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ABSTRACT

Global navigation satellite systems (GNSS) is being widely introduced for safety-related applications (beyond aviation). For
instance, in the context of train localization, the use of GNSS require the robust modeling of each measurement error component
in order to satisfy the safety or integrity requirements. However, due to the challenging railway environment the modeling of the
local multipath error remains an active area of research. There is currently no well-accepted multipath error model or approach
for railway application that provides a robust and yet not overly conservative error characterization. In order to address this gap,
we proposed in previous work to leverage artificial intelligence (Al) for estimating the multipath empirical error distribution
using a quantile based description. The quantile-based empirical distribution is then bounded in the cumulative distribution
function (CDF) sense in order to provide a parametric and robust model, which can be incorporated into a GNSS integrity
monitoring systems. In this work, we explore deeper on one side the impact of different model parameters and design choices of
the neural network that estimates the quantile levels on the prediction performance. On the other side, we propose and analyze
different architecture possibilities considering the joint estimation of all quantiles together or in a parallel network scheme. The
advantages and disadvantages of these design alternatives are analyzed and discussed based on a simplified simulation scenario
as well as with real railway data. Finally, the new derived multipath models are applied to a modified H-ARAIM algorithm on
the railway scenario.

I. INTRODUCTION

In recent years, significant effort has been put at European level to integrate satellite-based positioning into land-based appli-
cations, such as the automotive (European Union Agency for the Space Program, 2024) and railway (European Union Agency
for the Space Program, 2023) sectors. The use of GNSS in railway signaling and train control must ensure the stringent safety
requirements and provide continuous localization information, while reducing infrastructure costs (European Union Agency for
Railways, 2018). An essential aspect for this is safe error characterization of all involved error components. However, different
error sources, such as multipath, have a complex nature and its modeling using techniques for aviation multipath do not cover
properly the nature of multipath in the railway environment. If these errors are not properly accounted for, they can lead to large
positioning errors and, in severe cases, even to hazardous misleading information. This highlights the necessity for an adaptive
GNSS multipath error model that can adequately handle the complex error behavior in railway environments. Methods proposed
in the literature classify the track areas into use or do not use GNSS using multipath observations (CORDIS, 2022; Gerbeth
et al., 2020) or the horizontal position error (HPE) (Kazim et al., 2021), weight observations to reduce their impact (Damy et al.,
2016) or model the variance of the railway multipath via satellite geometry and carrier-to-noise ratio (Neri et al., 2021).

More recently, Al has also been proposed to be used in the field of GNSS, in particular to the multipath problem. In (Li et al.,
2022), the authors proposed the use of neural network (NN)-based correlation schemes within the GNSS receiver tracking
loop for GNSS multipath mitigation. For GNSS non-line-of sight (NLOS) signal classification, the authors in (Kliman &
Garcia Crespillo, 2022) employed logistic regression based on GNSS post correlation observations. In (Lee et al., 2023),
the authors applied non-linear-regression, using Support-Vector Regression, to create multipath error maps for multipath error



mitigation. In (Zeng et al., 2024), a learning-based spatiotemporal model for environmental characterization and GNSS NLOS
signal classification for static locations was presented. In (Zhang et al., 2021), the authors combined a standard NN with
long short-term memory (LSTM) for environment characterization, in order to predict satellite visibility and mitigate GNSS
pseudorange errors. A GNSS multipath error characterization is estimated using a NN and single quantile regression (SQR)
by (No & Milner, 2021). The authors in (Liu & Jiang, 2024), enriched that approach by using multi-sensor information and
a LSTM architecture for multipath error characterization via SQR. Summarizing it can be said, that previous work, using Al
for error modeling, have either tried to predict the actual error value, exclude affected observations and epochs or estimate the
uncertainty based on SQR. However, estimating the uncertainty does not ensure bounding the full probability distribution,
which is crucial for integrity applications. For example, heavy-tail distributions can otherwise result in optimistic predictions
and lead to potential unbounded situations. Consequently, there is still a gap of robust multipath error models, that can provide
a safe error quantification for real-time satellite-based navigation applications in challenging scenarios.

