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fluid dynamics:
» described non-linear differential equations

= often requires expensive numerical schemes

= discretization in space and time

goal on quantum computers:
|

encoding field solution in exponentially growing state space
= efficient applications of operators

[1] Oerlemans, et al., J. Sound Vib. 299, 869, (2007)
Pia Siegl, DLR-SP, 2025/10/09 [2] IBM-research_kryostat.jpg (higgs.ch)




Why is CFD Hard on a Quantum Computer? A#y
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* normalized state vectors * non-normalized fields
» unitary (and linear) operations " non-unitary operators

* non-linear operations
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Basic Method:
variational quantum algorithm

1. How to encode the field? ‘ = parametrized encoding of the field
2. How to perform time evolution? “tensor-programmed” operators
3. How to map the operators? training of next time-step

Application to linear PDEs:

1. advection-diffusion equation -
2. training landscapes

good agreement with classical solution
well trainable parameters

=

circuit extension weighted combination of linear and non-linear terms
application to non-linear Burgers’ equation = good agreement with classical solution

N
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Field Encoding

solution at time step j
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unitary evolution operator fN

amplitude encoding:
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Variational Time Stepping

example: one iterationstep [/ = Of/

unitary

)
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[3)we do:

create a variational ansatz [UT(Hj—Fl)}
compare with |O>§TLE[U(93')]=[ 0 ]
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Hadamard Test for Comparison ‘#7
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P(O‘Z): measure of closeness
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» repeat for each time step

advantages of variational time stepping:

» computation of time-dependent observables
» shallow circuits

> incorporation of non-linearities of type f(0f)
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Hadamard Test for Comparison ‘#7
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» repeat for each time step

advantages of variational time stepping:

» computation of time-dependent observables
» shallow circuits

> incorporation of non-linearities of type f(0f)
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Challenges of Variational Time Stepping ‘#7
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sofar: f/*t =0f/

example: advection-diffusion equation j+1 _ £j i j
(with explicit Euler time stepping) fI7r=f)+dt-9Af) —dt-cVf

If operators are not unitary:
» hand-design of quantum circuits

» Increasing number of quantum circuits for added complexity - —"
» N0 convergence measure Cost

(0z>p'T Function pmZ2l
tensor-programmable quantum operations: (92).. (02)6 (025
» direct representation of operators
» capable to restrict to one circuit
» allows to define a convergence measure
[3] M. Lubasch et al., Phys. Rev. A 101, (2020)
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Tensor Networks (TN) and “Tensor-Programming” #
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compression method:
» compressed representation of fields (vectors) f7
» compressed representation of operators (matrices)
» applying operations in the compressed subspace
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mappable on quantum computers:
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probabilistic application of 0:

(5.6] 8.9] ( A - success probability dgycc
0O - 0 S = UO — - using extra qubits + measurements
—/
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Full Quantum Circuit 4#7
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[10] combining tensor network based operator encoding with variational time stepping
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Necessary Norm Correction ‘#7
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Beneficial Correction and Convergence Measure ‘#7
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A problems: 1. extra measurements |19)) increase measurement error of |%*
2. no knowledge about training convergence

If agyee < 1:
increased error__ (o,) <1
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Beneficial Correction and Convergence Measure ‘#7
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A problems: 1. extra measurements |19)) increase measurement error of |%*
2. no knowledge about training convergence
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Example: Advection-Diffusion Equation 4#7
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1D linear advection-diffusion equation —— CLt/At=0 —— CLt/At = 400
of === QC:t/At =0 QC: t/At = 400
ot = UAf —cVf 11 field encoding:
10 qubits N\
(x,0) = exp - E=1) |
f(x,0) =exp 05
&5
S—,
» explicit Euler time-stepping
» convergence measure: fidelity \
. / \
» run on quantum simulator 0. ./ /\
0 X o
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» “warm-starts” keep training landscape pronounced
» apparently no barren plateaus.
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Extension to Non-Liner Problems ‘#7
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problem:

ou
F = 9Au — uVu — one operator depends on u(t)
solution:

weighted contribution of linear and non-linear term

composed — .
! = ! E Ry(_ﬁp) -
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Example: Non-linear Burgers’ Equation ‘#7
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1D non-linear Burgers’ equation

3 — ClLt/At =0 — Cl: t/At = 60
a_u — 9Au — uVu OC: t/At =0 OC: t/At = 60
L
1 1 field encoding: N\
o) = (x — n)z 6 qubits [
f(x,0) =exp 05
&
.. . . S ' A '.
» explicit Euler time-stepping , /\ ,
» convergence measure: fidelity [/ \ |
> run on quantum simulator d \
/ \
0 ‘};/ \_ |
0 T 2T
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Summary and Outlook ‘#7
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variational time-stepping routine with tensor-programmable operators

Summary:

= very easy incorporation of various operators with little additional cost
allows definition of convergence measure

extendible to non-linear differential equations

successful application to various use-cases

Outlook:

= scaling properties

= application to more complex use cases

* implementation of flexible training framework
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