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Abstract. State-of-the-art MDAO frameworks like OpenMDAQO and GEMSEO facil-
itate the setup and the gradient-enabled solution/optimization of large multidisciplinary
problems, which are predominantely of steady-state type. Time-dependent MDAQO prob-
lems, however, pose additional challenges, particularly in conjunction with cost-intensive
high-fidelity simulations. This work demonstrates how advanced MDAQO-framework capa-
bilities can be transferred from the steady-state to the unsteady domain. To this end, an
MDAO framework approach is presented integrating OpenMDAQO with the HPC' ecosystem
FlowSimulator including high-fidelity simulation plugins like the CFD-software CODA.
Among the key capabilities of the time-accurate framework approach are a complete sys-
tem representation on the framework level resolving all input- and output dependencies to
yield a monolithic time-resolved view, and checkpointing-enabled reverse gradient accumu-
lation over time. A gradient-based optimization was conducted in the framework for an
elementary Van der Pol oscillator case carrying out an unsteady reverse-in-time sensitivity
analysis. Moreover, it was successfully shown and verified that the framework is capable
of performing unsteady adjoint viscous/turbulent CFD computations for a NACA0012
and the CRM/DPW-5 wing-body configuration, paving the way for large adjoint-enabled
unsteady MDAQO applications.
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1 INTRODUCTION

The past decade has seen the development of multidisciplinary design analysis and
optimization (MDAO) frameworks, like e.g. the open-source frameworks OpenMDAO [1]
or GEMSEO [2]. Such MDAO frameworks offer features like forward- and reverse gra-
dient accumulation over multiple disciplines using nested multidisciplinary solvers and
preconditioners, MPI-parallelism, and reusability of integrated components. These fea-
tures make the frameworks attractive to the community in academia and industry for use
in different levels of fidelity. In steady-state analyses, this has caused MDAO to already
have become state of the art. To model time-resolved problems in MDAQO frameworks,
different kind of approaches were tried. One way is to implement the whole time-resolved
problem as a pseudo-steady system [3], and/or by vectorizing the considered ordinary
differential equation system, as done by the open-source multidisciplinary optimal control
software DYMOS [4]. However, these approaches yield a system wide state that contains
the information of all simulated quantities of all time steps at once, which quickly becomes
prohibitive for problems of high spatial resolution and many physical time-steps as it is
the case in conjunction with time-accurate high-fidelity CFD simulations.

To remedy this problem, the open-source extension RKOpenMDAO [5] was developed
which extends OpenMDAO towards time integration via Runge-Kutta methods [6]. This
extension performs the time integration for a considered ODE by modeling a single time
stage of the ODE as an inner problem to avoid the allocation the system state over all
time steps and stages. Currently, explicit and diagonally-implicit Runge-Kutta schemes
are supported.

This paper investigates the sensitivity analysis of time-resolved MDAO problems with
RKOpenMDAO. For this, The second section considers both theoretical and implementa-
tion aspects of passing derivatives through time using RKOpenMDAQ. The third section
contains numerical experiments conducted with RKOpenMDAQO using the mentioned ca-
pabilities. This includes both an academic mathematical optimization example and high-
fidelity CFD analyses of passing derivatives through time using the CFD software CODA
[7], which is developed in collaboration between the French Aerospace Lab ONERA, Air-
bus, the German Aerospace Center (DLR) and their research partners in Europe.

2 SENSITIVITY ANALYSIS IN RKOPENMDAO

For time integration in OpenMDAO [1], the extension RKOpenMDAO was used. As
explained in [5], this extension allows Runge-Kutta methods to be applied on OpenMDAO
problems such that the capabilities of the framework can be extended to the unsteady
domain.

Consider a multidisciplinary first-order ODE system in residual form:

0=F(t,x(t),2'(t), =x(to) =0, (1)

where o = (gPiscl gbisc2 pDisem) g the multidisciplinary state vector, 2’ its time
derivative, t is time, and F' is a function modeling the (possibly implicit) interaction
between ¢, x and z’. The formulation in Eq.(1) also allows the inclusion of functionals
and time independent inputs into the ODE system by using transformations similar to

the ones in [8]. For independent inputs, assume a system of the form:

0= G(t7 I(t), x/(t)v a)? x(tO) =Ty,
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where a is a vector of independent inputs. Then by adding the ODE a’(t) = 0 with initial
value a(tp) = a, and defining & = (x, a), the system can be brought into the form:

. (G(t,xa),x'(t),a(t)))

which fits into the form of Eq.(1).
Similarly, assume there is a functional:

= Y )t

to

for the ODE system:
0= H(t,x(t),z'(t)), =z(to) =g,

where t; is the end time of the ODE system. Then by introducing the ODE J'(t) = j(z(t))
with initial values J(ty) = 0, and defining & = (x, J), there is a system of form Eq.(1):

(t,2(t).2'(1))
0= (J'() '(x(t»)
= (13,8 (1))

- (12)-(3).

in which J = J(t;) by the fundamental theorem of analysis.
Applying a diagonally implicit Runge-Kutta (DIRK) scheme on Eq.(1) yields:

