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1 Introduction

As recently demonstrated by the SARS-CoV-2 pandemic, infectious diseases may have a huge
impact on society. Mathematical models of infectious diseases allow to predict their behaviour.
This process makes it easier to plan mitigation actions. Moreover, by studying the long-term
behaviour of a model mathematically, one can see when disease dynamics start to stabilize
around an equilibrium or under which circumstances the disease dies out.

Often, ordinary di erential equation models, also called ODE-based models, are used to describe
and study the behaviour of infectious diseases. Mathematically, ordinary di erential equations
are well understood, and there are many numerical solvers to handle them. However, these
models assume exponentially distributed stay-times in the infected states, which was found to be
rather unrealistic according to [1, 2, 3]. Models based on integro-di erential equations, also called
IDE-based models, generalize ODE-based models and allow for arbitrary stay-time distributions.
In 1927, Kermack and McKendrick presented their integro-di erential model [4]. Over the last
decades, many models based on the Kermack and McKendrick model were published, see for
example [5, 6, 7, 8, 9].

Previously, the analysis of models based on integro-di erential equations focused on the short-
term e ects. On the other hand, for models based on ordinary di erential equations, many
results on the long-term behaviour, such as the stability of equilibria, are available, see for
example [10, 11, 12]. Furthermore, the results on the long-term behaviour of models based
on integro-di erential equations are usually restricted to models without disease deaths and
assuming constant population size [13, 14].

Our contribution is the study of an IDE-based model with varying population size which does
allow for endemic behaviour. In order to derive an endemic model based on integro-di erential
equations, we will include the possibility of natural birth and death in a model similar to the
one presented in [15]. Compared to other IDE-based models, this model is rather complex, also
allowing for disease death. The fact that we have a varying population size in uenced by both the
natural birth and death rate, as well as the disease-induced mortality, make the model analysis
more involved. Moreover, the de nition of equilibria is unclear when considering non-constant
population size. In order to study the model behaviour independently of the population size,
we will introduce a normalized version of our model. While this technique was already applied
to ODE-based models, this seems to be a novel approach to IDE-based models. As a main
result, we show the stability of the disease-free equilibrium whenever the reproduction number
is smaller than one. Moreover, we derive conditions under which the disease-free equilibrium
becomes unstable for a reproduction number larger than one.

The thesis is structured as follows. In Section 2, we will start by introducing our model. We
will rst de ne a model without the possibility of natural birth and death and then extend it

by adding the birth and the death rate to the model formulation. As already mentioned, we
will then introduce a normalized model version in order to analyse the equilibria. Then, in
Section 3, we will analyse the long-term behaviour of the model. Therefore, we will introduce
some parameters that indicate the behaviour of the disease, such as the concept of reproduction



numbers. Then, we compute the equilibria and analyse their existence in dependence of the
parameters computed before. Afterwards, we analyse the stability of the equilibria that depends,
for example, on the size of the reproduction number. Finally, we will comment on the behaviour
of the population size. In order to analyse the model numerically we will introduce a numerical
scheme in Section 4. To avoid the runtime-heavy Newton Algorithm and to preserve the main
features of the model, we will use a non-standard scheme, as given in [8, 15]. We will then give
some proofs to the properties of the numerical scheme. In Section 5, we will then use our own
implementation of the numerical scheme to con rm our results from Section 3 in the numerical
experiments. Moreover, we will discuss the e ect of di erent birth and death rates on the model.



2 Model formulation

In this section, we introduce an age-of-infection SECIR-type model that also includes births
and natural deaths. To do this, we rst present the SECIR-type IDE-based model from [15]
in Section 2.1, which does not yet include natural births or deaths. Then, in Section 2.2 we
add the possibility of birth and death to the model given in Section 2.1. As we will need a
normalized model to analyse the long-term behaviour we will then introduce a normalization of
the SECIR-type birth-and-death model in Section 2.3.

SECIR-type models are a form of compartmental models in which the entire population is par-
titioned into di erent compartments. The simplest compartmental model is a SIR-model, where
the population is divided into the compartments: Susceptible §); Infected (I ); and Recovered
(R). SECIR-type models are a generalization of the classic SIR-models. In our case, SECIR-type
means that we consider eight di erent compartments: Susceptible ) consisting of individuals
that can potentially become infected; Exposed E) consisting of individuals that are infected
but not yet infectious; Carrier ( C) consisting of individuals that are infectious but not sympto-
matic; Infected (1) consisting of individuals that are infectious and symptomatic; Hospitalized
(H) consisting of individuals with a severe case; In Intense Care UnitQ); Dead(D) consisting
of all individuals that have died from the disease; RecoveredR), consisting of individuals that
have recovered from the disease. We consider individuals irR() to have full immunity, since we
do not allow reinfection. Moreover, we assume that only individuals in the compartments C)
and (1) are infectious, as we assume individuals inK) and (U) to be isolated either at home
or in a hospital. Then, we de ne the set of compartments asZ = fS;E;C;I;H;U;R;D g.
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Figure 1: Structure of the SECIR-type IDE model. Schematic representation of the

compartments and the transitions between the compartments in the SECIR-type IDE model.
The states in which individuals are infectious are highlighted in red. As given in [15].

We will formulate the model using integro-di erential equations. Therefore, we call the model



SECIR-type IDE-based birth-and-death model. The general structure of a SECIR-type IDE
model is given in Figure 1. As the general structure for all models, to be introduced, is the same
and we use the same parameters, we introduce them at this point.

We describe by 22(t) the number of individuals who transition from z3 2 Z to z, 2 Z at
time t. These transitions are only de ned for consecutive compartments, as indicated by the
arrows in Figure 1. Moreover, 0 (t) ¢ forc2 (0;1), gives the average daily contacts
of an individual at time t, and (t) 2 [0;1] gives the average transmission probability. By
c()2[0;1] and |( ) 2 [0;1], we denote the mean proportion of individuals in compartments
C and | which are not isolated after time in the respective compartment. Forzi;z, 2 Z , we
denote by 72 2 [0; 1] the expected proportion of people who move frone; to z; in the course
of their infection. The expression 72( ), with 22 :R! [0;1], denotes the expected proportion
of individuals who are still in compartment z; after time in this compartment and who will
move to compartment z, over the course of their infection. This proportion as used in [15] does
not take into account the possibility of natural death. For theoretical purposes, we need some
assumptions about these functions.
Assumption 2.1. For all z1;z, 2 Z , we assume the following

a) 22 is continuously di erentiable on (0;1 ),

b) 22( ) is monotonically decreasing with 2( ) =1 for 0,
c) £2L%(0:1)),
d) limy  2°=0.

A combination of these assumptions implies limyy ~ 22( ) = 0. In [15] they only have Assump-
tion 2.1 a)-c), but for the long-term analysis of the model we will also need Assumption 2.1 d).
Moreover, we want to emphasize that Assumption 2.1 d) is not trivial, as can be seen in the
following lemma.

Lemma 2.2. There is a function satisfying Assumption 2.1 a)-c), but not Assumption 2.1
d).

Proof. We start by constructing the derivative of . For everyi 2 N, we de ne forx 2 (i;i +2 1)

2+ (x i) forx i+2 (D

fik) = 1 2% x i 2 ) forx>j +2 @+

A plot for fi(x) is given in Figure 2. Using this, we de ne for all x 2 R

fi(x) for x 2 (i;i +2 ') for somei 2 N

f(x) =
(x) 0 else.

Then, we de ne
VA t
=1 f (x) dx:
1



Figure 2: The function f;(x) for i 2f 1;2;3; 4g.

Then 2 C1((0;1) is obvious, and we also have (t)=0for t 0. Moreover, we compute

Z 1 )é_ Z i+2 i
f(x) dx = fi(x) dx
= 20 =1
i=0
This immediately implies
z t
tI!llm (t)= ll!l’f] 1 . f(x)dx =0:
Lastly, we show that 2 L((0;1))
z zZ, z Z 4o !
1 f(x)dx dt 1 f(x) dx dt
R 1 R 0 1 1
Z 2 wte
= @ 2@ 2 ("DA gt
R 0 i=0 ilzo
Z %
- @ o () A gt
R ._
0 i=detl 1
z %
— @opd te 2 (*DA gt
R .
z )0
2 tdt< +1:
R

Therefore, satis es Assumption 2.1 a)-c), but °= f is not converging.
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Remark 2.3. From Assumption 2.1 it follows that there exists a cumulative distribution function

1 22( ) that describes the distribution of the stay-time. This means that 22 is the survival

function of a probability distribution. Therefore, §f°: R! R is a probability density function

that is continuous on (0;1 ) and satises 22 ) =0 for all < 0. Itis also obvious that
202 LY(R).

Lastly, we introduce the natural birth rate |, and the natural death rate 4. The natural death
rate does not include those individuals who die from the considered disease. The meaning of
the parameters is summarized in Table 1.

Parameter Description
() Average daily contacts at time t.
(1) Risk of transmission on contact at time t.
c() Proportion of Carrier individuals with infection age
that are not isolated.
() Proportion of infected individuals with infection age
that are not isolated.
Z2 Expected transition probability from compartment z; to z».
Z1
2() Expected proportion of individuals who are in compartment z;  days
after entering this compartment and who eventually move to compartment z,.
b Birth rate.
d Natural death rate.

Table 1: Description of the parameters used to de ne the model.

2.1 A SECIR-type IDE-based model

Now we want to explicitly de ne the compartments, the transitions and the force of infection
term, described above, in order to get a SECIR-type IDE model, similar to the model from [15].
As this model does not include any endemic dynamics, the natural birth and death rate is set
to zero, meaning = 4 = 0. The total population in this model is given by

X
N = Z(): (2.1)
727

Since this sum also counts the deaths, no one can drop out of the model and the total population
is constant over time. We will also see this fact later on in this section.

We de ne the model equations starting with the force of infection term . The force of infec-
tion gives the rate at which susceptibles become infected. We assume that only people in the
compartments C and | are infectious. Therefore, these are the only compartments that have an



in uence on the force of infection term. After seeing the explicit de nition of the compartments,
we will further comment on this. For now, we de ne

ERORCIE ct 9 L&t 9+ 1 L &t 9 £
N(t) D() (2.2)

+ 9t sy PP o9+ 1 Rt s g(9)ds:

()=

The equations for the compartments write

S%)=Z?a)a)

E(t) = E(t s) §(s)ds;
z'

co= cct 9+ 1 ¢ &t s E(s)ds;
Z

W= P o9+ 1 7 Rt 9 (x)ds;
Zl

Ho= 480 9+ 1 ¥ Ft 9 eds 22)
Zl

u(t) = t 0 ot 9+ 1§ §t 9 H(s)ds;
Zl

R(t) = t g(s)+ R+ R+ () ds;
z'

D(t) = B(s) ds:

1

Remark 2.4. Given the de nition of the compartments, one can see that the de nition of the
force of infection is a modi cated version of C,f,' . Where, we weighted the function inside the
integrals of C and | with the terms ¢ and |, in order to only count of individuals that are not

isolated within the force of infection term. Moreover, we multiplied the sum by the number of

contacts times the risk of transmission .

In general, it is not clear whether this model admits a unique solution since the integrals start at
1 . To ensure the existence of a unique solution, we need to add initial conditions. We assume
that we know the values for the compartments int = 0, i.e., we assumeS(0) = Sy, E(0) = Eo,
C(0) = Cp, 1(0) = Ig, H(Q) = Hg, U(0) = Ug, R(0) = Rg, D(0) = Dg. Moreover, we let Zy(t)
for Z 2 Z be the functions that give the number of individuals that were in compartment Z

at t = 0 and are still in compartment Z at time t 2 [0;1 ). It is clear that Rp(t) = Rp and
Do(t) = Dg are constant as no individual can exit these compartments. Then fott 2 [0; 1 ), the



equations for the compartments become

sqt) = Z?(t) (t)

E(t) = , E(t s) §(s) ds+ Eo(t);

Ct)= Zot cclt o)+ 1 ¢ Bt s E(s)ds+ Co(t);

I(t) = Zot T s+ 1 R s) (x) ds+ lo(t);

H(t) = Zot Hont 9+ 1 g5 f(t s) ['(s)ds+ Ho(t); &4
u(t) = Zot 0 0t 9+ 1§ §(t s g(s)ds+ Uo(t);

R(t)=zot S+ [+ O+ {(s) ds+ Ro;

D(t) = “ B (s) ds+ Dy:

0

With the following assumption, we can write down Zo(t) for Z 2 f E; C;1;H; U g explicitly.
Assumption 2.5. We assume that all individuals who are in an infected compartment after
time t = 0, meaning they are infE,C,I,H,U g, entered this compartment att = 0. In other
words, they have infection age zero.

This assumption is not made in [15], as they take into account the whole history of the disease
and analyse the model mainly numerically. This assumptions leads to di erent formulas for the
compartments and the ows, therefore this model is not exactly the same model as given in [15].
We now write

Eo(t) = Eo £(1);

Co(t)= Co( ¢ c()+(1 &) &);

o) =lo( I f+@ ) R(); (2.5)
Ho(t)= Ho( § R+ W) F(1);

Uo(t)= Uo( § 0(+@  T) §(b):

Then Zy(0) = Zy. For the force of infection term we write

Z
OO 9 bt 9+ 1 b EC 9 EO
N(t) D() o ¢ ¢ c ¢ E (2.6)

+at s T o9+ 1 Rt 9 ¢(9)ds:

(M= o)+

With Assumption 2.5 we get for o(t)

Co(t) c(t)+ lo(t) 1(t).
N() D)

o) = (1) (1) (2.7)
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To fully describe the model, we need formulas for the transitions 72. To compute them, we use
the fact that the derivatives of the compartments should be determined by the in- and out ows.
Therefore, we can derive

sty= §(;
EfY= SO EW);
cty= E® c® @
1= c® M 7o
HYD= '@ w@®  §BO;
uth= W SO  5O;
RIy= 2+ RO+ [0+ JO)
DY = J():

By computing the derivatives of the equations (2.3), one can derive the formulas for the trans-

itions. For the explicit computations, we refer to the computations for the birth and death
model in Section 2.2. Here, we only give the transitions, that write

§ty= sA=s@) )
Z t

(2.8)

E(t) = ) et s) §(ds Eo gq1);

c(t) = Zot dt 9 ¢ E(®9ds Co ¢ A

()= Zot St s) 1 ¢ E(®ds Co@ ) E)

HOE Zot Ft 9 ' teds 1o [ A0

NOE Zot Mt 91 ' t®ds lo@ ) R 29)
n(t) = Zot Rt ) B f(9ds Ho g n )

A= Zot Bt ) 1 B '(Qds Ho(d R) A0

()= Zot 0% ) 0 H(®ds Uo § §

()= - 0% 991 § K W@ ) §inds:

Now, we stated the model with initial conditions. The goal of this was to make sure that there
exists a non-negative solution, we will further comment on this in the next section. For now
we just assume that there exists a hon-negative solution to our equations and therefore assume
that all compartments and transitions are non-negative.