In previous work, we investigated the use of deep multi-quantile regression to estimate jointly different quantiles up to a certain
significance level (Roessl & Garcia Crespillo, 2024). The estimated quantiles were then Gaussian overbounded to derive a
final parametric and simple model ensuring bounding conditions. In this method, Al is employed to model the highly complex
relationship between selected GNSS features and the multipath error. However, the joint estimation of quantiles may result in
overly conservative quantiles in some parts of the probability distribution. It was also observed in (Roessl & Garcia Crespillo,
2024), that certain design parameter choices could have a large impact in the behavior of the quantile estimations.

In this work, we propose additionally and alternative architecture to the joint quantile estimation, consisting of a parallel NN
deep quantile regression for GNSS multipath modeling. In this approach, each desired quantile is trained with a neural network
separately. Furthermore, a sensitivity analysis is performed with respect to model parameters to gain more insights in to the
prediction process and explore the effect of certain parameters.

This paper is structured as follows. Section II provides first a short revision of quantile based error overbounding. Potential
architectures for quantiles estimation are presented in Section III. Section IV presents a sensitivity analysis of the neural network.
A GNSS railway example is given in Section V and discussed in Section VI. Section VII concludes the work.
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Figure 1: Processing scheme of deep quantile estimation based GNSS multipath error modeling, comprising an offline training and an
online validation phase.

II. LEARNING BASED ERROR MODELING

In railway dynamic environment, multipath cannot directly be observed reliably. However, the GNSS receiver provides different
measurements in post-correlation that can give some level of information about this error. In order to model multipath based
on features whose relationship cannot be easily expressed, we proposed to use a learning based approach. The robust learning
based multipath error modeling follows a two step process (Roessl & Garcia Crespillo, 2024). In a first step, an Al based model
abstracts the relationship among features X and the target value Y in a supervised-learning approach from training data D,
to provide a description of the conditional probability distribution function (PDF) fy|x (y|=). In a second step, that description
is transformed into Gaussian bounds to obtain a concise and parametric characterization.



1. Quantile based Distribution Estimation

The proposed learning based modeling approach offers a description of Y € ) viaits CDF Fy-| x as a set of conditional quantiles
Q7 ={4qr,---,qr  of probability levels 7 € (0, 1). During the training process the model abstracts a set of functions, where
each of them g, y|x () = ¢, returns the conditional quantile value §y|x—, of target variable Y and specified probability
level 7 for a given input . A discrete representation of the CDF is therefore created by estimating the distribution via quantiles
QT. The optimization objective function (i.e., learning criterion), we use the pinball or quantile loss function £ (Koenker,
2005; Koenker & Bassett, 1978):

I R, 0

(r—1)-¢ otherwise.

The prediction error of the model ¢ is calculated as { = y — g,(x). In Roessl and Garcia Crespillo (2024) an adapted
conservative quantile loss LS9 was proposed, that isolates and penalizes non conservative predictions with a hyperparameter
«. It can be directly incorporated into the quantile loss as:

coL - v JC-(I+a-coi(r)) (T —1), if¢>0
LG a) = {C I+ - cope(r)) - T, otherwise.

2

The isolation and normalization of non conservative predictions for the left cop; (7 < 0.5) and right cop, (7 > 0.5) side of the
distribution are:

1
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0, otherwise,
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— otherwise.
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The learning problem to be optimized during the training phase by the NN can be finally expressed as:

D(rain T
0 = argmin Y > LUy — g,(%;0)) + B P(T, Diain) + 10" w 5)

(xy) T

where 0 are the model parameters and P(7, D) is a quantile crossing penalty introduced to prevent quantile intersections with
a minimum distance of v (Fakoor et al., 2023) and a tunable hyperparameter v for the weight-decay (Murphy, 2022):

Dirain N7T—1
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2. Quantile based Gaussian Bounds

