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Abstract

Linear programming is a powerful tool for optimizing unit commitment or power flows in energy supply systems. However, it faces
a significant limitation when applied to certain systems. Power in heat supply systems, for example depends on the velocity of the
medium as well as temperature. Thus, both quantities must be optimised simultaneously, resulting in a bilinear problem. To address
this issue, either of the quantities can be discretised. This paper presents a method that combines the two options by introducing a new
heat storage formulation. It also describes mathematical models for heat pumps and solar thermal collectors following the approach.
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1 Introduction

In energy system design, linear optimisation is a com-
monly used approach. Early studies include the work of
Wene [1[], who investigated the optimal retrofitting rates
for residential buildings in the (that time future) time pe-
riod between 1980 and 2020. A comprehensive review
of current methods can be found in [22].

For heating systems, either temperature of volume flow
of the medium is discretised. The present contribution
aims to bridge these methods. This way, variables in lin-
ear thermal energy system models can be chosen more
flexibly, helping to increase the level of detail with a lim-
ited increase in computational time. Also, it is possible to
easily switch between formulations focused on computa-
tional performance and formulations allowing to handle
temperatures as variables.

Our description is chosen with an graph based formu-
lation of an energy system in mind that is used in order to
formulate a (mixed-integer) linear optimisation problem.
In Python, there are several tools implementing that ap-
proach, that are often used for expansion planning. For
example, there are PyPSA [3], urbs [4]], 0SeMOSYS [J5]],
FINE [6], PowerGAMA [7], Minpower [8], MOST [9],
Calliope [10]], and oemof.solph [11]. It is also notewor-
thy that they have similar dependencies, i.e. most are
based on Pyomo [12,[13]. As a result, improvements to
one of those tools can generally be adapted for the oth-
ers. We implemented the method presented in this publi-
cation based on oemof.solph.

2 Mathematical Problem Description

2.1 Nonlinear Formulation

As a basis, we start with a non-linear formulation. Note
that the goal is a mixed-integer linear energy system op-
timisation model, not an in-detail thermodynamic sim-
ulation model. Thus, we already consider quantities as
constants where meaningful in the scope of this work.
For improved readability, indexes for the components are
omitted whenever there is no ambiguity. The indexes i, o

are used to signify input and output.
To optimise energy flows, the most fundamental rela-
tion is the one for heat transfer

Q - pch X (Tl - TO), €y

where p is the fluid’s density, ¢, is the heat capacity, V/
describes the (typically variable) volume flow and the 7T,
describe the temperatures.

2.1.1 Heat Storage

The most simple approach to model heat storage is the
fully mixed formulation

Q = pcpV X (T — Trer)- 2

It assumes that a volume V' has a homogeneous tempera-
ture T;. Heat is defined using a reference temperature
Tiet- In particular, temperature distributions and heat
flows within the storage tank can be modelled. An ex-
ample study comparing quadratic modelling approaches
using discrete temperatures and discrete volumes to lab
measurements is provided by Zinsmeister et al. [14]. As
described later also in our present work, the same two
options also exist for linear models: Sub-volumes either
of variable volume and constant temperature or of con-
stant volume and variable temperature are defined. The
fist option can referred to as the moving boundary model,
the latter as the nodal model.

2.1.2 Heat Exchanger
The heat exchanger model we use was originally pro-
posed for radiators [[15]]

(Tl B Ta) B (To B Ta)

0T —T,) —In(T, — Ty)’ )

QZUAXI

where T, is the temperature outside the heat exchanger,
A is its surface area, and U is the (assumed to be con-
stant) heat transfer coefficient between the fluid and the
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outside. Combination with Eq. yields

T, = (T; — T,) x exp (— AU. ) +T,. 4
pcpV

Note that the formulation is very generic. So not only
heat transfer from radiator to a room but also from the
soil to a geothermal heat exchanger can be expressed
this way. For large areas or small volume flows, the out-
let temperature will approach the ambient one, meaning
T, ~ T, when the exponential term becomes small.

