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Abstract

The variational quantum eigensolver is a promising tool for simulating ground states of quantum
many-body systems on noisy quantum computers. Its effectiveness relies heavily on the ansatz,
which must be both hardware-efficient for implementation on noisy hardware and
problem-specific to avoid local minima and convergence problems. In this article, we explore
entanglement-informed ansatz schemes that naturally emerge from specific models, aiming to
balance accuracy with minimal use of two-qubit entangling gates. We investigate three models of
quasi-1D Hamiltonians focusing on entanglement barriers and long-range interactions. We find
that including the entanglement structure in the parameterized quantum circuit reduces the
resources necessary to achieve a given accuracy. A better assessment is obtained by analyzing how
the ansatz captures the entanglement spectrum. Our comprehensive analysis provides a new
perspective on the design of ansitze based on the expected entanglement structure of the
approximated state.

1. Introduction

Since Feynman proposed using quantum computers to simulate quantum mechanical systems [1], various
technologies have emerged as platforms for quantum simulation, for an overview see [2]. However, the
development of large-scale, fault-tolerant quantum computers remains a significant challenge. Currently,
only noisy intermediate-scale quantum (NISQ) devices [3] are available. Noise is a central problem,
originating from various sources, such as system-environment interactions, inaccurate gate operations and
unwanted interactions between qubits. It leads to errors in the calculations with NISQ devices, which can
significantly affect the reliability and accuracy of calculations and complicates the simulation of complex
quantum mechanical systems. Error correction methods required for large, fault-tolerant quantum
computers are not yet fully realized. Therefore, a reduction of quantum circuits to a minimal number of gates
and qubits is necessary [4—7].

In order to still take advantage of these devices, special algorithms have been developed to fulfill these
restrictions [8]. One promising approach is the use of hybrid classical-quantum algorithms, such as
variational quantum algorithms (VQAs) [8—13]. VQAs address computational tasks through a combination
of classical and quantum computation. In these algorithms, the quantum computation involves a
parameterized quantum circuit, the ansatz, that depends on a set of classical parameters, such as the rotation
angles of single-qubit gates. These parameters are optimized iteratively through classical computation by
minimizing a cost function designed such that its minima correspond to the solution of the computational
problem. Through several quantum—classical optimization loops, the optimal parameters are identified.

One of the most prominent VQAs is the variational quantum eigensolver (VQE) [9, 14], which is used to
provide an approximation to the ground state of many-body quantum systems through a unitary
transformation of the computational basis state. The circuit ansatz typically consists of several layers of the
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same set of quantum gates. In principle, the accuracy of the optimized VQE results increases with the
number of layers used [15].

On NISQ devices increasing the number of layers also introduces higher levels of noise due to the
increased depth of the quantum circuit. Additionally, deeper VQE circuits exhibit the barren plateau
phenomenon, making it exponentially harder to optimize the circuit due to a vanishing gradient [16], even
on fault-tolerant quantum computers. Therefore, choosing an appropriate ansatz is a key task to enhance the
accuracy, noise robustness, and optimizability of VQE [17, 18]. In the current literature, numerous
approaches to design the ansatz for VQE are discussed and evaluated [19]. These approaches vary in
structure and complexity, and present different challenges. Hardware-efficient ansitze are optimized for the
architecture of the given quantum computer and normally have a low circuit depth making them faster and
more robust against noise. However, their expressiveness can be limited, which can lead to suboptimal results
for strongly correlated states. In contrast, problem-based approaches are specifically tailored to the problem
to be solved and use more complex, deeper circuits that are able to better capture the specific properties of
complex quantum many-body systems. These approaches offer higher expressive power and can provide
more accurate results, but are more susceptible to noise and require longer execution times.

A critical aspect of all of these approaches is the role of entanglement, which serves as a valuable resource
necessary for achieving the desired accuracy with a given circuit depth. Therefore, it is crucial to understand
how a circuit captures the entanglement structure of complex ground states. Additionally, it is of
fundamental interest to understand how different ansatz circuits converge and how the underlying
entanglement of the approximated state affects this convergence [15, 20-22].

In this paper, we investigate three distinct models in which an ansatz emerges naturally due to the
structure and interaction strength of the terms in the Hamiltonian. In the first case, we investigate systems
with an impurity that acts as entanglement barrier. Here, we aim to reduce the number of gates that entangle
the different subsystems separated by the impurity.

The second and third case focuses on quantum critical systems and systems with long-range
entanglement, as they are especially challenging for VQE [23]. We will investigate whether singlets on
long-range interacting dimers as an initial state can decrease the number of layers while still achieving a
desired accuracy in both cases. Besides the accuracy in the energy, we also investigate the two approaches
through the lens of entanglement spectra. Understanding entanglement properties of strongly correlated
systems with and without disorder is of significant interest in the condensed matter community [24-26].
Additionally, it is also started to be used to understand the behavior of quantum circuits in VQA [15, 27, 28].

The article is set up as follows. Section 2 explains the methods used including a more detailed description
of the VQE and information about the simulation. In section 3, we start with the impurity model explaining
the model itself, the chosen ansatz and the results for energy and entanglement. Subsequently, in section 4 we
investigate systems with competing long-range and short-range interactions transitioning from a long-range
singlet to a quantum critical state. Then, in section 5 we discuss a random quantum critical system. Finally,
we conclude in section 6.

2. Methods

2.1.VQE

The quantum circuit of the VQE depending on a set of parameters represents a unitary U(g) The goal of the
VQE is to find a set of parameters 6, such that U(f) acting on the product state |0)©" approximates the
ground state of a given Hamiltonian H of a system with n qubits.