11



Remark 2.6. We already stated in the introduction of the model that we expect the total popu-
lation to be constant over time. Together with the non-negativity of the compartments, this fact
can be directly derived from (2.8), as this impliesN{t) = 0.

The following remark shows that the initial conditions do not have an in uence on the long-term
behaviour of our model.
Remark 2.7. By Assumption 2.1, it is easy to see that,

1. for Z 2fE;C;I;H; U git holds limyy  Zo(t) =0,
2. for suitable combinationsZ; X 2 Z there holdslimu  Zo ¥ ¥ 4t) =0,

3. |imt!1 o(t) =0.

2.2 A SECIR-type IDE-based birth-and-death model

We now generalize the model from the previous section to endemic scenarios by including the
possibility of natural birth and death. Therefore, from now on we assume that the natural
birth rate and the natural death rate are positive, i.e ; 4> 0. Moreover, we assume that the
probability of surviving natural death is given by e d!. Then for this model we de ne the total
population as

X
N (t) = Z(b): (2.10)
Z2ZnD

We note that in Model 2.3, we included the death compartment in the total population N (2.1).
In (2.10) we do not include the death compartment as this time we only want to account for
living individuals. Moreover, we will assume the same initial conditions as before to ensure
the existence of a solution. This means we assume thas(0) = Sp, E(0) = Eq, C(0) = Co,
1(0) = lg, H(Q) = Hg, U() = U, R(0) = Rg, D(0) = Dg. In addition, we assume that
Assumption 2.5 still holds true. Moreover, let Zg(t) for Z 2 Z be the functions that give the
number of individuals that were in compartment Z at t = 0 and are still in compartment Z at
time t 2 [0;1 ). The functions Eg(t); Co(t);10(t); Ho(t) and Ug(t) are given by

Eo(t)= e 'Eo £(1); Co(t)= e 9'Cq c(t);
lo(t) = e Mg | (t); Ho(t) = e “'Ho n(t); (2.11)
Uo(t)= e “'Up y(t); Ro(t) = e 'Ry;
using
c)= L tm+@ &) Bw; = T ro+a P Ry 2.12)
h= § HO+@  §) Ro; uy= S Sw+a B fa: '

Then, we have that Zo(0) = Zg = Z(0). Again, we start by introducing the force of infection
term . In our model, only living individuals can be infectious to others, hence we need to add

12



the probability of surviving natural death. We do this by by multiplying ~ 72( ) with e ¢ .
Then, (t) attime t 2 [0;1 ) is de ned by

(t)= oft) :
(,L)(t§t) ot et s) c) S I+ (t s) (1) Lse ¢ 9 ds: (2.13)

With Assumption 2.5 we get
o= () (S ec®* lo® 1O, 10

N (t)

In addition, the equations for the compartments look quite similar to those of (2.4). To every
equation, we add the probability of surviving by multiplying  72( ) with e ¢ . To the de nition
of the susceptibles, we add the births and subtract the deaths. Therefore, we get

st) = ZbN(t) S(t) (1) oS(Y)
t

E(t) = gt se 9 5(s) ds+ Eo(t);
ZO

C(t) = t c(t s)e 9 E(s)ds+ Co(t);
Z0

I(t) = t 1t s)e (9 () ds+ Ig(t);
Z0

H(t) = t u(t s)e 99 H(s) ds+ Ho(t); 19
2z,

u(t) = h(t s)e ¢ 9 U(s) ds+ Up(t);
2z,

RB)= e {9 &+ 5+ F@+ §(s) ds+ Ro(®);
v

D(t) = B(s) ds+ Dy:
0

Again, we make the assumption that all individuals who are in an infected compartment at time
t = 0 entered this compartment at t = 0, that is Assumption 2.5. In the further analysis of
the model, it will be useful to have the equation for S as an integral equation. Therefore, the
following lemma will be useful.
Lemma 2.8. It holds
V4 t Z t
S(t) = bN (s)e ¢t 9 ds (s)S(s)e ot 9 ds+ Spe (2.16)
0 0

Proof. Integrating the equation for S and applying the integration by parts formula yields
Z t z t
SYs)e ¢t ) ds= bN (s)e ¢t %) ds
0 0

13



z t z t
S(s) (s)e ¢t 9 ds 4S(s)e ¢ 9 ds:
0 0
h it Z t Z t
: S(s)e 9 = N(s)e ¢« 9ds S(s) (s)e <t 9 ds
0 0
Z t z t
, S(t) = bN (s)e ¢t %) ds S(s) (s)e ¢t 9+ Spe ot ds:
0 0

O

As in Section 2.1, the change of the compartment sizes should be determined partially by
the in- and out ow, but for model (2.15) they should also be determined by the births and
deaths. Therefore, the following relations between the derivatives of the compartments and the
transitions should be true

sty=" SO+ oNE® oS
E®= §( EM® «E®
cty= e® c® E&® aCO);
M= c® ' RO a®;
HIY= ') w® 5O aHO);
uth= "M Bm G au;
R = 2+ O+ F®+ §O  dR);
DY) = §(v):
We now want to derive the formulas for the transitions 272 using (2.17). Therefore, we take
the derivative of the compartment formulas in (2.15) . For simplicity we only consider the

compartment C. The equations for the other compartments can be derived analogously. By
using the Leibniz rule for integrals and the assumption that 72(0) = 1, we compute for cqt)

(2.17)

d Lt s)+ 1

cqt) St s) g(s)e o Jds + (1)

c
c cO+ 1 ¢ &0 g€

I
NO

t cclt 9+ 1 ¢ &t 9 g(9e U Vds

c et 99+ 1 ¢ &t s) E£(s) ae 4 Ids
ge 'Co c(t)+ Coe ' (1)
JORES0)
E d
2
+ |

c &t o9+ 1 ¢t B s) E(se  Vds

0

14



+ Coe ;‘ c A+ L) &Y
t

= EM+ cclt 9 ge M Ids+e Co ¢ Y
|2 {z }
7 = L)
t
+ @ L) B% s) fe «tDds+e dtCor L) BYt) 4C(b)
|2 {z }

= g
The equations for the transitions can then be written

S = (O)S();
5 2t

gty = E(s)e ¢ 9 Eqt s)ds e 'Eq £Q1);
0
Zt
c(t) = ) E(s)e 49 L LAt s)ds e Co L &)
Zt
R(t) = ) Ese 9@ L) % s)ds e “Co( &) &%)
Zt
P = . c(s)e 9 H 1t g)yds e g PP,
Z (2.18)
R(t) = cis)e 9@ M)y Rqt s)ds e ot ) Rqu);
v
H(t) = ) F(se <9 4 Hqt s)ds e Ho i 71D
Zt
A ()= ) F(e 9@  H) A%t s)ds e Ho(r R) FUb:
Zt
S = . Hise ¢« 9 B Dt s)ds e U § §qt);
Zt
B(t) = ) Hie 9@ B) §qt s)ds e Up J) §qu):

Before proving some properties of the model, we want to introduce the concept of the mean
infectivity.
De nition 2.1.  We rst de ne

Bc(s) = c(8) c(9);
Bi(s)= ,(s) 1(s): and (2.19)

B(s)= Bi(v) ¢ cqs V) dv:
0

15



Then let a;; a> be de ned as
Z

a()= e ¢ Be(u) €4 wdy;

z 0 (2.20)
a()=e ¢ e uwB(u) du:

0

Finally, we de ne the mean infectivity

A()=C(a( )+ a( )): (2.21)
Remark 2.9. Then, A is non-negative as botha; and a, are non-negative. This is true, since
£qt) oforall t.
2.2.1 Properties of the SECIR-type birth-and-death model

In this section, we will prove some helpful results about Model (2.15), that we are going to use
in the further analysis of the model.

In the following, we will show an alternative version of the force of infection term. This version
will be useful for the further analysis of equilibria in Section 3.
Lemma 2.10. We can write (t) from (2.13) as

Zt
M= o)+ (I:I)(t§t) (S)S(S)A(t ) ds+ (I:I)(t)(t)f(t); (2.22)
with
f(t)= EoA(t) Coe ¢'B(t) (2.23)

Here, B(t) and A(t) are given by (2.19) and (2.21).

Proof. By applying a change of variabless to t , we compute for the rst term of (2.13)
YA t
e 4t 9IBc(t s) S(s)ds
° z t z S
= Be(t s)e ot 9 (uS(u)e ¢ W E9s u)du+e “SEq £Ys) ds
0 0
z t z t
= Bc( )e ¢ (W)S(uye ¢« W Eqy uydu d
0
t
Be()e 'Eo gt )d
24 Zy
= (u)S(uye W Be( ) £t ud du
0

t
Bc(u)Eoe ¢ £t u) du
0
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Similarly, for the second term of (2.13) we compute

Zt
e 9B (t s) L(s)ds
0 Zt Zs
_ e ¢t 9Bt s) Swe W L LAs u)ydu+te 9Cy L ts) ds
2, z, °
= e ¢ Bi() gwe o« WL Lt u) du d
£ 0
t
Bi()Coe ¢ ¢ cqt )d
Z? Ziy
= Ewe BI() L&t  wd du
|2 —iz }
Zt =:B(t u)

Bi(u)Coe ' & &t u) du:
0
We now take a closer look at the rst integral above
Z t
Eye ¢« WB(t u) du:

We can see that it has the same form as the rst part of (2.13) with B(t u) instead of
Bc(t u). Therefore, applying the same computations to this as to the rst part of , yields

z t
e «t B (t s) L(s)ds
z t YA t u
= (WS(uye «t W B() &4t ud  du
0 0
z t
+ B(u)Eee £t wu)du
2z,

B (u)Coe ' L &t u) du:
0

Putting the formulas we computed for the rst and second term of the force of infection (2.13)
together yields

Z
‘e Bc(t s) S(s)+ e 9 IB(t s) L(s)ds
0
Zt Zt u
= (WS(ue <« Y € qt u)(B() Bc())d du
OZt 0

Bc(u)Ege ¢ £t u) du
0
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+ B(u)Eee ¢ EYt wu)du

Bi(u)Coe ' & Xt u)du
z.°
= (WS(UWA(t u) du+ f(1):
0

What nishes the proof. O

That new version of the force of infection term is going to be useful for later analysis. Moreover,
it allows us to comment on the existence of a solution for our model. From a biological point
of view, it only makes sense to work with non-negative solutions, as we cannot have a negative
amount of individuals in a compartment. From the equations for the compartments (2.15) and
the transition (2.18) we cannot directly show that every solution to these equations has to be
non-negative. Therefore, we want to talk brie y about the existence of solutions. First of all,
we realize that we have a Volterra integral equation forS (2.16) and (2.22). Volterra integral
equations have the following form

Z
X(t)= F(t)+ tK(t; )G(X()) d: (2.24)
0
Then in our case we set
X (t) = S(t) . F(t) = Soe ot + R(; bN (s)e a(t s) ds | )
O | ) o) + P f (1) ’
0 a)
KT )= (t)e(t)A( )y G(X()) = (S)(Sz )

N (t)

There is plenty of literature about Volterra equations and the existence of solutions of such
equations, see for example [16, 17, 18]. We assume from now on that there exists a non-negative
solution to our equations, as negative solutions void of biological meaning. However, non-
negativity of solutions is a non-trivial property of a solution. Nevertheless, from now on we
assume that all the compartments and transitions are non-negative. This also implies that all
compartments are smaller than the population sizeN (t), by de nition.

Now we want to show a bound for the force of infection term.
Lemma 2.11. Forallt2 (1 ;1),itholds

(t () @): (2.25)

Proof. We willuse c(s); 1(s) 1lforallt;s2 (1 ;1)andC(t)+1(t) N(t). Then, de ning
as in (2.6) we can compute

18



(1) (O(Co(t) + To(1))

(t) N (t

(ﬁl)(ét) | cct s)+ 1 ¢ &t s E(se 9

+ PPt o9+ 1 P Rt s t(s)e  9ds

(C(H)+ 1(V)

®
N (t)

(1) (1):

Lemma 2.12. For xed t 2 (0;1 ), it holds
1.0 A(t) 2forallt2]0;1),
R,
2. g A()d <1,
3. limgg B(t) =0 and lim¢; A(t) =0.

To prove this lemma, we need some properties of convolutions. First, we recall the de nition of
a convolution, that is for p;q: R! R dened as
z

(p o)1)= RIO(t s)q(s) ds: (2.26)

Then we have the following lemma.
Lemma 2.13. It holds for all p;q: R! R

ip dic,ry Il Plic,ridiLr:
Moreover, if p2 LY(R) and g2 LY(R)\ L (R) it holds

lim(p (1) =0:

Proof. The rst statementis proven in [19] and is a special case of Young's convolution inequality.
The second statement is an exercise of [19], therefore we will present the proof here.

We rst assume that p 2 C! (R), then we know that there is someR > 0 such that supp(p)
Br(0). Then, for jtj > R, we have thatp(t s)q(s)=0if jsj< jtj R. This implies for jtj >R

z
(p a(t)=p(t s)gs)ds
R z
maxjp(t)j g(s) ds! 0 forijtj!1l
t2R RnBjyj & (0)
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Here we used thatq 2 L(R). This proves the statement for all p2 C} (R). Now, we proof the
statement for all p 2 L(R). We choose a sequencp, 2 C! (R) that converges top in L1, this
sequence exists by density. We compute

z

j(pn o)1) (p a)(1)j = R(pn p)(t  s)q(s) ds
I pn PliLywlidiLe gy! O asn!l

Here we used the Helder inequality. This shows that the convolutionsp, g converge uniformly
top q Thisimpliesthat (p qg)(t)! Oast!1l , which concludes the proof. O

Using Lemma 2.13 we are now able to prove Lemma 2.12.

Proof of Lemma 2.12. In Remark 2.9 we already stated that A is non-negative. For the rst
statement we easily compute

Z
a()= e o ccw+ 1 ¢ &uw gY  udu
Z
( €Y wu)du
VAl
£%s) ds=1;
1
and
z z,
a()=e ¢ v w1 P Ry ey vdv X u)du

S wdv (BT w)du
( €Y wdu
0

In both estimates we used that gO( ) is a probability density function. Then together we
have

A(C)=(a( )+ a()) 2

Now, we show the other statements. We start witha;, where we want to make use of Lemma 2.13.
Therefore, we de ne

cu) & cw+ 1 L w ifu o0
0 ifu<O

Equ) ifu O
0 if u< 0:

q(u) =
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Then, by assumptionp 2 L*(R) and g2 L%(R), and Lemma 2.13 gives us that
Z
a()= e ¢ cu ccw+ 1 ¢ gu Y udu
z, °
p(u)g(  u) du;

and thereforea; 2 L*((0;1 )). Moreover, we have that g2 L (R) and, therefore, we can also
apply the second part of Lemma 2.13 and get

I!|{n ai( )=0:
Now, we take a look ata, and start with the inner integral

ZU
B(u)= v P im+s 1 P RW ¢l vadv
0

With the same trick as above we see thatB(u) 2 L1(0;1 ) and limy1 B(u) = 0. Moreover,
we know that B(u) 2 Lt ((0:1)). Then we apply the trick from above again and get that
ap 2 LY((0;1)) and lim | gax( ) = 0. A combination of both results yields the claim of the
lemma. O

The following lemma shows that we can neglect the initial conditions in the long-term analysis
of the model.
Lemma 2.14. Let Z 2fE;C;I;H;U;R g, the following statements hold true.

