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ABSTRACT
Carrier phase (CP) smoothing of code pseudorange (PR) measurements is an important means to mitigate PR noise and multipath,
especially for high-accuracy Global Navigation Satellite Systems (GNSS) precision approach and landing applications like
Ground-Based Augmentation Systems (GBAS) and Space-Based Augmentation Systems (SBAS). Traditionally, statistical error
bounding of smoothed PR errors has been done assuming that carrier smoothed code (CSC) filters are in steady-state conditions.
With emerging dual frequency multi-constellation (DFMC) applications, such as the proposed GBAS approach service type E
(GAST-E), it is desirable to be able to statistically bound the smoothed error throughout CSC filter convergence. Building on
recent developments in error bounding of correlated error sources in integrated navigation applications, this paper proposes the
use of Gauss-Markov processes for modeling multipath and other correlated errors in CSC processing along with white noise and
random bias terms. The paper provides a general theoretical development of this approach and then looks at specific examples
for root-mean-square (RMS) over-bounding of airborne DFMC GBAS measurements obtained from flight test campaigns on
different air transport class aircraft. Results for two model sets are shown: a “three-term model” consisting of a single first-order
Gauss-Markov (FOGM) process along with bias and noise components and a “four-term model” with two FOGM processes
plus bias and noise components. The four-term error model is able to provide a significantly less conservative RMS over-bound
to the observed CSC errors during both filter convergence and steady-state conditions. These results demonstrate the feasibility
of using linear stochastic models for statistical error bounding of airborne GNSS errors although the final form of the model
and associated parameters to incorporate into future standards will require further validation efforts.

1. INTRODUCTION
Carrier phase (CP) smoothing of code pseudorange (PR) measurements is an important technique for mitigating PR noise
and multipath in Global Navigation Satellite Systems (GNSS). High-accuracy/integrity GNSS precision approach and landing
systems such as Ground-Based Augmentation Systems (GBAS) and Space-Based Augmentation Systems (SBAS) were some of
the earliest users of Carrier Smoothed Code (CSC) processing. Other modernized radio navigation systems like Enhanced DME
(eDME) and the L-Band Digital Aviation Communication System (LDACS) that use coherent modulation and carrier signals
could also use CSC. Therefore, while the focus of this paper is characterizing airborne GNSS CSC performance, specifically
for GBAS, the techniques developed here have more general applicability.

With current single-frequency GBAS approach service types (GAST A-D), relatively short filter time constants are used, 30 s

1



or 100 s, as these have been shown to mitigate PR noise and multipath errors sufficiently under nominal conditions. The
current single-frequency GBAS airborne solutions use measurements from the CSC filter in steady state. It takes roughly
two filter time constants for the CSC filters to be in steady state, but for single-frequency GBAS the ground and air CSC
processing are done separately, so there is usually no delay in being able to use the differential uplink data in the airborne GBAS
processing. To over-bound smoothed PR errors, ground and airborne bounding RMS error curves based on fully converged
CSC filters as a function of elevation angle are used. However single-frequency GBAS can suffer from degraded service
availability when large ionospheric gradients are present (e.g., integrity monitors discard many affected satellites) and/or signals
are affected by scintillation (e.g., the receivers may lose lock); such conditions frequently occur in equatorial regions. Recent
developments have focused on defining a new GBAS architecture based on dual-frequency multi-constellation (DFMC) GNSS,
so-called GAST-E, which will enable the aircraft to cancel the ionospheric divergence effect that builds in the smoothing filters,
while also monitoring for excessively large ionospheric gradients (Caamano et al., 2023; Murphy et al., 2021, 2022, 2023).
Multi-constellation capabilities will also decrease the impact of losing track of one or two satellites due to scintillation.

One of the features of DFMC GBAS is that it facilitates the use of extended CSC time constants beyond 100 s (Hwang
et al., 1999), which especially helps to improve the ionospheric gradient monitoring (McGraw, 2009; Murphy et al., 2022).
Ionospheric gradient monitoring is a key factor in GBAS integrity and improvements provided with the GAST-E architecture
could yield significant improvements in availability. Furthermore, in the case of excessive ionospheric gradients, GAST-E may
use ionospheric-free measurement combinations which suffer from amplification of noise and multipath errors and extended
smoothing time constants help to offset some of this (Caamano et al., 2023). For GAST-E, the airborne is responsible for CSC
processing of both air and ground measurements. To avoid delaying the use of measurements during filter convergence, it is
desirable to be able to have RMS over-bound statistics for the entire CSC filter convergence period, not just steady state.

The use of Gauss-Markov (GM) models to over-bound the effects of airborne multipath during CSC filter convergence has been
considered in recent years (Blanch et al., 2019). These efforts have so far been limited to first-order GM (FOGM) models
and have been unable to provide tight over-bounds of the CSC errors during filter convergence and in steady state. This paper
approaches the problem of over-bounding the effects of correlated PR errors like multipath on CSC processing using linear
stochastic state space models, which readily permit multi-dimensional GM models to be used to tightly over-bound the errors
throughout CSC filter convergence. This approach draws on recent work to Power Spectral Density (PSD) over-bounding
of errors for applications like Advanced Receiver Autonomous Integrity Monitoring (ARAIM) and GNSS/inertial integration
(Garcı́a Crespillo et al., 2023; Langel et al., 2021). However, in contrast to PSD bounding, the approach presented used the
observed error statistics from CSC processing with a large range of smoothing time constants to estimate stochastic process
parameters.

This paper begins with a review of CSC processing. Next, PR and CP error models are introduced and discrete- and continuous-
time models for how these errors propagate through the CSC filter are derived. In particular, it is shown that PR bias errors
can be pulled out of the CSC error analysis and reintroduced at the end. It is then demonstrated that if the PR errors are not
white, i.e., correlated in time, then the error model must be augmented with additional states. A general GM model structure
is introduced for this purpose and error covariance equations are derived for the augmented system which model the smoothed
error covariance for all time steps from filter initialization to final convergence. From these equations, expressions for some
special cases are derived, namely representing multipath errors as FOGM plus White Gaussian Noise (WGN) with a random
bias, and two FOGM models plus WGN and random bias. These are called the three-term and four-term models, respectively.
The four-term model with two FOGM components can represent the case of the presence of both “fast” and “slow” correlated
errors, which may be difficult to tightly over-bound with a single FOGM model.