For this, we use quantum—classical optimization loops: by applylng the circuit with any choice of
parameters @ to the initial state we obtain a trial wave function |4 (f)) = U(6)|0)®". With this trial wave
function, we can calculate the cost function in a next step. The cost function to find the ground state of the
system is given by the expectation value of the energy depending on the given wave function
Ez= (1 (8)|H|v (6)). The cost function is minimized with a classical optimization algorithm to find the best
parameters é:)Pt = argming E;. With the optimized parameters we then find the best approximation of the
ground state of the Hamiltonian |+ (0 opt)> U(ﬁopt) |0)®" obtainable with the given quantum circuit.

Quantum states prepared by parameterized quantum circuits offer enhanced expressivity in terms of
captured entanglement compared to low-rank tensor states that can be computed classically [29, 30]. The
VQE can therefore be effectively compared to classical variational methods such as tensor networks [31] and
variational Monte Carlo [32].

2.2. Simulation
We use the Julia package Yao for quantum circuit simulations [33] and the Broyden—Fletcher—Goldfarb—
Shanno method implemented in Optim.jl [34] for the classical optimization step. When calling the function
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optimize of Optim.jl we set the tolerances in changes of the function value and the gradient to 1078 and the
maximum number of iterations to 10 000. As initial values for the parameters G for m+1 layers, we use the
result of m layers and add random numbers close to zero for the additional parameters for the added layer.
This reduces the total number of required iterations and increases the precision of the results [17], which is
one of the main difficulties here, especially for large numbers of layers. The long-range interaction models
require several runs with different random numbers to ensure that the results converge.

For comparison, we compute the exact energy E and exact ground state |t/ ) using the eigsolve function
from KrylovKit.jl [35], which finds the smallest eigenvalues and their corresponding eigenvectors of a matrix
using the Lanzcos algorithm.

For system sizes of up to 12 qubits, the calculations are performed with double precision making it in
principle possible to achieve relative accuracies of up to 107'°. As the number of qubits and layers increases,
the simulation time increases rapidly. Therefore, for more than 12 qubits, we simulate the quantum circuit
calculations on graphical processors using single precision, which reduces the possible accuracy of the overall
calculation to roughly 1072,

3. Local impurity model

The first model we investigate is the analytically solvable transverse field Ising model (TFIM) [36, 37] with a
central impurity qubit. Its Hamiltonian is given by

L/2
HTFIM = Z (—O'I-ZO'I-Z_,’_l +hx0'ic) +h60'(z), (1)
i=—L/2

where h* is the disordering magnetic field. The last term describes a longitudinal field at the central qubit of
the chain. Without longitudinal field and for |#*| < 1, the system is in a ferromagnetic phase with all qubits
being aligned along the z direction for |[h*| — 0. For |i*| > 1, the system is in a paramagnetic phase. In the
limit of |*| — o0, all qubits are aligned along the x direction. Between the two phases, at |#*| = 1, there is a
quantum critical point, where the system is gapless. In our studies, we will focus on the critical point with
h* = —1. The model is visualized in figure 1.

We calculate the ground state energy numerically by diagonalization making it possible to compare these
results with the results obtained with VQE. We will in all cases use open boundary conditions.

3.1. Circuit for local impurity model
Naturally, the achievable accuracy of the VQE depends on the chosen layout of the quantum circuit.

For the local impurity model, we will use a quantum circuit built from single-qubit rotations containing
R, and R, gates on all qubits followed by two-qubit R,, gates applied in a linear chain as shown in figure 2.
This forms one layer of the quantum circuit which can be applied several times. We choose the R,, gate
instead of the often used CNOT gate, so that a single layer can always be initialized as the identity and m + 1
layers have at least the same accuracy as m layers.

The accuracy of the VQE approach for a fixed circuit geometry was studied for these models without
impurities in [15]. Here, we want to focus on the influence of different numbers and positions of entangling
gates on the accuracy of the optimized circuits.

The most interesting choice is to investigate gates on the central qubit, i.e. we will vary the number of
layers in which gates are applied to the impurity qubit. As notation we will use x = (‘layers including gates
applied to the central qubit’). The ansatz of the circuit together with this notation is visualized in figure 2.

Such an approach makes a technique called circuit cutting [38—40] attractive: the quantum circuit is cut
at several points and the smaller sub-circuits are evaluated separately on a quantum computer. The
information of the different parts is exchanged classically. Since the classical information exchange is costly, it
is only reasonable to use this method, if few cuts are sufficient in order to be able to reach accurate results.
However, in systems where this is possible, circuit cutting significantly reduces the number of quantum gates
as well as qubits in a calculation, which can further streamline VQE approaches by decreasing the hardware
demands and potentially mitigating errors introduced through gate operations. Therefore, one goal is to
reduce the number of layers including gates applied to the central spin, i.e. the numbers in x, while still
achieving high accuracy.



10P Publishing

Quantum Sci. Technol. 10 (2025) 035032 A Joch et al

Figure 1. The impurity model is depicted. The qubit in the center marked in red is subject to a strong longitudinal magnetic
field.
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Figure 2. Variational quantum ansatz used in the simulations of the impurity model depicted exemplarily for five qubits and three
layers. One layer is indicated by the green box consisting of a R, and a R; rotation applied to each qubit followed by R, gates. The
gates marked in red are only included in the layer if its number is included in x, i.e. here x = [1,3].
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Figure 3. (a) Accuracy obtained by the VQE for the TFIM at h* = —1 without impurity, hj = 0, (top) and with impurity,
hf = —10, (bottom) for 9 qubits compared to the exact result in a logarithmic plot. Results for various positions of entangling

gates x are shown. (b) Accuracy depending on the number of layers for the TFIM with x = [all] for varying system size without
impurity, h§ = 0, (top) and with impurity, hj = —10, (bottom).

3.2. Results for local impurity model

3.2.1. Energy

In the following, the optimized energy E’' = Eg., is calculated depending on, (i) total number of layers, (ii)
number of lattice sites, (iii) field strength hf and (iv) layers in x. The results are compared with the exact
result E by computing the relative error €, = |E— E’| / |E].