1. limyy e dtZO(t) =0,

2. for every X 2fE;C;I;H;U;R; D g such that there exists a transition fromZ to X there
holdslimuy, e ¢'Zg X qt)=0,

3. limyy f(t) = 0 and if we furthermore assume thatlimy; N(t) > 0 we also have
liminf ti o(t) =0.
Proof. We show each claim separately.

1. ForZ 2fE;C;l;H;U; gwe already saw in Remark 2.7 thatZg(t) ! Oast!1l . Then
we obviously havee d'Zy(t)! Oast!1 . SinceDo(t) = Do is constant, we also have
e dDg(t)! Oast!1l

2. By Assumption 2.1 we know that limy; % qt) = 0, and we have limy; e ¢ =0. This
shows the claim.

3. For o(t), we again use thatCy(t);lo(t)! Oast!l1l . For f(t), we directly see that the
rst term EgA(t) converges to zero by Lemma 2.12.

O]
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2.3 A normalized SECIR-type birth-and-death model

The goal of this thesis is to study the long-term behaviour of the SECIR-type birth-and-death
model, an important part of this is the stability analysis of equilibria. In most cases, we do not
have a constant population size for the SECIR-type birth-and-death model given in Section 2.2.
This makes the long-term analysis very complicated, and it is not clear how an equilibrium in
this case is de ned. In this Section, we will therefore introduce a normalized model, in order
to study the dynamics of the disease independently of the change in the population size. When
normalizing a model, we divide every compartment by the population sizeN . In [11] and [12],
the authors study a model based on ordinary di erential equations with a non-constant popu-
lation size. The ordinary di erential equations allow for a direct derivation of the normalized
model. However, when using IDE-based formulations as introduced before, the procedure is
more complicated. In our case the integro-di erential equations make this more complicated,
since the factor ﬁ cannot be taken into the integrand. We therefore suggest the following
model for which we we are not able to show that it is the correct normalized formulation of
model (2.15). Later on in Section 5, we will demonstrate numerically that the corresponding
discretized model provides qualitatively and quantitatively similar outcomes.

To initialize our normalized model we usezy = ﬁ—g with Zg as in the SECIR-type birth-and-
death model in Section 2.2. Moreover, we de ne

eo(t) = e ey E(1); co(t) = e 'co c(t);
io(t)= e dlig ((t); ho(t) = e d'hg w (t); (2.27)
uo(t) = e ug y(t); ro(t)= e 9'ro:

As already mentioned, in models based on ordinary di erential equations, it is easy to derive
the normalized version of the model. Therefore, we will start by recalling that the derivatives
of (2.15) are given by (2.17), that is

S =  SM+ N(t) oS

Eqt)= St E® «E®)

Cty= g c®) &® oC);
1= c® MO RO )
HYY= @ HO  FM gH@);
utty= HEO oM S au);
R = &M+ R+ KM+ §O)  aR()
NA = oN(t) N ()
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To compute the derivatives of the normalized compartments, we make use of the quotient rule

d zZ@t) _ ZYYN(@®) zZ@)NqL)

V= F o T NZ(t)
R
This yields

sAt)=  Ost)+(1  st) o+ S(t) NB((tt));
RN GEOJ SURRRURILE
o) = NE((:)) IC(t?\l-F(t)g(t) o)+ oft) Ng((tt));
0= NIC((tt)) IH(tl)\lJr(t)lR(t) bl (1) + (1) r\? ((tt))? (2.28)
ho) = I\I}:((tt)) H(t?ﬂ-;t)ﬁ(t) (O + h() ,\L?((tt));
ut) = ,\:FJ'((:)) B(t)N’f(t)S(t) D)+ U r\l?((tt));
o= £07 F(t?\l+(t)ﬁ(t)+ 0O+ ,\?((tt));

We directly see that in the normalized version of the derivatives (2.28), the force of infection
term from Model (2.15) still appears in the same form. There is no obvious way to get rid of

the term ﬁ in the de nition of the force of infection term of the SECIR-type birth-and-death

model in (2.13). But, as we cannot predict the population size without knowing the behaviour
of the compartments which again depends on the force of infection term, the long-term analysis
of the model would be very complicated. Therefore, we slightly change the de nition of the force
of infection term and call it |. As its de nition depends on the de nitions of c and i we will
give it after de ning the compartments. Then, in order to de ne the compartments we guess an
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integral formulation that suits the derivatives for the compartments given in (2.28). This yields

stt) = ZI(t)s(t)+(1 s(t)) b+ s(t) t);
t

et)= St e < JI()s( ) d + eot)
0Zt
+ gt e @) g+ 3() poe()d;
z.°
c(t) = i ct e ) gyd + cot)
Z
+ tc(t e ¢« ) g+ ) b oo)d;
z.°
iM)= @ e 9 ) L)d +iot)
0z
t
-, it Je @) g+ G() b i()d; (2.29)
h(t) = ot w(t e o ) M) d + hot)
Z
+ tH(t e <t ) g+ () b h()d;
z,°
um= ot e ot ) 4y d + uo(t)
Z
+ tu(t e <) g+ () b ou()d;
z,°
= e dC L)+ TO)+ RO)+ RO d +ro(t)
Z
+ Ote ot ) g+ () por()d:

Before, the force of infection term was given by some modi e (mt')(t), asC and| are the only

infectious compartments. The idea now is to modifyc(t,\}’zt')(t) = c(t) + i(t), the same way as
described for in Remark 2.4. This yields
z t
(M=1l@®+ @O Belt Je )

+Bc(t e ) 4+ d() b () (2.30)
+Bi(t e ) ()
+Bi(t e ¢ ) g+ d()  pi()d;
with
lo(t) = (1) (t)(co(t) c(t)+ io(t) 1 (1); (2.31)
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and B¢, B, given in (2.19). At last, we de ne the transitions by
Z t
e(t) = et e @ I()s()d e e g91)
?

tE°(t e ot ) g+ 40y, oe()d;

z8
OE et e ) gyd e e ¢ SY)
?
ot Lext e @) g+ 90y poo()d;
Zt
WOE 2(1 £) 8%t Je 4 ) gyd e o L) &)
ot(l L) B4t e o ) g+ 9y () d;
Z
HOE t HA% de «@ ) i)d e gl M
Z,
) Hr% e o ) 4+ 90) pi()d;
Z
= @ M R% e ¢ i()d e tiow M) Py
2. (2.32)
a )y Rqt de o) 4+ 4y ,i()d;
Z
H(t) = ft Hadt e @) Phyd e ¢he i Hq)
ot Badt e ) 4+ 9() , h()d;
Z
h(t) = ft(l ) EAt e @) )d e ho  H) FYY)
ot(l B RAt e ) g+ S() p h()d;
Z
= B BY Je <@ ) ¥()d e *uo B B%Y
ot D o0% e ) 4+ 9) pou()d;
Z
= @ DEW e ¢ ¥)d e fwa 8§

t(l B) §% e ¢« ) 4+ d) pou()d:
0

If we compute the derivatives of the compartments (2.29) using the de nition of the trans-
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itions (2.32) we get the derivatives from (2.28) with usel instead of . We show this exemplary
for the compartment c. Using the Leibniz rule for integrals gives us

A= cO€® O+ g+ ) b )

Zt
g ot e ) g+ 4+ 9() o) d
z,°
v 2t e ) gy+ g+ Y() () d
+ co(t)
= O+ g+ JO) b ct)
Zt
a ct e ) gy+ g+ I() pc) d
z,°
+ ccdt )+ &) &1 ) e )
0

S)+ a* () boco) d
aot)+e o ¢ cA+@ &) A
S+ g+ d) b oct)  gc(t)
Zt

+ et e ) g+ g+ d() b o) d
0

+§dt00|clco(t)
t
+oa c) eqt e 9 ) gy 4+ J() b () d

+e ol ) &%)
S+ Yoty  pe(t) k) L)

As before, we would like to get a Volterra type equation. Therefore, by integrating the formula
for s, as we did for Lemma 2.8, we get
Z t V4 t
sy= s()I()e < Dd +  G()s()e ) d
0 Z, 0 z, (2.33)

+(q b s()e @ )d+ , e ot )d +spe d
0 0

2.3.1 Properties of the normalized SECIR-type model

Now we want to show that the normalized model ful Is the same properties as the SECIR-type
model (2.15), that we showed in Section 2.2.1.

Remark 2.15. We see that if we replace byl in (2.28), the massn(t) = s(t) + e(t) + c(t) +
i(t)+ h(t) + u(t) + r(t) has derivative zero. This means that the mass of the normalized model
is preserved. Then, if we start with massl, we will always have masq.
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Assumption 2.16. As before, we assume that the compartments, transitions and the force of
infection term are non-negative. Together with Remark 2.15 this means that every compartment
z2fs;e;c;i;h;u;r;dgfulls O z(t) 1forallt2[0;1 ). Moreover, we assume that the ows
are bounded from above by some nite constant.

We now make sure that the conditions for for the force of infection term (2.6) from Section 2.2.1
also hold for the force of infection terml (2.30). First we see that we can derive a similar form
for | as for asin Lemma 2.10.

Lemma 2.17. We can write

I(t) = lo(t) + (t)Z (Hg(t)

t
+ (1) (b) I()s()+ o+ J() b e() At s)d
2z, (2.34)

OO et ) pe )
0
(e( )Bc(t )+ i()Bi(t ) c()B(t ) d
with A(t) given by (2.21) and

g(t) = eA(t) coe 'B(t): (2.35)
Proof. If we do the same steps as in the proof of Lemma 2.10, we get
Zt
Be(t e ¢ ) g()d
° z, z
= Be(t ) e we ¢« W ogusuy+ g+ J(u) b eu) dud
2, 0
Bc()e “eo ¢t )d
0
Zt
= lusW+ g+ §() b oe() e ¢ Jat )d
oZt
Be( )e e £t ) d;
0
and
Zt
Bit e ¢ ) ¢()d
z, z
= Bi(t ) Ee we W S+ 4+ du) p ou) dud
2, 0
Bi(ue “co ¢ clt u)
0
Zt

= )+ g+ ) () e <t IBE )d
0
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Z t
Bi(we “'co ¢ ¢t u)du

Zt
= ()s( )+ a+ 3() boe() e 9 gt )d
0Zt
g+ () b c)e <« Bt )d
v
+ B(u)egge Y EYt  u)du
v

Bi(ue oo ¢ ¢t u)du
0

0
The following version of Lemma 2.11 still holds true.
Lemma 2.18. Forallt2 (1 ;1),itholds
I(t) (t) (b): (2.36)
Proof. The proof works analogously to the proof of Lemma 2.11 O

Moreover, we have following version of Lemma 2.14 concerning the in uence of the initial con-
ditions for the normalized model.
Lemma 2.19. Let z 2f e;c;i; h;u;rg, then the following hold

1. lim Zo(t) =0,

2. for all x 2 f e;c;i;h;u;r;dg such that the transition z to x exists
limus e dtzg Fqt)=0,

3. limyy  lo(t)=0 andlimy;  g(t)=0.

Proof. The proof works analogously to the proof of Lemma 2.14. O

2.4 A normalized SIRD-model

For simplicity, we now reduce the model to a SIRD-model, in order to use it for the long-term
analysis in Section 3. A SIRD-model has the same structure as a SECIR-type model, but only
has one infected compartment. We will use this model in the mathematical analysis, as it is
much simpler, but the main mathematical structure is the same. To simplify the notation, we
set

= P Pm+a P Ry (2.37)
~(t)y= £ Zqe < forz2frdg: (2.38)
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For the initial values, we uses(0) = sg;i(0) = ig and r(0) = rg and de ne

io(t)=e g ((t); ro(t)=-e g (2.39)
As always, we start with the de nition of the force of infection term
YA t
I(t) = lo(t) + (1) () 0(l( )S()+  at+ () b (Nt )t e o Dd:
(2.40)
Here lg(t) is given by
lo(t) = (1) ()io(t) 1 (1): (2.41)
Then with
At)= (1) (e (2.42)
we write
z t
I(t) = lo(t) + (1) (1) . I()s()+ o+ G() b i() At )d: (2.43)

Then, we directly see that we have the same mathematical structure for the force of infection as
given in Lemma 2.17 for the normalized SECIR-type model. The compartments are written as

sT=_10sO+@ sv) b+ st) O
M=t e o I()s()d
0

Zt
" (t de 4 ) g+ 80)  p () d +ioD); (2.44)
Z
(= e ()
oZt
+ e 4 ) g4 90y por()d + ro(t);
0
and ows are given by
Z
Y= P PY e < i )s()d

PPAt e« ) g+ A0 () d +=P(b);
z9 (2.45)

(1) = @ PR e ¢ i()s()d
VA

t(1 D) Rt e o) g+ f0) b i) d =R
0
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Integrating the equation for s yields

Zt Zt
= sOIC)e ot )d + ) d()s( e «® )d
Zt Zt
+(a v s()e @ d+p et )d +se o
0 b 0
t t
= s()I()e < )d +  d()s()e ¢« )d
0 Z 0
t
+( g b s()e 9 )d + b Pe atyge
0 d d

As before, we will make the following assumption.

Assumption 2.20. As before, we assume that the compartments, transitions and the force of
infection term are non-negative. Together with Remark 2.15 this means that every compartment
z2fs;e;c;i;h;u;r;dgfulls 0 z(t) 1forallt2][0;1 ). Moreover, we assume that the ows
are bounded from above by some nite constant.

We can again show a bound for the force of infection term.
Lemma 2.21. Forallt2 (1 ;1),itholds

[(t) (1) (b): (2.46)
Proof. The proof works analogously to the proof of Lemma 2.11. O

The following Lemma shows the in uence of the initial values on the long-term behaviour of the
model.
Lemma 2.22. The following statements hold true.

1. limyp ig(t)=0 andlimyy  ro(t) =0,
2. lim~P(t)=0 andlimy; ~P(t) =0,
3. limu1 lo(t) =0,

4. limyy  Sge dt e at=0,

Proof. The rst three statements can be shown analogously to the proof of Lemma 2.14, and
the last statement follows from limy; e 4t =0. O

As for the other models, we have seen that the initial values have no in uence on the long-term

behaviour of the model. We introduced the normalized SIRD-model mainly for the long-term
analysis. Therefore, we will now state a normalized SIRD-model without initial values that we
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will use for the long-term analysis in Section 3.

