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Abstract

Modern lithium-ion batteries present an important energy storage technology with
a reasonable service life, though still suffering from continued capacity fade. Addi-
tionally, pure silicon anodes desired for advanced energy densities face efficiency
drawbacks, heat generation, and imprecise state-of-charge (SOC) estimation due to
the occurrence of a voltage hysteresis. This thesis elucidates the capacity loss and
the silicon voltage hysteresis by considering the solid-electrolyte interphase (SEI),
which forms at the anode side owing to electrolyte decomposition. To understand
the impact of the SEI and facilitate respective improvements, thermodynamically
consistent continuum models are further developed and analyzed.
First, this thesis focuses on the investigation of SEI growth, which is considered the
main cause of capacity fade in lithium-ion batteries with standard graphite anodes.
Thus, a detailed comprehension of the SEI can support increased battery lifetimes.
Generating valuable insights, this study compares the diffusion of electrons and
solvent molecules through the SEI as possible drivers of SEI growth during battery
storage. The simulation results aim to reproduce experimental findings regarding
the time and SOC dependence of capacity loss as well as their interplay. The careful
comparison approves the electron diffusion as the decisive mechanism for continued
SEI growth on graphite anodes.
For next-generation lithium-ion batteries, silicon is a promising candidate for substi-
tuting graphite with a significant capacity increase. However, the enhanced ability of
lithiation is accompanied by substantial volume changes during cycling, highlighting
mechanical aspects. In particular, the SEI deforms purely mechanically and causes
distinct stresses acting on the silicon particle. The arising stresses inside the silicon
anode influence the voltage due to chemo-mechanical coupling. Thus, the simulations
reveal that the mechanical impact of the SEI causes the observed voltage hysteresis
of silicon nanoparticle anodes during cycling and (after) relaxation. Moreover, the
chemo-mechanical description fits the observed long-term voltage relaxation. Hence,
the model provides a consistent picture of the observed voltage hysteresis phenomena.
For ordinary voltage estimations, the study derives a reduced chemo-mechanical hys-
teresis model, which preserves physical interpretability and covers voltage relaxations
contrary to the empirical Plett model. Eventually, the work investigates the effect
of the SEI on an elliptical silicon nanowire. The results reveal lithium concentration
anomalies due to the anode geometry and the mechanical impact of the SEI.
Overall, this work contributes to an improved understanding of the SEI regarding
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Abstract

growth mechanisms and the mechanical impact on silicon anodes. Particularly, the
chemo-mechanical interaction of silicon and SEI is considered the reason for the
voltage hysteresis herein for the first time. Consequently, this thesis aims to facilitate
enhanced battery lifetime and efficiency by advancing SEI properties.
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Kurzfassung

Moderne Lithium-Ionen-Batterien stellen eine wichtige Energiespeichertechnologie
mit einer angemessenen Lebensdauer dar, die dennoch unter kontinuierlichem Ka-
pazitätsverlust leidet. Darüber hinaus stehen der Verwendung von reinen Silizium-
Anoden für verbesserte Energiedichten Effizienznachteile, Wärmeentwicklung und
eine ungenaue Schätzung des Ladezustands (SOC) wegen einer auftretenden Span-
nungshysterese im Weg. Diese Dissertation beleuchtet den Kapazitätsverlust sowie
die Spannungshysterese von Silizium durch Betrachtung der Solid-Electrolyte Inter-
phase (SEI), die sich aufgrund von Elektrolytzersetzung an der Anode bildet. Um die
Auswirkungen der SEI zu verstehen und entsprechende Verbesserungen zu ermögli-
chen, werden thermodynamisch konsistente Kontinuums-Modelle weiterentwickelt
und analysiert.
Zunächst konzentriert sich diese Arbeit auf die Untersuchung des SEI-Wachstums,
das als Hauptursache für den Kapazitätsverlust in Lithium-Ionen-Batterien mit üb-
lichen Graphit-Anoden gilt. Daher kann ein detailliertes Verständnis der SEI zu
einer Verlängerung der Batterielebensdauer beitragen. Um wertvolle Erkenntnisse zu
gewinnen, vergleicht diese Studie die Diffusion von Elektronen und Lösungsmittel-
molekülen durch die SEI als mögliche Verursacher des SEI-Wachstums während der
Lagerung der Batterie. Die Simulationsergebnisse zielen darauf ab, die experimentel-
len Ergebnisse hinsichtlich der Zeit- und SOC-Abhängigkeit des Kapazitätsverlustes
sowie deren Zusammenspiel zu reproduzieren. Der sorgfältige Vergleich bestätigt die
Elektronendiffusion als den entscheidenden Mechanismus für das kontinuierliche
SEI-Wachstum auf Graphit-Anoden.
Für Lithium-Ionen-Batterien der nächsten Generation ist Silizium ein vielversprechen-
der Kandidat für den Ersatz von Graphit mit einer deutlichen Kapazitätssteigerung.
Die verbesserte Fähigkeit der Lithiumaufnahme geht jedoch mit erheblichen Volumen-
änderungen während der Zyklisierung einher, was mechanische Aspekte hervorhebt.
Insbesondere die SEI verformt sich rein mechanisch und verursacht deutliche Drücke,
die auf die Siliziumpartikel einwirken. Die entstehenden Drücke im Inneren der Silizi-
umanode beeinflussen die elektrische Spannung aufgrund der chemo-mechanischen
Kopplung. Daher zeigen die Simulationen, dass der mechanische Einfluss der SEI
die beobachtete Spannungshysterese von Silizium-Nanopartikel-Anoden während
der Zyklisierung und (nach) der Relaxation verursacht. Außerdem passt die chemo-
mechanische Beschreibung zu der beobachteten langfristigen Spannungsrelaxation.
Somit liefert das Modell ein konsistentes Bild der beobachteten Spannungshysterese-
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Kurzfassung

phänomene. Für einfache Spannungsabschätzungen leitet die Studie ein reduziertes
chemo-mechanisches Hysteresemodell ab. Das vereinfachte Modell bewahrt physi-
kalische Interpretierbarkeit und umfasst die Beschreibung von Spannungsrelaxation
im Gegensatz zum empirischen Plett-Modell. Schließlich untersucht die Arbeit die
Auswirkungen der SEI auf einen elliptischen Silizium-Nanodraht. Die Ergebnisse
zeigen Anomalien in der Lithiumkonzentration, die sowohl auf die Geometrie der
Anode als auch den mechanischen Einfluss der SEI zurückzuführen sind.
Insgesamt trägt diese Arbeit zu einem verbesserten Verständnis der SEI in Bezug auf
Wachstumsmechanismen und den mechanischen Einfluss auf Silizium-Anoden bei.
Insbesondere wird hierin zum ersten Mal die chemo-mechanische Wechselwirkung
von Silizium und SEI als Ursache für die Spannungshysterese betrachtet. Somit beab-
sichtigt diese Dissertation eine gesteigerte Lebensdauer und Effizienz von Batterien
durch die Weiterentwicklung der Eigenschaften der SEI zu ermöglichen.
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1 Introduction and Motivation

Rechargeable lithium-ion batteries have virtually revolutionized our lives, enabling
mobile applications like portable consumer electronics and medical devices. Since
their market launch, research and industry are working on advancements to meet
the world’s demand for better batteries. Improved battery characteristics are desired
not only for the sake of additional convenient uses but also for the essential fight
against accelerating climate change. Particularly, two of the actual strengths of the
lithium-ion technology, a decent lifetime and a superior energy density, have to
be further increased for future applications. This thesis deals with the identified
bottlenecks, namely the negative electrode degradation and performance, and intends
to contribute to their elimination.
The oil crises of the 1970s stimulated the quest for new battery chemistries with
advanced energy density to create alternative energy storage technologies [1]. The
shared objective was to reduce the dependency on burning fossil fuels delivered from
only a few oil states. Additionally, the emergence of portable consumer electronics
promoted these efforts [2]. Thus, numerous researchers from industry and academia
have been involved in investigating innovative components for novel batteries. Con-
tinuing progress eventually led to the commercialization of the first lithium-ion
battery by Sony in 1991. Especially the contributions of M. Stanley Whittingham
[3–6] and John B. Goodenough [7, 8] for the development of cathode materials as
well as Akira Yoshino [2, 9] for the first implementation of carbonaceous anodes
have been awarded with the Nobel prize for chemistry in 2019. Since the commercial
availability, lithium-ion batteries have significantly influenced our way of living by
facilitating various innovations such as smartphones, laptops, smartwatches, e-bikes,
or drones [10].
Vehicles with battery-electric drive were invented already at the end of the 19th
century but then superseded by the internal combustion engine. Rising oil prices in
the 1990s and attempts to reduce air pollution stimulated the automotive industry
to engineer and sell battery electric vehicles (BEVs) – though not yet equipped with
modern lithium-ion batteries. Only in the last few years has mass production of
advanced lithium-ion batteries made BEVs reasonably comfortable and affordable.
Policymakers worldwide foster the trend towards electric cars to reduce carbon
dioxide emissions and benefit from the superior efficiency of BEVs [11, 12]. The
transition to electrified transportation is not limited to cars but also applies to
trucks, buses, trains, boats, and efforts for battery electric regional aircraft. However,
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transitioning the transportation sector is only one piece of the puzzle towards a
carbon-neutral future. To combat climate change, new types of energy storage are
urgently required to replace the use of fossil fuels [13]. While several forms of energy
storage will be needed in parallel, lithium-ion batteries represent a superior storage
system due to the beneficial interplay of lifetime, energy density, costs, efficiency,
and simplicity of use. Therefore, lithium-ion batteries are increasingly installed as
stationary intermediate energy storage to stabilize the power grid and compensate
for fluctuations within the generation of renewable energies like wind and solar
power [14–16]. Although an increased lifetime and energy density are two major
advancements of lithium-ion batteries compared to previous battery technologies,
these factors represent bottlenecks today and have to be further enhanced to facilitate
an even wider range of applications.

The lifetime of lithium-ion batteries is in general determined by several degrada-
tion mechanisms and their interaction [17–20]. The most important degradation
particularly during storage is the continued growth of the solid-electrolyte interphase
(SEI). The SEI forms a layer covering the anode due to electrolyte reduction. On
the one hand, the SEI formation reaction of lithium ions, electrons, and molecules
from the electrolyte consumes cyclable lithium, decreasing the cell capacity. On
the other hand, this layer has a passivating effect and limits further growth of the
SEI, which decelerates ongoing capacity fade. Thus, the existence of the SEI makes
battery operation possible in the first place. As the SEI is decisive for the longevity
of the battery, a lot of research effort is put into understanding and improving the
interphase characteristics.

The energy density of state-of-the-art lithium-ion batteries is limited by using graphite
as ordinary anode material. Silicon anodes promise a superior energy density but
come along with substantial volume changes during cycling of up to 300 %. The
volume changes cause reduced mechanical stability, which can be enhanced by the
application of nano-structured silicon anodes. As silicon anodes are also covered by
an SEI layer, it is important to consider the mechanical interaction between the silicon
nanoparticles and the SEI during cycling. Besides mechanical stability, performance
limitations due to a voltage hysteresis observed for silicon anodes hinder the broad
commercial use of batteries with pure silicon anodes.

This thesis aims to contribute to a clearer view of the relevant SEI growth mecha-
nisms as well as the consequences of the mechanical interaction between silicon and
SEI. In the introduction, Section 1.1 presents the general functional principle and
common anode materials of modern lithium-ion batteries. Subsequently, Section 1.2
introduces the solid-electrolyte interphase (SEI) forming on the anode, causing ca-
pacity degradation. Completing the introduction, Section 1.3 outlines the voltage
hysteresis phenomenon of silicon anodes, which is a significant performance issue
of next-generation batteries. Afterwards, Chapter 2 describes a thermodynamically
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consistent continuum theory, and Chapter 3 elaborates on the simulation results with
a focus on the growth of the SEI and the chemo-mechanical interaction of silicon and
SEI. Finally, this thesis closes with a conclusion in Chapter 4.

1.1 Lithium-Ion Batteries

Since the first commercial lithium-ion batteries in the early 1990s, they are character-
ized by a higher energy density compared to previous battery chemistries. The basic
working principles of these pioneering cells have been used since then, whereas the
individual components have been replaced or improved.

1.1.1 Construction Principle

Lithium-ion batteries, as schematically illustrated in Fig. 1.1, consist of two electrodes
that are separated by a separator to avoid an electrical short. The negative electrode
is called anode, and the positive one cathode. The electrodes as well as the separator
are soaked with a typically liquid electrolyte made out of solvent molecules and a
lithium salt. The electrolyte supports the transport of lithium ions through the battery
but does not allow for electron transport.
The working principle is as follows: Lithium atoms inside the anode possess a high
energy corresponding to a low electrical potential. In contrast, lithium atoms inside
the cathode possess a low energy corresponding to a high electrical potential. The
chemical potential difference between the lithium in the two electrodes corresponds
to a voltage, which absorbs energy when lithium moves from the cathode to the
anode and releases energy during motion in the opposite direction. To ensure charge
neutrality inside the electrodes, lithium ions travel through the battery from one
electrode to the other to compensate for the electronic transport through the external
circuit. Therefore, neutral lithium is stored inside the anode with high potential
energy when the battery is charged and inside the cathode with low potential energy
when the battery is discharged [10]. The flow of electrons and lithium ions is
permanently controlled by a battery management system (BMS) to stay within the
permitted working conditions. The in-operando estimation of the state-of-charge
(SOC) and state-of-health (SOH) of the battery is of particular significance and
certainly non-trivial [21].
As indicated earlier, the single components used inside modern lithium-ion batteries
have changed since the first commercial cells. The electrolyte solvent used in the
first commercial cell was propylene carbonate (PC), which tends to cointercalate into
graphite and promotes graphite exfoliation [1]. Thus, it was only a few years later
replaced by ethylene carbonate (EC) mixed with a linear carbonate like dimethyl
carbonate (DMC), ethyl methyl carbonate (EMC), or diethyl carbonate (DEC). Fur-
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Figure 1.1: Scheme of the construction principle of a lithium-ion battery. Particularly,
anodes based on silicon nanoparticles instead of graphite can increase the volumetric
and gravimetric energy density. Independent of the material choice, a solid-electrolyte
interphase (SEI) covers the anode particles.

thermore, the insertion of additives into the electrolyte ensures the formation of a
stable solid-electrolyte interphase layer as introduced in Section 1.2, essential for an
extended service life. At the cathode side, the first commercial cell used lithium cobalt
oxide (LCO). Nowadays, besides LCO, there is a variety of cathode materials available
with reduced cobalt content like lithium nickel manganese cobalt oxide (NMC) and
lithium nickel cobalt aluminum oxide (NCA) as well as cobalt-free compounds like
lithium iron phosphate (LFP) and more recently lithium manganese iron phosphate
(LMFP). To enable fast cycling and thicker electrodes, the cathode and anode active
material are mixed with a conductive binder, promoting electronic transport and
mechanical stability. In the following, the anode materials and their characteristics
are discussed in more detail to reflect their importance for the present work.

1.1.2 Anode Materials and Characteristics

The choice of the anode material crucially impacts the defining properties of the
battery, like energy density, specific energy, safety, and lifetime. The first commercial
Sony cell deployed soft carbon (carbon that can be converted to graphite at elevated
temperatures), while their second generation used hard carbon (carbon that is non-
graphitizable) [1]. Afterwards, the transition to PC-free electrolytes enabled the use of
graphite, which has been established as the standard anode material for lithium-ion
batteries. Nevertheless, the search for improved properties with the focus either on
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lifetime or energy density brings other anode materials (back) into play [22–25].

Graphite

Since the mid-1990s, graphite has been the ordinary anode material replacing soft
and hard carbons [26, 27]. The carbon atoms inside graphite form layers with a
hexagonal lattice structure. The distinct distance between the lattice layers allows the
intercalation of lithium into the carbon structure.
Due to the underlying host structure, graphite has a rather restricted ability for
lithiation. Only up to one lithium atom can be stored by six carbon atoms, creating
the fully lithiated graphite compound LiC6. Therefore, the theoretical specific capacity
is limited to 372 mAh/g referred to the unlithiated state (340 mAh/g referred to the
lithiated state).
Nevertheless, the host structure confines the volume expansion during lithiation to
only about 10 %, minimizing mechanical degradation issues such as particle cracking.
The only minor deformations allow the growth of a well-passivating and resilient
solid-electrolyte interphase (SEI), which will be discussed in detail in Section 1.2. The
superior mechanical stability of the graphite particles and the SEI facilitates a suitable
battery lifetime of more than 1000 cycles and 20 years [28–30].

Lithium Titanium Oxide (LTO)

A commercially available alternative to graphite is lithium titanium oxide (LTO), also
called lithium titanate spinel, with the chemical composition Li4Ti5O12 [31–33]. It is
significantly less common than graphite due to a minor theoretical specific capacity
of 175 mAh/g (167 mAh/g referred to the lithiated state Li7Ti5O12) and a higher
anode potential of about 1.5 V versus lithium compared to about 0.1 V for graphite.
Both properties lead to a decreased energy density of full cells using LTO anodes.
Nevertheless, the negligible volume change of less than 0.3 % [32, 34] and the high
anode potential suppressing SEI growth (cf. Section 1.2) results in an impressive
lifetime of more than 10 000 cycles [33]. Additionally, LTO anodes allow for an
increased full-cell power density compared to graphite cells [33]. Thus, LTO anodes
can be beneficial for applications requiring very high power and multiple cycles per
day, like battery electric trains.

Lithium Metal

In terms of increasing energy density, lithium metal anodes are commonly considered
the "holy grail" in battery research. Lithium metal shows the maximum possible
theoretical capacity of 3860 mAh/g naturally referred to the lithiated state [35–40].
However, lithium does not plate as a homogeneous, compact layer during charging
but forms inhomogeneous structures called mossy lithium and lithium whiskers.
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These structures transition to form dendrites depending on the applied current and
cycled capacity, which can penetrate the separator and cause an electrical short in the
worst case [41]. Moreover, the passivating SEI layer (see Section 1.2) has to regrow in
every cycle consuming cyclable lithium. During discharge, inhomogeneous stripping
of lithium can cause contact loss of lithium structures with the current collector
creating non-cyclable, dead lithium.
The described safety issues caused the failure of the early commercialization of
lithium-metal anodes in the 1980s, several years before the commercialization of
graphite anode cells [1]. Therefore, research efforts focus on enabling homogeneous
lithium plating by improving liquid electrolytes with different additives, proceeding
to solid electrolytes, and building artificial interphase layers [42]. Although increased
cycle performances have been reported, the commercial application of rechargeable
lithium-metal batteries still requires several improvements [39].

Silicon

Due to the challenges of lithium-metal anodes, silicon is regarded as a promising
candidate for next-generation lithium-ion batteries [43–48]. Silicon alloys with lithium
up to Li15Si4, revealing a high theoretical capacity of 3579 mAh/g referred to the
unlithiated state (2100 mAh/g referred to the lithiated state) [22]. The high ability
for lithiation facilitates thinner and lighter anodes as indicated in Fig. 1.1, increasing
the battery’s gravimetric and volumetric energy density. Furthermore, silicon is an
abundant and widely spread resource. It can be deployed in principle as pure silicon
anodes or as blended electrodes together with graphite, although this complicates the
state estimation due to inhomogeneous lithiation behavior and progressive lithium
redistribution [49, 50].
The superior lithiability, however, is accompanied by a substantial volume expansion
during lithiation of 300 % and respective shrinkage during delithiation [51]. These
volume changes are partially reversible and irreversible, generating a volume hystere-
sis [52–55]. Due to possibly inhomogeneous lithiation of silicon anodes, the expansion
causes mechanical instabilities. Particle fracture can be avoided using nanoparticles
with a maximum size of 150 nm [56], while large particles pulverize into clusters of
smaller ones [57]. Thus, the focus of research is developing nano-structured silicon an-
odes [58–60]. Nevertheless, significant stresses can also arise inside non-symmetrical
silicon nano-structures due to inhomogeneous lithiation [61, 62]. Additionally, severe
stresses appear inside the covering SEI layer (discussed in Section 1.2) due to the
expansion of the underlying silicon active material. Repeated cracking and healing
of this layer is assumed to contribute to a restricted cycle life of silicon [63], while
silicon anodes also show a deficient calendar life [64]. A further challenge on the way
towards pure silicon anodes is facing performance restrictions due to the occurrence
of a voltage hysteresis, which is discussed in detail in Section 1.3.
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Nevertheless, silicon anodes are considered promising next-generation anodes be-
cause of their improved stability and safety compared to lithium-metal anodes.
Moreover, the application of silicon admixed to graphite in blended electrodes allows
cell manufacturers already today to take advantage of both the superior lifetime of
graphite and the enhanced energy density of silicon. A continuing increase of the
silicon content in blended electrodes eventually facilitates a smooth transition to pure
silicon anodes.

1.2 Solid-Electrolyte Interphase (SEI)

Interfacial and interphasial processes play an essential role in lithium-ion batteries.
The most important interphase is the solid-electrolyte interphase (SEI) [65–69], cover-
ing the anode particles as depicted in Fig. 1.1. Emanuel Peled was the first to describe
the SEI [70–72] and contributed crucially together with Doron Aurbach [73–75] to
a basic understanding of this layer. Many works have investigated the SEI on the
various anode materials condensed in the following reviews: SEI on graphite [76, 77],
LTO [33, 78], lithium metal [40, 79–82], and silicon [83–85]. Nonetheless, the funda-
mentals of the SEI layer are mostly independent of the underlying anode material
and will be discussed in the following.

1.2.1 Formation

The SEI forms on anode particles due to the electrochemical instability of the elec-
trolyte. For achieving a superior energy density, it is beneficial to make use of low
anode potentials close to 0 V versus lithium metal. However, this voltage is signifi-
cantly below the reduction potential of the electrolyte [86, 87]. Therefore, components
of the electrolyte react together with lithium ions and electrons to create reduced
compounds adhering to the anode. The resulting interphase is called SEI.
Various reduction reactions contribute to the formation of the SEI [88–93]. The
reactants can be either solvent molecules like ethylene carbonate (EC), anions from
the dissolved lithium salts like hexafluorophosphate PF6, additives like fluoroethylene
carbonate (FEC) or vinylene carbonate (VC), or their derivatives. Each can react with
lithium ions and electrons to form components that precipitate as SEI. An exemplary
SEI formation reaction is

2 Li+ + 2 e− + 2 EC → Li2EDC + Rg, (1.1)

where Li2EDC is lithium ethylene dicarbonate and Rg is a gaseous byproduct. This
reaction is assumed to be one of the dominant SEI formation reactions as cyclic
carbonates are more important for interphase formation than linear ones [94, 95].
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Figure 1.2: Scheme of the solid-electrolyte interphase (SEI). (a) The complex structure
and composition observed in experiments is (b) homogenized to a one-dimensional
SEI growth and (c) particle-SEI model.

A fundamental SEI layer necessary for the operation of the battery is formed within
the very first cycle. This initial cycling is decisive for the performance and lifetime
of the battery. In terms of expenses, the respective procedure called formation
contributes significantly to the total manufacturing costs [96]. Therefore, an improved
understanding can lead to optimized formation cycling, either reducing battery cell
production costs, increasing battery longevity, or both [97–99].

1.2.2 Essential Properties

The interphase formed on anode particles due to electrolyte decomposition possesses
properties of a solid electrolyte – hence the name solid-electrolyte interphase. The
SEI is conductive for lithium ions but passivates the low anode potential from the
electrolyte by blocking electrons. Thereby, it retards further growth of the SEI and
facilitates the proper operation of the battery.
Nevertheless, the SEI formation reactions consume cyclable lithium ions. Indeed,
the continued growth of the SEI discussed in Section 1.2.4 is the main degradation
mechanism of state-of-the-art lithium-ion batteries [100]. Therefore, an optimized SEI
is necessary to enable battery operation on the one hand but reduce ongoing capacity
fade on the other hand.

1.2.3 Structure

The thickness of the SEI ranges from only a few nanometers after initial cycling up
to several hundred nanometers after extended storage and cycling. The interphase
film consists of several organic and inorganic components [73, 76, 101]. The most
common organic component is lithium ethylene dicarbonate Li2EDC. The inorganic
parts reveal a mixture of components like lithium fluoride LiF, lithium oxide Li2O,
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and lithium carbonate Li2CO3. The typical appearance illustrated in Fig. 1.2(a) is a
mixed layered and mosaic structure [74, 75, 102–104]. The dense inner layer consists
of nanometer-sized domains of crystalline, inorganic components either attached to
each other or embedded in an amorphous, organic matrix. Although the inorganic
components LiF and Li2CO3 are insulating for lithium ions, grain boundary effects
allow lithium ion transport and support electronic blocking [105, 106]. The porous
outer layer consists of predominantly organic compounds and allows the penetration
of the liquid electrolyte. Thus, the inner SEI layer is assumed to be responsible for
the passivating effect of the SEI.
In recent years, cryogenic electron microscopy (cryo-EM) was used to shed light on
the detailed nano-structure of the SEI. Most of these investigations were performed for
lithium metal anodes. The observed SEI structures vary from mosaic [103, 107–109],
layered [109, 110], inversely layered with inorganic components dominant in the
outer layer [103, 107], to the importance of large LiF particles as "indirect SEI" [111].
On a silicon anode, a mixed layered and mosaic structure is observed [112]. On a
carbonaceous anode, an either compact or extended SEI is reported to appear on
different carbon particles [113]. The reported structures highlight the complexity of
the SEI and the importance of a well-passivating, thin inner SEI to hinder uncontrolled
SEI growth and limit capacity loss of the cell.
The diverging observations from cryo-EM together with the reported heterogeneity
of the SEI thickness [114–116] underline the complex interplay of SEI growth with the
components deployed in the cell and the operating conditions. The SEI compounds
and structure depend on the underlying anode material, the used electrolyte (solvent,
salts, additives), as well as the formation and cycling protocol. Common additives
applied in lithium-ion batteries are fluoroethylene carbonate (FEC) [117–120] or
vinylene carbonate (VC) [117, 120]. Their specific effect on the SEI structure and
composition is still not well understood. Moreover, the question of which components
are beneficial inside the SEI, e.g., Li2O or LiF, is still under debate [121, 122]. Thus,
continuum models use a homogenized description of the SEI averaging over the
inhomogeneous composition.

1.2.4 Continued Growth

As stated above, the fundamental SEI is formed during the very first cycle. Nonethe-
less, the SEI continues to grow over time for the whole battery lifespan and is
considered the main degradation mechanism [100]. During open-circuit storage
of lithium-ion batteries, SEI growth manifesting as capacity fade of the battery is
reported to have a square-root dependence in time [28, 100, 123–129]. This

√
t-

dependence indicates a transport-limited, self-passivating process. Furthermore, the
capacity fade depends on the state-of-charge (SOC), causing pronounced capacity
fade at high SOC levels and low anode potentials respectively [28, 100, 126, 128, 130].
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Additionally, capacity fade increases significantly at elevated temperatures [28, 100,
126–130].
Different transport mechanisms are considered in literature to determine SEI growth.
During the initial cycling, electron tunneling is widely assumed to cause the electron
transport necessary for SEI growth [131–133]. For ongoing long-term growth of the
SEI, either electron diffusion [63, 87–89, 133–138], electron conduction [102, 139], or
solvent diffusion [88, 102, 140–151] are discussed.
Using continuum modeling of the listed mechanisms portrayed in Fig. 1.2(b), Single
et al. found that electron diffusion fits best to the experimentally observed SOC
dependence [89]. The notion of the electron diffusion mechanism is supported
by results from density functional theory (DFT) and ab initio molecular dynamics
(AIMD) simulations, reporting hopping of neutral lithium interstitials/radicals, which
is a variant of electron diffusion [134–136]. Nevertheless, some experimental results
indicate a porous SEI allowing for solvent diffusion. One indication is given by
observed swelling of the SEI inside liquid electrolyte interpreted as soaking of the
SEI with electrolyte [152]. This suggests the presence of pores inside the SEI, which
can, however, be restricted to merely the outer SEI. Another indication is given by
redox-shuttle experiments using ferrocene and ferrocenium. The shuttle mechanism
is still observed after forming an SEI layer, suggesting diffusion of large ferrocene
and ferrocenium molecules through the SEI, which indicates the possibility of solvent
diffusion through the SEI [143, 144, 147–149]. However, recent ferrocene shuttle
measurements at realistic battery operation potentials support the theory of SEI
growth mediated by electron diffusion [138]. Due to the ongoing debate, a comparison
of the behavior of SEI growth due to electron diffusion and solvent diffusion was
published in Paper I [153] and will be discussed and related to experimental results
in Section 2.3 and Section 3.1.
Although calendar aging, i.e., SEI growth during battery storage, is already complex,
also cycle aging, i.e., SEI growth during battery operation, is investigated in the
literature [29, 154–157]. The theoretical description for the observed capacity fade
transitioning from a square-root to a linear time dependence is supposed to be the
combination of electron diffusion and electron migration [116, 137, 158]. Despite
these efforts, calendar aging can still dominate the total capacity degradation during
battery operation depending on the cycling conditions [159, 160]. Effectively, even
self-discharge due to SEI growth is a slow form of cycling, which complicates the
analysis of SEI growth during battery storage and can cause deviations from the
typical square-root growth in time.

1.2.5 Mechanics

The SEI covers the single particles of the electrode as schematically illustrated as
a core-shell model in Fig. 1.2(c). Thus, volume changes of the anode material

10



1.2 Solid-Electrolyte Interphase (SEI)

due to lithiation and delithiation, especially for silicon anodes, impose mechanical
deformations of the SEI. These distortions can appear as elastic deformation, plastic
flow, and possibly SEI fracture [63, 161, 162].
Due to the mechanical interplay, the SEI on silicon deserves special interest [83–85].
A superior mechanical stability of the SEI is required to achieve sufficient durability
of silicon-anode lithium-ion batteries [63]. Indeed, the innermost SEI layer on silicon
is reported to stay intact during cycling in experiments and simulations [63, 163–
165]. The notion of a stable inner SEI is additionally supported by the observed
beneficial influence of the SEI on the mechanical stability of silicon anodes [46, 166,
167]. Presumably, the native silicon oxide layer occurring on silicon particles partially
lithiates and contributes to the stiff, inorganic SEI layer [168, 169]. Furthermore, the
SEI grows into the interior of the silicon anode, covering and possibly stabilizing
silicon nano-domains [170]. The importance of SEI mechanics even applies to solid
electrolytes, which also form a certain SEI layer in contact with the anode particles
[171, 172]. Therefore, the mechanical interaction of the SEI with silicon nanoparticles
investigated in Paper II [173] and Paper III [174], as well as nanowires examined in
Paper IV [62], is of major interest.
For the mechanical interaction, the stiffness of the SEI is a critical factor, which is
controversially discussed in literature. According to the classification presented in
Paper II [173], the SEI is reported to be either

• soft with Young’s modulus ESEI < 1 GPa [115, 175–178],

• medium stiff with 1 GPa ≤ ESEI < 10 GPa [115, 177, 179–183],

• stiff with 10 GPa ≤ ESEI < 100 GPa [161, 179–181, 184–186],

• or very stiff SEI with ESEI ≥ 100 GPa [179, 186].

Tendentially, the inner SEI containing inorganic compounds is rather stiff, while the
porous outer SEI containing organic components soaked with liquid electrolyte is
rather soft. Due to the thin SEI layer thickness, it is difficult to experimentally
distinguish between the inner and the outer SEI layer. Therefore, experiments
reporting lower values of Young’s modulus might measure the low stiffness of
the outer SEI, whereas the inner SEI layer possesses a higher Young’s modulus.
Underestimation of the stiffness of the inner SEI is additionally supported by the
reported increase of Young’s modulus at the nanoscale for different materials [187–
191]. Therefore, Young’s modulus of the SEI is assumed to be ESEI = 100 GPa within
this work. Moreover, the increased stiffness at the nanoscale also affects Young’s
modulus of nanoscale silicon.
Furthermore, experiments aim to measure the viscosity parameter of the outer, porous
SEI layer [117, 178, 186, 192, 193]. Nevertheless, the inner, inorganic layer is assumed
to be much stiffer accompanied by a significantly higher viscosity value. However,
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due to the thickness of only a few nanometers, neither the viscosity value nor the
viscosity model of the inner SEI layer are experimentally accessible. As discussed
in Paper II [173], viscosity values between η = 107 Pa s measured for the highly
viscous polymer pitch [194] and η = 1015 Pa s measured for silicon oxide [195–197]
are plausible.

1.3 Voltage Hysteresis of Silicon Anodes

Silicon anodes show a different voltage during lithiation and delithiation, even at low
currents and after relaxation periods. This path-dependency of the voltage schemati-
cally illustrated in Fig. 1.3 is called hysteresis. The gap between the lithiation and
delithiation voltage curves causes a reduced efficiency [198] and leads to detrimental
heat generation [199]. Excessive heat hinders fast charging of batteries using silicon
anodes, which is desired for applications like battery electric vehicles. Moreover, the
ambiguous relation between voltage and SOC impedes precise SOC estimation [198].
As accurate state estimation is required to use the full capacity of the battery, a
detailed understanding of the hysteresis behavior is indispensable.

1.3.1 Lithiation and Delithiation Behavior

In general, anodes exhibit lower potentials during lithiation than during delithiation
due to overpotentials, like diffusion or reaction overpotentials. These overpotentials
become negligible during slow cycling, as observed for common graphite anodes
being only in the order of 10 mV. Silicon anodes, however, expose a larger distance
between the lithiation and delithiation voltage compared to graphite anodes. The
voltage discrepancy of silicon anodes portrayed in Fig. 1.3 also appears during very
slow cycling with C/10 or even C/50, remaining in the order of 200 mV. Voltage
differences of the same size are observed experimentally in thin-film silicon anodes
[53, 54, 200–206], silicon nanowire anodes [207, 208], micrometer-sized silicon particle
anodes [209, 210], and silicon nanoparticle anodes [209, 211–216]. Extrapolating the
measured voltages to a pseudo-OCV indicates that even the OCV depends on the
previous current direction [199, 216]. The direction dependence of the voltage, even
at very low C-rates and quasi open-circuit conditions, is termed voltage hysteresis.

1.3.2 GITT Measurements

To determine the OCV more precisely, the voltage can be measured after a relaxation
period. Estimation of the OCV curve is commonly performed with the galvano-
static intermittent titration technique (GITT). This procedure consists of alternate
(de)lithiation pulses and relaxation periods. For the (de)lithiation steps, the cell is
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Figure 1.3: Scheme of the silicon voltage hysteresis. Silicon anodes reveal a voltage
hysteresis during cycling (red) and a reduced but still significant OCV hysteresis
(yellow). The process of relaxation and continued cycling as part of galvanostatic
intermittent titration technique (GITT) measurements is depicted in blue.

(dis)charged with a constant current for a certain time, causing a defined SOC change.
For the relaxations, the cell is held at open-circuit conditions for a fixed period of
time or until the rate of voltage change falls below a specific threshold.
For graphite anodes, basically no voltage hysteresis is left after the relaxation periods
in GITT measurements [217]. However, for silicon nanoparticle anodes, a significant
voltage hysteresis in the order of 100 mV remains even after several hours of relaxation
time [211–216], visualized in Fig. 1.3. Recent experimental results exhibit a slow,
non-exponential voltage relaxation of full cells equipped with silicon nanoparticle
anodes for over 300 h [216]. This thesis aims to describe the reason for the voltage
hysteresis and the slow long-term relaxation process.

1.3.3 Empirical Plett Model

An empirical description of the voltage hysteresis of silicon anodes is provided by
the established Plett model [218–220]. The phenomenological Plett model not only
considers full lithiation and delithiation cycles but can also depict partial cycles and
transitions between lithiation and delithiation with a simple differential equation
depending on the SOC.
The Plett model treats the voltage during lithiation and delithiation belonging to
different hysteresis states −1 ≤ h(SOC) ≤ 1, scaled by half of the measured size
of the voltage hysteresis H(SOC). Therefore, the voltage U(SOC) predicted by the
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Plett model comprises the mean open-circuit voltage U0(SOC) and the hysteresis
contribution according to

U(SOC) = U0(SOC) + H(SOC) · h(SOC). (1.2)

For transitions between the lithiation and the delithiation branch of the anode voltage
hysteresis, the Plett model applies the empirically derived differential equation in
terms of changes in the SOC

dh(SOC)

dSOC
= −k(SOC)

�
1 + sgn

�
dSOC

dt

�
h(SOC)

�
. (1.3)

The parameter k > 0, which can in general depend on the SOC, defines the slope of
the transition between the hysteresis branches.
The empirical Plett model can reproduce the voltage during lithiation, delithiation,
and respective voltage transitions. Nevertheless, the Plett model cannot describe
relaxation processes in time as observed during GITT measurements discussed in
Section 1.3.2.

1.3.4 Physical Hypotheses in Literature

Literature presents several explanatory approaches regarding the voltage hysteresis
of silicon anodes. In the following, these hypotheses are briefly summarized. Par-
ticularly, it is pointed out that these approaches cannot explain the OCV hysteresis
observed for amorphous silicon nanoparticle anodes.

Thin-Film Silicon Mechanics

Numerous studies have investigated the voltage hysteresis of silicon thin-film anodes,
assigning it to the elasto-plasticity of silicon [53, 200–203, 205, 206, 221, 222]. In
this geometry, silicon is deposited as a thin film on a current collector. The current
collector constrains the expansion of the silicon anode to the normal direction of
the plane, while in-plane expansion is inhibited. This restriction induces significant
stresses during lithiation already at low SOC values. Initially, the silicon film deforms
elastically generating compressive stress, but as lithiation proceeds, it deforms plasti-
cally showing a constant Piola-Kirchhoff stress. During delithiation, the silicon film
initially contracts elastically generating tensile stress, followed by plastic deformation.
For slow lithiation, these stresses are nearly independent of the applied current. The
plastic flow of the silicon anode causes energy dissipation, resulting in an observable
voltage hysteresis of thin-film silicon electrodes. This hysteresis explanation, however,
only applies to the specific thin-film geometry.
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Lithium Diffusion

During lithiation of micrometer-sized silicon particles or during fast lithiation, slow
diffusion inside the silicon particle can cause inhomogeneous lithiation [211, 223].
This leads to different SOC values at the outer boundary of the silicon particles
compared to the interior. The voltage of the anode is determined by the SOC
level of the outer boundary of the silicon particles. Therefore, the higher lithium
concentration at the outer boundary causes lower anode voltages during lithiation.
During delithiation, the lower lithium concentration at the outer boundary induces
higher voltages. Thus, the inhomogeneous lithium distribution can cause a voltage
difference between lithiation and delithiation for large silicon particles or during fast
cycling.
In addition to the SOC effect on the OCV, the inhomogeneous lithium distribution
generates stresses inside the particle. These stresses at the outer boundary are com-
pressive during lithiation and tensile during delithiation, contributing to the voltage
gap between lithiation and delithiation during fast cycling. After several hours or even
300 h of relaxation, however, concentration gradients and the corresponding stresses
cannot contribute to the remaining hysteresis due to their exponential relaxation
profile. Moreover, diffusion overpotentials would reveal a linear C-rate dependence
without offset at vanishing currents, contradicting experiments [216].

Phase Transformations

Phase transformations during lithiation and delithiation of silicon are considered to
evoke a voltage hysteresis [224, 225]. For crystalline silicon, a phase transformation
occurs during the lithiation to an amorphous lithium silicon alloy. Furthermore, at
the end of a full lithiation, the amorphous alloy transforms into the crystalline phase
Li15Si4. This state can be avoided when restricting the maximum lithiation of the
system. For amorphous silicon, phase transformations are observed only during the
very first lithiation [226] or at extremely high C-rates of 30 C [227]. Hence, phase
transformations cannot explain the voltage hysteresis of amorphous silicon anodes
during subsequent (partial) cycling, preventing crystalline phases.

Reaction Kinetics

Furthermore, slow reaction kinetics are discussed in literature to cause significant
overpotentials during cycling [203, 211]. This hypothesis, however, requires unreason-
able parameters for the anodic and cathodic transfer coefficients αa, αc ≫ 1, tuning
the Butler-Volmer equation to describe the slow voltage relaxation [203]. Therefore,
slow reaction kinetics cannot explain the voltage hysteresis during very slow cycling
and after extended relaxation periods.
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1.3.5 Approach in this Thesis: Silicon-SEI Mechanics

Herein, the voltage hysteresis is explained with the chemo-mechanical interaction
of silicon nanoparticles with the SEI depicted in Fig. 1.2(c) and presented in detail
in Paper II [173] and Paper III [174]. The silicon particle deforms during cycling
mainly due to chemical expansion and shrinkage, depending on the lithium concen-
tration. The SEI has to accommodate the particle volume changes with mechanical
deformations, causing significant stresses.
During lithiation, the silicon particle expands, and the SEI has to stretch first elastically
and then plastically when reaching the yield criterion. The mechanical deformation
of the SEI generates compressive stress in the radial direction, acting on the silicon
particles. During subsequent delithiation, the silicon particle shrinks as lithium
concentration decreases. The SEI has to adjust to the silicon surface and contracts
mechanically, again first elastically and then plastically. This releases the compressive
stress and generates tensile stress in the radial direction during delithiation. The
interplay of elastic and plastic deformation induces a hysteresis of the radial stress
component, imposing a stress hysteresis inside the underlying silicon nanoparti-
cle. The stress influences the chemo-mechanical potential of lithium and, therefore,
generates the silicon OCV hysteresis.
In addition to the elastoplastic stress, the viscous behavior of the SEI is responsible
for an extra stress contribution during cycling. During lithiation, when the silicon
particle expands and the SEI stretches in the tangential direction, the SEI gets thinner.
The radial contraction rate of the SEI produces a compressive viscous stress. During
delithiation, when the silicon particle shrinks and the SEI contracts in the tangential
direction, the SEI gets thicker. The radial expansion rate of the SEI produces a tensile
viscous stress. Therefore, the viscous stress enlarges the elastoplastic stress hysteresis
during cycling. The viscous stress is already significant at low currents and stays
considerable during long-term relaxation, as demonstrated in Paper III [174].
The impact of the SEI on the silicon voltage hysteresis is supported in literature
by an observed reduced voltage hysteresis for carbon-coated silicon particles [213].
The carbon-coating can potentially affect the SEI composition and the mechanical
parameters, influencing the generated stress and voltage hysteresis. Furthermore, the
SEI is reported to mechanically stabilize silicon electrodes [46, 166, 167]. The inner
SEI is theoretically and experimentally shown to withstand the large particle volume
changes during cycling [63, 163–165]. These observations substantiate the mechanical
impact of the SEI on the silicon lithiation behavior.
The mechanical notion of the voltage hysteresis is elaborated for silicon nanoparticles
covered by the SEI layer. Nevertheless, the explanation can also reason the voltage
hysteresis of micron-sized silicon particles due to large particle fracture and pulveriza-
tion, generating a network of silicon nanoparticles [56, 57]. Moreover, the SEI grows
into the interior of the silicon electrode, possibly encapsulating nano-sized silicon
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domains [170]. A similar mechanical effect can be evoked in silicon micro-electrodes
by active silicon nanodomains surrounded by inactive domains. The existence of
silicon nanodomains is reported in literature for amorphous silicon under pressure
[228], for crystalline silicon [209], and for silicon oxide [229, 230].
The mechanical explanation of the voltage hysteresis was first presented in Pa-
per II [173]. The model was extended by the description of the long-term relaxation
behavior in Paper III [174]. Moreover, Paper IV [62] generalizes the chemo-mechanical
simulation to an asymmetric geometry. Herein, the theory and model equations are
stated in Section 2.4 and the results are presented in Section 3.2, 3.3, and 3.4.
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2 Theory

This chapter presents the continuum theory and modeling approaches, on which
the investigations for this thesis are based. It discusses the basics of continuum
mechanics in Section 2.1 and of non-equilibrium thermodynamics in Section 2.2.
Afterwards, going into more detail, the theory of growth mechanisms of the SEI
is elaborated in Section 2.3. Finally, the mechanics of the silicon-SEI system is
formulated in Section 2.4. While Sections 2.1 and 2.2 recapitulate the foundations
of thermodynamically consistent chemo-mechanical modeling, Sections 2.3 and 2.4
describe the advanced models used for the performed simulations.