In the second step the quantile distribution is conservatively described by a CDF overbound using a Gaussian distribution
N (+£b, o). The parameters are determined using the two-step Gaussian overbounding technique as presented in (Blanch et al.,
2019), combining symmetric CDF (DeCleene, 2000) and paired overbounding (Rife et al., 2006). First, a left and right side
intermediate symmetrical unimodal distribution Fy, are determined based on the quantiles, as presented in (Roessl & Garcia
Crespillo, 2024), in order to satisfy the overbounding conditions of zero mean, symmetry and unimodal (DeCleene, 2000).
Second, both distributions, Fg, jef; and Fyy rign are Gaussian bounded by Fop jefi (¥ fheft, Orert) and Fop right (Y5 frights Oright), and
summarized by the maximum operation into one final Gaussian overbound Foy(y; b, o). The final overbound can be expressed
as:

fY(y) =< fob(ya b7 0)7 (7)
where < denotes the overbounding condition such that Fy < F,, Yy < 0and Fy > Fg,, Vy > 0.



Depending on the application and its requirements, only a subset of quantiles might be relevant. That is, for a specific integrity
risk, the set of quantiles Q;, up to I R/2 tail probability levels may be necessary. For example, for accuracy purposes, with the
centered prediction interval of 95 %, the following subset is defined:

. . 1-095 1-0.95
Qrm={q76QT:2 Sn§<1—2 )} (8)

The two step procedure of the proposed methodology can be expressed as functions:

ga1 (% T) = Oy x—x, 9)
hoo(Q, T) — [b, o)L (10)

III. NEURAL NETWORK ARCHITECTURE ALTERNATIVES

This work investigates the estimation process of the error distribution based on quantiles. Fig. 2 presents two possible architecture
layouts for designing the quantile estimation process: a joint and a parallel strategy. In (Roessl & Garcia Crespillo, 2024), we
used the joint quantile regression (JQR) strategy for GNSS multipath error modeling, where one NN approximates all selected
quantile functions. However, the impact of alternatives strategies was raised as an outlook for future work. Potential advantages
of JQR, as shown in (Fakoor et al., 2023), are the robust estimation process as knowledge for function modeling is shared
among different quantile functions. Instead of estimating all quantiles with a single NN, the parallel quantile regression (PQR)
architecture approach estimates only a single quantile function per NN. This allows for further flexibility in the training process
and potentially reduced model complexity.
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Figure 2: Neural network architectures for joint (a) and parallel (b) quantile estimation for distribution modeling.

The optimization objective function Jjor used for training the JQR is given in (5) and it is here repeated for convenience:

Duwain T
Jigr (0 Dirain, T) = Y > LS¥(y — g-(x:0)) + B P(T, Digain) + 10" w. (1)

(xy) 7T
For the PQR architecture, the optimization problem Jpor simplifies to minimizing only one quantile probability level 7 per
neural network. Hence, it is given as:

D!rain
Toqr (03 Diains ) = Y LT (y = 97(x;0)) + B - P(T, Digain) + 700" w, (12)
(xy)

where the non-crossing penalty can be calculated during parallel training.



IV. NEURAL NETWORK SENSITIVITY ANALYSIS

For abstracting the relationship between numerical features X and the multipath distribution Y a shallow NN with one input,
three hidden and one output layers are used to keep the depth of the model as simple as possible and complex as needed. It was
observed in previous work that dataset size and model parameters choices could have a large impact onto the prediction quality.
In order to understand this impact, this section provides a sensitivity analysis on different aspects with Monte-Carlo simulations
over the quantile learning of a simplified model example.

In this example, the target value y € R! is modeled as a Gaussian mixture model to be dependent on the input feature € R!
viay(x) ~ Zle 7; - N(0, 0;(z)) with weight vector w = [0.8,0.2]” and standard deviation vector o = [—2x + 5, —4z +10]7
where x ~ U (1, 2). Fig. 3a shows its associated PDF. In total, 30 simulations are performed, each with a dataset size of 1 x 106
for training.

