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We demonstrate that the n symmetry of the pump-induced n-pairing state in the Hubbard chain can be
transiently broken by an additionally applied probe pulse. This leads to characteristic dynamic Higgs oscillations
of the n-pair correlations during the probe pulse and a sharp dynamic negative optical conductivity o (w;?),
which appears above the equilibrium Mott gap w > A., long after the pump pulse is finished. This negative peak
in the real part of o (w;t) is a distinctive hallmark of the photoinduced n-pairing state, distinguishing it from
parameter regimes dominated by incoherent doublon formation, which do not exhibit this feature. Remarkably,
the broadband probe pulse then leads to the emission of photons with the Higgs frequency.

DOL: 10.1103/v1jr-vhir

Recent developments in laser technology have revolution-
ized various scientific fields, enabling exceptional precision
and control. Innovations such as ultrafast pulse lasers have
opened new frontiers in quantum physics and material
science, and have also found significant applications in con-
densed matter physics, particularly in the study of strongly
correlated electron systems [1-3]. Examples include the ul-
trafast switching of Weyl semimetals [4], anomalous Hall
effect in graphene [5], and charge-density waves in rare-earth
tritelluride LaTes [6].

A particularly interesting prospect is the use of fem-
tosecond laser pulses to dynamically induce novel states in
quantum materials [7], with light-induced superconductiv-
ity being the most prominent example [8—11]. Significant
theoretical efforts have been devoted to understanding the
conditions under which such exotic nonequilibrium states
emerge [12-16], yet the mechanisms and detection of these
phases remain under debate.

In this context, one intriguing phenomenon that has at-
tracted attention is the »n pairing, first proposed by Yang
for the Hubbard model [17], which represents a state with
off-diagonal long-range order that could be important for
understanding high-temperature superconductivity and other
quantum phenomena. However, n pairs are absent in the
ground state and have received only limited attention, es-
pecially from a theoretical point of view. A recent study
has shown that pulse irradiation can induce 5 pairing in the
Hubbard model, even in its Mott insulating phase [18]. The
nonlinear optical response is crucial in enhancing the number
of n pairs, thereby promoting superconducting correlations
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in the photoexcited state. These findings highlight the poten-
tial of nonequilibrium dynamics as a way to access exotic
quantum states and enhance superconductivity [19]. The syn-
ergy between advanced laser technologies and the Hubbard
model provides a promising avenue for exploring new quan-
tum phases and understanding the mechanisms underlying
high-temperature superconductivity, as well as the behavior
of cuprate superconductors dominated by one-dimensional
(1D) physics, such as Ba;_,Sr,Cu0O3,s and ProBasCu;0;5_5
[20-22].

The detection of n pairs in experimental settings presents
significant challenges due to the intricate nature of these
quantum states. First, the Hamiltonian of the system must
preserve the number of n pairs, corresponding to a hidden
SU(2) symmetry. This requirement is not easily met in typical
experimental setups, making it difficult to create and maintain
the required conditions for 7 pairs. In addition, the transient
nature of photoinduced 7 pairs adds another layer of complex-
ity. These pairs are typically short lived and require ultrafast
measurement techniques to capture their dynamics. The use
of advanced laser systems, such as ultrashort pulse lasers, is
essential to induce and probe these states, but even with these
tools, the signal can be weak and easily obscured by noise.

As a candidate physical quantity, Kaneko et al. demon-
strated one of the hallmarks of superconductivity, the
nonvanishing charge stiffness of the photoinduced n-pairing
states, by analyzing the system-size dependence using the
exact diagonalization method [23]. Time- and angle-resolved
photoemission spectroscopy experiments would provide clear
signatures of the photoinduced insulator-to-metal quantum
phase transition [24]. Although performing such experiments
in optical lattices remains highly challenging, they are never-
theless strong candidates for realizing Hubbard-type models.
The other candidate might be the entanglement entropy,
showing the entanglement growth due to the photoinduced
n-pairing state [25], since the von Neumann entropy and the
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second-order Rényi entropy can be detected in optical lattices
[26-28].

Here, we demonstrate that the nonequilibrium optical
conductivity o (w;t) shows a characteristic negative spectral
weight only for the optimal pump-pulse parameter set, which
maximally enhances the photoinduced n-pairing state. The
integrated negative spectral weights f(¢) coincide almost per-
fectly with those from the pair correlations after the Fourier
transformation. The time dependence of f(¢) shows coherent
oscillations similar to previously reported Higgs oscillations
in conventional s-wave and unconventional d-wave supercon-
ductors [29].