2.1 Continuum Mechanics

Herein, continuum mechanics is used to describe the deformations and mechani-
cal interactions of macroscopic systems. Continuum mechanics averages over the
mechanical contributions of single atoms or molecules, describing a system as a
continuous body with homogenized mechanical properties. A profound introduction
to continuum mechanics can be found in Ref. [231], which is condensed in this section
to the main principles applied within this thesis.

2.1.1 Frames of Reference

Two perspectives can be taken when treating continuum mechanics: one considering
the evolution related to the deformed state and one related to the undeformed state.
The following paragraphs introduce these two concepts.

Configurations

In continuum mechanics, a material body B is modeled to be continuously distributed
within a region Ω. The body B moves with time in space due to initial motion as well
as internal or external forces. The state of the material body with the coordinates of
the (continuous) material points x⃗ ∈ Ω is called configuration.
The initial state of the continuum body is considered as reference or undeformed con-
figuration Ω0 depicted on the left-hand side in Fig. 2.1. The position vectors X⃗0 ∈ Ω0

describe the coordinates of the body in the undeformed configuration. Therefore, the
coordinates X⃗0 represent the initial material positions and stay constant in time.
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Figure 2.1: Scheme of the reference (initial, undeformed) and current (deformed)
configuration of a core-shell body. The Lagrangian frame considers the behavior of
the body related to the reference configuration, while the Eulerian frame relates to the
current configuration. The deformation gradient tensor F relates both configurations.
Figure inspired by Ref. [231].

The state of the continuum body at time t is viewed as the current or deformed
configuration Ω shown on the right-hand side in Fig. 2.1. The position vectors x⃗ ∈ Ω
describe the coordinates of the body after the performed deformations. Hence, the
coordinates x⃗ represent the current material positions after deformation and change
in time.

Lagrangian Frame

In the Lagrangian frame, motion and deformation of the material body B is referenced
to the undeformed configuration Ω0 illustrated on the left-hand side in Fig. 2.1.
The current material points x⃗ are mapped to the initial points X⃗0 by the mapping
function x⃗ = χ(X⃗0, t). After mapping the deformed to the undeformed positions,
all equations describing the system can be evaluated respective to the undeformed,
initial configuration in the Lagrangian frame. For evaluating the results, the positions
are transformed back to the current configuration after performing the calculations of
interest.
The Lagrangian perspective is called material description as it describes the behavior
and changes of individual (continuum) particles. The material description in the
Lagrangian frame is particularly convenient for investigating the mechanical behavior
of solid continuum bodies, which are allowed to deform but always keep a basic
internal structure.
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The equations of the mechanical system investigated within this thesis are expressed
in the Lagrangian frame. More details about the mechanical model will be discussed
in Section 2.4.

Eulerian Frame

In the Eulerian frame, the behavior of the material body B is described relative to the
current configuration Ω displayed on the right-hand side in Fig. 2.1, which changes in
time. In this approach, no transformation of coordinates is necessary as all equations
describing the system are evaluated in the deformed configuration in the Eulerian
frame. However, the change of coordinates in time for the moving and deforming
body affects and potentially complicates the set of equations.
The Eulerian perspective is useful to analyze the mechanical behavior evolving in time
at a fixed spatial point. Hence, it is called spatial description. The spatial description
in the Eulerian frame is particularly convenient for investigating fluid mechanics,
where the evolution of, e.g., velocity or pressure is evaluated in time at a specific
point in space.

2.1.2 Spatial and Material Derivatives

Spatial derivatives describe changes with respect to the deformed current configu-
ration with material positions x⃗ ∈ Ω. Material derivatives refer to the undeformed
reference configuration with coordinates X⃗0 ∈ Ω0. For a better understanding, a
spatial field ζ(x⃗, t) and a material field ζ0(X⃗0, t) of some physical quantity are intro-
duced, which are considered to be scalar for simplicity but can be extended in general
to vector and tensor fields.
Spatial derivatives can be simply applied to spatial fields and material derivatives to
material fields. Nevertheless, intermixing of the material time derivative and spatial
fields is necessary for calculations in the Eulerian frame when the time evolution of a
certain material point is under investigation.

Nabla Operator

The spatial derivative with respect to position is defined as ∇ = ∂/∂x⃗ consider-
ing changes referencing to the spatial coordinates x⃗ ∈ Ω. The material derivative
is defined as ∇0 = ∂/∂X⃗0 considering changes referencing to the material coordi-
nates X⃗0 ∈ Ω0.
Spatial and material derivatives with respect to position are typically used referring
to a corresponding spatial or material field. Therefore, no mixing of spatial and
material coordinates is discussed.
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Spatial Time Derivative

The spatial time derivative of the spatial field ζ(x⃗, t) is the time derivative at a fixed
current position x⃗. It expresses the time evolution of the field at a certain point in
space in the (deformed) Eulerian frame. The spatial time derivative or local time
derivative is denoted as the partial time derivative ∂ζ(x⃗, t)/∂t.

Material Time Derivative

The material time derivative is the time derivative at a fixed material point X⃗0. It
expresses the time evolution of the field at a certain point in space in the (undeformed)
Lagrangian frame. The material time derivative of the spatial field ζ(x⃗, t) is denoted
as the total time derivative according to

ζ̇(x⃗, t) =
Dζ(x⃗, t)

Dt
=

∂ζ(x⃗, t)
∂t

+
∂x⃗
∂t

· ∂ζ(x⃗, t)
∂x⃗

=
∂ζ(x⃗, t)

∂t
+ v⃗ · ∇ζ(x⃗, t) (2.1)

with the velocity field of the material body v⃗ = ∂x⃗/∂t. Thus, the material time
derivative of a spatial field comprises a spatial time derivative and a convective
contribution due to the motion of the material body.
Considering a material field ζ0(X⃗0, t), the convective term vanishes as the material
points X⃗0 stay constant in time v⃗0 = ∂X⃗0/∂t = 0. Hence, the material time derivative
coincides with the partial time derivative in the Lagrangian frame

ζ̇0(X⃗0, t) =
∂ζ0(X⃗0, t)

∂t
, (2.2)

describing the time evolution at a fixed material point X⃗0. The simplicity of this
equation is appealing for investigations in solid continuum mechanics using the
Lagrangian frame.

2.1.3 Deformations

The deformation of a continuum body characterizes the transformation between dif-
ferent configurations. Deformations describe lattice distortions, rigid body rotations,
and rigid body translational motion of the material due to internal or external forces.

Deformation Gradient Tensor

The deformation gradient tensor F = ∂x⃗/∂X⃗0 relates the current configuration Ω to
the reference configuration Ω0 as illustrated in Fig. 2.1. The deformation gradient
describes distortions of the lattice and rigid body rotations. It does not account for
rigid body translation by definition.
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The deformation gradient qualifies the transformation of line elements dx⃗ = FdX⃗0,
directed surfaces according to Nanson’s formula dA⃗ = JF−TdA⃗0, and volume changes
dV = JdV0. The volume ratio J is defined by the determinant of the deformation
gradient J = det F.

Strain Tensor

Neither rigid body rotations nor rigid body translation contributes to the potential
energy of the system. Therefore, the strain tensor is defined as a measure for merely
the lattice distortions

E =
1
2

�
FTF − Id

�
. (2.3)

The strain quantifies the extent of distortion of a continuum element relative to its
original state. The specific strain tensor defined in Eq. (2.3) is called the Green-
Lagrange strain tensor. In contrast to measurable deformations, the notion of strains
is founded on concepts to facilitate the mechanical investigation [231]. Although
literature presents a multitude of alternative definitions of the strain tensor, the
Green-Lagrange tensor is applied in this thesis, characterizing the material strain in
the Lagrangian frame.

2.1.4 Stress Measures

Deformations of the material caused by externally applied forces and deformations
lead to interactions of neighboring material points inside the continuum body. In
continuum mechanics, these interactions are characterized by stress tensors expressing
internal or external force per unit area. The stress contains the information on how
the material responds to external forces and deformations and is responsible for
deformations of the material itself.
The concept of stress depends on the reference frame, either the deformed Eulerian
frame or the undeformed Lagrangian frame. The different stress tensors applied in
this thesis are introduced in the following.

Cauchy Stress

The Cauchy stress tensor σ quantifies the local stress state at a material point in the
continuum body referenced to the deformed current configuration Ω. The Cauchy
stress σ relates the force dF⃗ acting on a surface area in the current configuration dA
and the surface area itself as

dF⃗ = σ · n⃗ dA (2.4)

with the normal vector n⃗ of the surface element dA [231].
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As the Cauchy stress represents the stress state in the current configuration, it is
also called true stress. The Cauchy stress is particularly useful when performing
calculations in the Eulerian frame or relating to experimental results. The Cauchy
stress tensor σ is always symmetric.

First Piola-Kirchhoff Stress

The first Piola-Kirchhoff stress tensor P represents the local stress state at a material
point related to the undeformed reference configuration Ω0. The first Piola-Kirchhoff
stress P relates the force dF⃗ acting on a surface area in the current configuration dA
and the surface area in the reference configuration dA0 as

dF⃗ = P · n⃗0 dA0 (2.5)

with the normal vector n⃗0 of the surface element dA0 [231].
The first Piola-Kirchhoff stress is especially convenient for investigations in continuum
mechanics of solids, where the Lagrangian frame is preferred for calculations. For
example, the convenience of the first Piola-Kirchhoff stress is evidenced in the
momentum balance stated in Eq. (2.11).
The first Piola-Kirchhoff stress P relates to the Cauchy stress σ by the Piola transfor-
mation

P = JσF−T. (2.6)

Contrary to the Cauchy stress, the first Piola-Kirchhoff stress is not symmetric
in general. However, when the deformation tensor is symmetric it also imposes
symmetry for the first Piola-Kirchhoff stress tensor.

2.2 Non-Equilibrium Thermodynamics

Non-equilibrium thermodynamics is the branch of thermodynamics that describes
systems out of the thermodynamic equilibrium [232, 233]. Analog to equilibrium
thermodynamics, macroscopic properties like temperature and entropy characterize
the state of the system. These measures are, in general, not constant but evolving
in time in non-equilibrium thermodynamics. The concept of thermodynamics is
governed by fundamental conservation laws of mass, momentum, and total energy.
Furthermore, a non-negative entropy production has to be ensured.
This work continues the thermodynamic consistent modeling efforts presented in
Refs. [63, 234–237]. The principles of non-equilibrium thermodynamics stated in this
section are predominantly based on the thermodynamically-consistent continuum
modeling works [63, 173, 236, 237].
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2.2.1 Continuity Equation

The laws of conservation discussed in the following can be stated universally by
continuity equations. The continuity equation of a physical quantity ζ(x⃗, t) relates its
evolution in time to the flux N⃗ζ and a source sζ of this quantity. The differential form
of the continuity equation reads

∂ζ

∂t
= −∇ · N⃗ζ + sζ . (2.7)

In descriptive words, the quantity ζ in a certain volume element changes in time
according to the flux N⃗ζ into or out of this volume element and a source sζ that
generates the quantity inside this volume element.
Considering a physical quantity ζ0(X⃗0, t) defined with respect to the initial configura-
tion, i.e., in the Lagrangian frame, the partial time derivative coincides with the total
time derivative as discussed in Section 2.1.2. Hence, the continuity equation states

ζ̇0 = −∇0 · N⃗ζ,0 + sζ,0 (2.8)

with all quantities expressed in the undeformed Lagrangian domain indicated by the
subscript "0". In the following, all equations are stated in the Lagrangian frame.

2.2.2 Species Conservation

A fundamental law of conservation neglecting relativistic effects is the conservation
of mass. Without explicit consideration of reactions, i.e., not accounting for the
production and consumption of a species i, mass conservation can be portrayed as
overall species conservation.
Therefore the concentration ci,0 of species i changes in time by the respective species
flux N⃗i,0 according to

ċi,0 = −∇0 · N⃗i,0 (2.9)

stated for vanishing source term.
The species i can be any physical or chemical species in general. In this thesis, Eq. (2.9)
governs the transport of lithium atoms, lithium ions, electrons, and solvent molecules
considered mobile species.

2.2.3 Momentum Conservation

The momentum balance based on Newton’s second law of motion states that the
momentum of a body changes due to external forces. In continuum mechanics,
the temporal evolution of momentum g⃗ is determined by internal forces due to the
divergence of stress and external body forces b⃗. The momentum balance is stated in
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Cauchy’s first equation of motion [231], which reads

ρ0 ˙⃗g = ∇0 · P + ρ0⃗b (2.10)

in the local formulation transformed to the Lagrangian frame.
Assuming mechanical equilibrium, ˙⃗g = 0, and vanishing external body forces, b⃗ = 0,
Eq. (2.10) simplifies to

0 = ∇0 · P. (2.11)

The momentum conservation stated in Eq. (2.11) determines the mechanical contribu-
tion to the chemo-mechanical silicon-SEI model presented later in Section 2.4.

2.2.4 Energy Conservation

The first law of thermodynamics states that the energy of a system changes due to
heating or mechanical work in interaction with the system’s surroundings. In the
following, heat contributions are neglected due to an isothermal perspective.
Mechanical power is determined by forces F⃗ acting on the material body times the
velocity field v⃗. With the forces defined according to Newton’s second law of motion
stated in Eq. (2.10), the mechanical power in integral form stated in Ref. [237] reads

Pmech =

�
Ω0

ρ0 v⃗⃗bdΩ0 +

�
∂Ω0

v⃗PdA⃗0 =

�
Ω0

h
ρ0 v⃗⃗b + ∇0 ·

�
PTv⃗

�i
dΩ0 (2.12)

using the divergence theorem. Returning to the local formulation, the total energy of
the system changes according to

ρ0ė = ρ0 v⃗⃗b + ∇0 ·
�

PTv⃗
�

. (2.13)

The internal energy u defined by the difference of the total energy e and the kinetic
energy 1

2 v⃗g⃗ changes as u̇ = ė − v⃗ ˙⃗g. Applying the product rule

∇0 ·
�

PTv⃗
�

= v⃗∇0 · P + P : ∇0v⃗ (2.14)

with the double contraction of two tensors defined as A : B = ∑ij AijBij. Identifying
Ḟ = ∇0v⃗, the internal energy changes according to

ρ0u̇ = P : Ḟ. (2.15)

Therefore, the internal energy change is balanced by the mechanical influence deter-
mined by the rate of the deformation tensor Ḟ.
The internal energy u, the entropy of the system s, and the temperature T determine
the free energy φ according to the Legendre transformation as φ̇ = u̇ − Tṡ. Hence,
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the time evolution of the free energy by inserting Eq. (2.15) states

ρ0 φ̇ = P : Ḟ − ρ0Tṡ. (2.16)

In the chemo-mechanical silicon-SEI model under investigation, the change of the
free energy depends on the lithium concentration cLi,0 and the reversible deformation
Frev. Expressing the deformation in the form of the reversible right Cauchy-Green
tensor Crev = FT

revFrev, the change of the free energy density reads

ρ0 φ̇ = µLiċLi,0 +
1
2

Trev : Ċrev. (2.17)

Here, µLi is the chemical potential of lithium and Trev = JF−1
revσF−T

rev is the reversible
second Piola-Kirchhoff stress tensor. From Eq. (2.17) result the constitutive equations
for the chemical potential µLi and the reversible second Piola-Kirchhoff stress tensor
as

µLi =
∂(ρ0φ)

∂cLi,0
(2.18)

Trev = 2
∂(ρ0φ)

∂Crev
. (2.19)

The constitutive equations (2.18) and (2.19) determine the chemo-mechanical coupling
via the free energy for the silicon-SEI model discussed in Section 2.4.

2.2.5 Entropy Production

The second law of thermodynamics states that heat does not flow spontaneously from
a colder body to a hotter body. This law can be reformulated in terms of entropy,
namely that the entropy cannot decrease in a closed system.
Accounting for the second law with non-negativity of the entropy production R ≥ 0,
the entropy balance states

ρ0Tṡ = −∇TN⃗S,0 + R (2.20)

with the entropy flux N⃗S,0.
Rewriting Eq. (2.20) with the free energy φ expressed in Eq. (2.17), the entropy
production reads

R = −µLiċLi,0 − 1
2

Trev : Ċrev + P : Ḟ + ∇0TN⃗S,0 ≥ 0. (2.21)

Comparison of the chemical and the entropic term in Eq. (2.21) relates the entropy flux
to the lithium flux as N⃗S,0 = (µLiN⃗Li,0)/T, when accounting for the species balance
stated in Eq. (2.9).
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The Piola-Kirchhoff stress P of the silicon-SEI model discussed in Section 2.4 consists
of an elastoplastic Pel and a viscous share Pvisc as P = Pel + Pvisc. The mechanical
power density divides into a reversible contribution due to elastic deformation, an
irreversible contribution due to plastic flow, and a dissipation contribution due to
viscous behavior

P : Ḟ =
1
2

Trev : Ċrev + M : Lpl + Pvisc : Ḟ, (2.22)

where M = CrevTrev is the Mandel stress and Lpl = ḞplF
−1
pl is the plastic flow.

Inserting the mechanical power density Eq. (2.22) into the entropy production condi-
tion Eq. (2.21) yields

R = −N⃗Li,0∇0µLi + M : Lpl + Pvisc : Ḟ ≥ 0. (2.23)

Each of the three terms has to fulfill the non-negativity condition, restricting the
selection and development of chemo-mechanical models to a thermodynamically
consistent framework.

2.3 Growth Mechanisms of the SEI

Understanding the continuing SEI growth is of prevailing importance due to its
direct relation to the capacity fade of lithium-ion batteries. The rate of SEI growth
is generally determined by the interplay of reaction kinetics and diffusion of educt
species. This section presents the theory of SEI growth mediated by two transport
mechanisms, namely electron diffusion and solvent diffusion.

2.3.1 Fundamentals of SEI Growth

Before discussing the transport mechanisms of interest, the following paragraphs
outline the foundations of SEI growth. In particular, the basics cover the interrelation
of SEI thickness and capacity loss as well as the influence of reaction kinetics and
species diffusion.

Correlation of SEI Growth and Capacity Fade

Several degradation mechanisms can cause capacity fade of lithium-ion batteries Qloss.
Nevertheless, the growth of the SEI layer is considered to be the dominant reason for
the capacity loss, particularly during battery storage Qloss ≃ QSEI.
The creation of newly formed SEI, extending the SEI thickness from initially LSEI,0
to LSEI during battery storage, consumes cyclable lithium ions according to the
formation reaction stated in Eq. (1.1). The loss of active lithium ions immediately
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causes a capacity loss QSEI. The SEI thickness LSEI and capacity loss due to SEI
growth QSEI are linearly related by

LSEI =
v

sLi

QSEI

AF
+ LSEI,0, (2.24)

where v is the mean molar volume of the generated SEI species, sLi is the mean
stoichiometric coefficient of lithium ions in the SEI formation reactions, A is the
anode surface area, and F is the Faraday constant. Due to the preferential reduction
of cyclic carbonates, the characteristic SEI formation reaction in Eq. (1.1) is assumed
to determine the mean molar volume v and the stoichiometric coefficient sLi.
The SEI formation current density jSEI determines the evolution of SEI-related capacity
fade in time as

∂tQSEI = AjSEI. (2.25)

The interplay of reaction kinetics and charge transport affects the SEI formation
current density jSEI as discussed in the following.

Reaction Kinetics

In electrochemical systems, the Butler-Volmer equation is typically considered to char-
acterize the reaction kinetics [238], also in the context of thermodynamic-consistent
modeling [234, 235, 239]. The Butler-Volmer equation describes the dynamics of a
one-step charge-transfer reaction at reasonable reaction overpotentials. For particu-
larly large overpotentials, more sophisticated theories, e.g., Marcus-Hush-Chidsey
theory, have to be considered.
The Butler-Volmer equation relating the reaction current j to the overpotential of the
reaction ηr states

j = j0 ·
�

exp
�

αazF
RgasT

ηr

�
− exp

�
− αczF

RgasT
ηr

��
. (2.26)

The first term describes the anodic contribution (oxidation reaction), and the second
term describes the cathodic part (reduction reaction). The parameters αa and αc

are the anodic and cathodic charge transfer coefficients, weighting the contributions
of the anodic and cathodic direction. Usually, for single-electron processes, the
charge transfer coefficients are related by αc = 1 − αa. Thus, the parameter α = αa is
often called symmetry factor and is typically assumed to be α = 0.5. The residual
parameters in Eq. (2.26) are the number of transferred charges z, the universal gas
constant Rgas, and the ambient temperature T. The overpotential of the reaction is
defined as

ηr = U −
�

Uref +
RgasT

zF
ln

c̃O

c̃R

�
. (2.27)
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with the potential difference at the electrochemical interface U, the equilibrium po-
tential difference at reference conditions Uref, and the concentration of the oxidized
species c̃O = cO/cO,ref and the reduced species c̃R = cR/cR,ref, respectively, normal-
ized by their reference concentrations. The exchange current density j0 is estimated
as

j0 = kcαa
O cαc

R (cR,max − cR)αa (2.28)

with the reaction rate constant k and the maximum concentration of the reduced
species cR,max.
Combining Eqs. (2.26), (2.27), and (2.28), the Butler-Volmer equation can be reformu-
lated as

j = j′0 ·
�

c̃R exp
�

αazF
RgasT

(U − Uref)

�
− c̃O exp

�
− αczF

RgasT
(U − Uref)

��
(2.29)

with the exchange current density j′0 defined as

j′0 = k′(cR,max − cR)αa (2.30)

and the reaction rate constant k′.
The Butler-Volmer equation can be applied in general to describe various charge-
transfer reactions, e.g., lithium intercalation into graphite or lithium insertion into
silicon with the equilibrium voltage at reference conditions given by the anode open-
circuit voltage Uref = U0. In this case, negative current densities correspond to
lithiation of the anode, while positive ones correspond to delithiation. In the context
of SEI growth, the Butler-Volmer equation describes the rate of the SEI formation
reaction stated in Eq. (1.1) with the equilibrium voltage at reference conditions given
by the SEI formation potential Uref = USEI,ref. In this case, negative current densities
express growth of the SEI.

Fickian Diffusion

A precondition for the SEI formation reaction to take place is that all reaction com-
pounds have to be in the same place. In literature, the convening of the reactants
is commonly assumed to be facilitated by diffusion of either electrons or solvent
molecules as introduced in Section 1.2.4.
The diffusion process described by Fick’s law quantifies mass transport driven by
concentration gradients. The diffusive flux density N⃗i of species i states

N⃗i = −Di∇ci (2.31)

with ci the concentration of a species i and Di the respective diffusion coefficient.
In the most general form, the equation of Fickian diffusion quantifying concentration
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changes in time reads
∂ci

∂t
= ∇ · (Di∇ci) (2.32)

For a constant diffusion coefficient and restriction to one-dimensional motion in
x-direction, the diffusion equation simplifies to

∂ci

∂t
= Di · ∂2ci

∂x2 . (2.33)

In the following, the simplified diffusion formulation in Eq. (2.33) is applied to
determine the diffusion process of electrons and solvent molecules and its implications
for the growth behavior of the SEI.

2.3.2 Electron Diffusion Mechanism

As discussed in Section 1.2.4, electron diffusion is a widely assumed mechanism to
cause long-term SEI growth during battery storage [63, 87–89, 133–138]. The electron
diffusion mechanism explains the transport of electrons from the anode-SEI interface
towards the SEI-electrolyte interface by diffusion of localized electrons, schematically
illustrated in Fig. 2.2. The electrons can be accompanied by lithium ions perceived
together as neutral lithium interstitials supported by density functional theory (DFT)
calculations [134, 135]. Nevertheless, localized electrons can also occur in localized
states generated by crystal inhomogeneities [240], grain boundaries of distinct SEI
compounds [105], or radicals inside the SEI [136].

The detailed derivation of the electron diffusion mechanism was presented by Single
et al. in Ref. [89]. In the following, the basic concepts of this deduction are reflected.

The first assumption is the chemical equilibrium of electrons at the anode-SEI interface,
expressed as chemical potentials µanode

e− = µSEI
e− . On the one hand, the anode open-

circuit voltage U0 determines the chemical potential of electrons inside the anode
as µanode

e− = −FU0. On the other hand, ideal solution theory describes the chemical
potential of electrons inside the SEI as

µSEI
e− = µSEI

e−,ref + RgasT ln
ce− |x=0
ce−,max

(2.34)

with µSEI
e−,ref a reference chemical potential, ce− |x=0 the concentration of electrons

inside the SEI at the anode-SEI interface, and ce−,max the maximum concentration of
localized electrons inside the SEI.

The concentration of localized electrons inside the SEI at the anode-SEI interface is
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Figure 2.2: Scheme of the electron diffusion mechanism mediating SEI growth.
Reprinted and modified from Ref. [153] with permission from Elsevier.

determined by the equilibrium condition of the chemical potential to

ce− |x=0 = ce−,0 · exp
�

− FU0

RgasT

�
, (2.35)

where ce−,0 is the concentration of localized electrons at U0 = 0 V.

The second assumption is that diffusion governs the transport of electrons from
the anode-SEI interface towards the SEI-electrolyte interface. This diffusive charge
transport is recognized as SEI formation current density jSEI

e− as

jSEI
e− = ze− FN⃗e− = ze− FDe−

∂ce−

∂x
(2.36)

with ze− the electron charge number, N⃗e− the species flux density of electrons, and
De− the diffusion coefficient of electrons inside the SEI.

The capacity fade due to SEI growth mediated by electron diffusion is determined
by solving Eq. (2.36). The boundary condition for the electron concentration at
the anode-SEI interface is given by Eq. (2.35). At the SEI-electrolyte interface, a
vanishing concentration of electrons is assumed due to fast SEI formation reaction
kinetics, ce− |x=LSEI

= 0. The resulting equation quantifying SEI growth combining
Eq. (2.25) and Eq. (2.36) with the specified boundary conditions states

∂tQSEI =
A2sLiF2De−

v
· ce−,0 · e−Ũ0

QSEI + QSEI,0
(2.37)

with the normalized anode voltage Ũ0 = FU0/(RgasT) and initial capacity loss QSEI,0.

Assuming a constant voltage, Eq. (2.37) can be solved analytically, revealing the
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renowned square-root time dependence of SEI growth

QSEI = AF

r
2sLi

v
De−ce−,0e−Ũ0/2√

t + t0 − QSEI,0, (2.38)

where the time constant t0 accounts for passivation by the initial SEI thickness.
Examining Eq. (2.37) and Eq. (2.38), capacity fade due to the electron diffusion
mechanism of SEI growth contains a parabolic time dependence as well as an intrinsic
dependence on the anode OCV. Nonetheless, changing anode voltages over time can
cause deviations from the typical square-root time behavior as discussed later in
Section 3.1.3.

2.3.3 Solvent Diffusion Mechanism

As an alternative transport mechanism, literature considers the diffusion of solvent
molecules through the SEI towards the anode-SEI interface to cause continued SEI
growth [88, 102, 140–151]. The schematic in Fig. 2.3 visualizes the SEI growth
mediated by solvent diffusion. Reasons for the notion of solvent diffusion are possible
porosity of the SEI [152] and deduced motion of large (solvent and redox) molecules
through the SEI in redox shuttle experiments [143, 144, 147–149] as outlined in
Section 1.2.4. However, in opposition to the electron diffusion mechanism, Single
et al. demonstrated that solvent diffusion cannot explain the experimentally observed
SOC dependence of capacity fade, at least in the transport limited regime [89].
To investigate the solvent diffusion mechanism more thoroughly, the restriction to
the transport limited regime was lifted in Paper I [153]. The generalized approach
accounts for the interplay of reaction kinetics and diffusion, allowing both steps to
limit the overall SEI growth behavior. In the following, a detailed derivation of the
solvent diffusion mechanism is provided, which was published in a condensed form
in Paper I [153].
In order to estimate the rate of the SEI formation reaction stated in Eq. (1.1), the
chemical potentials for the reaction educts µeducts and the reaction product identified
as SEI µSEI state

µeducts = µLi+ + µe− + µEC = −FU0 + µEC,ref + RgasT ln (c̃EC)

µSEI = µSEI,ref
(2.39)

with the normalized concentration of ethylene carbonate (EC) solvent molecules
c̃EC = cEC/cEC,bulk specified by the ratio of the actual concentration cEC and the
bulk concentration cEC,bulk. The parameter µEC,ref represents the reference chemical
potential of the bulk electrolyte and µSEI,ref the constant chemical potential of the
SEI. Due to chemical equilibrium, the anode open-circuit voltage U0 determines the
chemical potential of the electrons. Furthermore, the number of transferred charges
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Figure 2.3: Scheme of the solvent diffusion mechanism mediating SEI growth.
Reprinted and modified from Ref. [153] with permission from Elsevier.

of the rate-limiting step is assumed as z = 1.
The normalized overpotential η̃r = Fηr/(RgasT) driving the SEI formation reaction is
defined as the Gibbs free energy change ∆G due to the reaction, which is the difference
of the chemical potentials η̃r = ∆G/(RgasT) = (µSEI − µeducts)/(RgasT). Therefore,
the normalized overpotential of the SEI formation reaction during open-circuit storage
conditions reads

η̃r =
FU0

RgasT
− ln (c̃EC) − µEC,ref − µSEI

RgasT
. (2.40)

For initialization of the Butler-Volmer equation analog to Eq. (2.26) describing SEI
formation, the normalized concentration of SEI species inside the SEI is set to c̃SEI = 1.
The concentration of educt species impacting the reaction rate is the solvent concen-
tration at the anode-SEI interface c̃EC(x = 0). The charge transfer coefficients are
assumed to be αa = α and αc = 1 − α as commonly supposed due to simple charge
transfer kinetics. Therefore, the initialized Butler-Volmer equation quantifying the
reaction rate of SEI growth reads

Rrate = r0c̃α
EC(x = 0)

h
e−(1−α)η̃r − eαη̃r

i
(2.41)

with the reaction rate constant r0.
As boundary condition, the Butler-Volmer equation (2.41) is constrained to yield
vanishing rates at the SEI formation voltage U = USEI,ref = 0.8 V, when the solvent
concentration at the anode-SEI interface equals the bulk concentration c̃EC(x = 0) = 1.
The specified condition identifies the reference term in Eq. (2.40) to be equivalent
to (µEC,ref − µSEI,ref)/(RgasT) = ŨSEI,ref with the normalized SEI formation voltage
calculated as ŨSEI,ref = FUSEI,ref/(RgasT). Inserting the normalized overpotential
expressed in Eq. (2.40) and applying the reference condition into the Butler-Volmer
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equation (2.41) yields the derived Butler-Volmer equation defining the SEI formation
reaction rate due to solvent diffusion as

Rrate =
j0
F

h
c̃EC(x = 0)e−(1−α)(Ũ0−ŨSEI,ref) − eα(Ũ0−ŨSEI,ref)

i
(2.42)

with the exchange current density defined as j0 = Fr0 and the normalized anode
open-circuit voltage Ũ0 = FU0/(RgasT).

The so far non-quantified value of the solvent concentration at the anode-SEI interface
occurring in the derived Butler-Volmer equation is determined by the residual con-
centration of diffusing solvent molecules towards this interface and solvent species
lost due to the SEI formation reaction. The diffusion equation analog to Eq. (2.33)
for EC molecules diffusing through the SEI from the SEI-electrolyte interface to the
anode-SEI interface states

∂c̃EC

∂t
=

DEC

L2
SEI

· ∂2c̃EC

∂x̃2 (2.43)

with DEC the diffusion coefficient of EC molecules and x̃ = x/LSEI the non-dimensional
distance from the anode-SEI interface.

The boundary conditions for the diffusion equation relate the solvent concentration
to the respective bulk value at the SEI-electrolyte interface and to the Butler-Volmer
reaction rate at the anode-SEI interface according to

c̃EC|x̃=1 = 1 (2.44)
DcEC,bulk

LSEI
· ∂c̃EC

∂x̃

����
x=0

= Rrate. (2.45)

The solution of the coupled equations for the reaction rate in Eq. (2.42) and the
diffusion equation in Eq. (2.43) is combined with the relation to capacity loss due to
SEI growth stated in Eq. (2.25). The resulting equation defining SEI growth mediated
by solvent diffusion reads

∂tQSEI = Aj0
e−(1−α)(Ũ0−ŨSEI,ref) − eα(Ũ0−ŨSEI,ref)

1 + vj0
sLi AF2DECcEC,bulk

e−(1−α)(Ũ0−ŨSEI,ref) (QSEI + QSEI,0)
. (2.46)

The capacity loss according to Eq. (2.46) states the SEI-related capacity fade mediated
by solvent diffusion limited in general by the interplay of reaction kinetics and solvent
species transport. Analyzing the SEI growth in the regimes of transport limitation
and reaction limitation, respectively, simplifies the intertwined functional behavior
and facilitates analytic expressions for the capacity fade.

As a first case, transport can limit the overall SEI growth if FDECcEC,bulk/LSEI ≪ j0. In
the transport-limited regime, Eq. (2.46) reduces for a constant voltage to the analytical
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expression for SEI-related capacity fade

QSEI = AF

r
2sLi

v
DECcEC,bulk (t + t0) − QSEI,0 (2.47)

when the term of the backward reaction, i.e., SEI dissolution, is neglected. Assuming
transport limitation, Eq. (2.47) demonstrates that the solvent diffusion mechanism
reveals the typical square-root behavior of capacity fade in time. However, no
dependence on the OCV remains in this case.
As a second case, the reaction step can dominate the SEI growth behavior for low
exchange current densities j0 ≪ FDECcEC,bulk/LSEI. In the reaction-limited regime,
Eq. (2.46) simplifies to

QSEI = Aj0
�

e−(1−α)(Ũ0−ŨSEI,ref) − eα(Ũ0−ŨSEI,ref)
�

t. (2.48)

Thus, the solvent diffusion mechanism reveals a non-trivial SOC dependence for SEI
growth with reaction limitation stated in Eq. (2.48). However, in this case, a linear
time dependence results, opposing capacity fade experiments.

2.4 Silicon-SEI Mechanics

Silicon is a promising next-generation anode material, as it shows a significantly
raised theoretical capacity. Nevertheless, the high ability for lithiation involves
substantial volume expansion during lithiation and respective shrinkage during
delithiation. Therefore, changes in lithium concentration inside silicon, as well as
mechanical responses of silicon and SEI, cause deformations of the silicon-SEI system.
The mechanical deformations and the deformation rates of the SEI generate stresses,
impacting the lithiation behavior of silicon anodes. The following chemo-mechanical
model illustrates the interplay of silicon and SEI in the Lagrangian frame, investigated
thoroughly in Paper II [173], Paper III [174], and Paper IV [62].

2.4.1 Model Free Energy Density

The investigated silicon-SEI model is founded on a free energy density to obey
the restrictions of thermodynamic consistent modeling discussed in Section 2.2.
The free energy density ρ0φ in the Lagrangian frame, constituting of a chemical
contribution ρ0φch and a mechanical contribution ρ0φel, states

ρ0φ = ρ0φch + ρ0φel (2.49)

= −
� cLi,0

0
FU0

�
c′

Li,0
�

dc′
Li,0 +

1
2

�
λ (tr (Eel))

2 + 2G tr
�

E2
el

��
. (2.50)
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The chemical share is determined by the lithium concentration cLi,0 and the observed
open-circuit voltage U0 (cLi,0). It is empirically motivated, such that the chemical
potential of lithium matches the observed true OCV [234–236]

µLi,ch =
∂ρ0φch

∂cLi,0
= −FU0. (2.51)

In the case of silicon anodes, the observed voltage hysteresis impedes precise mea-
surements of the true OCV value. Thus, the SOC-dependent mean value of the open-
circuit voltages in the lithiation and delithiation branch, Ulith

0 (cLi,0) and Udelith
0 (cLi,0),

is considered as true OCV

U0(cLi,0) =
1
2

�
Ulith

0 (cLi,0) + Udelith
0 (cLi,0)

�
. (2.52)

For the mechanical share, the Saint Venant–Kirchhoff model, a compressible hypere-
lastic material model, describes the mechanical free energy [231]. The elastic strain Eel
stated later in Eq. (2.55) determines the amount of strain energy. The mechanical
parameters are the first Lamé constant λ = 2Gν/ (1 − 2ν) and the second Lamé
constant G = E/(2(1 + ν)). They include Young’s modulus E and the Poisson ratio ν

of the underlying material, either silicon or SEI.

2.4.2 Chemo-Mechanical Deformation Contributions

The deformation gradient tensor F introduced in Section 2.1.3 is described multiplica-
tively for the silicon-SEI system in large deformation or finite strain theory

F = FplFelFch. (2.53)

The total deformation consists of the chemical contribution Fch due to lithium concen-
tration changes, the elastic part Fel accounting for reversible mechanical deformations,
and the plastic share Fpl describing irreversible mechanical deformations. The defor-
mation contributions are defined in detail in the following.
The multiplicative approach chosen for the silicon-SEI model is in contrast to small
deformation or infinitesimal strain theory, where the total strain is the sum of the sin-
gle strain contributions. Finite strain theory is necessary to describe the investigated
system due to substantial deformations during cycling.

Chemical Expansion

The chemical deformation Fch describes reversible expansion due to an increase in
lithium concentration cLi,0 and respective shrinkage during delithiation. Lithium
atoms alloying with silicon occupy a certain amount of space, expressed as the partial
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molar volume vLi = 9 · 10−6 m3

mol [241, 242]. The chemical deformation is considered
to be isotropic, i.e., uniform in all directions of space,

Fch = λchId = (1 + vLicLi,0)1/3Id. (2.54)

The size of the deformation components λch is derived from the volume expansion
of the lithium-silicon alloy during lithiation Jch = λ3

ch. The lithium concentration is
expressed in the undeformed Lagrangian frame and can take any positive value up to
cLi,0,max = 311 · 103 mol

m3 [212, 243]. Therefore, the chemical deformation contribution
ranges between the values 1 ≤ λch ≲ 1.56.

Elasticity

Elastic deformation generates stress, which has to obey the momentum balance stated
in Eq. (2.11). The elastic strain tensor is defined analog to the general strain equation
in Eq. (2.3) as

Eel =
1
2

�
FT

elFel − Id
�

. (2.55)

The first Piola-Kirchhoff stress Pel generated due to the elastic deformation is defined
by the constitutive equation (2.19) and the relation to the reversible second Piola-
Kirchhoff stress via Pel = FrevTrevF−T

pl . The reversible deformation combines the
chemical and elastic contributions, Frev = FelFch. Resulting from the Saint Venant-
Kirchhoff model defining the mechanical contribution to the free energy density in
Eq. (2.50), the stress reads

Pel = 2F
∂ρ0φ

∂C
= λ−2

ch FF−T
pl F−1

pl (λ tr(Eel)Id + 2GEel) . (2.56)

The stress determined by Eq. (2.56) is generated purely by elastic strains. However,
as plastic deformation influences the stress value, it is termed elastoplastic stress in
the following.

Plasticity

Plastic flow of silicon arises when reaching pronounced distortional stress levels.
As an irreversible effect, plastic flow causes deformations that do not generate an
additional stress contribution but influence the elastic stress stated in Eq. (2.56). The
von Mises yield criterion for plastic flow states

f =
3
2 |Mdev

a |2
σ2

Y
− 1 ≤ 0 (2.57)
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with the deviatoric contribution Mdev
a = Ma − 1/3 tr Ma of the adapted Mandel stress

Ma = 1
J M = FT

revσF−T
rev and the yield stress σY. No plastic flow occurs when f < 0,

while plastic flow sets in when the yield criterion is reached f = 0.
The plastic flow expressed as Lpl = ḞplF−1

pl is determined by

Lpl = ϕ
∂ f

∂Ma
, (2.58)

where the plastic multiplier ϕ results from the Karush–Kuhn–Tucker (KKT) condition
for ideal plastic flow ϕ f = 0. The KKT condition ensures that the plastic multiplier
vanishes ϕ = 0 for f < 0, i.e., no plastic flow occurs when the norm of the deviatoric
stress is below the yield stress. When reaching the yield criterion f = 0, the plastic
flow has to ensure that the yield criterion is not exceeded to obey the KKT condition.
Thus, the plastic multiplier results from the consistency condition ḟ = 0 during
plastic flow. The requirement of non-negative entropy production M : Lpl ≥ 0 from
Eq. (2.23) restricts the plastic multiplier to non-negative values ϕ ≥ 0.