To demonstrate the proposed Gauss-Markov modeling concept to DFMC GBAS airborne CSC error over-bounding, data
collected during flight testing done for the Dual Frequency Multipath Model for Aviation (DUFMAN) project, funded by the
European Commission (EC) under the Horizon 2020 R&D Framework Program, are used (Caamano et al., 2024). The primary
objective of the DUFMAN project was to develop airborne multipath and Antenna Group Delay Variation (AGDV) error models
tailored for dual-frequency and dual-constellation applications, specifically targeting Galileo E1/E5a and GPS L1/L5 frequencies
(Circiu et al., 2021; Sgammini et al., 2022). While the project primarily focused on DFMC SBAS, the derived models also
found applicability in DFMC GBAS and ARAIM. In the case of GBAS, the DUFMAN models were applicable to one of
the potential architectures proposed for future DFMC GBAS (so-called GAST-F), which was based on sending 100-seconds
smoothed pseudorange corrections from the ground station for both GPS and Galileo and L1/E1 and L5/E5a signals (Durba,
2018).

For GAST-E, longer smoothing time constants than 100 s are considered and the DUFMAN data have been analyzed to
characterize multipath errors for different steady-state time constants (longer and shorter than 100 s) and different elevations
angles (Caamano et al., 2024). These results are used to estimate the variance and time constants of the constituent processes for
the three- and four-term models. The model parameter estimation was done for all steps in the CSC filter convergence, including
the raw data. From this the fit error of the GM model to the actual CSC data can be evaluated. It was found that both the three-
and four-term models provide cm-level fit to the measured errors, with the four-term model that includes two FOGM terms
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Figure 1: Carrier smoothed code processing block diagrams. Left: Hatch filter; Right: Complementary filter.

provides a better fit to the CSC filter response, both during convergence and in steady state. Based on these results, an RMS
over-bounding model for DFMC airborne errors is proposed. This methodology could be readily applied to the GBAS ground
segment; a compact representation of the model could be provided at a slow, background rate to accommodate differences in
ground system installations. Similarly, other aviation GNSS applications, such as SBAS and ARAIM, may benefit from this
approach.

2. CARRIER SMOOTHED CODE ERROR MODELING
In this section, we provide an overview of CSC processing and derive models characterizing smoothed pseudorange errors as a
function of time.

2.1 Carrier Smoothed Code Processing Overview
The code PR and CP measurements at time steps tn, n = 1, 2, ..., are denoted ρ(tn) and ϕ(tn), respectively. Nominally,
tn = n∆T , where ∆T is the fixed measurement sampling interval, but to allow for missed measurements, for example
due to GBAS data link missed messages, we allow for measurement intervals to be variable. Two standard CSC processing
methodologies are illustrated in Figure 1: the Hatch filter and complementary filter (McGraw et al., 2021). The complementary
filter uses the code-minus-carrier (CMC) as the smoothing state, while the Hatch filter directly filters the smoothed PR. (Note:
the notation ρ̄(t−n ) indicates that this is an extrapolated smoothed value, based on PR measurements up through time tn−1,
whereas ρ̄(tn) is based on measurements up through tn.) It is straightforward to show the equivalence of the complementary
and Hatch formulations by substituting the smoothed PR output equation of the complementary filter into the smoothed CMC
update equation and rearranging terms. We use the complementary filter formulation for the error modeling analysis in this
paper.

From the complementary filter algorithm in Figure 1, the following state equations can be written:

χ̄(tn) = [1−Kn] χ̄(tn−1) +Kn [ρ(tn)− ϕ(tn)]

ρ̄(tn) = χ̄(tn) + ϕ(tn)
(1)

Assuming a fixed sampling/update interval, ∆T , then the gain Kn → Ks = ∆T/τs for n > Ns. In steady state, a discrete-time
transfer function in Z-transform notation1 can be derived from (1) to yield:

ρ̄(tn) =
zKs

z − (1−Ks)
ρ(tn) +

(1−Ks)(z − 1)

z − (1−Ks)
ϕ(tn) (2)

= Fn(z)ρ(tn) + [1− Fn(z)]ϕ(tn)

1With the Z-transform, z−1x(tn) = x(tn−1).
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From this we see that the PR measurement is filtered by Fn(z) which is a low-pass filter with unity gain at zero; the CP is filtered
by the complementary high-pass transfer function 1 − Fn(z). These observations help in setting the steady state filter gain as
explained next.

2.2 Continuous Time CSC Model and Gain Derivation
For the purposes of setting the smoothing filter steady-state bandwidth, along with providing a bound on the smoothing filter
response with higher sampling rates, looking at the continuous time limit of (1) and (2) is instructive. The continuous time
limit to the system (2) consists of unity-gain, first-order complementary low-/high-pass filters that can be written in the Laplace
Transform domain as:

ρ̄ =
1/τs

s+ 1/τs
ρ+

s

s+ 1/τs
ϕ

= Fs(s)ρ+ [1− Fs(s)]ϕ

(3)

where, τs is the time constant for the filter.

Continuous time state space equations for (3), analogous to (1), with the smoothed CMC as the state variable are:

˙̄χ = −(1/τs)χ̄+ (1/τs) [ρ− ϕ] (4)
ρ̄ = χ̄+ ϕ

Under the assumptions that (4) is sampled at times t0, t1, . . . and the PR and CP inputs are constant over each interval (tn−1, tn]
at their values at tn, then discrete time state-space equations can be derived for (4) as:

χ̄(tn) = e−(tn−tn−1)/τs χ̄(tn−1) +
1

τs

∫ tn

tn−1

e−(tn−v)/τs [ρ(tn)− ϕ(tn)] dv

= e−(tn−tn−1)/τs χ̄(tn−1) +
[
1− e−(tn−tn−1)/τs

]
[ρ(tn)− ϕ(tn)] (5)

ρ̄(tn) = χ̄(tn) + ϕ(tn)

Equating the gain Kn in (1) to the corresponding term in (5) yields:

Kn = 1− e−(tn−tn−1)/τs ≈ tn − tn−1

τs
(6)

and for fixed sampling intervals, Ns = 1/(1−e−∆T/τs) ≈ τs/∆T . These justify the steady-state gain expressions in Figure 12.

2.3 CSC Error Model Derivation
Measurement models for GNSS code and carrier measurements at frequency fL can be written as:

ρL = R+ δtR + δtS + T + IL + εrL + δdrL (7)
ϕL = R+ δtR + δtS + T − IL + εϕL + λLNL + δdϕL (8)

where:

ρL = Code pseudorange measurement (in meters)
ϕL = Carrier phase measurement (in meters)
R = Geometric line of sight (LOS) range

δtR = Receiver clock bias
δtS = Satellite clock and ephemeris errors projected along the LOS
T = Tropospheric refraction
IL = Ionospheric refraction at carrier frequency fL

εrL = Code receiver thermal noise, multipath and other errors
εϕL = Carrier receiver thermal noise, multipath and other errors

2If τs/∆T is not an integer, then Ns is set to ⌊τs/∆T ⌋, rounding down to the nearest integer.
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Table 1: Summary of DFMC Carrier Smoothing Modes.