2.1.3 Solar Thermal Collector

A flat plate solar thermal collector [16, Eq. 6.6.4], can be
seen as an extended case of the heat exchanger model as
described in Eq. (@). It adds additional contributions by
the solar radiation S:

T, - T, — S/UL (_ ULACF’>

T —T,— S/uy, P

o~ ®)
Here, Uy, is the heat transfer coefficient from the fluid to
the ambient air, F/ = U,,/Uy, is the collector efficiency
factor, which is constant for given collector design and
fluid flow rate, and Ac is the collector area. In the collec-
tor efficiency factor, Uy, = k/L is the back loss coefficient
(k insulation thermal conductivity).

2.1.4 Heat Pump

Heat pumps are typically modelled based on the theoret-
ical thermodynamic optimum [17], often called Carnot
factor

1 (Tc)
e = o =1 — 7, (6)
g COPCarnot <TH>
where . T
(Ty) = Ty —nThy’ (7a)

with z = H signifying the hot and x = C signifying the
cold side connected to the heat pump. For small differ-
ences the relation (7a)) can be approximated as [17]

awzﬁﬁgﬁi (7b)

An efficiency factor is then multiplied
COP = MLorenz X C’O-P(Jarnot (8)

to obtain realistic values for the COP. Often, 7y orenz iS Set
in a way that the characteristics of a specific heat pump
are approximated. Using this temperature-dependent
factor, energy going in and out of a heat pump can be
related using

Q=P xCOP (9a)
, P
—Ax<d$14» ©b)

where A is the anergy flow and P is the (typically) elec-
trical power to pump the heat to the higher temperature.

2.2 Linearised Problem Formulation

As seen in Eq. (1, the problem to be solved is of bilin-
ear nature. Because of computational performance, it is
advised to linearise the problem [[18]. To do so, in our
previous work on the topic [[19], we decided to discretise
the temperatures

Tn,n€{0,...,N—1}, (10)

leaving V to be the optimisation variable. This partic-
ularly makes sense when design temperatures are to be
met. However, the other choice is possible, thus we de-
fine

Vi,ne{0,...,N—1}. (11)
It is particularly meaningful if part-load operation is
avoided anyway, which is the case for many commercially
available heat pumps, leaving N = 2 to allow either on
or off state.

Instead of constraining one component with the tem-
perature of another, it can also be meaningful to define a
shared reference temperature. This way, it is possible to
express the heat transfer to and from a component sepa-
rately. The quantities (; and ), can then be calculated
using Eq. but using T; or T, as the minuend and T¢
as the subtrahend.

2.2.1 Heat Storage

A storage model that works particularly good with dis-
crete temperatures is the moving boundary model, we
used in [19]. A more detailed version can be found
in [20]. If the temperature is variable, however, fully
mixed or nodal storage models are more handy. While
use of nodal models in combination with discrete temper-
ature levels for heat production and demand is generally
possible and done e.g. in [21], it should be considered
that the available temperature depends on the storage
content. This way, storage components can be used to
switch from discrete temperature to discrete volume or
flow component models.

At defined temperature levels, the content of fully
mixed heat storage as described by Eq. is

Qn = pcpV x (T, — Trer)- 12)

Now, we want that an active (or usable) level is signified
by the binary status variable y,,(¢) € {0,1} with

yn(t) = 0if Q(t) < @n, and (13a)
yn(t) = 1if Q(t) = Qn. (13b)

Note that @ is being optimised, so Eq. (13) cannot be
read as a causal relation. We also need a linear formula-
tion. We suggest

yn(t) < %7 (14a)
mszg%, (14b)
yn(t) =1- yn(t)a (140)

where Quax is the maximum storage content. Equa-

tion (14a) guarantees Eq. (13a) but relaxes Eq. in
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the sense that y,, is not forced to be active. To compen-
sate for that, Eq. (14d), enforces 3, = 0 for the given
case. The symbol is chosen to emphasise that it can be
read as an inverse status. If this should be strictly the
case, also

1= yn(t) + gn(t) (14d)

has to be defined to eliminate the possibility that y,, (t) =
In(t), i.e. at Q@ = @, where both can be 1.