2.4.3 Viscosity Models

The literature discusses several approaches to describe viscous material behavior.
As these models are based on positive correlations between viscous stress and the
deformation or strain rate, the condition of non-negative entropy production Pvisc :
Ḟ ≥ 0 from Eq. (2.23) is immediately fulfilled. In the following, the viscosity models
relevant to this thesis are presented.

Newtonian Viscosity

The simplest approach to describe the viscous behavior of a material is the Newtonian
viscosity model. It relates the viscous stress σvisc proportionally to the strain rate Ė
according to

σvisc = ηĖ. (2.59)

The proportionality constant in Eq. (2.59) is the viscosity η, determining the size of
viscous stress for a certain strain rate. In the description of the Lagrangian frame, the
first Piola-Kirchhoff stress tensor reads

Pvisc = JηḞ. (2.60)

The Newtonian viscosity model is characterized by its simplicity but typically applies
only to low strain rates. For higher strain rates, the Newtonian model is prone to
overestimate the generated viscous stress, as the viscosity of many materials decreases
for increasing strain rates.
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Shear-Thinning Viscosity

An advancement of the linear Newtonian viscosity is the shear-thinning viscosity
model. It assumes that the viscosity is not constant but scales as a power law
depending on the strain rate

η
�
Ė

�
= η0Ėn−1

mag, (2.61)

where η0 is the shear-thinning viscosity, n is the shear-thinning exponent, and the
tensor Ėmag composes of component-wise magnitudes of the strain rate tensor. The
viscosity values η in Eq. (2.61) and the viscous stress values σvisc in Eq. (2.59) are
calculated component-wise. The shear-thinning model is empirically motivated and
oftentimes fits better to experimental results, revealing a decreasing slope of the
viscous stress for higher strain rates.

Garofalo Viscosity

Another viscosity model accounting for the decreasing slope of the viscous stress for
higher strain rates is the Garofalo viscosity model or inverse hyperbolic sine model
first presented in Ref. [244]. The Garofalo law utilizes the flattening profile of the
inverse hyperbolic sine to describe the viscous Cauchy stress

σvisc = σref · asinh
�
τĖ

�
(2.62)

with a reference stress measure σref and the time constant τ. The first Piola-Kirchhoff
stress in the Lagrangian frame states

Pvisc = Jσref · asinh
�
τĖ

�
F−T. (2.63)

The Garofalo viscosity model is theoretically motivated in Ref. [245] by lattice
distortions, influencing hopping energy barriers between neighboring lattice positions.
The strain rate results from the difference between forward and backward hopping,
indicated by the hyperbolic sine of the stress, which is responsible for the energy
barriers. Inverse formulation of the relation between strain rate and viscous stress
reasons the Garofalo law in Eq. (2.63).
In the limit of small stresses, the Garofalo model coincides with the Newtonian
viscosity model, revealing linear behavior. For extensive stresses, however, the
Garofalo low predicts a logarithmic dependence of the viscous stress on the strain
rate, flattening faster for higher strain rates than the shear-thinning approach.

2.4.4 Chemo-Mechanical Coupling

The free energy density of the silicon-SEI model stated in Eq. (2.50) consists of a
chemical and a mechanical contribution. The chemical potential is defined by the

40



2.4 Silicon-SEI Mechanics

constitutive equation (2.18), accounting for the whole free energy density. Conse-
quently, the chemical potential couples chemistry with mechanics and will be called
chemo-mechanical potential in the following.
The chemo-mechanical potential derived from the constitutive equation (2.18) and
the free energy density in Eq. (2.50) reads

µLi =
∂ρ0φ

∂cLi,0
= −FU0 − vLi

3λ3
ch

P : F. (2.64)

The first term describes the purely chemical contribution, depending on the lithium
concentration via U0(cLi,0). The second term represents the chemo-mechanical cou-
pling, depending on stress and the chemical expansion.
The chemo-mechanical potential of lithium relates to the anode voltage U according
to µLi = −FU. Hence, the anode voltage affected by chemistry and mechanics states

U = U0 +
vLi

3Fλ3
ch

P : F. (2.65)

The chemo-mechanical expression of the anode voltage demonstrates that it is crucial
to consider not only chemical but also mechanical effects for the voltage estimation
of silicon anodes.

2.4.5 Chemo-Mechanical Silicon-SEI Model

So far, the chemo-mechanical model considering chemical expansion, elasticity, plas-
ticity, and viscosity is derived and stated in a general form. The following paragraphs
present the specific model equations solved for the silicon nanoparticle core, the SEI
shell, and their interface.

Chemo-Elastoplastic Silicon Core

Inside the silicon particle, the state is defined by the lithium concentration cLi,0 and the
respective deformation FSi,ch, elastic deformation FSi,el, and plastic deformation FSi,pl.
The lithium concentration change during lithiation and delithiation of a silicon particle
reads

ċLi,0 = −∇0 · N⃗Li,0 = ∇0 · L∇0µLi (2.66)

driven by the chemo-mechanical potential µLi to account for non-negative entropy
production in Eq. (2.23). The mobility of lithium is defined as L = DLi (∂µLi/∂cLi,0)−1

with DLi the diffusion coefficient of lithium inside silicon. The definition of the
mobility L ensures compatibility with the Fickian diffusion equation (2.33). At
the particle boundary r = R, the lithium flux N⃗Li,0(R) is specified by the applied
(de)lithiation rate.

41



2 Theory
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Figure 2.4: Scheme of the volume changes of silicon nanoparticles and the radial
stress at the particle-SEI interface during cycling. Reprinted from Ref. [173], licensed
under CC BY 4.0, https://creativecommons.org/licenses/by/4.0/.

Regarding the elastic deformation, the momentum balance

0 = ∇0 · PSi (2.67)

determines the time evolution of the stress inside silicon. Viscous effects are neglected
for the silicon particle model. Thus, the momentum balance specifies the elastic
stress PSi = PSi,el and elastic strain ESi,el via Eq. (2.56).
The plastic deformation results from plastic flow LSi,pl analog to Eq. (2.58) when
reaching the von Mises yield criterion fSi ≤ 0 in Eq. (2.57). For the silicon particle,
plastic flow obeys

LSi,pl = ϕSi
∂ fSi

∂Ma,Si
with fSi =

3
2 |Mdev

a,Si |2
σ2

Y,Si
− 1 ≤ 0 (2.68)

with the deviatoric part Mdev
a,Si of the adapted Mandel stress Ma,Si = FT

Si,revσSiF
−T
Si,rev

and the yield stress σY,Si of the silicon particle. The plastic multiplier ϕSi results from
the consistency condition ḟSi = 0.

Visco-Elastoplastic SEI Shell

The SEI model considers no chemical deformation but elastic deformation FSEI,el
and plastic deformation FSEI,pl. Furthermore, the elastic stress is complemented by a
viscous stress contribution.
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The stress inside the SEI PSEI is composed of an elastic stress share PSEI,el and a
viscous stress share PSEI,visc according to

PSEI = PSEI,el + PSEI,visc. (2.69)

The viscous stress relates to the strain rate of the SEI ĖSEI, depending on the choice of
the viscosity model presented in Section 2.4.3.
The momentum balance

0 = ∇0 · PSEI = ∇0 · (PSEI,el + PSEI,visc) (2.70)

yields the temporal evolution of the stress inside the SEI. Together with the viscous
stress, Eq. (2.70) determines the evolution of the elastic strain ESEI,el.
Plastic flow LSEI,pl occurs when reaching the yield condition fSEI ≤ 0 stated generally
in Eq. (2.57). The plastic flow inside the SEI follows

LSEI,pl = ϕSEI
∂ fSEI

∂Ma,SEI,el
with fSEI =

3
2 |Mdev

a,SEI,el|2
σ2

Y,SEI
− 1 ≤ 0 (2.71)

with the deviatoric part Mdev
a,SEI,el of the elastic contribution to the adapted Mandel

stress Ma,SEI,el = FT
SEI,elσSEI,elF

−T
SEI,el and the yield stress σY,SEI of the SEI shell. Plastic

flow inside the SEI is assumed to be caused by elastic stress and not by viscous stress.
The consistency condition ḟSEI = 0 determines the plastic multiplier ϕSEI.

Particle-SEI Interface Coupling

At the interface between the silicon particle and the SEI, both domains are coupled
geometrically and mechanically. The underlying assumption is perfect sticking
between the silicon and the SEI domain.
The geometric connection effects equal radial coordinates at the interface of the
silicon particle and the SEI shell, rSi,int = rSEI,int = R. Furthermore, the spherical
geometry causes equal deformations of silicon and SEI in the tangential direction at
the interface, FSi,φφ

��
r=R = FSEI,φφ

��
r=R.

The mechanical coupling imposes equal stress components in the radial direction at
the silicon-SEI interface

PSi,rr
��
r=R = PSEI,rr

��
r=R. (2.72)

While the chemical expansion dominates the deformation inside the silicon particle,
the SEI deforms solely mechanically. Therefore, large mechanical strains and stresses
arise inside the SEI to accommodate the volume changes during cycling. In terms of
the chemo-mechanical silicon-SEI model, it is essential to account for the mechanical
influence of the SEI on the lithiation behavior of the silicon particle.
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2.4.6 Reduced Chemo-Mechanical Model

In addition to the spatially-resolved chemo-mechanical continuum model for the
silicon-SEI system, a reduced model is derived in Paper III [174]. This model considers
the chemo-mechanical interaction of silicon and SEI based on the current state at
the interface. It accounts for voltage changes due to elastic stress inside the silicon
particle generated by elastoplastic stress of the SEI ∆Uee and viscous stress of the
SEI ∆Uev applying the Garofalo viscosity model. Due to the detailed derivation
in Paper III [174] and the corresponding supporting information, only the model
equations are stated in the following.
The system of differential equations defining the reduced chemo-mechanical hystere-
sis model reads

d SOC
dt

=
ċLi,0

cLi,0,max
= ±Crate

3600
1
s

(2.73)

d ∆Uee

dt
=





−ESEI
2v2

Li
3Fλ7

ch
ċLi,0, if fred < 0

αredσY,SEIv2
Li

F
�
1 + αredλ3

ch

�2 |ċLi,0| , otherwise
(2.74)

d ∆Uev

dt
= − ESivLi

τFλ2
ch

sinh

 
αredλ3

chF∆Uev

σrefvLi

!
− ESiv2

Li

3Fλ3
ch

ċLi,0 (2.75)

with the auxiliary parameter αred = 1
2

�
RSi,0
LSEI,0

− 1
�

and the yield criterion for plastic
flow for the reduced model

fred = − sgn (ċLi,0)
�

1 + αredλ3
ch

� F∆Uee

vLiσY,SEI
− 1 ≤ 0. (2.76)

The reduced model describes the silicon anode voltage as the sum of the mean open-
circuit voltage U0, the elasto-elastoplastic contribution ∆Uee, and the elasto-viscous
contribution ∆Uev stating

U = U0 + ∆Uee + ∆Uev. (2.77)

In descriptive terms, Eq. (2.73) describes the change of SOC for lithiation (+) and
delithiation (−). The upper case in Eq. (2.74) represents the elasto-elastic voltage
evolution resulting from the elastic stress of the silicon core imposed by the elastic
behavior of the SEI. The lower case in Eq. (2.74) states the elasto-plastic voltage
contribution due to elastic silicon stress arising from the plastic behavior of the SEI.
For the elasto-viscous voltage contribution in Eq. (2.75), elastic stress inside the silicon
particle is imposed by the viscous stress of the SEI. The first term in Eq. (2.75) accounts
for the relaxation of the viscous SEI stress, while the second term states the increase
in viscous SEI stress due to silicon volume changes.
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Considering the voltage relaxation, the analytical solution of the viscous contribution
stated in Eq. (2.75) states

∆Uev =
2vLiσref

αredFλ3
ch

atanh
�

C · exp
�

− Ecoreαredλch

τσref
t
��

(2.78)

with the integration constant C specified by the boundary condition of the initial
voltage before the relaxation process.
Appealing in its simplicity, the reduced chemo-mechanical hysteresis model rationally
complements the spatially resolved silicon-SEI model. Based on differential equations
with respect to time, the reduced model preserves the physical context of the voltage
hysteresis explanation. Moreover, the reduced model covers voltage relaxation
processes in time. Both physical interpretation and relaxation predictions distinguish
the presented reduced chemo-mechanical hysteresis model from the empirical Plett
model outlined in Section 1.3.3.
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3 Results and Discussion

Based on the thermodynamically consistent theory addressed in Chapter 2, this
chapter investigates the characteristics of SEI growth mechanisms discussed in Paper I.
Moreover, it presents the chemo-mechanical silicon-SEI model relating to the silicon
voltage hysteresis published in Paper II, Paper III, and Paper IV. The corresponding
publications, including the manuscript and supporting information, are placed at the
end of this thesis.
First of all, Section 3.1 refers to the simulation results of SEI growth mechanisms
during open-circuit storage as published in Paper I [153]. Particularly, the work com-
pares the characteristics of the electron diffusion and solvent diffusion mechanisms.
The focus of the investigation is on relating the simulation results to experimental
data, considering the observed SOC and time dependence to reassess the relevant
growth mechanism.
The as-grown SEI constitutes the precondition for the chemo-mechanical interaction of
silicon and SEI treated afterwards in this chapter. As introduced in Section 1.3, silicon
anodes show a voltage hysteresis behavior, lacking a consistent physical explanation.
Considering the substantial volume changes of silicon upon cycling, Section 3.2 deals
with the chemo-mechanical interplay of silicon and SEI presented as the reason for
the voltage hysteresis in Paper II [173]. The model describes the hysteresis behavior
during cycling and after short relaxation periods for spherically symmetric silicon
nanoparticles.
Nevertheless, recent experimental results report a slow long-term voltage relaxation
process of silicon anodes [216]. Extending the hysteresis description, Section 3.3
discusses an advancement of the chemo-mechanical model, which reproduces the
long-term relaxation behavior as presented in Paper III [174]. The improved model
incorporates the Garofalo viscosity model for the SEI, portraying a more realistic
material behavior and providing a consistent description of the observed voltage
hysteresis phenomena.
So far, the chemo-mechanical model is restricted to a spherically symmetric geometry.
Generalizing to a two-dimensional geometry, Section 3.4 directs the main emphasis
to the chemo-mechanical interaction of silicon and SEI for an elliptical nanowire
discussed in Paper IV [62]. The investigation considers mechanical and lithiation
inhomogeneities in the asymmetric geometry featured by either a soft or a stiff SEI,
closing the circle towards the voltage hysteresis.
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3 Results and Discussion

3.1 SEI Growth During Battery Storage

This section summarizes the results of Paper I [153], not claiming completeness but
referring to the corresponding publication for further details. The original publication and
information about the author’s contribution are provided on Pages 103 to 117.

As discussed in Section 1.2.4, the capacity fade of lithium-ion batteries is predom-
inantly attributed to the long-term growth of the SEI. Despite extensive research
efforts, the exact growth mechanism is still debated within the scientific community.
The theory of the two prevailing notions, namely electron diffusion and solvent
diffusion, is presented in Section 2.3, condensing the results of Paper I [153].
The capacity fade due to SEI growth mediated by electron diffusion obeys Eq. (2.37)
and the one mediated by solvent diffusion complies with Eq. (2.46). All parameter
values are stated in Paper I [153]. For the investigation, the capacity loss Qloss is
subdivided into an SOC-dependent capacity loss due to electron or solvent diffusion
QSEI and an additional SOC-independent contribution Qadd [89]. The additional
capacity loss determined from capacity fade at SOC = 0 might account for SEI
growth during check-up cycles or other degradation effects like particle fracture.
To establish the relevant mechanism, electron diffusion and solvent diffusion are
contrasted in Sections 3.1.1 and 3.1.2. The properties of these SEI growth mechanisms
are compared to the experimentally observed SOC and time dependence of capacity
fade measured by Keil et al. [126]. Furthermore, the effect of self-discharge during
SEI growth is presented in Section 3.1.3 as a reason for deviations of the typical
square-root time dependence during storage in comparison to experimental data by
Attia et al. [246].

3.1.1 Electron Diffusion

The electron diffusion mechanism considers the diffusion of electrons from the anode
through the SEI towards the SEI-electrolyte interface. Formation of new SEI happens
at the SEI-electrolyte interface, where the diffused electrons react with the present
lithium ions and solvent molecules. The time evolution of capacity fade produced by
the electron diffusion mechanism is stated in Eq. (2.37). In the following, the features
of capacity loss due to electron diffusion are compared to the experimental SOC and
time dependence observed by Keil et al. [126].
First, Fig. 3.1(a) depicts the simulated capacity fade depending on the SOC according
to the electron diffusion model in comparison to the experimental data [126]. Simula-
tion and experiment describe the capacity fade at different SOC values after a fixed
period of 9.5 months of open-circuit storage. The single parameter of the electron dif-
fusion model, the prefactor in Eq. (2.37), is fitted to meet the experimentally observed
SOC dependence. Indeed, Fig. 3.1(a) reveals a fairly precise agreement between the
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Figure 3.1: Simulated capacity loss due to the electron diffusion mechanism fitted to
the SOC dependence in comparison to experimental data [126]. (a) SOC dependence of
capacity loss. (b) Time dependence of capacity loss at different SOC levels. Reprinted
from Ref. [153] with permission from Elsevier.

simulated and measured capacity loss depending on SOC.
Second, the simulated and experimental time evolution of capacity loss is depicted in
Fig. 3.1(b) for different SOC values. The parameters of the electron diffusion model
are unmodified compared to the simulation of the SOC dependence in Fig. 3.1(a). As
expected for battery storage, simulation and experiment exhibit a square-root profile
in time. Moreover, Fig. 3.1(b) shows that the simulated capacity fade reasonably
matches the observed time dependence.
Combining the results of Fig. 3.1, the electron diffusion mechanism explains the
observed SOC and time dependence. In particular, electron diffusion achieves both
agreements with the same model parameters.

3.1.2 Solvent Diffusion

The solvent diffusion mechanism describes SEI growth mediated by the diffusion of
solvent molecules from the electrolyte through the SEI towards the anode. The SEI
formation reaction takes place at the anode-SEI interface, where the diffused solvent
molecules meet the available lithium ions and electrons. The SEI-related capacity loss
generated by the solvent diffusion mechanism is represented by the universal form in
Eq. (2.46). SEI growth mediated by solvent diffusion in this description is generally
limited by the interplay of reaction kinetics and solvent transport.
Figure 3.2 depicts the capacity fade profile depending on SOC and time for the
solvent diffusion mechanism compared to the experiment [126], analog to the electron
diffusion mechanism illustrated in Fig. 3.1. In Fig. 3.2(a) and (b), the curves reveal the
solvent diffusion model fitted to the experimental SOC dependence, while Fig. 3.2(c)
and (d) show the model fitted to the experimental time dependence. The fitted
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Figure 3.2: Simulated capacity loss due to the solvent diffusion mechanism in com-
parison to experimental data [126]. (a) and (b) Solvent diffusion mechanism fitted
to the observed SOC dependence. (a) SOC dependence of capacity loss for SOC-fit.
(b) Time dependence of capacity loss at different SOC levels for SOC-fit. (c) and (d)
Solvent diffusion mechanism fitted to the observed time dependence at SOC = 50%.
(c) SOC dependence of capacity loss for time-fit. (d) Time dependence of capacity
loss at different SOC levels for time-fit. Reprinted from Ref. [153] with permission
from Elsevier.

parameters are the exchange current density j0 and the diffusion coefficient DEC. The
symmetry factor is set to α = 0.5, not influencing the main outcomes as substantiated
in Paper I [153].
The fit of capacity loss generated by the solvent diffusion mechanism to the SOC
dependence is depicted in Fig. 3.2(a). The plot reveals a proper agreement between
simulation and experiment, demonstrating that the solvent diffusion mechanism
can, in principle, reproduce the experimental SOC dependence. Nevertheless, the
electron diffusion model achieves a slightly more precise match to the experiment
depending on the SOC. Applying the parameters adjusted to meet the SOC depen-
dence, Fig. 3.2(b) illustrates the time dependence of solvent diffusion compared to the
experiment. The simulated profiles for SOC = 50% and SOC = 100% disagree with
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the experiment by predicting a minor curvature. Hence, the solvent diffusion model
fitted to the SOC dependence does not reproduce the observed time dependence.
In contrast, Fig. 3.2(d) depicts the fit of capacity fade due to the solvent diffusion
model to the experimental time dependence at SOC = 50%. The simulated capacity
loss reveals precise accordance with the experiment at SOC = 0% and SOC = 50%.
However, the simulation does not match the observed capacity fade at SOC = 100%.
Figure 3.2(c) elucidates the disagreement at high SOC levels. It depicts the SOC
dependence of the solvent diffusion model with the parameters obtained from the
fit to the time dependence. The capacity loss predicted by the solvent diffusion
model exhibits a plateau between SOC = 10% and SOC = 100%, contradicting the
experimental profile. Thus, the solvent diffusion model fitted to the time dependence
cannot coincide with the experimental SOC dependence.
In order to find an intermediate regime, a parameter study for the exchange current
density j0 and the diffusion coefficient DEC is performed in Paper I [153]. The varia-
tion of the reaction and diffusion rate unveils two distinct regimes. On the one hand,
the reaction limited regime, i.e., a small exchange current density and a high diffusion
coefficient, fits the SOC dependence. On the other hand, the transport limited regime,
i.e., a large exchange current density and a small diffusion coefficient, matches the
observed time dependence. Nevertheless, the parameter variation excludes an inter-
mediate regime, where the solvent diffusion mechanism explains the experimental
capacity loss depending on SOC as well as depending on time.
Evaluating the results from Fig. 3.2 and the parameter variation, the solvent diffu-
sion mechanism reproduces either the SOC dependence or the time dependence.
There is no regime where the solvent diffusion model reasonably accounts for both
dependencies with the same parameters.

3.1.3 Deviation from
√

t Behavior

The comparison of the SEI growth mechanisms in the previous Sections 3.1.1 and 3.1.2
assigns the electron diffusion mechanism to be responsible for SEI growth. Capacity
fade generated by electron diffusion shows the observed SOC dependence and the
observed, square-root shaped time dependence for constant SOC. Nevertheless, SEI
growth during battery storage consumes lithium ions and electrons from the anode,
causing self-discharge of the cell. The corresponding change in SOC effects a change
of the anode OCV, which crucially impacts SEI growth. The change in the OCV can,
in principle, cause deviations from the typical square-root time dependence.
In Fig. 3.3, the experimental data by Attia et al. [246] illustrate the capacity fade of
a half-cell with carbon black anode. The data reveal a substantial capacity loss of
about 60% after 130 days of open-circuit storage. The curve exhibits a particularly
steep increase in the beginning, flattening over storage time. The description of the
capacity loss profile with the typical square-root dependence t0.5 does not agree with
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Figure 3.3: Deviation from the typical t0.5 behavior simulated with the electron diffu-
sion mechanism in comparison to experimental data [246]. Reprinted from Ref. [153]
with permission from Elsevier.

the experiment. Instead, a power law tβ describes the experimental curve with the
empirically determined exponent β = 0.31 [246].
In addition to the experiment, Fig. 3.3 depicts the simulated SEI-related capacity loss
due to electron diffusion obeying Eq. (2.37). Thus, the electron diffusion mechanism
depends on the anode OCV, accounting for SOC changes and self-discharge effects.
As evident in Fig. 3.3, self-discharge crucially impacts the simulated capacity loss,
resulting in a deviation from the typical square-root time dependence predicted
for constant SOC. The simulated capacity fade mediated by the electron diffusion
mechanism matches the experimentally observed profile. In particular, the influence
of self-discharge decreases the effective time exponent β < 0.5, while the impact of
reaction limitation or electron migration effects on SEI growth would increase the
effective time exponent β > 0.5.
Hence, the electron diffusion mechanism provides a physical description of deviations
from the square-root dependence in time due to self-discharge. It considers the
transport-limited regime but accounts for changes in SOC during storage due to SEI
growth.
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3.2 Voltage Hysteresis of Silicon Anodes

This section summarizes the results of Paper II [173], not claiming completeness but
referring to the corresponding publication for further details. The original publication and
information about the author’s contribution are provided on Pages 119 to 141.
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Figure 3.4: Graphical abstract from Paper II [173]. Illustration of the radial
stress generated inside the SEI during cycling and the impact on the voltage
of the silicon anode. Reprinted from Ref. [173], licensed under CC BY 4.0,
https://creativecommons.org/licenses/by/4.0/.

Nano-structured silicon anodes are desired for next-generation lithium-ion batteries,
concerning silicon’s high theoretical capacity but mechanical instability of large
particles introduced in Section 1.1.2. However, silicon anodes suffer from a voltage
hysteresis during slow cycling and after relaxation, as discussed in Section 1.3. The
several hypotheses in literature, reasoning a hysteresis behavior, do not apply to
amorphous silicon nanoparticles.
Therefore, Paper II [173] considers the chemo-mechanical interplay of silicon and
SEI presented in Section 2.4 as the cause of the voltage hysteresis illustrated in
Fig. 3.4. Within this model, the SEI generates stress due to visco-elastoplastic behavior
depending on the deformation and the deformation rate. Accordingly, the SEI stress
acting on the silicon particle differs during cycling and after (short) relaxation periods.
The induced stress inside the silicon particle influences the anode voltage owing to
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the chemo-mechanical coupling in Eq. (2.65).
In the following, Section 3.2.1 explains the OCV hysteresis after relaxation through
elastoplastic stress generated inside the SEI. In Section 3.2.2, viscous behavior of
the SEI originates an additional stress contribution, which reproduces GITT mea-
surements. To gain a better understanding of the chemo-mechanical interaction,
Section 3.2.3 provides a variation of the mechanical parameters and the system’s size
ratio, influencing the voltage hysteresis.

3.2.1 Open-Circuit Voltage (OCV) Hysteresis

The voltage hysteresis of silicon anodes exists even after relaxation periods under
open-circuit storage conditions, where no overpotentials occurring during cycling re-
main. This work explains the OCV hysteresis with elastoplastic stress generated inside
the SEI acting on the silicon particle. Significant stresses inside the SEI arise due to
primarily chemical volume changes of the silicon particle during (de)lithiation, which
the SEI has to comply with exclusively mechanical deformations. The elastoplastic
stress depends only on deformations and explicitly not on deformation rates. The
presented results consider the visco-elastoplastic model consistent with Section 3.2.2
after relaxation, where the viscous contribution can be neglected.
Regarding the simulation results, Paper II [173] states the complete list of parameter
values. The essential parameters are the initial particle radius RSi,0 = 50 nm, the
SEI thickness LSEI,0 = 20 nm, as well as Young’s modulus of the nanoscale silicon
particle ESi = 200 GPa and the SEI ESEI = 100 GPa.
The schemes in Fig. 2.4 and Fig. 3.4 illustrate the chemo-mechanical model in the
lithiation and delithiation branches. In the lithiation branch, the silicon particle
expands chemically. The SEI has to deform mechanically to accommodate the
increase in the surface area of the silicon particle. Hence, the SEI stretches in the
tangential direction, causing tensile tangential stress inside the SEI. Simultaneously,
the SEI becomes thinner and generates compressive radial stress. The SEI adapts to
the geometric changes initially by elastic and subsequently by plastic deformations.
During delithiation, the silicon particle shrinks continuously, decreasing its surface
area. The SEI contracts in the tangential direction, which results in compressive
tangential stress. This is accompanied by thickening of the SEI and tensile radial
stress. In total, the interplay of elastic and plastic deformations produces a stress
hysteresis inside the SEI in tangential and radial direction.
For a clear visualization, Fig. 3.5(a) depicts the elastoplastic SEI stress at the silicon-
SEI interface in radial and tangential direction during cycling. Investigating the radial
component PSEI,rr, the SEI contracts and reveals compressive stress during lithiation.
The SEI deforms first elastically with a steep stress profile and then plastically with
rather constant stress values. Plastic flow leads to irreversible SEI deformations
without generating additional stress. During delithiation, the SEI extends, and tensile
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Figure 3.5: Elastoplastic SEI stress and the respective OCV hysteresis in comparison
to GITT data [214]. (a) Hysteresis of the radial and tangential elastoplastic SEI stress
at the silicon-SEI interface. Solid lines indicate lithiation, while dashed lines indicate
delithiation. (b) OCV hysteresis generated by a visco-elastoplastic SEI after relaxation
together with GITT data [214]. Simulation of a full cycle and a partial cycle compared
to the empirical Plett model. Reprinted and modified from Ref. [173], licensed under
CC BY 4.0, https://creativecommons.org/licenses/by/4.0/.

stress occurs in the radial direction. The deformation is again elastically followed by
plastic flow. Regarding the full cycle, the plasticity of the SEI causes the discrepancy
between lithiation and delithiation stress, identified as stress hysteresis.
Additionally, Fig. 3.5(a) illustrates the tangential stress component PSEI,φφ. The
tangential stress behaves inversely to the radial stress. The SEI stretches during
lithiation, resulting in tensile tangential stress, while contraction during delithiation
causes compressive tangential stress. For both half-cycles, the kind of deformation is
again first elastic and then plastic, producing the displayed hysteresis behavior.
Regarding the silicon OCV hysteresis, the radial SEI stress component imposes the
stress inside the silicon particle. The silicon stress affects the voltage according to
the chemo-mechanical coupling stated in Eq. (2.65). The compressive stress during
lithiation reduces the anode voltage, whereas the tensile stress during delithiation
increases the voltage. Consequently, the stress hysteresis yields the voltage hysteresis
depicted in Fig. 3.5(b). The chemo-mechanical simulation of the full cycle considering
elastoplastic SEI behavior agrees with the experimental OCV hysteresis measured by
Pan et al. [214]. The yield stress of the SEI, σY,SEI = 2.5 GPa, is chosen to meet the size
of the experimental voltage hysteresis. In addition to the complete cycle, Fig. 3.5(b)
shows the simulation of a partial cycle and the hysteresis prediction by the empirical
Plett model, oftentimes used for hysteresis descriptions. The chemo-mechanical OCV
hysteresis curves reveal a good coincidence not only with the experiment but also
with the phenomenological Plett model introduced in Section 1.3.3.
Hence, the chemo-mechanical silicon-SEI model featuring an elastoplastic SEI explains
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the observed silicon OCV hysteresis. The stress generated by the SEI acting on the
silicon particle is responsible for the voltage hysteresis behavior.

3.2.2 Voltage Hysteresis During Slow Cycling

In addition to the OCV hysteresis, silicon anodes exhibit an enlarged voltage hysteresis
during slow cycling. The difference between cycling and open-circuit voltage is clearly
observable with the galvanostatic intermittent titration technique (GITT) introduced
in Section 1.3.2, consisting of alternate constant current and relaxation periods. As
diffusion or reaction overpotentials are negligible during slow cycling of silicon nano-
anodes, this work assigns the extra voltage hysteresis contribution to the viscous
behavior of the SEI.
In contrast to the elastoplastic contribution discussed in Section 3.2.1, viscous stress
depends on the deformation rate instead of the actual deformation. Thus, viscous SEI
characteristics create additional stress and a respective voltage contribution during
cycling. This section applies the empirically motivated shear-thinning viscosity model
to account for more realistic material behavior than the linear Newtonian model.
Paper II [173] provides a comparison of the results from both models.
Concerning visco-elastoplastic SEI behavior, Fig. 3.6(a) shows the simulated GITT pro-
file in comparison to experimental data [214]. The GITT procedure involves alternate
constant current steps with C/20 and relaxation periods of 3 h. The shear-thinning
viscosity ηSEI,0 = 15 GPa sn with the shear-thinning exponent n = 0.15 is adjusted to

Figure 3.6: Simulation of the full GITT procedure and a single pulse with visco-
elastoplastic SEI behavior. (a) Simulated voltage hysteresis during GITT procedure
due to visco-elastoplastic SEI behavior compared to experimental data [214]. (b) Sim-
ulated voltage profile of lithiation pulse and rest period compared to an experimental
GITT pulse [215]. Reprinted and modified from Ref. [173], licensed under CC BY 4.0,
https://creativecommons.org/licenses/by/4.0/.
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meet the experimental data and justified in Paper II [173]. The simulation of the GITT
measurement incorporating the visco-elastoplastic SEI reveals a good accordance
with the experiment. Only for large SOC values does the chemo-mechanical model
underestimate the size of the additional hysteresis contribution during cycling. The
deviation could be reduced with a more distinct shear-thinning property.
To investigate the voltage transition between cycling and rest, Fig. 3.6(b) depicts
the voltage profile for a single GITT pulse in the simulation and the experiment
[215]. During the lithiation step, the simulation shows a slightly too slow voltage
decrease compared to the experiment. In the subsequent short-term relaxation phase,
the simulation reveals a good agreement with the measurement. Nevertheless, the
shear-thinning model predicts an almost completed relaxation after 3 h, while the
voltage trend in the data indicates a continuing relaxation process. Regarding the
long-term relaxation, Section 3.3 will discuss the slow relaxation behavior of silicon
anodes over 300 h using the Garofalo viscosity model.
In summary, the results displayed in Fig. 3.6 demonstrate that the viscosity of the
SEI explains the enlarged hysteresis observed during slow cycling. Particularly, the
chemo-mechanical silicon-SEI model involving visco-elastoplastic SEI characteristics
reproduces the GITT measurement.

3.2.3 Impact of Mechanical Parameters and Size Ratio

The previous Sections 3.2.1 and 3.2.2 addressed the chemo-mechanical particle-SEI
model as the reason for the OCV and cycling voltage hysteresis of silicon nanoparticles.
The following paragraphs evaluate the influence of mechanical parameters, viz
Young’s modulus of the SEI and the silicon nanoparticle, as well as the impact of the
SEI-to-silicon size ratio.

Influence of Young’s Modulus of the SEI

Young’s modulus is a measure of the stiffness of a material, relating elastic stress to
elastic strain. Owing to the importance of the mechanical impact of the SEI elaborated
in Sections 3.2.1 and 3.2.2, the variation of Young’s modulus of the SEI is of particular
interest.
Elucidating the influence of the SEI stiffness on the hysteresis shape, Fig. 3.7(a)
depicts the OCV hysteresis of the chemo-mechanical simulation with varying Young’s
modulus of the SEI compared to the experimental data [214]. Young’s modulus
of silicon is fixed to ESi = 200 GPa. The shape of the simulated OCV hysteresis
reveals that a small Young’s modulus ESEI = 10 GPa does not reproduce the OCV
data. Applying this parameter, the simulated voltage crossover between the lithiation
and the delithiation OCV branch proceeds too slowly. Merely the simulations with
higher values of Young’s modulus, ESEI = 100 GPa and ESEI = 200 GPa, properly
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Figure 3.7: Influence of Young’s modulus of the SEI on the voltage hysteresis and
transition. (a) Simulated OCV hysteresis for different values of Young’s modu-
lus of the SEI compared to GITT data [214]. (b) Simulated voltage transition
profile for different values of Young’s modulus of the SEI compared to a GITT
pulse [215]. Reprinted and modified from Ref. [173], licensed under CC BY 4.0,
https://creativecommons.org/licenses/by/4.0/.

match the measured values. Hence, a high Young’s modulus of the SEI is necessary
to reproduce the shape of the observed OCV hysteresis.
Regarding a single GITT pulse, Fig. 3.7(b) illustrates the voltage transition during a
lithiation pulse and a subsequent relaxation period for different Young’s moduli of
the SEI together with the experimental voltage profile [215]. The smallest value of
Young’s modulus is not displayed, as the simulation does not reproduce the lithiation
and rest voltage to any extent. Comparing ESEI = 100 GPa and ESEI = 200 GPa, the
voltage transition is insignificantly faster for the higher value of Young’s modulus,
but the influence is essentially negligible.
In total, Fig. 3.7 exhibits the necessity of a high Young’s modulus of the SEI to
reproduce the hysteresis behavior. As a reasonable choice concerning the experimental
values discussed in Section 1.2.5, the value of Young’s modulus ESEI = 100 GPa is
assumed in this work. According to the chemo-mechanical model, a softer SEI would
facilitate a reduced hysteresis, advantageous for the application of silicon anodes.

Influence of Young’s Modulus of Nanoscale Silicon

Analog to the stiffness of the SEI, a parameter study of Young’s modulus of the
silicon nanoparticle is insightful due to the reported ambiguity of silicon stiffness
and nanoscale effects. The variation of Young’s modulus orientates on the reported
values for amorphous silicon of 90 GPa ≤ ESi ≤ 125 GPa [247–250] and silicon at
the nanoscale with ESi = 200 GPa [251, 252]. Young’s modulus of the SEI is fixed to
ESEI = 100 GPa to estimate the influence of solely the silicon stiffness.
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Figure 3.8: Influence of Young’s modulus of the silicon nanoparticle on the voltage
hysteresis and transition. (a) Simulated OCV hysteresis for different values of Young’s
modulus of the silicon nanoparticle compared to GITT data [214]. (b) Simulated
voltage transition profile for different values of Young’s modulus of the silicon
nanoparticle compared to a GITT pulse [215]. Reprinted and modified from Ref. [173],
licensed under CC BY 4.0, https://creativecommons.org/licenses/by/4.0/.

Figure 3.8(a) depicts the simulated OCV hysteresis for the different values of Young’s
modulus of silicon and the experimental data [214]. The simulated shape of the
OCV hysteresis matches the experiment independent of the silicon stiffness. Merely,
the simulated curves exhibit a marginally faster crossover from the lithiation to the
delithiation branch for higher values of silicon Young’s modulus.
In Fig. 3.8(b), the voltage profiles display the transitions during a GITT pulse for
the varied nanoscale silicon stiffness in comparison to the experiment [215]. The
simulated voltage profiles unveil that larger values of Young’s modulus of silicon
promote a faster voltage transition in the lithiation as well as the relaxation phase.
The accelerated transition for the higher silicon stiffness fits considerably better with
the experimental data.
Therefore, a large value of Young’s modulus of the silicon nanoparticle is neces-
sary to describe the voltage hysteresis phenomenon consistently. According to the
justified parameter range, Young’s modulus of the silicon nanoparticle is assumed
as ESi = 200 GPa in this work.

Influence of SEI Thickness and Particle Radius

The stress created by the chemo-mechanical silicon-SEI interaction depends on the
system’s size, namely the SEI thickness LSEI,0 and the particle radius RSi,0. Physical
intuition suggests that a relatively thinner SEI layer has less influence than a thicker
one. To estimate this dependence, the voltage hysteresis is investigated for a varying
size ratio LSEI,0/RSi,0.
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Figure 3.9: Influence of SEI thickness LSEI,0 and particle radius RSi,0 on the size of the
mean voltage hysteresis ∆Ū. Reprinted and modified from Ref. [173], licensed under
CC BY 4.0, https://creativecommons.org/licenses/by/4.0/.

For that purpose, Fig. 3.9 depicts the mean voltage difference between the OCV
in the delithiation and the lithiation branch ∆Ū = Ūdelith

0 − Ūlith
0 versus the size

ratio LSEI,0/RSi,0. The colors indicate separate variations of the SEI thickness LSEI,0
and the particle radius RSi,0. Independent of the absolute values, the mean size of
the voltage hysteresis exhibits a linear dependence on the size ratio LSEI,0/RSi,0. The
linear dependence can be theoretically reasoned by the momentum balance expressed
in radial coordinates.
As different experiments reveal very similar hysteresis sizes, the impact of the size
ratio might not be relevant for typical experiments. This assumption is justified by
the reported pulverization of large silicon particles [56, 57] and the notion of an
optimum particle size of R = 50 nm [162]. Therefore, the size ratio of the SEI and the
underlying silicon particle is comparable in conventional experiments.
To conclude the size variation, a thicker SEI relative to the silicon nanoparticle
size predicts a large voltage hysteresis. Thus, creating a thinner SEI on silicon
nanoparticles could be beneficial in reducing the voltage hysteresis effect. Overall,
the results presented in this section unveil that a mechanically improved SEI can
diminish the hysteresis size, facing the challenges of low efficiency, heat generation,
and imprecise SOC estimation.
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3.3 Voltage Relaxation of Silicon Anodes

This section summarizes the results of Paper III [174], not claiming completeness but
referring to the corresponding publication for further details. The original publication and
information about the author’s contribution are provided on Pages 143 to 166.
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Figure 3.10: Illustration of the radial stress generated inside the SEI during cycling
and relieved during relaxation. Reprinted and modified from Ref. [174], licensed
under CC BY 4.0, https://creativecommons.org/licenses/by/4.0/.

The preceding Section 3.2 analyzed the chemo-mechanical silicon-SEI model regarding
the voltage hysteresis and short-term relaxation within the GITT procedure. However,
the experimental data from Ref. [215] depicted in Fig. 3.6(b) indicate a continuing
relaxation process even after 3 h. Hence, this section focuses on the long-term voltage
relaxation characteristics after lithiation and delithiation phases as schematically
illustrated in Fig. 3.10.
Recent experimental data by Wycisk et al. [216] report a long-term voltage relaxation of
nanoparticle silicon anodes for at least 300 h. The novel data reveal a non-exponential
but logarithmic voltage relaxation behavior over a wide range of time. Paper III [174]
addresses the long-term relaxation by incorporating the established Garofalo law for
the description of viscous SEI stress. Furthermore, the work examines consistency
with the voltage hysteresis phenomenon and deduces a reduced chemo-mechanical
hysteresis model stated in Section 2.4.6.
Hereinafter, Section 3.3.1 investigates the slow long-term voltage relaxation of the
chemo-mechanical model featuring Garofalo viscosity. In Section 3.3.2, the analysis
describes consistency with the measured OCV and cycling voltage hysteresis as
well as observed voltage transition profiles. To achieve superior agreement with the
experimental hysteresis, Section 3.3.3 presents an approach to improve the notion of
the true OCV curve in the extreme SOC limits. Eventually, Section 3.3.4 illustrates the
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reduced chemo-mechanical model in terms of the voltage hysteresis and relaxation.