Smoothing
Mode GAST E Use & Comments αL1 αL5 βL1 βL5

L1 Single
Frequency

Backup when L5 is lost. Support for GAST C
& D users. 1 0 1 0

L5 Single
Frequency Backup when L1 is lost. 0 1 0 1

L1 DFree Primary mode for GAST E. Smaller iono spatial
gradient error than L5. 1 0 f2

L1 + f2
L5

f2
L1 − f2

L5

−2f2
L5

f2
L1 − f2

L5

L5 DFree

Secondary mode for GAST E. Reduced mul-
tipath error, but increased sensitivity to some
code-carrier coherence faults compared to L1
DFree.

0 1 2f2
L1

f2
L1 − f2

L5

− f2
L1 + f2

L5

f2
L1 − f2

L5

IFree
Backup for cases with extreme iono spatial gra-
dients coupled with large reference receiver to
runway threshold separation.

f2
L1

f2
L1 − f2

L5

−f2
L5

f2
L1 − f2

L5

f2
L1

f2
L1 − f2

L5

−f2
L5

f2
L1 − f2

L5

δdrL = Antenna and RF front end group delay at frequency fL

δdϕL = Antenna phase center variation at frequency fL

NLλL = Carrier phase ambiguity for wavelength λL with integer cycle count NL.

For DFMC GBAS, CSC processing is done on specific linear combinations of L1 and L5 measurements3:

ρ = αL1ρL1 + αL5ρL5 (9)
ϕ = βL1ϕL1 + βL5ϕL5 (10)

The different smoothing modes are summarized in Table 1. The effects of ionospheric delay and divergence on smoothing is
well documented in the literature (Hwang et al., 1999; McGraw, 2009; McGraw et al., 2000, 2021). Single frequency smoothing
is susceptible to ionospheric spatial and temporal gradients which result in an error that is proportional to the smoothing time
constant. In GBAS, this CSC-induced error is problematic as any difference in the ionospheric divergence at the air and ground
may not cancel. This ultimately prevents the use of longer smoothing time constants, which is one of the motivations for pursuing
DFMC GBAS. The primary smoothing mode for GAST-E is Divergence-Free (DFree) processing which leaves the ionospheric
delay unaffected (Hwang et al., 1999); the differential processing cancels the ionosphere except for the spatial gradient between
the ground station and the aircraft. A benefit of the GAST-E architecture is that it provides improved ionospheric spatial gradient
monitoring. In the event of excessive gradients, ionospheric-free (IFree) processing is used. Single frequency modes serve as a
backup in case of loss of one frequency.

For the purposes of modeling and over-bounding PR multipath and correlated PR errors in general, the ionospheric error can
be omitted and included when computing solution error estimates or protection levels. In addition, to simplify the CSC error
analysis, the terms in (7) and (8) can be aggregated as follows:

ρ(tn) = r(tn) + εb + εr(tn) (11)
ϕ(tn) = r(tn) + bϕ + εϕ(tn) (12)

Here, r(tn) represents the quantities common to code and carrier, including LOS range, receiver clock, satellite clock,
troposphere, etc. In (11), εb represents code PR bias errors, and εr represents random, time-varying errors, such as thermal
noise and multipath. Similarly, in (12), bϕ represents CP bias errors, including integer cycle ambiguity, and εϕ represents
random, time-varying CP errors. The specific frequency of the measurements is not considered from this point forward.

It is immediately apparent from the complementary filter smoothing equations that r(tn) is canceled in the CMC computation
and is unaffected by the smoothing. The LOS range information is then reintroduced when the phase is summed with the
smoothed CMC. From the Hatch Filter equations, it can be observed that the CP bias is not present in the smoothed PR.
Therefore, these quantities do not play a role in the propagation of smoothed PR error. We can therefore let bϕ = 0 in (12)
for the purposes of CSC error modeling. In addition, since K1 = 1, χ̄(t1) = ρ(t1) − ϕ(t1) = εb + εr(t1) − εϕ(t1). If we

3Here L1 and L5 are shorthand for all DFMC GNSS signals used for GBAS like E1c and E5a, etc.
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assume that E{εr} = E{εϕ} = 0, then E{χ̄(tn)} = εb for all n, showing that conceptually the PR bias can be removed from
the smoothed error propagation equations and added back to the smoothed PR error output.

Using the complementary filter equations and (11) and (12) with the bias terms set to zero, the propagation equation for χ̄(tn)
can be written:

χ̄(tn) = [1−Kn] χ̄(tn−1) +Kn [εr(tn)− εϕ(tn)] (13)

An ideal smoothed PR measurement would be ρ̄(tn) = r(tn), with the noise and multipath error effects removed. So the
smoothed PR error can be defined as (adding the PR bias back in):

εs(tn) = ρ̄(tn)− r(tn) + εb

= χ̄(tn) + ϕ(tn)− r(tn) + εb

= χ̄(tn) + εϕ(tn) + εb

(14)

In general, CP errors are much smaller than PR errors by at least two orders of magnitude, i.e., |εr(tn)| ≫ |εϕ(tn)|. For
simplicity, we will treat εϕ as white Gaussian noise (WGN), with variance σ2

ϕ. We also assume that the CP error, PR bias, and
PR noise and multipath are statistically independent. Furthermore, to simplify the error analysis, we will neglect the contribution
of the CP error, εϕ(tn), in the CMC error propagation equation (13). From the steady state smoothed error transfer functions
in (2) or (3), it can be seen that ignoring the filtering action of the CMC filter on the CP error is actually conservative, in that
the entire CP error variance is then included in the smoothed PR variance.

With these assumptions,

σ2
s(tn) = E

{
ε2s(tn)

}
= σ2

χ(tn) + σ2
ϕ(tn) + σ2

b

(15)

where σ2
χ(tn) = E{χ̄(tn)2}, σ2

ϕ(tn) = E{εϕ(tn)2} and σ2
b = E{ε2b}. To compute σ2

s(tn) we need to determine the propagation
equations for σ2

χ(tn). From (13) and neglecting the contribution of the CP error, we have

σ2
χ(tn) = [1−Kn]

2
σ2
χ(tn−1) + 2Kn [1−Kn] E {χ̄(tn−1)εr(tn)}+K2

nσ
2
r(tn) (16)

If εr(tn) is not white noise, i.e., it includes multipath and other correlated errors, then E{χ̄(tn−1)εr(tn)} ̸= 0, and we cannot
use (16) directly to determine σ2

χ(tn); instead, propagation equations for εr(tn) need to be derived. These error propagation
equations will be discussed in detail in Section 3.