Zt
M= OO 10O+ a+ d)y b i) At )d;
Z
s(t) = tl()s()+ a+ 3) b s() e ot )d;
z.°
i(t) = I()s()+ o+ ) i) 1t e <t )d;
2, (2.47)
r(t) = [()+ a+ 3) () e <@ )d;
0Zt
() = I()s( )+ a+ ) () P PYx e « Dd;
2,

0= 10sO+ ar 0O s 10 @ PR e o Vs
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3 Analysis of the model's long-term behaviour

In this section we want to analyse the long-term behaviour of our models. We have seen in
Section 2.4 that the basic mathematical structures of the normalized SIRD-model and the nor-
malized SECIR-model are very similar, as the integrals of the compartments and the transitions
have the same structure. Moreover, the force of infection term can be written in a similar struc-
ture by de ning the appropriate term A. The interesting features of our model, such as the
disease death and the birth and natural death rate, are included in both models. The analysis
of the SECIR-model would be very complex, already the computation of the equilibrium for
the SECIR-model would be very involved, as one would have to solve a non-linear system of 12
equations. Thus,we decide to restrict the analysis of the equilibria to the SIRD-model. At the
end of the section we will then shortly look at the expected behaviour of the population size in
the SECIR-type birth-and-death model.

3.1 Introduction of some model parameters

In this section, we introduce some important parameters of the SECIR-type and the SIRD-type

model that we will need for the model analysis. Note that the following parameters are the same
for the standard and the normalized model. In the de nition of the parameters that depend on

one or more compartment, we will use small letters for the indices.

First, we introduce the concept of a reproduction number. The basic reproduction number
describes the expected number of new infections caused by one infectious individual in a pop-
ulation where everyone is susceptible. The reproduction number is a useful expression for the
controllability of a disease. In the literature the reproduction number is found to be a threshold
condition for the stability of equilibria; see [13, 11]. In our case we will see that the reproduction
number is a threshold condition for the stability of the disease-free equilibrium, Theorem 3.3
and 3.6. Some theory about the computation of reproduction numbers can be found in [20].
There are several types of reproduction numbers. Here we introduce the control reproduction
number R ¢, where ¢ stands for control, which means that we allow isolation. The reproduction
number R is also used in [13]. In contrarison The basic reproduction numbeR o, is computed
when no control measures exist, i.e in our case this means(t) = 1 for Z 2 f c;ig. To facilitate
the further analysis of our model, we make the following assumption.

Assumption 3.1. We assume that the transmission rate and the contact rate are constant
with respect to time, i.e we have (t)= (to)= and (t)= (to)= forallt2 (1 ;1).

Then we can de ne

Z,

R¢= A(s) ds; 3.1)
0

where one can plug in di erent choices forA. We use A given by (2.21) for the SECIR-type
model and A given by (2.42) for the SIRD-model. One would derive the basic reproduction
number by setting ¢; ;| = 1 in the de nition of A (2.21), (2.42), as this means no control
measures are implemented.
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Next, we de ne for suitable z1;z, 2 f s;e;c;i;h;u;r;dg
Z,
T2 = e ¢ 2 20 Hqg: (3.2)
Then T,%2 gives the probability that an individual transitions at some point from compartment
Z; into compartment z, . Since §f° is a probability density function, we can compute
Z, Z,
T? = e ¢ Z2Y)d ( 29)d
Z 10 0
( 2¢)nd =1

1

In particular for P < 1 we even haveT9 < 1.

In the SECIR-type model, we also de ne

Ve= TS

V= VeT;

vh = ViTh:

VO = T, (3.3)
ve= viTd

VE= VOTS + VIT + VT + WU

Here V* gives the probability that an individual that was in compartment e at some point will
at some point arrive in compartment z 2 f ¢;i; h;u;r;dg . Moreover, we de ne
Z,
W, = ()e ¢ d: (3.4)
0
Then W, is the mean stay-time in compartment z. We have the following bound
Z, Z, 1
W, = ()e ¢ d e ¢d = —: (3.5)
0 0 d
We realize that for the SIRD-model, we have the following relation betweenR ; and W;
Z, Z,
R¢= () 1 (He <t dt (e dtdt= Wi (3.6)
0 0

3.2 Analysis of the normalized SIRD-model

We now analyse the long-term behaviour of the normalized SIRD-model introduced in Sec-
tion 2.4.
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3.2.1 Assumption on the birth and death rates

In the normalized model (2.44) the factor 4+ 9( ) b appears several times. Later on, in
the analysis of the model it will be important to control this factor. We note that this factor

is just the term w Therefore, it would be alogical assumption that 4+ id( ) < pin order

to make sure that the population does not die out. The assumption that the population size

is increasing is also made in [11]. In the case of [11] this assumption is straightforward as they
have a constant rate for the disease death. However, in our case we do not have some given rate
for the disease death, instead we compute the number of disease deaths as a transition for every
time. Moreover, the assumption 4+ 9() b < 0 does not necessarily need to be true for
every time to guarantee that the population does not die out. For example he term ,d could
also be oscillating. Moreover, in our proofs later we need that 4 + id( ) b < 0 for large
enough. We now show that it is possible to ensure this by deriving an assumption that implies

that 4+ 9() p< Oforall

As id(t) is bounded from below by 0 and above by some constanin by Assumption 2.16, we
know that the supremum exists. Therefore, we de ne

sup = sup d(t):
t T

Using this we get the following estimate for ld
t
(1) = PPAt e s+ g+ () b () d
20
t
cr Pt e 0+ (arm) d

=( +( g+ m)T%
Then, as the right-hand side is independent oft, this inequality also holds if we take the su-
premum on the left-hand side. This yields
sup ( +( dt m)) Tid:
Using this, we know that
at( +(a+rm)T? O
implies 4+ id( ) p Ofort T. From this we now derive a condition for the birth-and-death
rate.
at( + g+tmTd
: d@+ TH+ T4 +Tm

We used really rough estimates in order to get to this point. This assumption is probably very
unrealistic and might not be possible to achieve. But, we wanted to show that it is possible to
derive an assumption that ensures 4 + id( ) p O forlarge . Our numerical experiments
in Section 5 justify to make this as an assumption.

Assumption 3.2. We assume that 4 + id( ) p < Oforall large enough.
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3.2.2 Computation of the equilibria

Now we compute the possible equilibria points of model (2.47). Letl(;s ;i ;r ; ¢ ; I )denote
an equilibrium for model (2.47). In particular, an equilibrium is always de ned for all t 2 R and
does not have initial values. By de nition an equilibrium is a constant solution to the following
system of equations

Zt
I(t) = . s +( g+ S pi() At )d;
Z
= st (ot GO oS e ¢ d 4 o
z,* d
i(t) = s +( o+ SO pi) (¢ e ¢« Dd;
Z1
(= IO+t JO or® e o D d;
z
(1) = t (s +( g+ dt) i) P Pt e ot Dd;
Zl
"(t) = ! s +( ¢+ 91 i) @ P)RYt e <« )d:
1
Then, as for an equilibrium z(t) = z(0) = z , we get the following system of equations
Zy
| = sI+(d+iOI b)i A( )d;
Z,
S = s | q+ |d b S ed d + 7b’
Z, 1 d
i = sl +( g+ { ( Jed d;
io (3.7)
r= [ + g+ ¢ b I ed d;
Z,
P osieCar f i PPY e d
1
Zy
= sl +( g+ ¢ b)i @ P)RY )ee d:
1

Then after a change of variables from  to , and plugging in the de nitions given in Section 3.1
we derive

1
| | + + db
d | i b

f b R ) I = ;

I
(72}

+
o

+

(1)
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(11 ) i = sl + 4+ 4 b i W, ) i = ;
' | wi. a o+
d d . d ¢ _Is+(Ca o).
(V) P = sl + g+ b I T ) 0= T ,
T,
V) = sl+ g+ i T
r d 1 ]
VI r = R S A — r = —+ -
(V1) | | ; ) .
We see thats ;| ;i and ¢ de ne a system that is independent of [ andr . Therefore, we

start by computing the equilibria for these four variables. Once we have done this, we can derive

[ andr . If we solve equations () (IV)for s | , we get

() sl = 9s s+

(1) sl = i idi+bi+|_|\)c;
(1) sl = i idi+bi+\;vi;
(V) sl = i idi+bi+Tidd:

If we compute (11') (111 ) and (I11 ) (IV) we get the following two equations

. R¢
[ [ ): I =i —;
(1) ) W
¢
I V) : d = i
1y (v) Pl W
Plugging them into equation (1) yields fors 60
S Re _ S Ld S +
W, W, b b
. Re T _ b,
' W, W, b= s’
Fors =0, we alsogetl =0i =0 and ld , which means that the population has died

out. This case is not interesting for us; therefore, we will not discuss it further. Now we have
expressions fors ;1 and ,d only depending oni . Therefore, we plug these expressions into
the equation fori to get an equation only depending oni , that is

¢ R
i RC T id + — | WT b .
_ b = .
Wi 1 i Tl
W; d Wi b

We directly see thati =0 is one solution. This yields the disease-free equilibrium

(sy;lysie; 1) =(1:0,0,0):
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For i 6 0 we get the following equation

(l )2 (RC T id)Tid
Wi
1 T.d 1

+ i d I L + . = +

i (Re Ti%) Wb W, WlbWi a+ b R ¢

:O;
which is equivalent to
. )2
()2+i Sy 2, by eWOT L R =0
| z b & }

Then the solutions of this quadratic equation are of the form
r
p 2

1.0 = > > q:

Depending on the parameters, it might be the case that this equation has no real solution. In
fact, we have two real solutions if § > g > 0, one real solution if g > g=0and two

complex solutions if § 2 g < 0. For the further analysis we are only interested in the rst
two cases. Moreover, we only want to account for equilibria that are non-negative and smaller
than one. First of all, we see that under the assumption thatR.; > Tid > 0 we know that

W% ¢+ b R ¢ < O directly implies that & > g > 0 which means we have two real
solutions. Under the same assumption and with (3.5) we also get that

Wi 1

p Td d W b
W.
T%('j ( v O

This directly implies that

i, OwheneverR,> T,9> 0 and it is real.

The parameters are not independent of each other, aR, Tid and W; were all de ned using the
transition distributions §f and the death rate . For now, we will ignore this fact and handle
them independently as we want to see for what parameter combinations we have a solution for
the equation for i . We will come back to this point the Section 5. We will further analyse
this problem using MATLAB to generate a grid. As a ve dimensional grid is hard to study we

x the parameters 1, 4 and T;9 and analyse the plot for varying R and W;, as we will see a
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correlation between these two parameters. We will do the plots forTid 2 £0:11;0:51; 0:99g, as
Tid 2 [0;1]. In the MATLAB code we chose the step size such that we will never hit the case
R¢ = Tid, where division by zero would occur. In the implementation later on we will mostly
use ,=4 10 3and 4=3 10 2 for the birth and the death rate. Therefore, we will x them
for now. Then for T, = 0:11 the evaluation ofi can be found in Figure 3. It is clear to see
that for R¢ 2 [0;5] and W; 2 [0; 5], there always exist two real solutions fori , clearly except
for Rc = T.9=0:11. Moreover, one can see that, is always larger than one in this case. Foi,
one sees that in most cases, < 0. However, there are some parameter combinations that lead
to0 i, 1. ForR¢< T,9we have a suitable solutioni,, for large W;, when R gets small.
For R > Tid, there is a suitable solutioni,, for larger R¢, when W; gets small. The second
case is rather unrealistic, as we have (3.5) and we would need to be very large to ensure that
R¢ < W;. In Figure 4 we see the evaluation ofi for Tid = 0;51. One sees that there is a

Figure 3: For T9=0:11, ,=4 10 *and 4=3 10 3. Where the colours mean the following,
red: only complex solutions exist, yellow:i < 0, green: 0<i < 1 and blue:i > 1.

small area where there is no real solution foi . The area where no solution exists is wher&V;
is large andR is close toTid. For the other parameter combinations, we have two real solutions
for i , but there we always havei, > 1. One can also observe that for larg&V; and small R we
alsoget0 i, 1forR¢< Tid. But again, for large values of R, we need small values oWV;
to have a suitable solution, which is not that realistic. In Figure 5 one can nd the evaluation
of i for T,9 = 0;99. This time, the area where we have no real solution is a little larger, but
still, in this area we nd that R( is close toT;%. Moreover, in this case we have an area where
a feasible solution fori, exists, which means 0 i; 1. We now want to brie y have a look
at a case with a larger choice for the birth and the death rate, to see if this has an in uence.
We set Tid =0;51, p=4 10 2and 4 =3 10 2, the evaluation of i for this case can be
found in Figure 6. One sees that the result is quite similar to Figure 4, but the area where no
real solution exists has increased. At this point, one would need to test if the solutions for the
other compartments are in the right interval, to know if an equilibrium for the model is feasible.
However, we have seen that the existence of an equilibrium far, that is in the right interval, is
quite rare. Therefore, we will omit this point here. All in all the question about the existence
of endemic equilibria to the normalized SIRD-model (2.47) needs further work. In Section 5.3
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Figure 4: For T9=0:51, ,=4 10 *and 4=3 10 3. Where the colours mean the following,
red: only complex solutions exist, yellow:i < 0, green: 0<i < 1 and blue :i > 1.

Figure 5: For T9=0:99, ,=4 10 ®and 4=3 10 3. Where the colours mean the following,
red: only complex solutions exist, yellow:i < 0, green: 0<i < 1 and blue:i > 1.

we will come back to this point.

3.2.3 Stability of the equilibria

We have seen that the disease-free equilibrium exists everywhere, independently of the parameter
choice. As seen above, an equilibrium corresponding to an endemic state exists only in some area
of the parameter space and even if an equilibrium exists often this equilibrium is not feasible for
the normalized model, as the values for the compartments and ows might not be between zero
and one. Therefore, we will focus on the stability of the disease-free equilibrium. Later on we
will make some comments about the stability of endemic equilibria. We start by showing that
the disease-free equilibrium is stable if the reproduction number is smaller than one.

Theorem 3.3. Under the Assumptions 2.20 and 3.2 we have thaR; < 1 implies that

1=(1;0;0) (3.8)
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Figure 6: For T9=0:51, ,=4 10 ?and 4=3 10 2. Where the colours mean the following,
red: only complex solutions exist, yellow:i < 0, green: 0<i < 1 and blue:i > 1.

is a global attractor for model (2.44).

