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MaRBstab

Universitat Bremen

Die Vibrationskorrelationsmethode (VCT) hat sich als ein verlassliches Verfahren zur
Bestimmung der Beullasten zylindrischer Schalen unter Druckbeanspruchung etabliert. Dennoch
wurde die Methode bislang nicht als hinreichend ausgereift angesehen, um in industriellen
Versuchsprogrammen Anwendung zu finden, da verschiedene Aspekte einer vertieften
Untersuchung bedurften. Im Rahmen dieser Dissertation werden mehrere dieser Aspekte
eingehend analysiert. Zunachst wird die Empfindlichkeit der Methode gegeniber wesentlichen
Messparametern untersucht. AnschlieBend erfolgt eine Bewertung des Einflusses
unterschiedlicher Amplituden von Form- und Belastungsimperfektionen auf die Robustheit der
Methode. Daraufhin wird der Einfluss zusatzlicher Biege-, Schub- und/oder Torsionsbelastungen
auf die VCT-basierte Abschatzung der axialen Beullast analysiert. AbschlieRend werden die
experimentellen Ergebnisse einer zylindrischen Schale vorgestellt, die eine realmalistabliche
Tragerstruktur eines Raumfahrzeugs reprasentiert und unter zwei kombinierten Biege-Druck-
Lastfallen geprift wurde.
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Buckling Prediction of Cylindrical Shells by Vibration Considering Stochastic Modelling,
Combined Loading and Industrial-Scale Validation

Bremen University (Doctoral thesis)

The Vibration-Correlation Technique (VCT) has established itself as a reliable method to predict
the buckling loads of cylindrical shells under compression. However, the method was not
considered mature enough to deploy in industrial experimental campaigns, owing to several
aspects that needed further investigation. In this dissertation, some of these aspects are
investigated, starting with the method's sensitivity to key measurement parameters. Then, the
influence of various amplitudes of shape and loading imperfections on the robustness of the
method is assessed. Afterwards, the influence of applying additional bending, shear, and/or
torsion loads on the VCT estimation of the axial buckling load was investigated. Lastly, the
experimental results of a cylindrical shell representative of a real-scale launcher structure, tested
under two bending-compression load cases, are presented.
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Abstract

The research summarised in this thesis focuses on advancing the state of the art
regarding a non-destructive method to predict the buckling load of various struc-
tures, based on the change in their frequency response as a function of the load level
applied, commonly known as the Vibration-Correlation Technique (VCT). The struc-
tures of choice for this research were cylindrical shells, for which VCT is particularly
appealing, given their high sensitivity to imperfections, which often leads to large
discrepancies between their theoretical and experimental buckling loads, as well as
due to their unstable buckling response. Owing to the recent developments regarding
this technique and its low adoption outside the academic environment, the research
was focused on key areas that are equally relevant to both academic and industrial
environments.

Firstly, the significance of the maximum load level measured and the number of
measurements over the buckling load estimation provided by VCT was studied for
multiple cylindrical shells, given the existing lack of agreement over these aspects
of the experimental test setup. In an initial step, numerical data from the finite
element models of 10 nominally identical cylindrical shells was used to investigate
the influence of the aforementioned parameters over the VCT predictions. Then,
in a second step, a similar study was performed using experimental data gathered
from the existing literature, which confirmed the trends observed in the study based
on numerical data. The main conclusions of this investigation were that the most
important test parameter is the load level at which the vibration measurement is taken
and that the number of measurements is mostly relevant in decreasing the possible
errors given by unexpected frequency deviations among the multiple measurements.
The VCT buckling load predictions of the structures studied had an insignificant
variation with respect to the baseline predictions, for which all available measurements
were used, regardless of the number of measurements taken into account, as long as
the ratio between the highest load level considered and the buckling load was at
least 70%. Conversely, having at least 9 measurements proved enough in ensuring a
negligible variation of the predictions with respect to the baseline ones in the presence
of frequency measurement deviations within +0.5Hz. Furthermore, it was also noticed
that there are cases in which the VCT predictions decrease, rather than increase, with



Abstract 11

increasing the load level taken into account. Although this behaviour is relatively easy
to identify when performing VCT predictions while gradually increasing the maximum
load level considered, the general conservative nature of the method in these cases
may no longer be ensured.

Secondly, the sensitivity of VCT under various magnitudes of shape and loading
imperfections was assessed. For this study, the FE model of a cylindrical shell with
a large knock-down factor, related to its shape imperfection and for which VCT gave
robust experimental buckling load predictions, was chosen as the baseline structure.
Then, multiple magnitudes of its measured out-of-plane and of a realistic in-plane
imperfection pattern were applied to the cylinder, such that the reliability of VCT to
provide robust buckling load predictions in the presence of such imperfections could
be investigated. It was found that the VCT predictions were generally insensitive to
the aforementioned imperfections, provided that the maximum load ratio accounted
for was in line with the one found to be sufficient in the first study. However, it was
also found that there might be several shape imperfections for which VCT may be
unreliable, primarily due to the VCT predictions decreasing when increasing the load
ratio taken into account, aspect also highlighted in the first study. Furthermore, in the
event of local buckling occurring, VCT proved unreliable in estimating the load level
at which these events occur. Similarly, the VCT estimations of the global buckling
load using the measurements before local buckling occurred were also relatively poor.
Nevertheless, predicting the global buckling using VCT for these cases may be possible
when taking into account exclusively the measurements beyond the point at which
local buckling occurred. In these scenarios, the established VCT procedure often
provided unconservative predictions, reason why using an empirical VCT procedure
and taking shape imperfections into account in the buckling analysis is recommended,
as the estimations provided in this case are generally more conservative.

Thirdly, the robustness of VCT for cylindrical shells subjected to combined loading
was assessed. This numerical study used the finite element models of 6 cylindrical
shells, in which additional bending, shear or torsion loads were applied, either individ-
ually or all together, alongside the main compressive load. The study revealed that
VCT could provide reliable estimations of the axial loads at which cylinders buckle
under the aforementioned combined loading scenarios, provided that the amounts of
bending, shear, and/or torsion were relatively low. Moreover, whether the compres-
sion load was applied sequentially, or simultaneously with the additional ones was only
relevant regarding the amount of the latter beyond which VCT failed to provide ro-
bust predictions. In this context, VCT provided better estimations when compression
was applied after the aforementioned additional loads (sequential load introduction),
so that the change in the frequency response reflected a change in the compression
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load alone. In addition to that, it was also shown that VCT could provide good
estimations on the compression load level at which cylinders buckle when bending,
shear and torsion were applied together along with compression, also provided that
the magnitudes of the former were small.

Lastly, the results of an experimental campaign covering aspects from all previous
investigations conducted were shown to validate the results found. In this experimen-
tal campaign VCT was applied to a real-scale launcher structure, tested under two
load cases in which uneven compression was applied. These load cases had significant
bending components, given that they were defined so that buckling was precisely ini-
tiated in two key areas of the structure. During both of these tests, the vibration
modes considered to provide reliable predictions were identified in situ. Taking into
account the maximum load ratio of a valid vibration measurement during the first
load case of 86%, the relative error of the VCT buckling load prediction was -5%.
Conversely, the relative error of the VCT buckling load prediction for the second load
case was -15%, as the load ratio of the last valid vibration measurement was lower
than for the first load case, at 77%. Nevertheless, given the approximately linear re-
lation between the VCT predictions and the maximum load level taken into account,
an extrapolation of the VCT buckling load prediction corresponding to an 86% load
ratio was made for the second load case, which yielded a relative error comparable to
the one achieved for the first load case, namely -6%. Another positive outcome was
that the preliminary numerical investigation performed in preparing the test provided
valuable insights, confirmed later by experiment. Some of the key aspects accurately
identified through numerical analyses were the frequency window in which the first
vibration modes would occur, the span of the circumferential waves of the vibration
modes, and the expected VCT prediction error as a function of the maximum load
level used. In addition to this, a fair estimation of the frequency drop as the load
applied increased was also provided by the preliminary numerical analysis.

Given the reliable in-situ VCT buckling load predictions and that in the post-test
investigations a single vibration mode providing a better prediction than the in-
situ ones was found, and only for the second load case, VCT can be considered a
robust non-destructive method to determine the axial load level at which cylinders
buckle. Furthermore, this was shown to hold true for a real-scale structure subjected
to load cases with significant bending components, displaying thus the versatility of
the method and its retained robustness when applied to structure sizes relevant to
industrial environments. This feat is even more impressive when considering the test’s
important time restrictions and the occurrence of unexpected events, which for the
first load case led to losing the track of the majority of vibration modes monitored
beyond the 6" vibration measurement, out of the 9 initially defined, while for the
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second load case, it caused the loss of track of all previously tracked vibration modes
beyond the 7™ vibration measurement, out of the 8 initially defined.



Zusammenfassung

Die in dieser Arbeit zusammengefasste Forschung konzentriert sich auf die Weiterent-
wicklung des Stands der Technik im Hinblick auf ein zerstorungsfreies Verfahren zur
Vorhersage der Beullast verschiedener Strukturen. Grundlage ist dabei die Verande-
rung ihrer Frequenzantwort in Abhéngigkeit von der aufgebrachten Last, die allgemein
als Vibration-Correlation Technique (VCT) bekannt ist. Die fiir diese Untersuchung
gewahlten Strukturen waren Zylinderschalen, fiir die VCT besonders interessant ist,
da ihre hohe Empfindlichkeit gegeniiber Imperfektionen héufig zu grofien Diskrepan-
zen zwischen theoretisch und experimentell ermittelten Beullasten fithrt und zudem
ihr Beulverhalten instabil ist. Angesichts der jiingsten Entwicklungen dieser Methode
und ihrer bislang geringen Anwendung auflerhalb des akademischen Umfelds konzen-
trierte sich die Arbeit auf Schliisselaspekte, die sowohl fiir die Wissenschaft als auch
fir die Industrie von gleicher Relevanz sind.

Zunachst wurde die Bedeutung des maximal gemessenen Lastniveaus und der An-
zahl der Messungen fiir die Beullastabschiatzung durch VCT untersucht, da iiber
diese Aspekte im experimentellen Versuchsaufbau bislang Uneinigkeit herrscht. In
einem ersten Schritt wurden numerische Daten aus Finite-Elemente-Modellen von
zehn nominell identischen Zylinderschalen verwendet, um den Einfluss der genannten
Parameter auf die VCT-Vorhersagen zu analysieren. In einem zweiten Schritt wurde
eine dhnliche Untersuchung mit experimentellen Daten aus der Literatur durchge-
fithrt, die in der numerischen Studie beobachteten Trends bestitigte. Die Haupt-
schlussfolgerung war, dass der wichtigste Testparameter das Lastniveau ist, bei dem
die Schwing-ungsmessung erfolgt, wihrend die Anzahl der Messungen vor allem da-
zu beitragt, mogliche Fehler durch unerwartete Frequenzabweichungen zwischen den
Messungen zu verringern. Die VCT-Beullastvorhersagen zeigten nur geringe Abwei-
chungen von den Referenzwerten, fiir die alle verfiigharen Messungen berticksichtigt
wurden — unabhéngig von der Anzahl der Messungen, solange das Verhéltnis zwi-
schen der hochsten betrachteten Last und der tatsidchlichen Beullast mindestens 70%
betrug. Umgekehrt erwiesen sich mindestens neun Messungen als ausreichend, um
Abwei-chungen der Vorhersagen bei Frequenzmessfehlern innerhalb von 4+0,5Hz ver-
nachléssighar zu machen. Zudem wurde festgestellt, dass es Falle gibt, in denen die
VCT-Vorhersagen mit zunehmender Last nicht steigen, sondern sinken. Obwohl dieses
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Verhalten bei schrittweiser Erhohung des maximal berticksichtigten Lastniveaus rela-
tiv leicht zu erkennen ist, konnte die tiblicherweise konservative Natur der Methode
in solchen Féllen nicht mehr gewahrleistet sein.

Im zweiten Schritt wurde die Sensitivitdt der VCT gegeniiber Imperfektionen in Form
und Belastung untersucht. Dazu diente das FE-Modell einer Zylinderschale mit einem
grofen Knock-down factor, der auf ihre Formimperfektion zurtickzufithren ist und fiir
die VCT robuste experimentelle Beullastvorhersagen lieferte. AnschlieBend wurden
verschiedene Auspragungen der gemessenen aufleraxialen und einer realistischen in-
plane-Imperfektion auf den Zylinder angewandt, um die Zuverlassigkeit von VCT
unter solchen Bedingungen zu bewerten. Es zeigte sich, dass die VCT-Vorhersagen
gegeniiber diesen Imperfektionen im Allgemeinen unempfindlich waren, sofern das
maximale beriicksichtigte Lastverhaltnis mit dem im ersten Schritt ermittelten Wert
iibereinstimmte. Es wurde jedoch auch festgestellt, dass es bestimmte Formimperfek-
tionen geben konnte, bei denen VCT unzuverlissig ist, vor allem, wenn die Vorher-
sagen mit zunehmender Last sinken — ein Aspekt, der bereits in der ers-ten Untersu-
chung auffiel. Dariiber hinaus erwies sich VCT als unzuverléssig bei der Abschéitzung
der Last, bei der lokales Beulen auftritt. Ebenso waren die globalen Beullastabschét-
zungen anhand der Messungen vor dem lokalen Beulen relativ ungenau. Dennoch
konnte die globale Beullast mithilfe von VCT abgeschéatzt werden, wenn ausschlie3-
lich Messungen nach Eintritt des lokalen Beulens beriicksichtigt werden. In diesen
Szenarien lieferte das etablierte VCT-Verfahren jedoch héufig nicht-konservative Er-
gebnisse. Daher wird empfohlen, ein empirisches VCT-Verfahren zu verwenden und
Formimperfektionen explizit in die Beulanalyse ein zubeziehen, da die Schitzungen
in diesem Fall im Allgemeinen konservativer ausfallen.

Im dritten Schritt wurde die Robustheit von VCT fiir Zylinderschalen unter kombi-
nierter Belastung untersucht. In dieser numerischen Studie wurden FE-Modelle von
sechs Zylinderschalen verwendet, bei denen zusétzlich Biegung, Schub oder Torsion —
einzeln oder kombiniert — neben der axialen Drucklast aufgebracht wurden. Die Unter-
suchung zeigte, dass VCT zuverlassige Vorhersagen der axialen Beullast unter diesen
kombinierten Belastungen liefern kann, solange die zusétzlichen Belastungen relativ
gering waren. Ob die Drucklast nacheinander oder gleichzeitig mit den Zusatzlasten
eingebracht wurde, war nur insofern relevant, als es den Schwellenwert der Zusatzlast
bestimmte, oberhalb dessen VCT keine robusten Vorhersagen mehr liefern konnte.
In diesem Zusammenhang erwies sich VCT als genauer, wenn die Drucklast nach
den Zusatzlasten aufgebracht wurde (sequentielle Lastaufbringung), sodass die Ande-
rung der Frequenzantwort nur die Drucklast widerspiegelte. Dariiber hinaus konnte
VCT auch gute Vorhersagen liefern, wenn Biegung, Schub und Torsion zusammen
mit Druck aufgebracht wurden — vorausgesetzt, deren Intensitiat war gering.
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Abschlieflend wurden die Ergebnisse einer experimentellen Kampagne vorgestellt, die
Aspekte aller vorangegangenen Untersuchungen abdeckte und die gewonnenen FEr-
kenntnisse validierte. In dieser Kampagne wurde VCT an einer realmaflstablichen
Tragerstruktur angewandt, die unter zwei Lastfillen getestet wurde, in denen un-
gleichméaflige Druckbelastungen aufgebracht wurden. Diese Lastfille enthielten er-
hebliche Biegungsanteile, da sie so definiert waren, dass das Beulen gezielt in zwei
Schliisselbereichen der Struktur eingeleitet wurde. Wahrend beider Tests wurden die
Schwingungsmoden, die zuverlédssige Vorhersagen ermoéglichten, vor Ort identifiziert.
Unter Berticksichtigung eines maximalen Lastverhaltnisses von 86% bei einem gulti-
gen Schwingungsmesspunkt im ersten Lastfall betrug der relative Fehler der VCT-
Beullastvorhersage -5%. Im zweiten Lastfall lag der relative Fehler bei -15%, da das
Lastverhéltnis der letzten giiltigen Messung geringer war (77%). Aufgrund der annéa-
hernd linearen Beziehung zwischen den VCT-Vorhersagen und dem maximal bertick-
sichtigten Lastniveau konnte jedoch fiir den zweiten Lastfall eine Extrapolation auf
ein Lastverhaltnis von 86% durchgefithrt werden, die einen vergleichbaren relativen
Fehler von -6% ergab. Ein weiterer positiver Aspekt war, dass die vorberei-tenden nu-
merischen Untersuchungen wertvolle Erkenntnisse lieferten, die im Experiment besté-
tigt wurden. Zu den Aspekten, die numerisch korrekt vorhergesagt wurden, gehorten
u. a. das Frequenzfenster der ersten Schwingungsmoden, die Ausbrei-tung der Um-
fangswellen der Moden sowie der erwartete VCT-Vorhersagefehler in Abhangigkeit
vom maximal beriicksichtigten Lastniveau. Zudem lieferte die Voruntersuchung eine
brauchbare Schétzung des Frequenzabfalls bei zunehmender Last.

Angesichts der zuverlassigen VCT-Beullastvorhersagen in situ und der Tatsache, dass
nachtraglich nur in einem einzigen Fall (im zweiten Lastfall) ein Schwingungs-Mode
identifiziert wurde, die eine bessere Vorhersage als die in situ identifizierten ermoglich-
te, kann VCT als robustes zerstorungsfreies Verfahren zur Bestimmung der axialen
Beullast von Zylinderschalen betrachtet werden. Dies gilt selbst fiir realmafstéabliche
Strukturen unter Lastfillen mit signifikanten Biegungsanteilen. Damit zeigt sich die
Vielseitigkeit und Robustheit der Methode auch bei Strukturen von fiir die Industrie
relevanter Grole. Besonders bemerkenswert ist dies angesichts der strengen Zeitvor-
gaben der Tests und des Auftretens unerwarteter Ereignisse, die im ersten Lastfall
dazu fithrten, dass die Mehrheit der Schwingungsmoden ab der 6. von insgesamt 9
geplanten Messungen nicht mehr verfolgt werden konnte. Im zweiten Lastfall gingen
alle zuvor verfolgten Moden ab der 7. von 8 geplanten Messungen verloren.
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1 Introduction

The buckling phenomenon, characterised by a change of a structure’s equilibrium
state as a result of a small increase in its loading, represents one of the most com-
mon aspects to be considered when designing load-bearing structures. For cylindrical
shells, a robust estimation of the buckling load in service is both essential and partic-
ularly difficult, given their unstable post-buckling behaviour and high sensitivity to
imperfections. This sensitivity was observed as early as 1914 by Southwell [5], in his
work shape imperfections being considered the main source of discrepancy between
the theoretical and measured load level at which a structure may lose its stability.
Next to shape, loading, material, thickness and boundary conditions imperfections
can all significantly reduce the experimental buckling load with respect to the theo-

retical value for a cylindrical shell under axial compression.

Owing to this high buckling load sensitivity to imperfections, to the complexity of
include them in theoretical estimations, and to the high demand for these types of
structures in the aerospace, marine, or energy sectors, to name a few, buckling re-
search remains an active topic, despite its long history. Some of the most significant
studies have been compiled in the NASA SP-8007 [6] guideline on buckling of thin-
walled circular cylinders, where a comprehensive number of experimental results was
used to provide lower bound Knock-Down Factors (KDFs, ratios between the mea-
sured and theoretical buckling values) for isotropic cylinders as a function of the ratio
between their radius and thickness. The KDFs recommended for cylindrical shells
with radius over thickness ratios lower than 1500 subjected to axial compression are

within a 0.18-0.84 interval and are often found to be over-conservative, particularly for
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composite cylinders, therefore decreasing the efficiency of these structures in service

2,7, 8].

In recent years, finite element analysis has become an indispensable tool in designing
and sizing any type of load-bearing structure, with a significant impact on improving
their structural efficiency. For cylindrical shells in particular, it represents a powerful
tool to study their sensitivities under various conditions, as it allows the inclusion
of virtually any type of imperfection. While taking imperfections into account in
numerical models can often yield robust buckling load estimations, validated by ex-
perimental tests, acquiring and implementing these in numerical models may require
a significant time and effort and can therefore be costly as well. Imperfection types
such as shape, thickness, and material are relatively easy to implement and often lead
to great improvements in the accuracy of the buckling load estimation. However, im-
perfections related to loading and boundary conditions are more difficult to acquire
and implement before testing or during service and can therefore be an important
source of a poor correlation between the structure’s theoretical and in-situ response
under load. On the other hand, non-destructive methods can be successfully used
to determine the in-situ buckling loads of cylindrical shells, as the aforementioned
imperfections are inherently captured within the structure’s response on which the
estimation is based. Among these, the most relevant for cylindrical shells under axial

compression are the probing technique [9] and the Vibration-Correlation Technique

(VCT) [10].

In the probing technique, a dimple-like buckling shape, associated with the lowest
energy barrier (as determined in [11]) that must be overcome to reach buckling, is
reproduced by applying a displacement-based lateral point load with various magni-
tudes. As the lateral displacement is gradually increased, the lateral reaction force
reaches a maximum, this peak value being inversely proportional to the axial load
applied. Upon further increasing the applied lateral displacement, the lateral reac-
tion load begins to drop, eventually yielding a zero reaction force, and the area under
this load-displacement curve represents the energy barrier that must be exceeded for

the cylinder to buckle under that axial load level. However, in practice, the point
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at which the lateral reaction force decreases to zero might need to be extrapolated if
there is no inner radial support at the probing location on the cylinder to prevent it
from losing its stability and risking structural damage. As the peak lateral reaction
force decreases with increasing the axial load level, the axial load at which the peak
reaction force reaches zero (the buckling load) can be extrapolated based on measure-
ments taken at several axial load levels. While this method was shown to give reliable
buckling load estimations, the predictions were shown to be sensitive to the probing
location [9, 12, 13]. In this regard, the path of least resistance, typically found near
the most significant imperfection, should be probed for reliable buckling estimations,

as probing at a near-perfect location might yield unconservative predictions.

The vibration-correlation technique makes use of the structure’s change in vibration
response as a function of the load applied to extrapolate the buckling load. This is
often referred to as the direct use of VCT, while its indirect use is in determining
in-situ boundary conditions [10], or fibre volume fractions of composite structures
[14]. The experimental procedure requires an exciter to induce vibrations in the
structure and measuring equipment to capture the structure’s vibration response.
Loudspeakers or harmonic hammers are typically used to induce vibrations, while
the vibration modes and their corresponding frequencies are usually identified using
either accelerometers, or laser vibrometers. When the combination of a loudspeaker
and a laser vibrometer is used, direct contact with the structure is avoided, therefore
the risk of the vibration response measurement equipment to influence the buckling
load is minimal. Furthermore, the use of a laser vibrometer can provide well-defined
vibration modes, which would otherwise require a significant number of accelerometers
attached to the structure, therefore imposing a risk of influencing its buckling and
vibration response. This, however, usually comes at the expense of a significantly
larger measurement time, which might be prohibitive when the vibration response is
measured for a large number of load levels and /or when measurement difficulties arise.
These can be related to the surface measured, as the vibration response of a surface
with imperfections, poor surface reflectivity, or speckled patterns may require more

time to be accurately measured. Furthermore, large lateral movements during the
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measurement may also increase the measurement time when using a laser vibrometer.

Even though both the aforementioned non-destructive methods to predict buckling
loads of cylindrical shells were proven effective within the academic environment,
interest from the industry in applying these methods in their validation tests remains
limited. This thesis aims to expand the state of the art regarding VCT applied to
cylindrical shells, primarily through numerical analyses, focusing on three key aspects
of equal interest for both the academic and industrial environments. First of all, the
influence of the maximum load level measured and the number of measurements
on the VCT buckling load prediction is investigated. Secondly, the sensitivity of
VCT towards shape and loading imperfections is assessed. Thirdly, the feasibility
of using VCT to provide robust buckling predictions when additional loads, besides
axial compression, are applied to cylindrical shells is explored. Then, the results of an
experimental campaign that addresses the key aspects explored in the aforementioned
three studies are presented. In this experimental campaign, VCT was applied to a
real-scale launcher structure, tested under two uneven compression load cases, which
induced significant bending components. Lastly, the knowledge gathered throughout
the research conducted is summarised in a set of practical guidelines for optimising
the application and outcome of VCT for predicting the axial load level at which
cylindrical shells buckle.



2 Literature Review

The connection between a structure’s vibration response and its load was initially
documented more than a century ago [15, 16]. In this early investigation, the following
relation between the applied axial load P and the frequency of a certain vibration

mode k (F}) was proposed for a beam:
fi+p=1 (2.1)

where p is the ratio between the applied axial load P and the critical buckling load P,,,
and fj is the ratio between the loaded vibration mode frequency F} and its unloaded
counterpart Fj ;. This relation was analytically proven for a perfect beam with simply
supported boundary conditions, provided that the buckling mode is identical to the
vibration mode taken into consideration. Furthermore, other boundary conditions
showed little variation from this linear relationship, making this VCT approach more
feasible for practical testing conditions [17]. Using this relation, the buckling load
can be found by extrapolating the load ratio p at which f? equals zero, as shown in
Figure 2.1a, and then multiplying this extrapolated load ratio by P,... In the above
relation, P,.. is the only quantity that must be determined before the measurement,
an aspect that is valid for all VCT approaches. After these initial investigations
at the beginning of the 20" century, the level of interest in further investigating and
exploiting the relation between a structure’s vibration response and its loading slowly
picked up, focusing mainly on beam structures, for which buckling load predictions

and boundary conditions were estimated [17-22].

Further investigations in the 30s on columns [23] and in the 40s on circular plates

[24, 25] concluded that this linear relationship does not hold true in the presence of
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imperfections, shape in particular, the frequency response showing a sharp bend as
the load approached the buckling load, as shown in Figure 2.1b. Other compression
members like trusses and frames were shown in a study around the middle of the 20"
century to display a similar behaviour [26, 27]. Nevertheless, the linear relationship

for perfect, simply supported columns and polygonal plates was analytically validated

in [24-26].
1.0 T ter:<e;)(:|'ei:ri\ceanltal points 1.0 T ter::)oerreirtwr:cear\ltal points 1.0} T te?j)oerreil:ri1cear\|taI points
obestfit KO e best fit RN best fit
0.8 0.8 0.8 ;
0.6 0.6 0.6
L B N
0.4 0.4 0.4
0.2 0.2 0.2
0 02 04 06 08 1.0 0 02 04 06 08 1.0 0 02 04 06 08 1.0
p p p
(a) (b) (c)

Figure 2.1 — a): load-frequency relation for beams under axial compression
b): load-frequency relation for cylindrical shells under axial compression
¢): load-frequency relation for spherical shells under external pressure
An experimental study on buckling of cylindrical shells around the same period, but
not directly related to VCT, showed that a linear relationship between the squared
frequency and the load did exist, but that the frequency was far from zero at the
buckling load [28]. Similarly, roughly a decade later another experimental study,
again not related directly to VCT, concluded that the frequency of the monitored
vibration mode tended to zero as the load approached the buckling load [29]. In
a precursor to VCT for buckling load estimations for cylindrical shells under axial
compression and external pressure [30] from the 60s, the linear relationship shown
in 2.1 was analytically validated for both axial compression and external pressure
loading. While for axial compression this relation was also experimentally validated,
under external pressure the author reported deviations from linearity. Nevertheless,

the author had the following recommendations on exploiting this relation [30]:

"If the concept of an equivalent freely-supported cylinder is valid for buckling results

as well as for vibration frequencies, the linear approximation between the square of
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the vibration frequency and axial load and external pressure may also be valid. If
this is the case, vibration tests could be conducted in connection with static buckling
tests to achieve non-destructive testing. By recording vibration frequencies at various
increments of load it may be possible to extrapolate to the buckling values without
damaging costly test specimens or actual hardware. Since the natural vibration fre-
quencies for cylinders are sensitive to both boundary conditions and imperfections, it
may be possible to obtain better correlation between buckling tests by using experi-

mental vibration frequencies as an index of imperfection or support restraint."

which accurately describes both the direct and indirect uses of VCT as they are
understood today.