3.3.1 Logarithmic Voltage Relaxation

The open-circuit voltage of silicon anodes differs from the voltage during cycling
as examined in Section 3.2. Indicated by the experimental data from Ref. [215], the
voltage relaxation depicted in Fig. 3.6(b) continues even after several hours of open-
circuit storage. A recent experimental publication reports slow voltage relaxation
over at least 300 h [216].
The new data from Ref. [216] displayed in Fig. 3.11(a) describe the voltage relaxation
at SOC = 0.3 over 300 h after preceding lithiation and delithiation with C/10. The
experimental curves disclose a non-exponential relaxation behavior. In particular, the
relaxation follows a logarithmic trend over a wide time span, as evident from the
semi-logarithmic plot in Fig. 3.11(b). Only for pronounced relaxation times t > 20 h,
the relaxation profile leaves the logarithmic regime and enters exponential behavior
to terminate the relaxation process. The similarity of the voltage relaxation profiles
after lithiation and delithiation excludes the influence of side reactions on the voltage
relaxation curves.
To account for the logarithmic trend, the theoretically motivated Garofalo model
presented in Section 2.4.3 substitutes the purely empirical shear-thinning viscosity
model applied in Section 3.2 for the SEI behavior. The Garofalo viscosity possesses a
dependence of the viscous stress on the inverse hyperbolic sine of the strain rate. In
the limit of large strain rates and stresses, this relation leads to a logarithmic behavior.
In the limit of small strain rates and stresses, the relation simplifies to a linear trend.

Figure 3.11: Simulated voltage relaxation at SOC = 0.3 for 300 h after a C/10
(de)lithiation in comparison to experimental data [216] and the analytic approxi-
mation based on the Garofalo viscosity. Plots with (a) linear and (b) logarithmic
time axis. Reprinted and modified from Ref. [174], licensed under CC BY 4.0,
https://creativecommons.org/licenses/by/4.0/.
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Therefore, the Garofalo law provides a better description of typical material behavior
concerning both strain rate and stress limits.
Incorporating the Garofalo viscosity, Fig. 3.11 depicts the simulated voltage relaxation
of the chemo-mechanical silicon-SEI model in addition to the experimental data [216].
The reference stress σref = 133 MPa and the time constant τ = 3 · 108 s are fitted to the
experimental data. The remaining simulation parameters are stated in Paper III [174].
Regarding Fig. 3.11(b), the simulation reveals a logarithmic relaxation behavior over
a wide range of times, leaving the logarithmic regime at times t > 20 h. Hence, the
simulation agrees well with the experimental relaxation profile in both the linear and
the semi-logarithmic graphs. Furthermore, Fig. 3.11 illustrates the analytical approxi-
mation of the voltage relaxation stated in Eq. (2.78) considering the Garofalo viscosity
model without spatial resolution discussed in Section 2.4.6. Despite a slight deviation
of the absolute values, the approximation reveals logarithmic behavior similar to the
simulated and experimental profile, supporting the results of the chemo-mechanical
simulation. Moreover, the logarithmic voltage relaxation contradicts alternative ori-
gins of the hysteresis, as diffusion overpotentials inhere an exponential relaxation
behavior and reaction overpotentials require unreasonable parameter values [203],
thereby strongly supporting the chemo-mechanical hysteresis explanation.
Hence, the chemo-mechanical model involving Garofalo viscosity for the SEI re-
produces the logarithmic voltage relaxation of silicon nanoparticle anodes. More
generally, mechanics is responsible for the long-term relaxation process.

3.3.2 Consistent Description of the Voltage Hysteresis

As demonstrated in Section 3.3.1, the chemo-mechanical simulation considering Garo-
falo viscosity fits the experimentally observed logarithmic voltage relaxation behavior
from Ref. [216]. Based on this agreement, this section examines the consistency of
the chemo-mechanical model featuring the Garofalo viscosity for the SEI with the
observed voltage hysteresis phenomena. Particularly, the agreement of the model
with the OCV and cycling voltage hysteresis as well as voltage transitions reported in
Ref. [216] is analyzed.
For that purpose, Fig. 3.12(a) displays the experimental voltage hysteresis during
slow cycling with C/20 and after 12 h relaxation from Ref. [216]. Note that the size of
the OCV and cycling voltage hysteresis is similar compared to the envelopes of the
GITT measurement from Ref. [214] depicted in Fig. 3.6(a). The accordance suggests
consistency of the experimental results from Ref. [216] and Ref. [214], although the
investigated cells differ from each other. Nevertheless, both experimental cells have
an anode based on silicon nanoparticles in common.
In addition to the data, Fig. 3.12(a) depicts the voltage hysteresis described by the
chemo-mechanical model during cycling and after relaxation with Garofalo viscosity.
The simulation shows an enlarged hysteresis during cycling than after relaxation,
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Figure 3.12: Consistency check of chemo-mechanical simulation applying Garo-
falo viscosity with experimental voltage hysteresis and transition [216]. (a)
Simulated and experimental OCV hysteresis after 12 h and cycling voltage hys-
teresis. (b) Simulated and experimental voltage transition from lithiation to
delithiation branch. Reprinted from Ref. [174], licensed under CC BY 4.0,
https://creativecommons.org/licenses/by/4.0/.

agreeing well with the experimental data from [216]. A deviation between simulation
and measurement occurs only in the extreme SOC regimes, SOC < 0.2 and SOC > 0.8,
which will be treated in Section 3.3.3.
Furthermore, Fig. 3.12(b) illustrates the experimental voltage transition from the
lithiation to the delithiation branch [216]. The plot shows the experimental transition
curves with small continuous currents and GITT data after 12 h relaxation. All
experimental voltage profiles reveal a fast transition directly after applying the
delithiation current, which slows down smoothly with the passed SOC range.
For the consistency check, Fig. 3.12(b) also shows the simulation of the voltage
transition profile for slow cycling and after relaxation. The simulated voltage profiles
exhibit an initial steep transition followed by slower behavior over a wide SOC regime
and a final slow convergence to the delithiation branch. The three phases arise from
the influence of the viscous, elastic, and plastic contribution to the transition profile.
Hence, the steep voltage increase in the beginning is largely suppressed for the
GITT simulation, reducing viscous stress. The general trend of a mitigating voltage
transition in the simulation suits the experimental data, although the exact shape is
smoother in the experiment, where the distinct phases merge.
Moreover, Paper III [174] compares the C-rate dependence of the size of the voltage
hysteresis and demonstrates that the inverse hyperbolic sine reveals a flattened behav-
ior for larger C-rates approaching the linear experimental results from Ref. [216]. The
chemo-mechanical simulation can, in addition, omit the offset at vanishing currents,
which is inevitable for the linear interpretation. As demonstrated in Paper III [174],
the experimental C-rate dependence excludes diffusion or reaction overpotentials as
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a source of the voltage hysteresis, clearly promoting the chemo-mechanical origin.
Further, Paper III [174] validates the Garofalo characteristics of the SEI by comparison
of the simulation with the experimental GITT data from Refs. [214, 215] treated in
Section 3.2.2. Although the experimental cells differ, the simulation shows reasonable
agreement with the GITT measurement from Ref. [214, 215] with the parameters
obtained from the long-term relaxation of Ref. [216].
Summarizing the comparisons of simulation and experiment, the chemo-mechanical
model equipped with Garofalo viscosity presents a consistent description of the
silicon voltage hysteresis phenomena. The simulation does not only reproduce the
logarithmic voltage relaxation behavior but also describes the voltage hysteresis, tran-
sition profiles, and the C-rate dependence. Finally, the Garofalo model appropriately
characterizes the GITT measurement from a different publication using differing cells,
verifying consensus with the model results presented in Section 3.2.

3.3.3 Corrected Open-Circuit Voltage (OCV) Curve

The simulated and experimental voltage hysteresis reveal a deviation in the SOC
limits, SOC < 0.2 and SOC > 0.8, visible in Fig. 3.12(a). The true OCV, on which the
chemo-mechanical model is based, is determined by the mean experimental OCV
curve U0 according to Eq. (2.52). However, this approach is inaccurate in the extreme
SOC ranges because of asymmetric stress levels and can be improved by a corrected
OCV in the following.
The asymmetry of stress levels in the limits arises owing to the elastoplastic behavior
of the SEI as depicted previously in Fig. 3.5(a). Concerning the large SOC regime,
elastically generated compressive stress is fully built up in the lithiation branch,
being in the realm of plastic flow. In contrast, the compressive stress only gradually
decreases, and tensile stress increases upon delithiation. For the low SOC limit,
tensile stress is fully established in the delithiation direction. In opposition to this,
tensile stress continuously reduces, and compressive stress develops in the lithiation
direction. As the stresses generate the voltage hysteresis, a precise description has to
account for the asymmetry in the SOC limits for the determination of the true OCV.
Therefore, Paper III [174] presents an approach defining a corrected OCV curve
considering this effect. Instead of calculating the mean voltage U0, the corrected OCV
approximates the size of the hysteresis to be constant in the extreme SOC regimes

Ucorr
0 (SOC) =





Udelith
0 (SOC) −

�
Udelith

0 (0.2) − U0(0.2)
�

, if SOC < 0.2

U0(SOC), if 0.2 ≤ SOC ≤ 0.8

Ulith
0 (SOC) −

�
Ulith

0 (0.8) − U0(0.8)
�

, if SOC > 0.8.

(3.1)

The corrected OCV stated in Eq. (3.1) orientates on the lithiation voltage in the
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Figure 3.13: Corrected OCV curve and effect on simulated voltage hysteresis com-
pared to experimental data [216]. (a) Corrected OCV compared to mean OCV and
measured (de)lithiation OCV. (b) Simulated and experimental voltage hysteresis con-
sidering the corrected OCV. Reprinted and modified from Ref. [174], licensed under
CC BY 4.0, https://creativecommons.org/licenses/by/4.0/.

large SOC regime and on the delithiation voltage in the small SOC regime, where
the elastoplastic stress is fully generated and constant in the respective branch.
Figure 3.13(a) depicts the corrected OCV in comparison to the measured direction-
dependent OCV and the mean OCV curve. While the corrected OCV coincides with
the mean OCV in the medium SOC range, the plot illustrates the adjustment of the
corrected OCV curve in the SOC limits.
Applying the corrected OCV, Fig. 3.13(b) displays the simulated voltage hysteresis
during cycling and after relaxation. The simulated voltage hysteresis based on the
corrected OCV reveals less deviation from the experiment compared to the simulated
hysteresis based on the mean OCV as depicted in Fig. 3.12(a). Although a slight
deviation remains, the difference is significantly reduced, especially at high SOC in
the lithiation direction and at low SOC in the delithiation direction.
As presented, the corrected OCV curve accounts for the asymmetry of the elastoplastic
stress levels in the extreme SOC regimes. Consequently, applying the corrected OCV
minimizes deviations between the simulated and the experimental voltage hysteresis.
Nevertheless, the mean OCV is considered as true OCV within this work for clarity.

3.3.4 Results of the Reduced Chemo-Mechanical Hysteresis Model

To reduce computational efforts, the spatially resolved chemo-mechanical model
is approximated and simplified to a system of differential equations evaluated at
the particle-SEI interface. While Section 2.4.6 provides the defining differential
equations and declarations of the individual terms, Paper III [174] presents the
detailed derivation of the reduced chemo-mechanical hysteresis model. Here, the
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Figure 3.14: Voltage hysteresis and relaxation estimated by the reduced chemo-
mechanical hysteresis model compared to experimental data [216]. (a) Reduced
model and experimental OCV hysteresis after 12 h and cycling voltage hystere-
sis. (b) Reduced model and experimental voltage relaxation for 300 h after C/10
(de)lithiation at SOC = 0.3. Reprinted from Ref. [174], licensed under CC BY 4.0,
https://creativecommons.org/licenses/by/4.0/.

results of the reduced model are compared to the experimental data in terms of the
voltage hysteresis and the relaxation profile.
First, Fig. 3.14(a) shows the voltage hysteresis predicted by the reduced chemo-
mechanical model in comparison to experimental data [216]. The reduced model
reveals both an OCV hysteresis and an enlarged voltage hysteresis during cycling,
exhibiting good accordance with the experiment. Similar to the full simulation, the
results of the simplified model deviate slightly in the SOC limits, which could be
partially resolved by applying the corrected OCV curve discussed in Section 3.3.3.
Due to the omitted spatial resolution, the reduced model possesses more pronounced
kinks at the transition between elastic and plastic behavior than the spatially resolved
simulation.
Second, Fig. 3.14(b) depicts the voltage relaxation profile of the reduced model. The
results exhibit a logarithmic relaxation behavior terminated by an attenuated process,
reasonably matching the experimental curve. Merely the slope of the voltage relax-
ation predicted by the reduced model is slightly smaller compared to the experiment.
Thus, the reduced model also shows a minor deviation from the full simulation
results, matching the experiment quite accurately.
Contrary to the empirical Plett model outlined in Section 1.3.3, the reduced chemo-
mechanical hysteresis model is based on physical processes and facilitates substan-
tiated interpretation. Moreover, the reduced model can describe voltage relaxation
processes in time, while the Plett model relies on changes in SOC. As the reduced
model is expressed as differential equations in time disregarding spatial resolution,
both advantages come at comparable costs compared to the Plett model, which is
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based on differential equations in SOC.
In total, the reduced chemo-mechanical hysteresis model approximately reproduces
the results of the spatially resolved simulation and fits reasonably to the experimental
data concerning voltage hysteresis and relaxation. Outperforming the empirical Plett
model, the reduced model is appealing for basic estimations of the voltage hysteresis
phenomena of silicon anodes predicted by the chemo-mechanical model.
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3.4 Elliptical Silicon Nanowire with SEI

This section summarizes the results of Paper IV [62], not claiming completeness but
referring to the corresponding publication for further details. The original publication and
information about the author’s contribution are provided on Pages 167 to 185.

core: silicon nanowire shell: SEI
CE LR

UL

Figure 3.15: Cross-section of the elliptical silicon nanowire (red) with the covering
SEI layer (blue). The scheme depicts the computational grid and defines the points
of investigation LR (lower right), UL (upper left), and CE (center). The ratio of the
half-axes is 0.6:1, and the SEI-to-silicon ratio is 1:8. Reprinted from Ref. [62], licensed
under CC BY 4.0, https://creativecommons.org/licenses/by/4.0/.

So far, Sections 3.2 and 3.3 addressed the chemo-mechanical interaction of silicon
and SEI in a spherically symmetric geometry. The spherical symmetry restricts inho-
mogeneities to the radial direction. Investigating the chemo-mechanical interaction
of silicon and SEI in an asymmetric geometry promises to be insightful. Therefore,
Paper IV [62] extends the nanoparticle-SEI approach to an elliptical silicon nanowire
covered by SEI with the profile illustrated in Fig. 3.15.
The two-dimensional silicon-SEI simulation relies on the works and numerical im-
plementation of Schoof et al., which describe the spherically symmetric silicon-SEI
system [253] and an elliptical silicon nanowire without SEI [61] focusing on compu-
tational efficiency. Inspired by the mechanical impact of the SEI demonstrated in
Paper II [173], the elliptical nanowire is extended by an SEI layer with once soft and
once stiff mechanical properties. Thus, Paper IV [62] evaluates the characteristics of
an elliptical silicon nanowire with SEI concerning mechanics and lithiation.
In the following, Section 3.4.1 discusses the mechanical behavior of the elliptical
silicon nanowire covered by a soft and stiff SEI layer. This part focuses on the normal
and the tangential Cauchy stress distribution occurring during cycling in the two-
dimensional geometry. Afterwards, Section 3.4.2 examines inhomogeneities in the
lithiation characteristics during cycling, comparing the impact of a soft and a stiff SEI.
Finally, the investigation targets towards the examination of the voltage hysteresis in
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the two-dimensional setup in Section 3.4.3 imposed by the SEI-dependent mechanics
and lithiation characteristics.

3.4.1 Mechanical Behavior

The elliptical silicon nanowire covered by SEI allows for spatial inhomogeneities in the
mechanical response. The study focuses on the stress distribution of the normal and
tangential components affected by the asymmetric geometry. Thereby, the analysis
aims to unveil the impact of the SEI with different mechanical properties.
The mechanical parameters and models used up to this section are adjusted to
meet the mechanical description from Refs. [61, 222, 253]. Particularly, the visco-
elastoplastic approach based on explicit viscosity and ideal plastic SEI behavior is
replaced by an elasto-viscoplastic approach based on rate-dependent viscoplastic
behavior with implicit viscosity. The viscoplastic model allows treating the plastic
deformation as an internal variable different from Paper II [173] and Paper III [174].
That reduces the set of coupled differential equations, which is crucial for managing
the computational costs for two-dimensional simulations. Both approaches reveal a
similar chemo-mechanical behavior [253]. Furthermore, the two-dimensional model
disregards the plasticity of the silicon nanowire to minimize the numerical effort.
The subsequent lines compare the mechanical impact of a soft SEI with Young’s
modulus Esoft

SEI = 900 MPa and yield stress σsoft
Y,SEI = 49.5 MPa to the impact of a

stiff SEI with Estiff
SEI = 90 GPa and σstiff

Y,SEI = 4.95 GPa on the silicon-SEI mechanics.
Regarding the geometry illustrated in Fig. 3.15, the ratio of the half-axes is 0.6:1, and
the ratio of the SEI shell to the silicon core is 1:8. Paper IV [62] provides a complete
list of simulation parameters.

Mechanics of Silicon Nanowire with Soft SEI

To investigate the mechanical behavior of the two-dimensional system, first, the
soft SEI layer covers the elliptical silicon nanowire. Therefore, Fig. 3.16 allows
evaluating the distribution of the normal and tangential Cauchy stress during the
second lithiation with 1 C at SOC = 0.3. During lithiation, the expected concentration
gradients generate compressive stress at the outer boundary and tensile stress at the
center of the silicon nanowire.
For a detailed analysis, Fig. 3.16(a) depicts the normal Cauchy stress inside silicon
and SEI for the soft SEI case. The SEI shows small compressive stress in the normal
direction, with the largest magnitude occurring at the silicon-SEI interface. The stress
magnitude is especially pronounced at the end of the major half-axis at point LR
and vanishes at the outer boundary of the SEI. Inside the silicon nanowire, small
compressive stress emerges at the boundary towards the SEI as imposed by the SEI.
Concurrently, significant tensile stress arises in the interior of the silicon nanowire,
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Figure 3.16: Cauchy stress of the elliptical silicon nanowire and soft SEI layer during
the second lithiation at SOC = 0.3. Distribution of the (a) normal and (b) tangential
component of the Cauchy stress. Reprinted from Ref. [62], licensed under CC BY 4.0,
https://creativecommons.org/licenses/by/4.0/.

with its maximum close to the center along the major half-axis. The general trend of
compressive stress in the outer region and tensile stress in the inner region fits the
expectation during lithiation.

Concerning the tangential component, Fig. 3.16(b) illustrates the tangential Cauchy
stress for the silicon nanowire and the soft SEI shell. The SEI region shows approx-
imately constant tensile tangential stress with a minor absolute value. The silicon
nanowire exhibits compressive stress at the outer boundary, with the largest mag-
nitude occurring at the end of the minor half-axis at point UL. The compressive
tangential stress in Fig. 3.16(b) reaches substantially larger magnitudes than the com-
pressive radial stress in Fig. 3.16(a). In the interior of the silicon nanowire, Fig. 3.16(b)
exhibits tensile stress with the maximum around the center region along the minor
half-axis. Consequently, the nanowire is prone to plastic flow or particle fracture
in this region. Analog to the normal component, the tangential stress inside silicon
reveals the general trend of compressive stress close to the outer boundary and tensile
stress close to the center, as expected.

Regarding the full cycle, Paper IV [62] demonstrates the dominance of the tangential
stress magnitude inside the silicon nanowire, particularly at the end of the minor
half-axis at point UL during the entire simulation. Naturally, the signs of the stress
components change during delithiation. Concerning SEI mechanics, the compressive
normal and tensile tangential stress in SEI during lithiation and opposite during
delithiation agrees with the results of Paper II [173] and Paper III [174].

Concluding the mechanical behavior of the elliptical silicon nanowire with soft SEI,
the SEI shows compressive normal stress and tensile tangential stress during lithiation
analog to the spherical geometry. The silicon nanowire exhibits compressive stress in
the outer region and tensile stress close to the center, meeting the expectations. During
delithiation, compressive stress changes to tensile stress and vice versa. Overall, the
largest stress magnitude inside silicon appears at the end of the minor half-axis at
point UL in the tangential direction.
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Mechanical Impact of Stiff SEI
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Figure 3.17: Cauchy stress of the elliptical silicon nanowire and stiff SEI layer during
the second lithiation at SOC = 0.3. Distribution of the (a) normal and (b) tangential
component of the Cauchy stress. Reprinted from Ref. [62], licensed under CC BY 4.0,
https://creativecommons.org/licenses/by/4.0/.

After the soft SEI scenario, a stiff SEI covers the elliptical silicon nanowire to elucidate
the mechanical impact of the SEI. The increased stiffness of the SEI has the capability
to significantly influence the stress distribution inside the silicon nanowire.
To evaluate the mechanical effect of the stiff SEI, Fig. 3.17(a) depicts the normal
stress distribution of the silicon nanowire and the stiff SEI layer during the second
lithiation. Inside the SEI, compressive stress occurs again but with significantly
larger magnitudes compared to the soft SEI shown in Fig. 3.16(a). As before, the
normal stress reveals the largest magnitude at the end of the major half-axis at point
LR. Inside the silicon nanowire, compressive stress emerges everywhere due to the
mechanical impact of the stiff SEI except a small region along the minor half-axis close
to the center. The most significant compressive stress exists at the end of the major
half-axis at point LR, owing to the largest curvature of the interface in this region,
which magnifies the mechanical impact of the SEI. This agrees with the position of
largest compressive stress for the soft SEI case depicted in Fig. 3.16(a).
In contrast to the normal component, the tangential component depicted in Fig. 3.17(b)
reveals substantial tensile stresses inside the stiff SEI in comparison to slight tensile
stresses in the soft SEI in Fig. 3.16(a). Pronounced tensile stress appears at the minor
half-axis, where the SEI possesses the lowest curvature. The tangential stress inside
silicon nanowire is compressive everywhere, with the largest values reached at the
end of the major half-axis at point LR. This is in contrast to the tangential stress of
the silicon nanowire with soft SEI, where the largest compressive stress occurs at the
end of the minor half-axis at point UL, as illustrated in Fig. 3.16(b).
Paper IV [62] reveals that the largest stress magnitudes within the entire cycle are
reached inside silicon at the end of the major half-axis at point LR also during
delithiation. Compressive stresses evolve into tensile stresses and vice versa during
delithiation, although not instantaneously. Regarding the mechanical impact of the
stiff SEI, compressive normal and tensile tangential stress inside the SEI during
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lithiation and vice versa during delithiation agrees again with Paper II [173] and
Paper III [174], discussing the OCV hysteresis.
Summarizing the mechanical impact of the SEI, the larger stresses inside the stiff
SEI generate considerably enlarged stresses within the silicon nanowire. Overall, the
largest stress magnitude inside the elliptical silicon nanowire occurs at the end of the
major half-axis at point LR for the stiff SEI scenario, while it appears at the end of
the minor half-axis at point UL for the soft SEI case. This disparity emphasizes the
mechanical impact of the SEI on the silicon nanowire.

3.4.2 Lithiation Characteristics

Based on the chemo-mechanical interaction, the asymmetric stress distribution implies
an inhomogeneous lithium concentration distribution. The following results discuss
the lithiation characteristics in terms of the lithium concentration of the elliptical
silicon nanowire, comparing the influence of the soft and the stiff SEI layers.

Lithiation of Silicon Nanowire with Soft SEI

First, the soft SEI covers the elliptical silicon nanowire. Figure 3.18 illustrates the
lithium concentration distribution within the silicon nanowire during the second
lithiation at three different SOC values, SOC ∈ {0.05, 0.3, 0.9}. The color bar is
adjusted for each subplot to visualize the concentration gradients at each SOC.
At the beginning of the lithiation process, Fig. 3.18(a) reveals the general trend of
increased concentrations at the outer region of the silicon nanowire, as expected. A
particularly accelerated concentration increase occurs at the end of the major half-axis
at point LR. The geometry has the most extensive curvature at this point, coinciding
with the largest surface-to-volume ratio, which causes faster lithiation. These general
trends are also observable for the continued lithiation in Fig. 3.18(b) and (c).
However, Fig. 3.18(b) discloses a lithium concentration depletion at the end of the
minor half-axis at point UL at SOC = 0.3. The significant compressive stress in this
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Figure 3.18: Lithium concentration of the elliptical silicon nanowire covered by a soft
SEI layer during the second lithiation. Distribution of the lithium concentration at
(a) SOC = 0.05, (b) SOC = 0.3, and (c) SOC = 0.9. Reprinted from Ref. [62], licensed
under CC BY 4.0, https://creativecommons.org/licenses/by/4.0/.
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region displayed in Fig. 3.16(b) represents a penalty for the accumulation of lithium,
leading to a decreased concentration compared to the interior of the silicon nanowire.
The concentration depletion arises due to the mechanics and asymmetry of the silicon
nanowire itself. Paper IV [62] demonstrates that this effect also occurs for an elliptical
nanowire without any SEI and during slow cycling.
Regarding the complete cycle, Paper IV [62] validates the general trend of increased
concentration at the end of the major half-axis at point LR during lithiation and
decreased concentration during delithiation. The concentration anomaly at the end of
the minor half-axis at point UL is a temporary effect, occurring during lithiation in
the span 0.2 < SOC < 0.45 and during delithiation around 0.05 < SOC < 0.3. In the
anomalous region, stress-driven convective flux dominates the concentration-driven
diffusive flux.
In total, the elliptical silicon nanowire covered by the soft SEI shows an accelerated
concentration increase at the end of the major half-axis during lithiation and a
respective decrease during delithiation. Simultaneously, a concentration anomaly
appears at the end of the minor half-axis in a small to medium SOC regime. The
specific lithiation characteristics of the elliptical silicon nanowire are determined by
the silicon mechanics and geometry instead of the impact of the soft SEI.

Impact of Stiff SEI on the Lithiation Characteristics

Second, the stiff SEI covers the silicon nanowire to increase the mechanical impact
of the SEI layer. The discussion of the mechanical behavior in Section 3.4.1 unveiled
a pronounced influence of the stiff SEI at the end of the major half-axis. Therefore,
Fig. 3.19 illustrates inhomogeneities of the lithium concentration during the second
lithiation at SOC ∈ {0.05, 0.3, 0.9}, evaluating the concentration asymmetry.
Initially, Fig. 3.19(a) reveals lithiation from the outside towards the interior of the
silicon nanowire as expected. The region of the largest lithium concentration shifts
away from the end of the major half-axis, where the maximum occurs for the soft SEI

(a)
5% SOC

0:04

0:045

0:05

0:055

0:06
0:062 (b)

30% SOC

0:2

0:3

0:14

0:39 (c)
90% SOC

0:7

0:8

0:9

0:96

c
/c

m
ax

Figure 3.19: Lithium concentration of the elliptical silicon nanowire covered by a stiff
SEI layer during the second lithiation. Distribution of the lithium concentration at
(a) SOC = 0.05, (b) SOC = 0.3, and (c) SOC = 0.9. Reprinted from Ref. [62], licensed
under CC BY 4.0, https://creativecommons.org/licenses/by/4.0/.
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scenario in Fig. 3.18. The largest concentration is reached neither at the end of the
major half-axis nor the end of the minor half-axis, owing to the interplay of lithiation
and mechanical effects, which are both dependent on the surface-to-volume ratio.
For continued lithiation in Fig. 3.19(b) and (c), a substantial concentration depletion
develops at the end of the major half-axis at point LR due to the pronounced
mechanical impact of the stiff SEI in this region visible in Fig. 3.17(a).
The investigation of the full cycle in Paper IV [62] shows that the concentration
depletion at the end of the major half-axis at point LR reduces during delithiation,
and a concentration excess appears towards the end of the delithiation process. This
profile corresponds to the gradual evolution of the Cauchy stress inside the silicon
for the stiff SEI scenario from compressive to tensile stress. Compared to the soft
SEI, no concentration anomaly appears at the end of the minor half-axis at point UL.
However, for the stiff SEI, a considerably larger concentration anomaly appears at the
end of the major half-axis at point LR, where the soft SEI shows no anomaly.
In summary, the impact of the stiff SEI causes a significant concentration anomaly
at the end of the major half-axis, where the highest surface-to-volume ratio of the
interface leads to an enhanced mechanical influence of the SEI. In contrast, the slight
concentration anomaly observed for the soft SEI case at the end of the minor half-
axis disappears for the stiff SEI case. This emphasizes once again the importance
of considering the SEI in chemo-mechanical simulations of silicon-based anodes.
Moreover, an experimental examination of the lithium concentration distribution can
allow to draw conclusions about Young’s modulus of the SEI.

3.4.3 Voltage Hysteresis of Elliptical Silicon Nanowire

According to the findings in Sections 3.2 and 3.3, the stiff SEI is responsible for the
voltage hysteresis of spherically symmetric silicon nanoparticle anodes. The impact
of the SEI is potentially affected by the inhomogeneous mechanical influence on
the lithiation characteristics in asymmetric geometries. Thus, the purpose of this
section is to investigate the voltage hysteresis predicted in the elliptical simulation,
accounting for the soft and the stiff SEI shell.
Focusing on the influence of the asymmetric geometry, Fig. 3.20 depicts the voltage of
the elliptical silicon nanowire covered by the soft SEI layer during the second lithiation
and the first delithiation with C/20 (blue line). Investigating the second lithiation
excludes effects occurring during the initial lithiation. The simulated voltage reveals
negligible hysteresis behavior in agreement with the trend of the parameter variation
of Young’s modulus of the SEI depicted in Fig. 3.7. Hence, the elliptical geometry
featured with the soft SEI and the respective concentration anomaly generates no
voltage hysteresis.
Focusing on the mechanical impact of the SEI, Fig. 3.20 furthermore illustrates the
voltage of the elliptical silicon nanowire during cycling for the stiff SEI case (red
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Figure 3.20: Voltage hysteresis of the elliptical silicon nanowire covered by SEI. Volt-
age during slow cycling with C/20 for the soft and stiff SEI scenario. Additionally,
the figure includes the voltage hysteresis with a thicker stiff SEI with an SEI-to-silicon
ratio of 1:4. Figure based on Ref. [62].

line). The stiff SEI scenario exhibits a voltage hysteresis similar to the one obtained
for the spherically symmetric simulations in Sections 3.2 and 3.3. Thus, the stiff
SEI causes not only a substantial lithium concentration anomaly inside the elliptical
silicon nanowire but also a significant hysteresis behavior. The elliptical simulation
reveals a smaller size of the voltage hysteresis for large SOC values compared to
the spherically symmetric results depicted in Fig. 3.6. The diminished hysteresis is
attributed to the reduced thickness of the considered SEI layer.
Therefore, Fig. 3.20 also depicts the voltage hysteresis generated by an enlarged stiff
SEI (yellow line) to assess the influence of the SEI thickness on the voltage hysteresis
in the elliptical geometry. The size ratio of the thicker SEI to the silicon core is 1:4
instead of 1:8. The yield stress for the enlarged SEI is reduced to σSEI,Y = 2.5 GPa
to keep the size of the predicted hysteresis constant for comparison. As expected,
the thicker SEI reveals an accelerated transition from the lithiation to the delithiation
branch, causing an enlarged voltage hysteresis size at high SOC values.
To conclude, a soft SEI does not generate a voltage hysteresis for elliptical silicon
nanowires. Contrarily, a stiff SEI causes a voltage hysteresis in accordance with the
discussions from Sections 3.2 and 3.3. Overall, the analysis in this thesis demonstrates
that a stiff SEI is necessary to explain the voltage hysteresis for the elliptical silicon
nanowire as well as for the spherically symmetric silicon nanoparticle.
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4.1 Conclusion

The presented thesis addresses the origin of capacity fade in lithium-ion batteries
and the silicon voltage hysteresis with thermodynamically consistent continuum
modeling. Regarding capacity fade, comparing the electron and solvent diffusion
model confirms electron diffusion as the relevant transport mechanism for SEI growth.
Moreover, this thesis demonstrates that the mechanical impact of the SEI generates
the silicon voltage hysteresis, owing to the chemo-mechanical coupling.
In Paper I [153], the investigation of the relevant SEI growth mechanism considering
electron diffusion versus solvent diffusion is based on the work of Single et al. [89],
which is further developed. In particular, the advanced solvent diffusion model
accounts for the interplay of reaction and transport limitation. The predictions of both
models are correlated to experimental data obtained by Keil et al. [126] concerning
the state-of-charge (SOC) and time dependence of capacity fade. The examination
demonstrates that the electron diffusion mechanism can explain the experimental
SOC and time dependence with the same parameter values. In contrast, the solvent
diffusion mechanism can reproduce either the SOC or the time dependence of capacity
fade, especially not both with the same parameters. Furthermore, electron diffusion
can explain deviations of the typical square-root in time behavior observed by Attia
et al. [246] due to the interaction of the SOC and the time dependence in experiments
with significant capacity loss. Therefore, the study confirms electron diffusion as the
relevant transport mechanism mediating SEI growth.
Accounting for a grown SEI layer, Paper II [173] analyzes the chemo-mechanical inter-
action of a silicon nanoparticle and the covering SEI based on the work of Kolzenberg
et al. [63], focusing herein on the silicon voltage hysteresis. Silicon anodes show a
voltage hysteresis during slow cycling and a reduced but still significant hysteresis
after several hours of relaxation, observed even for silicon nanoparticle anodes by
Pan et al. [214, 215]. This work explains the voltage hysteresis after relaxation by the
elastoplastic impact of the SEI on the silicon nanoparticle, generating compressive
stress during lithiation and tensile stress during delithiation. Considering a high
Young’s modulus of the SEI, the layer creates a substantial mechanical impact, affect-
ing the anode voltage. The enlarged hysteresis during cycling arises due to viscous
behavior of the SEI. In total, the chemo-mechanical silicon-SEI simulation featuring
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a visco-elastoplastic SEI explains the hysteresis during cycling, after relaxation, and
voltage transitions observed during the galvanostatic intermittent titration technique
(GITT) procedure. Concluding the simulation results, a softer SEI might reduce the
voltage hysteresis of silicon nanoparticle anodes.
After focusing on the voltage hysteresis and short-term relaxation within GITT
measurements, Paper III [174] examines the long-term relaxation process of silicon
anodes. A recent publication by Wycisk et al. [216] reports slow, non-exponential
voltage relaxation over 300 h. To account for the long-term relaxation, the description
of the SEI viscosity is enhanced by the incorporation of the Garofalo viscosity model,
representing more realistic material behavior. The logarithmic voltage relaxation of
the advanced chemo-mechanical model agrees well with the experimentally reported
relaxation profiles. Furthermore, the model with Garofalo viscosity provides a
consistent description of the observed voltage hysteresis phenomena, i.e., the full
hysteresis during cycling and after relaxation, voltage transitions, and the C-rate
dependence of the hysteresis size. In addition to the full simulation, the study derives
a reduced chemo-mechanical hysteresis model disregarding spatial resolution based
on differential equations with respect to time, providing physical interpretability and
covering open-circuit relaxation in contrast to the empirical Plett model.
Generalizing the simulation to two-dimensional geometries, Paper IV [62] investigates
the chemo-mechanical interaction of an elliptical silicon nanowire with the covering
SEI layer. The work compares the impact of a soft and a stiff SEI on the mechanics
inside silicon and SEI, as well as the effects on the lithiation of the elliptical silicon
nanowire. The results demonstrate that in the case of the soft SEI, the largest stress
magnitude inside silicon occurs at the end of the minor half-axis, caused by the
elliptical geometry rather than the influence of the SEI. For the stiff SEI scenario,
the largest stress magnitude appears at the end of the major half-axis due to the
mechanical impact of the stiff SEI layer, pronounced in this region due to the largest
surface-to-volume ratio. Regarding the lithiation characteristics, the domains of the
most extensive stress magnitudes exhibit lithium concentration anomalies, i.e., concen-
tration depletion during lithiation and concentration excess during delithiation. The
stress and respective concentration anomaly generated by the stiff SEI is significantly
larger than in the soft SEI case, highlighting the importance of the chemo-mechanical
interplay of silicon and SEI. To complete the circle back to the voltage hysteresis,
the elliptical silicon nanowire reveals a similar hysteresis behavior compared to the
spherically symmetric silicon nanoparticle when covered by a stiff SEI shell.
In conclusion, this thesis provides an improved understanding of the growth of the SEI
as well as its mechanical impact on the cycling behavior of silicon, causing the voltage
hysteresis. Finally, the deeper insights into the SEI can help to mitigate capacity fade
and performance drawbacks due to the voltage hysteresis by the ambitious task of
creating a softer but electronically superior passivating SEI layer.
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4.2 Outlook

For the future, combined efforts of continuum modeling, density functional theory,
and quantum chemistry investigating interfaces inside the SEI are necessary to
identify improved SEI compositions and structures. The common objective has to be
to reduce electronic leakage by decreasing the overall diffusion coefficient of electrons
inside the SEI. At the same time, experiments on all scales, starting with cryogenic
electron microscopy to enlighten the SEI up to cell-scale capacity fade measurements
under varying storage or cycling conditions, are essential to confirm the theoretical
results. Gaining a more detailed understanding of the growth and characteristics
of the SEI promises enhanced battery lifetimes highly demanded for mobile and
stationary storage solutions.
Concerning the silicon voltage hysteresis, experiments are required to check the me-
chanical impact of the SEI on the voltage hysteresis by applying different electrolytes
or artificial SEI layers with different mechanical properties. Furthermore, it would
be insightful to evaluate the influence of silicon nanodomains for the lithiation of
larger silicon particles with high-resolution imaging techniques like the focused ion
beam. From a simulation perspective, the incorporation of particle and SEI fracture,
as well as SEI healing, present attractive and fruitful model advancements. Reducing
the voltage hysteresis with a designed SEI promises to reach higher efficiencies and
faster charging capabilities, strongly desired for improved energy storage systems,
especially for the transportation sector.
For future developments, the influence of aging and mechanical aspects will gain
increasing importance. The desired application of lithium metal anodes providing
ultimate capacity coincides with accelerated SEI growth and enormous volume
changes, even compared to silicon anodes. Moreover, the use of solid-state electrolytes
promising higher energy densities and improved safety further pronounces the impact
of mechanics. Therefore, research efforts from academia and industry are needed to
ever improve the characteristics of modern lithium-ion and post-lithium-ion batteries.
Enhanced batteries are essential for the continuing challenge of transitioning from
fossil to sustainable energy. As battery research is currently making great strides, it
remains intriguing to see what innovations the future has in store for us.
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H I G H L I G H T S

* Discussion of state-of-charge (SOC) dependence and time dependence of SEI growth.
* Electron diffusion describes time and SOC dependence of SEI growth simultaneously.
* Interplay between reaction and diffusion is considered for solvent diffusion.
* Solvent diffusion describes either time or SOC dependence of SEI growth.
* Deviation from square-root behavior in time can be explained with self-discharge.
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A B S T R A C T

The solid-electrolyte interphase (SEI) substantially influences the lifetime of lithium-ion batteries. Nevertheless,
the transport mechanism responsible for the long-term growth of the SEI remains controversial. This study
aims at discussing the characteristic time and state-of-charge dependence of SEI growth mediated by electron
diffusion versus solvent diffusion. We describe both transport mechanisms with continuum models and compare
them to experimental results. We show that electron diffusion can explain both the observed state-of-charge
dependence and the time dependence. In contrast, we demonstrate that solvent diffusion can reproduce either
the state-of-charge dependence or the time dependence of capacity fade. There is no intermediate regime where
solvent diffusion can explain both dependencies simultaneously. Furthermore, we emphasize the crucial role of
anode voltage and state-of-charge on SEI growth in general. Due to self-discharge, this dependence can explain
deviations from the typical square-root behavior in the time domain. We conclude that electron diffusion is
the relevant process leading to the state-of-charge dependent SEI growth. Further experiments are needed to
investigate the reason for contributions to the capacity fade that are independent of the state-of-charge.

1. Introduction

The solid-electrolyte interphase (SEI) crucially determines the per-
formance and degradation of lithium-ion batteries. Since its first obser-
vation, Peled contributed significantly to the theoretical understanding
of the SEI: Peled provided the first theoretical description of the SEI
in 1979 [ 1], considered its complex structure and composition [ 2],
and constructed an equivalent circuit model for a mosaic SEI [ 3]. His
recent review from 2017 highlights the great importance of ongoing
SEI research for the improvement of future batteries [ 4].

Despite a lot of effort that has been going into the theoretical and
experimental investigation of the SEI for many years, the SEI is still
not fully understood [ 5� 7]. This results from the complexity of the SEI
due to the variety of organic and inorganic SEI components [ 8� 10],

< Corresponding author at: Institute of Engineering Thermodynamics, German Aerospace Center (DLR), Wilhelm-Runge-Straÿe 10, 89081 Ulm, Germany.
E-mail address: birger.horstmann@dlr.de (B. Horstmann).

mixed layered and mosaic SEI structures [11� 15], a heterogeneous SEI
morphology [ 16� 18], and the contribution of different SEI formation
reactions to the evolution of the SEI [ 19� 23].