An overview of the results for 9 qubits in the TFIM model is shown in figure 3(a). Accuracy plateaus
which form after a sufficient number of layers are our primary finding. The value of the plateau only depends
on the absolute number of entangling layers: by adding a layer to x the value of the plateau is decreased,

i.e. the accuracy of the ansatz improves. However, the earlier the entanglement gates are applied in the
algorithm, the sooner the plateau value is reached.

Comparing the impurity problem and the problem without impurity in figure 3(a), one can see that the
value of the plateau improves drastically when including an impurity even for the VQE with only a single
entangling layer. Here, we find an increase of the groundstate energy accuracy of several orders of magnitude.
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Figure 4. (a) Accuracy depending on the number of layers for the TFIM with x = [1] for varying system size without impurity,
hf = 0, and with impurity, hf = —10. (b) Logarithmic accuracy obtained by the VQE compared to the exact result for different
system sizes as well as number of layers in x for the TFIM at the critical point.

In critical phases, two regimes have been observed for the convergence behavior [15]: for small numbers
of layers the accuracy improves slowly independent of the system size. This regime is called finite-depth
regime. After a critical number of layers, a finite-size regime starts. In this regime, the accuracy improves
again exponentially. This behavior can also be seen in our results in figure 3(a) for 9 qubits. Comparing the
results with and without impurity, a major difference is recognized with respect to the transition to an
exponential convergence in accuracy: with impurity the number of layers needed to reach exponential
improvement is halved. To investigate this further, we computed the accuracy depending on the number of
layers for x = [all], where ‘all’ means that every layer is included in x, for various system sizes, visualized in
figure 3(b).

Without impurity, we can reproduce the results from [15]: First, we see a finite-depth regime followed by
a finite-size regime depending linearly on the system size, where an exponential improvement in accuracy is
achieved (the plateaus at high numbers of layers are formed due to finite precision). The separation into
these two regimes is an important difference compared to gapped phases. With impurity, we can see in
figure 3(b) also for other system sizes that the finite-depth regime is halved. This behavior can be explained
by the bisection of the chain induced by the impurity. The variational algorithm needs only half of the layers
as without impurity to realize that the system is finite.

In figure 4(a), we investigate the case x = [1] for various system sizes. Without impurity, we can reach
only a limited accuracy due to the high plateau value. In contrast, the plateau with impurity is much lower
and is almost independent of system size. Interestingly, by including the impurity, the finite-size regime,

i.e. the exponential behavior, is halved, but the plateau requires the same number of layers to be reached as
without impurity.

To scale this approach, it is important to investigate the plateau values for different x for increasing
system sizes to reach a better insight into how much the plateau values improve with impurity. In figure 4(b),
this is shown for x = [1],x = [1,2] and x = [1, 2, 3]. We can see that by increasing the number of layers in x
the accuracy of the result increases for all chain lengths. Without impurity, the plateau values are much
higher than with impurity. All results seem to slowly converge to finite values. This indicates that both,
impurity strength /i and number of layers between subsystems x remain relevant on all length scales.

The number of entries in x is the number of layers where gates are applied to the central spin. Therefore,
it indicates the number of cuts that would be necessary to divide the circuit as one cut is needed for every full
layer. Thus, from figure 4(b) one can read off the number of cuts necessary to achieve a given accuracy.

3.2.2. Entanglement entropy and spectrum
To further understand the previous results in terms of entanglement properties, we first investigate the
entanglement entropy. We, therefore, compute the reduced density matrix of the exact ground state |1 )

pa = Trp|y) (Y| (2)
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Figure 5. Logarithmic accuracy obtained with the VQE at the plateau for x = [1] and x = [1,2] compared to the entanglement
entropy for varying impurity strength for the TFIM with 9 qubits.

with A being the left half of the chain and B the right half including the central qubit. The entanglement
entropy is given by

S=—Tr(paln(pa)) . (3)

To better understand the improvement in accuracy when adding an impurity, we plot the exact entanglement
entropy as function of hj and the relative energy error ¢, for x = [1] and x = [1, 2] in figure 5.

For increasing magnetic field strength, the entanglement entropy decreases and at the same time the
accuracy improves, following the same trend. Interestingly, increasing the number of layers in x seems to
have an almost constant effect on the relative accuracy improvement for weak as well as for strong impurity
field strength h.

In a second step, we investigate the entanglement spectrum to better understand the improvement in
accuracy with increasing number of layers in x. The entanglement spectrum is given by the eigenvalues of the
entanglement Hamiltonian

Hene = —In(pa) . (4)

We compare the entanglement spectrum of the exact ground state |t ) with the entanglement spectrum
of the variational state |1} (6)).

In figure 6(a), we first study the entanglement spectrum for the TFIM with 9 qubits without impurity for
x = [all] depending on the total number of layers. It can be seen that for small numbers of layers only the first
eigenvalue, k= 1, is captured well and up to four layers the accuracy improves slowly. With five layers,
however, all eigenvalues up to a value of around 25 are calculated correctly by the VQE calculation. This fits
the transition of the regimes, as for 9 qubits without impurity the exponential behavior is reached after the
fourth layer, see figure 3(b). Larger eigenvalues are not reproduced correctly even with five layers due to the
given precision in the calculation, as high eigenvalues of the energy entanglement spectrum correspond to
extremely small values in the reduced density matrix. Hence, only very precise numerics is able to evaluate
them reliably.

In figure 6(b), the entanglement spectrum is shown for the TFIM with 9 qubits with and without
impurity for 13 layers for different x. By increasing the number of layers included in x, we iteratively capture
more eigenvalues with the VQE approach starting with the small, most significant eigenvalues. In particular,
in the case without impurity the number of correctly found eigenvalues is doubled with each additional layer
in x. The largest eigenvalues are not calculated correctly even in the case of x = [all]. This is again due to the
precision of the calculation.