One of the first actual applications of VCT to a shell structure came around the
same time in the 60s, where the method was successfully used to predict the pressure
at which the tested spherical shells would buckle under external pressure [31]. A
schematic of the load-frequency behaviour found is shown in Figure 2.1c, where the
quantity p on the horizontal axis refers to the ratio between the applied external pres-
sure and the theoretical external pressure at which the shell would buckle. As it can
be seen in this figure, the non-linearity observed earlier in [32] is present. Therefore,
the VCT estimation was done in an empirical manner, namely by extrapolating the

load at which the frequency would become zero via a curve fit.

For cylindrical shells under compression or external pressure, one of the earliest VCT
applications for buckling load estimations was in the early 70s, where the linear
relationship was used to predict the collapse load with an error within 1% [33], using
vibration modes similar to the buckling ones. However, for the axial compression
load case an artefact was employed to obtain a reliable buckling load prediction. This
artefact implied using only the points after the bend in the load-frequency relation
occurred to extrapolate the buckling load. Had the other points at lower load levels
been used, where a quasi-linear behaviour was observed, the buckling load would have
been severely overestimated. Furthermore, although a quasi-linear load-frequency
relation was observed for the vibration modes dissimilar to the buckling mode, the

VCT estimation using these modes would have resulted in a severe over-estimation
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as well.

With the increasing number of experimental campaigns querying the feasibility of
VCT to determine the buckling loads of plates and cylindrical shells, the aforemen-
tioned deviation from linearity in the load-frequency response was consistently found
[34-40]. As this deviation from linearity implies a loss of analytical foundation of
the initial VCT procedure when applied to imperfect structures, the motivation to
find a different VCT procedure that would give robust buckling load predictions for

imperfect structures increased.

Within this time period, a novel VCT procedure was proposed for columns and shells

by Souza et al. [41], where the buckling load is found using the following relation:
1-p)+(1-)A-fi)=1 (2.2)

by extrapolating the value of (1-p)? = & at (1-f}) = 1, where &, represents the load
drop due to imperfections. Therefore, the buckling load estimation is now found using

the following equation:
Pyorg = Per (1 — \/Z;?) (2.3)

where the value of £ must be positive for it to have a physical meaning. One im-
portant aspect to be mentioned here is that the procedure proposed by Souza shares
two important characteristics with the initial procedure, namely the use of a linear
extrapolation and its reliance on the vibration frequency to drop to 0 at buckling, as

(1-f#) = 1 implies that Fj, = 0.

However, the above VCT method was found by Arbelo et al. in [10] to be unreliable
for unstiffened composite cylindrical shells, as often the value of £ was negative. In
this publication the authors also proposed a new approach, analytically verified in

Franzoni et al. [42] at a later stage, based on the following quadratic relation between

(1-p)* and (1-f7):
L=p?=1-01-FK) (2.4)

where £ now represents the minimum value of the quadratic equation best fitted to

the points of the (1-p)? vs (1-f#) VCT characteristic chart, as shown in Figure 2.2,
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while the buckling load estimation is found using Equation 2.3. One of the key differ-
ences of this procedure with respect to the previous ones is that it no longer relies on
the loaded vibration frequency F}, to drop to 0, aspect consistent with previous obser-
vations for imperfect structures [26]. This recent development boosted the interest in
VCT, with multiple experimental campaigns validating the aforementioned approach
being published afterwards [1, 3, 4, 10, 42-51]. Furthermore, the approach proved to
be robust regardless of the construction material of the structures tested, as for steel,
aluminium, as well as for carbon and glass fibre reinforced plastics made cylinders,
VCT was able to provide reliable buckling load estimations. Moreover, the procedure
also proved applicable for stiffened cylinders [4, 48, 49], as well as for open-hole ones,

provided that the structure underwent a global, rather than a local buckling [46].

- X Experimental points
xa ------- Quadratic fit

0.8

0.6

(1-p)?
X

0.4 ><

0.2 K,

&? N I
0.0 0.2 0.4 0.6 08 =

Figure 2.2 — Load-frequency relation according to Arbelo’s procedure

The recent developments in reusable space structures also represent an important
driver for further research on VCT, which can serve as a reliable tool to assess their
potential loss of load-carrying capabilities upon reuse. This increased interest led to
an empirical relation between the load applied and the structure’s frequency response
being proposed in [50], where (1-p)? is plotted against (1-f), the rest of the procedure
being identical to the one previously described. Throughout the thesis, this procedure
is referred to as the empirical VCT procedure, while the one proposed by Arbelo
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et al. in [10] and analytically verified by Franzoni et al. in [42] is referred to as the

analytical VCT procedure.

Besides validating VCT for multiple cylindrical structures, research on this topic also
addressed its numerical implementation, aiming to increase its efficiency. In doing so,
focus was given to the frequency eigenvalue analysis, to avoid the repetition of this pro-
cedure for each VCT load step. In [52], the authors proposed a concurrent frequency
eigenvalue analysis approach at multiple ratios of P/P.. and used VCT to estimate
the axial buckling loads P,; obtained via Riks and/or dynamic explicit non-linear
analysis procedures for a cylindrical shell subjected to combined loading. In these
combined load cases, internal pressure, or torque, was introduced next to the main
axial load. The outcome of this investigation was that their VCT implementation was
able to accurately predict the numerical axial buckling load, at computational time
lower by one order of magnitude compared to the Riks and dynamic explicit analysis
procedures. Similarly, in [53] and [54] the authors used reduced order models to per-
form the frequency eigenvalue analyses required to perform VCT and compared the
obtained buckling load estimations against those obtained by experiment and explicit
dynamic analyses. Again, the agreement between the buckling load estimations pro-
vided by VCT and those obtained by experiment and explicit dynamic analyses was
very good, both for the proper orthogonal decomposition [53] and for the combined
approximation method [54] reduced order models, the computational time being also

one order of magnitude lower when compared to the explicit dynamic analyses.

While VCT for buckling load estimations is a fairly old concept, little focus was given
to its applicability range and the influence of its parameters over the obtained pre-
diction. One of the earliest investigations over its parameters, namely the vibration
frequencies measured at various degrees of loading, was published in [55], where for flat
plates the authors concluded upon inspecting the equations used that any frequency
measurement error would double its effect on the VCT buckling load estimation. This
trend was also found for beams in [56], the authors reporting that frequency measure-
ment errors between 2% and 6% led to VCT buckling prediction errors between 5%

and 20%, depending on the beam’s boundary conditions. In a more recent study on
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a closely stiffened cylindrical shell under axial compression with and without internal
pressure, a comparison has been made between the frequency measurements of two
different laser vibrometers [4]. In this investigation, when the cylinder was subjected
to axial compression for 2 out of the 6 load steps measured the frequencies retrieved
were not identical. These deviations were 0.25Hz and 1.5Hz respectively, the ratios
between these frequency measurements by the two equipment being 0.3% and 2.1%
respectively. While the relative errors of the VCT buckling load estimations on the
experimental buckling load using the frequency measurements of the two equipment
were both within 10%, when performing progressive VCT estimations for the two
sets of measurements, some differences were found between the obtained predictions.
At the load level at which the initial deviation of 0.25Hz was seen, the difference in
relative error with respect to the buckling load was around 3%, which then dropped
to 1% when including the next measurement, and then increased to 11% at the final
load step corresponding to the one at which the 1.5Hz deviation was recorded. A de-
viation between the frequency measurements was also seen for the combined loading
case in which internal pressure was introduced next to compression, where for 1 out
of 6 load steps a 0.25Hz difference was seen, the ratio between frequencies measured
by the two equipment being 0.2%. This led to relative error differences from 5% to
8% between the two different frequency measurements, despite the lower number of
deviations when compared to the axial compression load case. While the number
of load steps used was relatively low for both the aforementioned load cases, and
given that for the combined load case the frequencies were measured predominantly
at relatively high load ratios, the differences between the VCT predictions obtained
using the measurements taken by different equipment represent a clear sign that the
VCT buckling load estimations are also relatively sensitive to frequency measurement

eIrors.

Regarding the number of vibration measurements/load steps and the maximum load
level at which these should be taken, the existing recommendations are not only
scarce, but also not entirely in agreement. Concerning the number of vibration mea-

surements sufficient for a reliable VCT buckling load estimation, in [57] the authors
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reported that 6 load steps were sufficient, while in [47] the authors reported that at
least 15 load steps were required to obtain a reliable VCT buckling load estimation.
Similarly, in [1] load levels of at least 50% with respect to the buckling load were
required to achieve robust predictions, while in [3] the authors reported that the de-
sired accuracy was only achieved when using measurements at load ratios beyond

80% with respect to the experimental buckling load.

The significant number of experimental tests in which VCT provided robust buckling
load estimations suggests that the method is relatively insensitive to minor boundary
conditions and loading imperfections, which are inherent to each test and structure,
as well as to different shape imperfections. Nevertheless, the only study in which this
aspect was generally addressed was aimed at investigating the robustness of VCT
for nominally identical cylinders and for two load introduction methods [50]. In this
study, besides showing the robustness of the method, the authors also reported cases
in which VCT was not able to provide reliable buckling load predictions, despite doing
so for other, nominally identical cylinders, and for the same load introduction method.
Even though the authors did not report the reason why VCT was not able to provide
robust buckling load estimations in some cases, given their research methodology, this
was likely due to particularities related to boundary conditions, loading and/or shape

imperfections.

The vast majority of VCT usage for buckling load estimation was done for an axial
compression load case, given that the analytical base of the VCT procedures proposed
throughout the years was formulated focusing on this load case in particular. This
represents a limiting factor in the use of VCT for buckling load estimations outside the
academic environment, since often additional loads are applied to cylindrical shells
next to compression during their design validation phase. To this date, there are few
studies regarding the feasibility of using VCT to predict the axial buckling loads of
cylindrical shells under combined loading. In [42], it was shown analytically that the
VCT method also holds true when internal /external pressure is applied in addition to
axial compression, providing also experimental evidence. In a more recent numerical

investigation, the same relation was also shown to hold true in the presence of a
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constant torque load [52].

Besides the aforementioned unknowns, all experimental validations of VCT were done
in an academic environment, employing exclusively small-scale cylinders. Therefore,
whether VCT is applicable to real-scale structures and, if so, the influence of possible

size-effects over the accuracy of the method remains to be investigated.






3 Scope and Outline of the thesis

In this chapter, an overview of the research conducted throughout the thesis is pre-
sented. The motivation for the undergone research and the working hypotheses are

shown in Section 3.1, while the outline of the thesis is presented in Section 3.2.

3.1 Scope

The literature survey shown in Chapter 2 highlights the rapid development of VCT
for buckling load estimations of cylindrical shells. Nevertheless, there are still key
aspects regarding its practical implementation, sensitivities, and limitations that are
not yet well understood and are thus hampering its adoption beyond the academic
environment. To begin with, there is no consensus regarding the number of mea-
surements needed in order to obtain a robust buckling load estimation via VCT, nor
regarding the maximum load level with respect to the expected buckling load at which
the last measurement should be taken regarding the actual experimental procedure.
While the academic environment might provide enough freedom to adjust both the
number of load steps and the maximum load level at which the last measurement is
taken, outside the academic level the same approach is likely not acceptable, owing
to the more stringent restrictions concerning time, costs, and the acceptable risk of

damaging the structure tested.

Secondly, although not very common, there were also cases in which VCT failed to

provide reliable buckling load estimations. This behaviour was seen even within a set
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of nominally identical cylinders and testing environments, where VCT provided reli-
able buckling load estimations for the majority of articles tested. While the relatively
large number of experimental campaigns in which this non-destructive method was
validated suggests that VCT is not particularly sensitive to the various imperfections
inherent to each cylindrical structure and testing environment, the aforementioned
unreliable predictions suggest that there are certain imperfection types that, be it

individually, or lumped together, can compromise the robustness of the method.

Thirdly, while buckling under axial compression represents one of the main sizing
criteria for cylindrical shells, in service significant additional loads are often also
present (be it by design, or unintended). Therefore, during the development phase of
such structures, their experimental campaigns often contain load cases in which these
additional loads are applied next to compression. Initially, the VCT formulations
were developed exclusively for the axial compression load case. Later, these VCT
procedures were shown analytically and experimentally to be valid when internal or
external pressure is applied, as well as numerically valid under a constant torque load
applied next to compression. However, applying VCT to other combined load cases
falls outside its traditional applicability. Nevertheless, given that these additional
loads applied next to compression are generally of a lower magnitude, their influ-
ence on a cylinder’s vibration response may not be large enough to the extent that
VCT becomes unreliable. This may be the case especially if the additional loads are
introduced before compression and the frequency response is measured at different
magnitudes of compression loading while keeping the additional load constant, as the
change in the frequency response would primarily come as a consequence of different

magnitudes of compression load applied to the structure.

Lastly, the robustness of the method has thus far only been validated experimentally
on small-scale cylinders. Therefore, the sensitivity of the method to potential size-
effects and the feasibility of VCT to predict the buckling loads for real-scale structures

remain unknown.
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3.1.1 Research hypothesis

Aimed at exploring the range of applicability of VCT within industrial applications,

the research conducted in this thesis is founded on the following research hypothesis:

"It is possible that the use of advanced stochastic analysis, together with industrial-
scale experimental validation, will improve the accuracy of predicting buckling in
cylindrical shells subjected to combined loading and structural imperfections using

vibration-correlation techniques."

Furthermore, the following work hypotheses are defined to investigate the research

hypotheses:

e [t is possible to establish practical guidelines regarding the number of vibration
measurements and the maximum load level taken into account for the experi-
mental implementation of VCT, including the influence of potential frequency

measurement errors.

e It is possible to verify numerically the relatively low sensitivity of VCT regarding

shape and loading imperfections.

e [t is possible to verify numerically that the applicability range of VCT can be

extended to combined load cases.

e [t is possible to validate experimentally that VCT is applicable to cylinders
representative to real-scale launcher structures under bending-compression com-

bined load cases.

e [t is possible to define practical guidelines relevant to industrial applications of

VCT for determining the axial load at which cylindrical shells buckle.
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3.2 Outline

The thesis is structured in 8 chapters, with the following layout:

Chapter 1 - Introduction: provides the motivation for the research conducted

Chapter 2 - Literature review: covers the state-of-the-art of non-destructive
methods to predict buckling loads of cylindrical shells, focusing on VCT and

the aspects investigated in this research thesis

Chapter 3 - Scope and outline: portrays the scope, research, working hypothe-

ses, and provides an outline of the thesis

Chapter 4 - VCT sensitivity towards the number of measurements and load
level: introduces the methodology to partially decouple the number of measure-
ments from the load level in the VCT estimations and to introduce frequency
deviations in the measurement data. Then, the methodology is applied to the
numerical results belonging to a family of nominally identical cylinders, and the
significance of the number of measurements, maximum load level measured, and
of the frequency deviations over the VCT predictions is evaluated. Afterwards,
a similar investigation is performed using multiple sets of experimental results

gathered from the available literature.

Chapter 5 - VCT sensitivity towards shape and loading imperfections: provides
the motivation for the chosen structure based on which the numerical inves-
tigation is performed, and introduces the procedures to introduce shape and
loading imperfections in the finite element analysis. Describes the procedure to
request the vibration response in the event that local buckling occurs at a signif-
icantly lower load level than the one at which global buckling occurs. Then, the
influence of loading and shape imperfections over the buckling behaviour and
robustness of the VCT predictions is assessed. Afterwards, for the cases where
local buckling occurs, the possibility of using the vibration response exclusively

beyond this local event to predict the global buckling load is motivated using



3.2 Outline 19

numerical and experimental results. Last, the results of a parametric study
focusing on determining the optimum combination of VCT procedure and type
of critical buckling load for reliable VCT buckling load predictions are shown.
In this study, the analytical and empirical VCT procedures, together with the
critical buckling loads obtained for the perfect and imperfect structure, were
used to determine whether a certain combination of these yields better global

buckling load estimation than the established procedure.

e Chapter 6 - VCT sensitivity towards combined loading: describes the numer-
ical models of the cylinders used, together with the boundary conditions and
load introduction procedures. In addition, the cylinder configurations and load
cases under which the various critical axial buckling loads were determined are
introduced. It presents the influence of the additional loads applied alongside
axial compression over the axial buckling load, after which the robustness of
the VCT predictions as a function of the type of additional load applied, its
magnitude, the load introduction procedure and type of critical axial buckling

load used in the VCT procedure is shown.

e Chapter 7 - Experimental validation of VCT for compression-bending load cases:
provides experimental proof to the topics addressed in the previous chapters,
especially for the one shown in Chapter 6, using the VCT results of a cylinder
representative to a real-scale launcher structure subjected to combined loading.
Details the structure and load cases tested, together with the experimental set-
up and boundary conditions. Details the preliminary numerical investigation
performed to assess the feasibility of VCT for the load cases tested, and to
provide support in preparing the experimental test. Finally, the experimental

results are shown and discussed.

e Chapter 8 - Guidelines: summarises the aspects observed throughout the con-
ducted research that can be useful in the application of the VCT procedure in

a set of guidelines/recommendations.

e Chapter 9 - Final remarks: outlines the main findings and conclusions of the
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thesis, exposes some of the limitations of the conducted study and provides
topics needing further research for a better understanding of the VCT method’s

capabilities and limitations.



4 VCT sensitivity towards the num-
ber of measurements and load

level

The lack of consensus regarding the number of measurements and the load levels at
which these should be taken with respect to the expected buckling load can raise
confusion regarding the experimental procedure to determine the in-situ buckling
load of cylindrical shells under axial compression via VCT. This section addresses
this issue using both numerical and experimental data, taking into account possible

frequency measurement errors as well.

Section 4.1 introduces the methodology used to study the influence of the vibration
measurements number and their corresponding load level with respect to the VCT
buckling load predictions. Then, in Section 4.2 this methodology is used to initially
assess these dependencies using numerical data obtained from the FE models of a set
of nominally identical cylinders. Next, in Section 4.3 the outcome from the investi-
gation based on numerical data from Section 4.2 is verified using experimental data.
Finally, a discussion and the conclusions drawn from this study are shown in sections

4.4 and 4.5, respectively.
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4.1 Methodology

The general approach to determine the buckling load of a structure using VCT is
to perform successive predictions with each new measurement taken, once at least
three measurements are available, owing to the minimum number of points needed
to determine the best-fitted quadratic curve. However, given that there is a strong
coupling between the number of measurements taken and their corresponding load
level, increasing the number of measurements implies raising the load level as well.
Thus, an independent assessment of the influence of these two parameters over the
VCT buckling load prediction is not possible in this manner. Therefore, an artefact is
needed to at least decrease this strong coupling between the number of measurements
and the maximum load level used. In this study, this was done by taking combinations

of r measurements from a total of n employing the combination formula:

n!

C(n,r) = r=3,4,5..n (4.1)

(n, r)lr!’

to perform multiple VCT predictions using the analytical VCT formulation, therefore
allowing the VCT predictions to be grouped by the same number of measurements or
maximum load level for further assessment. This approach does not fully decouple the
number of measurements from the maximum load level, with limitations particularly
noticeable at extreme values of r. These limitations come due to the nature of the
combination formula, since the maximum load level for any r value would be at least
that of the r* measurement. For example, at the lowest spectrum (r=3), while
the maximum load level can be any starting from the one of the r** measurement
on, the number of measurements cannot be varied when the maximum load level
considered is the one of the r** measurement. Conversely, for r values towards the
higher extreme, for example r=n-1, the maximum load level would be either the one
of the last frequency measurement, or the one before it. Nevertheless, this residual
coupling is small enough to provide insight into the sensitivity of the VCT buckling
load prediction with respect to the number of measurements taken and the maximum

load level used in making these predictions.
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For the study based on numerical results, the FE models of a set of nominally identi-
cal cylinders were used, their frequency response being determined for a number of 20
load levels, in steps of 5% load ratios with respect to their buckling loads determined
via non-linear analyses. Then, the combination formula was used to generate load step
combinations and perform VCT buckling load estimations, so that these predictions
could be represented as individual distributions for each number of measurements and
maximum load level considered and compared to a baseline prediction. This baseline
represents the estimation obtained using all available measurements, hence, also the
maximum load level available, and was used to normalise the obtained VCT predic-
tions for an easier interpretation of the results. Furthermore, given the existence of
some unfeasible load step combinations with respect to the maximum and minimum
load levels, several load criteria were also applied to keep only reasonable combina-
tions for practical applications, such that, for example, VCT estimations based on
measurements at [0%, 5%, 10%], or [85%, 90%, 95%)] load ratios with respect to the
buckling load would be avoided. In doing so, it was also verified by comparing the
distributions with and without load criteria applied that there were no major dif-
ferences between the two, thus the general behaviour of the VCT predictions when
varying the number of measurements, and the maximum load level was retained when

applying these criteria.

Besides the visual interpretation based on the VCT predictions distributions for dif-
ferent numbers of measurements and maximum load levels, a correlation analysis was
also performed for an easier assessment of the influence of these two parameters over
the VCT predictions. In this regard, Kendall’s correlation coefficient 7 was chosen
as best suited, given its low sensitivity to outliers and applicability when working
with ordinal data, aspects not entirely satisfied by other commonly used correlation
coefficients like Pearson’s r, or Spearman’s ry [58-60]. Kendall’s correlation coef-
ficient 7 describes the strength of the monotonic relation between two parameters
and ranges between -1, for a monotonic decrease, and 1, for a monotonic increase,
while a value of 0 shows the lack of a monotonic relation between the two parameters

analysed. Regarding the assessment of the correlation strength given by the value
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of this coefficient, there is no general consensus on the intervals between which this
coefficient describes a strong, moderate, or a weak correlation. For this investigation,

the following 7 size effect magnitudes are considered [61]:

e |7| = 0.07-0.21, weak correlation
e |7| = 0.21-0.35, moderate correlation
e |7| > 0.35, strong correlation

The influence of frequency measurement errors was investigated by randomly alter-
ing the frequencies by magnitudes within +0.1Hz, +0.25Hz, and 4+0.5Hz intervals,
these magnitudes being chosen considering the accuracy of modern frequency mea-
surement equipment and the reported measurement differences mentioned in chapter
2. Then, in order to increase the statistical relevance and decrease the influence of
possible outliers given by particular combinations of measurements, 50 sets with al-
tered frequencies within the aforementioned limits were generated from the nominal

data sets.

Regarding the investigation based on experimental data, a very similar procedure
to the one previously described was used for multiple VCT experimental data sets
gathered from the available literature. Given the scarcity of available experimental
data, as well as due to the differences in the number of measurements taken and the
maximum load level measured in each experimental test, using the exact same pro-
cedure as in the study based on numerical data was no longer feasible. In this case,
applying load criteria would have either rendered the data from some cylinders unus-
able, or heavily decreased its overall relevance within the study, given the low number
of combinations satisfying the load criteria used. Additionally, the different rates at
which the normalised VCT predictions converge towards the baseline prediction as a
function of the number of measurements or the maximum load level considered be-
tween different cylinders would have likely resulted in an apparent lack of correlation
when performing the correlation analysis over a combined data set. Therefore, in the
study based on experimental results, the correlation was performed for each data set

individually, after which the obtained correlation coefficients were averaged.
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4.2 Investigation based on numerical data

The study based on numerical data is aimed at assessing the influence of the number of
measurements and the maximum load level taken into account over the robustness of
the VCT predictions in an ideal scenario, exempt from any unintended measurement
errors that may arise during an experimental test, providing at the same time a

baseline for the investigation based on experimental data.

4.2.1 FE models

The nominal geometry of the FE models used in this study is the one belonging to
a family of nominally identical monocoque cylinders tested at the DLR Institute of
Lightweight Systems featured in [2]. At this test facility, the load was introduced by
a hydraulic actuator acting on the lower loading plate, while the load was measured
by 3 load cells evenly distributed along the cylinder’s circumference and connected to
the upper load introduction surface. Furthermore, any potential uneven load distri-
bution across the cylinder’s circumference due to uneven lengths was minimised by
placing a robust cylindrical structure between the top edge of the cylinders and the
3 loading cells. Additionally, the top and bottom outer surfaces of the cylinders were
cast in epoxy resin rings over a length of 20mm to further promote a uniform load

introduction, as well as to provide lateral support.

These nominally identical cylinders were made out of carbon fibre reinforced plas-
tic (CFRP), with a nominal wall thickness of 0.5mm, free length of 500mm, 20mm
overhang, a 250mm radius, and with a [+24°, +41°] layup. The material properties
of the uni-directional (UD) Hexcel IM7/8552 ply used to manufacture the cylinders
are shown in Table 4.1, while the epoxy resin had an elastic modulus of 2.45GPa, a

Poisson ratio of 0.3, and a density of 2.09g/cm3.

The imperfection patterns used are the ones of the Z15, Z17, Z18, and Z20-26 cylin-
ders, the shape imperfections being measured on their outer surface using the ATOS

photographic profilometer system, while their thickness imperfections were measured
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by an ultrasonic tester. The shape imperfections were introduced in the FE model
using an inverse interpolation method that takes into account the distance between
the FE nodes and the measurement points acquired by the photographic profilometer
system to adjust the radial coordinate of the former, approach commonly used to

include measured shape imperfections for cylindrical shells [1, 7, 10, 62-66].

E; [GPa] | Ey [GPa] | Gz [GPa] | via | p [g/cm?]
142.5 8.7 5.1 0.28 1.58

Table 4.1 — Hexcel IM7/8552 ply material properties

On the other hand, the thickness imperfections were implemented in the model ac-
cording to the procedure described in [67]. In this approach, the differences between
the nominal thickness and the measured values are assumed to be due to different
fibre volume ratios in the laminate, given by either a lack, or an excess in resin with
respect to the nominal value. Based on this assumption, the material properties
are recalculated for the different thicknesses using the composition rule. Then, these
recalculated material properties are assigned to the FE elements in a discretised man-
ner to keep the complexity of the FE model reasonable, since otherwise it would have

implied defining a very high number of different material properties and element sets.

The models were built using the Abaqus FE analysis package, in which linear buckling
analyses using a Lanczos procedure were used to determine the values of P.. and
non-linear analyses using a Newton-Raphson procedure were used to determine the
values of P,. The cylindrical shells were meshed with 2D quadratic quadrilateral
shell elements with 8 nodes and reduced integration (S8R), while the resin rings were
meshed with 3D brick elements with 20 nodes and reduced integration (C3D20R).
Figure 4.1 provides a visual interpretation of the FE models, where in Figure 4.1a the
mesh of the cylinder with highlighted regions over which boundary conditions were
applied is shown, while a schematic of the boundary conditions used to restrain the

model is shown in Figure 4.1b.

The mesh convergence analysis showed that 120 elements along the circumference of

the cylinders were sufficient to accurately capture their compressive response, with
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the number of elements along the axial direction chosen to ensure an element aspect
ratio close to 1. The mesh of the resin rings and the cylinders was defined such
that, in a reference cylindrical coordinate system RAZ, the Z and 6 coordinates were
identical, while the radial coordinates of the resin rings were adjusted as a function
of the cylinder’s thickness. Then, constraint equations were used to connect the
translations of the nodes at the top and bottom edges of the cylinder with their resin
rings counterparts, except for the ones at the very edge, where boundary conditions

for load introduction were specified.