One major open question is the exact growth mechanism responsible
for the long-term SEI growth. In this paper, we focus on the two
most widely used mechanisms: electron diffusion through localized
states [19,20,24� 27] and solvent diffusion [ 20,28� 32]. We illustrate
both mechanisms in Fig. 1. The most promising mechanism for de-
scribing experimental data for SEI growth is electron diffusion [ 7],
e.g. in form of neutral lithium interstitial diffusion [ 20,27]. This trans-
port process was proposed by density functional theory calculations
that found the two most prominent defects within a dense SEI at
low anode voltages to be lithium interstitial ions and neutral lithium
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Fig. 1. Schematic of the two transport mechanisms investigated in this study. The
upper part depicts the diffusion of electrons from the electrode through the SEI towards
the electrolyte. The lower part illustrates the diffusion of solvent molecules from the
electrolyte through the SEI towards the electrode.

interstitial atoms [ 24]. Further calculations of the diffusion of these
neutral lithium interstitials concluded that it may be the limiting
transport mechanism leading to continued SEI growth [ 25]. However,
the literature also provides arguments supporting a porous SEI allowing
for solvent diffusion [ 33]. Arguments for solvent diffusion reported
in the literature are observed currents from redox shuttles through
the SEI [34,35] as well as swelling of the SEI inside the electrolyte
compared to a dried SEI [36].

To compare these two mechanisms, we investigate the SEI growth
during open-circuit battery storage, usually called calendar aging. Dur-
ing calendar aging, the growth of the SEI is the main issue leading
to capacity loss of the battery [ 37,38]. Under storage conditions, the
literature reports two important observations. The first one is the
dependence of capacity loss on the state-of-charge (SOC) [37� 40], and
the second one is the square-root behavior in time [41� 44].

Although SEI growth under storage conditions still lacks a complete
understanding, some efforts were made to evaluate the SEI growth
during cycling of batteries [ 27,45,46]. The experimentally observed
heterogeneity of the SEI during cycling was rationalized by electron
diffusion [ 18] in contrast to solvent diffusion [ 47]. In fact, even self-
discharge during battery storage is a sort of battery operation and
influences the growth of the SEI [ 20].

To reexamine the usual square-root behavior, Attia et al. investi-
gated the exact behavior of SEI growth in time during storage and
cycling [ 48]. They provide measurements of capacity loss on carbon
black over time during open-circuit storage. The experimental data
show a particularly large capacity loss and a clear deviation from the
usual square-root behavior in the time domain. This evidences that it
is crucial to consider additional effects like self-discharge, at least for
large capacity losses.

In this paper, we discuss the theory of SEI growth mediated by
electron diffusion and solvent diffusion. We compare the observed
dependence of capacity loss on SOC and time to the simulation results.
We check first for electron diffusion and second for solvent diffusion

whether the two mechanisms can describe both dependencies with
the same parameters. For solvent diffusion, we look additionally for
an intermediate regime revealing a trade-off between SOC and time
dependence. In the last section, we highlight the important role of
self-discharge on SEI growth for large capacity losses.

2. Theoretical methods

We use continuum modeling to describe homogeneous long-term
growth of the SEI. From this perspective, the SEI formation consists
of a diffusion and a reaction step.

As we investigate SEI growth on a long time-scale compared to
a single chemical reaction, the capacity fade observed in storage ex-
periments results from a multitude of different reactions happening in
parallel. In our reductionist approach, we do not need to account for
the plethora of possible reactions and their details, such as nucleation
and growth processes. Instead, we try to deduce universal properties
from the total observable reaction rate.

In real battery systems, there is a variety of possible SEI formation
reactions creating different SEI components. However, the aim of our
study is to discuss the overall capacity fade observed in experiments
rather than explain the multi-component nature of the SEI. In addition,
high-resolution images of the SEI in the literature find different mate-
rials and internal structures. The capacity fade experiments we refer to
did not investigate the exact composition of the SEI. Thus, we restrict
to a single reaction to avoid overfitting,

2Li+ + 2e* + 2EC ™ Li2EDC + Rg; (1)

where lithium ions Li+ , electrons e* , and solvent molecules ethylene
carbonate (EC) react to lithium ethylene dicarbonate ( Li2EDC) which
is often considered as the main SEI component. Here,Rg is a gaseous
byproduct.

To enable the reaction (1), all the reagents need to be close to-
gether. We consider two possible transport mechanisms to achieve this
condition. The first one is the diffusion of electrons through the SEI
towards the SEI-electrolyte interface, where the reaction takes place in
this case. The second one is the diffusion of solvent molecules through
the SEI towards the electrode-SEI interface, where the reaction takes
place then. In the following, we derive the SEI growth rate for both
diffusion mechanisms.

2.1. Electron diffusion through localized states

For the derivation of the theory of electron diffusion in the transport
limited regime, we refer to Ref. [ 20]. Importantly, electron diffusion
is driven by a concentration gradient of localized electrons. This is in
contrast to electron conduction, for which conduction band electrons
are driven by a potential gradient.

In Ref. [20], the authors illustrate the electron diffusion mechanism
with the diffusion of neutral lithium interstitials supported by results
from density functional theory [ 24,25]. In this case, an electron is local-
ized in the vicinity of a lithium interstitial ion to accompany its move-
ment. Density functional theory calculations suggest that these neutral
lithium interstitials move via a knock-off mechanism [ 25]. However,
as the SEI is not a homogeneous crystal, electrons can exist as well in
different localized states, for example created by inhomogeneities [ 49],
grain boundaries between different SEI components [50], or radicals
inside the SEI [26]. These electrons diffuse by transitioning from one
localized state to another.

The capacity loss QSEI observed in experiments is related to the
thickness of the SEIL SEI via

L SEI =
v
s

QSEI

AF
+ L SEI;0; (2)

where v is the mean molar volume of the SEI, s is the mean stoi-
chiometric coefficient of lithium in the SEI formation reaction, A is
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the surface of the anode, and F is the Faraday constant. The initial
capacity loss QSEI;0 is related to the initial thickness of the SEI by
L SEI;0 = vQSEI;0_.sAF /.

According to Ref. [20], the capacity loss over time due to SEI growth
mediated by electron diffusion is given by

) tQSEI =
A2sF2De*

v
�

ce* ;0 � e* ƒU

QSEI + QSEI;0
(3)

with ƒU = F U_RgasT, where U is the anode open circuit potential,
Rgas is the universal gas constant, andT is the temperature. De* is the
diffusion coefficient of electrons through the SEI and ce* ;0 is the electron
concentration at U = 0 V.

For constant voltage, Eq. (3) leads to the well-known square-root
behavior in time,

QSEI = AF

u
2s
v

De* ce* ;0e* ƒU_2
ù

t + t0 * QSEI;0; (4)

where t0 depends on the initial capacity loss such that QSEI vanishes at
t = 0.

2.2. Solvent diffusion

Next, we need to derive the theory of SEI growth generated by
solvent diffusion in detail. In the transport limited regime, solvent
diffusion shows no SOC dependence contradicting experimental ob-
servations [20]. In contrast, in the reaction limited regime, the time
behavior is linear, which does not match experiments as well [27].
Therefore, we consider an interplay between the diffusion of solvent
molecules and the SEI formation reaction.

The rate of charge consumption due to the SEI formation reaction
is described by a Butler-Volmer equation as

R =
j 0

F

�
ƒcEC.0/e*.1* � / ƒU * e� ƒU* ƒUSEI

�
: (5)

Here, j 0 is the maximum reaction current, ƒcEC.0/ is the normalized
solvent concentration at the electrode-SEI interface, � is the symmetry
factor and ƒUSEI = F USEI_RgasT is the SEI formation potential with
USEI = 0:8 V. Typically, the first exponential term in Eq. (5) describing
SEI formation dominates as the SEI product is assumed to be insoluble.

The transport of solvent molecules through the SEI is described by
Fickian diffusion,

) ƒcEC

)t
=

DEC

L 2
SEI

�
) 2 ƒcEC

) ƒx2
; (6)

where ƒcEC = cEC_cEC;bulk is the normalized concentration, ƒx= x_L SEI is
the distance from the electrode, and DEC is the diffusion coefficient of
solvent through the SEI.

At the boundaries, the SEI reaction rate R and the bulk concentra-
tion, respectively, determine the concentration,

DECcEC;bulk

L SEI
�

) ƒcEC

) ƒx

óóóóx=0
= R;

ƒcEC. ƒx™ 1/ = 1:
(7)

From the Eqs. (5)�(7) we derive the concentration at the electrode-SEI
interface as

ƒcEC.0/ =
1 + j 0L SEI

F DECcEC;bulk
e� ƒU* ƒUSEI

1 + j 0L SEI
F DECcEC;bulk

e*.1* � / ƒU
: (8)

The resulting equation describing capacity loss due to SEI growth
mediated by solvent diffusion derived from Eqs. (5) and (8) then reads

) tQSEI = Aj 0
e*.1* � / ƒU * e� ƒU* ƒUSEI

1 + vj 0
sAF 2DECcEC;bulk

e*.1* � / ƒU
�
QSEI + QSEI;0

� : (9)

In the transport limited regime, i.e. F DECcEC;bulk_L SEI ~ j 0, Eq. (9)
reveals the square-root behavior in time for constant voltage neglecting
the term of the backward reaction,

QSEI = AF

u
2s
v

DECcEC;bulk
�
t + t0

�
* QSEI;0: (10)

In the reaction limited regime, i.e. j 0 ~ F D ECcEC;bulk_L SEI, Eq. (9)
shows a linear time dependence, but non-trivial SOC dependence,

QSEI = Aj 0

�
e*.1* � / ƒU * e� ƒU* ƒUSEI

�
t: (11)

3. Results and discussion

Now, we evaluate the dependence of capacity fade on SOC and
time for open-circuit storage. We analyze the data by Keil et al. [37],
who measured the capacity loss depending on the SOC for lithium-ion
batteries with a nickel cobalt aluminum oxide (NCA) cathode. By mea-
suring the SOC dependence at different times up to 9.5 months, they
also provide the time dependence of capacity fade at different states-of-
charge. Importantly, they also measured the anode open circuit voltage
U.SOC/ for the same cells.

The authors have already analyzed the SOC dependence in Ref.
[20]. Here, we evaluate not only the SOC dependence but also the time
dependence. A theory that aims at explaining the observed capacity
fade has to describe both dependencies simultaneously.

3.1. Electron diffusion: SOC and time dependence

First of all, we want to review the electron diffusion mechanism. The
experimentally observed capacity loss Qloss consists of a contribution
due to SEI growth depending on the SOC and an additional contribution
that does not depend on the SOC, i.e.Qloss = QSEI + Qadd [20]. At
high SOC, both terms contribute significantly to the total capacity loss.
At low SOC, the constant contribution, which serves as an offset for
the capacity loss, is the dominant part. We can investigate the time
dependence of the SOC depending capacity fade by subtracting the
capacity fade observed at SOC = 0.

To determine the behavior of capacity loss that is independent of the
SOC, we analyze the time dependence of the capacity fade atSOC = 0.
Due to the influence of the anode overhang area, we neglect the data
point at t = 0. The investigated cells were delivered and stored at
a higher SOC before the start of the storage experiment. For cells
investigated at low SOC, lithium stored inside the overhang area enters
the anode and leads to an increase in the measured capacity [20,38,51].
Therefore, we assume the capacity fade att = 0 should not vanish but
rather show a capacity gain, i.e. a negative capacity fade. We find that a
square-root behavior in time agrees well with the data points (see SI-1).
Due to the initial SEI thickness, we observe a time offset in the square
root that can be related to the initial capacity loss QSEI;0. For further
use, we shift the data such that the curve describing the capacity loss
vanishes initially, i.e. it starts at the origin.

The cause of the capacity loss atSOC = 0 is not known. Possible
reasons are SEI growth during the check-up cycles or mediated by a
different transport mechanism independent of the SOC. In addition,
other degradation than SEI growth, like particle fracture and contact
loss, can cause the observed capacity fade.

After discussing the SOC independent capacity loss, we want to
analyze the SOC dependence and the time dependence of the capacity
fade now. For this, we subtract the curve obtained at SOC = 0from the
data points to investigate the time dependence of the SOC depending
contribution to the capacity fade. We use our model in Eq. (3) with the
determined QSEI;0. The anode voltage U depends on the SOC as shown
in Ref. [37], where the SOC changes during storage due to capacity loss
and capacity retention after check-ups. The constant factor in Eq. (3),
namely A2sF2De* ce* ;0_v, serves as a single fitting variable.

The fit of the electron diffusion model equation (3) to the capacity
loss depending on the SOC is shown in Fig. 2(a). Overall, the simulation
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Fig. 2. Capacity loss simulated with electron diffusion fitted to the SOC depending data measured in Ref. [37]. (a) Capacity loss depending on the SOC. The plot shows a good
agreement between simulation and data points. (b) Capacity loss depending on time. The agreement is excellent at low and medium SOC, whereas a minor deviation is visible at
high SOC.

agrees well with the experimental data, i.e. electron diffusion can
explain the SOC dependence of capacity fade. Only at very low and very
high SOC, we observe major deviations that may account for additional
effects.

With the same parameters, in Fig. 2(b) we compare the time depen-
dence to the experiment. We observe an excellent agreement between
the simulated time dependence and the data at low and medium SOC.
The data as well as the simulation approximately show a square-
root behavior in time. At high SOC, the deviation between simulation
and data is more pronounced, indicating an additional contribution to
capacity loss at very high SOC. This is in accordance with the deviation
at high SOC observed in the SOC dependence.

We support our analysis with new data for lithium iron phosphate
(LFP) cells provided by Naumann et al. [39] in the supplementary infor-
mation. These additional data focus on measuring the time dependence
at different states-of-charge. The capacity fade atSOC = 0and the SOC
dependence are analyzed in SI-2 and SI-3, respectively.

Altogether, we have shown that electron diffusion is able to describe
the SOC dependence and the time dependence with the same parame-
ters. Thus, electron diffusion can explain the observed behaviors of SEI
growth quite accurately.

3.2. Solvent diffusion: SOC and time dependence

Next, we investigate the solvent diffusion mechanism, which com-
petes with electron diffusion. To explain the various experimental
observations, our model for solvent diffusion considers the interplay
between reaction and transport limitation. In the following, we set the
symmetry factor � = 0:5, as we observe no qualitative influence of this
parameter on our results (see SI-4). This choice describes the symmetric
case, where the reaction overpotential influences the forward and
backward reactions to the same extent. With the same procedure as
before, we subtract the data at SOC = 0 from the experimental data to
examine the SOC dependent capacity fade.

First, we fit the solvent diffusion model equation (9) to the SOC
depending capacity fade data. The corresponding result is shown in
Fig. 3(a). The simulation shows a good agreement with the SOC de-
pendence of the observed capacity loss. The quality of the fit is similar
to the one calculated for electron diffusion. This result is contrary to
Ref. [20], where solvent diffusion is only described in the transport
limited regime. However, Fig. 3(b) shows that with the same param-
eters, the simulation reproduces the time dependence only at small
SOC, where the offset from SOC = 0 contributes primarily to the
capacity loss. At higher SOC, the time dependence does not fit the
data points. In this case, the SOC depending capacity fade, which is

approximately linear in time, contributes significantly. The linearity
of the capacity fade reveals that the simulation is in the reaction
limited regime to capture the SOC dependence. In conclusion, matching
the SOC dependence to the experiment does not reproduce the time
dependence.

In comparison to the fit to the SOC dependence, which revealed the
reaction limited regime, we fit the time dependence of the capacity
fade next. As we assume to achieve the best accordance at medium
SOC, we fit the solvent diffusion model to the capacity loss over time
at SOC = 50~. As shown in Fig. 3(d), we find a perfect agreement of
simulation and experiment at the fitted SOC = 50~. In contrast, at high
SOC, the simulation gives the same result as atSOC = 50~ and does not
capture the experimental data. The deviation at high SOC is explained
when regarding Fig. 3(c). With the parameters obtained from the fit to
the time dependence, the simulation shows a constant contribution to
capacity loss over a wide range of SOC values. The simulation does not
capture the dependence of the capacity loss on the SOC at all. As we
observe perfect agreement of the time dependence atSOC = 50~ but
no agreement of the SOC dependence, the simulation is in the transport
limited regime. Thus, matching the time dependence to the experiment,
the simulation does not reproduce the SOC dependence.

As both fits reveal only one observed behavior, we try to find a
possible intermediate regime where the solvent diffusion mechanism
captures the SOC dependence and the time dependence with the same
parameters. To find this regime, we vary the reaction current and the
diffusion coefficient in Eq. (9). In this parameter study, we compare
the root mean square deviation between the simulation and the ex-
perimental data points describing the SOC dependence. Additionally,
we fit a simple power law t� to the simulated time dependence and
evaluate the agreement of the time exponent � with the square-root
profile, i.e. � = 0:5.

The outcome of the parameter study is depicted in Fig. 4. On the
one hand, Fig. 4(a) shows the logarithm of the root mean square
deviation of the simulation to the experimental data describing the
SOC dependence. The smallest values depicted in dark blue refer to
the best accordance of simulation and experiment. Therefore, in the
given range of parameters, small values of the reaction current j 0 and
large values of the diffusion coefficient DEC are necessary to describe
the experimentally observed SOC dependence.

On the other hand, Fig. 4(b) depicts the fitted time exponent � .
Here, values around � = 0:5 are required to describe the experimentally
observed time dependence, which shows approximately a square-root
behavior. The corresponding values are illustrated again in dark blue.
From the same range of parameters as before, now large values of the
reaction current j 0 and small values of the diffusion coefficient DEC are
needed.
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Fig. 3. Capacity loss simulated with solvent diffusion in comparison to the data measured in Ref. [ 37]. (a) and (b) Fit of the solvent diffusion model to the SOC dependence of
capacity loss (a) Capacity loss depending on the SOC. The plot shows a good agreement between simulation and data points. (b) Capacity loss depending on time. Simulation and
experiment do not match at medium and high SOC. (c) and (d) Fit of the solvent diffusion model to the time dependence of capacity loss at SOC = 50~ (c) Capacity loss depending
on the SOC. The simulation does not show the experimentally observed SOC dependence. (d) Capacity loss depending on time. Excellent agreement is achieved atSOC = 50~ but
the simulation does not reproduce the behavior at SOC = 100~.

Fig. 4. Parameter study for the capacity loss simulated with solvent diffusion with a variation of the reaction current j 0 and the diffusion coefficient DEC. (a) Logarithm of the
root mean square deviation (RMSD) of the simulated capacity loss depending on the SOC from the experiment [37]. The smallest deviation is depicted in dark blue and reached
for a small reaction current j 0 and large diffusivity DEC. The best fit of the SOC dependence with the parameters used inFig. 3(a) is highlighted. (b) Fitted time exponent � to
the simulation. The experiment can be approximately described with t0:5 depicted in dark blue. Either large values of j 0 or small values of DEC are needed to achieve a good
agreement with t0:5. The best fit of the time dependence with the parameters used in Fig. 3(d) is highlighted. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)

To combine both results, all sets of parameters that describe the

SOC dependence do not reproduce the time dependence, and all sets

of parameters that describe the time dependence do not reproduce the

SOC dependence. The parameter study shows either good accordance

with the SOC dependence or good accordance with the t0:5 depen-

dence. There exists no intermediate regime, where solvent diffusion

reproduces the SOC dependence and the time dependence. As the

same experiment exhibits both dependencies, the solvent diffusion
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Fig. 5. Capacity loss on carbon black during storage. The experimental data from
Ref. [48] show a clear deviation from t0:5 behavior. The simulation for electron diffusion
can describe the observed time behavior when self-discharge is taken into account.

mechanism fails to describe the observed SEI growth characteristics.
However, solvent diffusion could be one of the reasons for the contribu-
tion to the capacity fade that is independent of the SOC. As mentioned
above, we provide the analysis for the data by Naumann et al. [39] in
the supplementary information (see SI-5 and SI-6).

In this section, we have shown that the diffusion of solvent
molecules cannot capture the experimentally observed dependencies of
capacity fade on SOC and time. An alternative approach is considering
additional species like the SEI product or lithium ions inside the
SEI, which diffuse through the SEI from the electrode towards the
electrolyte [52,53]. However, this model requires an explanation of
why the SEI product does not precipitate directly at the electrode but
diffuses towards the SEI-electrolyte interface instead. Alternatively, it
has to be clarified why lithium ions should limit the transport process
as they can move fast through the SEI to enable battery operation. The
mathematical structure of this particular description would be similar
to the model of electron diffusion, as the diffusion of a species from the
electrode towards the electrolyte determines the SEI growth rate.

3.3. Self-discharge: Deviation from square-root behavior

So far, we depict the SOC dependence of the capacity loss as a
separate feature compared to the time dependence. Now, we want to
highlight the interaction between the SOC dependence and the t0:5 time
dependence due to self-discharge. For a good demonstration of this
effect, we refer to an experiment by Attia et al. measuring a particularly
large capacity loss on carbon black over time [48]. The experimental
data are shown in Fig. 5.

For this experiment, Attia et al. reviewed the square-root behavior
in time and fitted power laws t� to the experimentally observed ca-
pacity fade [48]. For storage, they observed apparent time exponents
lower than 0:5, e.g. � í 0 :3 as depicted in Fig. 5, in contrast to the usual
t0:5 behavior expected for transport limitation. However, this cannot be
explained by leaving the transport limited regime, as values larger than
0:5 indicate reaction limitations [27].

As discussed before, the growth rate of the SEI depends on the anode
voltage via the SOC calculated with respect to the initial capacity.
However, the SOC cannot be assumed constant in time but gets effec-
tively reduced by the amount of charge consumed due to SEI growth.
This effect of self-discharge leads to a deviation of the simulated SEI
growth from a simple square-root behavior in time, particularly for
large capacity losses.

In contrast to the former sections, we cannot determine the con-
tribution to the capacity loss independent of the SOC separately, as
Ref. [48] provides no data at SOC = 0. However, we assume that both
SOC dependent and independent parts can contribute significantly to
the total capacity loss. Our assumption is supported by results from
cryogenic electron microscopy of the SEI on carbon black [54]. This
study reports a thin and a thick SEI layer on different particles. In addi-
tion, Ref. [53] describes two SEI growth modes, namely homogeneous
and heterogeneous SEI growth. Therefore, it is reasonable to assume
that two different mechanisms may lead to the observed SEI thickness.
Due to our former results, we attribute the SOC dependent term to
our electron diffusion model (3) and the SOC independent term to an
additional mechanism. Solvent diffusion would be a candidate for this
mechanism.

As motivated, we divide the total capacity loss into a contribu-
tion with nontrivial SOC dependence and a contribution with trivial
SOC dependence. Here, we setQSEI;0 = 0 to reduce the number of
parameters. Fig. 5 illustrates the simulation of the capacity loss. It
matches the experiment reasonably with similar quality as the simple
power law fit. Therefore, we highlight that electron diffusion can well
describe SEI growth as a transport limited process, i.e.t0:5 behavior for
constant voltage, when carefully considering any change in the SOC
and the voltage U.SOC/, respectively. Considering this self-discharge,
our model for electron diffusion is able to describe deviations from the
t0:5 dependence. Our results reveal that smaller apparent exponents of
the power law t� , as observed in Ref. [48], are still consistent with
transport limited SEI growth models. Instead, exponents larger than 0:5
imply the transition to the reaction limited regime [27].

4. Conclusions

We have investigated the SOC and time dependence of capacity
fade during calendar aging and compared the electron diffusion with
the solvent diffusion mechanism. The relevant transport mechanism
leading to SEI growth has to capture the SOC and the time dependence
with the same parameters.

We have found that the electron diffusion mechanism can reproduce
the SOC dependence and the time dependence of the capacity loss
simultaneously. We conclude that electron diffusion is able to describe
the characteristics of the SOC dependent capacity loss. Only at very
low and high SOC do additional degradation effects not captured in our
model lead to deviations. Their interplay deserves further investigation.

In contrast, we have shown that solvent diffusion can reproduce
either the SOC dependence or the time dependence of capacity fade.
Our parameter study approves that there is no intermediate regime,
which captures both dependencies with the same parameters. Thus,
solvent diffusion fails to describe the observed features of the SOC
dependent capacity loss.

Finally, we have emphasized the importance of the interaction
between SOC dependence and time dependence of capacity fade. We
have demonstrated that our model for electron diffusion captures exper-
imentally observed deviations from the usual t0:5 law by considering the
effect of self-discharge. Consequently, smaller apparent time exponents,
as reported in Ref. [48], do not contradict transport limited SEI growth.
In contrast, larger exponents may indicate reaction limitations [27].

To conclude our study, we have shown that only the electron
diffusion mechanism can explain the SOC and time dependence simul-
taneously. This mechanism can even reproduce capacity fade experi-
ments that deviate from the square-root behavior in time. In agreement
with Refs. [53,54], we have divided the total capacity loss into two
contributions. However, the reason for the SOC independent capacity
loss needs further investigation.

To take future calendar aging studies into account, we propose to
appropriately state experimental data of capacity loss as a function of
SOC and time. The check-up cycles have to be done carefully to reduce
their influence on the self-discharge effect, i.e. it is important to state
to which SOC the cells are charged after the check-ups. Additionally,
it is crucial to provide the anode open circuit voltage curve for the
investigated cells to analyze the SOC dependence of SEI growth.
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1. Capacity loss at SOC=0% for Keil et al. [ 1]
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Figure SI-1: Capacity loss at SOC = 0% measured in Ref. [ 1]. We neglect the data point at t = 0 (highlighted in light blue)
due to the in
uence of the anode overhang area that leads to an increase in the total capacity. The square-root �t describe s
the data points appropriately when assuming the initial cap acity loss QSEI ;0 = 1%.
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2. Capacity loss at SOC=0% for Naumann et al. [ 2]
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Figure SI-2: Capacity loss at SOC = 0% measured in Ref. [ 2]. We neglect the data point at t = 0 (highlighted in light blue)
due to the in
uence of the anode overhang area that leads to an increase in the total capacity. The square-root �t describe s
the data points appropriately when assuming the initial cap acity loss QSEI ;0 = 1%.
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3. Electron di�usion describing the capacity loss for Naumann et al. [ 2]
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Figure SI-3: Capacity loss simulated with electron di�usio n �tted to the SOC depending data measured in Ref. [ 2]. The focus
is on measuring the time dependence at di�erent states-of-c harge. As the anode open circuit voltage is not provided for t he
investigated cells, we use the anode open circuit voltage me asured for LFP cells in Ref. [ 1]. (a) Capacity loss depending on
the SOC. Agreement between simulation and data is reasonabl e, although the exact curve for the anode open circuit voltag e is
not known. (b) Capacity loss depending on time. The agreemen t is excellent at low SOC, while at medium SOC, the general
time behavior is reproduced, but the simulated values overa ll are too low. At high SOC, the simulation shows a large devia tion
from the data points.
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4. Solvent di�usion describing the capacity loss for Keil et al. [ 1]: Variation of parameter �
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Figure SI-4: Capacity loss simulated with solvent di�usion in comparison to the data measured in Ref. [ 1]. Fit of the solvent
di�usion model to the SOC dependence of capacity loss. (a) an d (b) Parameter � = 0 :25 (a) Capacity loss depending on
the SOC. The agreement between simulation and data points is reasonable. (b) Capacity loss depending on time. Simulatio n
and experiment do not match at medium and high SOC. (c) and (d) Parameter � = 0 :75 (c) Capacity loss depending on the
SOC. There is a clear deviation between the simulation and th e observed data points (d) Capacity loss depending on time.
Simulation and experiment do not match at medium and high SOC .
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5. Solvent di�usion describing the capacity loss for Naumann et al. [ 2]
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Figure SI-5: Capacity loss simulated with solvent di�usion in comparison to the data measured in Ref. [ 2]. (a) and (b) Fit of
the solvent di�usion model to the SOC dependence of capacity loss (a) Capacity loss depending on the SOC. The agreement
between simulation and data points is reasonable. (b) Capac ity loss depending on time. Simulation and experiment do not
match at medium and high SOC. (c) and (d) Fit of the solvent di� usion model to the time dependence of capacity loss at
SOC = 50% (c) Capacity loss depending on the SOC. The observed dependence is not captured at all. (d) Capacity loss
depending on time. Good agreement is achieved at SOC = 50%, bu t the simulation does not reproduce the behavior at
SOC = 100%.
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Figure SI-6: Parameter study for the capacity loss simulate d with solvent di�usion with a variation of the reaction curr ent j 0
and the di�usion coe�cient D EC . (a) Logarithm of the root mean square deviation of the simul ated capacity loss depending
on the SOC from the experiment [ 2]. The smallest deviation is depicted in dark blue and reache d for small reaction current
j 0 and medium di�usivity D EC . The best �t of the SOC dependence with the parameters used in Fig. SI-5(a) is highlighted.
(b) Fitted time exponent � to the simulation. The experiment can be approximately desc ribed with t0:5 depicted in dark blue.
Either large values of j 0 or small values of D EC are needed to achieve a good agreement with t0:5 . The best �t of the time
dependence with the parameters used in Fig. SI-5(d) is highlighted.
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Voltage Hysteresis of Silicon Nanoparticles:
Chemo-Mechanical Particle-SEI Model

Lukas Köbbing, Arnulf Latz, and Birger Horstmann*

Silicon is a promising anode material for next-generation lithium-ion batteries.
However, the volume change and the voltage hysteresis during lithiation and
delithiation are two substantial drawbacks to their lifetime and performance.
The reason for the voltage hysteresis in amorphous silicon nanoparticles
covered by a solid-electrolyte interphase (SEI) is investigated. Concentration
gradients inside the nanoscale silicon cannot produce the massive stresses
necessary to cause the reported voltage hysteresis. The chemo-mechanical
model shows that plastic deformation of the sti�, inorganic SEI during
lithiation and delithiation reproduces the observed silicon open-circuit voltage
hysteresis. Additionally, the viscous behavior of the SEI explains the di�erence
between the voltage hysteresis observed at low currents and after relaxation.
It is concluded that the visco-elastoplastic behavior of the SEI is the origin of
the voltage hysteresis in silicon nanoparticle anodes. Thus, consideration of
the SEI mechanics is crucial for further improvements.

�. Introduction

The improvement of lithium-ion batteries is essential for fac-
ing the pressing global challenges. Due to their high theoreti-
cal capacity, pure silicon anodes are a promising candidate for
the next generation of lithium-ion batteries.[�…�] Therefore, re-
search makes an e�ort to investigate this advantageous and abun-
dant material.

Silicon confronts research with two challenging features on
the way to commercial silicon anodes. The “rst is the signi“cant
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expansion and constriction with a volume
change of up to ���% during lithiation
and delithiation, respectively. The deforma-
tion leads to the cracking of large silicon
particles and the formation of networks
with nanometer-sized silicon particles.[�]

However, no cracking occurs below a
critical particle diameter of � ��� nm. [�]

Due to the superior mechanical stability,
recent research concentrates on investigat-
ing nano-structured silicon anodes.[	…�
]

Additionally, experiments observe a vol-
ume hysteresis, that is, a di�erence in
the silicon particle or anode volume
between lithiation and delithiation.[��…��]

The second major issue is the voltage
hysteresis of silicon anodes observed in
experiments for various silicon structures,
namely thin “lms, [��,��…
�] nanowires,[
�,
� ]

and nanoparticles.[
�…
�] The voltage
hysteresis considerably reduces energy e
ciency and leads to
detrimental heat generation during cycling.[��] Thus, the hystere-
sis phenomenon is a very important challenge for the commer-
cialization of silicon-anode lithium-ion batteries. Most literature
reports the hysteresis of pseudo-open-circuit voltages at currents
smaller than C/��. However, even for the open-circuit voltage
measured by the galvanostatic intermittent titration technique
(GITT) after relaxation periods, a reduced, but still signi“cant
voltage hysteresis remains.[
�,
	,
� ] We emphasize that the mea-
surements reveal a clear di�erence in the size of the voltage hys-
teresis observed for small currents and after relaxation periods.

Phase transformations can explain a voltage hysteresis for crys-
talline silicon or the “rst cycle of amorphous silicon anodes.[��…��]

However, also amorphous silicon anodes show a voltage hys-
teresis after the “rst cycle. In this case, the literature commonly
considers plastic ”ow of silicon as the reason for the hysteresis
phenomenon. In thin-“lm silicon electrodes, massive stresses
arise naturally due to the restricted expansion in the in-plane
direction.[

,��,�� ] For micron-sized silicon particles or high ap-
plied currents, the slow di�usion in silicon can lead to con-
centration gradients during lithiation and delithiation, inducing
a voltage hysteresis.[��…��] Nevertheless, the reason for substan-
tial stresses inside amorphous silicon nanoparticles during slow
lithiation and delithiation remains unclear.

Similarly to other anode materials, the solid-electrolyte inter-
phase (SEI) naturally covers silicon particles. The SEI protects
the anode from the electrolyte[��,�� ] and grows via electron trans-
port from the anode through the SEI.[�
,�� ] Additionally, between
the silicon particle and the SEI, there is a native silicon oxide layer
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Figure �. Scheme of the radial stress inside the SEI during lithiation and
delithiation of a silicon nanoparticle.

in”uencing the interface between particle and SEI.[��] Research
invests much e�ort into characterizing and improving the SEI on
silicon anodes.[��…��] Due to the considerable volume changes of
silicon anodes, the plasticity and cracking of the SEI on silicon
deserve particular interest.[�
…��]

As the SEI deforms due to the chemical expansion and shrink-
age of the particle, considerable strains and stresses occur inside
the SEI. Certain studies even claim that the compressive stress of
the SEI acting on the particle might be bene“cial to avoid parti-
cle cracking.[�,��,�	 ] Further, we note that a carbon coating on top
of the silicon particle reduces the observed voltage hysteresis of
the silicon anode.[
�] The reason might be a di�erent SEI compo-
sition on carbon and silicon. In conclusion, we propose that the
composition and stress of the SEI have a crucial impact on the
lithiation behavior and, particularly, on the voltage hysteresis of
silicon particles.

In this paper, we consider a visco-elastoplastic SEI model based
on non-equilibrium thermodynamics.[��] We evaluate the in”u-
ence of the stress generated by the SEI on the lithiation and
delithiation behavior of an amorphous silicon nanoparticle. Our
model can faithfully reproduce the broadly recognized but empir-
ical Plett model. Furthermore, it allows to investigate the reason
for the di�erence between the voltage hysteresis for small cur-
rents and GITT data points. Finally, we discuss the in”uence of
the mechanical parameters of the SEI and the silicon nanoparti-
cle on the silicon voltage hysteresis.

�. Theory

When the silicon anode particle expands and contracts, distinct
strains emerge inside the SEI as illustrated inFigure � . Elastic
deformations lead to signi“cant stresses in tangential and radial
directions. The radial stress component impacts the stress inside
the particle, which crucially in”uences the silicon potential. We
discuss a chemo-mechanical silicon particle model and a visco-
elastoplastic SEI model.

�.�. Silicon Particle Model

Our silicon particle model is based on the work of Kolzen-
berg et al. complemented by plasticity.[��,�� ] During lithiation and
delithiation, the silicon particle experiences signi“cant expansion
and shrinkage, respectively. The deformation tensorF = � �x� � �X�

describes the transformation from the undeformed Lagrangian
frame to the deformed Eulerian frame.[��] We use the large de-

formation approach to describe the deformation inside the sili-
con particle.[�
] Therefore, the total deformationF consisting of a
chemical deformationFch, an elastic deformationFel, and a plas-
tic deformation Fpl reads

F = FplFelFch (�)

The chemical deformationFch is described by the concentration
of lithium cLi, � inside the silicon particle in the Lagrangian frame
according to

Fch = � chId = (� + vLicLi,� )
� � � Id (
)

wherevLi is the molar volume of lithium inside silicon.
The lithiation behavior and the mechanical deformations are

derived in our model based on non-equilibrium thermodynam-
ics. Our model builds up on the free energy according to the “rst
law of thermodynamics. In Supporting Information, we discuss
non-negativity of the entropy production� � � in our model
stated in Equation (S�
), Supporting Information, which means
accordance with the second law.

The free energy density� � � of the silicon anode consists of a
chemical contribution depending on the lithium concentration
and a mechanical contribution due to elastic deformation. The
free energy of the silicon anode reads

� � � = Š
�

cLi

�
FU�

�
c�

Li

�
dc�

Li

+
�



�
� Si

�
tr

�
Eel

�� 

+ 
 GSi tr

�
E


el

� �
(�)

with the Faraday constantF and the ideal open-circuit voltage of
silicon U� . The elastic strain tensorEel in Equation (�) is de“ned
by

Eel =
�



�
FT

elFel Š Id
�

(�)

The “rst and second Lamé constants read� Si = 
 GSi� Si/(� Š 
 � Si)
and GSi = ESi/
(� + � Si), where� Si is the Poisson ratio of silicon.
The elastic deformationFel depends on the Piola…Kirchho� stress
P inside the particle determined by the constitutive equation

P = 
 F
�� � �
� C

(�)

= � Š

ch FFŠT

pl FŠ�
pl

�
� Si tr(Eel)Id + 
 GSiEel

�

where C is the right Cauchy…Green tensorC = FTF. The Piola…
Kirchho� stress is related to the Cauchy stress� asP= J� FŠT with
J = detF. The Piola…Kirchho� stressP de“ned in Equation (�)
has to ful“ll the momentum balance in the Lagrangian frame

� = � � � P (�)

In addition to the elastic deformation, the particle deforms plas-
tically when reaching the von Mises yield criterion

f =
�


�Mdev�


� 

Y,Si

Š � � � (�)
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where Mdev = M Š � � � tr M is the deviatoric part of the Mandel
stressM = FT

rev� FŠT
rev with the reversible part of the deformation

Frev = FelFch. The yield stress� Y depends on the material and re-
veals how much stress the particle can withstand with reversible
deformations. The plastic ”owLpl = 	FplF

Š�
pl

is calculated by

Lpl = 

� f
� M

(	)

where the plastic multiplier� is determined from the consistency
condition 	f = �.

The de“ning equation for the lithiation and delithiation of a
silicon particle reads

	cLi,� = Š� � � �NLi,� (�)

with the lithium ”ux �NLi,� = ŠL� � � Li and the electro…chemo…
mechanical potentialµLi. The mobility is determined by L =
DLi(�µ Li/ � cLi, � )Š� with DLi the di�usion coe
cient of lithium in
silicon. At the boundary of the particler = R, the lithium ”ux
�NLi,� (R) is determined by the applied (de)lithiation rate.

The lithium concentration and the stress inside the particle
in”uence the electro…chemo…mechanical potential of lithium ac-
cording to the constitutive equation

� Li =
�� � �
� cLi,�

= ŠFU� Š
vLi

� � �
ch

P : F (��)

The chemical potential at the outer border of the anode deter-
mines the measurable silicon open-circuit voltage (OCV) byU =
ŠµLi/F. Thus, the OCV reads

U = U� +
vLi

� F� �
ch

P : F (��)

We determine the ideal open-circuit voltageU� as the mean value
of the open-circuit voltages measured via GITT during lithia-
tion and delithiation in ref. [
	]. However, stress inside the par-
ticle crucially a�ects the open-circuit voltage during lithiation
and delithiation.

�.�. SEI Model

Inside the SEI, there is no chemical deformation, as no lithiation
of the SEI is possible. Therefore, the SEI only deforms elastically
and plastically

FSEI = FSEI,plFSEI,el (�
)

In our visco-elastoplastic SEI model, elastoplastic deformations
and viscous ”ow contribute to the total stress. The stress due to
elastoplastic deformations is de“ned similarly to Equation (�) as

PSEI,el = 
 FSEI

�� �,SEI � SEI

� CSEI

= FSEIF
-T
SEI,plF

Š�
SEI,pl

�
� SEI tr(ESEI,el)Id + 
 GSEIESEI,el

�
(��)

with the strain tensorESEI, el, the right Cauchy…Green tensorCSEI,
and the Lamé constants� SEI andGSEI de“ned analog to the parti-
cle model. The free energy density of the SEI is de“ned according
to merely the mechanical contribution in Equation (�).

Plastic ”ow can occur inside the SEI similarly to the particle
when reaching the von Mises yield criterion

fSEI =
�


�Mdev

SEI,el
� 


� 

Y,SEI

Š � � � (��)

leading to the plastic ”ow

LSEI,pl = 
 SEI

� fSEI

� MSEI,el
(��)

The consistency condition	fSEI = � determines again the value of
the plastic multiplier � SEI. We emphasize that plastic ”ow in the
SEI is driven by the deviatoric part of the elastoplastic stress con-
tribution Mdev

SEI,el
.

In addition to the elastoplastic model discussed in ref. [��], we
consider stress generated by the viscous ”ow of the SEI. The vis-
cous Cauchy stress is de“ned as

� SEI,visc = � SEI
	ESEI (��)

with the viscosity of the SEI� SEI. Radial symmetry in our system
ensures 	ESEI = FT

SEI
	FSEI. Therefore, the viscous Piola…Kirchho�

stress corresponding to Equation (��) reads

PSEI,visc = JSEI� SEI
	FSEI (��)

with JSEI = detFSEI.
We describe the SEI as a power-law shear thinning material.

Therefore, the viscosity decreases with increasing strain rate

� SEI

� 	ESEI

�
= � SEI,�

	EnŠ�
SEI (�	)

where� SEI, � is a constant value andn < � is the shear-thinning ex-
ponent.

In our model, we consider the viscous behavior in parallel to
the elastoplastic model. Thus, the sum of the elastic and viscous
contributions describes the total Piola…Kirchho� stress as

PSEI = PSEI,el + PSEI,visc (��)

Analog to the particle model, the momentum balance

� = � � � PSEI (
�)

determines the stress inside the SEI.
Finally, we emphasize that our model describes the SEI me-

chanics on a continuum level. The visco-elastoplastic behavior is
not a single-crystal property but results from subsequent partial
SEI fracture and healing.[��] This approach is valid for small cur-
rents, where the SEI fractures only partially and healing is fast
compared to the lithiation timescale.
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�.�. Particle-SEI Interface

At the interface between the anode particle and SEI, we assume a
perfect sticking of the SEI on top of the silicon particle. Therefore,
the stresses inside the particle and SEI interact at the interface.
Precisely, the radial component of the Cauchy stress has to be
equal in particle and SEI at the boundary. Due to the radial sym-
metry, this also implies the equivalence of the radial part of the
Piola…Kirchho� stress at the interface

Prr �r=R = PSEI,rr� r=R (
�)

Inside the particle, the chemical contribution dominates the
total deformation. In contrast, the SEI deforms only elastically
and plastically. Thus, mechanical deformations of the SEI have to
a�ord the large deformation implied by the particle. These defor-
mations result in signi“cant strains and stresses inside the SEI.
Consequently, the stress inside the SEI can substantially a�ect
the stress and lithiation behavior of the silicon particle.