2.4 White Noise Example
In the special case where εr(tn) is strictly white noise so that E{χ̄(tn−1)εr(tn)} = 0, the variance of χ̄(tn) can be computed
from (16) as follows:

σ2
χ(tn) = [1−Kn]

2
σ2
χ(tn−1) +K2

nσ
2
N (tn) (17)

Here, σ2
N represents the PR white noise variance and we have used the assumption that εr(tn) is uncorrelated with χ̄(tn−1)–

which is not true in general. Assuming stationary PR and CP errors, in steady state (17) can be written:

σ2
χ = [1−Ks]

2
σ2
χ +K2

sσ
2
N

Solving for σ2
χ yields:

σ2
χ =

Ks

2−Ks
σ2
N

Inserting this into (15) yields

σ2
s =

Ks

2−Ks
σ2
N + σ2

ϕ + σ2
b (18)

Using the steady-state gain determined from Ks = ∆T/τs leads to the well-known (McGraw et al., 2021) steady state variance
of the smoothed PR with WGN errors:

σ2
s =

∆T

2τs −∆T
σ2
N + σ2

ϕ + σ2
b

∆T≪τs−−−−−→ ∆T

2τs
σ2
N + σ2

ϕ + σ2
b (19)
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Figure 2: Conceptual carrier smoothed code error modeling approach with Gauss-Markov multipath model.

3. CSC GAUSS-MARKOV MODEL ERROR BOUNDING
The overall goal of this research is to determine statistical models for an estimate of the CSC PR RMS error, σ̂s, that bounds
the observed CSC errors, ε̃s, i.e., σ̂2

s(tn) > E{ε̃s(tn)2}. (In the derivation of the models, we denote the smoothed PR error
as εs and use the ε̃s notation only when specifically referring to measured data. Similarly, ε̃s is used only for when we are
specifically referring to RMS over-bounding models.) For the purpose of deriving a bound for CSC errors, the time-varying
PR error, εr(tn), is assumed to be represented by the sum of band-limited WGN and a Gauss-Markov process as described in
Langel et al. (2021) and Garcı́a Crespillo et al. (2023). We begin with a derivation of the CSC error for a general Gauss-Markov
process of arbitrary dimension, and then consider the specific cases of a single FOGM process, and two independent FOGM
processes.

3.1 General Model Derivation
Referring to Figure 2, the time-varying PR error, εr(tn), is assumed to be generated by a discrete-time system with sampling
interval, ∆T , consisting of an additive WGN error, wN (tn), and a GM process, εm(tn), which will be referred to as the
“multipath error” even though it may include other correlated error sources such as residual antenna group delays and correlated
tracking loop noise. The model for εr(tn) will be represented as:

xm(tn) = Fm(tn)xm(tn−1) +Gm(tn)wm(tn)

εr(tn) = hT
m(tn)xm(tn) + wN (tn)

(20)

Here, xm is the m× 1 multipath state vector and wm is a m× 1 vector of unity WGN sequences. It will be assumed that (20)
represents a stable system, i.e., all the eigenvectors of Fm are within the unit circle. The generation of this discrete-time model
from a continuous-time prototype is treated in multiple references, e.g., Brown and Hwang (2012).

Let Σm(tn) = cov{xm(tn)} = E{xm(tn)x
T
m(tn)}. Propagation equations for Σm(tn) and the overall PR error variance

σ2
r(tn) = E{ε2r(tn)} can be derived from (20) as:

Σm(tn) = E
{
xm(tn)x

T
m(tn)

}
= E

{
[Fm(tn)xm(tn−1) +Gm(tn)wm(tn)][Fm(tn)xm(tn−1) +Gm(tn)wm(tn)]

T
}

= Fm(tn) E
{
xm(tn−1)x

T
m(tn−1)

}
FT
m(tn) +Gm(tn) E

{
wm(tn−1)w

T
m(tn−1)

}
GT

m(tn)

= Fm(tn)Σm(tn−1)F
T
m(tn) +Gm(tn)G

T
m(tn)

σ2
r(tn) = E

{
[hT

m(tn)xm(tn) + wN (tn)][h
T
m(tn)xm(tn) + wN (tn)]

T
}

= hT
m(tn)Σm(tn)hm(tn) + σ2

N (tn)

(21)

where we have used the assumptions that E{wm(tn)w
T
m(tn)} = Im×m and E{wN (tn)

2} = σ2
N (tn). In many environments,

multipath conditions vary abruptly, however for most aviation applications, the model (20) can be considered to be slowly
varying, so we will assume that it is time-invariant for intervals of time. This assumption is often made in GNSS applications
when the error characteristics are governed by satellite elevation angle. The steady-state multipath error variance in a given
interval can be used to determine the parameters in (20) during that interval. If the process xm is assumed to be stationary, then
all state space matrices in (20) will be time-invariant and Σm(t0) needs to be set to the steady-state covariance for the process.
Formally, this can be done by solving the Lyapunov equation:

Σm = FmΣmFT
m +GmGT

m

For first-order processes computing the steady-state error variance can be easily done analytically.
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Figure 3: Summary of smoothed PR RMS error bounding computation flow.

Defining the augmented state and noise input vectors

z(tn) =

[
χ̄(tn)

xm(tn)

]
u(tn) =

[
wN (tn)

wm(tn)

]
,

the model (20) can be combined with (13) and (14) to yield an augmented state model for the CSC processing:

z(tn) = A(tn)z(tn−1) +B(tn)u(tn)

εs(tn) = cT z(tn) + εϕ(tn) + br
(22)

where

A(tn) =

[
1−Kn Knh

T
m

0m×1 Fm

]
B(tn) =

[
Kn 01×p

0m×1 Gm

]
c =

[
1 01×m

]T (23)

Defining Σz(tn) = E {z(tn)zT (tn)}, the covariance equations for (22) can be expressed as:

Σz(tn) = A(tn)Σz(tn−1)A
T (tn) +B(tn)Q(tn)B

T (tn)

σ2
s(tn) = cTΣz(tn)c+ σ2

ϕ + σ2
b (24)

Q(tn) =

[
σ2
N 01×m

0m×1 Im×m

]
, Σz(t0) =

[
σ2
χ(t0) 0

0 Σm(t0)

]
Note that σχ(t0) = σr(t0), as the initial value for the smoothed PR is the unsmoothed value. Propagating equation (24) yields
the time-varying smoothed pseudorange RMS error. In the case of stationary multipath, the steady state error can be derived by
solving the steady state Lyapunov equation

Σz = AsΣzA
T
s +BsQBT

s (25)

As =

[
1−Ks Ksh

T
m

0m×1 Fm

]
Bs =

[
Ks 01×m

0m×1 Gm

]

An illustration of the proposed smoothed PR error processing is shown in Figure 3. At each time step, the PR multipath model,
noise and bias statistical parameters are computed as a function of the satellite elevation angle4. These parameters are then
combined with the smoothing gain for that time step to produce the estimate of the smoothed PR error. As will be developed
below, the objective here is to develop error models that provide a non-conservative RMS over-bound of the smoothed PR error
at each time step.