Pin MPC
Constrains

Cylinder
wall

Radial
Constrains

Pin Constraints

(a) (b)

Figure 4.1 — Z cylinders FE mesh with highlighted resin rings (a) and the boundary
conditions applied at the top and bottom edges (b)

Additionally, at the outer edges of the resin rings, roller constraints were specified to
restrict their radial movement. In order to introduce the load in the FE models, the
nodes at the bottom of the cylinder had constrained translations, while at the top,
these were connected to a Reference Point (RP) for which the radial displacement
was restrained and an axial displacement was applied. The aforementioned RP served
only as a modelling artefact, allowing for an easier post-processing of the axial load
and displacement of the models. Lastly, the translational degrees of freedom at the

top and bottom surfaces of the resin rings were locked via Pin constraints.
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4.2.2 Results

Table 4.2 shows the buckling values obtained via linear analysis P,.,., non-linear anal-
ysis P, experiment P, as well as the relative error between the numerical results
and experiments €,;_¢zp, and the relative error of the baseline numerical VCT pre-
dictions with respect to the numerical results eycr_,;. The variation in the P..
values among the different cylinders is due to the use of averaged measurements for
radius and length in the FE models, as well as due to using material properties cor-
responding to the average measured thickness, instead of the nominal one. As it can
be seen from this table, for several cylinders the experimental buckling load was not
closely matched in the numerical analysis, owing to possible material inhomogeneities
or residual loading imperfections. Similarly, the numerical predictions provided by
VCT, although excellent for most cylinders, for Z17 and Z18 these were relatively
poor, owing to their imperfection signatures. Nevertheless, these numerical models
were used in this study since the aspect investigated is the influence of the number
of measurements and maximum load level over the VCT prediction, not its actual

accuracy.

715 717 718 720 721 722 723 724 725 726
P., [kN] 30.41 | 30.25 | 31.59 | 32.52 | 32.18 | 32.25 | 31.59 | 33.02 | 30.79 | 31.59
P,; [kN] 24.52 | 21.24 | 20.32 | 26.42 | 25.86 | 26.39 | 26.10 | 26.83 | 24.76 | 25.90
P..p [kN] 23.36 | 24.63 | 21.32 | 23.08 | 22.63 | 23.99 | 25.02 | 23.62 | 25.69 | 22.43

Enl—exp |70 4.97 | -13.76 | -4.69 | 14.47 | 14.27 | 10.0 | 4.32 | 13.59 | -3.62 | 1547

evor—ni (%] | 1.26 9.88 | 16.68 | 1.44 143 | 0.71 0.80 | 2.59 | 3.07 | 1.38

Table 4.2 — Z cylinders buckling loads

As mentioned in section 4.1, for the investigation based on numerical data some
load criteria were imposed over the combinations of load steps to filter out the VCT

prediction using unrealistic combinations, these criteria being shown below:

1. Maximum load ratio within a 50%-85% interval
2. Bias towards higher load levels

3. Minimum load ratio within 15%
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4. Maximum load ratio gap of 20%

The higher limit on the maximum load ratio was imposed given that, although typi-
cally high maximum load ratios are desired, in practical applications of VCT, holding
the load constant at levels near the buckling load may be too high of a risk, particu-

larly when the load introduction is force-based.

On the other hand, the lower limit at 50% was imposed as a bare minimum, given
that even for cylindrical shells highly sensitive to imperfections, a diligent numerical
analysis using current FE tools should not overestimate the experimental buckling
load by such a high degree. The second criterion was introduced due to the non-linear
decrease of the vibration mode frequency as the load increases. Since the frequency
difference between consecutive measurements performed between equal load ratio
differences increases as the load level increases, the measurements taken at higher
load ratios are more relevant in accurately describing the quadratic curve to be fitted
to the points of the VCT characteristic chart. To impose this criterion, the load
combinations for which less than half of their entries were above the mean load ratio
of that combination were left out, avoiding thus unrealistic load step combinations

such as [0%, 5%, 10%, 30%, 50%)].

The third load criterion was implemented to ensure that the VCT predictions account
for the lower load levels as well, since it was observed that when failing to do so,
the quadratic curve fit can miss the points at lower load levels by large amounts,
representing thus an unrealistic behaviour. Lastly, a maximum load ratio gap was
imposed to keep the load steps relatively evenly distributed between their minimum
and maximum load levels, avoiding thus unrealistic load step combinations such as

(0%, 75%, 80%, 85%).

Figure 4.2 shows the distributions, in violin plots, of the VCT predictions for the first
vibration mode as a function of the number of load steps used, with and without load
criteria applied in orange and blue, respectively. Here, for each number of load steps
a distribution is plotted, the horizontal bars at their ends representing the extreme

points, giving thus their amplitude. Furthermore, median lines are also plotted for
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each violin plot to provide additional information on the distributions of the VCT

predictions shown.

Number of combinations
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Figure 4.2 — VCT predictions as a function of the number of measurements

In this figure, besides the number of load steps on the bottom horizontal axis and
the normalised VCT prediction on the vertical axis, an additional top horizontal
axis was included, in which information regarding the number of VCT predictions
within each distribution is provided. For the distributions with unfiltered load steps,
the total number of predictions is given, while for the distributions with filtered
load steps, the number of predictions is shown in percentages with respect to the
number of predictions without load criteria applied. This secondary top horizontal
axis was added to better understand the number of predictions in each distribution
and the impact of applying load criteria on the number of predictions. Following
this secondary axis, it can be seen that when applying load criteria, the centre of
quasi-symmetry shifts forward by one load step, in the case without load criteria this
being at 10 load steps, while in the case with load criteria applied, it moves to 11 load
steps. On the other hand, the largest number of predictions in both cases remains in
the distribution with 10 load steps. Overall, the percentage of predictions retained
when applying load criteria is 7%, aspect also highlighted in the figure’s legend.

Taking into consideration that the locations where the vast majority of the predic-
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tions lie within the shown distributions are more relevant than the amplitudes, these
intervals are defined here as the spans of the distributions, and their upper and lower
limits are considered the points where the widths of the distributions become different
from zero. As an example, for the distribution of the VCT predictions where 3 load
steps were used, while the amplitude of this distribution is 0.12, given that all VCT
predictions lie within a (0.91, 1.03) interval, the span is 0.09, as the width of the
violin plot is different than 0 only between a (0.94, 1.03) interval.

Upon analysing the above figure it can be seen that, while there are changes in
the amplitudes and spans of the distributions depending on the number of load steps
used, these are quantitatively insignificant, given that all the obtained predictions are
contained within a (0.91, 1.03) interval. This outcome is due to both the numerical
nature of the results, as well as due to the low variation of the VCT predictions as a
function of the number of load steps and maximum load level used. Such behaviour
represents the ideal scenario for VCT, given that the points in the VCT characteristic
chart describe accurately a quadratic behaviour and robust predictions are provided
regardless of the number of load steps or the maximum load level used. Nevertheless,
this behaviour is not often seen in practice, since any measurement errors might

induce significant differences in the obtained VCT prediction.

Regarding the evolution of the VCT predictions as a function of the number of load
steps, it can be seen that when increasing the number of load steps, not only do the
amplitudes of the distributions decrease, but their span is also increasingly smaller,
although this aspect is not as pronounced initially when load criteria are applied.
This behaviour is likely due to the large variation of maximum load levels within the
predictions from combinations with a low number of load steps, maximum load level
which becomes progressively restricted when increasing the number of load steps.
Another observation is that the median of the distributions stabilises after a certain
number of load steps, around 5-6 load steps for the unfiltered predictions, while for
the filtered predictions, this happens around 9-10 load steps. Furthermore, after the
number of load steps used exceeds a certain level, significant changes are not seen in

the spans of the distributions. This suggests the existence of a threshold regarding the
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number of load steps, after which a significant change in the obtained VCT prediction

is not seen when further increasing the number of load steps.

Figure 4.3 shows the distributions of the same predictions as the ones from Figure
4.2, in which now the predictions are rearranged as a function of their maximum load

ratio.
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Figure 4.3 — VCT predictions as a function of the maximum load level

Although in numerical analyses it is relatively easy to determine the frequency re-
sponse at a specific load ratio, here, the predictions are shown for intervals of load
ratios. This choice has been made as it allows for a consistent comparison with the
results obtained based on experimental data, since retrieving the frequency response
at predefined load ratios during an experiment is not as straightforward as in a nu-
merical analysis. While also present in Figure 4.2, here, a pronounced waviness can
be seen in some of the distributions, a behaviour resulting from the inclusion of data
sets belonging to different cylinders. The most important aspect to retain from this
figure is that the VCT predictions seem proportional with the maximum load ratio
used, regardless of the number of load steps. Furthermore, the amplitudes of the
distributions, as well as their spans, tend to decrease as the load level increases, sug-

gesting that larger load levels can also help reduce the variations induced by load
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steps at lower load levels.

When considering both figures, it can be observed that for the unfiltered data, the
extreme predictions are generally given by the combinations with the lowest number
of load steps, the lowest maximum load level providing the lowest predictions, while
the highest provides the highest predictions. Upon applying load criteria, the same
aspect regarding the number of load steps is no longer valid, given that the predictions
with extreme load ratios, be it at the lowest or at the highest spectrum, are filtered

out.

The relative insensitivity of the VCT prediction with respect to the number of mea-
surements and its sensitivity towards the maximum load ratio used were also seen
in the correlation analysis. Figure 4.4 shows the outcome of the Kendall correlation
analysis, the values in each cell representing the correlation coefficient between the
parameters corresponding to its line and column. Here, it can be seen that for the
unfiltered load steps, the correlation between the number of load steps and the VCT
predictions is basically non-existent, given that the correlation coefficient is close to
0. Similarly, for the filtered load steps the correlation coefficient of 7=0.13 describes
a weak correlation and can be considered as ’artificial’, given that the load criteria
applied do not allow many predictions with the highest load ratio available when
few load steps are used. On the other hand, the correlation coefficients between the
VCT predictions and the maximum load level used are strong in both cases, the
influence of the applied load criteria being also noticed in the higher coefficient for
the filtered predictions. This correlation increase was expected, given that the load
criteria applied favour larger load ratios and have limitations on the maximum load
ratios used. As previously mentioned in section 4.1, a residual coupling between the
number of measurements and the maximum load level when generating VCT pre-
dictions using combinations of load steps remains, given that 7=0.22 when no load
criteria were applied and that 7=0.33 when load criteria were applied, this increase
being also expected given the nature of the aforementioned criteria. Nevertheless, the
non-existent correlation between the number of load steps and the VCT predictions

and the monotonic relation between the VCT predictions and the maximum load
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level observed were not bound by this residual coupling. Therefore, this approach
was further used in the study based on numerical data.
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Figure 4.4 — Kendall correlation analysis

Influence of frequency measurement errors

The investigation based on pristine numerical data revealed that the number of mea-
surements taken has a relatively small influence over the VCT prediction and that
there seems to be a certain number of measurements beyond which a significant change
in the VCT predictions obtained upon increasing this number is not observed. On
the other hand, the maximum load level used seemed to have a significant influence
over the VCT predictions, regardless of the number of load steps used. However, in
practical applications, frequency measurement errors may arise, causing the points in
the VCT characteristic chart to deviate from a quadratic behaviour and introducing
uncertainties in the buckling load prediction. Therefore, the sensitivity of the VCT
predictions with respect to these two parameters was also investigated in the pres-
ence of various magnitudes of frequency deviations. As described in Section 4.1, 50
data sets based on the reference numerical results were generated for each cylinder, in
which each frequency was altered by a random amount within +0.1Hz, £0.25Hz, and
+0.5Hz. Furthermore, given that the load criteria applied did not significantly alter
the behaviour of the predictions with respect to the number of load steps used and

their maximum load level, and that they were applied to filter out unrealistic load
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step combinations, the influence of frequency measurement errors was investigated

with these criteria applied.

Influence of £0.1Hz frequency deviations

Figure 4.5 shows the distributions of the VCT predictions in the presence of random

frequency deviations within +0.1Hz, grouped by the number of load steps used.
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Figure 4.5 — VCT predictions as a function of the number of measurements with
random frequency deviations within +0.1Hz

When comparing this figure with Figure 4.2 for the reference data set, some clear
differences can be seen. Firstly, it can be clearly seen that the frequency deviations
introduced had a large impact over the amplitudes of the distributions, given that for
the reference set all predictions were within a (0.91-1.03) interval, whereas here they
are within a (0.8-1.35) interval. Next, the relatively constant drop in the amplitudes
of the distributions is not seen starting from the lowest number of load steps. In this
case, the amplitudes start to decrease slowly after a number of 7 load steps, and more

pronounced for a number of load steps higher than 10.

On the other hand, when the extreme predictions are disregarded, it can also be

seen that there is a rapid initial decrease in the span of the distributions until a
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certain number of load steps is reached, beyond which large changes are not observed
upon further increasing the number of load steps. For this magnitude of frequency
deviations, the majority of the predictions using 6, or more, load steps seem to be
within +£10% with respect to the baseline predictions. In what follows, this interval
of £10% is used as a threshold to describe robust predictions and to determine the
number of load steps, or maximum load level, beyond which significant changes in
the VCT predictions are not observed upon gradually increasing the values of these

parameters.

Figure 4.6 shows the distributions of the VCT predictions in the presence of random

frequency deviations within +0.1Hz, grouped by the maximum load level used.
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Figure 4.6 — VCT predictions as a function of the maximum load level with random
frequency deviations within +0.1Hz

The significant influence of the introduced deviations can also be seen when comparing
this figure with its analogue figure 4.3, as in this case both the lowest and the highest
predictions are obtained for the lowest maximum load level. Furthermore, although
the same trend regarding the amplitudes of the distributions and their spans is still
valid, the influence of the maximum load level in the presence of frequency deviations

appears less pronounced. For this magnitude of frequency deviations, a maximum
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load ratio as low as 55% would likely provide a prediction well within 10% with

respect to the one when all the load steps are used.

The drop in strength of the monotonic relation between the maximum load level used
and the VCT predictions was also captured in the correlation analysis, as shown in
Figure 4.7. The correlation coefficient between these two parameters roughly halved
and while a value of 7=0.38 still denotes a strong relation, given the considered
coefficient effect sizes, it is now at the threshold between a strong and a moderate
correlation. Conversely, the correlation between the number of load steps and the
VCT predictions went from weak to non-existent in the presence of the aforementioned
frequency deviations.
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Figure 4.7 — Kendall correlation analysis with random frequency deviations within
+0.1Hz

Influence of +0.25Hz frequency deviations

Figure 4.8 shows the distributions of the VCT predictions in the presence of random
frequency deviations within 4+0.25Hz, grouped by the number of load steps used.
Here, most of the aspects observed when random frequency deviations within +0.1Hz
were introduced remain valid. The only important aspect to be mentioned is that
increasing the magnitude of the frequency deviations further increased the amplitudes
of the distributions and moved forward the threshold number of load steps after which
the majority of the predictions are within 10% with respect to the baseline. This

threshold is now at 7 load steps, one more than for the previous case.
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Figure 4.8 — VCT predictions as a function of the number of measurements with
random frequency deviations within +0.25Hz

Similarly, when looking at the prediction distributions grouped together by the max-
imum load level used from Figure 4.9, major differences upon increasing further the
magnitude of the introduced frequency deviations are not seen either. As expected,
the maximum load level needed to reach a prediction within 10% with respect to the

baseline is slightly higher, now being at least 60%.
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While an increase in the magnitude of the frequency deviations introduced did not
seem to greatly influence the strength of the monotonic relation between the maxi-
mum load level used and the VCT predictions, the correlation analysis revealed that
this coefficient roughly halved again, as seen in Figure 4.10. The value of this co-
efficient now indicates a moderate strength of the monotonic relation between the
two parameters. This significant decrease was likely influenced by the combinations
having a low number of load steps with lower maximum load ratios, which provided
predictions higher than those using higher maximum load ratios. On the other hand,
increasing the magnitude of the introduced frequency deviations had no influence
over the correlation between the number of load steps and the VCT predictions, this

correlation remaining non-existent, as expected.
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Figure 4.10 — Kendall correlation analysis with random frequency deviations within
+0.25Hz

Influence of £0.5Hz frequency deviations

Increasing further the magnitude of the introduced frequency deviations revealed
no changes with regard to the trends observed for the lower frequency deviations
magnitudes. Figure 4.11 reveals that for this frequency deviation magnitude, using
9, or more, load steps would likely yield a prediction within 10% with respect to the
baseline, while Figure 4.12 shows that the maximum load level used should be now

at a load ratio of at least 75%.
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Figure 4.11 — VCT predictions as a function of the number of measurements with
random frequency deviations within +0.5Hz
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Figure 4.12 — VCT predictions as a function of the maximum load level with random
frequency deviations within +0.5Hz

As expected and shown in Figure 4.13, the correlation between the VCT predictions
and the number of load steps remained non-existent, while the strength of the corre-

lation with respect to the maximum load level used roughly halved again, describing
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this time a weak correlation, due to the same reason as previously mentioned.
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Figure 4.13 — Kendall correlation analysis with random frequency deviations within
+0.5Hz

4.3 Investigation based on experimental data

The investigation based on numerical results has revealed that there is no correlation
between the number of load steps used and the VCT predictions, while the maxi-
mum load level used in the VCT predictions has a strong influence over the obtained
results. Furthermore, the strength of the relation between the VCT predictions and
the maximum load level used in obtaining them was shown to significantly decrease
when frequency measurement errors occur. The existence of frequency deviations also
increased the relevance of the number of load steps used, given that increasing this

number would further limit the paths that the best-fitted quadratic curve could take.

Nevertheless, the investigation based on numerical data was performed for a set of
nominally identical cylinders and can therefore also reflect aspects given by possible
particularities implicit to this nominal design. Hence, an investigation was also per-
formed using experimental data gathered for a plethora of different cylinders during

a thorough literature review.
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4.3.1 Structures investigated

Table 4.3 shows the cylinders from which the data sets used in the investigation based

7 denotes stiffened cylinders and "**’ de-

on experimental results were taken, where
notes cylinders tested under combined loading with internal pressure applied next
to compression. Furthermore, the numbers in the round parentheses represent the
assigned cylinder IDs, given that some belong to sets of nominally identical cylinders.
When the same cylinder was tested under multiple loading scenarios, or for cylin-
ders of the same nominal configuration, the P.. and eycr values are either shown
in intervals, or in the order of their IDs for the cases where the number of nomi-
nally identical structures tested was two. The 'HS’ or 'PP’ suffixes denote the load
introduction method, the former for hemispherical joints connected to the load intro-

duction plates and the latter for the cases where the load was introduced by parallel

plates.

As it can be seen from this table, there is a large variation between these cylinders
regarding their construction material, dimensions, testing environment, and stiffening,
therefore providing enough variety to compensate for any particular behaviour given
by a certain cylinder. The actual number of VCT data sets was 48, the difference
between this number and the number of cylinder names from Table 4.3 being due
to the multiple nominally identical cylinders tested, and since some cylinders have
been also tested with various degrees of internal pressure. Given the variation in the
number of vibration modes and load steps for which experimental data was published,
an identical approach as for the study based on numerical data would be unreliable.
For instance, in [47] data for 4 vibration modes over 16-17 load steps was published
for two cylinders, while for R09, data was available for only the first vibration mode,
over just 7 load steps. Had the same approach been used, it would have induced a
high bias towards the former, with more than 80% of the total number of generated
predictions belonging to these two cylinders alone. Therefore, the VCT predictions
were only performed for the first vibration mode for all these cylinders, while the

number of load steps was reduced to 14, where applicable.
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Name Material |L [mm]|D [mm]|¢ [mm]|R/¢|AR| Pe, [kN] Pezp [kN] |evor—cap (%)
Ghahfarokhi grid* [48] GFRP 300 160 1.2 |66 1.9 29.3 22.1 -3.1
Ghahfarokhi grid 2* [49] GFRP 300 160 1.5 3219 50.1 40.3 +2.36
Labans classic tow [47] CFRP | 790 600 1.45 |207|1.3 420 303 -3.96
Labans variable tow [47] CFRP | 835 600 1.45 [207(1.4 260 208 -1.44
RO7 [1] CFRP 500 500 0.63 (399 1 34.2 22.4 -5.1
RO8 [1] CFRP 500 500 0.63 (399 1 34.2 22.7 +7
RO9 [1] CFRP 500 500 0.63 [399| 1 34.2 21.6 -2.3
R15 [3] CFRP 500 500 0.52 478 1 35.1 24.2 +10
D100H200L1-HS (1, 2) [50, 51] CFRP 200 100 0.29 [170( 2 6.7 3.2,29 -12.9,-9.3
D100H200L1-PP (3-9) [50, 51] | CFRP | 200 | 100 | 0.29 |170| 2 6.7 (3.2, 4.4) | (-19.3, 10,5)
D100H200L2 (1-3, 3a, 5) [51] CFRP 200 100 0.27 183 2 15.6 (8, 8.7) (-12.2, 12.8)
D100H400L1-HS (1-3) [50, 51] CFRP 400 100 0.3 |168| 4 6.7 (2.5, 3.2) (-29.4, -6.3)
D100H400L1N-PP (4-6) [50, 51] | CFRP 400 100 0.3 |168| 4 6.7 (4.7, 5.26) (-1.9, 6.8)
D100H400L2 (2) [51] CFRP 400 100 0.36 141 4 13.4 7 -3.6
D300H150L1 (1, 3) [51] CFRP 150 300 0.36 [418(0.5 7 2.4, 3.5 15.7, 4.2
D300H150L1-HS (2) [50, 51] CFRP 150 300 0.36 [418(0.5 8.3 5.6 14.4
D300H150L2 (1) [51] CFRP 150 300 0.36 [418(0.5 18.8 7 37.99
D300H150L2N (3) [51] CFRP 150 300 0.36 [418(0.5 18.8 12.7 -0.7
D300H150L1IN-PP (5) [50, 51] CFRP 150 300 0.36 [418(0.5 9.6 5.4 -10.4
D300H300L1-PP (3) [50, 51] CFRP 300 300 0.34 |446| 1 5.6 3.3 34.9
D300H300L1IN-PP (4, 5) [50, 51]| CFRP 300 300 0.34 |446| 1 8.9, 4.2, 4.1 -8, 6.5
SST1 [3] Steel 500 500 0.5 |500| 1 183.1 70.2 0
SST2 [3] Steel 800 800 0.5 |800| 1 183.1 49.9 +5
737 [3] CFRP 800 500 0.79 |318(1.6 89.8 59 -1
738*, ** [4] Al | 1000 | so1 | 2.18 |1831.2(109, 139.7)|(86.5, 127.9)| (-5.4, -2.6)
ZD27 [57] CFRP 560 502 0.58 [432(1.1 27.4 15.9 -4.35
7ZD28 [57] CFRP 560 502 0.48 [523(1.1 22.46 21.49 -8.3
7ZD29 [57] CFRP 560 502 0.52 [482(1.1 24.33 21.86 -6.28

Table 4.3 — Cylinders used for the experimental-based investigation

When reducing the number of load steps, the frequencies at the minimum and max-

imum load levels were retained, while ensuring that consecutive measurements were

not discarded. In doing so, the largest contribution for any cylinder was reduced to

around 10% and given that there were 7 such sets with 14 load steps, it meant that

7/48 cylinders (~15%) provided roughly 70% of the predictions. While a significant

bias towards data from a few cylinders remained, the number of load steps of these

data sets was not further reduced in order to generate a relatively large number of

VCT predictions with different maximum load ratios and number of load steps, such

that the correlation between these two parameters and the VCT predictions, together
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with the influence of introducing frequency errors would be better assessed. Further-
more, as previously mentioned in section 4.1, load criteria were not applied in this
case, given the experimental nature of this data, as well as to avoid a further reduc-
tion in the number of load steps for the cylinders that already had relatively few load

steps.

4.3.2 Results

Figure 4.14 shows the VCT predictions based on the reference experimental data,
grouped by the number of load steps. When comparing this figure with its numerical
counterparts, one can observe that the same trends hold true in this case as well.
As in the numerical-based analysis with unfiltered load steps, the amplitudes of the
predictions tend to decrease with increasing the number of load steps and the extreme
predictions are found when using the minimum number of load steps. Furthermore,
the spans of these distributions are also getting increasingly smaller as the number of
load steps is increased, the majority of the predictions being within 10% with respect
to the baseline when 8, or more, load steps are used. Perhaps the most striking
difference with respect to the numerical cases is given by the large amplitude of
these distributions and especially the existence of large overestimates of the baseline
prediction. A more detailed investigation revealed that these extreme overestimates
are given exclusively by the data set of the SST2 cylinder and are possible due to two

particular conditions satisfied by the experimental data of this cylinder.

Firstly, an extremely low knock-factor is needed, which for this cylinder is 0.29.
Secondly, the existence of either measurement errors, which would highly increase the
variation of the VCT predictions when combinations of load steps are used (current
case), or a strong, negative monotonic relation between the maximum load level and
the VCT predictions. Although the latter is less common, this behaviour has been
observed for several cylinders, an aspect entirely absent in the predictions based on
numerical data. Regardless of these large overestimates, the data set of this cylinder

was kept in this study, given the excellent VCT prediction during the experimental
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test, as reported in [3].
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Figure 4.14 — VCT predictions as a function of the number of measurements

Figure 4.15 shows the VCT predictions from Figure 4.14, rearranged as a function of
the maximum load ratio. Similarly, just as for the numerical results with frequency
deviations taken into account, the maximum load level used seems more significant at
lower load levels. Here, significant differences between the distributions can be seen
at maximum load ratios lower than 70%-75%, point beyond which the predictions
tend to stabilise. This maximum load ratio also represents the threshold after which
the majority of the predictions obtained lie within 10% with respect to the baseline

predictions.

Given the large variety in nominal geometry, number of load steps, and their load
ratios between the different cylinders experimentally tested, a correlation analysis
over a combined data set including all these cylinders would be misleading. As the
normalised VCT predictions would converge towards 1 with different rates, it would
likely result in an apparent lack of correlation between the number of load steps, or
maximum load level, and the VCT predictions. Therefore, the correlation analysis was
performed for each data set individually, and the resulting coefficients were averaged

and displayed in a heatmap consistent in layout with the ones previously shown.
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Figure 4.15 — VCT predictions as a function of the maximum load level

Figure 4.16 shows the heatmap with the correlation coefficients for the investigation
based on the reference experimental results. The most notable aspect with respect
to the numerical investigation is that now the strength of the monotonic relation
between the maximum load level used and the VCT predictions appears to be weak.
In this case, a weaker correlation is not totally unexpected, since the study based on
numerical results already showed that frequency deviations can alter this strength,

and some level of measurement error is present in any experimental test.
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Figure 4.16 — Kendall correlation analysis
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Influence of frequency measurement errors

Identically to the investigation based on numerical results, and despite the high likeli-
hood that some frequency measurement errors are already present, here the measured
reference frequencies were also altered by random values within +0.1Hz, +0.25Hz,
and £0.5Hz intervals, and 50 such sets were generated for each set of experimental
data. Given the likely existing measurement errors in the experimental data, and due
to the aforementioned cases where the VCT predictions decreased with increasing
the load level, there were only minor differences between the results obtained using
the reference experimental data and the ones with various magnitudes of such devia-
tions introduced. Therefore, here only the results obtained when frequency deviations

within £0.5Hz have been applied are shown.