�.�. Material Parameters

The literature states values of Young•s modulus of the SEIESEI

between only a few hundreds of MPa and values greater than
��� GPa. For a better overview, we divide the reported values
into the categories: soft withESEI < � GPa,[��…��] medium with
� GPa � ESEI < �� GPa, [��,��,�	…�
] sti� with �� GPa � ESEI <
��� GPa, [��,�	…��,��…��] and very sti� SEI with ESEI � ��� GPa. [�	,�� ]

In general, references report lower values of Young•s modulus for
thicker SEI layers. In contrast, the initial SEI or the inner, inor-
ganic SEI layer reveals higher values of Young•s modulus. Due to
the small scale, the measurement values of the inner SEI might
underestimate the corresponding Young•s modulus, as the mea-
sured point might be in the transition zone between the inner
and the outer SEI. Further, the literature reports a size e�ect of
Young•s modulus on the nanoscale for di�erent materials. Struc-
tures on the nanometer level typically reveal a higher Young•s
modulus compared to bulk values.[��…	�] Therefore, we useESEI =
��� GPa for the SEI in our studies.

Experiments attempt to determine the viscosity of the SEI but
face severe di
culties due to the small length scale of interest.
Recently, research has advanced in estimating the viscosity value
of the outer, organic SEI layer.[��,�� ] However, the inner, inorganic
SEI layer is known to be much sti�er than the outer layer. We as-
sume this coincides with a considerably higher viscosity of the
inner layer. Consequently, reasonable values of the viscosity of
the inner SEI are between� = �� � Pa s measured for pitch, a
highly viscous polymer,[	�] and � = �� �� Pa s measured for sili-
con oxide.[	
…	�] We estimate the shear-thinning exponent to ben
= �.�� from ref. [	�].

Measurements for Young•s modulus of silicon show a wide
range of values.[	�,	� ] For amorphous macroscopic silicon, litera-
ture reports values around ��[		,	� ] and �
� GPa. [��,�� ] Crystalline
silicon nanowires reveal values between �� and 
�� GPa.[	�,�
 ] At
the nanoscale, we expect that the values of Young•s modulus of
amorphous and crystalline silicon will approach each other as
crystalline phases inside nanoparticles gain more importance. In
comparison to nanowires, nanoparticles may even show more

pronounced surface e�ects leading to higher values of Young•s
modulus. Therefore, we useESi = 
�� GPa in our simulations.

If not mentioned explicitly, we use the parameters presented
in Table S�, Supporting Information.

�.	. Computational Details

We implement our model in MATLAB using a “nite di�erence
approach. We solve the partial di�erential Equations (�), (	), (�),
(��), and (
�) with the solver ode��i by discretizing the radial
dimension. The principal variables inside the particle are the
lithium concentration cLi, � , the deformed radiusr, and the ra-
dial component of the plastic deformationFpl, rr of each element.
Inside the SEI domain, the principal variables are the deformed
radius rSEI and the radial component of the plastic deformation
FSEI, pl, rr of each SEI element.

�. Results and Discussion

Based on our chemo-mechanical model, we evaluate the in”u-
ence of the mechanics of the silicon particle and its covering in-
terphase on the voltage hysteresis of silicon anodes in this sec-
tion. Although we term the covering layer SEI throughout this
paper, our model also describes a particle covered by a silicon ox-
ide layer.

Without the impact of the SEI, we can create three di�erent
scenarios presented in Sections S
…S�, Supporting Information
reasoning the experimental voltage hysteresis. First, literature of-
ten considers silicon thin-“lm anodes, where the expansion and
contraction are restricted to the normal direction of the “lm as
illustrated in Figure S�, Supporting Information. This leads to
signi“cant stresses and plastic ”ow, resulting in a voltage hys-
teresis shown in Figure S
, Supporting Information. Second, in
a real multi-particle electrode, the expansion of a single particle
is constrained. We model this situation with a simpli“ed parti-
cle con“ned by a “xed wall (see Figure S�, Supporting Informa-
tion). As depicted in Figure S�, Supporting Information, consid-
erable stresses and a voltage hysteresis occur only during the “rst
lithiation due to permanent plastic deformation. Third, massive
stresses generated by concentration gradients can arise in sili-
con particles without constraints due to the slow di�usion pro-
cess. However, Figure S�, Supporting Information shows that
no voltage hysteresis is visible for silicon nanoparticles cycled at
C/
�. Only currents as large as �C create substantial concentra-
tion gradients and a voltage hysteresis in silicon nanoparticles
without constraints. We emphasize that these concentration gra-
dients vanish after relaxation and cannot explain the open-circuit
voltage hysteresis.

Consequently, plastic ”ow due to slow di�usion or constrained
particles cannot reproduce the voltage hysteresis observed in
GITT measurements with a silicon nanoparticle anode. Thus, we
investigate the in”uence of the SEI on the stress and potential in-
side the silicon particle.

�.�. Open-Circuit Voltage Hysteresis

In our model, we consider the SEI as a visco-elastoplastic ma-
terial. Inside the particle, a substantial amount of the total
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Figure �. Open-circuit voltage hysteresis generated by a visco-
elastoplastic SEI withESi = ��� GPa and ESEI= ��� GPa in comparison to
GITT measurement.[�� ] A complete cycle and a partial cycle are depicted
for the simulation and the Plett model.

deformation is the chemical contribution due to the change in
lithium concentration. In contrast, the SEI merely shows me-
chanical deformations. As the deformation of the SEI has to ad-
just to the deformation of the particle, considerable strains occur
naturally inside the SEI. Assuming a high Young•s modulus of
the SEI, strains inside the SEI cause signi“cant stresses. As dis-
cussed, the radial component of the stress inside the SEI at the
particle-SEI interface determines the radial stress component in-
side the particle at the interface. For currents as small as C/
�,
the radial stress component of the SEI is the main reason for
the stress inside the particle. The particle stress distributes uni-
formly, reasoning vanishing deviatoric stress. Therefore, plastic
”ow will not occur inside the particle. Nevertheless, the substan-
tial stresses inside the particle can generate a voltage hysteresis.

In our simulation, we determine the open-circuit voltage after
a relaxation period to reproduce GITT measurements.Figure �
depicts the open-circuit voltage for lithiation and delithiation sim-
ulated with our visco-elastoplastic SEI model depending on the
state-of-charge (SOC). Notably, the simulation reveals a signi“-
cant voltage hysteresis. Furthermore, our results agree well with
the experimentally observed voltage hysteresis.[
	] Only for very
low and very high SOC does the experiment show a steeper de-
crease and increase, respectively, compared to the simulation. We
attribute this to the use of the mean value of the lithiation and
delithiation GITT voltages as the ideal open-circuit voltage curve.
However, the situation is asymmetric at the endpoints of lithia-
tion and delithiation. Before swapping the current direction, the
stress stays constant but changes gradually after. Therefore, the
ideal open-circuit voltage will di�er from the mean value of the
lithiation and delithiation open-circuit voltages at very low and
very high SOC.

The standard “tting model to describe transitions between the
lithiation and delithiation voltages is the Plett model.[��…��] We
brie”y present the equations describing the Plett model in Sec-
tion S�, Supporting Information. In Figure 
, we depict our sim-
ulation of a complete cycle and a partial cycle between 
�% and
��% in comparison to the behavior of the Plett model. The il-

lustration reveals that our physical model is in reasonable accor-
dance with the phenomenological Plett model.

Before discussing the evolution of the stresses inside particle
and SEI in detail, we attempt to illustrate the physical mecha-
nism of stress-potential coupling leading to the hysteresis behav-
ior. During lithiation, the silicon particle expands continuously.
To withstand the expansion, the SEI has to deform mechani-
cally, generating a compressive stress acting on the particle. This
compression increases the energy needed to insert more lithium
inside the particle. Therefore, the chemo-mechanical potential
of lithium inside the silicon particle increases, leading to a de-
crease in the anode OCV (Equation (��)). The additional energy
necessary for the lithiation is transformed into pressure-volume
work of particle and SEI. When the system behaves purely elas-
tically, this energy is completely regained during the delithiation
such that no hysteresis behavior occurs. However, plasticity in-
side the model causes irreversible deformation of the SEI and
energy dissipation. During delithiation, the plastically expanded
SEI induces tensile stress in the particle. This increases the en-
ergy necessary to extract lithium from the particle. Thus, the
chemo-mechanical potential of lithium decreases, leading to an
increase in the anode OCV. In total, plasticity of the SEI causes
the OCV hysteresis. The energy dissipated due to plastic deforma-
tions is equivalent to the area between the hysteresis branches of
the OCV curve.

After the illustrative description of the hysteresis, we discuss
the stress behavior in detail. In our model, the radial stress com-
ponent of the SEI impacts the stress inside the particle and im-
plicitly generates the voltage hysteresis of the silicon nanoparti-
cle. In Figure � a, we illustrate the stress components inside the
SEI at the particle-SEI interface. During lithiation, the particle
expands, and the SEI deforms purely elastically until reaching
the yield criterion. As the particle surface area increases, the SEI
has to stretch in the tangential direction leading to tensile tan-
gential stress (yellow). This tangential expansion leads to a con-
striction in the SEI thickness and compressive radial stress (red).
Upon meeting the yield criterion, the SEI starts to ”ow plasti-
cally. The tangential stress shows a signi“cant kink at the transi-
tion between elastic and plastic deformation. In the purely plas-
tic regime, the stress components change only slightly. The radial
component stays compressive, and the tangential tensile. Switch-
ing to delithiation, the SEI immediately leaves the plastic regime
and deforms purely elastically again. The tensile tangential stress
reduces, and compressive stress occurs. Simultaneously, com-
pressive radial stress reduces, and tensile stress occurs. Reaching
the plastic limit, the compressive tangential stress and the tensile
radial stress stay almost constant until the end of the delithiation
process. Eventually, the radial stress and the tangential stress of
the SEI show a hysteresis behavior due to path-dependent plas-
tic deformations.

The maximum stress in the system results from the yield con-
dition, which determines the maximum deviatoric stress inde-
pendent of the particle size. However, expressing Equation (�) in
spherical coordinates indicates that the radial stress component
increases with the ratio of SEI thickness and particle radius. Nev-
ertheless, the particle size of interest is around the optimum size
for silicon nanoparticles in terms of degradation found in ref.
[��]. That means smaller particles with a higher speci“c surface
area are covered by a thinner SEI compared to larger particles. We
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Figure �. Stress and size e
ects of a visco-elastoplastic SEI covering a silicon particle withESi = ��� GPa and ESEI= ��� GPa. Lithiation is depicted with
solid and delithiation with dashed lines. a) Hysteresis of the stress components inside the SEI at the SEI-particle interface. b) Hysteresis of the particle
radius generated by the impact of the visco-elastoplastic SEI.

conclude that a change in particle size has only a minor in”uence
on the size of the OCV hysteresis in the realm of interest.

As the stresses inside particle and SEI in”uence the par-
ticle deformations, the stress hysteresis induces a hysteresis
phenomenon in the deformation tensor. This leads to a hysteresis
behavior in the radius and volume of the particle. In Figure �b,
we depict the particle radius depending on the SOC, revealing
a clear hysteresis e�ect. The particle radius shows larger values
for delithiation than for lithiation at the same SOC. The simula-
tion result matches qualitatively the volume hysteresis reported
for silicon anodes.[��…��]

�.�. Voltage Hysteresis During Cycling

The literature states a signi“cant di�erence between the volt-
age hysteresis of silicon anodes for small currents and the open-
circuit voltage hysteresis measured with GITT. As discussed at
the beginning of Section �, we cannot attribute this to concentra-
tion gradients inside the particle. Instead, we assign the potential
di�erence to the viscous behavior of the SEI. As the literature pro-
vides no value for the viscosity of the inner SEI, we “t the viscosity
to the experimental data.

To investigate the in”uence of viscous SEI behavior on
the voltage during slow cycling, we simulate the GITT mea-
surement procedure with alternating C/
� current steps and
relaxation periods. We show the simulated voltage together
with the voltage measured during the GITT experiment.[
	] in
Figure � a. The simulated voltage pro“le shows a good agreement
with the experiment. The “tted viscosity value in Figure �a is
� SEI, � = �� GPa s n. Only the potential di�erence between the
two observed hysteresis phenomena stays approximately con-
stant in the experiment but slightly decreases with increasing
SOC in the simulation. The declining strain rate of the SEI for
higher SOC causes the observed decrease of the viscous con-
tribution in the simulation. More pronounced shear thinning
behavior could reduce the deviation between simulation and
experiment.

In Figure �b, we depict the simulation of a single lithiation
pulse with a subsequent rest period in comparison to an experi-
mental GITT pulse.[
�] The voltage curve demonstrates the tran-
sition between the lithiation potential and the measured GITT
data points and vice versa. During the lithiation step, the sim-
ulation exhibits a slower decay from the rest potential to the
lithiation potential compared to the experiment. Therefore, the
timescale of the simulated lithiation step with the applied param-
eters is larger than the experimental value. For the subsequent

Figure �. Impact of visco-elastoplastic SEI on the silicon potential withESi = ��� GPa and ESEI = ��� GPa. a) Simulation of the voltage hysteresis
generated by a visco-elastoplastic SEI during a GITT procedure in comparison to the measurement.[�� ] b) Simulation of lithiation pulse and rest period
in comparison to a single GITT pulse.[��]
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Figure 	. E
ect of Young•s modulus of the SEI and the silicon nanoparticle on the voltage hysteresis. a) Impact of Young•s modulus of the SEI on
the shape of the silicon voltage hysteresis withESi = ��� GPa in comparison to experimental data.[��] b) In”uence of Young•s modulus of the silicon
nanoparticle on the transition voltage pro“le withESEI = ��� GPa in comparison to a single GITT pulse.[��]

rest period, our simulation and the experiment reveal similar
timescales. However, the experiment reveals an additional longer
timescale as the voltage is not constant after � h of relaxation.
A more sophisticated rheological model describing the visco-
elastoplastic behavior could improve the timescales by the cost of
additional parameters. Further, we will evaluate the in”uence of
Young•s modulus on the simulated timescales of GITT pulses in
Section �.�.

In Supporting Information, we compare shear-thinning vis-
cosity with Newtonian behavior. As illustrated in Figure S�a,
Supporting Information, Newtonian behavior leads to a more
pronounced decrease of the viscous contribution to the voltage
hysteresis with increasing SOC, which disagrees with the ex-
periment. Therefore, we consider the power-law shear thinning
model in our studies. However, due to the constant value of
the viscosity, we can compare the Newtonian viscosity to the
range of values presented in Section 
.�. The value� SEI = �.
�
× �� �� Pa s found for the Newtonian viscosity agrees with the
range of �� � Pa s< � SEI < �� �� Pa s discussed as reasonable in
Section 
.�. The accordance indicates the suitability of consider-
ing viscous behavior to explain the ampli“ed hysteresis observed
during cycling. Furthermore, the high “tting value of the viscos-
ity matches the assumption of a sti� inner SEI layer.

Regarding the timescales, Newtonian viscosity and power-law
shear-thinning viscosity reveal similar transition times during
the GITT pulse depicted in S�b, Supporting Information. Thus,
the choice of shear-thinning or Newtonian behavior does not sig-
ni“cantly in”uence the transition pro“le between the di�erent
potential curves.

�.�. Variation of Mechanical Parameters and Size

As the exact mechanical parameters of the SEI are ambiguous
in experiments, we provide a parameter study to estimate the
in”uence of Young•s modulus ESEI. In Figure � a, we compare
the open-circuit voltage hysteresis simulated for three di�erent
values of Young•s modulus. For a small Young•s modulus of
the SEI, the simulated voltage hysteresis is small, and its shape
does not match the experiment. In contrast, there is a reason-
able agreement between simulation and experiment for medium

and high values. In particular, the simulation with the value used
throughout this study, ESEI = ��� GPa, matches the experimen-
tal data well. Nonetheless, the maximum valueESEI = 
�� GPa
even shows a slightly more accurate agreement. This indicates
that Young•s modulus of the SEI is often underestimated and the
nanoscale e�ect discussed in Section 
.� induces a further in-
crease.

In Figure S�a, Supporting Information illustrates the
timescale of a single lithiation pulse and relaxation for the
medium and high parameter values ofESEI. Overall, the simu-
lated timescales are comparable with the ones observed in the
experiment. Increasing Young•s modulus of the SEI leads to
a slightly faster transition. However, the in”uence of Young•s
modulus of the SEI on the revealed timescale is essentially neg-
ligible.

Therefore, we analyze the mechanical properties of the sili-
con nanoparticle and its impact on the transition times. Due to
the increase of Young•s modulus reported at the nanoscale,[��…	�]

we vary Young•s modulus of the silicon nanoparticle for con-
stant Young•s modulus of the SEI. We compare the literature
values of Young•s modulus for bulk amorphous silicon of ��…
�
� GPa [		…��] with the modulus for silicon estimated at the
nanoscale of 
�� GPa from refs. [	�, �
]. In Figure �b, we depict
the voltage of a simulated GITT pulse for the variation of Young•s
modulus of silicon. The highest valueESi = 
�� GPa shows the
best agreement with the experiment for the transition pro“le.
The voltage relaxation for the lower values ofESi is slightly too
slow. Nevertheless, the lower values are still able to qualitatively
describe the GITT data. The variation reveals that a value for
Young•s modulus of the silicon nanoparticle, which is approxi-
mately a factor two higher than the literature bulk value, can best
reproduce the timescale of the experiment. This indicates the im-
portance of considering nanoscale e�ects for the mechanical de-
scription.

At the same time, we investigate the in”uence of Young•s mod-
ulus of the silicon nanoparticle on the shape and size of the volt-
age hysteresis in Supporting Information. Figure S�b, Support-
ing Information reveals that Young•s modulus of silicon has only
a minor in”uence on the voltage hysteresis in our model.

Therefore, the parameter study shows that high values of
Young•s modulus of the silicon nanoparticle and the SEI achieve
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the best agreement between the chemo-mechanical simula-
tion and experimental data. This indicates the importance of
nanoscale e�ects on the silicon voltage hysteresis.

Additionally, we investigate the in”uence of Poisson•s ratio
of the SEI and the silicon particle on the voltage hysteresis in
Supporting Information. Figure S	, Supporting Information
shows that a variation of Poisson•s ratio of SEI and particle does
not change the size and shape of the voltage hysteresis. According
to Figure S�, Supporting Information, the value of Poisson•s ra-
tio of SEI and silicon in”uences the transition time during a sin-
gle GITT pulse. Generally, higher values of Poisson•s ratio show
an accelerated transition pro“le. We rationalize this observation
based on our model understanding. Poisson•s ratio couples the
radial and tangential force components and thus a�ects the time
scale of relaxation. Universal energy conservation, however, de-
termines the size of the voltage hysteresis.

Despite mechanical parameters, the size of the particle-SEI
system may also impact the observable voltage hysteresis. Thus,
we analyze the in”uence of the SEI thicknessLSEI, the parti-
cle radiusR, and their ratio LSEI/R in Supporting Information.
Figure S��a, Supporting Information reveals an increase in the
mean voltage di�erence between delithiation and lithiation OCV
for increasing SEI thicknesses. In contrast, Figure S��b, Support-
ing Information shows a decrease in the voltage di�erence for
increasing particle radius. Combining these results, Figure S��,
Supporting Information reveals a linear increase in the mean
voltage di�erence depending on the ratio of SEI thickness and
particle radius. We expect this ratio to stay roughly constant in
typical experiments as “rst there exists an optimum particle size
in the order of R = �� nm [��] and second large particles tend to
break into smaller ones.[�]

�. Conclusions

To conclude, the slow di�usion process or particle constriction in-
side electrodes cannot cause the voltage hysteresis observed for
silicon nanoparticle anodes. However, the expansion of silicon
nanoparticles leads to an impact of the SEI or the silicon oxide
layer on the stress and potential inside the anode. We propose a
visco-elastoplastic silicon-SEI model, which can for the “rst time
explain the open-circuit voltage hysteresis of a silicon nanoparti-
cle anode measured with GITT. The plasticity of the SEI leads to
di�erent stresses inside the particle during lithiation and delithi-
ation, inducing the observed voltage hysteresis. In addition, our
SEI model qualitatively reproduces the volume hysteresis of sili-
con anodes. Furthermore, the viscous SEI behavior describes the
di�erence between the voltage hysteresis observed for cycling at
low currents and the open-circuit voltage from GITT after a re-
laxation period. A variation of Young•s modulus of the SEI re-
veals its crucial in”uence on the shape of the voltage hysteresis.
The results indicate a sti� inner SEI layer with a Young•s modu-
lus in the order of ESEI = ��� GPa. Consequently, our work sug-
gests that a soft SEI will mitigate the voltage hysteresis of silicon
nano-anodes.
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the author.
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SI. THERMODYNAMIC CONSISTENT THEORY

For the general derivation of the thermodynamic theory, we follow Kolzenberg et al. [1] and additionally introduce
viscous behavior. We consider the �rst Piola-Kirchho� stress P as the sum of the stress due to elastic deformation
P el and the stress due to viscous behaviorP visc

P = P el + P visc : (S1)

The general momentum balance with momentum~g reads

� 0
_~g = r 0 � P + � 0

~b ; (S2)

where � 0 is the host density in the undeformed Lagrange frame and~b are body forces. The time derivative of the
total energy density e is described by

� 0 _e = � 0~v~b+ r 0 �
�
P T ~v

�
; (S3)

where ~v is the velocity of the host material. Next, we use the product rule r 0 �
�
P T ~v

�
= ~vr 0 � P + P : r 0~v and

recognize that _F = r 0~v. The internal energy u then changes according to _u = _e � ~v_~g as

� 0 _u = P : _F: (S4)

The second law of thermodynamics imposes a non-negative dissipation rateR � 0. The generic entropy balance reads

� 0T _s = �r T ~NS;0 + R (S5)

with the entropy 
ux ~NS;0. We rewrite Eq. (S5) with the free energy ' using the Legendre transformation of the
internal energy ' = u � T s as

R = � � 0 _' + P : _F + r 0T ~NS;0 � 0: (S6)

We state the total time derivative of the free energy of a mobile species in an elastic material as

� 0 _' = � Li _cLi ;0 +
1
2

T rev : _C rev : (S7)

Here,T rev is the reversible second Piola-Kirchho� stress tensor only due to elastic deformation. The chemical potential
� Li and the reversible second Piola-Kirchho� stress tensor are de�ned as

� Li =
@(� 0 ' )
@cLi ;0

(S8)

T rev = 2
@(� 0 ' )
@C rev

: (S9)

� birger.horstmann@dlr.de

Voltage Hysteresis of Silicon Nanoparticles: Chemo-Mechanical Particle-SEI Model

Reprinted from Ref. [173]. 131



2

Combining the dissipation equation Eq. (S6) with the balance of the free energy Eq. (S7) gives

R = � � Li _cLi ;0 �
1
2

T rev : _C rev + P : _F + r 0T ~NS;0 � 0: (S10)

The mechanical power density is composed of a reversible part due to elastic deformation, an irreversible part due to
plastic 
ow, and a dissipation part due to viscous behavior

P : _F =
1
2

T rev : _C rev + M : L pl + P visc : _F; (S11)

where M = C rev T rev is the Mandel stress andL pl = _Fpl F � 1
pl is the plastic velocity gradient. Finally, we obtain an

expression for the dissipation rate that guarantees non-negative entropy production

R = � ~NS;0r 0� Li + M : L pl + P visc : _F � 0: (S12)

Non-negativity of the �rst two terms in Eq. (S12) is shown in Ref. [1], and non-negativity of the last term results
from our viscosity model.
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SII. ELASTOPLASTIC THIN-FILM SILICON ANODE

Many articles discuss the voltage hysteresis in thin-�lm silicon anodes due to plasticity of silicon [2{9]. In this
setup, silicon is deposited as a �lm on a current collector. This current collector restricts the expansion to the normal
direction of the plane. In-plane expansion is completely prohibited by the current collector as illustrated in Fig. S1.
As depicted in Fig. S2(a), large stresses occur during lithiation already for small SOC due to the restricted expansion.
For slow lithiation, they are almost independent of the lithiation current. After a regime of elastic deformation, the
silicon �lm deforms plastically at a constant Piola-Kirchho� stress. During delithiation, the silicon shrinks elastically
�rst and then again plastically. The plastic 
ow inside the silicon anode leads to dissipation and an observable voltage
hysteresis in silicon thin-�lm electrodes as shown in Fig. S2(b).

FIG. S1. Scheme of the stress inside a thin-�lm silicon anode during lithiation and delithiation.

FIG. S2. Simulation of thin-�lm silicon anode in comparison to experiment [3]. The parameters are taken from this reference.
The di�usion coe�cient is D Li = 1 � 10� 13 m2=s, the �lm thickness is d = 250 nm, and the current is C =4. The remaining
parameters are taken from Table S1. (a) Stress hysteresis generated by restricted expansion. The simulation can reasonably
reproduce the experimental data. (b) Stress hysteresis due to large stresses. The simulation underestimates the size of the
hysteresis but reproduces its shape.
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SIII. ELASTOPLASTIC SILICON PARTICLE WITH CONSTRAINTS

As seen for silicon thin �lms, a restricted expansion leads to large stresses. Thus, we investigate the stress of a
simpli�ed silicon nanoparticle, which is restricted by a rigid border in two directions. With this setup, we model the
situation of silicon nanoparticles inside an electrode, where other electrode particles restrict the expansion. When
the particle gets in contact with the wall during lithiation, large stresses arise and plastic 
ow starts to occur almost
immediately. As illustrated in Fig. S3, this irreversibly deforms the particle, squeezing in the direction where free
expansion is possible. After a short delithiation period, the plastically deformed particle detaches from the wall and
stresses vanish due to the free expansion. Therefore, a signi�cant stress and voltage hysteresis is visible for the �rst
cycle in Fig. S4. However, for the subsequent lithiation and delithiation cycles, no plastic 
ow will occur, and the
particle shows no stress or voltage hysteresis.

FIG. S3. Scheme of the stress inside a constrained silicon anode during �rst lithiation and subsequent lithiation and delithiation.

FIG. S4. Simulation of simpli�ed nanoparticle with constraints at low C-rate. The size of the nanoparticle is 100 nm, and the
distance between the �xed walls is 110 nm. (a) Stress generated by the restricted expansion. The stress vanishes when the
particle is not in contact with the constraints. (b) Potential simulated for the constrained nanoparticle. A voltage hysteresis
occurs only for the �rst cycle.
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SIV. ELASTOPLASTIC SILICON PARTICLE WITHOUT CONSTRAINTS OR SEI

In silicon nanoparticles without SEI and any borders, stress can only arise due to concentration gradients generated
by the slow di�usion of lithium inside the silicon particle. To prevent underestimating the concentration gradients, we
choose a small value of the di�usion coe�cient of lithium in silicon reported in the literature, DLi = 10 � 17 m2s� 1 [10].
We simulate slow lithiation and delithiation with C =20 of a silicon nanoparticle with radius R = 50 nm. The results
shown in black in Fig. S5 reveal only a minor hysteresis in the stress and a vanishing voltage hysteresis. Therefore,
slow di�usion can not explain the voltage hysteresis observed for silicon nanoparticles at C-rates as low as C=20.

To enhance the e�ect of concentration gradients, we increase the current to 1C. Figure S5 depicts the results for
fast cycling as colored lines. Only for this high current do we �nd a signi�cant stress and voltage hysteresis.

We illustrate the outcome of the simulation in Fig. S5 in comparison to the open-circuit voltage hysteresis observed
via GITT measurement. Our simulation does not show a stress or voltage hysteresis after relaxation. However, we
depict the experimental open-circuit voltage hysteresis in order to estimate the size of the simulated voltage hysteresis.
We �nd that even for fast cycling with 1C the observed hysteresis is smaller than the experimental voltage hysteresis
observed after relaxation.

FIG. S5. Simulation of a freely expanding elastoplastic silicon nanoparticle for fast cycling with 1C (colored lines) in comparison
to slow cycling with C =20 (black lines). (a) Stress hysteresis generated by concentration gradients. (b) Simulated voltage
hysteresis compared to experimental GITT data [11].
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SV. PLETT MODEL

The Plett model [12{14] considers the measured potential as the sum of the mean open-circuit voltageU0(SOC),
half of the width of the voltage hysteresis measured between lithiation and delithiationH (SOC), and the hysteresis
state h(SOC) de�ned between -1 and 1 as

U = U0(SOC) + H (SOC) � h(SOC): (S13)

The Plett model de�nes the transition between the potential curves observed for lithiation and delithiation. It is a
phenomenological model described by the di�erential equation

dh(SOC)
dSOC

= � k(SOC)
�

1 + sgn
�

dSOC
dt

�
h(SOC)

�
: (S14)

The velocity of the transition between the two hysteresis paths is determined by the parameterk, which depends on
the SOC. As a simple relation, we setk(SOC) = 40=(1 + 4 � SOC).

SVI. SEI WITH NEWTONIAN VISCOSITY

For the description of the viscosity of the SEI in our study, we apply a power-law shear-thinning behavior. Here, we
evaluate the in
uence of Newtonian behavior, where the viscosity does not depend on the strain rate. Figure S6(a)
reveals, that the size of the viscous contribution to the hysteresis decreases in our simulation with increasing SOC.
The decline is produced by a decreasing strain rate, as the volume increases linearly with SOC. In comparison, the
shear-thinning reduces this change in the hysteresis size and agrees better with the experimental data. According to
Fig. S6(b), the Newtonian behavior possesses a similar timescale compared to the shear-thinning model used in our
studies.

FIG. S6. Impact of Newtonian visco-elastoplastic SEI with viscosity � SEI = 1 :25� 1014 Pa s on the silicon potential. (a) Voltage
hysteresis generated by a Newtonian visco-elastoplastic SEI for small currents and after relaxation in comparison to GITT
measurement [11]. (b) Simulation of lithiation pulse and rest time in comparison to a single GITT pulse [15].
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SVII. ADDITIONAL FIGURES FOR PARAMETER STUDY OF YOUNG'S MODULUS

FIG. S7. Variation of Young's modulus of the SEI and the silicon particle due to nanoscale e�ects. (a) Variation of ESEI for
constant ESi . Simulation of a single GITT pulse in comparison to experimental data [15]. As the lowest value ESEI = 10 GPa
does not reproduce the voltage hysteresis, we cannot include this parameter in the �gure. (b) Variation of ESi for constant
ESEI . Simulation of the voltage hysteresis in comparison to experimental data [11].
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SVIII. PARAMETER STUDY OF POISSON'S RATIO

Here, we investigate the in
uence of Poisson's ratio of the SEI and the silicon particle on the voltage hysteresis.
Fig. S8 shows that a variation of Poisson's ratio of SEI and particle does not change the size and shape of the voltage
hysteresis. According to Fig. S9, the value of Poisson's ratio of SEI and silicon in
uences the transition time during a
single GITT pulse. Generally, higher values of Poisson's ratio show an accelerated transition pro�le. This observation
is in accordance with our model understanding. Poisson's ratio couples the radial and tangential force components
in
uencing the time scale of the relaxation process. In contrast, universal energy conservation a�ects the size of the
observed voltage hysteresis.

FIG. S8. Simulation of the voltage hysteresis for a variation of Poisson's ratio of the SEI and the silicon particle in comparison
to experimental data [11]. (a) Variation of � SEI . (b) Variation of � Si . The variations of Poisson's ratio of SEI and silicon
particle show a negligible in
uence on the OCV hysteresis.

FIG. S9. Simulation of a single GITT pulse for a variation of Poisson's ratio of the SEI and the silicon particle in comparison
to experimental data [15]. (a) Variation of � SEI . (b) Variation of � Si . Generally, higher Poisson's ratios show a faster transition.
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SIX. PARAMETER STUDY OF THE SYSTEM'S SIZE

We analyze the in
uence of the SEI thicknessL SEI , the particle radius R, and their ratio L SEI =R. Therefore, we
determine the mean open-circuit voltage di�erence � �U between the mean relaxed delithiation voltage�UGITT

delithiation and
lithiation voltage �UGITT

lithiation in our simulation as

� �U = �UGITT
delithiation � �UGITT

lithiation : (S15)

Fig. S10(a) reveals an increase in the mean voltage di�erence between delithiation and lithiation OCV for increasing
SEI thicknesses. In contrast, Fig. S10(b) shows a decrease in the voltage di�erence for increasing particle radius.
Combining these results, Fig. S11 reveals a linear increase in the mean voltage di�erence depending on the ratio of
SEI thickness and particle radius.

FIG. S10. Mean potential di�erence between delithiation and lithiation OCV depending on the system's size. (a) Dependence
on the SEI thickness L SEI . (b) Dependence on the particle radius R.

FIG. S11. Mean potential di�erence between delithiation and lithiation OCV curve depending on the size ratio of the SEI
thickness L SEI and the particle radius R.
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SX. PARAMETERS

Parameter Value Reference
Silicon
Nanoparticle radius R 50 nm estimated [11]
Solid state di�usion coe�cient in silicon D Li 1 � 10� 17 m2=s [10]
Young's modulus ESi 200 GPa estimated [16, 17]
Poisson's ratio � Si 0:22 [18]
Yield stress � Y ;Si 3 GPa �t
Maximum lithium concentration in Si cLi ;max 311� 103 mol=m3 [19]
Lithium molar volume in Si vLi 9 � 10� 6 m3=mol [20]
Charging rate 1=20 C [11]

SEI
SEI thickness L SEI 20 nm estimated [21]
Young's modulus ESEI 100 GPa estimated [22, 23]
Poisson's ratio � SEI 0:3 [22]
Yield stress � Y ;SEI 2:5 GPa �t
Newtonian viscosity � SEI 125� 1012 Pa s �t
Shear-thinning viscosity � SEI ;0 15 � 109 Pa sn �t
Shear-thinning exponent n 0:15 estimated [24]

Universal constants and other parameters
Temperature T 298 K
Faraday constant F 96 485 C=mol
Universal gas constant Rgas 8:314 J=(mol K)

TABLE S1. List of the simulation parameters.
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Supporting Information: Slow Voltage Relaxation of Silicon Nanoparticles with a
Chemo-Mechanical Core-Shell Model

Lukas K•obbing, Yannick Kuhn, and Birger Horstmann �

Institute of Engineering Thermodynamics, German Aerospace Center (DLR),
Wilhelm-Runge-Stra�e 10, 89081 Ulm, Germany

Helmholtz Institute Ulm (HIU), Helmholtzstra�e 11, 89081 Ulm, Germany and
Faculty of Natural Sciences, Ulm University, Albert-Einstein-Allee 47, 89081 Ulm, Germany

SI. ANALYTICAL APPROXIMATION FOR THE VOLTAGE RELAXATION IN THE EXTREME
STRESS REGIMES

The time evolution of the general stress relaxation behavior during rest is derived in the manuscript as

d� ev

dt
= � Ecore

1
� � 2

ch
sinh

�
�� 3

ch � ev

� ref

�
(S1)

with the analytical solution

� ev =
2� ref

�� 3
ch

� atanh
�

C � exp
�

�
Ecore �� ch

� � ref
t
��

: (S2)

To understand the origin and the regimes of the convoluted functional behavior in Equation (S2), we analyze the
relaxation behavior in the limits of low and large stress magnitudes in the following.

First, to solve the di�erential equation (S1) analytically in the limit of large compressive stress, i.e.

� ev

� ref
� � 1; (S3)

the hyperbolic sine can be approximated by

sinhx =
1
2

�
ex � e� x �

� �
1
2

e� x : (S4)

Thus, the di�erential equation in the large compressive stress regime reads

d� ev

dt
= �

Ecore

� � 2
ch

�
�

�
1
2

�
exp

�
�

�� 3
ch � ev

� ref

�
: (S5)

The analytical solution for this di�erential equation is

� ev =
� ref

�� 3
ch

� ln
�

Ecore �� ch

2� � ref
t + Cexp

�
: (S6)

Using the chemo-mechanical coupling �U = vLi �=F , the voltage relaxation reads

� Uev =
vLi � ref

�F � 3
ch

� ln
�

Ecore �� ch

2� � ref
t + Cexp

�
: (S7)

The integration constant Cexp has to be determined from the boundary condition as

Cexp = exp
�

�� 3
ch � 0

� ref

�
: (S8)
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Second, to solve the di�erential equation analytically in the low compressive stress limit with

� 1 <
� ev

� ref
� 0 (S9)

we approximate the hyperbolic sine as

sinhx =
1
2

�
ex � e� x �

� x: (S10)

Therefore, the di�erential equation (S1) in the low compressive stress limit reads

d� ev

dt
= �

Ecore

�
�

�� ch � ev

� ref
: (S11)

This equation describes Newtonian viscosity with� = � � ref . The analytical solution states

� ev = Clin � exp
�

�
Ecore �� ch

� � ref
t
�

: (S12)

The voltage relaxation reads

� Uev =
vLi Clin

F
� exp

�
�

Ecore �� ch

� � ref
t
�

: (S13)

This time, the constant Clin has to be determined from the boundary condition at the time entering the low compressive
stress limit.

Thus, the general solution describes logarithmic behavior in the large stress limit but exponential relaxation behavior
in the low stress limit. We depict the approximations for the large and low stress limits in Figure S1 in comparison
to the general approximation and the experimental data from Ref. [1].

Figure S1. (a) Voltage relaxation of silicon described by the analytical approximations in comparison to the experiment [1].
(b) Semi-logarithmic plot of approximations and experiment [1].
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SII. DERIVATION OF REDUCED MODEL

First, we assume volume conservation of the shell

1 = Jshell = F shell ;rr F2
shell ;'' : (S14)

The tangential deformation of the shell is determined by the total expansion of the particle dominated by the chemical
deformation

F shell ;rr = F � 2
shell ;'' � � � 2

ch = (1 + vLi cLi ;0) � 2
3 : (S15)

The strain rate reads

_Eshell ;rr = F shell ;rr
_F shell ;rr = F � 2

shell ;''

_�
F � 2

shell ;''

�
= � 2F � 5

shell ;''
_F shell ;'' � � 2� � 6

ch
_Ecore;rr (S16)

using isotropic deformation inside the silicon particle coreEcore;rr = Ecore;'' . In the elastic regime, the elastic stress
contribution from the shell reads

� shell ;el;rr = Eshell Eshell ;rr : (S17)

The elastic stress is mainly generated during cycling by the chemical deformation rate

_Eshell ;rr = � 2� � 5
ch

_� ch = �
2vLi

3� 7
ch

_cLi ;0: (S18)

The time evolution of the elastic stress inside the particle due to the elastic stress of the shell reads

_� ee = _� shell ;el;rr = � Eshell
2vLi

3� 7
ch

_cLi ;0: (S19)

The yield criterion is given by the deviatoric Mandel stress. Due to the constant shell volume, Mandel stress equals
Cauchy stress

M dev
shell ;el = M shell ;el �

1
3

tr M shell ;el = � shell ;el �
1
3

tr � shell ;el (S20)

and

�
�M dev

shell ;el

�
�2

=
�

2
3

(� shell ;el;rr � � shell ;el;'' )
� 2

+ 2
�

�
1
3

(� shell ;el;rr � � shell ;el;'' )
� 2

=
2
3

(� shell ;el;rr � � shell ;el;'' )2 :

(S21)
The empirical relation from our simulations P shell ;rr � � 2L shell =R core

1� L shell =R core
P shell ;'' implies � shell ;'' = � 1

2 (Rcore=Lshell �
1)� 3

ch � shell ;rr and the yield condition

f =
3
2

�
�
�M dev

shell ;el

�
�
�
2

� 2
Y ;shell

� 1 =

�
� shell ;el;rr (1 + 1

2 (Rcore=Lshell � 1)� 3
ch )

� 2

� 2
Y ;shell

� 1 � 0: (S22)

When the yield criterion is reached, plastic 
ow determines the deformation and the stress follows the yield surface

_� ee = _� shell ;el;rr = � Y ;shell

�
1 +

1
2

�
Rcore

L shell
� 1

�
� 3

ch

� � 2 1
2

�
Rcore

L shell
� 1

�
vLi j _cLi ;0j : (S23)

For the viscous part of the stress, we take the time evolution of the elastic silicon core stress due to viscous stress of
the shell

_� ev = Ecore
_Ecore;ev;rr : (S24)

We describe the deformation of the silicon particle with a multiplicative approach

F core = F core;elF core;ch = F core;eeF core;evF core;ch � F core;evF core;ch : (S25)
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Therefore, the elastic strain rate due to viscosity reads

_Ecore;ev = F core;ev
_F core;ev � _F core;ev �

_F core

� ch
�

_F core;ch

� ch
: (S26)

The viscous stress contribution is determined by the Garofalo law

� shell ;visc = � ref asinh
�

� _Eshell

�
: (S27)

Thus, the stress evolution reads

_� ev = Ecore
_Ecore;ev;rr (S28)

= Ecore

 
_F core;rr

� ch
�

_F core;ch

� ch

!

(S29)

� Ecore

 
_Eshell ;''

� 2
ch

�
_� ch

� ch

!

(S30)

= Ecore
1

� � 2
ch

sinh
�

� shell ;visc ;''

� ref

�
� Ecore

vLi

3� 3
ch

_cLi ;0 (S31)

= � Ecore
1

� � 2
ch

sinh

0

@
1
2

�
R core
L shell

� 1
�

� 3
ch � ev

� ref

1

A � Ecore
vLi

3� 3
ch

_cLi ;0: (S32)

With the chemo-mechanical coupling � U = vLi �=F , the system of equations reads

d SOC
dt

=
_cLi ;0

cLi ;max
= �

Crate

3600
1
s

(S33)

d � Uee

dt
=

8
>>><

>>>:

� Eshell
2v2

Li

3F � 7
ch

_cLi ;0; if � sgn (_cLi ;0)
�
1 + �� 3

ch

� F � Uee

vLi
< � Y ;shell

� Y ;shell
�v 2

Li

F (1 + �� 3
ch )2 j _cLi ;0j ; otherwise

(S34)

d � Uev

dt
= � Ecore

vLi

�F � 2
ch

sinh
�

�� 3
ch

� ref

F � Uev

vLi

�
� Ecore

v2
Li

3F � 3
ch

_cLi ;0: (S35)

To simplify the equations, we de�ne the parameter � = 1
2

�
R core
L shell

� 1
�

.