The Hamiltonian of the 1D half-filled Hubbard model is
defined as

N O
H=—mt Z(cj’gch!U + H.c.)
j.o

+U Z(ﬁm —1/2)(#n;,, —1/2), (1)
J

where ¢ c (c ) 1s the creation (annihilation) operator of an
electron w1th spin projection o € {1, |} at lattice site j, and
Nl = cja is the number operator. #, and U are nearest-
neighbor hoppmg amplitude and on-site Coulomb repulsion
(U > 0), respectively. The so-called n operators, introduced

in the seminal paper by Yang [17], construct exact eigenstates

of the Hubbard model,
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which obey the SU(2) commutation relations. Here, AT =

AI g &t it is the on-site singlet-pair creation operator. Since the

Hubbard Hamiltonian (1) commutes with the operator 7>
2(?)*?7‘ + A7)+ (n )?, so that Hubbard eigenstates are
also eigenstates of 7%, and most importantly eigenstates with
a finite value of (/) have long-ranged pairing correlations
(itag) 17).

As demonstrated in Ref. [18], n pairs can be induced
by applying a pump pulse to Mott insulators described

theoretically with the gauge transformation thcja Civlo ™
A pt

e +Cj+1,0» Where A(7) is the vector potential associated
with the external electric field of the pump pulse

A1) = Age™ 1% coslawy (t — 1), )

where Ag is the amplitude, w,, is the frequency, and oy, is the
width centered at time ¢ (>0). This so-called Peierls substi-
tution makes the Hamiltonian time-dependent A — H (t). By
utilizing the infinite time-evolved block decimation (iTEBD)
technique [30] with second-order Suzuki-Trotter decompo-
sition, the initial ground state evolves in time as | (0)) —
[¥(1)). In the following, we take #, (f, 1 as the unit of energy
(time) and set the time step §t = 0.017," ! In this study we use
the pump pulse with width o, = 21, ! centered at time 7y =
10t ! See also the Supplemental Material [31] for further
technical details and the choice of pump-pulse parameters.
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FIG. 1. Contour plots of P(q = ,t) (a) and 2n4(t) (b) at t =
25t in the w,-Ao plane for the half-filled Hubbard chain with
U/t, = 8, obtained by iTEBD. See also Ref. [24] at t = 15th_1.
o (w;t) will be demonstrated at the symbols “+” and “¢” where -
pairing-dominant (A9 = 0.4 and w,/#, = 7.0) and doublon-dominant
(Ap = 0.95 and w,/t, = 8.4) points, respectively, contrasting with
the nondominant (Ap = 0.4 and w,/t, = 4.0) pomt (“x”) at t =
25t L. (c) The deviation of n-pair correlations AP(r;t) at charac-
teristic three points denoted by the symbols in panels (a) and (b),
exhibiting the radiative Higgs oscillations at the n-pairing dominated
point (“+7).

Note that in our system a relaxation processes of the pho-
toinduced 7 pairs are not included, such as the phonon degrees
of freedom. We expect that in experiment the photoexcited
n pairing state can be observed shortly after the pump-pulse
irradiation, i.e., within a few hundred femtoseconds.

To detect the photoinduced n-pairing state, we simulate the
time evolution of the pair correlations

1
P(r) =7 D WOIALA +Hely) ()

J

and its Fourier transform 13(q, =y, 9 P(r, 1), where L is
the number of lattice sites. Note that the pair correlation at
r = 0 is equal to the number of double occupancy, P(0,1) =
2na(t) = /L) {0 O)laj474 1 (1)

Figures~1(a) and 1(b) demonstrate the w, and Ao depen-
dence of P(q = m,t) and 2ny(t), respectively, for the time
t =25t ! which is related to the nonequilibrium optical
conductivity results discussed later. Instead of an artificial
stripe structure seen in the previous studies with small
clusters [18,32], the single peak structure appears around
wp/th =7.0 and Ag = 0.4 in Fig. 1(a) by simulating the
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FIG. 2. Nonequilibrium optical conductivity o (w;?) for nondominant (*“x
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symbol in Fig. 1), n-pairing-dominant (“+”), and doublon-

dominant (“¢”) pump-pulse parameters from left to right panels. The black line is the optical conductivity o (@) at equilibrium. The blue (red)
line exhibits o (w; 1) att = 204" (t = 25t "), respectively. The vertical dotted line denotes the position of the Mott gap, » = A...