When comparing the exact eigenvalues of the systems with and without impurity, it becomes clear that
the TFIM without impurity has many more eigenvalues with a significant contribution to the spectrum.
Therefore, any VQE algorithm has to reproduce these eigenvalues correctly for an accurate description of the
groundstate, while in the case with impurity only the first few values are necessary. Therefore, even for the
strongly simplified circuits with only one or two entangling layers, the algorithm can be expected to yield
accurate groundstate energies although the approach captures only the first few eigenvalues of the
entanglement spectrum. The other eigenvalues are much larger, hence much less significant.

In addition to the aforementioned results, we also investigated the behavior of energy accuracy and of
entanglement entropy and spectrum for the XXZ chain. The findings are comparable to those observed for
the TFIM, with only minor deviations. The results are presented in appendix B.
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Figure 6. (a) Eigenvalues ¢ of the entanglement Hamiltonian for the TFIM at the critical point with 9 qubits without impurity
for x = [all] depending on the number of layers compared to the exact solution. The index k indicates the kth eigenvalue. (b)
Eigenvalues € of the entanglement Hamiltonian for the TFIM at h* = —1 with 9 qubits without, if = 0, (top) and with impurity,
hf = —10, (bottom) impurity for 13 layer for different x compared to the exact solution.

Figure 7. The long-range entanglement model is depicted. It is given by a qubit ladder mapped to an one dimensional system.
Direct neighbors are coupled with the coupling constant «, the long-range interactions by J.

3.2.3. Magnitude of gradient

So far, we showed that in impurity models we can significantly reduce the number of entangling gates at this
impurity while maintaining high accuracy. This is advantageous for the use of circuit cutting techniques and
for reducing potentially mitigating errors introduced by gate operations. An additional benefit of this
approach is that it addresses the problem of barren plateaus. By reducing the expressivity of our ansatz
through a reduction of entangling gates, the distance of the circuit to a 2-design is increased, which has
recently been connected to the magnitude of the gradient in circuit optimization [41]. This is shown in
further calculations in appendix A. As the variance of the gradient is approaching zero much faster when
using the full ansatz, barren plateaus and optimization problems appear already with less layers and less
qubits compared to the reduced ansatz. Therefore, especially for large systems the reduced ansatz will be a
noticeably better choice in terms of optimization. We conclude that our reduced ansatz scheme is to be
preferred over the full conventional ansatz, i.e. an ansatz with no reduction in entangling gates, in terms of
circuit cutting techniques, reduced errors and improved optimization capability.

4. Long-range entanglement model

We want to investigate the influence of non-product initial states and of short- and long-range ansatz
schemes on the accuracy of VQE. For this aim, we study the Heisenberg chain with additional long-range
couplings, described by the Hamiltonian

n/2

Ha=a ) (35-50) 4130 (3 -50). ®)

i=1 i=1

with 7 being an even total number of qubits in the chain. Note that equation (5) can be described by a qubit
ladder mapped to a one dimensional chain. For different values of & and ], we obtain a critical to dislocal
entanglement crossover, i.e. the entanglement entropy of a central bipartition of the system behaves as

S(pr) o< Clog(n) for the case o > J while S(p;) o n for ] > . The model is visualized in figure 7.

7
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initial state

Figure 8. Variational quantum ansitze used in the simulations of the long-range entanglement model exemplarily depicted for 6
qubits. From left to right: singlet initial state is constructed by building singlets between qubits with the same color, the dashed
line indicates J couplings and the solid line o couplings of equation (5); one single lightcone layer consisting of the single qubit
rotation gates R, and R; and the entangling gates R;; set of U4 gates entangling neighboring qubits; U4 gates entangling qubit
pairs which form singlets in the singlet initial state.

Similar models, often called rainbow chains, were also studied in other works showing interesting scaling
behavior of the entanglement entropy [42, 43].

4.1. Circuit for long-range entanglement model

We investigate the influence of changing the initial state to which the variational ansatz is applied, and the
influence of including the long-range entanglement structure of the system into the variational circuit. The
chosen circuits and gate sets are depicted in figure 8. For the initial state, singlets are built between qubits
which match the long-range interactions induced by the second part of equation (5). This is visualized in
figure 8 by dots that have the same color. We combine this singlet initial state with a varying number of
lightcone layers (also visualized in figure 8) and compare it with a lightcone layer applied to a product initial
state. The two-qubit gates in the lightcone layer are R,, gates. Such lightcone layers are typically used in dense
hardware efficient ansatz schemes. Additionally, we investigate the effect of matching the short- and
long-range interactions in the variational circuit using a general U4 two-qubit gate. The U4 gate is
implemented optimally as described in figure 7 of [44].

4.2. Results for the long-range entanglement model

4.2.1. Energy

We start to investigate the model in equation (5) for large ratios J/« >> 1. As for the impurity model, we start
by focusing on the relative energy error. The results are presented in figure 9(a) for 6 qubits where we
compare an initial product state with an initial singlet state. Different numbers of lightcone layers are added
to the initial states. We choose to switch to the lightcone layer because the convergence was improved sligthly
compared to the ansatz structure used for the impurity model.

We can observe that increasing the value of J/« leads to an improvement in the results with singlet initial
states. This difference is directly present without a variational layer. Additionally, the findings for 8 and for 10
qubits are plotted for one layer with singlet initial state. We can see that there is no dependence on the system
size, as the accuracy is maintained for different qubit chain lengths when comparing the same value of a.
This is consistent with the results of [28], which demonstrated for correlated topological phases that with an
initial state fitting the given structure of the system one variational layer is sufficient to achieve good results
independent of the system size. If the desired accuracy is in the range of 1072 to 10~°, the solution with
singlet initial state and one variational layer is already good enough. In contrast, starting from a product
state, multiple variational layers are necessary to achieve the same level of accuracy.