Figure S2. Results of reduced model equations in comparison to the experimental data [1]. (a) Voltage Hysteresis for C=20
current and OCV after 12 h relaxation period. (b) Voltage relaxation for 300 h after C =10 lithiation at SOC = 0 :3.
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SIII. DETAILED EXPERIMENTAL AND SIMULATION PROTOCOLS

In the following, we summarize the experimental and our simulation protocols but refer to the experimental publi-
cation for the experimental details [1]. We relate the measured and simulated voltages consistently to the mean value
of the charging and discharging OCV obtained in Section SIII B.

A. Long-term relaxation

For the long-term relaxation experiment, the authors of Ref. [1] charge the cell with C=10 up to 30 % state-of-charge
(SOC) and allow it to relax under open-circuit conditions for 300 h. Afterward, they charge the cell up to 60 % SOC,
discharge to 30 % SOC, and observe the relaxation again. Thus, the authors of Ref. [1] measure the voltage relaxation
at the same SOC once in charge and once in discharge direction. We apply the same protocol for our simulation of
the long-term relaxation.

B. Cycling and open-circuit voltage hysteresis

Additionally, the authors of Ref. [1] measure the voltage hysteresis during slow cycling with C=20 and the OCV
hysteresis between 0 % and 100 % SOC. The OCV hysteresis is obtained by the galvanostatic intermittent titration
technique (GITT). The GITT protocol consists of subsequent (dis)charging steps with 2 % SOC and relaxation periods
of 12 h. We simulate the cycling voltage with C=20 and the OCV after 12 h relaxation.

C. C-rate dependence of voltage hysteresis

For the C-rate dependence, the authors of Ref. [1] measure the voltage di�erence for varying currents during
continuous charging and the relaxed voltage after 12 h at 50 % SOC. To calculate the voltage related to the mean
OCV, we use the voltage after 12 h relaxation at 50 % SOC for C/20 obtained in Section SIII B. We apply the same
protocol for our simulation of the C-rate dependence.

D. Voltage transition pro�les

To measure the transition pro�le between lithiation and delithiation, the authors of Ref. [1] charge the cell up to
SOC = 0:49 with C=10 current with a following relaxation time of 12 h. Subsequently, they discharge with either
C=10, C=20, or GITT steps of �SOC = 0 :01 with C=10 and 12 h relaxation. We apply the same protocol for our
simulation of the voltage transition.

E. Voltage pro�les for interrupted lithiation

The authors of Ref. [1] measure the behavior of an interrupted lithiation pulse for di�erent SOC values with
C=20 and a rest period of 12 h. We apply the same protocol for our simulation of an interrupted simulation pulse.
Furthermore, we simulate the behavior of an interrupted lithiation pulse for di�erent C-rates after a rest period of
12 h at SOC = 0:5.

F. Voltage pro�les for alternating pulses

Finally, we simulate the voltage transition behavior for alternating pulses. We lithiate the silicon anode up to
50 % SOC with a subsequent relaxation period of 12 h. Then, we apply ten sequences of alternating delithiation and
lithiation pulses with �SOC = 0 :01.
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SIV. CORRECTED OPEN-CIRCUIT VOLTAGE (OCV) CURVE

For simplicity and reduction of the degrees of freedom, we take the mean value of the measured OCV curves after
12 h as true OCV in our manuscript, Umean = 1=2(UOCV ;lithiation + UOCV ;delithiation ). Nevertheless, the symmetry
between lithiation and delithiation is broken at the extreme SOC values. At high SOC, elastoplastic compressive
stress is fully developed during lithiation. In contrast, this compressive stress has to be reduced, and tensile stress has
to build up gradually after the change in direction. At low SOC, tensile stress is fully developed during delithiation.
In contrast, this tensile stress has to be reduced, and compressive stress has to build up gradually after the change in
direction. To account for and estimate the signi�cance of this e�ect, we de�ne a corrected OCV curve as

UOCV ;corr (SOC) =

8
><

>:

UOCV ;delithiation (SOC) � (UOCV ;delithiation (0:2) � Umean (0:2)) ; if SOC < 0:2

Umean (SOC); if 0:2 � SOC � 0:8

UOCV ;lithiation (SOC) � (UOCV ;lithiation (0:8) � Umean (0:8)) ; if SOC > 0:8:
(S36)

The corrected OCV curve equals the mean OCV curve in the regime 0:2 � SOC � 0:8. In the extreme SOC regimes,
we assume that the distance between the OCV curve in the direction of fully developed stress and the true OCV
stays constant. The corrected OCV curve is depicted in Figure S3(a) compared to the mean OCV curve used in
our manuscript. We depict our simulation results compared to the experimental data [1] related to the corrected
OCV in Figure S3(b). In comparison to Fig. 5 in our manuscript with the experiment related to the mean OCV,
our simulation shows an improved agreement with the experiment related to the corrected OCV curve. Thus, a
corrected OCV should be considered when a superior agreement between simulation and experiment is indispensable.
Nonetheless, we use the simple approach with the mean OCV throughout our manuscript.

Figure S3. (a) Mean OCV and corrected OCV in comparison to the experimental data [1]. (b) Chemo-mechanical simulation
of the voltage hysteresis in comparison to the experimental data related to the corrected OCV curve [1].
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SV. COMPARISON WITH GITT MEASUREMENT

Here, we compare our chemo-mechanical core-shell model with the galvanostatic intermittent titration technique
(GITT) measurements from Pan et al. [2, 3] for silicon anode half-cells. We use the parameters stated in Table S1
gained in our manuscript from the voltage relaxation measured for silicon anode full cells [1]. Fig. S4(a) reveals a
reasonable agreement between the simulated GITT voltage curve and the experimental curve [2]. Fig. S4(b) shows
the comparison of our simulation and the experiment for a single GITT pulse. The voltage pro�les for the current
phase and the relaxation period look similar, while the di�erence between lithiation voltage and relaxed voltage is
smaller for the simulation compared to the data. Particularly, the simulation predicts smaller voltage relaxations
for delithiation at high SOC and for lithiation at low SOC values. This deviation results from a slightly too slow
voltage transition directly after change of direction predicted by the model compared to the experiment. Additionally,
the relaxation appears smaller than it is due to the large slope of the voltage curves in the respective regimes. The
deviation of the absolute voltage values is expected as the exact parameters are gained from the relaxation experiment
performed with di�erent cells.

Figure S4. (a) Simulation of GITT procedure with the model and parameters obtained for the long-term relaxation experiment
from Ref. [1] in comparison to the experimental data presented in Ref. [2]. (b) Simulation of the voltage transition of a single
GITT pulse in comparison to the experimental data presented in Ref. [3].
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SVI. C-RATE DEPENDENCE OF REACTION OVERPOTENTIALS

Contrary to our chemo-mechanical model, reaction kinetics are considered in literature as explanation hypothesis
for the voltage hysteresis of silicon anodes [4]. For comparison with our model, we evaluate the C-rate dependence of
reaction overpotentials in the following.

The relation between the current density j and the reaction overpotential � U is commonly described by the
Butler-Volmer equation

j = � j 0

�
exp

�
� aF � U
RgasT

�
� exp

�
�

� cF � U
RgasT

��
(S37)

with the exchange current density j 0 as well as the anodic and cathodic transfer coe�cients� a and � c. The remaining
parameters are the Faraday constantF , the universal gas constantRgas and the temperature T.

Typically for charge-transfer reactions in lithium-ion batteries, the transfer coe�cients are assumed to be � a = �
and � c = 1 � � with � = 0 :5. Slight deviations of � = 0 :5 are possible but less common. Values of� a ; � c > 1 are
considered to be physically unreasonable.

Figure S5 depicts the C-rate dependence of the reaction overpotentials predicted by the Butler-Volmer equation
for di�erent sets of parameters. The exchange current densityj 0 is adjusted to meet the OCV at vanishing current
and the experimental voltage measured at C=10. The plot shows that typical parameters of � = 0 :5 can not explain
the observed C-rate dependence. In contrast, unreasonable parameter values� a > 2 are necessary to approach
the experimental C-rate dependence. Therefore, reaction overpotentials are not able to explain the observed C-rate
dependence with reasonable parameter values.

Figure S5. C-rate dependence of Butler-Volmer reaction overpotentials for various reasonable and unreasonable parameters in
comparison to experimental data [1].
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SVII. VOLTAGE PROFILES OF LITHIATION PULSES

We simulate the voltage pro�le according to our chemo-mechanical core-shell model during a lithiation after a rest
period of 12 h following protocol SIII E. Fig. S6 shows the voltage transition for an interrupted lithiation pulse with
C=20 at di�erent SOC values in comparison to a continuous lithiation (dashed lines). The initial voltage di�erence
decreases, and the transition to the lithiation voltage gets slower for higher SOC values. For comparison, we show the
experimental result [1] (lighter colors). For the experiment, the initial voltage di�erence decreases slightly, and the
voltage transition shows a slight retardation for higher SOC values. Thus, the general trends of our chemo-mechanical
simulation agree with the ones of the experiment. However, all experimental curves show an overshoot instead of a
smooth convergence to the lithiation voltage, which is not visible in our simulations.

Such a voltage overshoot during the transition from a rest period to lithiation is measured in Ref. [1] consistently for
di�erent C-rates, SOC values, and Si contents in the anode. In terms of mechanics, this overshoot might result from
a thixotropic behavior of the shell. Thixotropy means that the viscosity of a material reduces during a deformation
period but increases again during a rest period. This increase in viscosity is due to a reorganization of particles or
grains inside the material. Assuming the thixotropic behavior of the shell can result in an initially steeper voltage
transition and an overshoot analogous to the experimental data shown in Figure S6.

Fig. S7(a) depicts the behavior of an interrupted lithiation pulse for di�erent C-rates after a rest period of 12 h
at SOC = 0:5. All curves show a steep slope at the beginning attributed to viscous stress. For �SOC> 0:01, it
is followed by a slower convergence to the lithiation voltage attributed to elastoplastic behavior. A purely elastic
regime is not visible in this scenario, as elastic stress is not signi�cantly relieved during relaxation in contrast to a
transition between lithiation and delithiation. The similar slope of the voltage pro�les for di�erent C-rates indicates
that the voltage transition is dependent on the charge throughput as measured by Wycisk et al. [1] for a blended
graphite-silicon anode with 20 % silicon in the low-SOC regime, where silicon is the active component. In contrast,
Figure S7(b) reveals that the time dependence of the voltage transition di�ers strongly for di�erent currents.

Figure S6. Simulated voltage pro�le of a lithiation pulse at di�erent SOC after a rest period and the voltage during continuous
lithiation depending on the change in SOC in comparison to experimental data [1].

Figure S7. Simulated voltage pro�le of a lithiation pulse with di�erent C-rates after a rest period and the voltage during
continuous lithiation. (a) Voltage pro�le depending on the change in SOC. (b) Voltage pro�le depending on the elapsed time.
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SVIII. PLETT MODEL

The phenomenological Plett model [5{7] can describe the hysteresis phenomenon and transitions between the voltage
curves observed for lithiation and delithiation. According to the Plett model, the measured voltage is the mean open-
circuit voltage Umean (SOC) changed by half of the width of the voltage hysteresis measured between lithiation and
delithiation H (SOC) times the hysteresis stateh(SOC) de�ned between -1 and 1 as

U = Umean (SOC) + H (SOC) � h(SOC): (S38)

The voltage considering the hysteresis behavior results from the di�erential equation

dh(SOC)
dSOC

= � k(SOC)
�

1 + sgn
�

dSOC
dt

�
h(SOC)

�
: (S39)

The parameter k determines the slope of the transition between the two hysteresis states, which can in principle
depend on the SOC. As a simple relation, we setk(SOC) = k0 = 40.

Figure S8. Voltage hysteresis described by the empirical Plett model in comparison to experimental data [1].
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SIX. PARAMETERS

Parameter Value Reference

Silicon core
Nanoparticle radius Rcore 50 nm estimated [2]
Solid state di�usion coe�cient in silicon D Li 1 � 10� 17 m2=s [8]
Young's modulus Ecore 200 GPa estimated [9, 10]
Poisson's ratio � core 0:22 [11]
First Lam�e constant � core = 2 Gcore � core =(1 � 2� core ) 64 GPa calculated
Second Lam�e constant Gcore = Ecore =2(1 + � core ) 82 GPa calculated
Yield stress � Y ;core 3 GPa �t
Theoretical maximum lithium concentration in Si core cLi ;max 311� 103 mol=m3 [12]
Lithium concentration in Si core at SOC = 0 0:1 cLi ;max estimated
Lithium concentration in Si core at SOC = 1 0:9 cLi ;max estimated
Lithium molar volume in Si core vLi 9 � 10� 6 m3=mol [13]

SEI shell
Shell thickness L shell 20 nm estimated [14]
Young's modulus Eshell 100 GPa estimated [15, 16]
Poisson's ratio � shell 0:3 [15]
First Lam�e constant � shell = 2 Gshell � shell =(1 � 2� shell ) 58 GPa calculated
Second Lam�e constant Gshell = Eshell =2(1 + � shell ) 38 GPa calculated
Yield stress � Y ;shell 2:0 GPa �t
Newtonian viscosity � shell 135� 1012 Pa s �t
Viscous reference stress� ref 133 MPa �t
Viscous time constant � 3 � 108 s �t

Universal constants and other parameters
Temperature T 298 K
Faraday constant F 96 485 C=mol
Universal gas constant Rgas 8:314 J=(mol K)

TABLE S1. List of the simulation parameters.
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������ ��!������ ��� !	���
�!��	,�!����.

�
�
	�����	


�����	� ��	��� ��� ������� ��� ��-� ,���� ���� �	&���� �!��	,��
������!'�	� ��������� &��� ������ �������#. �345� 6�,���������� ���
�����
����� ������# 
	� ��������	� ������ !����,� ,	��!� �������
������ �#������ ��������� ��� �	!!�����������	� 	
 ���� �����	�
��	���. �7�8� 1�� ����������� ��
	�!���	�� ���� �	 !���������
������������� 	
 ��	�� ��������� ������ ���� 359 �! ��� �����
�������� 
������� ��� ���,�������	�. �:�;� 0	���<�����#� �	��� ���
������ 	� ���	���������� �����	� ��	��� �3943/� ��� �����	� ���	'
&���� �� ����������. �3=435�

$�� �	 ������	�#�� ����������# �� �	����� &��� ��	�� ����������
��� �	���'������	�#�� ���������� (�)*+ 
	�!� 	� �����	� ��	����
����	����# �����,����� ��� ������	�#�� 
�	! 
������

���	!�	����	�. �3743;�  	&�,��� ��� �)* �	������� �	 ��	& ������
��	���� ��� ������# 	������	� ,�� ������	� ������	�� 
�	! ���
��	�� �	&���� ��� ������	�#��. �/94//� >� �����	� ��	���� ��� �)*
��� ��� !��������� ����,�	� !���� ������� �������	� �� ���
!����,� ,	��!� ������� 	
 ��� ��	�� ��������� ��� ��������# 	

��� �)*. �/=�/?� 6	���������� ��� ����� �)* �� ���	���� �	 ���# ������
������ �#�����. �/5� 1���� �� �� �!�	����� �	 �	������ ��� ������
��������� ������ ��� �)* ��� ��� �!�������	� 
	� �����	� ��	��� ��
��!�����	�� 	
 ��� �����	�'�)* �#���!. �/74/:�

>�� ���,�	�� &	��� ��������� ��� �����	�'�)* �#���! &���
��������� �#!!���#. �/?�/7�/8�/;� ������	����#� &� ���
	�!�� /$
��!�����	�� 	
 ��� ���	&��� 	��# �=94=/� ��� ���������� �-�����	�
�# � ����� 	�������. �==� �� ���������� ���	��� ��� �!�	������ 	

�	�'�#!!����� ��	!������ 	� ��� !��������� ��	������� ������
�#����� �=?� �� �	������ �	 � ��������� ������ �=5� &� ��,�������� ���
!�������� 	
 �� ���������� �����	� ���	&��� �	,���� �# �)* �� ����
!���������. 1����
	��� &� ��������
	�&����# ����� 	�� 3$ ������
�#!!����� ����� 
	� ��� ���!���� ��� ������� �����	� �	�� �� &���
�� ��� ������� ��� ,���	������� �)* ����� �	 ��� /$ ����������
���	&���. >�� ,�������'����� ,�������'	���� ��!� ���������	�
����!� �� �	!����� &��� � ������ 	���� 
����� ���!��� !���	�.
*� �	���� &� ��!����� ����� ���
 �#����� !������ � 
���� ��������	�
�� 
	��	&�� �# ����������	� ��� � ���	�� ��������	�. "� ��	,���
�-�����,� ��,��������	�� 	
 ��� !��������� ��������������� ���
�	���������	� ����������	� 
	� ��� �	����� �����	�'�)* ���������.

1�� ��!������ 	
 ���� !��������� �� ���������� �� 
	��	&�@ ��
A1��	�#B� &� ������� ��� ��# ������� 	
 	�� �	������!
!	������� 
	��	&�� �# � ����
 ��!!��# 	
 	�� ��!������
��	������ �� A6�!������ ����	���B. 1�� 
	��� 	
 ���� &	�� ��
A������� ��� $�������	�B� �� &���� &� ������� 	�� �-�����,�
��!������ ������� ��� ��������	��. "� �	������ &��� � ��!!��#
��� � ��	�� 	���		� �� A��!!��# ��� 0	������	�B.

��� �� ������� 	 
���� ��� 
� �������
��������� ��������� �� ���������� ������ ��������� ��� ������ �� 
!�"������ #����"������ $���������%� &�'()*) ���������� +��"���
$,"���- ��������������./���� �

��� 0� ��11���� 	 
���� ��� �� 0��2� 
���� ��� 3� 4����"���
+��"�� ��������� 5����� ��0���

�����",�����,����%� )6� 7867) 9�"� +��"���
$,"���- ��/���/��11���. ��� �

��� 0� ��11���� 	 
���� ��� �� 0��2� 
���� ��� 3� 4����"���
4��"����2 ��������� 9�" �4�9��
4��"����2����%� ))� 7867) 9�"� +��"���

��� 
���� ��� �� 0��2� 
���� ��� 3� 4����"���
:������ �� !������ ��������� 9�" 9��;�������
��1���,$�������,����� <'� 7867) 9�"� +��"���

�+ � ����� ������� ������1��� �=������

���������� �����"����� ��� ���� ������� �� �;����1�� �� ��� 
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�����->> ������>)6�)66&>1����&6&<66(6<

? &6&@��� ���������� 3�������� A ��������� ��1����� 1� 
����,B54 +"14�
���� �� �� ���� ������ ������� �� �� ��� ���"� �� ��� 5�����;� 5�""���
�����1����� 0������� C���� ���"��� ����  �����1����� �� ����� ������ �� ���
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���	
�
"� 
	��	& ��
. �/;� ��� ����
�# ����� 	�� ���!	'!����������#
�	����� !	��� 
	� ��� �������,�$� ����	���. 1��� ������ �� ����� 	�
��� ����!	�#��!�����# �	�������� ���	�# �# ��
�. �/?� /7� /;4
=3�=7�=8�.

"� ��� � �����# ������� (����������+ �	������!��  ����# ������ 
	�
��� 
����� ��
	�!���	� !	��� 	
 ��� ������	�� ���	&���� &������
&� ����# � ,���	������� ����	��� 
	� ��� �)*. G	� � �����# �������
�������� &���	�� �)*� ��� �#������# ���� ���������� ������ 	� F����4
��4E����� ������ ����� �	 ��!���� ������� �	!����� �	 ���  ����#
������. �=3�=:� 1�� ��
	�!���	� F ������� ��� ��
������ (����������+
�	�
�������	� W9 � R = �	 ��� ������� ()�������+ �	�
�������	� W. �
�����	� �	�� ����	!��� ��� � �)* ����� ����	!��� ��� ������
��� ��
���� 
��!�� ��������� &��� ��� ��������� 0 ��� �� ��������,��#. *�
���� &	��� &� �	������ � <������ �����	� 	
 �� ���������� ���	&����
��������� 
�	! �#!!���# ����!���	�� ��	�� �	�� ���
'�-�� �� &���
�� 
��� �-�����	� ��� ,�������� �������� �� ��� ����� �������	�. ��
��� ���
'�-��� &� �!�	�� � �	�'��������!��� �	�����	� �� ������'
���� �������	�. � ������ 	
 ��� �	�������� �	!��� &��� ��� �����'
�#��� �	!������	��� ���� �� �������� �� G����� 3.

��
��� �� 	
����	


1�� ��
	�!���	� �������� � ˆ �� ‡ = 9� &��� ��� �������# ����	� ��
��� ��� ��������!��� ,���	� � ��� �� ����� �� !�����������,��# ���	
����� �����@ �ˆ� �� � �� � �� � ��� ���!����� �������� ��� ������� ��
	�!�'
��	�� ��������,��#� �	!���� ����. 39.? �� ��
. �=;�� ����. :././ ��
��
. �?9� ��� ��
. �?3�.

*� ��� �����	� �	�� �	!���� &� �	������ 	��# ��,������� ��
	�!�'
��	�� �ˆ� �� � �� ˆ � ��, . 1�� ������� ���� ������� 
�	! !���������
�������� ��� ��� ���!���� ���� 
�	! ������� 	
 ��� ������!
�	���������	� ������ ��������	� ��� ����������	� ��
� �� ˆ l �� �� ˆ

••••••••••••••••••••••••••
3 ‡ ; �!, � !�- �=

p
�� &��� ��� ������� !	��� ,	��!� ; �!,

	
 ������! ������ �����	�� ��� �	�!������ ������! �	���������	�
� ˆ �=� !�- 2 ‰9;3Š 	
 ��� ������! �	���������	� � 2 ‰9;� !�- Š &���
������� �	 ��� !�-�!�� �	���������	� � !�- �� ��� ��
������
�	�
�������	�. 1�� ���!���� ��
	�!���	� ������ � ,	��!� �-���'
��	� ������ ��������	� 	
 ����	-�!����# =99H ��� �	!������ ���
�	��� ��
	�!���	� 	
 ��� �����	� �	��. *� ��� �)* �	!���� �	 ���!����
��
	�!���	� 	�����@ � ˆ � �� � �� . "� 	!�� ��� ����- 0 	� � 
	� ����	��
	
 ������ ����������# �
 �� �� ����� 
�	! ��� �	���-� &���� ���� ��
��
����� �	.

�
�� �
�
!�

"� �	������ ��� !	��� �<����	�� �� ��� ��
������ �	�
�������	� ��
�	������ ��!�������� ��� ����� ���  ��!�	��� 
��� �����#
y…�; = 9�; � �� †= y �� …�† ‡ y �� …�; = 9�; � �� † ��������� �� y…�; = 9� 0†=
y �� …�† ‡ y �� …�; = 9� 0† ��� y…=9� � ; � �� †= y �� …=9� � ; � �� † 
	� ��� ��'
������,� �����	� �	�� ��� �)* ����� �	!���. "��� ��� !��� ������# 19

	
 �����	� �� ��� ��
������ �	�
�������	� ��� ���!���� ��� �������

��� �����# ��������� ��� �� ��
���� ��@

19y �� …�† ˆ � � !�-

Z �

9
: 9>0E…2†�2

&��� �� �-����!����� 	���'������� ,	����� (>0E+���,� 9>0E
�/?�/7�=3�==�

��� ��� G�����# �	������ : �� &��� ��@

19y �� …�; = 9�; � �� †ˆ
3
/

� �� …�; = 9�; � �� † : C‰��� Š

&��� � �� ˆ �� 
	� �����	�� ��� ������� ������ ����	� � �� � ��� ���
�	������� ��	��	��� ���

���� 
	����'	���� ����	� C �� C‰��� Š=
l�� � ��… †�� ‡ /+� �� .  ���� l ˆ /+n=…3� /n† ��� + ˆ $=…/…3‡ n††���
��� 
���� ��� ���	�� ��!I �	�������� ��������,��#� ���������

������ 	� J	���K� !	����� $ ��� L	���	�K� ����	 n. *� 1���� �3 ��
��� ����	����� *�
	�!���	�� &� ��,� ��� ����!����� 
	� �����	� ���
�)*. 1�� (����������+ �	������!��  ����# ������ ����	� � �� �� ��,��
��@

� �� ˆ �� " ��… †ˆ ��
••••••
� ��

p� �
ˆ

X =

aˆ3
��

••••••••
h��;a

p� �
� ��;a 
 � ��;a

&��� ��� �����,����� h��;a ��� �����,���	�� � ��;a 	
 " �� . 1�� ����	�
" �� �� ��� ���<��� �#!!����� ��� �	����,� ��
����� ����� ������� ����
	
 ��� ���<�� �	��� ���	!�	����	� 	
 � �� ˆ #�� " �� � ��� ����. /.7 ��
��
. �?/�.

�����$�
�

1�� ������! �	���������	� ������� ������ ��������	� ��� ����������	�
������ ��� ��
������ �����	� �	�� �	!��� W9;0 ��� �� ������ ,�� �
����������� ��

���,��# �<����	�@ �/?�?=�??�

@� � ˆ � = 9 � �: (3+

1�� ������! 
��- � ˆ� � @� m… †� 3= 9m&��� ��� ��

���	� �	�

������ �

	� ������! �� �����	� �� ������� 
	� �� ��	��	��� ����. 1�� ���!����
�	������� m ��� �� ����,�� �� ��� ������� ����,���,� 	
 ��� 
���
�����# ������# &��� ������� �	 ��� �	���������	� �@�/?�/7�=3�==�=7�

mˆ @� …19y† ˆ m�� ‡ m��

ˆ � : 9>0E �
; �!,

=l =
��

�� C‰��� Š… †: (/+

1����
	��� ��� �	��� ������! 
��- � ˆ � �� ‡ � �� ��� �� ��,���� ���	
��� ������! �	���������	�'���,�� ��

���,� 
��- �	!�	���� � �� ˆ
� � @� m… †� 3= 9m�� ��� ��� ������'���,�� �	�,����,� 
��- �	!�	����
� �� ˆ� � @� m… †� 3= 9m�� � ��������,��#. � ���
	�! ��� �	������ �-������

��- ! �-� �� ��� ���������� �	!��� &��� ������ �	����,� 	� ������,�
���� (
	� ��������	� 	� ����������	�� ��������,��#+ �� ������� �� ���
���
��� 	
 ��� �����	� �	��. 1��� �	�����# �	�����	� �	�����	��� �	
�#����� &��� � �	������ ������� ��� ����!�� � �	!	����	��
������� ����������	�. 1�� ,���� 	
 ��� �-������ 
��- ������� 	� ���
�����
�� ���
���� �.�.� ��� ���
���'�	',	��!� ����	 �� &� ��,�

��!�
� %&������ 	
 ��� �����	� ���	&��� �	�� (���+ �	,���� �# ��� �)* �����
(����+ &��� ��� ������#��� ��!�'�	������ �	!������	��� ���� ��� ��� �	����
'# (�	&�� �����+� "' (����� ��
�+ ��� �� (������+ 
	� 
������ ��,��������	��.
1�� &���� �	���� ���	& ��������� ��� �	�������# 	
 ��� ��������!��� ���
��� �	�!�� ������ �� ��� �	��'����� �����
���.
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��������� �� ��
. �=9� ��� ���. �.=./ �� ��
. �?5�. 1��� �-������ 
��- ��
!������� &��� ������ �	 ��� �������� ���� (0'����+ �	�������� ���
����� 	
 ������ (�>0+ �	 ��� ��!�����	� ��!� ,�� ��� �-������ ������!

��- ��� ��� ������� �	���������	� �>0…�†ˆ � 9 ‡ ! �-� � . G������
��
	�!���	� ��	�� ��� �>0� ��� 0'����� ��� ! �-� ��� �� 
	��� ��
��
�. �/?� =9�=3� ��� ��� ��
������� ����� �������.

���$��� �
� �
���$��� �� 	
����	


"� �	�,� ��� !	!����! ������� �<����	� �/?�=9�=3�==� �� ��� �����	�
�	�� �	!��� ��� ��� �)* ����� �	!���@

� ˆ = 9 � ( 0…�; = 9� 0†; � ˆ = 9 � ( � …=9� � ; � �� † (=+


	� ��� ��������,� ��
	�!���	�. 1�� 
���� L�	��4������	

 ����	� ( ��
����!	�#��!�����# �	���������# ����,�� ��@

( ˆ /�@� …19y† ˆ � � 1
�� � ��

� � � 3 � � 3
��

� � 1
� � 3

�� C‰��� Š�

��� ��
�. �/?� /7� =3�==�. "��� ��� 
���� L�	��4������	

 ����	� ( &�
����� ��� ������� �#!!����� 0����# ������ s �� ��� �������
�	�
�������	� �� s ˆ (� 1=��� �…†���� ����. =.3�� ��
. �?/�.

*� ���� &	��� &� ���# 	� ��� ����'��������� ������� ����	���. �/;�=3�

1����
	��� &� ����	���� ��� ������ #���� ������ sJ ��� ��� �,	����	�
�<����	� 	
 ��� ������ ����!������ �<��,����� ��������� ������
e�<

�� � 9 ��@

_e�<
�� ˆ

9;

_e9…
� ��,k k� sJ

sJD †b;
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<
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� ��,
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=

;
�

&���� ������� ��� �#����� ������4����'1����� (��1+ �	�����	�� 
	�
��� ������� ����	���� �	!���� ����. 3.8 �� ��
. �?7� ���
��
�. �/;� =3�?3�. 1�� ��,���	��� M����� ������ � ��, =
� � 3==�� �… †�� �� �	!����� ,�� ��� M����� ������
� ˆ @� ��

…19y �� †ˆ C� ‰��� Š�� ��� �)* �	!���. 1�� ��!������ ,�����
��� ��� �	����,�',����� ������'��!����	��� �	������ sJD� ���
��
������ ������� ������ _e9� ��� ��� !������ 	
 ��� ������ ����
�������,��# 	
 ��� !������� b &���� ��� ��,�� �� 1���� �3.
G������!	��� &� ������� ��� #���� ������ &��� ��� 
���	�

••••••••
/==

p
���

�	 �	��������# &��� ��� 	�� ��!����	��� ������� ����� ��� ����. /.=.3
�� ��
. �?7�. G�����#� &� ��� � ��	2���	� 
	�!�����	� �	 !�� ���
�������� 	��	 ��� ��� 	
 ��!������� ��������� ������ 
	� 	�� ,���	'
������� ����	��� �� ��
. �=3�. 1��� ��	������ �� ���	 ��	&� �� ������
�	��������	�. �?8�?:� 1����
	��� � �� ��� e�<

�� ��� ������� �� ��������
,��������. 1��� ��	������ ��� ��� ��,������ ���� ��� �	�������
�#���! 	
 ������� ��

�������� �<����	�� �	�� �	� ���� �	 ��
�-������ �# ��� ������� ���� 	
 ��� ��
	�!���	� ��������� ��
�	������ �	 ��
�. �/7� /?�.

����
���� )��
	���
������ &� 
	��	& ��
. �/;� ��� ����� 	��# ��� !	�� �!�	����� �������.
��� �� ���� �
��� �	�'��!����	��������	� ��� 	!������ ��� ��������'
��	� 
	� ��� �	�'��!����	��������	�� &� �	�,� 
	� ��,�� � �� ��� e�<

��

��� �	�������# �<����	� �� )<. (3+���� ���!���� �	������� �<����	�
�� )<. (/+� ��� ��� !	!����! ������� �<����	�� �� )<. (=+.�� �
������� &� 	����� ��� �	���������	� �� ��� ���!���� �	������� m����
��� �����	� �	�� ��������!��� � 0 �� &��� �� ��� �)* ����� ��������'
!��� � � . 1����
	��� &� �!��# �	�����# �	�����	�� �� ��� �����
���
���&��� ��� �����	� �	�� ��� ��� �)* ����� �	!���@ � 0 ˆ � � ���

( 0 � � ˆ ( � � � &��� ��� �	�!�� ,���	� � ˆ � 0. �� ��� 	���� �	�����#
	
 ��� �)*� &� ��,� �	 �������� !������ ( � � � � ˆ �. G������!	���
&� �!�	�� ������� �	�����	�� �…9;�† ˆ � 9� � �� …9;�† ˆ �� ���
e�<

�� …9;�† ˆ 9. 6	�� ���� &� ���
	�! ��� ���������	�� �� ��� ����'

	�!�� ���������� 
��!�� &���� �	������� ,	��!� �-�����	� ,��
��� ��
	�!���	� �������� ����	� �. "� ��,� ��	&� ��� �����'

	�!���	� �	 ��� ��
	�!�� )������� 
��!�� �. �.� �� ��
. �==�.

G	� ��� ��!������ �	����	� 	
 ��� �	������� �#���! 	
 �������
��

�������� �<����	��� &� ��		�� �� ��!������� !��� 
	� ���
�	!������	��� �	!���� ��� ��� ��	����!����� ���������� 
�����
���!��� !���	�� ��� 0����. *** N/ �� ��
. �?;�� ����,� � &���

	�!�����	� ��� � ������� ��� ��!�	��� ������������	�. �/;� G	� ���
������� ������������	�� &� ����# � 
	���� 	���� 
����� ���!���
����	��� ����� � ���
	�! ��� ��!�'�	������ !��� �� ��� ��
������
�	�
�������	�� ������#�� �� G����� 3. 6	�� ���� ��� 	������� ��� 	

�<����	�� �� ����,�� �� =$� �	&�,��� ��� �<����	�� ��� ���	
!����!�������# ,���� �� /$. �=9�=3� 1�� ��!�	��� ������������	� ��
�������� &��� � ,�������'����� ,�������'	���� ��!� ���������	�
����!� ����� ��� ��!������ ��

�������� 
	�!�����	� (6$G+	
 ������
!�������� !���	��. �5945/� 1�� ��!�	��� ������������	� 	
 ��� ��������
,�������� ��� ������� &��� �� �!������ �-�	������� !��. G	� �
�������� ��	������ 	
 ��� ��!�	��� ���������	� 
	� � �� ��� e�<

�� � &�
��
�� �	 ��
. �=3�. *� ���� ��!� ����� ��� �	������� �#���! �� �	�,��
����� ��� 6�&�	�4�����	� !���	� ��� ��� ������,� ����!� 
	�
��� ��!� ��������� �� ���	����! 3 �� ��
. �=9�.

"� ����� &��� ��� �	������ ������� �	���������	� � 9 ˆ 9:9/ ���
m9 ˆ @� 1y �� …� 9†. 1�� ������� ��!� ���� ���� �� 39� : �� ��� !�-�!��
��!� ���� ���� 39� = � ��� ��!�	��� ������,� ��� ���	���� �	��������
/ O39� ? ��� / O39� 8� ��������,��#. 1�� ���� ��� ��	��� :8 O39=

������� 	
 
����	!. ������	��� ���	'��������!��� �	�����# �	�'
����	�� ��� ������� 	� ��� !�2	� ���
'�-�� &��� � � ˆ 9 ��� 	� ���
!��	� ���
'�-�� &��� � E ˆ 9. 1�� 6�&�	� ������ �� �	!����� &���
�� �%'���	!�	����	� 
�	! ��� %MGL�0� ������� �5=� E��'
��	� 5.8.:� ��� ������ !�!	�# &��� >���ML E����	� ?.5 �� �������

	� ����!����� ��� 6�&�	� !���	�. >�� �!���!������	� �� �����
	� ��� 	���'�	���� 
����� ���!��� ������#  ������� �5?� ��� ��!�����	��
��� ���
	�!�� 	� � ������ �	�� �� ��� �&%��0������/.9 &��� F00
3/.3.�55�

#�$���$ �
� ��$��$$�	


$�� �	 ��� �!�	������ 	
 !�������� ��� ��� �����	� ��	��
��	!���#� &� ��,�������� ��� ���!	'!��������� �	������ 	
 ��
���������� �����	� ���	&��� �	,���� �# ��� �)* �� � /$ �����. "�
������� ��� �������� 	�������� ������ ��� �����	� ��	�� ��� ���
�)* �� �	!�����	� �	 � �#!!����� ���	&���. ������	����#� &�
�-�!��� ��� ������! �	���������	� ����������	� ��� ���������
������ ��������	� ��� ����������	� ��
������� �# !��������. 1	
������ ��� �!���� 	
 ��� �)*� &� �	!���� ��� ���!	'
!��������� ������� 
	� � �����	� ��	�� �	,���� �# � �	
� ��� �
���

 �)* ��#��.

$����� �#������ ��� ������! �	���������	� ������ ��� �����	�
���	&��� �������. �� �������� �� ��� ������! �	���������	�
������� �� � ���!���� �-�����	� 	
 ��� ��	��� &���� � ��������
����� �	 � ���������. *��	!	����	�� ������! ����������	� ������
��� �����	� �!����� ���	!	����	�� ,	��!� ������� ���� ��,�
�	 �� ���	!!	����� �# !��������� ��
	�!���	��. 1����
!��������� ������� ������ ��� ��������� �����	� �������� ��������.
"���� ��� �����	� ��� ��
	�! ���!�����# ��� ����������#� ��� �)*

������� ������� ��� ,���	������� !������� ����,�	�. $�����

Wiley VCH Montag, 10.02.2025
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�#������ ��� �)* ��#�� ��� �	 ��2��� �	 ��� ,	��!� ������� 	
 ���
�����	� ��	��. �� ��� �)* ��� 	��# ��
	�! !����������#�
�-�����	� ��� ��������� 	
 ��� �����	� ��	�� ���� �	 �����
�����
!��������� �������� �������� �������� ������ ��� �)* �� &���. 1��
�������� ������ �����	� ��� �)* ��� �	����� ��� �	 ��� �����
���
�	�����	� 	
 �<��� ������ �� �	�!�� �������	�.

�����	
 ��
	��
� ���� �	 � ���

G����� &� ��,�������� ��� ����,�	� 	
 �� ���������� �����	� ���	'
&��� �	,���� �# � �	
� �)* ��#��. 1�� ����	 	
 ��� !��	� �	 ���
!�2	� ���
'�-�� �� 9.7@3. 1�� �)* ��������� �� 	�� ������ 	
 ���
�����	� �	�� ������. "� ��!����� ����� ���
 �#���� (3�� ��������	��
3�� ����������	�� ��� / �� ��������	�+ &��� � ���� 	
 35. 1��
��!�����	� ����!����� ��� ������ �� 1���� �3. "� ����� 	��
��������	� &��� ��� !�������� ������ ��� �����	� ��	�� ��� ���
�)* ��#�� ��� �	������ &��� ��� �-�!�����	� 	
 ��� ������!
�	���������	� ����������	�. )��������#� &� �	������ ��� <�����'
���� 	
 �������� �� ��� �	&�� ����� 	
 ��� !�2	� ���
'�-�� (�	���
'#+� �� ��� ����� ��
� 	
 ��� !��	� ���
'�-�� (�	��� "'+� ��� ��
��� ������ 	
 ��� �����	� (�	��� ��+� ��������,��#. 1�� �����
�����
�	���� ('# ��� "'+ ��� ��� ������� �	��� (��+ ��� ����������� ��
G����� 3.

�����
���� *�����	


0	�������� ��� !�������� ������ ��� �����	� ��	��� ��������	�

�	! ��� 	������ ����� �	 �	���������	� ��������� ���
���	!	����	�� ,	��!� �������. 1�� ,	��!� !��!���� ���'
������ �	!������,� ������ �� ��� 	���� �	�����# 	
 ��� ���	'

&��� ��� ������� ������ �� ��� ������. $����� ����������	�� ������!

��- 	�� 	
 ��� ��	�� ����� �	 ������� ������ �� ��� 	����
�	�����# ��� �	!������,� ������ �� ��� ������. 1	 ��,��������
��� !�������� �� ������� &� ���������� ��� ��!������ �������� 
	�
��� ���������� �����	� ���	&��� �	,���� �# � �	
� �)* ��#�� ��
G����� /. "� ������ ��� ������ ����������	� ������ ��������	� ��
=9H �>0 
	� ��� �	�!�� �	!�	���� s � �� G����� /(�+ ��� ���
���������� �	!�	���� s � �� G����� /(�+. �	�� ������ ����������	��
��,��� ��� ������� ����� 	
 ������� ������ �� ��� ������ ���
�	!������,� ������ �� ��� 	���� �	�����# 	
 ��� �����	� ���	'
&���. 1�� ������� �	!������,� �������� ������ �� �	�!��
�������	� �� ��� ��� 	
 ��� !�2	� ���
'�-�� �� �	��� '# ��� ��
���������� �������	� �� ��� ��� 	
 ��� !��	� ���
'�-�� �� �	���
"'. 1�� ������� ������� �������� ������ �� �	�!�� �������	� ��	��
��� !�2	� ���
'�-�� ��� �� ���������� �������	� ��	�� ��� !��	�
���
'�-��� ���� ��	�� �	 ��� ������. 1����
	��� �	������
���������# �=3� ��� 
������� !���� 	���� ��	�� ��� !��	� ���
'�-��.