system directly in the thermodynamic limit (L — 00) us-
ing iTEBD, while the double occupancy is only slightly
enhanced around wy,/t, ~ U as seen in Fig. 1(b). The longer-
range contributions of the n-pairing correlations play a
significant role around the peak region of Fig. 1(a). In ad-
dition to the pump pulse we apply a weak probe pulse
Ap(t) = Agre_(z_’gr)z/ 20y centered in time around 1 =201,
opr = 2.0, !, and zero frequency. In Fig. 1(c) we show the
difference AP(7w;1) = Poumptpr(751) — Boump(751) between
the pump and probe induced n correlations. The probe
pulse transiently breaks the n symmetry, inducing Higgs
oscillations in the 5 correlations. In the nondominant and
doublon-dominant region, no oscillations are observable, con-
sistent with the dependence of the Higgs oscillation on the
size of the superconducting order parameter. Note that the
pump pulse has decayed up until the probe pulse, and does
not induce these oscillations, i.e., they are intrinsic to su-
perconducting condensate. In the following we discuss the
consequence of these oscillations in the dynamical response
of the system.

Let us now focus on the nonequilibrium optical conduc-
tivity. In the presence of A(¢), the current operator J also
becomes time dependent:

0A(t) j0Cig1,0 T HC). (6)

J@) = _OEW) th Y (ie"Vel e
J.o

The probe pulse induces a current deviation Jp (1) =
(fAJrAm), — (fA),. To simulate a time resolved experiment,
we calculate the optical conductivity using a narrow probe
pulse characterized by A) = 0.05 and o, = 0.05 with the
delay time between pump and probe pulses 7 = tgr — t9. The
nonequilibrium optical conductivity is then given by [33,34]

jpr(w)

— @)
i(w+iy )Apr (o)

o(w, )=

where Ay (@) and jp (@) are the Fourier transformations of
Apr(w) and jp (t)[= Jpe (t)/L], respectively. The damping fac-
tor y(=0.1) is introduced when the Fourier transformations
are performed due to the finite simulation time. This is also
necessary to distinguish the Drude component of the spectral
weight in the limit @ — 0. In this paper, we rewrite Eq. (7) as

o (w;t) with redefining t = " = 1y + T to compare the result
of pair correlation functions shown in Fig. 1.

Note that the expectation value of J(¢) in (quasi-) 1D
systems can be simulated directly in the thermodynamic limit
by iTEBD, which allows us to observe o (w, t) for L — oo,
i.e., in the absence of finite-size and boundary effects. For
more details, see Ref. [35].

Figure 2 shows the optical conductivity o (w;t) after pulse
irradiation (¢t = 25¢, 1Y in the n-pairing nondominant (a) and
dominant (b) regimes in addition to the doublon-dominant
region (¢). In panel (a) for wp/t, = 4.0 and A9 = 0.40 (marked
in Fig. 1 as “x”), where the pair correlation P(r, t) doesn’t en-
hance, o (w;t) is almost equivalent to the one in equilibrium as
expected. Namely, the spectral weight becomes positive finite
above the Mott gap (o 2 A with A/, >~ 4.68 for U /t, = 8,
see the vertical dotted line) and o (w; t) are almost equal to the
optical conductivity at equilibrium o (w). Moreover, o (w;t)
exhibits no significant time dependence, consistent with the
former results of photoemission spectra at nonequilibrium
[24]. The situation changes significantly in the n-pairing dom-
inant regime as in Fig. 2(b) for Ag = 0.4 and w,/t, =7.0
(marked as “+” in Fig. 1). After pump-pulse irradiation, the
spectral weight above the Mott gap is not positive at all but
negative. Most remarkably, it exhibits a sharp peak structure,
which differs from the former results of the Hubbard model in
infinite dimensions [36,37]. This sharp peak is the hallmark of
a coherent mode that dominates the negative conductivity. The
small enhancement of the pair correlations also occurs around
wp ~ U due to the doublon formation [Fig. 1(b)]. The double
occupancy 2n4(t) is most enhanced around Ay = 0.95 and
wp/th ~ 8.4 marked as “o” in Fig. 1. With this pump-pulse
parameter set, o (w;?) is also not positive for w, 2 A¢ as in
the n-pairing dominant regime, but the spectral weight is only
slightly negative as shown in Fig. 2(c). Thus, the negative
conductivity with a sharp peak structure can be a fingerprint of
the photoinduced 7n-pairing state in pump-probe experiments.
Importantly, this contradicts previous interpretations of the
negative conductivity as coming purely from doublon-hole
recombination [36,37]. In the following, we demonstrate that
the photoinduced 5 pairs can be searched by integrating out
the (negative) spectral weight of o (w, t) for w 2 A..