Figure 4.17 shows the distributions of the VCT predictions as a function of the number
of load steps when frequency deviations within +0.5Hz have been applied to the

reference experimental data.
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Figure 4.17 — VCT predictions as a function of the number of measurements with
random frequency deviations within +0.5Hz
When comparing this figure with its analogue Figure 4.14 based on the reference

experimental data, one can notice the similarity between the two, the only significant
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difference being the larger prediction amplitudes due to the introduced frequency
deviations. This aspect remains valid also when these predictions are arranged as a

function of the maximum load level used, as shown in Figure 4.18.
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Figure 4.18 — VCT predictions as a function of the maximum load level with random
frequency deviations within +0.5Hz
For this frequency deviation magnitude applied to the reference experimental data,
it seems that a robust prediction would require at least 9 load steps, with a maxi-
mum load ratio of at least 70%, given that the spans of the distributions when these
conditions are satisfied are within 10% of the baseline predictions where all available

load steps are used.

While the similarity between the distributions of VCT predictions as a function of
the number of load steps, or the maximum load ratio for the data generated from
numerical results and for the one generated from experimental data is strong, the
correlation analysis in the presence of measurement deviations appeared to evolve
differently when increasing the magnitude of the introduced deviations. As it can be
seen when comparing Figure 4.19, for the case where £0.5Hz frequency deviations
were applied to the experimental data, with Figure 4.16, where no such deviations
were applied, one can notice that, although in both cases the correlation appears

to be weak, there is an apparent increase in the strength of the positive monotonic
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relation between the VCT predictions and the maximum load ratio. This seems to
be in contradiction with the observations drawn from the numerical-based investiga-

tion, where the correlation decreased with increasing the magnitude of the frequency

deviations.
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Figure 4.19 — Kendall correlation analysis with random frequency deviations within
+0.5Hz

4.4 Discussion

The investigation using numerical results revealed that a monotonic relation between
the number of load steps used and the obtained VCT prediction does not exist.
Nevertheless, the number of load steps can be relevant in the presence of measure-
ment errors, since increasing this number restrains the possible paths that the fitted
quadratic curve can take. In contrast, a strong, positive, monotonic relation was
observed between the maximum load ratio and the VCT predictions, the strength
of this relation decreasing as the magnitude of the frequency deviations introduced
increased. Furthermore, threshold values regarding the number of load steps and the
maximum load ratio were identified, given that the distributions of the VCT predic-
tions obtained beyond these threshold values did not significantly change and were
within 10% of the baseline prediction. For the largest magnitude of the frequency
deviations introduced, these conditions were satisfied when the predictions were per-

formed using at least 9 load steps, with a maximum load ratio of at least 70%.
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The trends observed in the sensitivity study based on numerical data were also gen-
erally confirmed when performing the sensitivity study based on experimental data.
The only exception was regarding the correlation analysis between the maximum load
ratio and the VCT predictions, where for the investigation based on numerical data,
it was initially strong and decreased with increasing the magnitude of the introduced
frequency deviations. On the other hand, in the investigation based on experimen-
tal data, this coefficient based on the reference experimental data depicted a weak,
positive, monotonic relation, which slightly increased when increasing the magnitude
of the introduced frequency deviations. However, while the correlation coefficient
for the analysis based on the numerical data was performed using a combined data
set containing the results from all FE models, same was not the case for the study
based on experimental data, given the different number of load steps measured and
their corresponding load ratios, as well as the different rates at which the predictions
converge towards the baseline predictions as a function of the number of load steps
and maximum load level used. Therefore, the correlation analyses were performed
for each set of experimental data individually, after which an averaged coefficient was
determined. With this in mind, and given the low average correlation coefficient sug-
gesting a weak, positive, monotonic relation between the maximum load ratio used
and the VCT prediction, the correlation coefficients used to compute this average

were also individually inspected.

For the reference experimental data, it was found that, while a strong, positive, rela-
tion between the maximum load level used and the VCT predictions was present for
the majority of the cylinders, there were also cylinders for which this was not the case.
For some of the cylinders, the predictions decreased with increasing the load ratio,
be it overall, or only before/after a certain load level, rendering significantly lower
values of the correlation coefficients, in some cases to the extent in which an apparent
strong, negative, monotonic relation was suggested by the correlation analysis. The
decreases in the VCT predictions were observed predominantly for a maximum load
ratio higher than 50%, given the higher number of load step combinations at higher

load ratios. The correlation analysis also reflected the influence of this bias, despite
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the general VCT prediction increase with the maximum load level up to load ratios of
50%. The individual correlation coefficients describing the strength of the monotonic
relation between the VCT predictions and the maximum load level used had therefore
also negative values, these being contained within a (-0.64, 0.77) interval, therefore
yielding the unexpectedly low value of 7=0.14 when averaged. The cases where the
VCT predictions decreased with increasing the load levels were also the source of
the minor increase in apparent correlation strength when frequency deviations were
introduced in the experimental data. The correlation coefficients between the VCT
predictions and the maximum load level used, be they positive or negative, decreased
in magnitude when increasing the magnitude of the frequency deviations introduced.
However, for the cases where these coefficients were negative, the decrease in magni-
tude was significantly larger than for the cases where these coefficients were positive,
giving thus an apparent increase in the correlation between the VCT predictions and

the maximum load level used.

Overall, the frequency deviations introduced in the experimental data seemed to have
a lower influence over the correlation between the obtained VCT predictions and the
maximum load level used than observed in the study based on numerical data. While
one of the possible reasons why this happened might be due to the already existent
measurement errors within the experimental data, it is more likely that this occurred
due to a favourable combination of factors related to the magnitude of the introduced
frequency deviations, the vibration response of the cylinders tested experimentally,
and to the number of load steps measured. For example, for the numerical investiga-
tion the frequency response of the models run was requested for 20 load levels and the
average frequency difference between 2 consecutive load steps was around 3Hz, which
when considering the largest magnitude of the frequency deviations introduced of
40.5Hz, it meant that the difference in frequency between two consecutive load steps
could change by as much as one third with respect to the reference one. While similar
differences between consecutive load steps were also observed in some experimental
results, these differences were generally significantly larger, meaning that the maxi-

mum magnitude of the introduced frequency deviations was bound to bring smaller
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changes to the frequency differences between consecutive load steps. Additionally,
while this difference between the frequencies of consecutive steps is implicitly related
to the vibration response of the structure analysed, minor adjustments can also be
made when defining the number of load steps. In this regard, the larger number
of load steps used in the numerical investigation favoured the lower frequency dif-
ference between consecutive load steps when compared to the experimental results,
ultimately increasing the sensitivity of the correlation between VCT predictions and

the maximum load level to the magnitude of the introduced frequency deviations.

4.5 Conclusions

In this chapter, a sensitivity study on the influence of the number of measurements
and maximum load level measured over the buckling load prediction obtained by
VCT was conducted, based on both numerical and experimental results. Given that
when performing VCT, the number of load steps is normally directly linked with the
maximum load level used, here multiple VCT predictions were performed using com-
binations of load steps, such that the number of load steps was no longer perfectly
coupled with the maximum load level used to obtain the prediction. Furthermore,
given that errors might arise during an experiment, the influence of frequency mea-
surement errors was also taken into account by generating 50 data sets based on the
reference numerical /experimental results, in which each frequency was modified by
a random amount within three different magnitudes, namely +0.1Hz, +0.25Hz, and

+0.5Hz.

The investigation based on the reference numerical results revealed that there is no
monotonic relation between the VCT predictions and the number of load steps, while
between the VCT predictions and the maximum load ratio a strong, positive, mono-
tonic relation was found. Furthermore, while a monotonic relation between the num-
ber of points and the VCT predictions was not identified, it was found that increasing
the number of load steps can lower the variation of the VCT predictions, given that

it restrains the space where the best quadratic curve can be fitted to the points in
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the VCT characteristic chart, aspect also valid when increasing the maximum load
level considered. In this regard, threshold values regarding the number of load steps
and maximum load ratio were also identified, beyond which further increases in either
the number of points or the maximum load level would result in differences of less
than 10% compared to the baseline prediction using all available load steps. In the
numerical study, these threshold values were proportional to the magnitude of the in-
troduced frequency deviations, since these increased the variation of the predictions,
and therefore a larger number of points and higher load ratios were needed to provide
enough restraints on the possible paths the quadratic fits could take. Additionally,
the strength of the positive monotonic relation between the maximum load level used
and the VCT predictions decreased with increasing the magnitude of the frequency

deviations applied.

The general observations drawn from the investigation based on numerical results
were also aligned with those resulting from the investigation based on experimental
data. Due to the variations in the number of load steps and load levels measured dur-
ing the experimental applications of VCT, and the different rates at which the VCT
predictions converged to the baseline prediction, the correlation analysis was per-
formed for each cylinder individually, and an average coefficient was then computed.
Although the average correlation coefficient describing the strength of the monotonic
relation between the maximum load level and the VCT predictions showed a weak
correlation, an in-depth inspection of the individual coefficients revealed that the un-
expected low magnitude of the average one was given by the measurements of a few
cylinders displaying a relatively uncommon behaviour. For these cylinders, within
load ratios specific to each cylinder, the VCT predictions decreased with increasing
the maximum load ratio, this behaviour being generally observed for maximum load
ratios higher than 50%. Given that using combinations of load steps to partially
decouple the number of load steps from the maximum load ratios had a residual bias
towards higher load ratios, providing more predictions as the maximum load level
increases, the correlation coefficient describing the strength of the monotonic relation

between the maximum load level and the VCT prediction for these cases was often
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negative, its magnitude describing a strong correlation. This happened despite the
clear increase of the VCT predictions with increasing the maximum load level up to
load ratios of 50%, and resulted in the low magnitude of the averaged correlation

coefficient.

In the investigation based on experimental results, the magnitude of the frequency
deviation introduced seemed to alter the correlation between the VCT predictions and
the maximum load level used by a lower degree than observed in the investigation
based on numerical results. The source of this discrepancy was most likely given
by the larger relative changes in the frequency differences between consecutive load
steps considered in the numerical results, this effect being also favoured by the larger

number of load steps used.

For the largest magnitude of random frequency deviations introduced, up to +0.5Hz,
the majority of the VCT predictions were within 10% from the baseline prediction
when at least 9 load steps at a maximum load ratio of at least 70% were used to per-
form the prediction, aspect valid in both the study based on numerical results, and on
the one based on experimental results. While the study based on experimental results
raises the confidence in these threshold values, given the large variety of structures,
number of load steps, and maximum load levels measured, particular cases in which a
satisfactory VCT prediction might not be achieved when satisfying these conditions
might still exist. Nevertheless, the methodology applied here can still be deployed
to perform a sensitivity study specific to the structure in question and determine its
specific threshold values regarding the number of measurements to be taken and the

maximum load level.



5 VCT sensitivity towards shape

and loading imperfections

The significant number of various cylinders for which VCT was able to provide a
reliable buckling load prediction under axial compression implicitly suggests that
this method is not particularly sensitive to different imperfection signatures inherent
to each of those structures. Nevertheless, although low in number, there were also
cases in which VCT was not able to provide robust estimates of the buckling loads
determined by experiments, some of which have been reported in [50]. Furthermore,
in the investigation on the influence of the number of measurements and maximum
load ratio over the VCT predictions shown in Chapter 4, this aspect was also found in
numerical analyses for two imperfection signatures belonging to a family of nominally
identical cylinders, namely the ones of cylinders Z17 and Z18. While this uncommon
behaviour is clearly tied to the imperfection signatures of the tested structure and
equipment, the source of this behaviour could not be isolated within the different types
of imperfections, given that investigations focusing explicitly on the sensitivity of VCT
to different imperfection types have not been published. In addressing this aspect,
as well as to increase the method’s appeal for industrial applications, a numerical
sensitivity study focusing on the influence of various loading and shape imperfection

magnitudes is conducted in this chapter.
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5.1 Methodology

The numerical model used in this study belongs to the SST1 cylinder tested at Riga
Technical University, the buckling and VCT results being published in [3]. This par-
ticular cylinder was chosen here due to its high imperfection sensitivity, knockdown
factor of 0.38, as well as due to the reliable experimental VCT predictions with a
relatively low sensitivity towards the maximum load level. The cylinder was man-
ufactured by rolling up an AISI 304 steel plate to the desired curvature and laser
welding its edges, the geometry and material properties being shown in Table 5.1.
The self-alignment between the structure and loading plates was enhanced by placing
a hemispherical joint between the machine’s crosshead and the loading plate, minimis-
ing thus the bending effects due to an uneven load distribution along the cylinder’s
circumference. Additionally, the top and bottom edges were cast in resin over a
2bmm length which, together with steel rings placed at their inner side, provided

radial support and ensured a uniform load introduction.

plg/em?® | 7.8 || Ly [mm] | 550

V19 0.29 || Lyee [mm] | 500
E[GPa) | 193 || R [mm] | 250
G [GPa] | 77 t [mm)] 0.5

Table 5.1 — SST1 cylinder geometry and material properties

The FE model of the structure was built in the Abaqus FE software, the mesh conver-
gence analysis showing that 120 S8R elements across its circumference are sufficient
to capture the influence of the applied shape imperfections. In order to constrain the
model, boundary conditions were applied over the areas in contact with the resin and
inner steel rings, restraining all degrees of freedom except axial translations, while the
load was introduced by applying axial displacements on the top and bottom nodes.
Figure 5.1 shows the mesh of the FE models used, where the areas highlighted in red

correspond to the nodes on which boundary conditions were specified.
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The cylinder’s out-of-plane (OoP) imper-
fection, shown in Figure 5.2, was mea-
sured on the inner side of the structure
and was implemented in the model us-
ing the same procedure mentioned ear-
lier in Section 4. This shape imperfection
pattern was applied in amplitudes from
0.01 to 3 times the measured magnitude
to study the sensitivity of VCT towards

shape imperfections.

Given that the in-plane (IP) imperfec-

Figure 5.1 — SST1 cylinder FE model

tions of the cylinder’s edges (different
cylinder lengths across its circumference) were not measured, the IP imperfection
signature published in the NASA SP 8007 guideline [6] was used to model loading
imperfections. Figure 5.3 shows the aforementioned patterns in normalised form, such

that the measurements taken lie between 0 and 1mm.
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Figure 5.2 — SST1 OoP imperfection pattern [3]

Similarly as for the shape imperfections, these patterns were used to introduce load
imperfections of various magnitudes, starting from 0.01 to 0.25 with respect to the
magnitude shown in Figure 5.3. These magnitudes correspond to the maximum

displacements applied to the bottom and top cylinder edges in mm. A schematic



5.1 Methodology 58

of the procedure to apply these imperfections is shown in Figure 5.4 using the top

edge as an example.
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Figure 5.3 — IP imperfection patterns of the top and bottom edges [6]
Starting from the nominal coordinates of the Nominal coordinates
nodes at the very top of the cylinder’s mesh, , 1 2 3 4 5 6
in a first step, the axial coordinates were mod- ’ a)
ified in the input file by extending the cylin- X
der according to the top edge imperfection Modified coordinates
pattern, over which a multiplication factor 1 2 3 4 5 6
‘ . ' dz1 T e
according to the aforementioned magnitudes 4
b
was applied. For example, for the lowest mag- )
nitude used of 0.01, the first node from Fig-
ure 5.4 a) had its axial coordinate modified by Load introduction
dz1. When looking at the magnitude of the dz1 Yl ________ 3 34 5 ?
. . . . i e 4 e dz
top imperfection at 0 radians from Figure 5.3, x
and applying the aforementioned multiplier, it 9

translates roughly to a value of 0.00lmm. A Figure 5.4 — Load imperfection intro-

similar process was performed for the nodes duction
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at the bottom of the cylinder’s mesh, the only difference being in the opposite sign of
the amount by which the axial coordinate of the nodes was modified, such that the

length of the cylinder at any circumferential position always increased.

Then, in a first non-linear analysis step, displacements were applied to the nodes at
the top and bottom ends of the cylinder, such that at the end of this analysis step
these nodes were perfectly flat again, introducing thus an uneven loading. While for
the bottom nodes the magnitudes of the displacements applied were to bring back
the nodes at their nominal axial coordinates, the displacement magnitudes applied
at the top nodes also included a small uniform displacement dz, as shown in Figure
5.4 ¢). This uniform displacement was applied on the top nodes to simulate the
way the uneven top and bottom surfaces of the cylinder flatten as the load applied
increases. Then, a further uniform displacement was applied on the top nodes in a
second non-linear step to increase the compressive load until buckling was reached.
This approach to introduce loading imperfections is fairly common, with numerous
studies focusing on the influence of loading imperfections and uneven settlement on

the buckling response of shells using similar approaches [68-73].

Although not very common, and mostly when the compressive load introduction is
displacement-based, local buckling can occur, and shape and loading imperfections
are known to promote this effect [65, 71, 73, 74]. Given the various magnitudes of
shape and loading imperfections applied in the FE model of the cylinder and the
displacement-based load introduction, this behaviour was also encountered here. For
VCT, the vibration modes need to be monitored across the load steps defined. How-
ever, due to the likelihood of vibration modes completely changing between consecu-
tive load steps before and after local buckling, the VCT load step definition procedure
described in Chapter 4, Section 4.1 for the numerical investigation is no longer appli-
cable. Considering the frequent occurrence of local buckling for the higher magnitudes
of the shape and loading imperfections applied and that local buckling occurred at
relatively low load ratios with respect to the global buckling load, VCT load steps
were also defined at load levels beyond the ones at which local buckling was seen, pro-

vided that the load-displacement response remained relatively linear. These apparent
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linear regions in which VCT load steps were defined are further referred to here as

VCT regions for an easier differentiation between the obtained VCT predictions.

Figure 5.5 shows the procedure used in this numerical study to define the VCT
load steps. Once the non-linear analysis concluded, a script iterated through the
load-displacement response to define the VCT load steps specific to that analysis.
Initially, the non-linear global buckling load P,; and its increment number inc,,q,
were provided as inputs. The former was utilised in defining the VCT load step
criteria, while the latter determined the loop’s termination. Additionally, the number
of VCT regions was set to one, with the corresponding starting load, Fy,,¢, set at zero.
The initial apparent stiffness S;,; was determined based on the first two increments,
as the ratio between the change in axial load and the one in axial displacement, and
the loop commenced from the second increment (i=1). Subsequently, the increment
number increased until either a load drop occurred, associated here with local or

global buckling, or the maximum increment number was reached.

VCTreg =1, Pyare = Py yes no
Run non-linear analysis —————— > i<inc,,? ————— P;<P? ——————— i=i+l
N Py P U, Sing
no yes | Pepg=Piy
yes no
i=inc,,,? T_’ (PonaPstare) /P> 0.1 ——————————
end™ Ll

yes
no

Sstart-end > o'ssini?

exit
yes

Define VCT 10 load steps between P, .and P_ 4

VCT, g = VCT, o + 1 l

no

i<>inc

?
'max*®

yes

yes

i=itl — P;>P,? —— P
no

Figure 5.5 — VCT load steps definition procedure

start Ptol

Upon detecting a load drop, or reaching the maximum increment number, the max-
imum load in that region F,,; was retrieved, and a first VCT load step definition

criterion was applied. This criterion assessed whether the difference between the
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minimum and maximum load of the region exceeded 10% of the global non-linear
buckling load P,;. While seemingly inconsequential for defining VCT load steps in
the initial VCT region, this criterion prevented the definition of numerous irrelevant
load steps when multiple load drops were observed within a negligible load ratio differ-
ence. This behaviour was typically observed immediately after local buckling, or near
the global buckling load. If the first criterion was met, the average apparent stiffness
in that region Sgart end Was computed based on load and displacement values between
consecutive time increments across the entire region. This average apparent stiffness
was then used in a second VCT load step definition criterion, which evaluated whether
the average stiffness in the region exceeded half of the initial stiffness .S;,,;. While also
seemingly insignificant for defining VCT load steps in the initial region, this crite-
rion was valuable in preventing the definition of load steps where the compressive
response of the model was highly non-linear due to significant bending effects. These
regions typically occurred after multiple changes in the localised buckling patterns
and at relatively high load ratios, demonstrating a severe and constant decrease in
apparent stiffness with negligible changes in the additional load carried. If the second
criterion was also met, the VCT load steps were defined, and the VCT region number
was updated. Subsequently, if the increment number reached inc,,,, the loop was
terminated, and if not, the increment number was further increased until an increase
in the load carried was observed. In the latter case, the minimum load level of the
VCT region Fg,+ was updated. Notably, Fg..+ was updated by a value including a
tolerance Fj,;, instead of solely updating it with F;_, increment ¢ corresponding to an
increase in the carried load. This tolerance was needed here to prevent the definition
of a VCT load step in potentially highly non-linear regions immediately following
an increase in the load carried. The definition of F}, was displacement-based, set
as the load corresponding to 1.01wu;_1, which effectively avoided the aforementioned
highly non-linear regions. After updating Fl.,¢, the entire process repeated until the
maximum increment of interest inc,,,, was reached, signalling the completion of the

VCT load step definition procedure.

The vibration mode frequencies in unloaded state [ cease to be applicable when
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load steps beyond local buckling are used to perform VCT, due to the discontinuity of
the vibration modes across the VCT regions. Instead, the vibration mode frequency
of the first load step in each specific VCT region served as the reference. Furthermore,
when multiple VCT regions were identified, an investigation was conducted to deter-
mine whether VCT was more likely to predict the local, or the global buckling load.
Additionally, two sets of critical buckling loads P,, values were utilised, with and
without out-of-plane imperfections introduced, to determine the most suitable option
for robust VCT buckling load predictions. Finally, the new empirical VCT proce-
dure, which involves plotting (1-p)? against (1-f), was compared with the established

analytical relation.

5.2 Results

In this section, the results of the numerical investigation on the sensitivity of the VCT
predictions to shape and loading imperfections are shown. Subsection 5.2.1 addresses
the buckling results obtained when shape and loading imperfections are applied in

various magnitudes, while Subsection 5.2.2 addresses the numerical VCT results.

5.2.1 Buckling

Table 5.2 shows the reference buckling loads obtained numerically and experimentally
for this cylinder, the latter being taken from [3]. Here, it can be seen that both P,
obtained from the FE model where the OoP imperfection pattern shown in Figure 5.2
has been introduced as is, and P, are significantly lower than the P, value obtained

based on the pristine shape, reflecting the cylinder’s high sensitivity to imperfections.

Furthermore, there is also a significant difference between the buckling load obtained
from the non-linear analysis P,; and the experimental result P,,,, these differences
being most likely due to imperfections other than shape being present in the tested
article and/or equipment, highlighting further the cylinder’s high sensitivity to im-
perfections. Nevertheless, the excellent prediction provided by VCT shows that the
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influence of various imperfection types on a structure’s buckling load can also be

reflected in their vibration response and thus in the VCT prediction.

Pcr Pnl Peacp PVCT
182.6kN | 100.4kN | 70.2kN | 70.2kN (at 86%P.,,)

Table 5.2 — SST1 reference buckling loads

Figure 5.6 displays the knockdown factors relative to the value derived from the
model lacking shape imperfections ( P..=182.6kN), across different out-of-plane (OoP)
imperfection amplitudes. While minor OoP amplitudes have negligible effects on P.,,
the impact of OoP imperfections becomes notable when amplitudes surpass a value
of 0.25. Upon surpassing this threshold, substantial variations arise, likely leading to

significant alterations in the VCT predictions. Hence, their influence was investigated.

OoP imperfection amplitude

0 0.01 0.05 0.1 0.25 0.5 0.75 1 1.5 2 2.5 3

1.0 1.0 1.0 0.99 0.97 0.87 0.76 0.67 0.52 0.43 0.38 0.36

Figure 5.6 — Heatmap with the knockdown factors based on linear buckling analyses

Figure 5.7 depicts the knockdown factors derived from the non-linear analyses of FE
models featuring varying amplitudes of out-of-plane (OoP) and in-plane (IP) imper-
fections, relative to the buckling load of the FE model without any imperfections,
where P,;=182.8kN. An essential observation regarding the amplitude of the IP im-
perfection employed (0.25 - corresponding to a maximum displacement of 0.25mm
locally applied to the top and bottom cylinder edges) needs to be made. The buck-
ling load for the FE model devoid of imperfections was reached at a displacement of
0.677mm. This indicates that, for the highest IP amplitude introduced, the cylinder’s
edges locally shorten by a substantial margin, roughly 0.5mm, thus qualifying as a

severe loading imperfection.

Upon scrutinising this figure, several notable points emerge. Initially, even minor im-
perfections have a considerable influence over the buckling load, while further increas-

ing the amplitudes yields relatively minor effects until reaching a certain threshold.
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For the imperfection patterns utilised herein, this threshold for the OoP imperfection
amplitude appears to be around 0.1, while for the IP imperfection is around 0.175,
the knockdown factors surpassing a value of 0.9 beyond these thresholds. Moreover,
upon exceeding a particular OoP imperfection amplitude threshold, the impact of the
loading imperfections escalates, leading to a marked decrease in the buckling load.
Additionally, for any given OoP imperfection amplitude, an IP imperfection ampli-
tude threshold exists beyond which the buckling load decrease tends to stabilise, and
vice versa. These imperfection amplitude thresholds observed align with findings from
other studies in which the imperfection amplitudes were varied. An example is the
case where the lateral load/displacement is increased in the single load perturbation
approach [7, 65, 75], where the buckling load experiences a severe decline within a
specific range of applied load/displacement, whereas beyond this range, the decrease

is relatively minor by comparison.

OoP imperfection amplitude
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Figure 5.7 — Heatmap with the knockdown factors based on non-linear FE analyses

Heightened imperfection amplitudes triggered local buckling, resulting in discernible
alterations in the load-displacement curves. The initial occurrences of local buck-
ling were associated with a dimple-like pattern evident in the model’s out-of-plane

displacement field, typically positioned near the cylinder’s mid-height. Subsequent
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local buckling events either entailed modifications to the existing localised buckling
patterns or the emergence of similar patterns on the opposite side. When a shift
in the localised buckling pattern occurred, it signalled the appearance of additional
adjacent dimple-like patterns alongside the existing one(s), or a slight migration of
the existing pattern along the cylinder’s circumference. The frequency of these occur-
rences generally rose with increasing imperfection amplitudes, as depicted in Figure

5.8.

OoP imperfection amplitude

0 0.01 0.05 0.1 0.25 0.5 0.75 1 1.5 2 2.5 3

IP imperfection amplitude

Figure 5.8 — Heatmap with the number of load-drops recorded

Notably, increasing the amplitude of OoP imperfections appeared to have a more
pronounced effect on precipitating local buckling. However, once the threshold im-
perfection amplitudes leading to local buckling were surpassed, a distinct trend was
not observed in the evolution of the number of local buckling events relative to the
applied IP and OoP imperfection amplitudes. When looking at the model best repre-
senting the tested structure, with no loading imperfections and a shape imperfection
amplitude corresponding to the measurement (OoP=1), it can be seen that this model
also experienced a local buckling event, which occurred around 82.9kN. While during
tests where the load introduction is displacement-based the structures can often take

additional load beyond local buckling, it is not unreasonable to consider that local
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events might still trigger a global buckling of the structure. Although the value at
which this occurred in the numerical simulation with (OoP=1) is still not quite close
to the experimental one at 70.2kN, the values at which local buckling occurred were
smaller than the experimental value for IP imperfection amplitudes larger than 0.075.
This, along with the cylinder’s high sensitivity to imperfections, out of which only two
types were included in these numerical simulations, increases the likelihood that the
difference in the buckling loads obtained by experiment and by numerical simulations

is due to local buckling triggering global buckling in the experiment.