However, the accuracy depends directly on the ratio J/a. For o & J, the accuracy decreases towards the
value obtained with product initial state. At the same time, the number of layers needed to converge to
higher accuracy does not differ significantly between the two initial states, i.e. in figure 9(a) 4 to 5 layers are
necessary in both cases. For larger system sizes, even more layers are needed. It follows that either if (i) a =~ J
or if (ii) a < J and higher accuracies are desired, the singlet initial state does no longer yield an improvement
to the product initial state. It is therefore of interest to identify an ansatz that can be used to achieve higher
accuracy with a single layer. Moreover, with the ansatz chosen so far consisting of R,,-entangling gates, we
find bad convergence behavior during optimization. Using U4 instead of R,, gates showed to improve the
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Figure 9. (a) Accuracy of energy obtained with VQE for 6 qubits for various ratios J/ . Additionally, for one layer the results for 8
and 10 qubits are depicted. (b) Comparison of accuracies obtained with different combinations of U4 short and U4 long gate sets
(see figure 8) forming one layer for varying ratio of cv and J for 10 qubits. Additionally, the results with initial singlet state and one
U4 short gate set (singl.-short) are shown in grey for comparison.

convergence. Consequently, we employ a U4-layer ansatz to find the best solution with only one layer. Note
that the U4 gate has many more free parameters leading to an improved accuracy but also a longer runtime.

A first approach is to replace the initial singlet state by a dimerized variational layer. We study if having
optimizable parameters between the long-range coupled qubits improves the results further. We use U4-gates
between the qubits coupled by J. This then builds one U4 long gate set as described in section 4.1. In
figure 9(b), the accuracies obtained with different combinations of the U4 long gate set with a U4 short gate
set are compared for different ratios of o and J. For comparison, also the results with initial singlet state and
one short gate set are shown in grey.

For the singlet initial state combined with an U4 short gate set (singl.-short), we observe that for ] > «
this choice leads to results already in the order of 10~* analogously to the results obtained before with a
lightcone layer applied to the singlet initial state. For smaller J, the accuracy decreases. Comparing this with
the ansitze with product initial state, we see that using the U4 long gate set, especially more than once, yields
an improvement to the singlet initial state for all ratios J/«. In general, we find three regimes: for ] < «, the
U4 short gate set gives the best results and an additional U4 long gate set only has a small impact. For J ~ «,
we have an intermediate regime and for ] >> o, the ansatz with two U4 long gate sets gives a large
improvement compared to other ansitze. For J/a = 100, we even reach accuracies in the order of 10~8 with
only a single layer. In a next step, we check if this result is also valid for larger system sizes.

In figure 10(a), we show the dependence of the different ansitze on the system size for J/« = 100. The
accuracy obtained with the long-short-short ansatz decreases for larger system sizes. This indicates that for
small systems the short gate set is still sufficient to capture the long-range interactions which is no longer the
case for larger system sizes. However, the other ansitze converge to a constant accuracy for larger system
sizes. As for the solution with singlet initial state and one variational layer shown in figure 9(a), we find a
system size independent behavior.

It follows that we can already identify the long-short-long ansatz as a good choice for ] >> a.. However, we
can see in figure 9(b) that for ] — « the accuracy is worse than 10~* even with the long-short-long ansatz.
Therefore, we investigate in a next step whether applying a small number of layers of an ansatz including U4
long gate sets provides an improvement compared to using only a single layer, which was not the case for the
solutions obtained with an ansatz consisting only of gates between neighboring qubits as visible in
figure 9(a). We compare the solution of an U4 short ansatz with the solution of an long-short ansatz for up
to 4 layers. The results are depicted in figure 10(b) for J/ax = 3.

Comparing the results with the short ansatz, we find the typical behavior of a critical system with a
finite-depth and a finite-size regime. That implies that the larger the system size is, the more layers are
required to achieve an improvement in accuracy. For the long-short layer, we observe an exponential
improvement in the finite-depth regime in contrast to the nearly constant behavior in the case of the short
ansatz. Consequently, much better results can be obtained with only a few layers, which constitutes a great
advantage especially for large system sizes. The number of layers necessary to obtain a certain accuracy
depends on the ratio J/a: the larger the ratio, the fewer layers are required.

In conclusion, the singlet initial state provides an initial improvement to the accuracy. However, a
combination of variational long-range and short-range gates facilitates convergence for the whole phase
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Figure 10. (a) System size dependence of the different ansitze consisting of different combinations of U4 short and U4 long gate
sets (see figure 8) for J/aw = 100. (b) Accuracy depending on the number of layers for a U4 short ansatz and a U4 long-short
ansatz (see figure 8) for J/aw = 3 for various system sizes.
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Figure 11. (a) Entanglement spectrum for //o = 100 and 6 qubits. The upper plot shows the results with product initial state, the
lower plot the results with singlet initial state. Note the different intervals of the e;-axis. (b) Entanglement spectrum for the
different ansitze for 10 qubits and J = 100. The inset shows the behavior of the short-short ansatz.

space. Therefore, for achieving good accuracies with few parameters/layers, including the long-range
structure into the variational circuit is the best choice.

4.2.2. Entanglement spectrum

As before, we also investigate the entanglement spectrum to obtain a better understanding of the different
convergence behaviors. First, the entanglement spectrum for J/a = 100 of the data shown in figure 9(a) is
plotted for 6 qubits in figure 11(a).