Now, note that heat leaving the storage needs to have
lower temperature than the storage and higher temper-
ature is needed to increase the storage content. Thus,

Qout,n(t) < yn,(t) X Qout,max,na (15a)
Qin,n(t) S gn(t) X Qin,max,nv (15b)

where Qoum and Qin,n denote the heat flow out of
and into the storage, respectively, at the temperature T,.
Qout,max,n and Qin,max,n are the absolute limits of these
flows. This way, it is guaranteed that Qout(t) = 0 if the
storage content is not sufficient and Q;y (t) = 0 if the stor-
age content is too high.

So, at each point in time, the storage content () defines
the temperature T in the storage and thus limits the with-
drawal temperature or the feed temperature. As multiple
output and input flows can be active at the same time, it
is meaningful to also define a weighted limit

ZQout,n(t) X w(pn) § Qout,max, (16)

so that the total heat flow out of the storage, and analo-
gously for the input flows, is also constrained.

A further complication comes up due to discrete time
steps. If the point in time the storage heat passes a tem-
perature level T;, is not covered by a discrete point in
time, Qout,n(t) > 0 will be allowed when the storage tem-
perature is already below 7,, on a continuous time scale.
This issue can be solved by a time-discrete reformulation

of Eq.

Qout,n,t S Yn,t X Qout,max,na (173)
Qin,n,t S gn,t X Qin,max,na (17b)

where the index ¢ denotes the time interval between ¢

and t + At. If now the constraint for the status variable

is defined by the energy content at the end of that time

interval

Qt+At ’ (18)
Qn

it is no longer possible to cross a level T, using the cor-
responding power flows. This implies that at any time
the lowest level cannot be used for storing energy and
energy at the highest level cannot be obtained from the
storage. For the extreme case of a fully mixed heat stor-
age, this implication can be read as the fact that a storage
will never reach (exactly) the temperature that is used to
feed it.

Yn,t S

2.2.2 Heat Exchanger

As can be seen in Eq. (4], optimisation of the flow cannot
be performed linearly. However, the relation between the
temperatures is linear and can be calculated directly if V/
is set. This is particularly interesting when using nodal
storage models. When a fully mixed storage model is
used as a source, there is no need for optimisation, as the
energy will just be drawn from the storage independent
from the return temperature.

Still, it is meaningful to define a lower limit for the
flow temperature that can still serve the demand. The
combination of Eqs. (4) and (I)) results in

1 Q

X :
1—exp (— p‘:fjv) pepV

T = + T, (19)

which can be used as a lower limit for the storage tem-
perature using the maximum flow for V.

2.2.3 Solar Thermal Collector

For discrete temperature levels, possible heat gains can
be calculated for every T,,. See [19] for reference. With
variable temperature, it is possible to implement Eq.
to the linear optimisation. Assuming that the fluid for
the collector is directly withdrawn from the storage with
a constant flow V, the heat drawn from the collector can
be expressed as

. ~ S
QST,raw = UC X AC X (TA + Ui - TS) ) (20)
L

where

~ pCpV ULAcF'
Uci=—x|1-e¢ —_—— 21
o= ( D ( o~ @1

is a virtual thermal transmittance. Note that QST,Y&W be-
comes negative for low solar radiation S. Because of this,
it is meaningful to restrict the use of the solar collector to
times where positive yields can be expected. To include
edge cases in the optimisation, a binary variable yst can
be introduced so that the controlled gain is

Qst < QST max X ysT and (22a)
QST < QST,raw + (1 - yST) X QST,max~ (22b)

2.2.4 Heat Pump

If temperatures are known a-priory, Eq. (9) can be di-
rectly implemented, resulting in a constant COP. This can
be considered the standard way to go and is applied e.g.
in [22} 23] [24]. In mixed integer models, it is also possi-
ble to model part-load efficiencies [25] [18].