Figure 5.9 illustrates the compressive behaviour of the finite element model with mul-
tiple local buckling events (IP=0.125 and OoP=1.5), showcasing the load-displacement
response, apparent stiffness, OoP displacement, and the defined VCT load steps.
Here, the load and stiffness values are normalised relative to the non-linear buckling
load and initial stiffness, respectively, and shown in percentages. To account for load-
ing imperfections stemming from uneven displacements at the top and bottom edge

nodes, an average shortening was calculated based on the axial displacements of these

nodes.
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Figure 5.9 — Load ratio-displacement and stiffness ratio-displacement curves for
IP=0.125 and OoP=1.5

The figure highlights that the introduced shape and loading imperfections led to
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significant localised OoP displacements, particularly at the cylinder’s mid-height. As
the applied load increased, a distinct dimple-like local buckling pattern emerged in
the region with large localised OoP displacements, occurring approximately at 40%
of P,; in the depicted example. Subsequently, around 80% of Pnl, a second local
buckling event occurred, accompanied by an additional dimple adjacent to the initial
one. At P,;, yet another dimple manifested in the localised buckling pattern, beyond
which increasing the applied axial displacement did not result in a higher reaction

force.

This figure also highlights instances where the VCT load steps were exclusively de-
fined at high load ratios. It is reasonable to consider that load ratios as elevated
as those defined in this study may pose an excessive risk during experimental test-
ing. Nevertheless, these VCT load steps at high load ratios were retained to explore
the predictive capabilities of VCT when extending its use beyond the local buckling
event. Additionally, multiple such local events may not be encountered during ex-
perimental tests, particularly if the load introduction is force-based, as local buckling
may precipitate the global buckling of the cylinder. However, albeit uncommon, this
behaviour may arise when the load introduction is displacement-based, as reported

in [7, 50, 64, 73, 76].

Although the primary purpose of monitoring the apparent stiffness was to determine
whether VCT load steps should be defined in the subsequent VCT regions in the
event of local buckling occurring, there was also an additional objective. This was
to detect any sudden stiffness variations in the VCT regions unrelated to load drops.
Recognising these areas, akin to those depicted in the preceding figure, was crucial
for elucidating scenarios where none of the monitored vibration modes were observed
between consecutive load steps. In such instances, preference was given to the results

obtained from the VCT steps at higher load ratios.
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5.2.2 VCT results

Due to the varying evolution of vibration modes with the load applied and the occur-
rence of local buckling at different load ratios depending on the applied imperfection
amplitudes, a direct comparison of the obtained results was not feasible. The diverse
evolution of vibration modes with applied load meant that, in certain cases, there
were insufficient frequency entries for the monitored vibration mode. Additionally,
the occurrence of local buckling at different load ratios for different imperfection am-
plitudes would have required comparisons at load ratios as low as 30%, which are not
recommended for reliable VCT buckling load predictions. Hence, the averaged VCT
buckling prediction errors for up to 15 vibration modes were compared, instead of
individual prediction errors for each mode. Furthermore, supplementary information
such as the variance of the averaged errors, the averaged maximum load ratios, the
number of vibration modes utilised, and the number of VCT regions defined for each
case was provided. This additional information was considered valuable for a better
comprehension of the results and identification of discrepancies. The results were
compiled in heatmaps for all imperfection amplitudes, with heatmap cells coloured

based on the averaged errors.

Figure 5.10a displays the averaged errors of the VCT predictions relative to the global
buckling load using load steps in the first VCT region, analytical VCT procedure, P,,
for the perfect structure, and a maximum load ratio around 70%. To aid in under-
standing this figure, an example of the information contained in each cell is illustrated
in Figure 5.10b. In the latter figure, the number in the red rectangle denotes the aver-
aged errors of the utilised vibration modes, determining the colour of the heatmap cell.
The blue rectangle provides information on the VCT regions defined for that model
in the format x/y, where x represents the VCT region number for which the averaged
errors are displayed and y represents the total number of VCT regions defined for
that model. This information is valuable in discerning deviations among models, par-
ticularly when multiple local buckling events occur. Additionally, the green rectangle

indicates the averaged maximum load ratios of the utilised vibration modes, aiding
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in identifying potential deviations due to the desired load ratio not being reached. If
the number of predictions within a load ratio tolerance of +10% is less than 4, the
cell information is underscored to emphasise this aspect. Finally, the purple rectan-
gle presents information about the averaged errors in the format o : x/y, where x
represents the variance of the averaged errors shown, and y represents the number
of vibration modes used. This was implemented to provide context for the averaged
prediction errors and the variance itself, mitigating the risk of misinterpretation of
the results.
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Figure 5.10 — Averaged errors heatmap for the initial VCT region for a load ratio
around 70%, using the analytical VCT formulation and P, of the pristine structure
(a) and heatmap cell information example (b)

Upon examining Figure 5.10a, it becomes apparent that VCT tends to provide re-
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liable buckling load predictions for any given OoP and IP imperfection amplitude
when the averaged maximum load ratio closely aligns with the targeted maximum
load ratio. The lack of correlation between the averaged errors and the applied im-
perfection amplitudes suggests that VCT is generally insensitive to shape and loading
imperfections, a notion also supported by VCT tests on nominally identical cylinders
[50]. Even in cases where the averaged load ratio deviates from the target, primarily
due to the occurrence of local buckling, as indicated by the underlined cell content,
some VCT predictions remain reliable. However, when the maximum load ratio falls
outside the target range, the VCT predictions tend to be generally over-conservative,

especially at larger OoP and IP imperfection amplitudes.

Another noteworthy observation is that for certain OoP imperfection amplitudes,
particularly between 0.5 and 1, the VCT predictions consistently tend to be uncon-
servative. Although increasing the IP imperfection amplitude in these cases appears
to mitigate the issue once a certain threshold is surpassed, it remains evident that
certain OoP imperfection patterns may lead to unconservative VCT predictions. A
double-check of this aspect was also performed for OoP=1, in which the mesh density
was increased, and over-conservative VCT estimations were consistently found. Addi-
tionally, this behaviour was also found in VCT tests on nominally identical cylinders,
in which there were instances where VCT significantly overestimated the buckling
load [50], the numerical results provided here showing that shape imperfections alone
can be one of the causes of this behaviour and that loading imperfections can have

an influence on this aspect as well.

Upon surpassing a certain threshold of imperfection amplitudes, the variance of the
averaged errors increased significantly, except for cases where only a few vibration
modes could be used. This increase in variance implied that for some vibration modes,
the VCT predictions were far more accurate. When selecting the best prediction for
each case, only 29 out of the total 132 (22%) cases yielded an error larger than 10%,
most of which being for the largest OoP and IP imperfection amplitudes.

Unfortunately, selecting the appropriate vibration mode beforehand during the ex-

perimental test can be challenging when different vibration modes yield significantly
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different buckling load predictions. In this context, the quality of the second-order fit
was assessed by averaging the distances between the points in the VCT characteristic
chart and the fitted curve (residuals). The averaged residuals for the heatmap of
averaged errors shown in Figure 5.10a are depicted in Figure 5.11, with a factor of
1E4 applied to enhance its visualisation. Moreover, the number of predictions used
in computing the average residuals is presented below for a better understanding of
the results and the possible differences between different imperfection amplitudes.
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Figure 5.11 — Averaged residuals heatmap for the first VCT region, using the analytical
VCT formulation and P, of the pristine structure

A comparison between the two aforementioned figures reveals that such a criterion
for selecting vibration modes is not advisable, given the lack of correlation between a
robust VCT prediction and the residuals of the fitted curve. Furthermore, a noticeable
decrease in the number of residuals used to compute the average can be observed with
increasing imperfection amplitudes, particularly with increasing the OoP one. This
reduction occurs because increasing the imperfection amplitudes renders the structure
more susceptible to vibration mode changes as the load increases, causing certain

vibration modes to be successfully tracked across a lower number of load steps.

Figure 5.12 illustrates the averaged errors with respect to the global buckling load
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utilising load steps in the second VCT region, employing the same methodology as
described previously for Figure 5.10a. Unlike for the initial VCT region, no target
maximum load ratio was imposed here, owing to the differing load ratios at the ends
of each VCT region for the various imperfection amplitudes applied. Consequently,
in this figure the underlined information now emphasises the cases where fewer than

5 vibration modes could be effectively utilised to provide a VCT prediction.
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Figure 5.12 — Averaged errors heatmap for the second VCT region, using the analytical
VCT formulation and P, of the pristine structure

In terms of VCT sensitivity to imperfections, the overall trends observed for the initial
VCT region, along with their exceptions, also apply here. Unlike what was seen in
Figure 5.10a, a distinct rise in the variance of the averaged errors with increasing
imperfection amplitudes is not evident anymore. This is attributed to the more
constrained ranges of load ratios used for these VCT predictions, resulting in a reduced
variation in the predictions. Perhaps the most notable observation regarding these

results is the inclination of the predictions to be unconservative.

Despite this, there are instances where vibration modes yield accurate VCT pre-
dictions, with only 2 out of the 62 (3%) cases displaying an error exceeding 10%

when employing the vibration mode providing the best prediction. However, similar
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to the results with load steps from the initial VCT region, low quadratic curve fit
residuals do not necessarily indicate better predictions. Furthermore, caution is war-
ranted when interpreting these results, given that all load levels used are at relatively
high load ratios, thereby increasing the likelihood of the prediction being closer to
the global buckling load. While some vibration modes exhibited a frequency response
post local buckling aligning with expected behaviour when applying VCT, predictions
using load steps in VCT regions beyond the initial one tended to be unconservative,

rendering them generally unreliable for the VCT procedure employed here.

Another notable observation is the irregular behaviour observed in certain cases,
where the frequencies of particular vibration modes increased rather than decreased
as the applied load increased. This phenomenon appeared to be highly sporadic,
as the load at which this behaviour occurred seemed to depend on the vibration
mode and often did not correspond to a change in the model’s apparent stiffness.
Additionally, there were instances where, for a given vibration mode, the frequency
initially increased and then decreased after reaching a certain load level, while for
other vibration modes, the opposite trend was observed. Given that a decrease in
vibration mode frequency is necessary to apply VCT, the load steps where an increase

in frequency was observed were omitted from the prediction using that specific mode.

VCT parameter study

This study examined the impact of P,. and the VCT method on prediction accuracy,
as well as whether the predictions for cases with multiple VCT regions were more
aligned with the local or global buckling loads. To achieve this, the averaged errors
for each imperfection amplitude were compared while varying only the desired com-
parison parameter, and the instances where one case outperformed the other were
counted. To ensure significant differences were considered, a tolerance of 5% was
applied to differentiate between the compared averaged errors. The investigation also
explored other variables to identify consistent combinations of VCT procedure, P,,,
and error type that consistently yielded robust predictions across all VCT regions.

This resulted in eight comparison cases for each parameter studied and, given the
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extensive analysis conducted, only an overview of the prominent trends observed is

provided here, along with a discussion of these findings:

e The analytical approach works best in the initial VCT region when accuracy is

desired.

e The empirical VCT procedure tends to be more conservative than the analytical

one.
e P.. obtained for the perfect structure generally provides the best accuracy.

e The empirical VCT procedure might be used in VCT regions beyond the initial

one, when P,.. is obtained taking into account OoP imperfections.

This provides valuable novel insight regarding the use of VCT to predict the in-situ
buckling loads of cylindrical shells, since it gives a better understanding of its pre-
dictive capabilities. When trying to predict the global buckling load using load steps
in the initial VCT region, the analytical VCT method consistently gave the most
accurate predictions, regardless of the P.. values used, with the one for the perfect
structure giving the best results. Similarly, P.. for the perfect structure also seemed to
provide the best results when predicting the global buckling load using the analytical
procedure and load steps beyond the initial VCT region. When trying to predict the
local buckling load using this method, it was noticed that these predictions were gen-
erally unconservative. Since using the P,.. with OoP imperfections taken into account
generally lowers the predictions, using this value alleviated this issue somewhat, but
the predictions became over-conservative after a certain OoP imperfection amplitude

was exceeded.

It was also noticed that the empirical VCT procedure was more conservative than
the analytical one, aspect also reported in [50]. This represents the main reason
why this method generally gave better local buckling predictions, particularly when
OoP imperfections were taken into account in the linear buckling analysis. This
procedure was also found to be better than the analytical method in predicting the
global buckling load when using load steps beyond the initial local buckling. This was

regardless of the P,.,. used and the differences between this method and the analytical
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one were only marginal, most likely due to the restricted load ratio intervals of the
load steps defined in these VCT regions. These predictions were considered better
here than the ones obtained using the analytical method primarily because they were

less unconservative, although not necessarily more accurate overall.

Figure 5.13 shows the averaged VCT prediction errors with respect to the global buck-
ling load where the empirical VCT procedure was employed, using the P,,. that takes
into account the OoP imperfections. When comparing this figure with its counterpart
Figure 5.12, where P, for the perfect structure was used together with the analytical
VCT procedure, a clear improvement regarding the unconservative predictions can
be seen. Furthermore, the variance of the averaged errors is generally smaller, which
can increase the confidence with regard to the obtained result. However, as previ-
ously mentioned, while using the P,. that includes OoP imperfections can improve
the unconservative predictions for some cases, it might also result in over-conservative
predictions for others. While the overall accuracy is slightly lower than when the P,
for the perfect structure was used, the more conservative nature of this approach is
worth taking into account if predicting the global buckling load using load steps after
local buckling has occurred is desired.
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Figure 5.13 — Averaged errors heatmap for the second VCT region using the empirical
VCT procedure and the P,, taking into account OoP imperfections
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Experimental validation

To add proper credibility to the possible use VCT with load steps defined beyond local
buckling, as observed in the numerical investigation, experimental proof is needed.
The particular change in the frequency response as observed in the numerical results
upon local buckling occurring was found in the VCT results for multiple cylinders
tested at the Technical University of Riga in an extensive experimental campaign
focusing on the robustness of VCT for buckling load predictions for cylindrical shells
under axial compression [51]. Two of these cylinders, labelled D500H500L2N-02 and
D500H750L2N-01, were therefore selected for an experimental validation.

Table 5.3 displays the dimensions, such as diameter, height, as well as the linear
and experimental buckling loads of both cylinders. These cylinders were built using
a Unipreg unidirectional prepreg material, with a lamina thickness of 1.044mm and
the following layup [+24°/ 4+ 41°]. The averaged material properties, measured via
strain gauges, are shown in Table 5.4, where the subscripts T/C denote Tension/-
Compression. The cylinder’s manufacturing process involved manual lay-up on steel
mandrels, followed by curing in vacuum bags for one hour at 80°C, and an additional

three hours at 130°C [50].

D500H500L2N-02 D500H750L2N-01
D=500 [mm]| L=500 [mm] D=500 [mm] L=750 [mm]
P =16.54 [kN] | P.,,=10.47 [kN] | P,,=17.02 [kN] | P..,=9.65 [kN]

Table 5.3 — D500H500L2N-02 and D500H750L2N-01 cylinders’ geometry, linear and
experimental buckling loads

Eir Eic Esr Esc G12 Vi9
116.44 [GPa] | 91.65 [GPa] | 6.73 [GPa] | 6.39 [GPa] | 3.63 [GPa] | 0.34

Table 5.4 — Unipreg material properties [1]

The cylinders were tested using a Zwick Z100 quasi-static testing machine, where a
displacement loading rate of 1mm per minute was applied. Parallel plates were used
to introduce the load, with the testing machine’s loading cell recording the load. The

shortening of the cylinder was measured by averaging the measurements from three
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LVDTs equally spaced across its circumference. The cylinder’s vibration response

was assessed using a Polytec laser vibrometer, with the frequencies of the measured

modes and their corresponding loads shown in Table 5.5 [51].

D500H500L2N-02

D500H750L2N-01

Load [kN] | Frequency [Hz] | Load [kN] | Frequency [Hz]
0 174.5 0 113.5
0.356 173.5 0.616 113
0.654 172 0.938 112
1.003 171 1.33 111
1.354 169.5 1.668 110.5
1.668 168.5 1.981 109.5
1.991 167 2.313 108.5
2.398 165.5 2.656 108
2.654 164.5 2.972 107
2.952 163 3.313 106
3.353 161.5 3.6 105
3.659 160 3.949 104
3.957 159 4.97 103.5
4.413 157 5.337 102.5
4.65 156 5.666 101.5
4.992 154.5 5.995 100.5
5.359 153 6.309 99.5
5.663 151.5 6.614 98.5
5.917 151.5 6.958 97
6.344 149.5 7.316 96
6.658 148 7.611 94.5
6.971 146.5 7.913 93.5
7.34 144.5 8.309 91.5
7.651 142.5 8.612 90
7.992 141
8.347 139
8.654 137
8.963 135.5

Table 5.5 — D500H500L2N-02 and D500H750L2N-01 cylinders’ load-frequency re-

sponse
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In Figure 5.14, the characteristic VCT chart of the analytical VCT method is dis-
played for the D500H750L2N-01 cylinder, where the initial load step was omitted

due to inconsistent boundary conditions at insignificant load ratios.
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Figure 5.14 — D500H750L2N-01 VCT characteristic chart, analytical method

Using the data from Table 5.5, progressive quadratic fits were conducted by gradually
increasing the load ratio. The targeted value, corresponding to the experimental
buckling load, is shown as a black dotted horizontal line, while the load ratios are
provided on the right vertical axis. A significant alteration in the frequency response
of the cylinder is evident between the consecutive measurements at 40% and 51%
load ratios, rendering the progressive predictions from the 12" to the 19" VCT load
step unsuccessful. Upon the resumption of successful progressive predictions, it was
observed that they decreased as the load ratio increased, deviating from the general
trend. A similar behaviour was noted for the cylinder D500H500L2N-02, albeit with
all progressive quadratic fits succeeding after the observed frequency response change,

due to its smaller magnitude.

Given this significant change in the vibration response of the cylinder, the VCT
load steps were divided into two distinct regions. Figures 5.15a and 5.15b illustrate

the relative prediction errors with respect to the experimental buckling loads for
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the D500H500L2N-02 and D500H750L2N-01 cylinders. The black curves represent
progressive VCT predictions using all load steps, while the dark red curves represent
predictions using only the load steps in the second VCT region. Solid lines depict
VCT predictions using the analytical VCT method, whereas dashed lines represent
predictions using the empirical VCT method.
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Figure 5.15 — Relative VCT buckling load prediction error with respect to the ex-
perimental buckling load of the analytical and the empirical VCT methods for
D500H500L2N-02 a) and D500H750L2N-01 b) cylinders

Upon examining these figures, and comparing the solid lines with their dashed coun-
terparts, it becomes evident that the latter are generally lower, indicating the empir-
ically derived method’s more conservative nature relative to the analytical approach.
Additionally, a closer inspection reveals a higher likelihood of the empirical method to
yield more successful predictions, as evidenced by the greater number of points along
the dashed curves. Utilising load steps following a change in the cylinders’ frequency
response led to successful predictions for all available load steps, irrespective of the
VCT method employed, and exhibited greater robustness compared to the analytical
method in which all available load steps were utilised. However, while the empirical

method utilising all load steps provided the best prediction for the D500H500L2N-
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02 cylinder, for the D500H750L2N-01 one, the best overall accuracy was attained by
utilising all available load steps with the analytical method, albeit resulting in slightly
less conservative predictions. Compared to the numerical results, a similar trend to
that observed for the D500H750L2N-01 cylinder emerged, with the utilization of load
steps after the frequency response change generally yielding improved VCT buckling

load estimations.

5.3 Conclusions

This chapter delved into the VCT’s efficacy in predicting the buckling load of cylin-
drical shells under axial compression, considering various shape and loading imper-
fection amplitudes. The study also explores whether shape imperfections should be
accounted for in the computation of P, or if, in cases of local buckling, VCT better

predicts local, rather than global buckling loads for two VCT procedures.

The results indicate that VCT shows relative insensitivity to both shape and loading
imperfections, as there is no discernible trend in the accuracy of averaged prediction
errors depending on the applied imperfection amplitudes. This finding aligns with
numerous experimental tests where VCT provided robust global buckling load pre-
dictions. However, specific shape imperfections may affect both the accuracy and
conservatism of VCT buckling load predictions. Nevertheless, in such cases, VCT
predictions typically decrease with increasing load ratio, simplifying the detection of
this behaviour through a series of VCT predictions performed while incrementally

raising the maximum load ratio.

In the cases where no local buckling occurred, the analytical method utilising P.. for
the perfect structure yielded optimal results consistently. While the global buckling
load predictions using this method and load steps beyond initial local buckling were
in general more accurate, but also more unconservative, than the empirical method’s
predictions, the disparity between the two VCT procedures was generally marginal in
this regard. Similarly, for the subsequent VCT regions, employing P.. for the perfect

structure yielded the best accuracy overall.
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Comparing the averaged predictions against local buckling loads revealed that using
the analytical VCT method and P,, for the perfect structure was often unconserva-
tive and inconsistent across multiple imperfection amplitudes. Incorporating shape
imperfections into the linear buckling analysis and using the empirical VCT proce-
dure improved the predictions for certain imperfection amplitudes, but led to overly
conservative predictions for larger imperfection amplitudes. Therefore, using VCT to

predict local buckling loads is not advisable.

Numerical findings suggest that predicting global buckling using load steps after local
buckling occurs may be feasible. However, the established analytical VCT procedure
and employing P, for the perfect structure often yield unconservative predictions.
Including shape imperfections in the linear buckling analysis and utilising the empir-
ical VCT procedure appears more reliable, resulting in more conservative averaged

errors and reduced variance.

Furthermore, the trends observed in the numerical analyses were also found when
using published experimental data. Notably, the measurements from two cylinders
under axial compression, where a sudden change in frequency response was observed,
confirmed the possibility of achieving robust VCT buckling load predictions using

load steps after such frequency response changes.

Additionally, the empirical method’s conservatism compared to the analytical one
and the effect of frequency response changes on VCT predictions were also evident
in the investigations based on experimental data. When all load steps were used, the
frequency response changes triggered decreasing VCT buckling load predictions with
increasing load ratios, rendering several predictions unsuccessful beyond this event.
Conversely, using load steps exclusively after the frequency response change occurred
yielded more robust VCT buckling load predictions compared to those using all load
steps and the analytical VCT procedure, the predictions generally increasing with the

maximum load ratio used as well.






6 VCT sensitivity towards combined
loading

While compression buckling is a primary sizing criterion in the design of cylindrical
shells, experimental campaigns aimed at validating these structures often consider
combined load cases, where bending, transverse shear, torsion, or pressure loads are
applied alongside axial compression. Among these combined load scenarios, the most
extensively documented in the context of VCT is the combination of compression and
pressure [4, 52, 66, 77|, for which an analytical validation also exists. Additionally,
the compression-torsion load case has been numerically validated in [52], where the

torque level remained constant throughout the VCT load steps.

Given the general lack of studies on the robustness of VCT in predicting the com-
pressive buckling loads of cylindrical shells under combined loading, this study nu-
merically investigates the capability of VCT in this regard for bending, shear, and
torsion loads applied in conjunction with the primary compression load, using the
geometry and shape imperfections of six cylinders. Furthermore, the study examines
the sensitivity of the analytical VCT procedure to varying magnitudes of additional
loads applied alongside compression, the impact of including these additional loads
in the linear buckling analysis used to determine the value of P, and the effect of

the load application sequence.
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6.1 Methodology

Due to the limited prior research on using VCT to determine the compressive load
at which cylindrical shells buckle under combined loading, six cylinders from existing
literature were selected to evaluate the applicability of VCT for such load cases. The
cylinder configurations chosen for this study include Z15 [2, 10], ZD27-29 [57], SST1
[3], and Z37 [3], all of which have been tested for buckling under axial compression.
Except for Z15, VCT was also employed during the experimental tests of these cylin-
ders, providing reliable buckling load estimates. Although experimental VCT was not
performed in the buckling test of Z15, this cylinder was included in the study as a
numerical benchmark, owing to the excellent accuracy of its numerical VCT buckling
load estimation and its low sensitivity to the maximum load level used. Table 6.1
presents the nominal geometries of the investigated cylinders and their construction

materials, while the material properties and layups are detailed in Table 6.2.

Cylinder | R [mm] | Lyyee [mm] | Ly [mm] | ¢ [mm] Material
715 250 500 540 0.5 Hexcel IM7/8552

ZD27-29 | 250 560 600 0.5 | Hexcel IM7/8552
SST1 250 500 550 0.5 AISI 304
737 400 800 840 0.75 | Hexcel IM7/8552

Table 6.1 — Cylinder dimensions and materials

Cylinder Layup p lg/cm?] | Ey [GPa] | Ey [GPa] | Gi2 [GPa] | vo
715 [£24°, +41°] 1.58 142.5 8.7 5.1 0.28
7D27-29 [£45°]5 1.58 142.5 8.7 5.1 0.28
SST1 - 7.8 193 - 7 0.29
737 [£34°, 0y, £53°] 1.58 142.5 8.7 5.1 0.28

Table 6.2 — Material properties of the Hexcel IM7/8552 UD CFRP ply and AISI 304
steel [2-4].

The robustness of VCT was examined in the presence of three additional load types

applied alongside compression: bending, shear, and torsion. Since torsion loads in-
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herently induce material shear in cylindrical shells, this study considers shear load
in a more general sense, introducing it as an in-plane (lateral) displacement at the
top edge of the cylinders, causing an axial misalignment between the top and bottom
edges. The other two loads were introduced via rotations, with bending loads being
applied to both the top and bottom ends of the cylinders, while torsion was applied
only at the top end. To determine the magnitude of these displacements and rota-
tions, non-linear analyses were conducted to establish reference values, corresponding
to the points where the relationship between the applied displacements/rotations and

the corresponding reaction forces/moments ceased to be linear.

For pure bending loads, this procedure was relatively straightforward due to the unsta-
ble buckling response of cylinders under bending, with reference rotations identified
at the points of maximum reaction moments. However, for pure shear or torsion,
clear drops in reaction forces/moments were not always observed across all cylinders.
Thus, the reference displacements/rotations were determined at the points where the
apparent stiffness, defined as the change in reaction force/moment relative to the
applied displacement /rotation between consecutive analysis increments, decreased by
more than 5% from the initial value. Once these reference displacements/rotations
were determined, they were applied alongside compression, both individually in mag-
nitudes of [10, 20, 30, 40, 50]% and together in magnitudes of [10, 20, 30]%, to assess

the robustness of VCT under combined loading scenarios.

Regarding the applicability of VCT for combined load cases, an adjustment can be
made to the load introduction sequence and definition of the VCT load steps to make
the procedure more similar to the standard one for axial compression. This approach
involves a sequential load introduction, where the additional loads are applied before
compression, therefore the VCT load steps are defined at varying levels of compressive
loading alone, while holding the additional loads constant. This ensures that the
primary influence on the frequency response change comes from the compression load,
with the additional loads acting as "imperfections", increasing thus the likelihood
that the points on the VCT characteristic chart would follow a quadratic descent as

compression load increases.
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Conversely, when loads are introduced simultaneously, the additional loads directly
influence the frequency response change, reducing the chances of a quadratic descent
in the VCT characteristic chart as the compression load increases. Since this scenario
is common in validation tests, the applicability of VCT for combined load cases was
investigated for both a sequential and a simultaneous introduction of additional loads

alongside compression.

When the points in the VCT characteristic chart display a quadratic decrease with
increasing load levels, the accuracy of VCT largely depends on the value of P,.. Typ-
ically, this value is calculated for the perfect structure, which generally yields reliable
VCT predictions of buckling loads under axial compression. However, this reliability
may diminish when additional loads are applied, as these loads are expected to both
reduce the axial buckling load and alter the quadratic relation between the VCT load
and frequency parameters. Moreover, the test article may differ significantly from
its nominal configuration, with P.. being highly sensitive to geometric and material
imperfections. Hence, to evaluate the robustness of VCT under combined load con-
ditions, the P, values used to obtain the VCT predictions were determined under 4

distinct scenarios:

e P, , - perfect cylinder under pure compression
e P, ;- imperfect cylinder under pure compression
o P, - perfect cylinder under combined loading

e P, . - imperfect cylinder under combined loading

The robustness of VCT for combined load cases was evaluated by monitoring both the
prediction accuracy of the buckling loads compared to those obtained from non-linear
analyses and the extent to which this accuracy differs from the pure compression load
case. Since VCT is expected to produce reliable results even when using higher vibra-
tion modes, the first six vibration modes were used to make progressive buckling load
estimations while gradually increasing the maximum load level. Utilising multiple

vibration modes also provides better insight into the robustness of VCT for combined
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load cases, as the accuracy of VCT predictions can vary depending on the cylinder,
the type and magnitude of the additional loads applied, as well as on the vibration

mode used.