First of all, when comparing the exact spectrum with the one shown in figure 6(b) we observe that the
range of the values is small compared to the ones from the impurity model. This can be attributed to the high
entanglement inherent in the qubit ladder model. In general, a global convergence is observed instead of
finding the lowest eigenvalues first, which is due to the long-range entanglement. With singlet initial state the
eigenvalues found with VQE are close to the exact ones already with one layer. In contrast, with product
initial state the eigenvalues are close to the exact ones from the fourth layer onwards. This fits to the results of
the accuracy in figure 9(a).

Next, in figure 11(b) we compare the accuracy of the calculated entanglement spectra of the different
ansitze in figure 9(b) for J/aw = 100. The results obtained with the short-short ansatz are not even close to
the exact ones, which changes as soon as one U4 long gate set is included in the ansatz. For the
long-short-long ansatz, all eigenvalues are found correctly, while the number of parameters for this approach
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Figure 12. Variational quantum ansitze used in the simulations of the random quantum critical point model exemplarily
depicted for 6 qubits and one possible outcome of the RG flow. From left to right: singlet initial state is constructed by building
singlets between qubits with the same color, the dashed line indicates the singlets formed and the solid line the J couplings; one
single lightcone layer consisting of the single qubit rotation gates R, and R; and the entangling gates R.; set of Uy := RwR)Rz.
gates entangling qubits with the same structure as in the lightcone layer; U, gates entangling qubit pairs with strongest couplings
except for the ones coupled according to the RG flow—the number of gates is equal to half of the number of RG singlet pairs
minus one; U, gates entangling qubit pairs which form singlets according to the RG flow.

is approximately the same as for the short-short approach. It can thus be inferred that the long-short-long
approach is the most suitable and outperforms a more conventional ansatz, e.g. the short-short ansatz.

5. Random quantum critical point model

The long-range entanglement model is inspired by random quantum critical qubit chains where entangled
singlets are formed across the whole lattice in an emergent manner [45—47]. We investigate the random
Heisenberg chain defined by

n
Hyn=» JiSi-Siz1. (6)

i=1

The couplings J; > 0 are drawn from any non-singular distribution. The randomness in the couplings drives
the system to a random critical point at long distances [47]. Non-local singlets occur in these systems
according to the renormalization-group (RG) flow: iteratively, the strongest bond of the system is found and
a singlet between the two qubits coupled by this bond is built. The neighboring qubits of the singlet are then
coupled by a smaller renormalized coupling strength based on second-order perturbation theory. Iterating
these two steps yields a very good approximation to the ground state of the system with singlets connecting
arbitrarily distant sites, which is asymptotically correct for large disorder and large distances.

5.1. Circuit for the random quantum critical point model

For the random quantum critical point model, a similar approach to the one of the long-range entanglement
model is used. The singlets of the singlet initial state are formed according to the long-range interactions
resulting from the RG flow. This is exemplarily shown for one configuration in figure 12. We also apply
lightcone layers to the different initial states and compare the accuracy of the results. To investigate the effect
of using the RG singlet structure in the variational part of the circuit, we use U, := RR,,R.; gates, which
stays within the S =1 symmetry sector [48]. In the long gate set, the gate is applied to the qubits that form
singlets according to the RG flow. The short gate set is structured as in a lightcone layer. A variant of this is to
only apply gates to neighboring qubit pairs with the strongest couplings excluding those already coupled
within the long gate set. This is done up to a number of half of the RG singlet pairs minus one. In this way
combining the short variant with the long gate set gives as many gates as in the short ansatz making a direct
comparison possible.

5.2. Results for the random quantum critical point model

In the random quantum critical point model singlets are formed randomly depending on the couplings. We
consider always several configurations for the random couplings and take the average value for all quantities
of interest of the different runs. The random coupling values J; are sampled from the distribution

1 -1
P() =571 (7)
as suggested in [49] with a disorder strength § > 1. The larger 6, the larger is the disorder of the system.
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Figure 13. (a) Energy accuracy for one lightcone layer for two initial states depending on the disorder strength ¢ for 10 qubits. It is
averaged over 100 configurations of random coupling constants drawn from the distribution given in equation (7). (b) Energy
accuracy depending on the system size for two initial states and one lightcone layer for § = 10 averaged over 100 configurations.

We start again by inspecting the result for a prepared initial state together with one lightcone layer for
different values of . The chosen initial state consists of singlets between qubit pairs which form a singlet
according to the RG flow: the two qubits coupled by the largest value J; build a singlet. Under the condition
Ji < Ji—1,Ji+1, the neighboring qubits are then coupled by a Heisenberg interaction with strength [47]

Jitipa = L_zl% (8)

resulting from second-order perturbation theory. These two steps are iterated until all qubits are paired to
singlets. In this way, we get an initial state without any pre-training, but just by the classical RG flow
calculation, which has a linear scaling with system size. When doing the simulation, we first determine the
singlet pairs using the RG flow and then apply the variational circuit to a state consisting of those singlet pairs.

This is compared with singlets formed between neighboring qubits. The results are displayed in
figure 13(a) for a system size of 10 qubits. The larger J is, the better is the result for the RG initial state
compared to the initial state with nearest neighbor (NN) singlets. This was to be expected, as large values of §
correspond to a distribution with rather disparate J values, in which case the RG approach works particularly
well. Additionally, the result matches with the results from the last section, where we saw the same for
increasing the ratio of J and a.

For a fixed value of , the results remain independent of system size, see figure 13(b).

When applying more layers to these initial states, starting from the second layer on, the results converge
and the chosen initial state does no longer make any difference. Therefore, as for the long-range
entanglement model, a next step to reach an overall improvement would be to include the entanglement
structure of the system not only in the initial state, but in the circuit itself. However, the average length of the
singlets grows only logarithmically with the system size as can be seen in figure 14(a).