Note that in Ref. [36] Li et al. discussed the Drude weight
D, which is given by Re o (w) ~ Dé(w), since this relates to
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FIG. 3. Contour plot of the integrated negative spectral weight
(@) (a) and the modified structure factor P..o(q = m,¢) (b) at t =
25t in the Ag-w, plane for an infinite Hubbard chain at half filling
with U/th =8.

the n pair correlations as D = 4Jx(#); - §),) with Jex = 2t2/U.
Unfortunately, it takes much more computational effort to
simulate Re o (w) in the limit @ — 0 since the larger time
simulations with keeping the appropriate accuracy are neces-
sary by iTEBD. This task remains a subject for future work,
e.g., by utilizing the exact diagonalization technique [38]. See
also Ref. [31] for the results of the imaginary part of the
nonequilibrium optical conductivity, which examine the 1/w
scaling behavior.

Now, we simulate the nonequilibrium optical conductivity
o(w;t) for various pump-pulse parameters Ag and w, and
integrate out the spectral weight of o(w;t) for v > A, as
f@) = fw> A dw Reo(w;t). Figure 3 demonstrates the con-
tour plot of f(¢) of the model (1) after pulse irradiation, in
which the two-peak structure appears. The position of the
highest peak coincides with that of the n-pair correlations
in Fig. 1(a) (marked as “47), implying the strong relation
between the negative conductivity and the formation of 7 pairs
due to the population inversion by pump-pulse irradiation.
Examining the negative conductivity also sharpens the second
peak around Ag = 0.84 and w,,/f, = 7.0, which was unclear in
Fig. 1(a). This extra peak can be reconfirmed by exploring the
modified structure factor P-o(q,1) =Y, ,€“ P(r, 1) in or-
der to get rid of the contribution of local pairs (doublons) from
ﬁ(q =m,t) as demonstrated in Ref. [39]. In Fig. 3(b), we
show the contour plot of Poolg=m,t) =) ., e P(r, 1)
in the Ap-w, plane. Compared with Fig. 1(a), the two-peak
structure is more clearly visible. In addition, the positions
of the two peaks agree very well with those obtained from
Fig. 3(a), further indicating that the longer-range correlations
play a peculiar role in the n-pairing dominant regime and are
directly related to the negative dynamic conductivity.

Figure 4 demonstrates the time dependence of the in-
tegrated negative weights with the pump-pulse parameters
Aop = 0.4 and w,/t, = 7.0, i.e., the n-pairing dominant point

Ag = 04, wy/ty = 7]

—0.1
=
—-0.2

8 19 20 21 22 23 24 25
t Xty

FIG. 4. Time dependence of the integrated negative weights f ()
at the n-pairing dominant point (Ay = 0.4 and w,/f, = 7.0 denoted
as “+” symbol in Fig. 3).

denoted as the “4-” symbol in Figs. 1 and 3. A clear oscilla-
tion can be seen here with the period T ~ 1/t,, which gives
us the frequency o' = 27 /T =~ 6.28, showing a reasonable
agreement with the negative peak position w/f = 6.2 [see
Fig. 2(b)] as well as with the Higgs oscillation in Fig. 1(c).
This demonstrates the origin of the negative peak due to
the Higgs mode, showing a similar behavior as for the out-
of-equilibrium induced Higgs mode, [29,40-46], but with a
negative spectral weight, not discussed before.

The observation of a Higgs-driven negative conductivity
peak in the n-paired regime enables the identification of the
n-pairing-dominated region and provides a direct measure of
the Higgs mode frequency via radiation at the Higgs fre-
quency. Similar optical amplification was recently reported
for the light-induced superconducting state out of metallic
K3Cgp and requires a prompt quench [47] which was followed
by an observed negative conductivity below 10 meV but no
pronounced peak. In contrast, the n-paired superconducting
state emerges from a Mott insulator, which leads to a negative
conductivity peak above the Mott gap. Since the reported ra-
diative Higgs mode is so far exclusive to the 1D case, and does
not appear at infinite dimensions [36,37], it is highly desirable
to investigate the optical conductivity after pulse irradiation in
between, i.e., in two and three spatial dimensions.
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The iTEBD simulations were performed using the ITensor
library [48].
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