Proof. For the proof we use a similar approach as from [13, Theorem 1]. We start by showing
that I(t)! Oast!l .Ass() 1forall we have
z t
I(t) = I()s()+ o+ () b i() At )d
Zp
t
IO+ g+ () b i() At )d:
0

As by Lemma 2.211 is bounded we know that the lim sup ofl exists. Thus, we let

It =limsup I(t); i.e
11

I = lim (t); with ( t)=supl(s):
ti1 s t

By the de nition of the lim sup there exists a sequencet, ! 1 with I(t,)! It forn!1 . By
choosing a subsequence if necessary, we can assume that t,!1 asn!l
Then we can compute
Z,
I(th+1) )+ o+ ) b i() Altnsr ) d
0

th+1

. )+ a+ 9) b i() Altha ) d

We rst take a cloger look at the rst part of the right hand side. Then by using Lemma 2.21

and the fact that 01 A(s) ds< 1 we compute
1

Z,
%(w at ) bi()ﬁA(tm ) d
0 | {z }

C<1
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( +C) A(thsa ) d
VA
+ C A(s)ds! Oasn!1l ;
f_jf_g th+1 tn ( )

where me may bound 4+ id( ) b 1( ) by someC, as g, ,d and i are bounded from above
and 4 is bounded from below by zero. Moreover, we chose the subsequence such that the lower
bound of the integral converges tol . Now we consider the second part of the right-hand side.
Again, we make use of Assumption 3.2, and we just choodg large enough that Assumption 3.2
holds true. This yields

th+

1)+ e+ () b () Altha ) d

th+1

( tn)A(th+1 ) d

th+1 tn

= (tn) A(s) ds
0

( th)Re

tn

th

Putting everything together, and letting n!1  we get the following result
It P Re

The assumption that R < 1 implies that I* = 0, and since I(t) 0 for all t we know that
limgpy  I(t) = 0.

Now we show that ¢; I andi also converge to zero. As the computations for both can be done
in an analogous manner we will only do the proof for ,d The idea is to just do the same steps
as above. First by the factthat s( ) 1 we have
Z t
’(t) . O+ a+ fC) wi() P PA e o Dd:

We then take the subsequence, from above. We have
Z th
{(tn+1) = 1O)+Ca+ 80) oi() P PYtass e o D

th+1

I( )+( dt |d( ) b)|( ) P IDO(tn+l )e d(tn+1 )d

tn

R
By the same computations as above and the fact that 01 D Po(s)e dds < 1 we have that
the rst term of the right-hand side converges to zero.
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For the second part we compute by using Assumption 3.2

th+

I( )+( dat |d() b)i() P |D0(tn+1 )e d(tn+1 )d

tn+1
( tn) P Pther )e ¢t g
t

n

tn

(tn)T¢

where we used that the integral is positive, as IDO 0. This then implies id(t) I Qast!l
Again, with the similar computations we can show thatr(t) ! Oast!1 using that | goes
to zero.

Lastly, we use the fact that s(t)=1 i(t) r(t) and see
s(t)y=1 i(t) r()! 1 ast!l

O]

In order to study the stability of equilibria for the case R > 1, we use the approach from [13, 14].
For this we will need some general results about the asymptotic stability of solutions of Volterra
integral equations. Explicitly, we will use the following theorem from [21, Theorem 4]

Theorem 3.4. Assume we have a equation of the form

Z
X (t)= F(t)+ tK(t )G(X()d; t O (3.9)
0

such that
) K2LY0;1);R" ")
i) F2C°(0;1);R"), bounded andF(t)! Oast!1 |,
i) G2 CY(R") and G(0)=0
iv) J = DG(0) is non-singular.

Then if and only if
Z,

det Id e YK()Jd 60 (3.10)
0

for the right half plane <v 0 it holds that x(t) ! O.
Remark 3.5. The equation (3.9) given in the theorem above, is a Volterra equation of convo-
lution type, as the kernel depends on
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We realize that the following system can be studied independently from the other variables |
and r

Z
s(t) = t sOI()+ o+ ) bs()e o )d+ -2

0 Zt d
M= @ @®  sOI)+ qa+ %) b i() At )d;

z, 0 (3.11)
i(t) = SN+ g+ %) i) 1t e @ )d;

0Zt
4() = sOIM+ g+ () i) PP% e ot dd:

0

Our goal now is to rewrite this model so that it ts in the scenario of Theorem 3.4. Therefore,
we rst need to translate the equilibrium
CHHIS
to the origin. We dene s=s s,l=1 1,i=i i and 9= ¢ ¢ withs;l;i and
9 given in (3.7). Then, this means thatz = z+ z for z 2 fs;I;i; 9g, which allows us to
write the equations for z without the term z appearing. We now show exemplarily how to write
s suitable to the Volterra form. Therefore, we compute

Zt
s(t) = S(I()+ g+ M) b s() e« )d
OZt
sl + 4+ 8 s e ot )d
Z0
= sl + g+ & s e g
Z,
+ (sSCNC) sI)+(a o)s() s)+ f)s() s e« )d
z%
= sl + 4+ & s e ¢« g
Z,

+ OO+ s) TsO+(ar & ps()+ f()s()+s) e ot D
0

We can derive similar formulations for I, i and ld with analogous computations. Now, we can
write the system for s; ;i and ,d as matrix form Volterra integral equation, that is

Zt
X (t) = F(t)+ 0K(t )G(X () d; (3.12)
with
0 R
g-)R sl + 4+ ld b S € ot ) g
0 d .
sl + 4+ 9 i At )d }é
- R 1 i . )

) % 2R sl + g+ ¢ i (t e «t )d K’ (3.13)

O s+ g+ &, Pt H)d



e d d 0

0 1
e 0
_ 0 A () A(C) O
K()—% 0 (e () s 0§ (3.14)
0

) ~4() o
and
ds()+s)+ Ss)+s(Na 1 O s !
_ I(s( )+ s )+ 1 () | _B 1)
e ()= & OGO )+ S0+ 10 b)g’ x=§ 10 (3.15)
i) 2(t)

Where we used | and ~,Z de ned in (2.37). We now want to verify the conditions of Theorem 3.4,
in order to apply this theorem later.

) K 2 LY(0;1);R* %) is obviously true.

i) Clearly F(t) 2 C%(0;1);R* and bounded, as all integrals inF (t) exist and are nite.
In particular the exponential function is in L*\ LY on (1 ;0], | is anL?! function by
Assumption 2.1, P%2 L' as it is as probability densitiy function and therefore ~¢ 2 L1,

and we showed thatA is an L! function in Lemma 2.12. We showF (t) ! 0 ast!1
and start with the rst component

Z,
lim sl + g+ ¢ s e dt )g
o
ZO
= |im e «d sl + 4+ ¢ bSs ed d
11 I
t.Z 1
0
=0 sl + 4+ 4 b s ed d =0:

i
e }
The convergence for the other three components can be seen similarly.
i) G2 CYR") and G(0) =0 are clear.
iv) We compute J = DG(0)

0 4 1
P *(a 1 O 0 S
I s 0 0
DG(0) = % : §: 3.16
© 0 0 & +(q o i (519
0 0 0 1
Then detd = detDG(0) = ( & +( 4 b))2s . This means DG (0) can only be non-
singular if g+ ¢ L6 0.
Now we want to obtain the characteristic equation
Z,
det Id e YK()Jds =0: (3.17)
0
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The term K ( )J is given by

e s (9 + 4 p 1) e 95 0 e s !
% A () A ()s AT+ da b A ()i §
(e 9| (e 9s (e s (d+ 4 ) () di
~0)! ~()s ~) 8 b) ~0)i
With this we get
Z 1
M (w) = eV K()Jd
0%, | 1
: dd+Wb dS+W 0 ds+W
:% I L(w) sLw) (8 + g pLw) iLw &.
ILiw)  sLiw) (8 + q pliw ilLw A
I LP(w)  sLPw) (9 + 4 pLPW) iLP(w)
with
Z1
L(w) = eV A()d;
z,0
L (w) = e" 1()e ¢d and
Al
LPw)= e™ ~()d:
0
Now we compute the characteristic polynomial
det(l M 0(w)) . | .
1 : dd+wb ds+w 0 ﬁ
:det% LW 1 SLw  (f+ ¢ olw il §
Ly (w) sLiw) 1 (8 + g pLi(w i Ly (w)
I LP(w) slaP(W) (f+ ¢ pLPW 1 iLPw)
A4y | 1 sL(w) (f+ 4 pLWw i L(w)
= 1 - W det@ siLi(w) 1 (f+ g pLi(w iLi(w) A
d s LP(w) (9 + 4 b)|_,D(w)1 1 iLP(w)
S I L(w) (¢ + 4 pLWw i L(w)
det@ ILi(w) 1 (%+ g pLi(w iLi(w) A
at W ILPw) (& + ¢ pLPm) 1 iLP(w)
s lLw) 1 sLw)  (f +q pLW
+ det@ I Li(w) sLiw) 1 (¢+ g pLiwA
atw ILPw)  sLPwW) (¢ + a oLPW
_ o, it b 1 sLw) iLPw) s d L, (w)
g+ w | d i b |
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s
dt W

+ | L(w) ﬁl LP (w)

Then, the characteristic equation (3.17) becomes
d 4+ I .
e 1 osLw) iLPm) o+ b LiWw)
dt W (3.18)
| L(w) LP(w) = L(w):

s
dt+t w

+

Now we rst state the theorem concerning the stability of the disease-free equilibrium.
Theorem 3.6. If R¢> 1,thenif 4< pand1l R < (4 pW;, the disease-free equilibrium
(s;i;r)=(1;0;0) is unstable

Proof. We rst show that the disease-free equilibrium of the smaller model (3.11) is unstable.
Then at (s ;I ;i ; ¢)=(1;0;0;0) the characteristic equation given by (3.18) reduces to

d b
dt w

0= @ Lw) (a pLi(w):
We directly see that L(0) = R, > 1 andL,(0) = W;. Then by the assumptions of the theorem
we havel (0) < 0. We also see that

Z,

Jim L(w) e W A()d

I
=5

lim e Y A()d =0;
where we used dominated convergence, as™ A( ) A( ) 2 LY((0;1)). The same way one
can also see thatL, (w) ! Oast!1l . Thisimplies that

lim L(w)=1>0:
wl!l

O]

Remark 3.7. In the proof we needed the assumptiol R < ( 4 p)W; < 0. This implies
that , 4 cannot become too large, adV; 0. Without this condition, the birth rate can be
large enough that the proportion of infected and recovered individuals in the population vanishes.

In Section 3.2.2 we have seen that there are many cases where endemic equilibria exist, but
we have also seen that the equilibrium points are not always between 0 and 1. To see if the
an endemic equilibrium is stable or not, one could again make use of Theorem 3.4. If one has
a computed equilibrium one could plug it into the characteristic equation (3.18) to see if it is
stable or not. As we could not compute any general formula for the endemic equilibrium we will
omit this part here. We will instead look at this numerically in Section 5.
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3.3 Analysis of the population size

In this section, we want to take a closer look at the population size and its long-term behaviour.
Therefore, we want to have a closer look at the derivative of the population size, as it determines
if the population increases, decreases, or is constant over a certain time interval. By (2.17) we
get that

NA) = uN()  oN(@)  S(: (3.19)

First of all, we want to take a closer look at the case, where the system is entirely free of the
disease. In that case we hav&(t) = N (1), i.e
Z t Z t
N (t) = S(t) = bN (s)e ot Sds = pS(s)e ¢t Sds: (3.20)
0 0
First we consider the case where, < g4, then by (3.19) we then know that N {t) < 0. Moreover,
this means that N is monotonically decreasing and withN 0 we can deduce thatN converges
to some limit N . For this limit point, it should hold
z t
N = oN e dt 9ds=N -2 (3.21)
1 d
but this is only possible for N = 0. As one would expect, , < ¢ implies that the population
is going to die out. In the case j d N (1) is monotonically increasing, but is not bounded
from above. This means that the population will blow up.

Now we want to take a closer look at the case where the system is not free of disease. This
is way more complex as the behaviour of B(t) cannot be predicted before solving the integro-
di erential equation for the SECIR-type model given in Section 2.2. However, we want to use our
results from the previous part about the analysis of the normalized model. From the previous
section, we know how Y(t) behaves. We assume for now on that the relation Bt)= N() d(t)

is true, as this was the idea for the normalization. In the case of the disease-free equilibrium we
have seen that limy;  J(t) = 0. And as the name already says it is disease-free, therefore, we
are in the case of (3.20). We will have a closer look at this later on in the Section about the
implementation.
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4 Discretization

Before, we have analysed the continuous model. However, we also want to analyse the discretized
model numerically. First of all, to validate the results from Section 3. Moreover, we want to
get an idea of what happens in the cases, where we were not able to state a theoretical result.
In order, to do so we discretize our SECIR-type birth-and-death model given by (2.15) and
the normalized model given by (2.29). Later on, in Section 4.4 we are going to show that the
numerical scheme preserves the main properties, such as non-negativity. As in [15] and [8],
we will use a non-standard discretization scheme to discretize the force of infection term, the
transitions and most of the compartments. For the remaining compartments and the other
model parameters we will simple use a rectangular rule to approximate the integrals. In our
case, non-standard means to mix left and right point approximations. Simply using a standard
rectangular or trapezoidal rule would always mean that we have to solve a non-linear system
of equations, meaning we would need to use a Newton algorithm. By using a non-standard
scheme we can avoid that. Moreover, as shown in [8], the non-standard scheme preserves some
properties of the model, as non-negativity, even for large step sizes. In [8], the authors show
that this is not necessarily the case if the trapezoidal rule is used. In the following, we will use
the notation k for the discretized version of some parametek.

4.1 Discretization of the parameters used for all models

Here we start by de ning the numerical scheme for those parameters that are shared by both
models. For a given step size t> 0, we de net, = n t, forn 2 N, to de ne an uniform mesh.
We will approximate the derivative of 72 by a backwards di erence scheme, i.e
Z t Z t
b2 Ytn+1) = Zl(””)t zi(tn).

Then, since by Assumption 2.1 72(t) is decreasing, it holds that bZ? qt,) Oforalln2 N. The
term B used in the de nition of the force of infection term is approximated using a standard
rectangular rule using a left approximation, as in the non-standard scheme we always use a
left-approximation for the functions 22. Then ® is given by

(4.1)

1

B(t) = t () 1 () &btk 0); (4.2)

i=0

with B(0) = 0. Then, as b.qtx ;) O, it holds that B(t,) 0 for all n 2 N. Finally,
the integrals in the de nition of A, given in (2.21), are also approximated with a standard
rectangular rule using a left approximation. Then for k > 0
K1
Bi(tk) =t c(ti) c(ti)bg Atk 1);
i=0
K1 .
Bo(t)= t bE Ytk )B(L); @3
i=0

R(te) = e (By(te) + Ba(tk));
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with A(0) = 0. Then, /b(tn) 0 for all n 2 N. Lastly, we want to discretize the model
parameters introduced in Section 3.1. We start with the reproduction number (3.1)

®
R, = R(t)): (4.4)

i=0

The discretization for T,%2 (3.2) is given by

A
P2 = e ¢ 2pYy): (4.5)
i=0

Using this the discretization of V* (3.3) is given by

Pe= s
bi = beb;
Ph = vinlh;
U = thphu; (4.6)
be = o,
b = Pobr + Yihr 4 Py 4 Uy
We discretize W, (3.4) by
ps
W, = L(t)e dti: 4.7

i=0
These sums are all inte sums, which clearly cannot be evaluated, therefore we need to cut o
these sums in the implementation. We will comment on this further in Section 5.1.