To test whether incorporating the structure into the circuit itself works well, we investigate a system size
of 120 qubits. To be able to simulate such a large system, we switched to tensor network calculations using
quimb implemented in python [50]. In figure 14(b), we compare the accuracy of the results for (i) using NN
singlets in the initial state combined with a short layer, for (ii) using RG singlets in the initial state combined
with a short layer and for (iii) using RG singlets in the initial state combined with a layer consisting of short
variant and a long gate set. The gate sets are depicted in figure 12. Note that all three ansitze used have the
same number of gates and parameters. The accuracy is calculated for three values of 4.

The results show that the accuracy using an RG initial state increases with increasing § in comparison to
using singlets between neighboring qubits as the initial state. This outcome aligns with the result observed
for 10 qubits in figure 13(a). Most importantly, if the structure resulting from the RG flow is adopted within
the variational circuit itself, a subsequent enhancement is observed, exhibiting a similar magnitude to the
previous one. It is evident that a well-chosen initial state and variational circuit significantly enhances the
performance compared to purely local ansatz schemes, e.g. the NN short ansatz, given that the number of
parameters remains constant across all three variants.

For investigating how this behavior scales with more layers, a system size of about 1000 qubits is an
interesting choice. Since simulations with a classical computer are no longer feasible at this scale, it would be
instructive to evaluate it on a real quantum device. We leave this question open for future investigations.
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Figure 14. (a) The average length of singlets given by the RG flow is plotted depending on the system size for different disorder
strengths d. Each length is calculated by averaging over 1000 configurations of random coupling constants. (b) Energy accuracy of
the results for using NN singlets in the initial state combined with a short layer, for using RG singlets in the initial state combined
with a U, short layer and for using RG singlets in the initial state combined with a layer consisting of short variant (shvar) and a
U, long gate set depending on the disorder parameter d. A system size of 120 qubits is used for the simulation to have an average
length of singlets larger than two. The different gate sets are depicted in figure 12.

6. Conclusions

We provide an extensive study comparing entanglement adapted and conventional variational circuits for
three classes of quasi-1D Hamiltonians. We focus on the convergence of the ground state energy and of the
entanglement spectrum depending on the number of layers and the ansatz choice. For the impurity models,
we found that plateaus are formed in the accuracy of the energy depending on the number of layers. The
value of the plateau depends on the absolute number of entangling gates between the subsystems and the
strength of the impurity. The entanglement spectrum shows an iterative convergence for the impurity
models meaning that one eigenvalue after the other is captured by the VQE solution. For the long-range
entanglement model, we show that including both the short-range and the long-range couplings in the
variational circuit improves the convergence of the VQE. In contrast to the impurity model we observe global
convergence of the almost flat entanglement spectrum. Using the insight from the long-range model, we
demonstrate that renormalization group theory can be used to guide the design of efficient low-depth
circuits for tackling the challenging class of random quantum critical points. By incorporating the
hierarchical structure of the RG approach, our ansatz schemes significantly outperforms uninformed
alternatives, which we showed for simulations on systems as large as 120 qubits.

Our results show that when the ansatz, i.e. the layout of the gates, follows the entanglement structure,
higher accuracy or similar accuracy with lower cost of quantum resources (either number of qubits or gates)
can be achieved, compared to conventional ansatz schemes. For the impurity models, we showed that our
ansatz gives an improvement in terms of circuit cutting techniques, reduced errors and improved
optimization capability. In case of long-range interactions our ansatz reduces the required circuit depth.

We conclude that the entanglement structure can inform the design of ansatz schemes, specifically for
models with pronounced entanglement properties, like barriers in entanglement or long-range
entanglement. A flat entanglement spectrum, typical for high level of entanglement, does not imply, that the
system is hard to capture, if one adjusts the ansatz to the structure as in the case of the RG flow. For steep
entanglement spectra, one only needs to use few entangling gates between subsystems without loss of
accuracy. These results open a new path in understanding the convergence of variational quantum circuits
based on the global properties of the entanglement spectrum.

The results are of high interest for various models. Examples for impurity models that would be
interesting to be investigated with our results are the Anderson model used to describe electrons in
(heterostructure) quantum dots [51], the Kondo model which has emerged as an important tool for
understanding the behavior of strongly correlated systems and continues to offer considerable promise [52,
53], and for simulations of molecules [8]. Moreover, long-range interactions play a role in numerous physical
phenomena, making them a crucial field of investigation [54, 55]. Future work may also be directed towards
the application of the developed ansitze to the aforementioned systems on NISQ devices, as the models are
of great physical interest. As our results specifically address the issues associated with NISQ devices, they
offer the potential to gain interesting insight into the various models using current quantum computing
platforms. Finally, the reduction of the barren plateau problem was observed. It remains an open question to
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determine whether this is a systemic feature of entanglement information-based ansatz schemes, which
would suggest that such schemes have even greater efficacy.
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Appendix A. Magnitude of the gradient in the impurity model

Here, we show that the reduced ansatz for the impurity model addresses the problem of barren plateaus. To
this end, we examine the gradient for both the full (x = [all]) and the reduced (x = [1]) ansatz for different
numbers of layers and qubits for the TFIM model with impurity.

While the mean of the gradient for random choices of d is zero, the variance can be larger. A larger
variance is advantageous for the minimization as non-zero elements are needed to find a direction for the
next minimization step. It was shown that the variance approaches zero for increased circuit depth and
system size [16, 41]. We first investigate the distribution of the variance of the gradient over all parameter
choices in figure 15(a) for one choice of circuit depth and system size. In the case of the reduced ansatz, there
is one parameter which has a much larger variance than all other parameters. This is the first rotation angle
applied to the impurity and this large value is also present for other system sizes and circuit depths. This
means that the minimization algorithm can optimize in that direction. All other parameters have much
smaller variances, all in the same order of magnitude. Therefore, we want to have a closer look at the
behavior of those parameters to get an idea about the risk of barren plateaus for the case that the parameter
with large variance is already optimized.