3.2 First-Order Gauss-Markov Models
In this section we derived specific expressions for modeling multipath as a single FOGM and two independent FOGM processes,
i.e., m =1 or 2. These will be referred to as the “Three-Term” and “Four-Term” models, respectively. FOGM models are

4In general, the error model parameters could be a function of multiple independent parameters, e.g., C/N0, elevation and azimuth angles. In this work we
only use elevation angle.
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appealing as the computational complexity is modest and closed-form expressions are straightforward to derive. Garcı́a Crespillo
et al. (2023) derives tight over-bounding FOGM models when the actual FOGM parameters vary within known intervals.

Three-Term Model The three-term PR error model consists of band-limited WGN, a random bias, and a single FOGM
process. For the stationary FOGM case, the multipath shaping filter shown in Figure 2 can be derived from a continuous-time
transfer function representation, εm(t) = Hm(s)wm(t), with

Hm(s) =

√
2/τmσm

s+ 1/τm
(26)

A state-space realization for the system in (26) is,

ẋm(t) = −1/τmxm(t) + σm

√
2/τmwm(t)

εm(t) = xm(t)
(27)

A discrete-time representation of (27) sampled at t = n∆T, n = 0, 1, . . ., is given by (Brown & Hwang, 2012; Garcı́a Crespillo
et al., 2023):

xm(tn) = e−∆T/τmxm(tn−1) + σm

√
1− e−2∆T/τmwm(tn)

εm(tn) = xm(tn)
(28)

Relating this back to the general multipath error model in (20), we can see that

Fm = e−∆T/τm , Gm = σm

√
1− e−2∆T/τm , hm = 1

Σm(t0) = σ2
m, σ2

r(t0) = σ2
m + σ2

N

(29)

The system in (28) with the parameters in (29) can be combined with the noise and bias errors and the smoothing equations in
(22) to yield the following augmented state matrices (23) that will be used in the smoothed error covariance equations (24):

A(tn) =

[
1−Kn Kn

0 e−∆T/τm

]
B(tn) =

[
Kn 0

0 σm

√
1− e−2∆T/τm

]
c =

[
1 0

]T (30)

As will be developed in the next section, the PR error parameters, τm, σm, σN and σb, will be parameterized as functions of
elevation angle. Therefore, at each time step, tn, n = 0, 1, . . . , the satellite elevation angle, θ(tn), is used to determine the
parameters used in (29) and (24).

The steady state smoothed error for the three-term model can be computed from (25). Defining Σz as

Σz =

[
Σχ Σχm

Σχm Σm

]
,

the 2× 2 system of equations in (25) of can be written term by term as:

Σm = F 2
mΣm +G2

m =⇒ Σm =
G2

m

1− F 2
m

= σ2
m (31)

Σχm = Fm(1−Ks)Σχm + FmKsΣm =⇒ Σχm =
FmKsσ

2
m

1− Fm + FmKs
(32)

Σχ = (1−Ks)
2Σχ + 2Ks(1−Ks)Σχm +K2

sΣm +K2
sσ

2
N =⇒

Σχ =

(
1

2Ks −K2
s

){(
2FmK2

s [1−Ks]

1− Fm + FmKs

)
σ2
m +K2

sσ
2
m +K2

sσ
2
N

}
=

(
1 + Fm − FmKs

1− Fm + FmKs

)(
Ks

2−Ks

)
σ2
m +

(
Ks

2−Ks

)
σ2
N (33)

The result in (31) follows from the expressions for Fm and Gm in (29). From (24), the steady state smoothed PR error for the
three-term model is:

σ2
s =

(
1 + Fm − FmKs

1− Fm + FmKs

)(
Ks

2−Ks

)
σ2
m +

(
Ks

2−Ks

)
σ2
N + σ2

b (34)
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It is instructive to look at the case of ∆T ≪ τm and ∆T ≪ τs, which represents a typical steady-state scenario. Under this
assumption, Fm ≈ 1−∆T/τm. Inserting this into (34) and using Ks = ∆T/τs, yields

σ2
s ≈

(
2−∆T/τm −∆T/τs +∆T 2/τmτs
∆T/τm +∆T/τs −∆T 2/τmτs

)(
∆T

2τs

)
σ2
m +

(
∆T

2τs

)
σ2
N + σ2

b

≈
(

τm
τm + τs

)
σ2
m +

(
∆T

2τs

)
σ2
N + σ2

b

(35)

This expression illustrates that if the measurement sample rate is sufficiently faster than the multipath process bandwidth and
the smoothing filter bandwidth, then the smoothing performance will be insensitive to the sample rate. This is not the case for
WGN, where the smoothed variance decreases proportionately with the number of samples. Equation (35) also gives insight
into the steady state smoothing time constant needed to attenuate the multipath. For example, if τs = 8τm, then σs ≈ σm/3.

Four-Term Model The four-term PR error model consists of WGN, a random bias, and two FOGM processes. The multipath
processes can be written using a two-state model in the form of (20) as:

Fm =

[
Fm1 0

0 Fm2

]
=

[
e−∆T/τm1 0

0 e−∆T/τm2

]
,

Gm =

[
σm1

√
1− e−2∆T/τm1 0

0 σm2

√
1− e−2∆T/τm2

]
, hm =

[
1

1

]
Σm(t0) =

[
σ2
m1 0

0 σ2
m2

]
, σ2

r(t0) = σ2
m1 + σ2

m2 + σ2
N

(36)

where the m1 process will be referred to a “fast” multipath and m2 as “slow” multipath, i.e., τm1 < τm2. The expressions in
(36) can then be inserted into (23) to generate a 3× 3 set of covariance equations to compute the smoothed PR error variance.