The impact of additional loads on the VCT predictions was evaluated by assessing the
averaged relative errors of the VCT estimates with respect to P,;. In computing these
averages, only the predictions for which the maximum load level was between 60%
and 80% with respect to P,; were used. This specific load ratio interval was selected
based on practical considerations and on the investigation regarding the influence of
this parameter over the VCT predictions shown in Chapter 4. The lower limit at 60%
was chosen given the reliable predictions obtained at this load level using numerical
data, as well as due to the low risk of buckling occurring during an experiment at this
load level with respect to a best estimation resulting from the preliminary analysis.
Conversely, the upper limit at 80% was chosen due to both the reliable predictions
obtained based on experimental data at this load level (including the influence of
measurement errors) shown in Chapter 4, and to the relatively low risk of buckling
occurring during an experiment at this load level with respect to a best estimate

resulting from a thorough preliminary analysis.

6.2 FE models

The numerical models of the cylinders were created using Abaqus FE software and
were modelled with S8R, shell elements. The number of elements varied between
cylinders, depending on the mesh refinement required for convergence. Table 6.3
provides a summary of the mesh configurations for each cylinder, while Figure 6.1

gives an overview of the applied loads (highlighted in bold) and boundary conditions.

In Figure 6.1, the areas of the undeformed cylinder mesh highlighted in red represent
the overhang regions, which correspond to the difference between Ly and Lyye. in
Table 6.1. These overhang areas were radially supported during the experimental tests
of the cylinders, and in the numerical models were fully coupled to reference points at

the top and bottom ends, centrally located with respect to the cylinder cross-sections.



6.2 FE models 88

These reference points were used to apply boundary conditions and introduce loads.
The coupling ensured that the nodes in the overhang areas followed the rigid body
motion of their corresponding reference points, maintaining their relative positions
throughout the analysis. All degrees of freedom at these reference points, except

those used to apply the loads, were constrained.

Cylinder | Elements across circumference | Elements across height | Total no. of elements
715 120 42 5040
7D27 180 68 12240
ZD28 180 70 12600
7ZD29 192 78 19776
SST1 200 70 14000
737 140 50 7000

Table 6.3 — Summary of the cylinder’s mesh definitions
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Figure 6.1 — FE models loads and boundary conditions

The boundary conditions described, and shown in Figure 6.1, were similar or identical
to those used in previous studies on the buckling response of cylindrical shells under
bending [78-88], transverse shear [89-96], or torsion [97-104] in conjunction with
axial compression. These boundary conditions were applied for both the sequential

and simultaneous load introduction procedures.

For a sequential load introduction, the additional loads (besides compression) were
introduced in a separate analysis step, where a rotation/displacement ¢; was applied
at the relevant reference points, the axial translation at the top being allowed at this

point. The compression load ¢y was then introduced in a subsequent analysis step via
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an axial displacement at the top reference point, while the initial rotation/displace-
ment was held constant. When bending, shear, and torsion were applied together with
axial compression, the same boundary conditions as for bending were specified at the
bottom reference point, while at the top reference point, the conditions u, = r, = 0
were applied, as the other degrees of freedom were used to introduce the additional

loads.

The shape imperfections of all cylinders were measured and incorporated into the
FE models using the inverse averaging method described in [7], which adjusts the
radial coordinates of the nodes. Additionally, thickness imperfections were measured
and included for the Z15 and ZD27-29 cylinders, following the procedure outlined in
[67], and briefly described in Chapter 4. In this approach, the material properties of
the elements were modified using the rule of mixtures, assuming that any difference
between the measured and nominal thickness is due solely to variations in resin quan-
tity. On average, the influence of both shape and thickness imperfections was also
accounted for in the models used to determine P, for the idealised cylinder config-
urations. These models employed the mean radius derived from the measured shape

imperfections and material properties based on the average thickness.

Initial estimates of the P.. values in the presence of the aforementioned additional
loads were obtained by introducing these loads in a non-linear analysis step, followed
by a linear buckling analysis step in which compression was applied. These initial
P, estimates were then validated by performing linear buckling analyses in which
the additional loads and their corresponding initial P,.. estimates were introduced
simultaneously in a single analysis step. The eigenvalues obtained were checked to
ensure they fell within a 1 4+ 0.01 range. A similar procedure was used for non-linear
analyses involving sequential introduction of additional loads, with the difference
being that the second analysis step was also non-linear, and an axial displacement

was applied to the top reference point.
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6.3 Results

6.3.1 Buckling

Table 6.4 presents the buckling loads obtained from various analyses: linear buckling
of pristine P, , and imperfect P, ; cylinders, non-linear analyses with imperfections
P,;, and experimental results P.,,. Generally, the inclusion of detailed imperfections
in the linear buckling analysis led to a reduction in P, values, with the exception of the
ZD27 cylinder, where P, , was smaller than P,;. For ZD27, the increase in buckling
load when accounting for imperfections was due to the inability to accurately represent
the imperfection pattern using a perfect circular shape, even with the mean radius
derived from measured shape imperfections and material properties corresponding to

the mean thickness.

Cylinder | P.. , [kN] | Per ; [kN] | Py [kN] | Peyp [kN]
715 30.41 29.99 24.70 23.36
ZD27 23.27 29.57 25.89 20.47
7ZD28 22.3 21.57 19.8 21.49
7D29 25.01 21.66 19.14 21.86
SST1 182.56 112.25 101.6 70.2
7.37 89.43 87.31 73.84 59.0

Table 6.4 — Cylinder buckling loads summary

Significant discrepancies between model predictions and experimental results were
observed for the ZD27, SST1, and Z37 cylinders, likely due to other imperfections
related to loading, boundary conditions, or material properties that were not fully
captured in the FE models. For reference, the study shown in [4] reported a difference
of approximately 25% in the buckling loads of ZD27 measured at two different testing
facilities, underscoring the high sensitivity of cylindrical shells to loading and bound-
ary conditions imperfections. In the table above, the higher experimental buckling

load P.,, for the ZD27 cylinder is shown, as the lower one measured at the second
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facility was likely due to the loading and boundary conditions imperfections present

in that test.

Figure 6.2 illustrates the ratios of P, .p, Per i, and P, relative to P, , for vari-
ous magnitudes of bending loads applied alongside compression, the 0% amplitude
representing the pure compression load case. To enhance clarity, vertical blue lines
are drawn to separate the results for different cylinders. The figure shows that the
inclusion of imperfections had varying effects on the buckling loads of the cylinders.
In most cases, a reduction in buckling load was observed, with the SST1 cylinder
exhibiting the most significant decrease. This high sensitivity to imperfections for
SST1 was also confirmed experimentally [3], as shown in Table 6.4 and mentioned

earlier in Chapter 5.

215 SST1 ZD27 ZD28 ZD29 Z37

P cr_cp P cr_ci Pn/ P cr_cp P cr_ci Pn/ P cr_cp P cr_ci P,,/ P cr_cp P cr_ci Pn/ P cr_cp P crci Pn/ P cr_cp P cr_ci P,,/

0{ 1.0 | 0.99 | 0.81 | 1.0 10 (097 | 089 | 1.0 | 0.87 | 0.77 | 1.0 | 0.98 | 0.83

0.61 | 0.56 BMON 1.27 | 1.11
0.54 b

101 0.94 | 0.91 | 0.77 | 0.92 0.9 WuwXE 1.06 | 0.92 | 0.88 | 0.82 | 0.92 | 0.8 | 0.72 | 0.92 | 0.92 | 0.78

204 0.86 | 0.83 | 0. (UEKE 0.79 AP 0.95 | 0. L 0.73 0.73 | 0.65

301 0.78 | 0.75 | A WK 0.68 g ) ; 0.64

0.67 [E 0.48 1 0.57 Il | 0.55 0.58

[S[0270:61°1 0.58  0.44 10.59 0.51 0.41 0.46 g | : 3 046 '0.59 0.49

40

Percentage additional load [%]

Figure 6.2 - P.. ., Py  and P, ratios with respect to P, , in presence of bending

For all cylinders, the buckling loads decreased as the magnitude of the applied bend-
ing load increased, with the rates of decrease being relatively consistent across the
different cylinders, except for SST1 when shape imperfections were present. In the
case of SST1, the rate at which P,; decreased with increasing bending load differed
from the others, primarily due to the occurrence of local buckling at a lower load level
than the maximum one reached. This local buckling was influenced by the cylinder’s
imperfection pattern and was also the reason why a significant difference between
P,; and P,. under pure compression was found. However, for the highest magnitude

of bending load, where local buckling did not occur, the P, /P, , ratio was similar
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to that of the other cylinders. Additionally, for this cylinder also a slight initial in-
crease of the P, .; with the bending load magnitude was seen. This likely occurred
due to the reduction of compression load in the cylinder area in which local buckling
occurred due to the applied bending load. Nevertheless, the P.. ; decrease for the
highest magnitude of bending applied was also in line with the ones for the other

cylinders.

Figure 6.3 depicts the ratios of P .y, Por o, and P, relative to P, , for various
magnitudes of shear loads applied alongside compression. Unlike bending, the effect
of shear on the compressive buckling loads varied significantly among the cylinders.
Generally, P., ., decreased for all cylinders, but at the lowest shear magnitude, this

decrease was notable only for the Z15 and SST1 cylinders.
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Figure 6.3 — P, .,, P,  and P, ratios with respect to P, , in presence of shear
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For some cylinders, both P, . and FP,; initially increased with increasing the shear
load. The rate of change in buckling load relative to shear magnitude also varied
among the cylinders, with Z37 and ZD27 being at the extremes. Increasing shear
load generally reduced the P.. .; values, except for SST'1, where no significant changes
were observed compared to the pure compression load case. Non-linear analyses also
generally showed a decrease in buckling load with increasing shear, with the relative
reduction in P,; varying among cylinders. The smallest reduction was 0.7 for Z37,
and the largest was 0.53 for SST1. For SST1, P, showed minimal variation with
increasing shear load, due to local buckling occurring at all shear levels. Unlike

bending, shear had a lesser effect on the maximum load reached for this cylinder,
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primarily due to local buckling. Also, an important observation is that for certain
shear magnitudes, P, exceeded both P, ., and P, ; for several cylinders. This
represents an unrealistic behaviour in the context of VCT, where the ratios between

P,; and P., should be less than 1.

Figure 6.4 presents the ratios of P, ., P i, and P, relative to P, , for different
magnitudes of torsion loads applied alongside compression. As with the previous
cases, the influence of additional torsion load varied among cylinders. For the ZD
cylinders, P, .p, Per i, and P, generally increased with the magnitude of the torsion
load. In contrast, other cylinders exhibited a decrease in these values as the torsion
load magnitude increased.
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Figure 6.4 — P.. ., P.r . and P, ratios with respect to P, , in presence of torsion
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Additionally, P,; was only higher than P, ., and P, ; for the Z15 cylinder when
subjected to 50% of the reference torsion load, namely the load level at which this

cylinder buckled under pure torsion in the non-linear analysis.

Figure 6.5 displays the ratios of P, o, P. ¢, and Py relative to P, , for various
magnitudes of bending, shear, and torsion loads applied alongside compression. The
figure reveals that the effect of these additional loads was similar to that of bending
alone, as a general trend of decreasing buckling loads with increasing the additional
loads is observed. The only exception to this trend is for the SST1 cylinder, which

showed a slight initial increase in P, ;.

An important point to highlight here is that the compressive buckling loads under



6.3 Results 94

additional bending or shear can vary significantly depending on the direction of these
loads when imperfections are present. This study focuses on evaluating whether
VCT can reliably predict the axial load at which cylinders buckle in the presence
of additional loads. For this purpose, the key factor was the consistency of the
load application direction, rather than the specific load application direction itself.
However, in practical scenarios, the alignment of bending or shear loads with respect
to the cylinder’s imperfections is crucial for achieving accurate correlations between

experimental and numerical data.
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Figure 6.5 - P.. ., P . and P, ratios with respect to P, , in presence of bending,
shear and torsion

Percentage additional load [%]

6.3.2 VCT results

This section examines the robustness of the VCT predictions on the axial load at
which buckling occurs under the influence of additional bending, shear, and torsion
loads, applied either individually or together alongside axial compression. In this
investigation, the additional loads were applied either before or simultaneously with
axial compression, and the robustness of the VCT predictions was evaluated using
two metrics: the relative error compared to axial buckling loads obtained from non-
linear analyses P,;, and the change in relative error from the axial compression load
case for which the VCT approach was initially developed. Additionally, the impact
of incorporating shape imperfections and additional loads into the buckling analysis

to determine the reference P,., value was also explored.
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VCT in presence of bending

Figure 6.6 illustrates the relative errors with respect to P,; of the VCT predictions
for the axial load at which buckling occurs under various magnitudes of additional
bending applied before compression. Additionally, the differences in relative errors
between the predictions for the combined load case and those for the pure compression
load case are also shown. In this figure, besides the vertical blue lines drawn to
differentiate the results for different cylinders, a horizontal blue line was also drawn
to separate the relative errors of the VCT predictions from the differences between
the errors for the bending-compression load case and those for the pure compression
load case. The horizontal top axis labels indicate the type of P.. used in the VCT
predictions, while the right vertical axis shows the percentage of the reference bending
load introduced.
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Figure 6.6 — VCT predictions in presence of bending, sequential load introduction

As previously mentioned, the shown averages are computed using the VCT predictions
of the first 6 vibration modes, with maximum load ratios between 60% and 80%
relative to P,;. These averaged values are displayed in the upper half of the figure in
percentages at the top of each cell. In addition, the variances corresponding to the
VCT prediction errors are shown at the bottom of the corresponding cells to provide

insight into the sensitivity of the predictions to maximum load levels and vibration
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modes. The colour scheme in the upper half of the figure indicates the robustness of
the predictions, with mean relative errors within 10% of P,; being shown in green,
those between 10% and 20% shown in beige, and the ones above 20% shown in
red. Conversely, the colour scheme in the lower half of the figure, which shows the
differences in mean relative errors with respect to the pure compression case, ranges

from best in green, to worst in red.

Starting with the reference predictions for pure compression shown on the first line, it
is evident that these were generally reliable, except for the SST1 and ZD27 cylinders
when the P.. values used were based on the models without imperfections. For
SST1, this behaviour aligns with the findings shown in the previous Chapter 5 and
is attributed to its specific shape imperfection. For ZD27, the large prediction error
when using the P.. of the perfect cylinder is due to the notably higher P,; values

compared to P, , and P p.

When using the P,.. values obtained for pure compression, whether for pristine or
imperfect structures, the VCT predictions generally increase when increasing the
bending load. This trend was not observed when incorporating bending loads into
the P.. calculations, as the behaviour in this regard differed between cylinders. In
terms of reliability, including bending in the P.. computation appears to yield better
results. This is evidenced by the overall lower relative errors of the VCT predictions
compared to P, and the more consistent mean error differences when compared to
the pure compression load case. This trend is evident in the lower half of the figure,
where it can be seen that using P, ., or P, .; results in significantly lower differences
in relative errors compared to using P, , or P, ;. Additionally, the variance within
the errors is consistently lower when using P,, ., or P.. ., regardless of the cylinder

or bending magnitude applied.

Figure 6.7 serves as a counterpart to Figure 6.6, depicting the case where the bending
loads are applied simultaneously with compression. In this scenario, the consistency
and trend of the VCT prediction errors with increasing bending load are also gen-
erally more predictable when using P, ., or P, .. However, predictions based on

P,, for pure compression typically proved to be more accurate than those based on
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P, o or P, i, despite the less consistent evolution of these predictions with respect
to bending magnitude. When F,, ., or P, . were used, the obtained predictions
consistently decreased with increasing the magnitude of the bending load. On the
other hand, when P, , or P, ; were used, the predictions tended to increase, at
least initially, with increasing the magnitude of bending applied. These aspects, to-
gether with the conservative predictions for the reference pure compression load case,
implied that the accuracy of the predictions employing P, , or P, ; could only de-
crease, while the ones employing P, , or P, ; could also increase. Therefore, the
P,, for pure compression often yielded better overall prediction accuracy compared
to those in which the additional bending load was taken into account.

215 SST1 ZD27 ZD28 ZD29 Z37

% «‘x’Q S o oud «‘x’Q S ol oud «‘x’Q O osd 0l «‘x’Q O osd 0l «‘x’Q O osd 0l «‘x’Q NP
QETRET QEIRETQUEIRET QEIRQEIQEIQET QRQUIQETI QEIRQRET QUIQETQEIQET QEIRQRUTQUTIRQET QE7QC

2% 2% -3% -3%  20% 20% [ -1 2 21% 7% -7% 1 8% -9% -9%
o1 o1 o1 01 01200120 2 3 0:2 0:4 04 2 0:4 0.4 04

1% 3% 0% -4% 51% 43% 8% 9% 24% -4% -6% @ -5% & o RV 4% 0% -4% 9%  -4% 9% -6% -9% 10
0:26 0:20 0:24 0:18 0:588 0:452 0: 104 0: 1 [l 0:3 0:10 0:9 0:23 [4AEY 0:91 0:67 0:52 0:37 0:4 0:4 0:4 04

1% 9% -2% [EEKY 32 eV 1% 0% RV -25% 3% 5% -1% AN -3% o Y -1% 0% 9% 0% -9% -1% -9% 20
0:109 0:63 0: 10: 0: 918 [oHRIINHKKEY O: 0:15 0:162 0:97 0:9 [N 0:8 [ 0: 112 0: 125 0:58 0:21 0:11 0:19 o: 11
B -11% RN -12 EVR 0% 9% -7% Al -30% 2% KV 1% BAEVE 0% BEYE 9% 6% 0% YA 3% BN 2% B 30
0: 146 RVl 0: 141 Rl KR A 0: 426 0: 234 0: 254 [(@PIY O: 34 0: 44 LY 0: 76 JegPll 0: 68 NePlll 0: 270 0:72 0: 116 Qotkl 0: 236 Rork:ill O: 218 Nek:1g
-8% KN -8% 3 8% -8% [ -13% | - 3 = YO -11% OZI - 8% RO 6% 40
(VAN O0: 14 N 0: 14 [PlleZ) o: 178|0: B 2 B 0: 71 (B 0: 163 [oHRYAN O: 95 [lSiR] O: 188 follkE:]
-12% [RPANIN -12% [RPAN/ RV -13% BEYY -20% -35% RGN -26%  -1% RAEYA -2% -20% -1% [REYE -4% EEVY 8% REVA 7% 50
0: 64 NegvAll 0: 62 NoaEMeAERE] 0: 262|0: 289|0: 168 Nt NNCANTE 0: 66 Negvlollogicvrl 0: 81 [oBeKIHCEIREN] 0: 84 [ANENN 0: 68 ' PAN 0: 246 SEEY 0: 247
4 -1 4 -1 31 -3 3 1 5 0 5 0 7 1 6 1 4 0 4 10

Relative error means

[%] peoj jeuonippe abejusoiad

Error difference
w.r.t compression

Figure 6.7 — VCT predictions in presence of bending, simultaneous load introduction

In terms of overall accuracy, VCT predictions for simultaneous bending and compres-
sion are comparable to those for sequential loading. However, a notable increase in
the dependency of the VCT predictions on the maximum load level used was observed
in this case. This is evident from the larger variance in the averaged errors as the
bending load magnitude increases. Such behaviour is expected, given that, besides the
changes in compression load, the ones in bending load magnitudes are also reflected
in the vibration response. Additionally, it appears that there are specific threshold
magnitudes of bending beyond which the VCT predictions become unreliable, these

thresholds varying between the cylinders.
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VCT in presence of shear

Figure 6.8 illustrates the relative errors of the VCT predictions on the axial load at
which buckling occurs, with various magnitudes of shear introduced before compres-
sion, along with the differences in these relative errors compared to the predictions
for the pure compression load case. The figure reveals that shear loads have a more
pronounced effect on the VCT predictions than bending does, generally causing the
predictions to decrease as the shear load magnitude increases. An exception to this
trend was noted for the ZD28 and ZD29 cylinders, where the predictions increased
with shear loads greater than 30% with respect to the reference one.
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Figure 6.8 — VCT predictions in presence of shear, sequential load introduction

In contrast to the sequential introduction of bending and compression, using P, ,
and P, ; for a pure compression load case tended to yield more accurate predictions
in this case. Among these, P, , generally provided slightly better results, except
for SST1 and ZD27. Reliable predictions were typically obtained only for shear load
magnitudes up to 20% or 30%, depending on the cylinder. Beyond these magnitudes,

the relative errors and their variance became significantly larger.

For ZD27, no valid predictions were available using F,, ., for shear load magnitudes
exceeding 30%, due to P.. ., being substantially lower than P, in these cases, as

illustrated in Figure 6.3. Consequently, in the VCT characteristic chart, the value of
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(1-p)? began to increase beyond a shear load ratio of 60%, therefore no valid VCT
predictions were found between load ratios of 60% and 80%. Although other cases
showed instances where the reference P.,. was greater than P,;, the value of (1-p)? only
started to increase from a load ratio higher than 60%, and the valid VCT predictions

up to that threshold were maintained.

Figure 6.9 is the counterpart to Figure 6.8, showing results where the shear load was
applied simultaneously with compression. In this scenario, the VCT predictions gen-
erally decreased with increasing shear load, except for the SST1 cylinder. As with
bending, applying shear and compression simultaneously typically reduced the ro-
bustness of the VCT predictions. Overall, reliable VCT predictions were obtained for
lower shear load magnitudes compared to the sequential introduction case. Nonethe-
less, the best results were still achieved using P.. values from the pure compression
load case, although reliable predictions were found at slightly lower shear magnitudes
than in the sequential load introduction scenario.
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Figure 6.9 — VCT predictions in presence of shear, simultaneous load introduction

VCT in presence of torsion

Figure 6.10 illustrates the relative errors of the VCT predictions for the axial buck-

ling load with various magnitudes of additional torsion applied before compression,
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along with the differences in relative errors compared to the predictions for the pure
compression load case. The effect of torsion on the VCT predictions is similar to
that of shear, with predictions generally decreasing as the magnitude of torsion in-
creases. However, whether torsion should be included when determining the reference
P., value for VCT is less clear, due to the differences among cylinders regarding this
aspect. Specifically, for cylinders Z15 and Z37, using the P,. for pure compression
provided the most accurate VCT predictions, while for the other cylinders, incorpo-
rating torsion into the P,.. calculation yielded slightly better results. The threshold
magnitudes for reliable VCT predictions also vary among cylinders, generally rang-
ing from 20% to 30% of the reference torsion load. Unlike shear, the thresholds for
torsion where the error differences significantly exceeded 10% compared to the pure
compression load case are typically observed at 40% or higher torsion loads, except
for Z15 and SST1. This suggests that, for a sequential load introduction, VCT is
slightly less sensitive to additional torsion compared to additional shear.
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Figure 6.10 — VCT predictions in presence of torsion, sequential load introduction

Introducing torsion load simultaneously with compression had a similar impact as
introducing shear load, as depicted in Figure 6.11. For all cylinders, the VCT predic-
tions for torsion loads greater than 10% were unreliable, with predictions generally
decreasing as the magnitude of the torsion load increased. As in the sequential load

introduction case, using P, for pure compression yielded better results for cylinders
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715 and Z37, while accounting for the additional torsion load in the P.. calculations
provided slightly better outcomes for the other cylinders. Furthermore, unlike the se-
quential case where VCT was less sensitive to torsion than to shear, when these loads
were introduced simultaneously with compression, there were no distinct differences

in the method’s sensitivity to varying magnitudes of shear or torsion.
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Figure 6.11 — VCT predictions in presence of torsion, simultaneous load introduction

VCT in presence of bending, shear and torsion

Figure 6.12 illustrates the relative errors in the VCT predictions for the axial load
at which buckling occurs, with varying magnitudes of additional bending, shear, and
torsion applied before compression, along with the differences compared to the pre-
dictions for the pure compression load case. The figure shows that VCT could still
deliver reliable predictions when bending, shear, and torsion are applied before com-
pression. However, robust VCT predictions were not consistently achieved for a single
type of P,.. Specifically, predictions using P.. for pure compression yielded better re-
sults for Z15 and Z37, while P, for combined loading generally provided better results
for the other cylinders. This trend aligns with previous observations: the best VCT
predictions for bending-compression obtained by incorporating the bending load into
P., calculations, for shear-compression using P,, from a pure compression case, while

for torsion-compression the optimum P, was cylinder-specific, thus unclear.
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While the choice of P, did not consistently affect the accuracy of the VCT predictions,
it did have a notable impact on the variance of the relative errors, with lower variances
observed when the additional loads were considered in the P, calculations. This
effect varied between cylinders and became more pronounced as the magnitude of the
additional loads increased.
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Figure 6.12 — VCT predictions in presence of bending, shear and torsion, sequential
load introduction
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The simultaneous application of bending, shear, and torsion along with compression
also adversely affected the robustness of the VCT predictions, as depicted in Figure
6.13.
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Figure 6.13 — VCT predictions in presence of bending, shear and torsion, simultaneous
load introduction

For additional load magnitudes exceeding 10%, the prediction accuracy was generally

poor for some cylinders and showed considerable variation with the level of additional
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load applied. When these loads were applied simultaneously, the most reliable VCT
predictions were consistently achieved using the P,.. values under pure compression.
In contrast, when these loads were introduced sequentially, the P.. giving the best
accuracy varied between cylinders. This differs from the case where either bending,
shear, or torsion was applied in addition to compression, where the same type of P..
generally provided the best results for a specific cylinder, regardless of whether the

loads were applied sequentially or simultaneously.

6.4 Discussion

The numerical analysis presented here indicates that VCT is likely to deliver reli-
able predictions of the axial load at which cylindrical shells buckle when subjected
to compression combined with bending, shear, or torsion, regardless of whether these
loads are applied individually or in combination, as well as if applied before or simul-
taneously with compression. Generally, the VCT predictions are more robust when
additional loads are applied before compression, as the vibration response is assessed
at various compression levels while keeping the additional loads constant. In contrast,
when loads are applied simultaneously, the variation of the vibration response is also
due to the additional loads and introduces additional complexity, thus negatively im-
pacting the robustness of the VCT predictions. This effect is particularly pronounced
with shear or torsion, likely due to a significant material tension being introduced.
Bending, on the other hand, has a less severe impact, as the tension induced on one
side of the cylinder is counterbalanced by the compression introduced on the opposite
side. This difference is reflected in the generally higher magnitudes of reference bend-
ing loads at which VCT provided reliable buckling load estimates when compared to

additional shear or torsion loads applied alongside compression.

It is also crucial to note that the sensitivity of the VCT predictions to the maximum
load level increases with the amount of additional load applied, making the threshold
magnitudes beyond which VCT is unreliable highly dependent on the maximum com-

pression load level. For instance, with maximum compression levels in a 70%-80%
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range relative to P,;, the VCT predictions remained robust beyond the threshold
values mentioned in the previous section and determined based on the predictions

within a 60%-80% range relative to P,;.