4.2 Discretization of the SECIR-type birth-and-death model

In this section we de ne the numerical scheme for the SECIR-type birth-and-death model from
Section 2.2.We start by de ning

bS (th+1) = S(tn+1 )P(tn); (4.8)

which is a nhon-standard numerical scheme, which means that we have a right endpoint approx-
imation in 8 and a left endpoint approximation in b, Using a backwards nite di erence scheme
for 80 gives us

go(tn+1) = Q(tn+1) T Q(tn)i

Moreover, by the de nition of S given in (2.15) we have

MNtner) = bE(tnea) + p(tnsr)  a8(tns);
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but as we will start by computing 8in every step we do not know the values for the other
compartments at ty+1 yet. Therefore, we will use the following formula, where we know the
population size I‘@(tn), from the computations of the previous time step,

tnaa) = bE(tnsr) + bN(t)  a8(ths1):
All together, this yields

8(tn) + t pN(tn) .

1+ t(Btn)+ q) (49

B(thi1) =

In order to discretize the force of infection term we start by discretizing . Therefore, we de ne

b(tk) = (Co(tk) c(tk) + To(tk) 1(t)) (4.10)
Then the discretization of o from (2.14) is given by
borp oy D).
O(tk) I@(tk) .

Then we discretizef given in (2.23) by
Mt) = EoR(tk) Coe 9*B(t); (4.11)

where @(tk) was given in (4.2) and /b(tk) was given in (4.3). Now we discretize the force of
infection term by again using a non-standard discretization, where we use a rectangular rule

with a right approximation in 8 and a left approximation in AR andP. Then, forn 0 we obtain
I

o !
bltns1) + R(tner 1)8(t+1)PE) + Ptner) (4.12)

b(tn+ )=
YT N(ta) o

with b(0) = (0) = 0. Analogously, we approximate the integrals of the remaining transitions
using a non-standard rectangular rule with a right endpoint approximation in b22 and a left
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endpoint approximation in e ¢

b (the1) = 8(tn+1)P(tn);

C X e

bg (th+1) = t bs (ti+1)e
i=0

blc(tn+l) = t bg(tiﬂ)e
i=0

bE(th+s1)= t  bE(tisa)e
i=0

b (th+1) =  t  be(tisa)e
i=0

blR(tn+l) = t blc('[i+1)e
i=0

b (tn+1) =t Dbf(tis)e
i=0
-1

bﬁ (th+1) = t b|H (ti+1)e
i=0

bB (th+1) = t bH (tiv1)e
i=0

bl(th+1)= t by (ti«)e
i=0

and bz°

@ gt 1) @ o EobE Ytne);

dos 1 gbeltns i) e @ Co gbtitns);

atn+d i(l I(:)bgo(tnﬂ i) e din+ CO(l Ic)bgo(tnﬂ);
a0t Qs ) e 4o b Yt

@ b Xtaes ) e o bR tner);
dnet B Qtaer 1) e @t Ho b Ytnen);

atn+d i(l H)bﬁo(tn+1 i) € dtn+1HO(:l- H)bﬁo(tnﬂ);
a1 Bb0 Yt 1) e @ Up §b Ytnea);

dtn+1 (1 B)bso(tnﬂ ) e dtn+1 Uo(1 B)bso(tml)i

(4.13)

By Assumption 2.5 we assume that we have infection agé = 0, all ows should be 0 at time

to and we get the starting value

bZ2(tg) = 0: (4.14)

1

We will discretize the compartmentsE; C;|;H; U; D and R by directly applying a discretization
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scheme to the integral model formulation in (2.15) and obtain forn 0

e

B(the1)= t S(thar )e @ b5 (tiza) + Eo(tns1);
0

O(the1)= t cltner )€ 9 ThE(tivg) + Co(tn+);

i=0

Pltns1) =t | (ther i) 0 Tbh(tivg) + To(tne);
i=0

|'t?(tn+1)= t H(th+1 i)e dln+t ib|H(ti+1)+ Ho(th+1); (4.15)
i=0

O(tns1)= t Utnsr i)e 9 TbY (tisr) + Uo(tnsr);
R(the1) = t bE(tisr)+ bR(tie1) + b (tiva) + b (tier) € @2 1+ Ro(tner);

@(tn+1)= t bB(ti+1)+ Do:
i=0

For the compartments E;C;l;H;U and R we use the non-standard rectangular rule, with a
right approximation for the transitions bZ2 and a left approximation for b2 and the exponential
function. For D, we just used a standard rectangular rule with right approximation since the
transition to D is the only function in the integral for D. We us the following starting values to
initalize the compartments

8(to) = So; B(to) = Eo;
®(to) = Co F(to) = Io;
W (to) = Ho; B(to) = Uo;
R(to) = Ro; B(to) = Do:

(4.16)

Finally, we also want to discretize the reproduction number R, de ned in (3.1). For this we
simply use a standard rectangular rule and the already de ned approximation ofR

h3
.= t R (4.17)
i=0
4.2.1 An update scheme for the compartments

In [15], another approach was used to derive a discretization for the compartments by using the
de nitions of the derivatives of the compartments. This led to an update scheme which is more
e cient in the implementation. Therefore, we want to derive such an update scheme for our
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birth-and-death model. To do so, we will make use of (2.8). By using a backwards di erence
scheme for the derivatives of the compartments we get an update scheme for the compartments
E;C;I;H;U;D and R. As we compute the compartments di erently than by using the scheme
from (4.15) the results for the compartments may be di erent and therefore we might get another
value for the total population. This implies that also the values for the susceptibles®, the force
of infection P and the transitions bZ2 might be di erent. To clarify the di erent discretization
schemes we will refer to all the variables computed by this discretization scheme as Moreover,
we will refer to the discretization scheme given by (4.15) as sum-scheme and to the following
scheme by update-scheme. The formulas for the compartments are given by

1

E(tnh+1) = 1+ t4 E(tn)+ t §(tns1) t E(thsa) ;

C(tn+1) = ! Ctn)+ t S(ths1)  t b(ths1)  tbR(tns1) ;

n+l 1+ td n E\tn+1l c\in+l c\tn+l ’

1

I (th+1) = 1+ tg4 I(th) + t é:(tn+1) t |H(tn+1) t |R(tn+1) ;
1

H(tn+1)= 1+ 14 H(tn)"' t |H(tn+1) t H(tn+1) t ﬁ(tn+l) ;
1

U(th+1) = 1+ 14 U(tn)+ t H(ths1) t g (tns1) t §(tnss) ;
1

R(tn+1) = 1+ t4 R(ta)+ t &(ther)+ t R(tnsa)+ t F(tns)+  t G(tnea) ;

D(th+1)= D(th)+ t J(ths+1):
(4.18)

With the same starting values as used for the sum-scheme. Note that this scheme is more
e cient than (4.15), as it is an update formula and we do not need to approximate the integral
with a sum, that needs to be computed in every iteration step. On the other hand, the sum-
scheme makes it easier to see some nice mathematical properties of this scheme. In [15] it is
shown that the two numerical schemes are equivalent, in our case this is not the case. The
problem is the exponential function used for the probability of surviving natural death. In [15]
they used the fact that the derivatives of the transition distributions 72 are approximated by

a backwards di erence scheme to prove that the two schemes are equivalent. We also used a
backwards-di erence scheme to approximate 22 O but for the exponential function we never
needed to approximate its derivative, as we used its explicit form when deriving the formulas
for the ows (2.18). However, we are able to show the following result.

Proposition 4.1.  Under the assumption, that for somet,,, we have thatZ’(tn) = Z(ty) for all

Z 2fS;E;C;I;H;U;R; D g and that b32(tn+1) = 22(th+1) for all suitable

21,22 2T S;E; C;I;H; U;R; D g we can show the following:

1. For Z 2fE;C;I;H;U;R g it holds B(th+1)  Z(tns1),
2. B(ths1) = D(tns1).

Proof. We rst show the statement for C, the proofs for E;I;H and U follow analogously.
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In the following we will use the following estimate of the exponential function
g 1+x

We start by computing the di erence of two consecutive time steps and get

xo
Otne1)  O(tn) = t ot D@ ¢) Eltasa 1) @ 0 TbE(ti)

X 1
t cclta D+@ &) &ta i) e ¢ ibE(tiv)
i=0

+ @0(tn+1) @O(tn)

=t ccO+@ ¢) &0) e bE(ths)

xXn

+ 0t c cltnsr )+ (@ &) Etnsz i) € ™ TDE(ti+1)
i=0

t Etlta D+@ L) B(th i) e 4t ied 'hE(tivg)
i=0
+ e din G Ic Ic(tn+1 i)+ (1 Ic) g(tnﬂ i)

e dhnigd tCO IC Ic(tn i)+ (1 IC) g(tn i) -

tbg (tn+1)
o Iy R tha1 i WC
+ 1 c clthsr )+ c) cther i) € 9 Thg(tivr)
i=0
AN Iy R toer | c
t c clth )+(1 c) c(th i) e @mt i1+ t g)bg(ti+)
i=0
+e " Co ¢ og(tha )*+(@ E) Etan i)

e 11+ t g)Co & G(ther )+ (1 £) B(tne i) -
= tbg(tn+1) t d@(tn)

X0
+ ot Lobh(thsr ) bE(th i) e 9t ihS(tig)
i=0

X
0t (@ L) bR(tnss ) bB(ta 1) € @ TbE(tig)
i=0
e dtn+1 CO IC b(l:(tn+1 |) b(l;(tn I)
e dtn+1 CO(l IC) bg(tn+1 i) bg(tn i)
= tbS(thr1)  t a®(tn)

X0
t+ e dh+ ipE(tivg) Lbi%t, 1)
i=0
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+e 91 Cy LbtYther)

xn

+ t e 9 ipS(tig)2 L)bRYtn 1)
i=0

+e din Co(l 'c)b§°(tn+1)

=t gO(tn)+  tbE(thy1)  thh(ths1)  th&(ths1)

From this and the assumptions of the Propositions thatbz?(th+1) = 32(tn+1), we get

1
O(ths1) T O(ty)+ thS(ths1)  thi(tns1)  tbR(tns1)
1
1+ 14 C(tn)+ t E£(tns1)  t c(tnsz)  t E(tns)
= C(th+1)

For the discretizations of R we use that for all x < 1, there holds

1
e ;
1 x
With this we can compute
X R R R R :
R(tns) =t bR(ti+1) + bR(tis1) + bR (tix1) + b (tis1) € ¢t i+ e Ry
i=0
=t bE(ti+1) + b (tisr) + b (tisa) + b (tisa) € 4 ie ¢ T+ e dhne ¢ Ry
i=0
t bE(ta)+ bR(tin) + bf(tin) + Bf(tier) & ot
i=0
1
+e dn——— R
1+ 4 ¢t 0
1
ara: R(tn) + tbR(tas1)+ tbR(tns1)+ tOR(tnsr) +  tE(tne1)
1
= 14'7(1'[ R(th)+ t g(tn+1)+ t |R(tn+1)+ t E(tn+1)+ t S(tn+1)
= R(tn+1):

For D we simply compute

X
t  bS(ti+1)+ Do
i=0
D(tn)+ bB(tn+l)

B (tne1)
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D(th) + L[J)(tn+l)
D(tn+1 )Z

O]

Remark 4.2. The result of Proposition 4.1 only holds for one time step, if we initialize both
schemes with the same data. The issue in showing the relation for all time steps comes from the
de nitions of and S. With the previous proposition we get forN

N (the1) = B(tnet) + Btner) + O(tner) + Pltnsr) + B (tner) + B(tner) + R(tnsr)
S(th+1)+ E(th+1)+ C(th+1) + 1 (th+1) + H(th+1) + U(th+1) + R(tn+1)
= N(tn+1):

But for example, in the formula for S we divide byN which makes it impossible to show the
inequality 8  S.

From now on we will use the sum scheme given by (4.15) if not stated di erently.

4.3 Discretization of the normalized SECIR-type birth-and-death model

One way to get normalized compartments is to computeb(t) = % for22f8;0,0;PM; 0;Rg

after computing the nonnormalized compartments 2. But, as we were not able to show that
our normalized compartments (2.29) are actuallyz(t) = ﬁ((tt)) we also want to derive a numerical
scheme for the normalized model from Section 2.3. In Section 5.4.2 we will compare the two
di erent approaches to compute the normalized compartments and observe that we get similar

results. For the initial values of the normalized model we simply usezg = ﬁ—g With similar

computations as in Section 4.2 for8 (4.9) we get the following discretization of b

B(tn+1) = Stn)* to : (4.19)
1+ t Rtn)+ b bd(tn)

We continue with the numerical scheme for the force of infection term (2.34). First, we describe
the numerical scheme forg (2.35), that is similar to in (4.11)

b(tk) = eoR(tk) coe M B(ty): (4.20)
The discretization of |y is given by

Btk) = (colti) c(t)+ io(te) 1 (tk)) : (4.21)

The force of infection term given by (2.34) is, similar to (4.12), discretized by a non-standard
approximation. We use a rectangular rule, with a right approximation in b; ;P and bd and a
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left approximation in & ®;B¢;B, andP Thenforn 0

t{tn+1) = t?)(tn+l) B(tn+1)

xXn
+ t Rtna ) Bt)RE)+ g+ bl(tiar) b B(tie1)
i=0
X (4.22)
+ g+ bd(tig) e alon
i=0

B(ti+1)Bc(tnet i)+ P(tiser)Bi (tnet i) B(tie1)B(tne i) ;

with Ro) = Ry0).

The ows from s to e and e to c are given by

bg(tnﬂ) = r(tn)b(tnﬂ);

X0
be(tn+1) = t bg(ti+1)b,§°(tn+1 e dtn+1 i @ dlna eobgo(tnﬂ)

2 (4.23)
X d C t .
t dt bu(t|) b b(t|)bE O(tn+1 i)e dtn+1 i
i=0
Now, we de ne the numerical scheme for the remaining ows. The rst integral is approximated

with a non-standard rectangular rule as in (4.13), the second integral is approximated with a
standard rectangular rule using a left approximation. Given the ow from z; to z the ows z to

Z, and z to r are given by

X
b;z(tnﬂ): t bgl(tiﬂ) §2b2220(tn+1 e dtn+1 i e dtna 20 izbzzzo(tn+1)
i=0
X0 § t |
t d+ bu(t|) b b(t|) §2b§20(tn+1 I)e dln+1 |;
i=0
X“ .
b;(tn+1)= t bgl(ti+l)(l 52)b§20('[n+1 e dtn+t i g dlnn zo(1 gz)bgzo(tr”l)
i=0
>@ d Z r t -
t dt bu(tl) b uh)(l Zz)bzo(tn+1 i)e dtn+r -
i=0

(4.24)

As above we havebZ?(tp) = 0, for all suitable combinations zi; z,.