"� ������ ��� ��!� �,	����	� 	
 ��� ������ ������ �����	�
������ ����� ���
 �#���� 
	� ��� �	�!�� �	!�	���� �� G����� /(�+
��� 
	� ��� ���������� �	!�	���� �� G����� /(�+. 1�� �,	����	�
	
 ��� ������ �	!�	����� ������ ��� 
���� ��������	� ��,����
���!����� �	!������,� ������ �� �	���� "' ��� '#� &���
�����
������# ������ ������ !��������� 
	� ��� ���������� �	!�	'
����. 1�� �	�!�� ������ �� G����� /(�+ ��&�#� ��	&� ��� �������
!�������� �� ��� !�2	� ���
'�-�� �� �	��� '#� ��� ��� ����������
������ �� G����� /(�+ ��	&� ��� ������� !�������� �� ��� !��	�
���
'�-�� �� �	��� "'. $����� ��� �����<���� ����������	�� �������
�������� ����� �� ��� 	���� �	�����#� ��	&��� ��� �������
!��������� �� ��� ��!� �	���� �� ��
	��. 1�� �	�!�� ������
������ ��� ���	�� ��������	� �� G����� /(�+ ��,����� 
�	! ��� 
����
��������	� �� ��� ��������� ��� �	 � ��

����� ������� ������ ���
��� �������� �	�����	���# ����	��� ��� 	��� ������ ��� 
����

��!�
� �&0����# �������� 
	� ��� ���������� �����	� ���	&��� &��� � �	
� �)* �� ��� ����
	�!�� ���������� 
��!�. $���������	� 	
 (�+ �	�!�� ��� (�+ ����������
0����# ������ ������ ��� �����	� �	�� ��� ��� �)* ����� ������ ��������	� �� =9H �>0. ),	����	� 	
 0����# ������ �� ��� �	���� '# ��� "' ������ ����� ���
 �#����

	� (�+ �	�!��� (�+ ���������� �	��� ��� (�+ ���������� ����� ������.

Wiley VCH Montag, 10.02.2025
2599 / 395026 [S. 4/11] 1

3�������� A ��������� ����� �/9/?9979? (? 	
 39+ C /9/5 1�� ����	�(�+. ��������� D ��������� ��������� �# "���#'E0 F!� 
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��������	�. 1�� ���������� ������ ������ ��� ���	�� ��������	� ��
G����� /(�+ �	������� &��� ��� 
���� ��������	�. 1�� ������� ������
!��������� ������ �#����� 	���� �� �	& �>0 �� ���������� ��
���������� �������	� �� ��� ��� 	
 ��� !��	� ���
'�-�� �� �	���
"'. 1��� ����	��� 	�� ���,�	�� 
������ ���� ��� ���������� �����	�
���	&��� !���� �� ��	�� �	 ���������# �=3� ��� 
������� �� ����
����!�.

1	 ��������� ��� ��
������ 	
 ��� ���������� ��	!���#� &�
�	!���� 	�� ��!�����	� ������� �	 ��� ���� 	
 � �#!!�����
�����	� ���	&��� &��� ��� ��!� �������# �� G����� �3. $�� �	
��� �#!!���#� ��� �������� �� �	���� "' ��� '# ��� �<���. 1��
������ !��������� 	
 ��� �	�!�� ��� ���������� ������ �	!�	'
����� �� ��� 	���� �	�����# �� ��� �#!!����� ���� ��� ��&�#�
�� ���&��� ��� ������ ,����� �� �	��� "' ��� '# 
	� ��� ����������
����. 1����
	��� ��� ������� �������� ������� ������ �#����� ��
��� �#!!����� ���� ���# �!����� ���� ��� 	��� 
	� ��� ����������
����. 0	���<�����#� ��� �#!!����� �����	� ���	&���� ���
!����������# !	�� ������ ���� ���������� �����	� ���	&���� &���
��� ��!� �������#.

6�-�� &� ������� ��� !�������� 	
 ��� �)* ����� ������
�#�����. 1�� 0����# ������ �� �	�!�� �������	� �� �����	� ��� �)*
�� �	����� �� ��� �����
���. �� ��� 	���� �	�����# 	
 ��� �)*� ���
������ �� �	�!�� �������	� ,�������. 1����
	��� &� 
	��� 	� ���
���������	� 	
 ��� ���������� �	!�	���� 	
 ��� �)* ������
�������� �� G����� /(�+. $����� ��������	�� ��� ,	��!� �-�����	�
	
 ��� ���	&��� ����� �	 ������� ���������� ������ ������ ��� �)*.
1�� ���������� ������ !�������� �� ��� !��	� ���
'�-�� �� �	���
"' �� �������# ������ �	!����� �	 �	��� '#. 1��� ��� �� �-������
�� ��� ���,����� 	
 ��� �)* �� �!������ �� ��� ��� 	
 ��� !��	�
���
'�-��. 1���� ��� �)* !���� �� ��	�� �	 
������� �� �	��� "'.
$����� ����������	�� ��� ���������� ������ ������ ��� �)* ��
�	!������,� ��� ��� !�-�!�! ,���� �� ������� ����� �� �	���
"'. $����� ��� ���	�� ��������	�� ��� ���� 	
 ��� ������ 	,����		�
������� ��� ��� ������ �	�,����� �	 ���� 	�� 	
 ��� 
����

��������	�. 0	!����� �	 ��� �#!!����� ���	&���� &� 	����,�
��� ��!� ����� 
	� ��� �������� ������ ��� �)* ����� �� 
	� ���
�����	� �	��. 1�� ������ !��������� ��� �� ���&��� ��� ��������
�� �	���� "' ��� '#. 0	���<�����#� ��� !�-�!�! ,���� ��
�!����� 
	� ��� �#!!����� ����� !������ � ������	� !���������
��������# 	
 ��� �)*. 1	 ��,�������� ��� ��
������ 	
 ,���	���#� &�
,��# ��� ����!���� 
	� ��� ������� ������ ���� _e9 �� G����� �=. �
�!����� ,���� ������� ������� 
�	&� ������� �	 � ������ ������
	,����		� ��� ������ ������ !��������� �� �������. 6�,��'
�������� ��� ����� 	
 ��� ������ ��	
���� �	�� �	� ������
�����
������# ��	� ,������	� 	
 _e9.

'�������	
 *�����	


�
��� ��� !��������� ���������	�� &� ��,�������� ��� ������!
�	���������	� ������ ��� ���������� �����	� ���	&���. $�����
��������	�� ��� ������! 
��- �	���� 
�	! ��� 	������ ���	 ���
������	� 	
 ��� �����	� ��	��. 1���� &� �-���� ���� ���
�	���������	� �� ��� 	���� �	�����# 	
 ��� ��	�� �-����� ���
�	���������	� �� ��� ������� �� ��	&� 
	� ��� �#!!�������
���	&��� �	,���� �# �)* �� G����� �/. $����� ����������	�� &�
�-���� � ��������� ������! �	���������	� �� ��� 	���� �	�����#
�	!����� �	 ��� ������. "� ��	& 	�� ��!�����	� ������� 
	� ���
������! �	���������	� �� G����� =.1�� ������! ����������	� ������
��� ���������� �����	� ���	&��� ������ ��������	� �� ����������� ��
G����� =(�+ �	 (�+ 
	� 5H� =9H� ��� ;9 H �>0. �� �-������� ���
������! �	���������	� ��������� �� ������� 
�	! ��� 	������. 1��
������! ����������	� ��,���� ��� ������� �	���������	� �� ���
��� 	
 ��� !�2	� ���
'�-�� �� �	��� '#. �� ���� �	���� ��� ����������
��	!���# ��� ��� ������� �	��� ���
���'�	',	��!� ����	. 1��
�	��� ���
��� �����!���� ��� ������! ������ ���	 ��� ��	�� ���
��� �	��� ,	��!� �����!���� ��� ������! ����������	� ���	& ����
���
���. 1���� � ���� �	��� ���
���'�	',	��!� ����	 ������� �� �

��!�
� +&������! �	���������	� 
	� ��� ���������� �����	� ���	&��� &��� � �	
� �)* �� ��� ����
	�!�� ���������� 
��!�. $���������	� 	
 ��� ������!
�	���������	� ������ �����	� ������ ��������	� �� (�+5H� (�+ =9H� ��� (�+;9 H �>0. (�+ 0	���������	�'���,�� ��

���,� ������! 
��- � �� ������ &��� 9:8.
(�+ $�,����	� 	
 ��� ������! �	���������	� 
�	! ��� !��� �� ��� �	���� '#� "'� ��� �� ������ ����� ���
 �#����.
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����� ������! �	���������	� ��������� �	!���� ����. /./.= ��
��
. �57�. 0	�����# �	 	�� �-�������	�� ��� ������! �	���������	�
�� ��� ��� 	
 ��� !��	� ���
'�-�� �� �	��� "' �� �	&�� ���� ���
�	���������	� �� ��� ������ �	��� �� ������ ��������	� �� =9%
�>0. G	� � ������ ����������	� 	
 ���� �	���������	� ��	!��#� &�
������ ��� �	���������	�'���,�� ��

���,� ������! 
��- � �� ������
��������	� �� =9H �>0 �� G����� =(�+� ���������� ������,��# ������
�	���������	� ���������. ��	�� ��� !�2	� ���
'�-��� ������!
��

���	� �	���� �	&���� ��� ������ 	
 ��� �������� �� �-������.
 	&�,��� ��	�� ��� !��	� ���
'�-��� ��

���	� �	���� �	&����
��� 	���� �	�����# 	
 ��� ���	&���� ��,������ ��� �	����'
�����	� �������	� �� �	��� "'. "���� ��� ���	&� ���������� ���
�������	� 	
 ������! ��

���	� ��������# �	��� �	&���� ��� 	����
�	�����#� ��� !	�� ��	�	����� ������'���,�� �	�,����,�
������! 
��- � �� �������� �� G����� �?(�+ �	���� �	&���� ���
������	�. 1��� ������� ���� ��� �	��� 
��- � ��&�#� �	���� �	&����
��� ������	� 	
 ��� �����	� �	�� ������ ��������	�.

1	 �	�
��! ��� ���������� 	
 ��� �	���������	� ��	!��#�
&� �-�!��� ��� ��,����	� 	
 ��� ������! �	���������	� 
�	! ���
!��� ������ �#����� �� G����� =(�+. �� �-������ ������
��������	�� ��� �	���������	� �� �	��� '# �� ��&�#� ������� ��� ��
�	��� �� �!����� ���� ��� !��� �	���������	�. $�����
����������	�� ���� �	���������	� ����������	� �� ��,����.  	&�,���
��� �	���������	� �� �	��� "' �� �!����� ���� ��� !���
�	���������	� ��� �,�� �!����� ���� ��� �	���������	� �� ���
������ �� ������ ��������	� �� � &���� �>0 ����!� ���&��� 35H
��� ?5H �>0. 1�� �	���������	� ��	!��# �� �	��� "' ���	
������� ������ ����������	� �� �	���������	� �-���� ���&���
=5H ��� 5H �>0 ��� ��� ���	�� ��������	� ����� �� �������	�.
1���� ��� �	���������	� ��	!��# �� �	��� "' �� �	 ��!�����	�
����
��� �� � ����	& �>0 ����� ������ ��� 
���� ��������	� ���
�����
����� ��� �	���� ������ �#�����.

1�� �	���������	� ��	!��# ���	 ������� ������ ��	& �#�����
&��� 0=/9 ��� ������ �� ���������� �����	� ���	&��� &���	�� �)*
�� ��	&� �� G����� �7. 1���� &� �-����� ������� ��!�����	�� 	�
��� !��������� �!���� 	
 ��� �)* 	� ��� �����	� �	�� �� ����	��

	� ��� �	���������	� ��	!��#. *������� &� ��������� ���� �

���
�	 � !��������� 	����� ������ ��� ���������� �����	� ���	&���.
$����� ��������	�� ��� ������! �	���������	� ��������� ��� 
������
�� �	��� '# �� ��� ��� 	
 ��� !�2	� ���
'�-�� ��� �	 ��� �������
���
���'�	',	��!� ����	. 1�� �����
����� �������� ������ ��	'
�	����� ,	��!� �-�����	�� ������� �	 �	!������,� ������
��	�� ��� 	���� �	�����# 	
 ��� ���	&���. 1��� �	!������,�
������ �� ������� �� �	��� "' �� ��� ��� 	
 ��� !��	� ���
'�-��
��� �	 ��� �!����� ���,����� �� ���� �	���. 1�� �����������
�	!������,� ������ �

���� ��� ���!	'!��������� �	������� ���
������� 
������ ������! �	���������	� �������� �� �	��� "'.
$����� ����������	�� ��� 
������ �������� �� �	���������	�
������� �� �	��� '#� ���������� ������� ������� ���������# �� �	���
"'. 1�� ����������� ������� ������ �!����� ������! �	���������	�
�������� �� �	��� "'� ���������� � �	��� �	���������	� �-����.
*�,���������� � �����# ���!���� /$ ���������� �����	� ���	&���
&���	�� !��������� �	������� ���� � �	���������	� ��	!��#
�	�� �	� 	����. 1���� ��� �	���������	� ��	!��# ������ �#�����
������� 
�	! ��� ���!	'!��������� ��������# ������ ��� �����	�
���	&��� �����
������# ��
������� �# ��� ���������� ��	!���#.

�����	
 ��
	��
� ���� ���  ���

�
��� ���������� ��� �	
� �)*� &� &��� �	 ��,�������� ���
��
������ 	
 � ���

 �)* ��#�� 	� ��� !�������� ��� ��� ��������	�
����,�	� 	
 �� ���������� �����	� ���	&��� �� ��������� 
	� �
��������� ���	�������� �� ��
. �/7�. 1����
	��� &� �������� ���
,���� 	
 J	���K� !	����� ��� ��� #���� ������ 	
 ��� �)* �����
�# � 
���	� 	
 399 �	!����� �	 ��� �	
� �)*� �.�. $= ;9 FL� ���
sJ ˆ sJ
 = ?.;5 FL�.

�����
���� *�����	


1�� �������� �� ��� !��������� ����!����� �!!�������# �,	���
���,���� �������� ������ ��� �)*. "� ������ ��� ������ ����������	�
�� G����� ?(�+ 
	� ��� �	�!�� �	!�	���� ��� �� G����� ?(�+ 
	�
��� ���������� �	!�	���� �� =9H �>0 ������ ��������	�. ����	�
�	 ��� �	
� �)* �������	� ��� ������� �	!������,� ������ �� ��� �)*
�� �	�!�� �������	� 	����� �� ��� !�2	� ���
'�-�� �� �	��� '# ���
��� ������� ������� ������ �� ���������� �������	� ������� �� ���
!��	� ���
'�-�� �� �	��� "' ��� �	 ��� �	��� ���,����� �

����.
1����
	��� �	������ �������� 	
 ��� �)* !���� 	���� ����� ��
�	��� "' ��� �	 ��� ������� ���������� ��������.

1�� ��!� �,	����	� ������ �#����� 	
 ��� �	�!�� ������ ��
G����� ?(�+ ��� ��� ���������� ������ �� G����� ?(�+ �	�
��!� ����
	����,���	�. $����� ����������	�� &� 	����,� ��� ������� �������
������ �� �	�!�� �������	� ������ ��� �)* �� ��� !�2	� ���
'�-�� ��
�	��� '# ��� ��� ������� �	!������,� ������ �� ����������
�������	� �� ��� !��	� ���
'�-�� �� �	��� "' ���	������#. 1��
�������� ������ ��� ���	�� ��������	� ����	��� ��� ��������
������ ��� 
���� ��������	� ��� ��,���� ��� �	 ��� ,���	�������
����,�	�. 1�� �	!�����	� �	 ��� �	
� �)* ���� ��,���� � ������
�������� ������ ��� �)* 
	� �	�� �	!�	����� �# ����	-�!����# �

���	� 	
 399� ������������ ��� �������� �� ��� !���������
����!�����.

1�� ������ ������ ��� �����	� ���	&��� �� �

����� �# ��� ���


�)* ��#�� ��� �	 ��� !��������� �	������ 	
 ��� �����	� �	�� ���
��� �)* �����. "� ������ ��� �	�!�� ������ �	!�	���� ������
�����	� ��� �)* ������ ��������	� �� =9H �>0 �� G����� ?(�+.1��
����������	� ��,���� ���� ��� �	�!�� �������� �� ��� �����
��� ���
�<��� �� �!�	��� �# ��� �	�����# �	�����	�. 1�� ������
����������	� ��	&� �����
������# ������ �	!������,� ��������
&����� ��� &�	�� �����	� ���	&��� �-���� � �!��� ����	� ��	��
��� !��	� ���
'�-�� ��	�� �	 ��� ������� &���� ������� ��������
������. 0	!����� �	 ��� �	
� �)*� ��� !	�� �����
����� �	�!��
�	!������,� ������ 	����� ����� �� ��� ��� 	
 ��� !�2	� ���
'
�-�� �� �	��� '# ��� �	 ��� ������� ���,����� ��� ��	�	�����
�!���� 	
 ��� �)*. 1�� ���������� ������ �	!�	���� ������
�����	� �������� �� G����� ?(�+ �� ���������# �

����� �# ���
��

����� �)* !��������. 1�� ������ ����������	� ��,���� �	!����'
��,� �������� &����� ��� &�	�� �����	� ���	&��� &��� ��� �������
������ !�������� �� ��� ��� 	
 ��� !�2	� ���
'�-�� �� �	��� '#.
1��� �� �� �	������ �	 ��� ���� &��� ��� �	
� �)*� &���� ���
������� �	!������,� ������ 	����� �� ��� ��� 	
 ��� !��	� ���
'
�-�� �� �	��� "' ��� &���� ������� �������� 	���� �� � ������
����	� ��	��� ��� ������.
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3�������� A ��������� ����� �/9/?9979? (7 	
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"� ������ ��� ������ �,	����	� &����� ��� �����	� �	�� ������
�#����� �� ��� �	�!�� �������	� �� G����� ?(�+ ��� �� ���
���������� �������	� �� G����� ?(�+. �� ��������� 
	� ��� �)*
!��������� ��� �	�!�� ������ ������ �����	� �� ��� �	�����# ��
����	-�!����# 399 ��!�� ������ �	!����� �	 ��� �	
� �)*
�������	 &��� � ��!���� ����� 	
 ��� ������ ��	
���. 1�� ����������
������ ������ �����	� �� �	!������,� ������ ��������	� ��� �������
�	 ������� ������ ������ ����������	� ����	� �	 ��� �	
� �)* ����.
 	&�,��� ��� ������� ���������� ������ !��������� ������ ��
�	��� '# �� �	������ �	 ��� �������	 &��� ��� �	
� �)*� &���� ���
������� ���������� ������ !�������� ������� �� �	��� "'. 1����
��� !�-�!�! ������ !��������� ������ �����	� 	���� �� ���
��!� �	��� '# 
	� ��� �	�!�� ��� ���������� �	!�	���� ��� �	
��� �!���� 	
 ��� ���

 �)* ������ &���� �� !	�� �����
����� �� ����
�	��� ��� �	 ��� ������� ���,�����. 1��� �

��� �!�������� ���
�!�	������ 	
 ��� !��������� ��������# ���&��� ��� �����	�
�	�� ��� ��� �)* �����. $�� �	 ��� ������ ������ !���������
������ ��� �	��� ��� �����	� ���	&��� !���� �� !	�� ��	�� �	
���������# ��� �������� 
	� ��� ���

 �)* ����� �� �	!�����	� �	 ���
�	
� �)* �������	.

'�������	
 *�����	


6�-�� &� ������� ��� ��
������ 	
 ��� ���

 �)* !�������� 	� ���
��������	� ����,�	� 	
 ��� �����	� ���	&��� �	��. "� ������ ���
������! �	���������	� ����������	� ������ ��������	� �� G����� 5
�� (�+5H� (�+ =9H� ��� (�+;9 H �>0. 1�� ����������	� ��,����
���� ��	� ��� ����� 	
 ��� ��������	�� ������! �	���������	�
��������� �� ��� 	���� �	�����# 	
 ��� �����	� �	��� ��	�������
��������# �	&���� ��� ������ �� �-������. 6�,���������� ����
����� �� ��	��� ������ 
������ ��������	�� ��� � �	���������	�

��	!��# 	����� �� ��� ��� 	
 ��� !�2	� ���
'�-�� �� �	��� '#.
1�� �	���������	�'���,�� ��

���,� ������! 
��- � �� ������
��������	� �� =9H �>0 �������� �� ���	&� �� G����� 5(�+
��������� ��� ������,��# ������ �	���������	� �������� ���
�	�
��!� ��� �	���������	� �������	� �� �	��� '#. 1��� �� ��
�	������ �	 ��� �	���������	� ��	!��# 
	��� 
	� ��� �	
� �)*
���� �� ��� ��� 	
 ��� !��	� ���
'�-�� �� �	��� "'� &���� �	
��	!��# 	����� 
	� ��� ���

 �)* ����. *������� ��� ��	!��#
������� �� ��� �	��� &��� ��� ������� ���,����� ��� ��� !	��
�����
����� ������ !�������� ��������� �# ��� ���

 �)*. ������
��� ������'���,�� �	�,����,� ������! 
��- � �� �������� �� G��'
��� �?(�+ ���������� ���� ��� �	��� ������! 
��- � ��&�#� �	����
�	&���� ��� ������	� 	
 ��� �����	� �	�� ������ ��������	�. 1���
�	�
��!� ��� �!�	������ 	
 ��� ���!	'!��������� ��������#
��� ��� ��,��� ��
������ 	
 ��� ���

 �)* ����� 	� ��� ��������	�
����,�	� 	
 ��� �����	� ���	&��� �	��. 1�� ���

 �)* ����� ����
��!�����# �	 � ����� 	������� ��������� �	��� ,	��!� �-�����	�
���� �	���<�����#� ��������	� �� ��������� �� ��
. �==�.

"� ������ ��� �,	����	� 	
 ��� ������! �	���������	� ��
G����� 5(�+ �	 ����!��� ��� �	�������� 	
 ��� !��������� �!����
������ �#�����. $����� ��� 
���� ��������	�� ��� �������� ��
�	���������	� �� �	��� '# �-���� �� ��� &�	�� �>0 �����. $�����
��� �����<���� ����������	�� ���� �������� �� �	���������	�
������� �	�����	���#� ��� �� �������� �� �	���������	�� !���'
��� �� ��	!��#� ������� 
	� �>0 ,����� �!����� ���� /9 H.
$����� ��� ���	�� ��������	�� � �	���������	� ��	!��# �������

	� �>0 ,����� ������ ���� =9H. 1�� ���	�� ��������	� ��,�����
�����
������# 
�	! ��� 
���� ��������	� ��� �	 ��� ,���	�������
����,�	� 	
 ��� �)* �����. 6�,���������� ��� �	���������	�
��	!��# ������ �# ��� !��������� �!���� 	
 ��� ���

 �)* �����
�� � �	���� �

��� ��������� ������ �,��# �#���.

��!�
� ,&0����# �������� 
	� ��� ���������� �����	� ���	&��� &��� � ���

 �)* �� ��� ����
	�!�� ���������� 
��!�. $���������	� 	
 (�+ �	�!�� ��� (�+ ����������
0����# ������ ������ ��� �����	� �	�� ��� ��� �)* ����� ������ ��������	� �� =9H �>0. ),	����	� 	
 0����# ������ �� ��� �	���� '# ��� "' ������ ����� ���
 �#����

	� (�+ �	�!��� (�+ ���������� �	��� ��� (�+ ���������� ����� ������.
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1�� ���

 �)* !�������� ��
������� ��� ���!	'!���������
�	������� ������ �����	�. $�� �	 ��� ,���	������� ����,�	�� ���
���

 �)* ����� ��������� � ������ �#�������� ������ �#������
������� � ,	����� �#�������� �� �������� �� G����� �8. 1���� ���
�#�������� �

��� ��������� �� ��
�. �/7� /8� 
	� � ��������� �����	�
�������� �	,���� �# � ���

 �)* ����� ���	 	����� 
	� ����������
���	&����. 1��� ��!	�������� ��� �!�	������ 	
 !���������
�	���������	�� 
	� �����	� �	��� ��� �)* ������ �� ��!�����	��
������� &��� �����	� ��	��� �� ������# ����,� !�������.

��������� ��� ������# ���
	�!����� ��� ������ ������
!��������� ������ ��� �����	� �	�� 
	� ��� ���

 �)* ����
�	!����� �	 ��� �	
� ���� !�# ���� �	 ���������# ��� 
������� 	

��� �����	� ���	&���. 1�� ������� !��������� ��������# 	
 ���
�����	� ��	�� ��� ������,��# ��
������ ��� ������# ��
���!�.
M	��	,��� ��� ,	����� �#�������� ������ �# ��� ���

 �)* ��#��
�����
������# ������� ��� ������# �

������#. 1����
	��� ��� �	
�
�)* !���� �� !	�� ����
����� 
�	! � ������# ���
	�!����
���������,�. 0	�������� �)* �������� ��� ����������� �)*
��	&��� ��� �	
� �)* !���� ����� ������ �	 ��� �����	�
��
	�!���	�� &���	�� ��������.  	&�,��� ��� ����,�	� ��
�����!���� �# ��� #���� ������ ��� �������� �������� ������
���� 	��# J	���K� !	�����.

�����
� �
� �	
���$�	
$

*� ���� ����#� &� ��,� �#���!�������# ��,��������� ��� !�����'
���� ����,�	� ��� ��������	� ��������������� 	
 �� ���������� �����	�
���	&��� �	�� �	,���� �# � ,���	������� �)* ����� &��� � /$
���!	'!��������� ��!�����	�. "� ��,� �	!����� ��� ��
������
	
 � �	
� ��� ���

 �)* ����� 	� ��� �#���! ��� ��������� ���
�

��� 	
 ��� ���������� ��	!���#. "� ���� 	�� !	��� ���
��!������ ��!�����	� 	� � ������ 	���� 
����� ���!��� !���	�

&��� � ,�������'����� ,�������'	���� ��!� ���������	� ����!�
�-������ ��������
	�&����# 
�	! ��� 3$ ������ �#!!�����
����. �/;�

0	�������� ��� !��������� ��� �����	� ��� �	
� �)* �#���!
��	&� ��� ������� ������ !��������� �� ���������� �������	� ��
��� ��� 	
 ��� !��	� ���
'�-�� �� �	��� "'� &���� ��� ���,�����
�� !��	�. 1�� �	�!�� �	!�	���� 	
 ��� ������ ��	&� ��� �������
!�������� �� ��� ��� 	
 ��� !�2	� ���
'�-�� �� �	��� '#�
�	&�,��� &��� �����
������# �!����� ,����� �	!����� �	 ���
���������� ��������. G	� ��� ���

 �)* ����� ��� �#���! ������� ���
������� ������ !��������� �� ��� ��� 	
 ��� !�2	� ���
'�-�� ��
�	��� '#� &���� ��� ���,����� �� !�2	� ��� ��� !���������
�!���� 	
 ��� �)* �� �	!�����. 1���� ��� ������ !��������� ���
�����
������# ������ �	!����� �	 ��� �	
� �)* ����. >��# ���
���������� ������ �	!�	���� ������ ��� �)* �� ������ �� ��� �	���
&��� ��� �!������ ���,����� "'� &���� ��� �)* �� ��	�� �	
��������. �#!!����� �����	� ���	&���� &��� ��� ��!� �������#
��� �	�����	����� �)* ����� ��� !����������# !	�� ������ ����
���������� ���	&����.

1�� !�������� 	
 ��� ���������� ��	!���# �����
������#
��
������� ��� ��������	� ����,�	� 	
 ��� �����	� ���	&���.
F�������#� ��� ������! �	���������	� �� ��������� �� ��� 	����
�	�����# ������ ��������	� ��� ��������� ������ ����������	��
&��� ��� 
������ �	���������	� ������� �� ��� ��� 	
 ��� !�2	�
���
'�-�� �� �	��� '# ��� �	 ��� ������� ���
���'�	',	��!� ����	
�� ���� �	���. G	� ��� �	
� �)* ����� ��� �	���������	� ����������	�
��,���� � ��,����	� 
�	! ���� ����� �� ��� ��� 	
 ��� !��	� ���
'
�-�� �� �	��� "'. 1��� �	���������	� ��	!��# ���	 �������
������ ��	& �#����� ��� &���	�� �)*. 1����
	��� ��� !��������
	
 ��� ���������� �����	� ���	&��� ������ ���� �

���. G	� ��� ���


�)* ����� �� �	������� � �	���������	� ��	!��# 	����� �� ��� ���
	
 ��� !�2	� ���
'�-�� �� �	��� '#. 1�� �)* ��
������� ���
��������	� ����,�	� !	�� �	!������# �� ���� �	��� ��� �	 ���

��!�
� �&������! �	���������	� 
	� ��� ���������� �����	� ���	&��� &��� � ���

 �)* �� ��� ����
	�!�� ���������� 
��!�. $���������	� 	
 ��� ������!
�	���������	� ������ �����	� ������ ��������	� �� (�+5H� (�+ =9H� ��� (�+;9 H �>0. (�+ 0	���������	�'���,�� ��

���,� ������! 
��- � �� ������ &��� 9.=5.
(�+ $�,����	� 	
 ��� ������! �	���������	� 
�	! ��� !��� �� ��� �	���� '#� "'� ��� �� ������ ����� ���
 �#����.
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��	�	����� ���,�����. *� �	���� ��� �	
� �)* ��� 	��# � !��	�
�

��� 	� ��� �����	� ���	&���� &���� ��� ���

 �)* �����
������#
�!����� ��� ��������	� ����,�	�.

�� ��	&� �� ��
�. �5845;�� ���	!	����	�� ��������	� 	�
�������� ����� �� ���	 ����	������ 
	� �	���������� 	,���	�������

��������	�� 	� ������	�� �����. >�� ������� ��!	������� ����
�������	� 	
 !��������� �

���� �	� 	��# �������� !���������
���������	� ��� ���	 ��
������� ������	���!�����# �������
���������	� ��� �	 ��� !����������# ������� 	,���	�������

��������	��.

1	 �	������� &� ��,� ��!	�������� ��� �!�	������ 	
 ���
���!	'!��������� �	������� ��� ��	!���#� ��� ��� �)* 	� ���
�����	� ��	�� ����,�	� ������ �#�����. ����� 	� 	�� &	���

������ ��!�����	�� �	��� ������� ���������# 	
 ��� �����	� ���	'
&���� 
������� !	��� ������ �����	� ��� �)*� 	� �)* ��	&��. G�	!
� ��!������ ���������,�� �� ������,� ������� ���� ���	����!
�	��� 	���!��� ��� ��!�����	�.

������ 	����
���
���

#&���		 @ 0	�������������	�� M���	�	�	�#� �	
�&���� E�����'
��	�� G	�!�� ����#���� *�,��������	�� $��� 0�����	�� "������ 4
>������� $��
�� E����������	�. '& -.���
!@ 0	�������������	��
M���	�	�	�#� E�������	�� G	�!�� ����#���� *�,��������	�� "������
4 >������� $��
�� E����������	�. )& '��/@ ���	������ "������ 4
��,��& D )������� L�	2��� ��!���������	�� G������ ��<������	�.
*&0	
$���

@ ���	������ "������ 4 ��,��& D )������� �����'
,���	�. 1& �.
 ��
@ ���	������ "������ 4 ��,��& D )�������
�����,���	�� L�	2��� ��!���������	�� G������ ��<������	�.

�
��������������

1�� ����	�� ����� �. ,	� �	�������� 
	� 
����
�� ��������	��
��	�� !	������ �����	� ��������� ��� F. G. 0������� 
	� ���
�	
�&��� ����� �� &��� �� �. $#��� P.6���!��� ��� 1. ������ 
	�
����� �	��������	� 	� �

������ (,���	'+ ������� !	������. �. �. ���
�. �. ����	&����� 
�������� ����	�� �# ��� F��!�� ��������
G	������	� ($GF+���	��� ��� �������� 1������� F�	�� //3:
��M)1 4 ��!�����	� 	
 M�����	')�����	'1���!�� ��	������ ��
������!'�	� ���������� ��	2��� ��!��� /:39?3/?3. �. �. ��� �.  .
����	&����� 
�������� ����	�� �# ��� )��	���� %��	�K�
 	���	� )��	�� &����� ��� �������� ��������,� ������# /9=9 + ,��
��� >L*60 ��F) ��	2��� ����� ��� ����� �����!��� ��!���
39339?9=/. 1�� ����	�� ����	&����� ����	�� �# ��� ����� 	

�����'"Q����!���� ���	��� �& L0. >��� ������ 
������
������� ��� 	�������� �# L�	2��� $)��.

	����

� �� ���������

1�� ����	�� ������� ���� ���# ��,� �	 ��	&� �	!������

�������� ��������� 	� ����	��� ������	������ ���� �	��� ��,�
�������� �	 ��
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Supporting Information to "Elliptical Silicon
Nanowire Covered by the SEI in a 2D
Chemo-Mechanical Simulation"

Raphael Schoof,*,+,[a] Lukas Köbbing,*,+,[b,c] Arnulf Latz,[b,c,d] Birger
Horstmann,[b,c,d] Willy Dör�er [a]

SI. Symmetric Nanowire with Soft SEI

For comparison, we investigate the stresses and the lithiation characteristics of a symmetric silicon nanowire
during cycling. We choose the radius asL C = 38:73 � 10� 9 m to obtain the same capacity as for the elliptical
nanowire and the thickness of the SEI is chosen as an eighth of the core length asL S = 4 :84� 10� 9 m.

We depict the stress distribution during lithiation at 30% SOC for the normal and tangential component in
Figure S1(a) and (b). Inside the silicon core, both components show compressive stresses close to the outer
boundary and tensile stresses close to the center. Inside the SEI, the normal stress is compressive close to the
nanowire and vanishes at the outer boundary. The tangential component is tensile inside the whole SEI shell.

We show the evolution of the stress components at the interface during three half-cycles in Figure S1(c), (d),
and (e). During lithiation, the normal component and the tangential component inside the silicon core show
compressive stress, while the tangential component inside the SEI shell shows tensile stress. Stresses are opposite
during delithiation. During the second lithiation, the normal stress inside the silicon and the tangential stress
inside the SEI converge gradually to the stress during the �rst lithiation. The tangential stress inside the silicon
during the second lithiation coincides with the �rst lithiation for the whole SOC range. The stress magnitude is
always smaller than the maximum magnitude in the elliptical case.

In Figure S2(a), we depict the concentration distribution within the symmetric silicon nanowire during lithiation
at 30%SOC. The concentration increases from the outer boundary during lithiation and no concentration anomaly
occurs. The deviation of the lithium concentration at the outer boundary and the center from the mean during
cycling is shown in Figure S2(b). As expected, during lithiation, the lithium concentration at the outer boundary
exceeds the mean, while the concentration at the center is smaller than the mean. The concentration pro�les are
vice versa during delithiation, as expected.
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Figure S1. Cauchy stresses for the symmetric silicon nanowire with a soft SEI. Distribution of (a) normal and (b) tangential Cauchy stress
inside the silicon core and the SEI shell during lithiation at 30% SOC. Evolution of Cauchy stress at the interface during three half cycles
for (c) normal, (d) tangential core, and (e) tangential shell stress.

Figure S2. Lithium concentration for the symmetric silicon nanowire with a soft SEI. (a) Distribution of the lithium concentration inside
silicon during lithiation at 30% SOC. (b) Deviation of the lithium concentration from the mean at the interface LR and the center CE
during three half cycles.
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SII. Variation of Plastic Strain Rate _"0

To estimate the in�uence of the viscoplastic behavior, we vary the plastic strain rate _"0 for the soft SEI. For higher
values, plastic �ow starts quickly upon reaching the yield condition, while it starts only slowly for smaller values.
We depict the normal component of the stress inside the SEI shell in Figure S3(a) and the tangential component
in Figure S3(b). The magnitude of both stress components and the size of the stress overshoot increase with
decreasing plastic strain rate _"0. This is expected due to the retarded plastic �ow for low plastic strain rates
_"0. Nevertheless, the stress pro�les reveal a similar shape for all tested values. For our simulations, we take the
medium parameter _"0 = 10 � 5 s� 1.
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Figure S3. Variation of the plastic strain rate _" 0 for the soft SEI. Evolution of the Cauchy stress inside the SEI during cycling for (a) the
normal and (b) the tangential stress component.

SIII. Stress-Driven Lithium Flux N el

We depict the stress-driven convective lithium �ux N el during lithiation at 30%SOC in Figure S4 to complement
the illustrations of the concentration-driven di�usive lithium �ux N ch in Figure 3(d) and Figure 5(d). For the
soft SEI case shown in Figure S4(a), the stress-driven lithium �ux everywhere points towards the interior of the
silicon core. The largest magnitude of the stress-driven �ux occurs at pointUL , where the largest stress values
and stress gradients exist. For the sti� SEI case shown in Figure S4(b), the stress-driven lithium �ux mostly
points towards the interior of the silicon core. The largest magnitude of the stress-driven �ux and a signi�cant
deviation from center-directed �ux occurs at the outer boundary in a larger region around point LR , where the
largest stress values and stress gradients exist. Combining both �ux components, the total lithium �ux always
points towards the interior of the silicon core during lithiation for the soft SEI as well as for the sti� SEI.

Figure S4. Stress-driven convective lithium �ux N el for (a) the soft SEI case and (b) the sti� SEI case with di�erent scaling for the �uxes.
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SIV. Silicon Nanowire without SEI and C/20

We brie�y investigate the stress and lithiation characteristics of an elliptical silicon nanowire without SEI during
slow cycling with C=20 to estimate the in�uence of the SEI and the C-rate. The stress distribution in normal
direction during lithiation at 30% SOC is depicted in Figure S5(a). The normal component vanishes at the outer
boundary due to the surface condition and shows tensile stress throughout the nanowire. The largest stress
magnitude is achieved close to the center along the major half-axis. We display the tangential stress component
in Figure S5(b). The tangential component shows compressive stress at the outer boundary, with the largest
magnitude occurring at the end of the minor half-axis at point UL . The tangential stress is tensile in a region
around the center. In Figure S5(c), we depict the evolution of the tangential Cauchy stress during cycling at the
points LR and UL . The curves reveal compressive stress during lithiation and tensile stress during delithiation.
The largest stress magnitudes occur at the end of the minor half-axis at pointUL for the whole SOC range. The
stress distribution and evolution during slow cycling is similar to the soft SEI case and cycling with1 C. Only
the magnitude of the stresses is smaller in general due to the reducedC-rate.

In Figure S6, we display the lithium concentration distribution during lithiation at (a) 5%, (b) 30%, and (c)
90% SOC. The concentration shows the largest values at the end of the major half-axis at pointLR due to the
highest surface-to-volume ratio at this point. At 30% SOC, the distribution shows a concentration depletion at
the end of the minor half-axis at point UL . The negatively scaled concentration gradient during lithiation at 30%
SOC in Figure S6(d) indicates the chemical di�usion component of the lithium �ux and illustrates the anomaly at
point UL . In Figure S6(e), we depict the deviation of the lithium concentration at the points LR , UL , and CE
from the mean during cycling. The evolution reveals the pronounced concentration increase/decrease at pointLR
during lithiation/delithiation. Furthermore, the evolution reveals the concentration anomaly at point UL during

Figure S5. Cauchy stresses for the elliptical silicon nanowire without SEI during cycling withC=20. Distribution of (a) normal and (b)
tangential Cauchy stress inside the silicon core during lithiation at30% SOC. (c) Evolution of the tangential Cauchy stress at the points LR
and UL during three half cycles.

Figure S6. Concentration for silicon nanowire only with C/20. Lithium concentration for the elliptical silicon nanowire without SEI
during cycling with C=20. Distribution of the lithium concentration inside silicon during lithiation at (a) 5%, (b) 30%, and (c) 90% SOC.
(d) Concentration-driven di�usive lithium �ux N ch scaled with 0:7. (e) Deviation of the lithium concentration from the mean at the
points LR, UL, and CE during three half cycles.
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cycling between10% and 40% SOC. In total, the lithiation characteristics during slow cycling without SEI are
similar to standard cycling with SEI. Only the magnitude of the concentration deviations is signi�cantly reduced
due to the smaller C-rate.

SV. Voltage Hysteresis

To estimate the mechanical impact of the SEI shell on the lithiation behavior of the silicon nanowire, we compare
the voltage during slow cycling with C=20 with the soft and the sti� SEI shell. Due to numerical reasons, we
adjust the plastic strain rate to _"0 = 10 � 6 s� 1. For both cases depicted in Figure S7, the voltages at pointLR and
UL are equivalent, revealing chemo-mechanical equilibrium during slow cycling. For the soft SEI case displayed
in Figure S7(a), also the voltages during lithiation and delithiation coincide. In contrast, Figure S7(b) reveals
that a voltage hysteresis arises for the sti� SEI case. This is in agreement with our explanation of the voltage
hysteresis for spherical silicon nanoparticles covered by a sti� SEI shell presented in Refs. [1, 2].
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Figure S7. Voltage for the elliptical silicon nanowire covered by SEI during slow cycling withC/20 for (a) soft and (b) sti� SEI.
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SVI. Table with Parameters

The simulation parameters and constants are summarized in Table S1. Additionally, we follow Ref. [3] and use
Umax = 0 :5 V and Umin = 0 :05 V as maximal and minimal voltage for the lithiation and delithiation. Therefore,
we choosec0 = 0 :02 as constant initial concentration and 0:9 h as duration of one half cycle. The applied OCV
curve

UOCV (c) =
� 0:2453c3 � 0:00527c2 + 0 :2477c + 0 :006457

c + 0 :002493
(S1)

is delivered by Ref. [4].

Table S1. Model parameters for the numerical experiments [3, 5, 6].

Description Symbol Value Unit Dimensionless

Universal gas constant Rgas 8:314 J mol� 1 K � 1 1

Faraday constant F 96485 J V� 1 mol� 1 1

Operation temperature T 298:15 K 1

Silicon

Core length scale L C 50� 10� 9 m 1

Cycle time tcycle 3600 s 1

Di�usion coe�cient D 1 � 10� 17 m2 s� 1 14:4

OCV curve UOCV Equation (S1) V F=RgasT � (S1)

Young's modulus EC 90:13� 109 Pa 116:74

Partial molar volume vpmv 10:96� 10� 6 m3 mol� 1 3:41

Maximal concentration cmax 311:47� 103 mol m� 3 1

Initial concentration c0 6:23� 103 mol m� 3 2 � 10� 2

Poisson's ratio � C 0:22 � 0:22

SEI

Shell length scale L S 6:25� 10� 9 m 0.125

Young's modulus ES 900� 106 Pa 1:17

Poisson's ratio � S 0:25 � 0:25

Yield stress � Y 49:5 � 106 Pa 0:052

Strain measurement � 2:94 � 2:94

Stress constant � Y � 49:5 � 106 Pa 0:052

Tensile plastic strain rate _"0 1:0 � 10� 5 s� 1 0:036
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