If the modelled real-world device does not run in part
load, V has to be set to the maximum value when the
heat pump is running. For other heat-pumps, it can be
considered an approximation. Further, it is possible to
define a fixed intermediate temperature Ty and split the
calculation of the performance of the heat pump into two
parts. While due to the last term in

ECH = €CM + EMH — ECMEMH, (23)
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the total thermodynamic performance is still bilinear, the
individual steps just rely on ecy; and eyg. In this case, it
is a good choice to set the electric power to be discrete.
Introducing the binary status variable yyp in Eq. (9)
yields

Q = Yygp X COP x P (24a)

and

A =yup x (COP —1) x P. (24b)
From these equations in the form z;, = y x z, with a
binary variable y, a continuous variable x, and a contin-
uous or zero variable z},, MILP constraints can be formu-
lated by replacing using [26]

Ty < Y X Tmax, (25a)
xp <, (25b)

and
T Z r — (1 - y) X Tmax- (ZSC)

If a linear approximation for the COP is used instead of
Eq. (6), both, the higher and the lower temperature can
be optimised.

Instead of approximating the COP calculation, also the
flow and return temperatures for the warm side can be
set. This way, (Q becomes the defining property of the
heat pump model. In that case, Equation (6] can be di-
rectly applied and (7¢) is the variable in a linear equa-
tion. In that case, only the approximation of Eq. has
to be used, to replace the mean logarithmic temperature
difference by a linear equation. So,

Q < Qmax X YHP, (263-)

meaning that only full-load or no operation is now al-
lowed by the binary status variable yyp. Energy conver-
sion

A=Q-P, (26b)

allows the use of additional electricity if the cold side
cannot provide sufficient anergy. On the other hand, the
maximum technical efficiency

Qmax ( TC i+ TC o>
P> X -, (26¢)
TlLorenz yup 2 x <TH>

can be optimised by adjusting the source temperature.

3 Case study

3.1 Energy system layout

The energy system layout is displayed in Fig. Addi-
tionally to the components present in oemof.solph, we
manually formulated constraints using Pyomo. Its core
consists of cold and warm storage tank, 50 m? each, that
are connected by a heat pump (HP) with Qmax = 250kW.
The heat pump takes heat from the cold storage, rises the
temperature and feeds into the warm storage. Both of
these storage tanks are modelled to be fully mixed, i.e.
their heat content is described by one temperature. A so-
lar thermal collector (ST) with a surface of 500 m?, flow
rate of 21/s, efficiency F’ = 0.988, and heat loss coeffi-
cient of U, = 3.5W/m?K is also connected to both of

/FR\

S ®

z N
IV,

Figure 1: Layout of the energy system graph; the abbre-
viatiosn stand for ST: solar thermal, HR: heating rod, FH:
flow heater, HW: hot water, SH: space heating, HP: heat
pump, and GT: geothermal. Arrows point into the direc-
tion of heat transfer. Black flows have a variable temper-
ature, red ones a fixed one. The temperatures of heat
transfer between heat pump and warm storage are fixed
for this study but can be variable using a linear approxi-
mation for the COP.

these storage tanks. It can feed either into the cold stor-
age or warm one. The cold storage can also be fed by a
geothermal heat exchanger (GT). Its mass flow is fixed so
that it delivers 150 kW at a design AT = 5 K. We assume
that it delivers an outlet temperature which is equal to
the soil temperature. Thus, even at constant mass flow,
its power will approach zero if cold storage temperature
approaches the soil temperature. For warmer storage
temperatures, which can be reached using the solar ther-
mal collector, the geothermal heat exchanger is switched
off.

So far, the described layout (not the mathematical
model of the components) equals the one presented
in [19]. However, due to the conceptual difference, two
adjustments were made. First of all, our present study
does not consider pumping energy needed to fulfil the
heat demand. This is in particular due to the choice to set
a time-dependent lower temperature limit as defined by
Eq. (19), that can still supply the space heating demand
(SH) at maximum flow. In the formulation using discrete
temperature levels, it was possible optimise the electric-
ity demand of the pumps in a linearised formulation. Sec-
ondly, in [[19] the temperature of the heat supplied by the
heating rod could always be preserved. Due to the fully
mixed storage model used in this study, this is no longer
the case. While direct electric heating is already part of
the heat pump model as described in Eq. (26d), the heat-
ing rod is preserved to cover edge cases in the demand
where the heat pumps output is not sufficient. The newly
added electric flow heater (FH) enables supply of hot wa-
ter (HW) independently from storage temperature.