To better illustrate these aspects, the VCT charts for the ZD29 cylinder under simul-
taneously applied bending and compression (P., =P, ¢, r:=30%7r, ,f) are presented
in Figures 6.14 and 6.15, corresponding to the second and fourth vibration modes,
respectively. In these figures, quadratic fits were progressively made by increasing
the number of load steps/maximum load level considered, emphasising the sensitivity
of the VCT predictions to the maximum compression load level used. The load lev-
els for each measurement are expressed as ratios relative to P,; on the right vertical
axis, with the target value £* corresponding to Pycr=P, (0% VCT prediction error)
highlighted in magenta. The second and fourth vibration modes were tracked over
differing numbers of load steps, as well as varying minimum and maximum load levels,

which accounts for the differences between the two figures regarding these aspects.
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Figure 6.14 — Progressive VCT predictions for the ZD29 cylinder under bending-

compression simultaneously introduced, P,=P. cp, 12=30%7y rcf, for the ond
vibration mode

In Figure 6.14, the influence of simultaneously applied loads on the VCT predictions is
evident from the points in the VCT characteristic chart for the second vibration mode.

Specifically, there is a significant variation in the quadratic fits performed as a function
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of the maximum load level. This variation arises because the points in the VCT
characteristic chart no longer follow a consistent quadratic behaviour, with deviations
increasing as the applied load level rises. However, this phenomenon was not observed
for all vibration modes. For instance, the VCT characteristic chart for the same
load case using the fourth vibration mode, shown in Figure 6.15, exhibits a clear
quadratic response. A similar behaviour was noted when compression was sequentially
introduced alongside torsion or shear in particular, although at magnitudes beyond
which VCT yielded poor predictions. Additionally, frequent changes in the vibration
response as the applied load increased, where previously monitored vibration modes
were no longer detectable, contributed to the poor performance of VCT at high levels
of torsion and shear.
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Figure 6.15 — Progressive VCT predictions for the ZD29 cylinder under bending-
compression simultaneously introduced, Po,=FP.r ¢p, 12=30%7y rcf, for the 4th
vibration mode

Determining whether to account for additional loads when calculating P, for robust
VCT predictions depended on the type of load and the manner in which it was
applied. For additional bending loads, it was crucial to incorporate them into the
P., calculation. For additional shear loads, the P.. value from the pure compression
load case was generally more appropriate. In the case of torsion, the need to consider

additional loads was specific to each cylinder, making it less straightforward. When
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bending, shear, and torsion were applied together with compression, the necessity of
including these loads in the P.. calculation varied depending on whether the loads
were applied sequentially or simultaneously. For a sequential loading, this aspect
varied among cylinders, whereas for a simultaneous loading, the best results were

obtained when using P.. under pure compression.

Except for SST1 and ZD27 cylinders, including imperfections in the P.. calculation
was generally not crucial, as the most reliable VCT predictions were typically obtained
using the nominal cylinder configuration. For SST1, as discussed in Chapter 5, its
shape imperfection signature, which led to local buckling at much lower loads than
global buckling, meant that P,.,. for the nominal configuration did not provide robust
predictions. However, the local buckling observed could not be directly linked to poor
VCT predictions when using P,,. for the perfect structure. Adjusting the amplitude
of the shape imperfection pattern in the non-linear analysis often resulted in reliable
VCT predictions with P, for the nominal configuration, regardless of whether local
buckling occurred. Conversely, poor VCT predictions with P,,. for the perfect struc-
ture were noted within a range of shape imperfection magnitudes below the threshold

at which local buckling occurred.

A cross-check involving applying SST1’s shape imperfection pattern to other cylin-
ders, and vice versa, showed that SST1’s poor VCT predictions were not only due
to its shape imperfection, but also to its geometry and material properties. When
SST1’s shape imperfection was applied to the other cylinders, reliable predictions
were generally obtained using P, for the perfect structure, except for Z15. When
other cylinders’ shape imperfections were applied to SST1, the VCT predictions were
mostly poor, except for that of the Z37 cylinder. For the cases where the VCT pre-
dictions were largely unconservative, accounting for SST'1’s shape imperfection when
determining P, resulted in reliable predictions, albeit making some predictions overly
conservative for other cylinders. This behaviour underscores the sensitivity of VCT
predictions for SST1 to various factors, its FE model being used in this study despite
its poor numerical VCT predictions for a better assessment of VCT’s capabilities of

predicting axial buckling loads under combined loading scenarios.
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Conversely, for ZD27 the VCT predictions using its nominal configuration to compute
P.,. were unreliable due to a different reason. Namely, the influence of its imperfection
pattern was not adequately captured by the mean radius determined from its shape
imperfection pattern and the recalculated material properties based on the average
thickness measured. Specifically, the thickness imperfection had a strengthening effect
(higher thickness than its nominal one), raising its buckling load such that P,; from
the non-linear analysis of the imperfect structure exceeded the P,.,. obtained from the
linear buckling analysis of the perfect structure. This discrepancy created an inherent
inconsistency with the VCT formulation used here, as accurate predictions would have
required a negative value of \/g,f from Equation 2.3, and the quantity (1-p)? on the

y-axis of the VCT characteristic chart would have also increased between P.. and P,;.

While the shapes of the vibration modes are generally irrelevant in numerical VCT ap-
plications, they become crucial in practical settings where the frequencies and shapes
of the vibration modes are usually monitored over a limited area, rather than the
entire surface of the cylinder. Under pure compression, cylindrical shells typically ex-
hibit vibration modes with multiple waves around their circumference, as the material
experiences a uniform load distribution before buckling. However, when additional
loads are applied alongside compression, certain areas of the cylinder may experi-
ence significant components of these additional loads, potentially leading to localised
vibration modes. Detecting these modes experimentally can be challenging, so the
numerical models were inspected to determine their potential presence. It was found
that indeed such localised vibration modes appeared for several cylinders at high
magnitudes of additional loads, usually within the first four. However, their occur-
rence was limited, and other vibration modes retained multiple waves around the

circumference, offering flexibility in selecting the area to monitor during tests.

Additionally, there was a higher tendency for vibration mode changes at large mag-
nitudes of shear and torsion loads. Although mode changes were predominantly
observed at the largest shear and torsion magnitudes, where the VCT predictions
were already unreliable, this issue may become significant in practical scenarios in

which structures with more sensitive frequency responses are tested. While in this
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numerical investigation the detrimental influence of this aspect was alleviated by the
large number of load steps defined, in real tests the same number of measurements
could be impractical due to time constraints, and frequent mode changes could render

the vibration mode frequencies unusable.

Since the additional loads were applied through displacements or rotations, the result-
ing reaction forces and moments slightly varied with respect to the ones observed in
the analyses run to determine these reference values, due to the interaction between
the additional and compressive loads applied. This variation became particularly
significant at high load ratios, where the magnitudes of the reaction forces/moments
were below those corresponding to the reference ones. Therefore, the investigation was
repeated using FE analyses where bending, shear, or torsion were applied as forces/-
moments to double-check the results obtained when the introduction of the additional
loads was displacement /rotation-based. The differences between the results obtained
from displacement /rotation-based load applications and those from force/moment-
based applications were minimal. The largest discrepancies in both P,,; values and the
relative errors of the VCT predictions with respect to it were within a few percentage
points. Furthermore, these only occurred at the highest additional load magnitudes
that generally exceeded the identified threshold values beyond which VCT became
unreliable. Within the range of bending, shear, or torsion magnitudes for which VCT
provided reliable predictions, the relative errors between the displacement /rotation

and force/moment-based load introduction analyses were below 1%.

6.5 Conclusions

This chapter presents a numerical investigation into the feasibility of using the Vibration-
Correlation Technique (VCT) to estimate the axial load at which cylinders buckle
under combined loading conditions. The study involved applying, bending, shear,
and torsion loads, in addition to compression, via displacements or rotations, either
individually or all together, and either sequentially (additional loads applied before

compression) or simultaneously. The vibration responses of multiple cylinders were
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determined across various axial load levels to perform VCT predictions, and the ro-
bustness of the obtained VCT predictions was evaluated based on two criteria. First,
the accuracy of the VCT predictions was compared to the axial buckling loads P,,; ob-
tained from non-linear analyses, and second, the deviation in accuracy relative to the
predictions for the pure compression load case was assessed. Additionally, the VCT
predictions were made using two cylinder configurations (perfect and imperfect) and
considering or ignoring the additional loads when determining P.,, resulting thus in

four different reference values.

The investigation’s outcome was that VCT can reliably predict the axial buckling
loads of cylinders under combined loading, if the additional loads are within specific
thresholds. These thresholds varied significantly depending on the type of additional
load, on whether compression was applied sequentially or simultaneously, as well as
across the different cylinders. Generally, the VCT predictions were more reliable
when the additional loads were applied sequentially, as the changes in the frequency
response mainly reflected variations in the compression load level. Although the
accuracy of the VCT predictions was typically reduced by the presence of additional
loads, bending had a lesser impact compared to shear and torsion. This difference
was attributed to the fact that the tensile stress caused by shear and torsion loads is
not counterbalanced as effectively as the tensile stress from bending, which is offset

by compression on the opposite side of the cylinder.

For combined bending and compression loading, accounting for the bending load when
calculating P.. was crucial for the robustness of VCT predictions when these loads
were introduced sequentially. However, when bending and compression were applied
simultaneously, the same behaviour was not observed across all cylinders. Although
the predictions in the aforementioned case were more consistent with the expected
behaviour when increasing the magnitude of bending, an overall better prediction
accuracy was reached when using the P,.. values in which bending was not taken into

account.

In contrast, when bending, shear, and torsion were applied together with compres-

sion the opposite was seen. The importance of considering these additional loads
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when determining P, for reliable VCT predictions varied between cylinders when
compression was introduced after the additional loads, while the most reliable VCT
predictions were consistently obtained using P, for a pure compression load case when
these loads were simultaneously applied. When additional shear was introduced, P,
for pure compression generally provided the most reliable predictions, regardless of
whether compression was applied sequentially or simultaneously. On the other hand,
for the torsion-compression combined load case, it was unclear whether the additional
torsion should be considered when calculating P.., as the results varied between cylin-

ders.

Overall, the differences between incorporating or excluding additional loads when
computing P, became significant primarily at higher magnitudes of additional loads.
Furthermore, the magnitude of additional loads applied had no influence over which
type of P.. provides the best VCT estimates in the cases where this aspect was
cylinder-specific. These observations hold true for both sequential and simultaneous
load introductions, indicating that VCT can reliably predict the axial load at which
cylindrical shells buckle under combined loading, provided that the additional loads
are relatively low, using the same approach as for pure compression and irrespective

of the loading sequence, or the P.,. type used.



7 Experimental validation of VCT

for compression-bending load cases

In this chapter, the experimental test results of a cylindrical shell representative to
a real-scale launcher structure tested under two bending-compression load cases are
presented. Given the confidentiality restrictions associated with these types of tests,

the results treated here are predominantly from a VCT perspective.

7.1 Tested structure

The tested cylindrical structure was manufactured by welding four curved aluminium
panels, out of which three had embossments, the nominal diameter and height being
5410mm and 3109.25mm, respectively. The thickness of the panel bays was constant,
apart from the edges that had a higher thickness due to welding constraints. The
load cases for which VCT was applied had different levels of non-uniform compres-
sion, introduced by four hydraulic actuators equidistantly placed across the barrel’s
circumference and connected to the test rig. Figure 7.1a shows an overview of the
tested barrel together with the panel labels, while Figure 7.1b shows the position of
the actuators and the area of interest, for which the displacement field was measured

using digital image correlation (DIC) equipment.
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Figure 7.1 — Barrel’s overview (a); actuator positions and area of interest (b)

The actuator loads applied in the two load cases are shown in Table 7.1, in normalised
form. Given the actuator positions and loads introduced, load case 1 (LC1) was
defined such that buckling was initiated on the B 1/4 panel, while load case 2 (LC2)
was defined such that buckling initiated on the welding seam between B 1/4 and B
1/1 (Basis) panels.

Actuator 1 2 3 4
Load case 1 | 0.898 | 0 | 0.898 | 1
Load case 2 1 0 0 1

Table 7.1 — Actuator normalised load ratios for load case 1 and load case 2

Figure 7.2 shows a CAD section cut of the barrel mounted in the test rig and the
boundary conditions at the top and bottom edges. As it can be seen from this
figure, the edges had simply supported boundary conditions via contact, with any
existing gaps between the barrel edges and the test rig being closed with aluminium
shims. Additionally, radial support at their inner side was provided by adjustable
guiding plates. Inside the test rig, four columns equally distributed along the barrel’s
circumference can also be seen besides the hydraulic actuators, their role being to
prevent the upper part of the test rig from coming off in the event that an actuator

malfunction or a control loop anomaly occurs.
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Figure 7.2 — Barrel test rig and boundary conditions

7.2 Numerical analysis

Prior to the experimental test, a series of numerical analyses were performed to de-

termine the P,.. values for LC1 and LC2, assess the feasibility of VCT to predict the

buckling load for these cases, as well as to provide valuable information in defining

the experimental VCT setup.

Given that the test rig can have an important influence on the buckling response

of the barrel, its CAD model was used to build the mesh of its bottom and top

loading structures. Table 7.2 shows an overview on the number of nodes, elements,

and element types used, while Figure 7.3 shows the FE model used in the numerical

analyses.

Part Number of nodes | Number of elements
Bottom test rig 335 782 343 079 (S4R/S3)

Barrel 264 870 263 818 (S4R/S3R
Bottom test rig 102 333 101 810 (S4R/S3)

Table 7.2 — Number of nodes, elements and element types
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Figure 7.3 — Barrel FE model

Starting from the bottom up, the nodes in the areas in contact with the rig legs were
fully coupled with a bottom reference point, for which all its degrees of freedom were
restrained. Next, the nodes corresponding to the contact patch between the bot-
tom test rig and the actuators were also fully coupled with bottom reference points,
restraining thus these nodes from moving with respect to the test rig during the anal-
ysis. A similar approach was also used for the top test rig, the difference being that
the top reference points had only the translations in the horizontal plane restrained
and force-based loads were introduced according to the ratios shown in Table 7.1.

The complex boundary conditions at the barrel rig interfaces were simplified with
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tie constraints, since under load, the barrel edges were considered to follow closely
the movement of the test rig, and modelling in detail the contacts at these inter-
faces would have increased significantly the computational effort, with little benefit

in studying the feasibility of VCT for the load cases tested.

Considering that cylindrical structures with large radius/thickness ratios are partic-
ularly sensitive to imperfections, to increase the relevance of the numerical investi-
gations a linear buckling analysis was performed to obtain buckling modes that were
further used to introduce shape imperfections. The buckling analysis performed was
for a uniform compression load case, as obtaining buckling modes more evenly dis-
tributed across the barrel’s circumference was desired, given that using the loads of
LC1 or LC2 induced highly localised buckling modes. The buckling mode imperfec-
tions applied are shown in Figure 7.4, these modes being chosen given their position
on the barrel, namely on the panels seeing larger loads. The magnitude of the intro-
duced imperfections was such that the largest out-of-plane deviation was 50% with

respect to the panel bay thickness.

Figure 7.4 — Barrel shape imperfections applied

7.2.1 VCT results

For the numerical VCT analysis, the frequency response was requested in steps of 5%
with respect to the buckling load obtained from the non-linear analyses P,;. Figure
7.5 shows the relative errors of the VCT predictions using the first 10 vibration modes
for LC1 with respect to P,;. In this plot, the load ratio between the maximum load

level used in the VCT prediction and P,; is shown on the horizontal axis, while
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on the vertical axis the relative error of the VCT prediction with respect to P, is
shown. As it can be seen from this plot, VCT was able to provide reliable buckling
load predictions, provided that the load ratio used was high enough. For this load
case, the predictions tend to be within 20% when the maximum load used was at
least 75% with respect to P, and within 10% for maximum load ratios higher than
90%. As expected based on the outcome of the study on the feasibility for combined
load cases shown in Chapter 6, there is a significant sensitivity towards the load
ratio of the VCT predictions, given that the load cases applied here are similar to
bending-compression simultaneously introduced. Additionally, a behaviour discussed
in more detail in Chapter 4 regarding the evolution of the prediction with the load
level applied is also present. Namely, decreasing VCT predictions with increasing the
maximum load level used were observed for each vibration mode displayed, either at
lower load ratios, or throughout the entire range, reason why the initial predictions

for the majority of the vibration modes shown here were unconservative.
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Figure 7.5 — VCT relative error with respect to P,; for LC1

When looking at the load levels of the initial predictions for each vibration mode
shown, it can be seen that there is a relatively large variation between them. This
occurred given that the number of load steps over which each vibration mode could

be tracked varied, reason why for the 9" vibration mode, for example, the first
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prediction could only be made at a load ratio of 80%. While this load ratio may be
already above the one at which one may take the risk to hold the load level constant
for the vibration measurement, these cases in which initial predictions are possible
only at relatively high load ratios represent exceptions. Furthermore, given that the
inherent imperfections present in each test and structure favour consistent vibration
modes as the load increases, while also decreasing the likelihood of vibration mode

changes, these behaviours were not expected during the experimental tests.

Figure 7.6 shows the relative errors of the VCT predictions with respect to P,; using
the first 10 vibration modes for LC2. When compared to the results for LC1, two
important differences can be seen. First, the VCT predictions were unsuccessful for
some vibration modes between certain load ratios, as the vibration modes initially
tracked could no longer be found beyond a given load level specific to each of the
modes where this behaviour was observed. Second, the predictions also have a higher
sensitivity towards the maximum load ratio used than for LC1. For this load case,
the predictions tend to be within 20% when the maximum load used was at least 85%
with respect to P,;, while the majority of the predictions were within 10% only for

the highest load ratio used of 95%.
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Figure 7.6 — VCT relative error with respect to P,; for LC2

The numerical results for LC1 and LC2 were also used in defining the experimental
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setup for VCT. In this regard, the same procedure as the one shown in Chapter 4
was used to determine an optimum number of load steps and a minimum load level
desired for reliable predictions. The outcome of this preliminary investigation was
that, similarly to the study shown in Chapter 4, 8 to 9 load steps were found to be
adequate for these load cases as well. On the other hand, the recommended load
ratio was around 90%, or higher, given the high sensitivity of the VCT predictions
for this case towards both the load ratio and the vibration mode used. Further-
more, given the compression-bending combined load case, it was also verified that
the shapes of the vibration modes are not localised and could therefore be accurately
identified considering the fixed position of the laser vibrometer. The lower bound
for the measurement window and the minimum resolution were also defined based on
the numerical results. The lower bound of the measurement window was given by
the first vibration mode in unloaded state, found at a frequency around 24Hz. Con-
versely, the minimum measurement resolution required was defined at 0.16Hz, given
that between the consecutive load steps at load ratios of 0% and 5% the frequency

drops were around this value.

7.3 Experimental VCT tests

The barrel’s vibration response was measured using a loudspeaker to excite the struc-
ture and a Polytech PSV400 2D laser vibrometer scanner to measure its vibration
modes and frequencies. Given the low curvature of the barrel, a 2D measurement
system, instead of a 3D one, was considered enough to capture the barrel’s vibration
response. Figure 7.7 shows an aerial view of the barrel and its experimental setup.
In the bottom left part of the figure the loudspeaker used to excite the structure can
also be seen, this being positioned in the proximity of the area monitored by both

the DIC system and the laser vibrometer.

Due to spacing constraints, the area monitored by the laser vibrometer was the same
as the one monitored by the DIC equipment, for which a speckled pattern was applied.

This, together with the uneven surface of the barrel, due to the dimples resulting from
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a shot peening process, raised difficulties in the vibration response measurement, since

surfaces with high reflectivity are better suited for the laser scanning system.

Figure 7.7 — Experimental setup of the barrel structure

Given the novelty of applying VCT during the buckling test of a cylindrical shell
representative to a real-scale launcher structure, a conservative approach was taken
regarding the structure’s loading sequence. This presumed loading the structure
before the last 3 VCT load steps at a load ratio higher than the one of the subsequent

load steps. In doing so, it was verified that the structure would be able to sustain
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the load defined for the next VCT load steps over the time needed to perform the
vibration measurement. Additionally, a more conservative maximum load level to be
measured than the one recommended based on the numerical analyses was chosen
as well, given the relatively high risk of buckling occurring during the last vibration

response measurement.

Figure 7.8 shows the VCT load steps and loading sequence for LC1, with the test
time in minutes being shown on the horizontal axis, while on the vertical axis the
normalised load with respect to the buckling load is shown. As it can be seen from
this figure, the initial/reference load was not in an unloaded state, but at a small
load ratio needed to initialise the ’closed’ control loop. This initial load feedback was
important in initialising the loop, as in the lack of it, in the worst-case scenario the
control loop could have dictated actuator extension, which would have continued until
either the actuators reached their maximum extension or the mechanical end stops.
At this load level, needed to initialise the loop, any potential minor remaining gaps
between the structure and loading rig would also be closed, thus providing consistent
boundary conditions for the remaining load steps. Furthermore, for this load case a
single pre-load was applied before the last 3 VCT load steps, during which a local
bending was observed around a load ratio of 81%.
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Figure 7.8 — VCT load steps and loading sequence for L.C1

Figure 7.9 shows the frequency response for the first two load steps, together with

the frequency response in unloaded state, in which the frequency is shown on the
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horizontal axis and the magnitude is shown on the vertical axis. While a vibration
measurement of the structure in unloaded state was not initially planned, this vibra-
tion measurement was taken to ensure that the VCT-related measuring equipment
performed as intended, during the time the final checks prior to the main buckling

test were made.

In this figure, two specific regions are highlighted to show an unexpected behaviour in
the barrel’s frequency response as the load applied increased. In the first highlighted
region in red, it can be seen that either a vibration mode disappeared between load
steps 1 and 2, or that a vibration mode significantly changed its frequency, which
renders this specific vibration mode unusable for VCT. Furthermore, in the second
highlighted region (in green) it can be seen that even when the frequencies of a
vibration mode between the first 2 load steps were close to each other, the frequency
of some modes increased with increasing the applied load, which also renders these
vibration modes unusable for VCT. This implies that the first step did not ensure
a load high enough to provide consistent boundary conditions with respect to the
subsequent load steps, an aspect also stressed by the high similarity between the
frequency response in the first load step and that in unloaded state. Due to this

reason, the measurements at this load step could not be used for VCT.
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Figure 7.9 — Vibration response for the first 2 load steps of LC1

Figure 7.10 shows the frequency response for the usable load steps for LC1, in which
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the in-situ monitored vibration modes are highlighted. Upon inspecting this figure,
another unexpected behaviour can be noticed, which is best seen when comparing
the evolution of the peaks, depicting vibration mode frequencies as the load applied
increased, for the vibration modes 4, 5, and 6. The expected behaviour for the
frequency evolution with increasing the applied compression load is displayed by mode
5, as the frequency of this vibration mode decreases as the applied load increases. On
the other hand, after the 6" load step the vibration mode 4 was no longer found,
while the frequency of vibration mode 6 remained constant for the last 3 load steps.
This meant that a change in the general frequency response occurred between load
steps 6 and 7, which influenced almost all vibration modes. This change was given by
the local bending occurring during the pre-loading stage before the last 3 load steps,
local bending that did not disappear as the load was decreased for the 7" vibration

measurement.
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Figure 7.10 — Vibration response for the usable load steps and in-situ monitored
vibration modes for LC1

The change in the frequency response between load steps 6 and 7 can also be seen
in the vibration modes monitored in situ and deemed most reliable/likely to provide
a robust VCT prediction, namely modes 1 and 5. The shape of these vibration
modes is shown in Figure 7.11, where it can be seen that, while there is still a
resemblance between the mode shapes at load steps before and after the 6 load

step, the consistency of these vibration modes is significantly higher either before, or
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after the 6™ load step.
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Figure 7.11 — Vibration modes of the modes 1 and 5 monitored in-situ for LC1

Figure 7.12 shows the relative errors of the VCT predictions based on modes 1 and 5
monitored in-situ. As it can be seen from this figure, vibration mode 5, as anticipated
during the test, gave the most accurate prediction, with a relative error around 5%,
while the best prediction given by mode 1 was around 21%. When comparing these
results with the ones from the numerical analysis for this case, shown in Figure 7.5, it
can be seen that for the highest load ratio tested, the prediction error was within the
expected interval. Nevertheless, the sensitivity towards the maximum load ratio of
the predictions based on experimental data was higher than anticipated based on the
numerical analyses. In the numerical analysis, the lowest relative error was within
35%, regardless of the load ratio, and within 30% for a load ratio of 60%, which was
the lowest load ratio for a valid prediction based on experimental results. On the
other hand, in the predictions based on experimental results, at a maximum load

ratio of 60% the error was between 40% and 45%.

After the test, an in-depth analysis of the experimental data was performed, and
VCT predictions were performed using all the other vibration modes identified. Nev-
ertheless, although vibration modes providing better accuracy were identified, these
were not deemed representative due to their unusual behaviour. The aforementioned

behaviour was primarily characterised by a lack of valid progressive predictions as the
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load applied increased, aspect also favoured by the change in the vibration response

of the structure between the load steps 6 and 7.
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Figure 7.12 — LC1 VCT prediction error based on modes 1 and 5 monitored in-situ

Figure 7.13 shows the VCT load steps and loading sequence for LC2. Given the local
bending observed for LC1 when a single, high pre-load was applied before the last 3
VCT load steps, the pre-loading approach was changed for LC2. In this approach,
before each of the last 3 load steps, the load was increased by roughly 6% with
respect to the buckling load, this load level being above the one at which the vibration

response of the barrel was measured in the subsequent VCT load step.
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Figure 7.13 — VCT load steps and loading sequence for LC2
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As it can also be seen in this figure, the load during the vibration response measure-
ment was not kept perfectly constant, reason why the load used in the VCT prediction

was the average load over the duration of the vibration measurement.

Similarly to LC1, a lack of consistency between the vibration modes of the first two
load steps was also observed for LC2, as it can be seen from Figure 7.14. For this
purpose, an area in which this behaviour is clearly seen was highlighted. In this area,
it can be seen that the curve in black corresponding to the vibration response of
the barrel for the first load step has 4 well-defined peaks, associated with vibration

modes, while for the subsequent load steps in this region there are only 3.
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Figure 7.14 — Vibration response for the first 3 load steps of LC2

Nevertheless, for LC2 the correlation between the vibration response for the first load
step and the ones that followed was significantly better than for LC1, as it can be
seen when comparing figures 7.9 and 7.14, meaning that some of the vibration modes

could be used in the VCT procedure.

Figure 7.15 shows the frequency response for the VCT load steps for the LC2 load
case, in which the modes monitored in situ deemed most likely to provide a reliable
prediction are highlighted, while the shapes of these modes are shown in Figure 7.16.
In these figures, the vibration response and mode shapes for the first step were left

out. This was chosen due to the uncertainty that this low load was enough to provide
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consistent boundary conditions with respect to the subsequent load levels, therefore
the initial measurement was not used in the VCT buckling load estimations provided
in situ. Furthermore, the frequency response at the last load step was also left out
due to the lack of consistency with the ones at lower load levels. This behaviour was
similar to the one shown for LC1 in Figures 7.9 and 7.10 between the first two load
steps and between the load steps before and after the 6! one, respectively. Given the
limited time to query the other measurements taken and the limited access to other
measurement data, the reason for this behaviour cannot be given with a large degree
of confidence. Nevertheless, given its occurrence at a relatively high load ratio, it was

likely caused by a local effect, be it local bending as for LC1, or a local buckling.