As the two FOGM processes are independent, the results from the three-term model can be readily adapted to compute the
steady-state smoothed error for the four-term case:

σ2
s =

(
1 + Fm1 − Fm1Ks

1− Fm1 + Fm1Ks

)(
Ks

2−Ks

)
σ2
m1 +

(
1 + Fm2 − Fm2Ks

1− Fm2 + Fm2Ks

)(
Ks

2−Ks

)
σ2
m2

+

(
Ks

2−Ks

)
σ2
N + σ2

b

(37)

Similarly, the approximation for ∆T ≪ τm and ∆T ≪ τs for the four-term CSC variance can be computed as

σ2
s =

τm1

τs + τm1
σ2
m1 +

τm2

τs + τm2
σ2
m2 +

∆T

2τs
σ2
N + σ2

b (38)

3.3 The Importance of Sampling Rates
The steady-state smoothed variance expressions for the three- and four-term models, (34) and (37) show that smoothing
performance is influenced by the measurement sampling rate. In addition, measurement sampling also affects the representation
of error model processes. To illustrate this latter point, consider a unit-variance continuous-time FOGM process with a noise
equivalent bandwidth (NEB) Bn =1 Hz. As derived in Brown and Hwang (2012), the shaping filter time constant in (26) is
related to the NEB as τm = 1/(4Bn). The power spectral densities (PSDs) for this continuous-time FOGM process and the
corresponding band-limited WGN are plotted in Figure 4a, along with the PSDs for different sampling rates, derived from (28).
Note that there is significant aliasing of the continuous-time PSD for any sampling rate roughly below 4 Hz. For example, at
the Nyquist sampling rate for the band-limited WGN, 2 Hz, the continuous-time FOGM spectrum is heavily aliased and the
sampled version looks approximately like discrete-time WGN. To faithfully reconstruct a continuous-time FOGM, a sampling
at ≳ 10Bn, is recommended, but even the 4 Hz sampling rate (two times the Nyquist rate) yields a correlated error process.

The effect of sampling rate on smoothing performance is illustrated in Figure 4b. Three unit-variance error processes are
considered: band-limited WGN with NEB=5 Hz, and two FOGM with τm = 0.5 s and 10 s. A τs = 100 s smoothing filter is
used with sample rates from 0.1 Hz to 10 Hz. The limiting values for continuous-time processing is shown with black dashed
lines. The blue line in Figure 4b shows that for white noise processes the smoothed standard deviation increases as 1/

√
τs.

For FOGM processes with sufficiently fast sampling, the smoothed standard deviation converges to the continuous-time limit.
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(a) PSDs for different sampling rate of a FOGM with NEB=1 Hz. (b) Smoothing performance with different sampling rates.

Figure 4: Illustration of the effects of sampling rates on process modeling and CSC performance.

However, as seen with the τm = 0.5 s process (green line), the smoothing performance begins to degrade similar to WGN when
the sampling rate is slower than ≈ 1 Hz.

The results in Figure 4 show that the structure of stochastic error models could vary depending on the sampling rate, but that
“slow” processes are less affected by measurement and smoothing rates.

4. GBAS MODEL DEVELOPMENT
We now apply the three- and four-term stochastic models derived above to the GBAS airborne pseudorange error data from the
2019 DUFMAN flight campaigns described by (Caamano et al., 2024; Circiu et al., 2021). There were six flights conducted
using a variety of Airbus aircraft (one A320, two A321s, one A330, two A350s) with GNSS data collected at 5 Hz. Another
flight had PR and CP data recorded at 1 Hz. As explained in the previous section, the stochastic models and the effects of
smoothing may be sampling rate dependent, so we elected to exclude the 1 Hz data. Because the flight test was conducted in
2019 there were limited numbers of GPS satellites broadcasting the L5 signals and Galileo had not achieved Final Operational
Condition (FOC). Because our analysis is based on DFree processing, requiring both civil frequencies, the number of satellites
available was less than would be available in 2025.

In this section, we begin with describing the sequence of steps performed to determine the model parameters, starting with the
processing of the recorded data into different elevation angle bins. Using these data a set of models were developed optimized
for each elevation bin and the performance of these models in estimating the RMS errors in the actual data are assessed. From
these results, simple elevation angle-dependent functions were derived for the process time constants and sigmas that over-bound
the RMS errors and the performance of these models are presented.

4.1 Flight Test Data Preparation and Parameter Estimation
In this section, we provide a summary of the data processing performed in (Caamano et al., 2024) to obtain the airborne
multipath and noise estimates.

• The first step is to estimate the measurement noise and multipath by using the so-called Code Minus Carrier (CMC)
divergence-free technique as:

CMCDFree,bias,Li = ρLi − ϕLi − 2
f2
Lj

f2
Li − f2

Lj

(ϕLi − ϕLj) , (39)

with Li and Lj representing two different frequencies. The CMCDFree,bias as defined in (39) cannot be used directly to
assess the code multipath present in the GNSS measurements, since it contains integer ambiguity terms, hardware biases
and antenna errors.

• Next, the antenna errors are calibrated, including only Antenna Group Delay Variation (AGDV) and phase wind-up errors,
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as the phase center variation errors are assumed negligible. For more details, refer to (Caamano et al., 2024).

• Then, the ambiguities are eliminated by removing the median per segment using measurements with C/N0 > 30 dB-Hz.

• The resulting PR errors are smoothed with CSC filters with steady-state time constants varying from τs =0-600 s, with
τs = 0 implying unsmoothed PRs.

• Finally, independent samples (i.e., samples spaced every 2τs seconds) are selected for the statistical analysis.

The previous steps yield independent samples of airborne noise and multipath for different smoothing time constants. The basic
procedure to determine GM variances and time constants based on the processed data is described below:

• The independent samples coming from the previously described processing steps are sorted into elevation angle bins of
5◦ increments, from 5◦ to 55◦, 10◦ increments from 55◦ to 75◦ and a 15◦ increment for the last bin, 75◦ to 95◦, as the
number of data points is much smaller at higher elevations.

• Then, for each elevation bin, the RMS is computed. This is denoted in the results as σ̃s from measurements. In this work,
the receiver noise contribution has not been removed, in contrast to Caamano et al. (2024). The derived models are then
a representation of multipath plus thermal noise of the receiver.

• Note that the steady-state CSC variance expressions (equations 34 and 37) are linearly dependent on the variance of each
error component. For given values of τm (or τm1 and τm2), a set of values of τs, and corresponding known values of σs

computed from the measurements in the previous step, a set of linear equations can be constructed. From this set of linear
equations, a least squares estimate of the best error variances (σ̂m, σ̂N , σ̂b for the three-term model and σ̂m1, σ̂m2, σ̂N , σ̂b

for the four-term model) for that set of model time constants can be obtained. Note that the contribution of the CP error to
the smoothed PR error is effectively included in σ̂b. This least squares estimation procedure was done over time constant
search-grids, 1-D for τm for the three-term model or 2-D for τm1 and τm2 for the four-term model.

• The time constant parameter(s) and associated variance terms that yield the smallest RMS fit error over all smoothing
time constants for each elevation bin were declared to be “optimal”.

• We combined the GPS and Galileo data sets together for the model parameter estimation process. It is possible that for
the L1/E1c case this could yield conflicting results as the PRN code characteristics are not the same. However, given the
limited amount of data available, we elected not to separate them.