3.2 Optimisation results

We performed an economic optimisation where the only
considered cost is due to the consumption of electricity
by the heat pump and by the flow heater. To facilitate
comparability to [19]], the same prices based on 2017 day
ahead prices where used. Including taxes and levies, they
are in the range 34.07€/MWh to 280.65€/MWh. Exam-
ple results of the optimisation are displayed in Fig.
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Figure 2: Optimised operation for the energy system for ten days in February (top) and in July (bottom). Coloured areas
represent use of the respective heat sources in the time period, the solid black line represents the total heat demand, the
dashed black line give the space heating demand. For the storage temperature, the red line represents the cold storage
temperature (left axis) and the orange line the warm storage temperature (right axis).

In first ten days of February, a clear preference for
geothermal based heating becomes apparent, as a near
constant high energy influx in combination with the util-
isation of the heat pump can be noticed. Thus the stor-
age temperature of the cold storage is kept low through-
out the time frame, to allow for a sufficient amount of
geothermal energy extraction. These low temperatures
not only benefit the geothermal well, but also the so-
lar thermal collectors, which predominately feed into the
cold storage except for day 6-8, where the amount of di-
rect sunlight is sufficient to provide energy to the warm
storage. Another noteworthy effect is the low amount of
energy from the solar thermal collectors, which enters the
cold storage even at night if the outside temperature is
above the one of the storage. While the cold storage fea-
tures no apparent pattern, the hot storage’s temperature
is closely connected to the demand in space heading and
hot water consumption, with temperatures rising before
and dropping after the typical morning spike. On the one
hand, this reduces the amount of additional heating by
the flow heater required for the hot water demand, on the
other hand the high up-time of the heat pump, especially
near the end of the simulation, indicates that this rise in
temperature is also needed as an energy buffer to fulfil
the demand. This point is reinforced by the deployment
of the electric boiler near the end, which supplements the
remaining energy sources with up to 250 kW, to meet de-
mand during the morning spike. Throughout the year,
the system operation changes alongside the weather con-
ditions, like shown for the beginning of July. The most
noticeable change is the lower share of geothermal power

in the system and the increased share of solar thermal
heat for the warm storage, which covers most of the af-
ternoon and evening consumption in many cases. The
higher share of solar thermal input also highlights the
models ability to switch between the hot and cold stor-
ages, with feed in into the cold storage now being limited
to morning, evening and night time. Despite the higher
share of solar thermal, the geothermal well in combina-
tion with the heat pump is still crucial to the system, es-
pecially during the morning peak or days with lower solar
input.

4 Conclusion and Outlook

We have presented a method that allows to optimise tem-
perature as a variable in linear energy system models.
The method can be combined with formulations optimis-
ing mass flows using discrete temperatures, especially if
storage components are present. For those, our presented
method can interface with both possible formulations. In
a case study using oemof.solph, we have shown a refer-
ence optimisation that emphasises the importance of hav-
ing variable temperatures, e.g. to reduce electricity use of
flow heaters or to reduce storage losses between phases
of high demand.

For real-world operation, we expect better applicabil-
ity of operational strategies optimised using variable tem-
perature. This, however, comes at the cost of lower com-
putational performance limiting the applicability of vari-
able temperature methods to shorter time horizons. Av-
erage annual metrics like operational costs, on the other
hand, should not deviate much, allowing to use discrete
temperature methods in the design phase. As adequately
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validating the models calls for the transfer of the op-
timised operational strategies to a real-world device, a
comprehensive benchmark of the model, both in terms of
computational performance and accuracy, is left for fu-
ture work.
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