1. Impact of Finite Training Dataset

First, Fig. 3 shows the impact of the dataset size on the prediction quality for different probability levels estimated by the
JQR architecture. The predicted quantiles, which describe the core of the distribution, match the truth well, as they are upper
bounding and demonstrate a small variance. For small probability levels, e.g. 1 x 1075, we can see that the model is no
longer able to make upper bounding predictions with respect to the truth. At the same time, the variance of predictions grow.
One intuitive explanation is the lack of probability level representativeness due to the limited dataset in the training process.
Low probabilities values are not represented enough in the dataset. This effect is present in every data-driven model and must
be properly considered in the design process during training, by either selecting only a certain tail probability level or using
sufficient data (Goodfellow et al., 2016).

10 — -3
---  Truth 1-1x10=6-""" =] A\

—— Prediction g =

—— Datarange |~ e —4

---  Truth

—— Prediction S~
_8l —— Datarange L
1% 10<8
-9 | I | N
s 1 1.2 1.4 1.6 1.8 2
lue 10 Y-value X X
(a) PDF of simulated Gaussian mixture dataset (b) Predictions (¢) Zoomed predictions y € (—9, —3)

Figure 3: Monte-Carlo simulation based experiment of the variance of predicted quantiles with respect to selected probability levels. The
black dashed line represents the true and blue (mean =+ standard deviation) the predicted quantile values of y as a function of  with red
denoting the range of the training dataset.

2. Model Complexity

The next experiment investigates the effect of model complexity or capacity on the prediction process. Model complexity
usually describes the number of hidden layers and number of neurons used for modeling (Goodfellow et al., 2016), similar to
the degree of a polynomial. In particular, we investigate the impact of choosing 4, 128 or 512 neurons in a five layer shallow
NN.

Fig. 4 shows the predictions made by the JQR model for different number of neurons. When using a low model complexity, it
is possible to obtain upper bounding predictions for probabilities 0.1 and 0.5. However, the NN fails to properly model small
probability quantile functions, e.g. 1 x 107%, and the model suffers from underfitting (Goodfellow et al., 2016). Increasing
complexity improves the prediction of these small probability levels as upper bounding predictions are obtained when using 128
neurons. However, Fig. 4c shows that the variance of the predictions starts to increase when using 512 neurons and the model
suffers from overfitting to the training data and is no longer able to generalize equally well to the evaluation data.
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Figure 4: Monte-Carlo simulation based model generalization performance affected by under/overfitting

3. Number of Quantiles

The impact of the number of selected quantiles /Ny-on the prediction quality is explored using the JQR architecture and PQR as
areference. The model complexity, number of neurons and hidden layers, of the JQR and PQR is not modified for the individual
configurations, only the number of output neurons is changed, e.g. (1-128-256-128-5) or (1-128-256-128-201). The centered
prediction interval (CPI) of 99.98 % is modeled using a range of quantiles from 5-201. Fig. 5 shows the true and predicted
quantile values as a function of & for probability levels 0.5, 0.025 and 1 x 10~%. A variation in the prediction performance
when using the JQR method is obtained when increasing N. Especially for the small probability of 0.01 %, the model fails to
estimate an upper bounding prediction of the quantile value with respect to the truth. The PQR model does not suffer from that
effect as one NN learns only one quantile function, however the variances of the predictions increase.

V. EXPERIMENTAL MULTIPATH MODELING AND H-ARAIM RESULTS

The proposed methodology is evaluated for the GNSS code multipath error modeling of satellite-based train localization.
First, the error characterization performance of the model, using both architectures, for unknown data is investigated. Second,
a exemplary application of the estimated multipath models along the railway tracks is presented via a modified horizontal
advanced receiver autonomous integrity monitoring (ARAIM) (HARAIM) algorithm for integrity monitoring.