Lastly, we de ne the numerical scheme for the remaining compartments by
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B(th+1) = S(tner )€ 9 1 DE(tiar)+ g+ DI(L) b B(L) + eo(tne1);

b(th+1) = t c(th+1 i)e dins i be(ti+1)+ 4+ bg(ti) b D(tj) + co(th+1);

P(tner) = t_ (ther )€ 9 1 bl(tia)+ g+ bA(t) b R(t) + io(tne1);

(4.25)
B(ths1) = t Htaa e bM(tisr)+ g+ bI(t) b B(t) + ho(tns1);

b(th+1)= t Ultner )€ @ 1 b(tieg)+ g+ bI(t) b B(t) + Uo(tner);

b(tn+1)= t e 9 0 b(tig)+ g+ bA(t) b bti) + ro(tnet);
i=0

with b" = b{ + b{ + by, + bj.

4.4 Properties of the numerical schemes

In this section we want to show that our numerical scheme preserves all the important properties,
such as non-negativity, of model 2.15.We start with the discrete version of Lemma 2.12.
Lemma 4.3. For R given by (4.3) it holds that

R
Rty <1: (4.26)

k=0

As for Lemma 2.12 we are going to need some properties of convolutions. In the discrete case
for p;q:Z! R, convolutions are de ned as follows

R
(p a)ln]= plklaln  KI: (4.27)
k=1

Lemma 4.4. For all p;q:Z! R the following inequality holds true

jip dij1 ji pijdidia: (4.28)
Where
' . X‘ - -
jidijz = jf[n]j:
n=0
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Proof. We apply Young's convolution inequality to the following LY(R;R) functions given by
the sequence$ and q

X .
P(t) = PlT (i +13 (1);

22
Q(t) = ali]l ij+13(t):
i2z
The claim follows because P Q)(k) =(p q)(k) and the L' norms agree. O

Now we are able to prove Lemma 4.3.

proof of Lemma 4.3. At rst we see

X
ct) ¢ ct)+@ &) &) c(t)+ &) :
i=0 i=0

Moreover, we know by Assumption 2.1 that {; & 2 L1((0;1)). Then, since { and R are

monotonically decreasing, by the integral criterion for the convergence of sums, we can conclude
that

X
clt) & ct)+@ &) &) <1:
i=0

With the same argumentation, we also have that
A H H Hy R
() 7o) +Q@ 1) () <1:
i=0
Now, we considerbS ®and b:% As both computations are the same, we only do them foibE ©

X Ctig) ()

blgo(tiﬂ): t
i=0 i=0
NIZT t
i=0
_ 1 . c c
=~ Jm g(tne)  e(to)
1

Now we can show the claim with the same argumentation as in the proof of Lemma 2.12 using
Lemma 4.4. O

Remark 4.5. Lemma 4.3 directly implies that lim i, A’(tk) =0.
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As we only consider with non-negative solutions, we now want to make sure that the numerical
scheme preserves the non-negativity.
Theorem 4.6. For non-negative initial data, i.e. Sp;Eq; Co;lo;Ho;Ug; Ro;Do 0 we have

1. 8(t,) Oforall n2 N,

2. for all suitable combinationsz;;z, 2f S;E;C;I;H;U;R; D g we have thatbgf(tn) 0 for
all n2 N,

3. forall Z2fE;C;I;H;U;R;D gwe havei’(tn) Oforall n2 N,
4. bt,) oforall n2N.
Proof. We are going to prove this theorem by induction. Forn = 0, all statements are true by

assumption on the initial values. We assume that the statements hold fom and we show them
forn+1.

1. By using the induction hypothesis we directly see that, for8 given in (4.9), we have

Q(tn)"' tbm)('[n)
1+ t(Ptn)+ )

O(tns1) =

2. First of all, by using the induction hypothesis an the estimate above we directly get
bE (th+1) = Q(tn+1)b(tn) 0. From this we immediately see that all the other transitions
are non-negative.

3. As we have just seen, all transitions are non-negative therefore the compartments are also
non-negative at time t,+1 as we only sum over non-negative parameters an®, O.

4. Moreover we have

X
O(tner) = Do(fger)+ —— t Rltn 1)8(t+2)P(t) + ———Mtns1)
ST Wty SR PR (s
EO ; I (t l) i=0 {ZO } | (t 1{)2 }
(05
This concludes the proof. O

Remark 4.7. By Proposition 4.1 we also get the statements from the previous Theorem 4.6 for
the update discretization scheme given by4.18), but only for one time step. Therefore, we will
mainly use the sum-scheme given b4.15) in the implementation.

Since the normalized compartments are expected to behave like the non-normalized compart-
ments divided by the population size, we expect the discretized normalized compartments to
be non-negative as well. However, the proof of Theorem 4.6 does not carry over so easily. The
reason for this is that the normalized compartments have the factor

bZ(tis1)+ o+ bI(t) b ba(ti);
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for which it is not clear why it is non-negative. Nevertheless, the numerical results suggest that
the following conjecture holds.
Conjecture 4.8. For non-negative initial data, i.e. Sp;€p; Co;io; ho;Uo;ro;do 0 we have

1. B(ty) Oforall n2 N,

2. for all suitable combinationszy;z, 2 f s;e;c;i;h;u;r;dg we have thatb%f(tn) 0 for all
n2N,

3. for all z2fe;c;i;h;u;rg we haveb(t,) Oforall n2 N,
4. Qt,) Oforall n2N.
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5 Implementation

Now, we use the numerical scheme described in Section 4 for the implementation of our model.
We will shortly describe the implementation structure and then use the implementation for some
numerical experiments. We implemented the models in C++ as a part of the high performance
modular epidemics simulation software MEmilio [22]. The relevant issue can be found hete

5.1 Description of the implementation structure

In this section, we brie y describe the implementation structure for the SECIR-type model.

The implementation of the SIRD-type model has the same structure. The class structure can
be seen in Figure 7. All in all the idea of the implementation is to iterate over all time steps
and compute the compartments, ows and force of infection term in every time step. In the

Used for the Implementation of the standard Used for the Implementation
birth and death model of the normalized birth and death model

[ classParameters ]

{classCompParameters ]<;

friend class ‘ friend class
|

[ classModel ] 3 [ classNormModel ]
|
|

friend class friend class

classSimulation

Figure 7: Class Structure of the Implementation

classParameters, all given model parameters, are implemented meaning we set all parameters
from Table 1. Then, in the classCompParameterswe compute all values that can be computed
before starting the iteration of the simulation.

1. We start by computing the maximum support of the transition distributions  72. Either
they actually have a maximum support, or we de ne some tolerance and the maximum
support is the smallestt such that 22(t) < . We know that such a point exist for all
possible transition distributions, as Assumption 2.1 gives us that they all converge to zero.
We will use this fact in the computation of all functions and parameters calculated in

https://github.com/SciCompMod/memilio/pull/1358
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this class, meaning we only evaluate the functions for all time points smaller than the
maximum support of the transition distributions.

2. Then, we compute the weighted distributions 7 given by (2.12) and the derivatives of the
transition distributions using a backwards di erence scheme, as given in (4.1).

3. After this, we are able to compute B given by (4.2) and R given by (4.3).

4. Then, we compute the initial value functions used for the force of infection term, meaning
the functions 'b (4.10) andfb(4.11) for the standard and the functionsﬁ) (4.21) and b (4.20)
for the normalized model.

5. Finally, we can compute the constantsR. (4.4), P72 (4.5), 97 (4.6) and W, (4.7), that are
used for the model analysis. These constants are in nite sums, but we make a cut-o and
neglect all the terms after the maximum support.

In the classesModel and NormModel we de ne all functions needed in the iteration.
1. We start by computing the susceptibles, given by (4.9) and (4.19).
2. After this we compute the transitions given by (4.13) and (4.24).

3. Then, we compute the other compartments. In the classModel, we compute the com-
partments twice, both with the schemes given by (4.15) and (4.18), the scheme for the
normalized compartments is given in (4.25).

4. In the classModel we then also compute the current population size.
5. At last, we compute the force of infection term given by (4.12) and (4.22).

The class Simulation is used to run the actual simulation, by calling the functions de ned in
the model classes.

Now that we have described the structure of the implementation we want to comment on the
computational cost. In general, solvers for models based on integro-di erential equations are
much less e cient than models based on ordinary di erential equations. Also, the Volterra
structure of our equations does not allow for an update scheme when evaluating the integrals,
as we need to compute the whole sum in every time step. One way to make the implementation
more e cient would be to use the update scheme using the equations of the derivatives given
in (4.18). We haven given such a scheme in Section 4.2.1. However, we have seen that this
scheme is not equivalent to the scheme using sums given in (4.15). Besides, we still need to
evaluate the transitions by a sum.

Nevertheless there are some ways to make the implementation more e cient. First o all, the
class CompParameters computes the parameters in advance that are needed several times in
the iterations for both models. Moreover, the use of the maximum support, as described above
is an important way to increase the e ciency. First, this means we need to store less values
for the parameters computed in the classCompParameters Furthermore, the sums we need to
compute in the iterations become shorter. We see this for example in the computation of the
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transitions. The transition from E to C is given by

X
bE(tn+1) =t bS(tie)e @ 'bEAtnar i) € " Eobg Ytna):
i=0
Here we can make use of the maximum supporbg. We evaluate g at time point th4+ . If

the maximum support of bE is t, this means that the sum starts at max(Gn+1 m). One
other possibility to make the implementation more e cient in terms of storage is not to store

the total population for every time step. In the computations we only need the number of the
total population of the last time step therefore one could overwrite this number in every time
step. In our case, we want to analyse the total population, therefore, it is interesting for us to
store it for every time step.

5.2 Choice for transition distributions

Here we introduce some possible choices for the transition distributions ;2. As mentioned
in Remark 2.3 the transitions distributions are survival functions of probability distributions.
One possibility is to use the survival function of exponential distribution, that depend on some
distribution parameter a, and is de ned by

expa(x) = e & (5.1)

However, as already mentioned, the exponential distribution is rather unrealistic for the stay-
time distributions  72. But we are going to use it for demonstration purposes and other paramet-
ers, such as|. Another possibility is to use a "smoother" cosine function. It is constructed as a
C! transition from zero to one, and was introduced in [23] for similar purposes. The "smoother"
cosine depends on some distribution parametea and is de ned by

8
21 ifx O

smoothcos(X) = S %cos =7 % fo0<x<a : (5.2)
0] ifx a

In [24], the authors use the lognormal distribution as a stay-time distribution to model COVID-
19. Therefore, we will also use the survival function of a lognormal distribution, as a possible
transition distribution. The probability density function of the lognormal distribution looks as

follows
I

log(%)
2a? '

b
fap(X) = —Pp=ex
ax 2

with a some shape parameter and some scale parameter. For the survival function of the
lognormal distribution we write lognormg.p(x).
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5.3 Results for the normalized SIRD-model

First we set all the given parameters we use in the implementation of the normalized SIRD-
model. As initial values for the compartments, we setSy = 100000, 19 = 30, Rg =0, and Dy = 0.
We recall that zg = %. Moreover, we use P =0:1, =10, =0;1and |(t)= expos(t). If
not stated otherwise, we willuse , =4 10 3and 4 =3 10 3. In order to derive di erent values
for the parameters R, P9 and W; we will use di erent functions for the transition distributions

72. In Section 3 we have seen that the existence and stability of equilibria strongly depends on
these parameters. We start with P( )= [R( )= smoothcoss( ). This yields R. = 0:875477,
'bid = 0:0991046 and®/; = 2:98914. For this case we have seen that the disease-free equilibrium
is stable, asR¢ < 1. The results for this case can be found in Figure 8 and as expected one
directly sees that the model converges to the disease-free equilibrium.

Figure 8: Evaluation of the normalized SIRD-model: force of infection term and compart-
ments of the normalized SIRD-model, using p =4 103, 4=3 10°%and P()= [R()=
smoothcoss( ). In this scenario the reproduction number is smaller than one.

Now we want to use P( ) = R( )= smoothcog( ). Then we have R, = 1;14681, P9 =

0:0986605 and®/; = 4:47186. In this case we expect the disease-free equilibrium to be unstable
as1l R.= 014681< 0:00447186=(4 p)W; andR.> 1. If we compute the equilibrium
for these parameters, we get; = 10:2006 andi, = 0:0156379, which are not feasible equilibria
for a normalized model. Nevertheless, surprisingly, in Figure 9 one can see that the model is
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converging to some endemic state. A possible explanation for this might be that the model is
converging to a state that is not an equilibrium of the model.

Figure 9: Evaluation of the normalized SIRD-model: force of infection and compartments
of the normalized SIRD-model, using b =4 103 4 =3 10%and P()= R() =
smoothcos( ). In this scenario we have a reproduction number larger than one andR. >

(d oW.

Now we set ,=0;1 and 4=0;02 and choose P( )= [( )= smoothcos;z( ). Here we get
R¢=1;27147,T,9 = 0;0879308 andW; = 6;09514, then 1 R .= 0;127147> 0;4876112 =
(a4 p)W;. Forthis case, we were not able to show that the disease-free equilibrium is unstable,
but we also did not show that it is stable. In Figure 10 one can observe that the model converges
to the disease-free state.

5.4 Results for the SECIR-type birth-and-death model

In this section, we want to use our implemented numerical scheme to analyse the SECIR-type
model numerically. The theoretical results were only formulated and proven for the SIRD-model,

in the section above we already investigated at the SIRD-model numerically. For the SECIR-
type model, we expect to get similar results. We introduced the SIRD-model as the theoretical
analysis of it is less complex. However, the disease dynamics of the SECIR-type models are more
interesting than the dynamics for the SIRD-model, as it is way more detailed. Therefore, the
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Figure 10: Evaluation of the normalized SIRD-model: force of infection and compartments
of the normalized SIRD-model, using p,=0:1, g=0:02and P( )= R( )= smoothcos:( ).
In this scenario we have a reproduction number larger than one, buR:> ( ¢  pWi;.

main goal of this section is to see the long-term behaviour of the SECIR-type model. However,
in a rst step, we compare the two numerical schemes, the sum scheme (4.15) and the update
scheme (4.18) for the compartments, and want to show numerically that the normalized model
from Section 2.3 is a suitable normalization of our model from Section 2.2. Then we start by
analysing the results for the normalized model, and then we consider the non-normalized birth-
and-death model. In the theoretical part, we shortly discussed the in uence of di erent choices
for the birth-and-death rates on the model. Therefore, we then study this question numerically.
At last, we will make some comments about the convergence of the numerical scheme.