As will be described in more detail during the discussion of the model estimation results, simplified elevation angle-dependent
functional fits for the process time constants and noise sigmas were developed from the model estimation results. The fit error
results for these simplified models are then compared to the elevation bin “optimal” results.

4.2 Model Results for Optimized Parameters
The first stage in the model development was to fit the data in each elevation bin, with no specific attempt to develop simplified
parametric models or over-bound the RMS PR errors. The results for the three- and four-term models are shown in Figures 5
and 6, respectively. Note that the results for each elevation bin are plotted at the beginning of the bin (e.g., results using data
from satellite elevations between 5◦ − 10◦ are plotted corresponding to 5◦ on the x-axis). Some key observations are discussed
below.

First, consider the FOGM time constants shown in Figures 5(a) & (b) and 6(a) & (b). The “fast” multipath in the four-term
model, τm1 has a time constant (τm1) of approximately 2 s for all elevation bins for L1 and 2-6 s for L5, while the “slow”
multipath generally has a time constant (τm2) in excess of 100 s, with considerable variability from bin to bin. The time constant
for the three-term model (τm) reflects a “compromise” between these two values, ranging from 5 to 30 seconds. A factor that
may be contributing to the variation in the time constant estimates, especially τm2 in the four-term model, is that the elevations
for the data binning were considered in the local level (LL) coordinate system. This is because, although we used the aircraft
body frame coordinate system to calibrate the antenna errors, the aircraft receiver typically computes satellite elevation in LL.
Also the airborne receiver is not necessarily aware of the attitude of the aircraft, which is needed to compute elevation and
azimuth in the aircraft body frame. Therefore, while banking, satellites might be seen by the aircraft at effectively a different
elevation angle than what is computed in LL coordinates. Also, unlike precision approach operations, where the aircraft flies
close to straight and level most of the time, the aircraft flown in these tests executed many banked turns, which may be affecting
the error statistics.

Next, consider the estimated model sigmas in Figures 5(c) & (d) and 6(c) & (d). Generally the L5/E5a WGN and GM sigmas
are smaller than L1/E1c, which is consistent with the higher chipping rate of the L5/E5a signals. In the three-term models,
the FOGM and the WGN components are very similar, with some decrease with elevation angle. For the four-term models,
the “fast” FOGM process sigmas are greater than the WGN component, especially for the L1/E1c case. The “slow” FOGM
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(a) L1/E1c three-term FOGM time constant. Solid line: esti-
mated results. Dashed line: linear fit.

(b) L5/E5a three-term FOGM time constant. Solid line: esti-
mated results. Dashed line: linear fit.

(c) L1/E1c three-term model sigmas. (d) L5/E5a three-term model sigmas.

(e) L1/E1c steady state smoothing errors. Dashed lines: measured results. Solid lines: three-term model estimates.

(f) L5/E5a steady state smoothing errors. Dashed lines: measured results. Solid lines: three-term model estimates.

Figure 5: Three-term model model results with time constants and process sigmas optimized for each elevation bin.
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(a) L1/E1c four-term FOGM time constant. Solid line: esti-
mated results. Dashed line: linear fit.

(b) L5/E5a four-term FOGM time constant. Solid line: esti-
mated results. Dashed line: linear fit.

(c) L1/E1c four-term model sigmas. (d) L5/E5a four-term model sigmas.

(e) L1/E1c steady state smoothing errors. Dashed lines: measured results. Solid lines: four-term model estimates.

(f) L5/E5a steady state smoothing errors. Dashed lines: measured results. Solid lines: four-term model estimates.

Figure 6: Four-term model model results with time constants and process sigmas optimized for each elevation bin.

14



component values are comparable to the WGN errors in these cases. The random bias sigmas are on the order of 5 cm, with the
four-term values generally smaller than the corresponding three-term ones.

Finally, the measured and modeled steady-state smoothed PR RMS errors as a function of elevation bin for different time
constants are shown Figures 5(e) & (f) and 6(e) & (f). In general, the four-term models do a better job of matching the measured
residuals, especially for the longer 300 s and 600 s time constants.

4.3 Over-Bounding Functional Parameter Representations and Models
The primary objective of this work is to develop models that non-conservatively over-bound the RMS smoothing errors
throughout the CSC filter convergence. Furthermore, it is convenient to have continuous functional representations (i.e., based
on LL elevation angle) for the process parameters (σ’s and τm’s) rather than a table lookup which would require interpolation
of parameter estimates at each epoch. Simple functional models would be particularly advantageous for the case of the GBAS
ground system, as the Very High Frequency (VHF) Data Broadcast (VDB) link has limited data bandwidth. Such models would
ideally be applicable for every satellite, so would could be transmitted as a background parameter versus having to be sent at a
rate similar to the ground DGNSS data.

From the results summarized in Figures 5 and 6, it is evident that the sigmas can be well approximated with simple continuous
functions of elevation angle. For the GM time constants this is less the case, particularly for τm2. However, the time constant
grid search with WLS sigma computation optimization procedure described in Section 4.1 showed that the sigma estimates
are not strongly dependent on the exact time constant value(s) used in the model. Therefore, as an initial step in developing
simplified parametric models, we investigated whether the time constants associated with the three-term and four-term models
could be represented as simple linear functions of satellite elevation angle. Linear curve fitting was applied to the time constants
of the models as shown in Figures 5 and 6. The resulting time constant fits were then used to recompute the process sigma
parameters, as shown in Figures 7(a) & (b) and 8(a) & (b).

The general functional form for the parametric over-bounding is given by:

px(θ) = ax + bxθ + cxe
−kxθ (40)

where p represents either τ or σ̂ and x denotes m1, N , etc. In the data analysis results presented here, the curve fits used either
the linear or exponential terms, not both. The curve fitting was done in a somewhat ad hoc fashion as we essentially determined
curves that were tangent to the “upwards bumps” on the estimated data plots. We did not fit models for random bias terms,
because we will eventually need to add antenna group delay errors back in to get final σair models. We validated that these
functions provided RMS over-bounds to the steady-state smoothed values for all time constants 0 ≤ τs ≤ 600 s. However, this
approach for generating parametric models for the process sigmas does not guarantee that the smoothed errors will be bounded
during the filter transient phase. To evaluate the transient response bounding, we did the following steps:

• For each satellite data record, we broke up the record into overlapping sections of total length TR =1200 s. This was done
to support analysis of steady-state time constants up to 600 s. As we are especially interested in the CSC filter behavior
in the first 100 s or so, we started a new section at 100 s, so the data records overlap 1100 s.

• The CSC propagation equations (1) were applied to the PR and CP residual data to compute ε̃s(tn).

• The satellite LL elevation angle at epoch tn is used to compute the PR error model state matrices, Fm and Gm, in (29) or
(36) using the over-bounding sigma curves.