1. Railway GNSS Data and Experimental Settings

Fig. 6 shows the maintenance train used for GNSS sensor data collection within the European research project RailGap in Malaga,
Spain (RAILGAP, 2024). The dataset includes circa 27 h of multi-constellation and multi-frequency GNSS observations in urban
and rural environments. The feature values X, as described in (Roessl & Garcia Crespillo, 2024), which contain information
for multipath modeling, are carrier-to-noise ratio C'/Nj, elevation angle 6, local azimuth ), pre-normalized C /Ny, change rate
AC /Ny, lock time tjok, pseudorange consistency PRC, velocity v and permanent multipath error bound operm (Kliman et al.,
2024). The code-minus-carrier linear combination is applied for estimating the target multipath target value Y. It provides an
estimate of the GNSS code multipath and receiver noise for a specific satellite observation (Braasch, 1994).

The model is trained for 500 epochs using the Adam optimizer (Kingma & Ba, 2017). In order to obtain more robust results
the k-fold cross-validation split strategy, as depicted in Fig. 6, is employed resulting in 5 separate models each trained with a
different subset of training data.

Fig. 7 plots the evolution of the total loss (see Eq.(5)), sharpness and interval score for the JQR and PQR architectures during
training and testing. Sharpness is a measure of narrowness or the variance of prediction interval width (Gneiting et al., 2007).
The authors in (Yan et al., 2023) estimate the expected interval sharpness E 1S as:

R 1 t 1 Np
EIS(QT) = EZNiDZLgTNT—k(Xi) _ng(X’i)|' (13)
k i

The interval score is a loss function that can be used for centered interval prediction, but also as an evaluation metric. It is
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Figure 6: Map of the RailGap measurement campaign train and area and dataset split.

expressed as (Gneiting & Raftery, 2007):

St (1, u; ) = (u—l)—l—;(l—y)~]1{y§l}+§(y—u)']l{y>u}a (14)

with the central prediction interval PI = [/, u] and penalty depending one = 1 — P1I.

2. Multipath Error Modeling

Fig. 8 shows the normalized folded CDF of the training, testing and evaluation dataset using the JQR and PQR architectures.
max((y=bw0) 1y the CPI

The isolated multipath observations y are normalized with the estimated bounds via § = sgn(y) - e
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Figure 7: Evaluation metrics along the training (dashed) and testing (full line) procedure for joint (blue) and parallel (red) quantile
estimation architectures.

of 99.98 %, as indicated by the red dashed line, all distributions are overbounded by a folded standard normal distribution.
Analyzing the results of the different architectures it can be observed that the gap between the standard normal and the normalized
distributions is larger for the PQR than for the JQR architecture.
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Figure 8: Resulting normalized distributions of the training (blue, 2769327), testing (green, 692332) and evaluation (purple, 46082) datasets
using the joint (a), parallel (b) quantile estimation after convergence for the k-fold cross validation experiment.

3. Modified H-ARAIM Results

The proposed model for user multipath characterization is included in a modified HARAIM algorithm, similarly as presented
in (Roessl & Garcia Crespillo, 2025; Roessl et al., 2023) by adapting the baseline ARAIM algorithm (Blanch et al., 2015).
ARAIM is an integrity monitoring system, which exploits redundant measurements to perform consistency checks and provides
a probabilistic bound of the unknown position error (also known as protection level (PL)). Fig. 9 visualizes the flowchart of the
ARAIM algorithm using the Al-based multipath error model.

The main adaptations include the replacement of the local user-side error model with the multipath model estimated with Al
dynamically over time. In particular, the covariance matrix used for integrity purposes 3, is a diagonal matrix with elements
o2, for each observation i as:

2 2 2 2 2
Oint = Oura + Utropo + Tiono + O railint> (15 )

with the variance of the residual satellite orbit and clock o, troposphere oiopo and ionosphere oo, error model for the single
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Figure 9: Integration of the learning based GNSS code multipath error model into the ARAIM algorithm with FDE for railway localization

frequency user (Roessl et al., 2023). For railway users, the multipath and noise residual error model 0y ine and bias by ine

are estimated by the proposed method using quantiles QTM and the CDF bounding process. The pseudorange biases b can be
expressed as a sum of the signal-in-space (SiS) nominal bias and the multipath bias by:

b= bnom + brail, ints (16)

where bpon, is the nominal bias, contained e.g., in an integrity support message (ISM) message. The covariance matrix used for

accuracy and continuity purposes X, is formed as a diagonal matrix where each element o2, is:

2 _ 2 2 2 2
Tace = Oure + Utropo + Tiono + Orail, acc» (17)

where oy, is the accuracy satellite orbit and clock error and o2

~il acc 18 the variance of the accuracy model for the railway user

based on QATM and estimated by the Al-based model.

