(X, 1) « p and Vp,(X,#) «x p in (81) were averaged over the
entire area S of the droplet, because due to their linearly varying spatial behavior,
see (76) and (54), their ratio becomes nowhere in the entire area of the droplet S
exponentially small.

Eu=

2
o0
(Sl
It
|
A
)
=

4 Summary

By a measurement of the angular frequency w, and damping time 7, of surface oscil-
lations, excited by a short force pulse on a freely floating liquid droplet confined in a
levitation device, the surface tension coefficient y and the viscosity coefficient # of the
liquid can under certain conditions contactlessly be determined. Due to the rotational
symmetry of the electromagnetic levitation devices, see Fig. 2 left, the pulses generate
in general rotational symmetric oscillation modes, see Fig. 1. Since, moreover, modes
of higher order are considerably stronger damped and oscillate with higher frequencies,
only the lowest order oscillation mode m = 0, [ = 2 is usually considered in “oscillating
drop” experiments. The conventional physical models linking the material properties
y and » with the corresponding measurement quantities @, and 7, are the well-known
Rayleigh and Lamb formulas:

V= 2 —pMR3
2 8 ’

l,DMR2
7, 5

However, the use of these formulas in oscillating drop experiments does not
always deliver physically reasonable results especially in the case of thin fluid lig-
uids. Among others, this is due to the fact that both equations result from calculations
of the fluid flow field v, (x,?) and the pressure field p;, (X, ) inside the oscillating
liquid droplet which base on the simplified linearized Navier—Stokes Eq. 11 which
neglects the substantially appertaining nonlinear convective term p,,v(X, t) - Vv(X, )
contained in the genuine Navier—Stokes Eq. 32. Nevertheless, the linear theory may
be applicable for oscillating drop experiments as long as the order of magnitude of
this term composed of the linear flow field, i.e., py,v;;,(X, 1) - Vv, (X, 1), is negligibly
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small. Defining the order of magnitude of the different terms appearing in (32) by
their quadratic means averaged over the time and over that area of the droplet where
they mostly interact with each other, this implies that for a reasonable determina-
tion of the viscosity coefficient n via the Lamb formula (37) the Reynolds number
defined here by

Re := \/<“pMVZin(X’ 1) - Vv, (X, t)“2>8/ \/<”’1AVIM(X, t)“2>3 <«

should be small and that for a reasonable determination of the surface tension coef-
ficient y via the Rayleigh formula (36), the Euler number defined here by

Eu := \/(“/’Mvnn(x, 0 - Vv (X, f)||2>s/ \/<||Vp,m(X, l)”2>s <1

should be small. Using the definition of the oscillation number for the / = 2 oscilla-
tion mode

N€2 = 0)272/(271'),

which yields just the number of oscillations until the damped amplitude reaches 1/e
of its initial value, see Fig. 2 right, the calculations in the previous sections deliv-
ered in highest order of Ne,, i.e., mathematically spoken for the asymptotic case of
Ne, — oo, expressions for Re and Eu of

AZO
Re ~ 247 N€2 < 1,

Eu~ lﬂ <1,

2 R
which have to be small. Here, Az, = |rB(O, 0)—R | denotes the mode [ = 2 oscilla-
tion amplitude of the droplet pole (§ = 0) in z-direction at time ¢t = 0, i.e., at the
beginning of the evaluation process, see Fig. 3. The definition of Az, shows that the
results of (80) and (81) are independent of the specific initial shape of the liquid,
which is in general prolate, cf. Figure 3 left, for droplets confined in electromagnetic
levitation devices and oblate, cf. Figure 3 right, for droplets in electrostatic levita-
tion devices.

Compared to the rough estimate in the Introduction, see Eq. 5, the expression of
Re in Eq. 80 enlarges the scope of application of the Lamb formula (37), significantly.
However, the experimental example shown in Fig. 2, where Az, / R ~ 0.1and Ne ~ 23
deliver a value of Re ~ 1.2, does not yet satisfy Eq. (80). Using Egs. 36 and 37, the
oscillation number Ne, on the right-hand side of (80) can also be expressed in terms of
the material properties y and # of the liquid.

The diagrams of Fig. 4 immediately reveal the great influence of Ne, on the pattern
of the viscosity-dependent shear force field in the oscillating fluid. It behaves as
nAv(x, 1) « R/rexp (—(R — r)/(R6)) for values 0 < r/R < 1 which are not to far away
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from 1. This reveals that for great values of Ne,, i.e., for low-viscous low damped flu-
ids, the shear forces in the oscillating droplet are mainly restricted to a small boundary
layer of thickness R6 := R / SnNe, below its surface and extend into its interior

with decreasing Ne,, i.e., with increasing damping. This is different to the fluid flow
driving pressure gradient field Vp(x, f) o r/R generated by the surface tension. Due to
its linear dependence on the radial coordinate, it is more homogeneously distributed
over the area of the droplet.

Let us assume that the ratio between the order of magnitude of the oscillation
damping shear force (70) and that of the oscillation driving pressure force (61) aver-
aged of the entire droplet S

0.2
\/ (lIn avi 0] / \/ (1Pl ) = =22 (82)
2

is a reasonable indicator for the influence of the viscosity on the fluid flow in the
oscillating droplet. It is evident that this influence is significant only for small val-
ues of Ne, = w,7,/(2x), i.e., for highly damped oscillations, but is still < 12% for
all experimentally usable oscillation numbers Ne, > 2. This means that the viscos-
ity-induced shear force in the oscillating liquid droplet represents in general only a
small modification of the strong surface tension-induced pressure force. This also
means that even small external distortions of the droplet oscillation may result in
noticeable distortions of the exponential damping behavior, see the data scatter in
the diagram of Fig. 2.

Asymptotic Relations

Separated in real and imaginary part, a notation for the principal root of the complex
quantity 5c12 of Eq. 40 is, according to [19, Eq. 3.7.27],

% =1Ql+ (- 1)/2<\/\/(27[Nel)2 +1+41- i\/\/(ZnNe,)z +1- 1>

(83)

and results for Ne;, = oo evidently in the following asymptotic relation

i ~ (1 + i)/l + 1) — 1)y/zNe,. (84)

According to [19, Egs. 9.2.1 and 4.3.2] an asymptotic relation of the half-integer
order Bessel function of complex argument Z can for |Z| — oo be represented in the
form

Jni12@) ~ (i7" exp(iz) + "' exp(=i2)). (85)

2%

@ Springer



193 Page 22 of 23 International Journal of Thermophysics (2025) 46:193

As a consequence of this and in consideration of (84), the following asymptotic
relation of the Bessel functions holds for Ne; — oo in the range of 0 < p < 1

s

" exp(iX;(p — 1))

s

""" exp(ix (p — 1)),
(86)

S Jur172(51P)

1 + 20+ D exp(—2i%,p)
1 72(%)

1 + 20m+D exp(—2ix,)

which especially implies that

J7/2(%2p) Isp(%2p)
~ —i .
J52(%) Js 2 (%)

(87)

Restricted to 0 < p < 1and due to (84), Eq. 86 implies the asymptotic behavior

S e e G 1 ) L D)
Jm+l/2('xl) dp Jm+l/2('xl) !
(83)
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