An examination of the variance of the gradient of the remaining parameters is shown in figure 15(b) with
respect to system size. It reveals that the slope of the reduced ansatz is, on average, reduced in comparison to
that of the full ansatz. This means that with the reduced ansatz the problem of barren plateaus is decreased
even without the parameter with large variance as there are statistically more non-zero values for
minimization.
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Figure 15. (a) Number of parameters with similar variance of gradient for x = [1] (reduced ansatz) and x = [all] (full ansatz) for 9
qubits and 100 layers in the case with impurity. The large variance value corresponds to the first rotation parameter at the
impurity qubit. (b) Average variance of gradient over all parameter choices excluding the parameter of the first impurity rotation
angle. The error bars are the variance across the different gradient components.
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Figure 16. (a) Accuracy obtained by the VQE for the XXZ model at the critical point without impurity, h§ = 0, (top) and with
impurity, h§ = —10, (bottom) for 9 qubits compared to the exact result in a logarithmic plot. Results for different x are shown.
(b) Accuracy depending on the number of layers for the XXZ model with x = [all] for varying system size without impurity,

K = 0, (top) and with impurity, ki = —10, (bottom).

Appendix B. Second impurity model: XXZ chain

As comparison to the TFIM we also study the behavior of the XXZ model with an impurity to show that the
results obtained are rather generic. Its Hamiltonian is given by

L2
Hxxz = Z (ofofy) + olol, + Aoioi, ) + ot (B1)
i=——L/2

with an anisotropy A and the Pauli matrices 0”>%. Similarly to the TFIM, we add a term for a longitudinal
field at the central qubit. This model is gapped for |A| > 1. For A < —1, the qubits are aligned
ferromagnetically, while for A > 1, they are aligned antiferromagnetically along the z-direction. For

—1 < A < 1, the system is in a critical phase and is described by a conformal field theory with central charge
c¢=1. We choose A = 0.5, which is far off from the Heisenberg point as well as from the gapped phase.

As before, we compare the results obtained with VQE with results found numerically by diagonalization
and we use open boundary conditions to separate the chain with increasing impurity strength.

An overview of the results for 9 qubits in the XXZ model is shown in figure 16(a). Overall, we find a
similar behavior for the XXZ model, although less clear as for the TFIM. A key difference is in the placement
of the entangling gates between the subsystems: better results are achieved when the entanglement gates are
applied in every odd layer, e.g. x = [1,3, 5].

To investigate the halving of layers needed to reach exponential improvement, we compute the accuracy
depending on the number of layers for x = [all] for various system sizes, visualized in figure 16(b).

Without impurity, we see again a finite-depth regime followed by a finite-size regime depending linearly
on the system size. Note that the distinction was very clear for the TFIM while for the XXZ model it is not as
clear. With impurity, we find also for the XXZ model that the finite-depth regime is halved similarly our
result for the TFIM.

The data of the plateau values for x = [1],x = [1,3] and x = [1, 3, 5] for increasing system sizes are plotted
in figure 17. The results match with those of the TFIM: upon increasing the number of layers in x, the
accuracy of the result increases for all chain lengths. Without impurity, the plateau values are higher than
with impurity, although not as much as in the case of the TFIM. Note that in general, for the XXZ model it is
more difficult to achieve high precision in the minimization process and more iterations are necessary. This
significantly increases the simulation time. Therefore, only system sizes up to 13 qubits are simulated.

To better understand why the difference of the plateau values for the XXZ model is not as pronounced in
the presence of an impurity as it was for the TFIM, we plot the exact entanglement entropy, obtained by
numerical diagonalization, as function of /4§ and the relative energy error €, for x = [1] and x = [1,3] in
figure 18(a). With increasing magnetic field strength, the entanglement entropy decreases and in parallel the
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Figure 17. Logarithmic accuracy obtained with the VQE compared to the exact result for different system sizes and number of
layers in x for the XXZ model at A = 0.5. The number of x also indicates the number of cuts necessary to divide the circuit. Thus,
one can read off the number of cuts necessary to achieve a given accuracy, e.g. to achieve an accuracy in the order of 10~ for the
model with impurity two cuts are needed.
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Figure 18. (a) Logarithmic accuracy obtained with the VQE at the plateau for x = [1] compared to entanglement entropy for
varying impurity strength for the XXZ model with 9 qubits. (b) Eigenvalues e, of the entanglement Hamiltonian for the XXZ
model at A = 0.5 with 7 qubits without h§ = 0, (top) and with impurity, hj = —10, for 13 layers for different x compared to the
exact solution. In the case with impurity, different exact solutions, which are given by the largest overlap of the vector found by
VQE and the linear combination of the exact calculation are present due to a degeneracy. This degeneracy is broken for finite 4.

accuracy improves, following the same trend as for the TFIM. However, much larger impurity values are
needed to significantly reduce the entanglement entropy.

In figure 18(b), the entanglement spectrum is shown for the XXZ model with 7 qubits with and without
impurity for 13 layers for different x. Without impurity, there is a degeneracy of the ground state energy,
which implies that we have a linear combination of potential eigenvectors |1/’ (6)) that can be approximated
by the VQE. Therefore, in this case we use the linear combination of the exact calculation with the largest
overlap with the vector found by the VQE. With this linear combination of the exact solution we calculate the
exact entanglement spectrum meaning that we can have multiple exact spectra depending on what the largest
overlap is. These are then compared to the results obtained by VQE calculation. Using this method we find
similar results as for the TFIM: the more layers are included in x, the more accurately the eigenvalues are
found starting from the smallest ones. Again, with impurity the difference between the first two eigenvalues
increases indicating separation of the qubit chain. However, the entanglement eigenvalues of the XXZ model
with impurity remain small compared to those of the TFIM. This means that the XXZ chain is more
entangled than the TFIM chain for the same value of hf, which aligns with the results of the entanglement
entropy.
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