Fig. 10 presents the HARAIM results using the learning-based multipath model in the Stanford plot. Estimated horizontal
protection level (HPL) are plotted versus the HPE with respect to a multi-sensor post processed ground-truth solution. It is
found that HPL > HPE holds for all epochs, so that zero misleading information is obtained. Since position errors can be
due both to measurement errors and poor geometry, we considered in the second row of Fig. 10 only those results with good
geometry (GDOP < 1.5), with a HPL range of 8-20 m.

VI. DISCUSSION

One of the main goals of the Monte-Carlo simulation sensitivity analysis was to explore the impact of model parameters on the
prediction performance for quantile based distribution modeling. The results shown in Fig. 3 demonstrate the importance of
dataset size for quantile estimation. In particular, for tail probability levels, e.g. 1 x 1076 and 1 x 1075, an increased variance
of the estimate was observed, indicating insufficient representativeness due to limited amount of data (1 x 10°). In Fig. 4 the
impact of model complexity was studied. When selecting too few neurons, the model was not able to learn the complex function
properly and hence suffered from underfitting. Using too many neurons resulted in overfitting, as the model was not able to
generalize well to unknown evaluation data (Goodfellow et al., 2016). However, these effects can be monitored by observing
the presented evaluation metrics as well as the variance of the predictions made by the individual models during the training
and testing phases. Fig. 5 shows that when using the JQR architecture, the number of estimated quantiles affects the prediction
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Figure 10: Modified H-ARAIM results using the proposed learning-based GNSS code multipath error model

performance. If the model complexity is not properly adopted low tail probability quantiles predictions are no longer upper
bounding the true distribution. This additional complexity between number of quantiles and model complexity can be avoided
by using the PQR architecture, however at the cost of increased variance in the predictions. Comparing the performance of
the JQR and PQR architecture, it can be concluded that JQR provides tighter results at the cost of additional complexity in the
model design process, because the number of estimated quantiles affects the required number of neurons. The results from the
real-data GNSS multipath evaluation demonstrate the capability of the proposed method to abstract the relationship between
features and the multipath error from training data. This is shown as the folded normalized error distributions are overbounded
by the standard normal distribution. One reason for the conservatism in Fig. 8 may be a result of the normalization process,
since in general, each error sample belongs to a different distribution. In the future, a better representation of the distribution
results will be investigated.

The modified HARAIM results in the Stanford plot demonstrate the capability of the method to obtain a safe position error
quantification via HPL for GNSS based train localization. When considering only good satellite geometry epochs, it can be seen
that the large protection levels are mostly due to poor geometry and not due to an extra conservatism introduced by the proposed
error model. Future work will investigate the generalization performance of the approach to unknown data of a different datasets
and investigate the time correlation of the multipath error.



VII. CONCLUSION

The use of Al for GNSS error modeling for safety purposes is an interesting new and challenging area of research. In this
work, the proposed method was capable to abstract from training dataset the relationship between selected post-correlation
GNSS features and the observed multipath in order to come up with a robust multipath error description for railway application.
Furthermore, thanks to the sensitivity analysis, we provided new insights on the performance of Al predictions, which increases
its explainability and important design considerations.

This new method is a potential solution to obtain a safe position error quantification considering local multipath effects along
the railway tracks for GNSS based train localization using commercial of the shelf receivers in combination with integrity
monitoring systems such as HARAIM or satellite-based augmentation systems (SBAS).
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