An interesting observation is that in this figure, as well as in all the previously shown
frequency response charts, an apparent vibration mode that does not change its fre-
quency as the load increases can be seen at 25Hz. Given the consistency with which
it appeared for both load cases, its constant frequency at 25Hz (regardless of the load
case and level), as well as that this is exactly half of the power supply frequency,
it was considered that this response was due to some interference between the laser
vibrometer and the rest of the power equipment in its proximity and not an actual

vibration mode.
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Figure 7.15 — Vibration response for the usable load steps and in-situ monitored
vibration modes for LC2
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Figure 7.16 — Vibration modes of the modes 2 and 12 monitored in-situ for LC2

Figure 7.17 shows the relative errors of the VCT predictions for LC2, based on the
vibration modes 2 and 12 monitored in situ. The best predictions, as expected, were
obtained for the maximum load ratio available at 77%, with a 15% error for mode 2
and a 24% error for mode 12. Similarly to LC1, these predictions also fall within the
expected error interval based on the numerical analysis, in which the prediction error
for the majority of the vibration modes used at this load ratio was between 15% and
27%. Furthermore, for LC2 the expected relative error as a function of the maximum
load ratio used in the VCT prediction was in a better agreement with the numerical
analysis than for LC1. For LC2 the prediction errors at lower load ratios, including
the one for the lowest load ratio of 57%, were also in line with the numerical results.
While the in-situ VCT predictions for LC2 were slightly poorer than the ones for
LC1, this fact is primarily due to the unusable last measurement. However, given
the general approximately linear progression of the prediction with the maximum
load ratio, extrapolating the predictions for modes 2 and 12 for the same maximum
load ratio as for LC1, at 86%, would yield relative errors of 6% and 16.5%, which
are comparable with the relative errors obtained for LC1 and also in line with the
expected error interval for this load ratio based on the numerical analysis. When
analysing the measurement data after the test, similarly as for LC1, other vibration
modes did not yield a significantly better prediction than the one obtained using
mode 2, with one exception in a mode for which the relative error of the prediction

was 1%.
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Figure 7.17 — LLC2 VCT prediction error based on modes 2 and 12 monitored in-situ

7.4 Discussion

The VCT experiment for these load cases represented a novelty, considering that, to
the author’s best knowledge, it was the first time when VCT was applied for a cylinder
representative to a real-scale launcher structure and also the first time when VCT
was used to predict the load at which a cylindrical shell would buckle under uneven
compression loads designed to induce significant bending components. Therefore,
although the experiment in itself was a great success, the learning curve of using
VCT for real-scale structures for load cases other than uniform axial compression

remains steep, with plenty of room left for optimisation.

During this experimental campaign, two of the most restraining factors were that
the VCT experiment was more of an add-on and not fully integrated into the overall
experiment, while the other was time. Not having a fully integrated VCT test in
the overall experiment meant that there were also some limitations on the fidelity
of the FE model used in the numerical analysis and in obtaining the P,. needed to
obtain buckling load estimations via VCT. While the latter was previously shown in
Chapter 5 to generally provide better VCT estimates when the geometry of the perfect

structure is considered, in Chapter 6 it was also shown that for a bending-compression
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load case this may no longer be valid and that slightly different average thickness and
radius can have a significant impact on the value of P,.. If such imperfections were
present and the value of P.. would have significantly changed when taking these into
account, the P,.. values used here might not have been the best in the context of
VCT, as for the ZD27 cylinder discussed in Chapter 6. Furthermore, the measured
imperfections might have also helped to improve the correlation between the expected
VCT error as a function of the maximum load ratio taken into account between the

numerical and experimental VCT results.

While the first factor’s influence was primarily on the robustness of the preliminary
numerical analysis and on the outcome itself in a direct manner, time limitations
had a less direct detrimental influence. The time constraints present restrained the
robustness of the measurements, which indirectly also influenced the outcome of the
experiment. Given that the allocated time was between 3 and 4 hours, compromises
had to be made regarding the number of load steps, monitored area, density of the

measurement grid, and measurement resolution.

While the number of load levels for which vibration measurements were taken was
chosen according to the procedure described in Chapter 4 as a bare minimum to avoid
the influences of possible measurement deviations, the actual number of load steps
that could be used during the experiment was significantly lower due to unforeseen
events. First, given that the load was not large enough to provide consistent boundary
conditions with those at the following load levels, the measurement at the lowest
load level was discarded entirely for LC1, while for LC2, it was only usable for a
limited number of vibration modes. Furthermore, the high, single, pre-load before
the last 3 measured load steps for LC1 induced a local bending that remained present
throughout the rest of the test. This local bending caused a change in the vibration
response of the structure, which in turn led to losing track of the majority of the
monitored vibration modes before the pre-load was applied. This implied that for
the vast majority of vibration modes identified, only 5 out of the initially planned 9

measurements could be used to perform buckling load estimations via VCT.

Following the first test for LC1, some changes were made for the test of LC2. One of
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these changes was to further reduce the number of load steps, from 9 to 8, due to time
constraints. While this aspect is not obvious from the measurement data, given that 9
load steps were quoted for both load cases, it can be seen in Figure 7.13 that the time
corresponding to the first measurement was less than 4 minutes, which is significantly
lower than the time needed to perform the measurements for the other load levels.
Nevertheless, given the unique opportunity to perform VCT on a real-scale structure
and to gain further insight, this vibration measurement was taken during the time
needed to double-check all running equipment for the buckling test, even though the
measurement at this load level proved unusable for LC1. The other significant change
was in the pre-loading procedure before the last 3 load levels measured, which changed
from a high, single, pre-load to lower pre-loads applied before each of the last 3 load
steps measured. This change proved to be an inspired one, given that a change in the
vibration response occurred for LC2 as well, this time between the last 2 load steps.
In hindsight, had this change not been implemented, most likely it would have meant
that the majority of the vibration modes from the last 3 measurements could not
have been used as for LC1. Support for this affirmation is given by the change in the
structure’s equilibrium state that occurred between the last two load steps, leading to
a vibration response change. Based on the experience gained from LC1, this change
would have likely also occurred during a single, high pre-load and remained there
for the rest of the test. Regardless of whether the unplanned load step around 2%
for LC2 is taken into account or not, the number of generally usable measurements
for LC2 was 7, which represents a significant improvement when compared to LC1,

although still not completely satisfactory for research purposes.

Next, the area measured and the density of the measurement grid were also influ-
enced by time constraints. While these have a somewhat lesser influence on the
outcome, given that vibration modes can also be identified on frequency response
charts, increasing the measured area can help with a better identification and track-
ing of vibration modes throughout the load levels measured. That said, increasing the
area measured can only be done while ensuring that the pitch between the points is

sufficiently small relative to the expected span of the circumferential waves and height
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of the longitudinal waves of the vibration modes. Failing to do so can result in a poor
identification and tracking of vibration modes, therefore lowering the confidence that
the monitored vibration modes are accurately tracked across the measured load lev-
els. However, increasing the density of the measurement grid has a direct influence
on the measuring time when using a laser vibrometer, given that the measurement
is taken for each grid point sequentially. On the other hand, using a high number of
accelerometers mounted on the structure would highly increase both the complexity
and the costs of the test setup, while also potentially influencing the buckling response

of an imperfection-sensitive structure.

Lastly, the vibration measurement resolution was also affected by the imposed time
constraints, as increasing it comes at a time penalty as well. The measurement res-
olution for LC1 was 0.125Hz, this being increased for LC2 to 0.1Hz. The initial
resolution was chosen based on the numerical analysis, where at lower load levels the
expected frequency drop of a vibration mode between consecutive load steps with a
load ratio difference of 5% was between 0.1Hz and 0.16Hz for the vibration modes
between 24Hz and 26Hz. Additionally, in the numerical analysis the vibration modes
were tightly packed, with 8 modes being found between 24Hz and 26Hz. However,
during the experimental test it was found that the frequency drops between the same
load levels were slightly lower, therefore, ideally the measurement resolution should
have been higher. Furthermore, the density of vibration modes found experimentally
was significantly lower than expected based on numerical results, given that within
the same interval only 2 vibration modes were found, instead of 8 as in the numeri-
cal analysis. While the number of vibration modes found within the aforementioned
frequency window could have changed when including measured thickness and shape
imperfections in the FE analyses, the chosen measurement resolution was also not
sufficiently high to accurately identify low-energy vibration modes. The room for
improvement left regarding the vibration measurement resolution can be seen in all
previously shown frequency response charts, including for LC2 for which the mea-
surement resolution was increased. In all these aforementioned figures, some of the

peaks corresponding to vibration modes are not well-defined, especially the lower-
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energy ones, which made the identification of their vibration frequency ambiguous,

thus adversely impacting their use in the context of VCT.

7.5 Conclusions

In this chapter, the experimental validation of VCT for predicting the buckling load
of a cylindrical shell representative to a real-scale structure under combined loading
was shown. Given that the applied loads for the two load cases tested were uneven
compression loads designed to induce significant bending within the structure, these
load cases fall somewhere in between the ones applied in the investigation of the ro-
bustness of VCT in presence of in-plane imperfections, shown in Chapter 5 and the
ones applied in the investigation on the robustness of VCT when applied to com-
bined loads in which compression and bending were simultaneously applied, shown

in Chapter 6.

The preliminary numerical investigation proved reliable in estimating the expected
prediction error with respect to the maximum load ratio used, as well as the frequency
window in which the first vibration modes would be found. A fair estimation was
also provided regarding the expected frequency drop of the vibration modes as a
function of the load applied, with the experimental investigation revealing that the

aforementioned drop was slightly lower than expected.

Overall, VCT was able to provide reliable in-situ buckling load predictions for the
load cases tested, despite the multiple shortcomings in applying this method which
came primarily due to time constraints. For the first load case tested, the relative
error of the in-situ VCT estimation using the vibration mode thought at the time
most likely to yield a reliable prediction was around 5%, which was also in line with
the numerical results. A more reliable prediction was not identified in the post-test
analysis either, primarily due to a change in the structure’s equilibrium state during
the single, high, pre-load before the last 3 load levels measured, which induced a
change in the structure’s vibration response that remained present throughout the

rest of the test. This meant that the majority of the vibration modes identified prior to
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the pre-load could not be found in the subsequent load steps. On top of that, the load
level of the initial measurement taken was not enough to provide consistent boundary
conditions with the remainder of the load steps. Hence, the vibration response at this
load level was inconsistent with those of the following load steps. This, together with
the vibration response change beyond the 6 load step, meant that for this load case,
the majority of the vibration modes found could be used to perform VCT using only

5 out of the initially planned 9 load steps.

The experience gained from the first test was used to bring improvements to the
second test, two of them being particularly relevant. Firstly, the pre-loading procedure
was changed from a single, high, pre-load before the last 3 measurements, to pre-loads
of a lower relative magnitude, but applied before each of the last 3 measurements
taken. Secondly, the measurement resolution was increased from 0.125Hz to 0.1Hz.
Owing to the change in the pre-load procedure, the number of load steps from which
the majority of vibration measurements could be used for VCT increased from 5 for

LC1, to 7 for LC2.

For LC2, the vibration mode monitored in situ, and thought to yield the most reli-
able estimation, provided a prediction within 15% with respect to the buckling load.
Although this error was larger than the one obtained for LC1, it was attributed to
the lower maximum load ratio that could be used in this prediction, at around 77%,
with respect to the one for LC1 at roughly 86%. Given the approximately linear
relationship between the maximum load ratio and the VCT estimation, extrapolating
the error obtained for LC2 for the same maximum load ratio as measured for LC1

gave a prediction error of 6%, an accuracy similar to the one obtained for LCI.

The two experiments in which uneven compression loads, defined to induce significant
bending components, were applied to a cylindrical shell representative to a real-scale
launcher structure confirmed the versatility and robustness of the VCT method to
predict in situ the buckling loads of such structures, where loads other than uniform
compression are present. This, given the room left for improvement regarding the
preparation for the experimental VCT procedure and the procedure itself, shows that

VCT is a reliable non-destructive method to predict the axial loads at which these
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structures buckle under combined loading, regardless of their size.



8

Practical guidelines

In the research conducted, there were several recurrent observations which can be

useful in increasing the likelihood of a positive outcome of an experimental VCT test.

In this chapter, a set of guidelines meant to support the preparation and conduct of

the experimental test, as well as its outcome, is given as follows:

The frequency window in which the first vibration modes are expected to appear
can be determined beforehand, and measuring the vibration response of the

structure in this particular frequency range can reduce the experiment time.

The frequency measurement resolution can be defined based on the changes
in the frequency of the vibration modes observed in a preliminary numerical

analysis between the first two load steps.

The desired number of load steps, maximum load level, and sensitivity to fre-
quency deviations of the VCT predictions can be determined using the approach

described in Section 4.1 of Chapter 4.

Performing successive VCT estimations is useful in determining whether the

obtained predictions might have a conservative or unconservative nature.

The P., obtained for the perfect structure tends to provide the best VCT estima-

tions, provided that its value is higher than the P,; for the imperfect structure.

In the event that local buckling occurs at a significantly lower load level than
the one expected for global buckling, the frequency response beyond the local

event may be used to obtain reliable VCT predictions, case in which using the
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empirical VCT approach and the P., of the imperfect structure is recommended,

due to the more conservative estimations obtained.

e When VCT is applied to combined load cases, performing the vibration mea-
surements at different levels of compression alone is preferred, case in which the

first measurement should be at 0 compression load.

e For combined load cases in which bending, shear, and/or torsion are applied
next to compression, threshold values of these additional loads beyond which the
VCT estimations cease to be reliable exist. Given that the threshold magnitudes
of these loads varied slightly between the cylinders investigated in this study
and significantly with the maximum load level used in the VCT procedure,
prior to an experimental test, the applicability of the method for that specific
structure, magnitude of additional loads applied, and desired maximum load

level measured should be investigated.

e For bending-compression load cases, taking into account the bending load when

determining the value of P, is essential for large magnitudes of bending applied.

e For shear-compression load cases, the P.. obtained for the pure compression

load case tends to provide the best VCT estimations

e When torsion, or multiple loads, are applied next to compression, whether the
additional load(s) besides compression should be taken into account when de-
termining the value of P.. appeared to be cylinder specific, therefore this aspect

should be clarified through numerical analyses before testing.

e [f pre-loads are desired to ensure buckling would not occur during the time
needed to perform vibration measurements, a sequential approach in which
pre-loads are applied at load levels slightly higher than those of the subsequent
vibration measurements is preferred instead of a single pre-load meant to cover
the load levels of the subsequent measurements. In doing so, the risk of a local
event occurring during a single, high, preload and remaining there throughout
the rest of the measurements is reduced, promoting thus having a higher number

of measurements that can be used in estimating the buckling load via VCT.



9 Final remarks

In this chapter, the key findings of the research conducted are shown in Section
9.1. Section 9.2 addresses the study’s limitations, while in Section 9.3 several future
research topics, aimed at adding further support to the study’s conclusions and overall

capabilities and limitations of VCT, are proposed.

9.1 Summary

The research conducted was aimed at showing that VCT can be a reliable non-
destructive method to predict the axial load level at which cylindrical shells buckle,
by addressing key aspects that may limit its application within the industry. In Chap-
ter 4, focus was given to the VCT experiment design, by investigating the significance
of the number of measurements taken and the maximum load level measured, includ-
ing the influence of possible frequency measurement deviations. In the absence of
frequency measurement errors, a clear variation in the buckling load estimations pro-
vided by VCT was only observed when varying the maximum load level taken into
account. In this case, a strong positive monotonic relation between the predictions
obtained and the maximum load level was observed in the results from numerical
models. On the other hand, while varying the number of measurements taken a sim-
ilar relation was not observed, taking into account more measurements did narrow

the amplitude of the VCT predictions.

Regarding both the number of measurements and the maximum load level taken

into account, threshold values beyond which significant changes were not observed
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with respect to the baseline VCT predictions (employing all available load steps)
were identified, these values being useful in preparing an experimental test. However,
these threshold values were significantly influenced when frequency deviations were
included, increasing proportionally with the magnitude of the frequency deviations
introduced. This aspect was observed both in the analysis performed on numerical
data, as well as in the one performed on experimental data. For the largest magnitude
of random frequency deviations included, the recommended number of load steps
based on the analysed data was at least 9, and with a maximum load level of at least
70%. These recommendations were made given that the differences between both the
numerical and experimental VCT predictions when these conditions were satisfied lay
predominantly within 10% with respect to the baseline predictions. Nevertheless, it
was acknowledged that the identified threshold parameters may be different for other
structures, therefore applying the procedure used in this investigation is recommended

when these values need to be determined for an experimental test.

The investigation shown in Chapter 5 revealed that the method is generally insensitive
to shape and loading imperfections, as in the absence of other detrimental factors,
the VCT predictions showed little variation as a function of the applied magnitudes
of these imperfections. The aforementioned detrimental factors consist of a low max-
imum load level, local buckling occurring, or a combination of cylinder configuration
and imperfection signature that may render unreliable VCT predictions. In the nu-
merical model of the cylinder used for this investigation, local buckling was observed
when the magnitude of its shape imperfection introduced exceeded a certain value.
Furthermore, the VCT predictions were also severely unconservative within a spe-
cific amplitude range of the shape imperfection introduced, even for amplitudes that
did not induce local buckling. Thus, suggesting that this behaviour was given by
the combination of the magnitude of its shape imperfection applied and/or cylinder
configuration. For the cases where local buckling was seen, VCT proved unable to
predict the load level at which it occurred. Nevertheless, given that the frequencies of
some vibration modes in the load steps exclusively beyond this local buckling event

still displayed the expected quadratic decrease in the VCT characteristic chart, VCT
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predictions were also performed using these. While the analytical VCT procedure
yielded overall unconservative predictions, the empirical VCT procedure proposed in
[50], in which the P,.. for the imperfect structure was used, seemed to ameliorate
the unconservative predictions and provide more reliable estimations on the global

buckling load than the analytical procedure.

The method’s applicability for combined load cases was addressed in Chapter 6, where
the robustness of the VCT predictions on the axial load level at which buckling occurs
when subjected to additional bending, transverse shear, and/or torsion was shown.
In this investigation, it was found that VCT was able to provide reliable predictions
of the buckling axial load, regardless of the type of additional load applied, load
introduction method, and type of P,.. used, provided that the magnitude of the ad-
ditional loads applied was low enough. Regardless of the type of additional loads,
the best predictions were obtained when these loads were kept constant and the load
steps were defined at different levels of compression load alone. Furthermore, while
increasing the magnitude of the additional load applied lowered the robustness of
the VCT predictions, regardless of the type of additional load introduced, a signifi-
cantly lower influence for the bending-compression load case, when compared to the
transverse shear-compression or torsion-compression load cases, was observed. In the
former case, taking bending into account when determining the value of P, rendered
reliable VCT predictions for significantly larger magnitudes of bending applied than
when using the P,.. obtained for pure compression. Conversely, for the transverse
shear-compression the opposite was observed, while for torsion-compression this as-
pect appeared to be cylinder-specific, as it did for the case when these additional
loads were applied together next to compression in a sequential manner. On the
other hand, when bending, transverse shear, and torsion were simultaneously intro-
duced together with compression, the P,, for the pure compression load case provided

the most reliable predictions.

The majority of the key findings from the aforementioned investigations were val-
idated on a VCT test of a cylindrical shell representative to a real-scale launcher

structure, subjected to uneven compression load cases with significant bending com-
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ponents, shown in Chapter 7. In the preparation of the test, the same procedure
employed in the study focusing on the influence of the number of measurements and
maximum load level shown in Chapter 4 was applied to determine the minimum num-
ber of load steps and maximum load level needed to obtain reliable predictions. In
this investigation, it was found that 9 measurements in this case were also sufficient
to reduce the variation of the VCT predictions, such that the vast majority of them
were within 10% with respect to the baseline predictions employing all available load
steps. Conversely, the VCT predictions appeared more sensitive to the maximum load
level and vibration mode used than those of the small-scale cylinders, which in turn
increased the maximum load level needed to obtain reliable predictions to at least
90%. The experimental results showed a good correlation with the numerical data,
with accurate buckling load predictions provided by VCT, as long as the maximum

load level taken into account was at least 85%.

Furthermore, when pre-loading the structure to ensure buckling would not occur
during the time under which the structure is kept at a constant load to perform the
frequency measurement, a sequential pre-load approach instead of a unique one would
be preferred. Although this would be more time-consuming as the pre-loads would
be applied before multiple vibration measurements, instead of a single pre-load at a
high load level, the latter approach comes at a high risk of rendering the subsequent
vibration measurements unusable in the context of VCT. Namely, a local event can
occur during a single pre-load and remain present for the rest of the test. Given
that a change in the structure’s equilibrium state typically correlates to a change in
its vibration response as well, there is a high risk of losing track of the previously
monitored vibration modes beyond this event, thus rendering the subsequent vibration

measurements unusable in providing buckling load estimates via VCT.

9.2 Discussion

The limited number of experimental VCT tests available within the literature means

that the research conducted and conclusions drawn relied more on numerical, rather
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than experimental, results. This, together with the fact that the existing experimen-
tal results are covering only small-scale structures, brings some limitations to the

conducted study, as enumerated below:

1. While the magnitude of the frequency deviations introduced in the small-scale
cylinders investigated in Chapter 4 was representative for their geometry and
similar deviations were quoted in the available literature, the same is likely not
the case when the scale of the structure is increased. Considering the case of
the cylinder representative of a real-scale launcher structure, its frequency de-
crease between load steps of a 5% load ratio difference was around 0.125Hz.
Had random frequency deviations within £0.5Hz been introduced, there would
have been multiple instances in which apparent frequency increases would have
been observed as the compression load increased, describing thus an unrealistic
behaviour. Therefore, while the investigation is relevant in assessing the quali-
tative influence of the number of measurements and maximum load level used
over the VCT predictions, the threshold values identified are likely structure-

specific.

2. In the event of local buckling occurring, the possibility of using load steps exclu-
sively beyond this event to obtain a reliable estimation of the global buckling
load was shown in Chapter 5. While in the experimental results of the two
cylinders used to validate this observation, the change in frequency response
was identical to the one observed in the numerical models due to local buckling,
in the absence of additional experimental data, there is no absolute certainty
that those changes in the frequency response observed during the test were due

to local buckling.

3. The numerical study on the feasibility of VCT to predict the axial load level
at which cylindrical shells buckle under combined loading, shown in Chapter
6, used a single approach to define boundary conditions, in which all degrees
of freedom besides the ones used to introduce loads were constrained. While

the boundary conditions used were also applied in experimental tests, there
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were also multiple tests, particularly for shear or bending applied next to com-
pression, in which the boundary conditions used were slightly different. One
such case is the experimental campaign in which VCT provided robust buckling
load estimations for a cylinder representative to a real-scale launcher structure,
shown in Chapter 7. Nevertheless, the two uneven compression load cases under
which the cylinder was tested, although presuming significant bending compo-
nents, the magnitude of bending introduced was not at the level of the pure
bending-compression load cases investigated in Chapter 6. Therefore, although
the experimental results for the aforementioned test and the numerical results
strongly suggest that VCT is able to provide reliable estimations of the ax-
ial load level at which cylindrical shells buckle under combined loading, these

findings would greatly benefit from additional experimental validations.

9.3 Future research

Throughout the investigations conducted in this thesis, several further research topics
that would advance the understanding of VCT’s capabilities and limitations (besides
the ones stemming from the aforementioned limitations) were identified as listed be-

low:

1. When performing successive VCT predictions, some cases in which a decrease
of the VCT predictions as the number of measurements taken into account
increased were observed. This behaviour was observed for both experimental
and numerical data sets, and while it could generally be identified with ease,
it often led to conservative predictions only when load ratios around 80% and
above were considered. Thus, understanding the reason behind this behaviour
could help in improving the application on VCT, such that higher estimations
are obtained consistently when increasing the number of measurements taken

into account.

2. Although relatively rare, there were also cases in which the VCT predictions
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were unconservative, for a different reason than the aforementioned one. This
behaviour was attributed to particular shape imperfection patterns and/or the
cylinder configurations. However, the exact reason why, for a given cylinder
configuration and shape imperfection pattern, VCT yields poor predictions is

not yet understood.

3. The feasibility, in the case local buckling occurs, of using load steps exclusively
after this point to predict the global buckling load was supported with both
numerical and experimental examples. However, while the frequency response
change in the experimental results was very similar in nature to the one ob-
served in the numerical data when local buckling occurred, the occurrence of
local buckling in the experimental test was not confirmed. Therefore, further

experimental proof would be required to cement this conclusion.

4. In the numerical investigation on the reliability of VCT to predict the axial
load level at which cylinders buckle under combined loading, the method was
shown to provide reliable estimations. Furthermore, VCT also provided reliable
estimations on the buckling loads of a cylinder representative to a real-scale
launcher structure, tested under two load cases presuming various degrees of
uneven compression designed to induce significant bending loads. While these
results are highly encouraging, additional experimental proof, implying different
sets of boundary conditions as well, would be greatly beneficial in demonstrating

the method’s applicability to combined load cases.

To the author’s best knowledge, the results shown in Chapter 7 were a first regarding
the application of VCT for a real-scale cylinder representative to a launcher structure.
While the buckling load predictions were robust and in a good agreement with the
numerical results, despite the multiple unforeseen events that occurred during the
test, this experimental campaign also revealed additional research topics needing
further investigations. Most of these are related exclusively by the significant scale
increase when compared to the structures for which VCT was previously applied,

which inherently comes with a larger uncertainty and complexity in the structure’s
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response under loads, and are enumerated as follows:

1. For both of the load cases tested, it was found that the initial vibration mea-
surement was not done at a load level sufficient to provide consistent boundary
conditions, therefore also a consistent vibration response with the ones at the
subsequent load levels. While it was shown that there is a strong monotonic
relation between the maximum load level taken into account and the VCT pre-
dictions, the vibration response of the structure tested at low load ratios is also
important in describing the change in the frequency response as the load applied
increases. Therefore, there is a need of a better understanding of the minimum
load level, as a function of the structure tested and test setup, beyond which a

consistent vibration response with those in subsequent measurements is found.

2. While there is no available information about the potential frequency mea-
surement deviations for this structure scale, given that the expected frequency
decrease as the load increases for the first vibration modes was generally by one
order of magnitude smaller than for the small-scale cylinders, in the event such
deviations occurs, their influence over the obtained VCT predictions is likely
also significantly higher, thus representing an aspect that needs to be further

assessed.

3. Real-scale structures may often have additional structural features, the results
shown in this research being for a cylinder with eight embossments distributed
unequally across its circumference. Although in a study focusing on the applica-
bility of VCT to open hole cylinders it was shown that the method is applicable
as long as local buckling in the proximity of the hole is not triggered, an aspect
that may hold true also for other types of structural features, a study address-
ing this topic would be valuable in showing the method’s versatility and/or

limitations.



A Appendix - Publications

The research conducted in pursuit of this PhD thesis led to several publications, out

of which one published in a conference:

e Baciu TD, Degenhardt R, Franzoni F, Gliszczynski A, Arbelo MA, Castro SGP,
Kalnins K, Sensitivity to measurement parameters of the vibration correlation
technique to predict shell buckling loads - a numerical study (Conference: Euro-

pean Conference on Spacecraft Structures, Materials and Environmental Test-

ing: ECSSMET 2021)
and three in scientific journals:

e Baciu TD, Degenhardt R, Franzoni F, Gliszczynski A, Arbelo MA, Castro SGP,
Kalnins K, Sensitivity analysis for buckling characterisation using the vibra-
tion correlation technique (Thin-Walled Structures, Volume 183, 110329, 2023).
https: / /doi.org/10.1016//.tws.2022.110329.

e Baciu TD, Franzoni F, Degenhardt R, Kalnins K, Bisagni C, Shape and loading
imperfection sensitivity of the vibration-correlation technique for buckling anal-
ysis of cylindrical shells (Engineering Structures, Volume 304, 117605, 2024).
https://doi.org/10.1016/j.engstruct.2024.117605.

e Baciu TD, Franzoni F, Degenhardt R, Gliszczynski A, Bisagni C, Vibration-
correlation technique for predicting the compressive buckling load of cylindrical
shells under combined loading (Thin-Walled Structures Volume 216, Part B,
113576, 2025). https://doi.org/10.1016/j.tws.2025.113576
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https://doi.org/10.1016/j.engstruct.2024.117605
https://doi.org/10.1016/j.tws.2025.113576
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