• The CSC filter gain Kn is combined with the PR error model parameters to construct the augmented error model
parameters as in (22). The covariance equations (24) are then propagated to get σ̂s(tn).

• The normalized error ε̄s(tn) = ε̃s(tn)/σ̂s(tn) is computed at each time step and this processing is repeated for each data
record of length TR.

• The ε̄s(tn) data records for all satellites over all elevation angles are then lined up from start to finish and then the RMS
at each time tn is computed, i.e., σ̄s(tn) = RMS{ε̄(tn)}. If the models are actually producing RMS over-bounds, then
σ̄s(tn) ≤ 1 for all tn.

• If σ̄(tn) ≰ 1 for some n, then we iteratively inflated one or more sigma curves to achieve the RMS error bounds.

The results of the procedure discussed above for the three- and four-term models are summarized in Figures 7 and 8, respectively.
The estimated sigma over-bounds are shown in Figures 7(a) & (b) and 8(a) & (b), with the corresponding transient RMS over-
bounding results for τs = 600 s shown in Figures 7(c) & (d) and 8(c) & (d). For the four-term models the non-conservative
functional over-bounds to the estimated sigmas yielded roughly uniform transient over-bounding for all time steps: for L1/E1c,
the over-bounding is ≈10% for the first 20 s or so, but is ≈5% in steady-state; for L5/E5a, the over-bounding went from ≈18%
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for the first 400 s and converges to ≈8% in steady-state. Further optimization could be done to tighten this, but was not pursued
for the time being. In contrast, for the L1/E1c three-term model the FOGM sigma terms needed to be inflated on the order of
35%, and even then the bounding has little margin during periods of a couple of hundred seconds in the middle of the filter
convergence time. The L5/E5a three-term model did not need to be inflated to provide RMS over-bounding, but has little error
margin during filter convergence.

The steady-state smoothed errors for different time constants are shown in Figures 7(e) & (f) and 8(e) & (f). Consistent with the
sigma model curves, the L1/E1c three-term model is overly conservative, especially for smaller τs, while the L5/E5a three-term
model tightly bounds in steady-state. The four-term models tightly bound the measured errors, doing especially well for longer
time constants.

An additional point to consider is the value of extended smoothing time constants, i.e., τs > 100 s. Figure 9 shows an example
analyzing the steady-state smoothed RMS errors for smoothing time constants up to 600 s for the 35-40 deg elevation bin. It
can be seen for L5/E5a, that the steady-state RMS smoothed PR error is essentially asymptotic after 200 s. For L1/E1c, the
error is asymptotic after 500 s. These observations are consistent with those shown in 8(e) & (f), which show the results for all
elevation bins. Therefore, it may make sense to set 600 s as the upper limit for smoothing in GBAS. Results like those shown in
Figure 9 for other elevation bins can be found in McGraw and Caamano (2025).

5. SUMMARY AND NEXT STEPS
This work provides a rigorous framework for statistically bounding errors in carrier-smoothed code processing during all phases
of filter operation, not just in steady state as is the current practice in most GNSS applications. This error modeling approach will
open up opportunities for relaxing many operational constraints that are imposed on current safety-of-life GNSS applications
and can be used for other applications such as terrestrial radio ranging.

The results presented establish the initial feasibility of the proposed multi-process stochastic model approach for a compact
representation for airborne CSC PR errors, valid for any epoch in the CSC processing. It appears that the relatively simple
models with one or two FOGM models plus WGN and random bias terms can accurately model CSC PR errors to cm-level
resolution. The application of this approach to other aviation GNSS applications, such as ARAIM seems feasible, along with
application to complementary PNT systems.

For RMS over-bounding, the multi-process stochastic approach offers some useful “tuning knobs”. The different time scales of
the processes enables us to target parameter changes to where the “problem” is. For example, if the model is off early in the
filter convergence, then boosting the noise term will help in the transient phase, but won’t make the steady state bound more
conservative. Conversely, bumping up the bias can be targeted to those elevations bins where the steady state performance isn’t
being bounded and not make the transient phase too conservative. However, it is worth noting that GNSS receivers may have
different code tracking architectures and bandwidths, which could mean that different model parameters are needed to bound
the transient phases.

There are a number of additional steps that need to be accomplished for an initial recommendation for airborne GNSS error
models. Note that the amount and quality of the flight data used for the analysis results presented here is likely insufficient
to make a reliable recommendation for standards adoption—additional data collection efforts are definitely needed. With that
caveat, the next steps we are pursuing in our efforts include the following:

• Demonstrate that the derived over-bounding models properly bound the tails of the measured PR error distributions to
support integrity protection level computations.

• Show that the L1/E1c and L5/E5a bounding models apply to IFree and iono delay estimation.

• Apply this proposed approach for GBAS ground reference receivers. This work has been initiated.

Applying the proposed multi-process approach to GBAS ground reference stations is expected to yield completely different
models from the airborne ones and it remains to see if this will work as well as it appears to for the airborne case. However the
simplified parametric functional model concept may be especially useful for GBAS applications as it may be help with VDB
constraints.
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(a) L1/E1c three-term model sigmas. Solid: estimates from data. Dashed:
over-bounding models.

(b) L5/E5a three-term model sigmas. Solid: estimates from data. Dashed:
over-bounding models.

(c) Three-term model transient RMS bounding for L1/E1c for τs = 600 s. (d) Three-term model transient RMS bounding for L5/E5a for τs = 600 s.

(e) L1/E1c three-term model steady-state CSC errors in each elevation bin. Dashed: results for different time constants. Solid: over-bounding models.

(f) L5/E5a three-term model steady-state CSC errors in each elevation bin. Dashed: results for different time constants. Solid: over-bounding models.

Figure 7: Three-term RMS over-bounding model results.
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(a) L1/E1c four-term model sigmas. Solid: estimates from data. Dashed:
over-bounding models.

(b) L5/E5a four-term model sigmas. Solid: estimates from data. Dashed:
over-bounding models.

(c) Four-term model transient RMS bounding for L1/E1c for τs = 600 s. (d) Four-term model transient RMS bounding for L5/E5a for τs = 600 s.

(e) L1/E1c four-term model steady-state CSC errors in each elevation bin. Dashed: results for different time constants. Solid: over-bounding models.

(f) L5/E5a four-term model steady-state CSC errors in each elevation bin. Dashed: results for different time constants. Solid: over-bounding models.

Figure 8: Four-term RMS over-bounding model results.
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(a) L1/E1c results. (b) L5/E5a results.

Figure 9: Example smoothed steady-state PR RMS error as a function of steady-state time constant for the 35-40 deg bin for the over-bounding
model.
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