5.4.1 Choice of parameters

In this section we provide initial values and parameters used in the SECIR-type model. In all
examples, we will useSp = 100000, Eq =0, Co =10, 19 =20, Hp =0, Up =0, Rg =0 and

Do = 0 as initial values for the compartments. Moreover, we will use the parameters given in
Table 2. The birth rate given in Table 2 is larger than the death rate, in Section 5.4.6 we will
discuss di erent choices for the birth and death rate with varying di erence, to see the in uence
of them on the model behaviour. As we will model many time steps, we choset = 1. In

Section 5.4.7, we will brie y discuss the behaviour of the numerical scheme when t becomes
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Parameter Choice for Parameter Parameter Choice for Parameter
'C 0:8 10
H 0:1 0:1
H 0:2 c(t) expo:s(t)
0 0:4 1(t) eXpo:s(t)
b 4 103 d 3 103

Table 2: Choice of the parameters used in the examples.

smaller. If not stated di erently, we will use the parameters in this section in the following.
Moreover, in Table 3 we give three di erent choices of the transition distributions, that we will
use several times in the following. We will refer to them as three di erent scenarios. Then

Survival function Distribution
Scenario 1 Scenario 2 Scenario 3

E(t) smoothco(t) | smoothcos(t) | lognormo:s.4:2(t)
'C(t) smoothco(t) | smoothcos(t) | lognormo:7:0:s(t)
R(t) smoothco(t) | smoothcos(t) | lognormo.o.7:7(t)
IH () smoothco(t) | smoothcoss(t) | lognormo:7:s:3(t)
|R(t) smoothco(t) | smoothcos(t) | lognormo:2.7:s(t)
H 1) smoothco(t) | smoothcoss(t) | lognormy.g.o(t)

ﬁ (1) smoothco(t) | smoothcos(t) | lognormo:z.17:1(t)
HO! smoothcos(t) | smoothcos(t) | lognormo.a.g:s(t)
S(t) smoothco(t) | smoothcos(t) | lognormo:z.17:1(t)

Table 3: Di erent choices for the survival functions.
Scenario 1 yieldsR, = 0:498502, Scenario R, = 1:73317 and Scenario R = 3:42176.

5.4.2 Comparison of the two di erent discretization schemes

In Section 4 we introduced two di erent discretization schemes for the compartments. The
purpose of this section is to see the results of Proposition 4.1. We will use the parameters given
in Table 2. In Table 4 we can see that as expected by Proposition 4.1 we nd that after one
time step 8= Sand® = D and for the other compartments we have® Z. We also see that
after ten time steps we still have® Z forall Z 2f S;E;C;I;H;U;R g. But for D we see that
in this case®  Z after ten time steps.

5.4.3 Comparison of the normalized compartments

We were unable to rigorously prove that the normalized compartments de ned in (2.29) actually
match the compartments de ned in (2.15), meaning that z = % In particular, we did not
use the same force of infection term, therefore it is unclear how closely both models match.

Moreover, we were not able to use the exact same numerical scheme due to the second integral
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= smoothcoq4:0)

n=1 n=10
Compartment B(t,) Z(t1) B(t10) Z (t10)
S 10006989833907| 10006989833907| 10065395494754| 10065398511122
E 25:54007998 25:55332099 7246965325 73:29714526
C 12:23901983 12:24536504 62:85941093 6352566862
I 1844952649 1845909148 43.82889354 44:28739667
H 0:26937771 0:26951737 3:80991366 3:84421183
U 0:00786626 0:00787033 0:64438970 0:64929654
R 3:29675025 3:29676505 191:54494683 19154775729
D 0:00053985 0:00053985 0:65830792 0:65830723
Table 4. Comparison of the two discretization schemes for the compartments, with

smoothcog4:0) as Transition Distribution.

in the de nition of the compartments of the normalized model. Due to this and approximation
errors, we do not expect to obtain the exact same results numerically, for both approaches. We

de ne the normalization error for the compartments as Zgyor = % z(t) . The errors and
the compartments S;1;U and R, in Scenario 2, can be seen in Figure 11. The structure of
the compartments E;C;I;H and U is the same and we expect to the get errors of the same
magnitude. In the plots on the right of Figure 11 where both versions for the normalized
compartments are plotted one can see directly that the behaviour of both is very similar. In
the errors on the left one can see that the error is always one or two magnitudes smaller than
the size of the compartment. In the plots of both normalizations for the compartments one can
moreover see that the long-term behaviour of the normalization versions for compartments is
the same.

Moreover we want to take a look at the force of infection, as this was the challenging part in
the normalization. Since we have used two di erent de nitions, we now want to see if they are
similar. We de ne the error for the force of infection as Folgror = j (t)  1(t)j. Again we plot the
error for Scenario 2, that can be seen in Figure 12. Here we can see again that the behaviour of
both force of infection terms is very similar and also the error is at least two orders of magnitude
smaller than the actual force of infection terms. Moreover, we take into account that we used
step size t =1 and expect a rather large approximation error. All in all we conclude that the
normalized model from Section 2.3 with the force of infection terml (2.30) is a good choice to
model the endemic dynamic of the birth-and-death model introduced in Section 2.2.

5.4.4 Analysis of the normalized model

In this section we want to analyse the normalized SECIR-type model from Section 2.2 numeric-
ally. We are interested to see if similar results as from Section 3, where we mainly focused on
the normalized SIRD, also hold for the SECIR-type model.

First, we want to look at the force of infection term, as it is a good way to see the disease

69



dynamics in one term. The plots for the force of infection terms, in the three di erent scenarios
from Table 3, are given in Figure 13. In the plot for Scenario 1, one can see that the disease
dies already out after about 10 time steps. This is also what one would expect as in for scenario
1 the reproduction number is smaller than one and we observed this behaviour also for the
SIRD-model. Then for both Scenarios 2 and 3 the force of infection term is converging to some
xed value. For the SIRD-model we observed convergence to a positive value if the reproduction
number is smaller than one and the di erence of , and 4 is not too large. Both is the case
for Scenario 2 and 3, therefore the convergence to some xed positive values is what we would
have expected. Moreover, one can see that the force of infection term is oscillating with waves
getting smaller until it gets constant. We are going to analyse why this happens after we take
a closer look at the behaviour of the compartments.

We start with the compartments for Scenario 1 that are given in 14. As expected, the compart-
ments €; ¢;i;h and u tend to zero quickly, as it is the case for the force of infection term. Also,
one can see that the proportion of individuals that get infected is very small. As the behaviour
of the force of infection term for Scenario 2 and 3 was similar we now only have a look at the
compartments in Scenario 3; see Figure 15. All compartments converge to some constant value.
Where the largest proportion of individuals are in the compartmentss and r and a quite small
proportion of individuals is in an infected compartment. As already for the force of infection
term we can obverse waves in the behaviour of the compartments. The reason for this might
be that the proportion of susceptibles becomes very small at the beginning, therefore only few
individuals can become infected and the force of infection term gets smaller. Then after new
susceptibles are born more individuals can become infected again, this e ects repeats itself until
the disease becomes stable.

5.4.5 Analysis of the non-normalized model

In the previous section we have seen the behaviour of the normalized model. In this section we
look at the non-normalized SECIR-type model introduced in Section 2.2 numerically. We have
already seen in Figure 12 that both force of infection terms, and | show very similar dynamics.
Therefore, we assume that the results for the force of infection term are very similar to those

of | seen in 13. Thus, we will directly focus on the non-normalized compartments. First of all
we have a look at the compartments in Scenario 1. The plots can be found in Figure 16. Before,
we have seen that the disease dies out very fast Scenario 1, here we observe the same. The
amount of individuals in the compartments E; C;1;H and U goes to zero very fast. The amount

of recovered individuals is also decreasing as now new individuals will enter this compartments.
The number of susceptibles is decreasing, as more new individuals are born than die and no new
infections take place. Now we take a look at a case where we have seen endemic behaviour of
the disease. Therefore, we look at the compartments in Scenario 3. The plots can be found in
Figure 17. It can be seen that all compartment sizes are increasing after a certain point. This
happens around the same time when the compartments of the normalized model become stable.
The increase of the compartment sizes comes from the increasing total population size. Before
this, one sees again the wave dynamic of the disease as we already observed before.
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5.4.6 E ect of di erent birth and death rates

Before we analysed the model always for the same birth-and-death rate, where we had a larger
birth than death rate. In this section we want to see what e ect di erent choices of birth and
death rates might have on the simulation results. We will set the birth and death rate di erently
from 2, but the other parameters remain the same. Here we use the non-normalized model given
in Section 4.3.

We start by discussing the e ect of varying birth and death rates on the population size. First
of all, we want to make sure that our model behaves as expected in the absence of an infectious
disease. Therefore, we set all parameters and initial values to zero exceft, which we initialize
with 10000. The results of this simulation can be seen in Figure 18. As expected, fo, > ¢
the population grows, for ,= 4 we have a constant population, and for , < ¢ the population
size decreases. Now, we go to the case where we actually have an infectious disease. Here we
use again the parameters and initial values given in Section 3.1. In Figure 19 we modelled the
population size and its derivative for Transition Distributions as in Scenario 2. We remember
that the derivative of the total population is given by Nqt)= ¥ (t) 4N (t) bD(t). As seen
before in Figure 13 in this Scenario the force of infection term converges to some constant larger
than zero. Then also the compartments and transitions converge to some constant larger than
zero, explicitly saying lima1  bd(ta) = ¢ > 0. Then as we assume thabd(t) N (t)bS (1),
we expect that limy; bB (t) > 0. We see that for , > 4 the population size explodes. This
means that b0 (t,) is small enough, that I‘@O(tn) 0 at all time points. In the cases ,= 4 and

b < 4 the population size decreases. This is also what we would expect as for always positive
b> the derivative I@O(tn) has to be negative at all time points. This means in these to cases the
population will die out at some time point.

We have seen the in uence of the relation between the birth and the death rate. As we have
seen above that for 4 the population will always die out, we will now focus on the case

b > ¢ for dierent choices of these parameters. In Figure 20 one can nd the plots of the
population size and its derivative for Scenario 3. Before we have seen that this means we are
again in a scenario where the model stabilizes around some constant state. Here we used birth
and death rates where the di erence between them gets smaller. As one would expect the smaller
the di erence gets the slower the population size grows. For the case wherg, =4 10 3 and

4 =3:99 10 3 the population size is decreasing in the long-term. This means that the number
transition to the disease death compartment is larger than the di erence between the birth and
the death rate in this case, asl‘@o(t) < 0.

We now discussed the in uence of the choice of the birth and the death rate on the population
size. We also want to talk about the in uence of di erent birth and death rates on the disease
dynamics. We will do this for the normalized SECIR-type model introduced in Section 2.3.
First of all, it is clear that the death rate has an in uence on the reproduction number, as it

is part of A(t). Moreover, we have seen in the theoretical analysis of the equilibria that the
disease-free equilibrium might be stable forR. > 1, if the di erence between the birth and
the death rate is too large, see Remark 3.7. In Figure 21 one can see the behaviour of the
force of infection term and the susceptibles of the normalized model in Scenario 2, for birth
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and death rates getting smaller. Here, the proportion of the birth and the death rate stays the
same. The reproduction number for , = 0:4 and 4 = 0:3 is 0611289. Therefore, we expect
convergence to the disease-free equilibrium, what also can be observed in Figure 21. In the
cases p=4 1072 4=3 102and p,=4 10 3 4=3 10 3, we see a convergence to some
endemic state as one would expect as we have a reproduction number larger than one in these
cases. Inthe casep=4 10 4 4=3 10 4, we see that the disease dies out, although we have
reproduction number R = 1:75065. There is no direct explanation for this from the theoretical
results. A reason might be that the number of new susceptibles increases too slow and therefore
less new infections take place. In other words, for a too small birth rate we are in a epidemic
scenario.

For the SIRD-model we have seen in Theorem 3.3 and Figure 10 that if the di erence of the
birth and the death rate becomes to large we might converge to the disease-free equilibrium,
although the reproduction number is larger then one. We now want to see if and when this
is the case in the SECIR-type model. In Figure 22 one can nd the behaviour of the force of
infection term and the susceptibles for the normalized model in Scenario 2. Again we made the
plot di erent birth and death rates, in this case we wanted chose them to have a large di erent.
As expected for =1 10 *and 4=2 10 2 we converge to a disease-free state.

5.4.7 Convergence of the scheme

Up to this point we did not discuss convergence of the non-standard scheme, we just assumed
that it is converging to the continuous model. In [8] they show that the non-standard scheme
is consistent with their theoretical model of order 1. Moreover, in [15] they show numerically
linear convergence for the compartments using the non-standard scheme. We will not go into the
question of convergence in detail but we want to have a short look at the behaviour of the scheme
as the step size t decreases. We will do the computations for t = 10°;10 ;10 2;10 2 and
10 4. The computations are prohibitively time-consuming for smaller step sizes, and the other
computations already give an idea of convergence. In the following, we again use the parameters
given in Table 2 and for the transition distributions we use the scenarios from Table 3. The
exponential distribution is also a possible choice for the transition distributions. Therefore, we
will de ne a fourth scenario in which we set 72(t) = exps(t), for all suitable z1;z,2Z .

In Table 5 you can nd the values for the reproduction number Ii?c, in Table 6 the values for
Q(l) and in Table 7 the values for b(1). All in all, one can see that the di erence between the
values for B¢, 8(1) and P(1) gets smaller as the step size gets smaller. But to be absolutely
sure that the discretization scheme converges, one would need to evaluate more time step sizes.
Moreover, we observe that the di erence between the values is the largest in Scenario 4, where
we used the exponential distribution. These results give the idea that the numerical scheme
converges to some point. However, the question of convergence needs to be discussed further.
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t 28
Scenario 1 | Scenario 2 | Scenario 3 | Scenario 4
10° | 0.49850225| 1.73316892| 3.42175268| 1.84678163
10 1 | 0.74321558| 1.60493265| 2.55310533| 0.60805238
10 2 | 0.75022827| 1.58533925| 2.47309137| 0.52211513
10 3 | 0.75068752| 1.58331490| 2.46515471| 0.51398559
10 4| 0.75073094| 1.58311182| 2.46436169| 0.51317728
Table 5: Values of the reproduction number of the di erent scenarios for a decreasing step
size t.
t (1)
Scenario 1 Scenario 2 Scenario 3 Scenario 4
10° | 100099.82053838 100099.82053838 100099.82053838 100099.82053838
10 1 | 100080.47529549 100079.17675936 100078.63759302 100088.47616227
10 2 | 100078.31900395% 100077.04831483 100076.50513239 100087.04372800
10 2 | 100078.10081657 100076.83471108 100076.29195296 100086.90164288
10 4 | 100078.07897303 100076.81334308 100076.27063571 100086.88744536

Table 6: Number of susceptibles at timet = 1 of the di erent Scenarios for a decreasing step
size t.

t b(1)

Scenario 1

Scenario 2

Scenario 3

Scenario 4

10°
10 1
10 2
10 3
10 4

Table 7: Force of Infection at time t = 1 for di erent scenarios for a decreasing step size t.

0.00013038
0.00015757
0.00016109
0.00016144
0.00016147

0.00017437
0.00017819
0.00017872
0.00017878
0.00017878
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0.00020062
0.00019236
0.00019145
0.00019135
0.00019135

0.00008464
0.00007407
0.00006847
0.00006788
0.00006782
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