S
xn+1:xn+Athzk1 n:O,,N—l
=1

0:F(tn‘i‘AtC“In‘i‘At(Sl+CL”]€1>,I{?1) 1= 1,...,5 y (2)

where x,, and x,,, are the states of x at the current and next time step respectively, k; is
the stage-wise update, At is the step size, t,, is the time of the current step, and a;;, b;, ¢;
are parameters from the Butcher tableau of the used Runge-Kutta scheme. However, this
form is inconvenient for the use in MDAO frameworks like OpenMDAO, as the second
equation of Eq.(2) has a changing number of variables depending on the current stage
of the Runge-Kutta scheme. By substituting s; = Z; llal]kj, the following system is

obtained:

S
l’n+1:l’n+Athzkl n:O,,N—l

i=1

i—1
S; — E Clijkj @':1,...,3
J=1
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With this substitution, the last equation of Eq.(3) has the same number of variables
independent of the time stage which is a requirement for an implementation of that
equation system into an OpenMDAQO model, while the first two equations can be computed
once per stage or step, respectively.

For the sensitivity analysis, the matrix vector products %{jdwo and ‘ffT]ng ~ (for forward
or reverse mode respectively) are of interest. Due to a single time step only depending
on the previous step and its own intermediate data, these matrix vector products can be
expanded into:

de dﬁN dZEN_1 dxl

—_— = . —d 4
d(L’Q o0 dl'N_l de’N_Q dflfo 05 ( )
respectively
deT_ dxlea:gT dz N T
— IN—= — — ... (5)
dZEQ dﬂf() d$1 dl’N_l

This means that the sensitivities can easily be calculated, given that Eq.(3) can be differ-
entiated in forward and reverse mode. Since the calculations of x, 1 and s; are explicit
and linear calculations, their differentiation can be done on the framework level without
many problems. The main work resides in the differentiation of F wrt. x,, s; and k;.
Given that F' with its derivatives is implemented on the component level via an OpenM-
DAO model, the framework time integrator then can provide forward sensitivities without
further complications. The calculations of the necessary matrix vector products can take
place right after the calculation of the stage or step in the non-differentiated time integra-
tion, since at that point the necessary linearization points are available without additional
costs.

In reverse, the calculation of the involved derivatives have to be backward propagated
through time both in time stages and time steps. On the level of a single time step,
it is feasible to keep intermediate values of the stages in memory, since Runge-Kutta
schemes used in practice usually have only single-digit numbers of stages. Using these
intermediate values as linearization points for the backwards pass, the reverse derivative
of a single step can be obtained. Storing the data for each time step, especially for high-
fidelity simulations with thousands of time steps, would result in prohibitive memory
requirements, defeating the purpose of RKOpenMDAQ. Instead, RKOpenMDAQO employs
checkpointing and stores in the forward pass of an non-differentiated time integration a
limited number of intermediate values of the time steps. These results act as a starting
point for the backwards pass for the reverse sensitivity analysis. Instead of recalculating
the whole time trajectory, a restart is done from the latest checkpoint, reducing the
computational effort to get to the step whose reverse derivative is to be computed. In
the implementation of RKOpenMDAQ, binomial checkpointing with the algorithm revolve
[9] is used, via the Python wrapper PyRevolve [10] on the level of the multidisciplinary
system. Binomial checkpointing is proven to be optimal in the sense that it minimizes
the number of recomputed steps wrt. to the number of allowed checkpoints [9].
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3 NUMERICAL EXPERIMENTS
3.1 Van der Pol Oscillator — an Unsteady Optimization Problem

The Van der Pol Oscillator [11] was selected for validation and verification purposes,
since it is an well known example for stiff ODEs. It is a second-order ODE defined by

i—e(l—aPi+z=0,

with initial values z(0) = x¢, ©(0) = yo (see Fig.1 for an example trajectory). By
introducing y = , this can be transformed into a first order ODE system

y—e(l—a*)y+z=0,
.flf—y:O,

with initial values z(0) = o, y(0) = yo. Note that for ¢ = 0, the ODE system descibes a

x0=20y0=3.0
£=2>5.0

Figure 1: Example trajectory of the Van der Pol oscillator.

harmonic oscillator.

For verification purposes, the problem was artificially turned into an optimization prob-
lem, in which a gradient-based optimization based on the reverse-in-time sensitivity anal-
ysis is performed. Along these lines, the following functional is defined:

J= /0 y (@()? + y(t)? — 1) - tanh(z(t)? + y(£)? — 1)dt. (6)

This functional consists of two parts:

e The parametrization of the unit circle 22 +y?> —1 =0 for z,y € R
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e An differentiable approximation of the absolute value |z| ~ x - tanh

Thus, the functional can be interpreted as measuring the distance of the curve of the Van
der Pol oscillator from the unit circle over time.

As a first verification case for the sensitivity-analysis capabilities of RKOpenMDAO,
the following optimization problem is considered:

Minimize J
w.I.t. €, 20, Yo

subject to g —e(1 —2*)y+2 =0

T—y=
x(0) =z
y(0) = yo

The functional is minimized w.r.t. the parameter epsilon and the initial values of the
ODE. Analytically, this it optimal if and only if € = 0 and xg, yo lie on the unit circle. In
that case, J = 0 holds:

1. The solution will be of form z(t) = g cos(t) +yo sin(t), y(t) = —xgsin(t) + yo cos(t),
as for ¢ = 0 the ODE system describes a harmonic oscillator.

2. Tt follows that z(t)* + y(t)? = 22 + y2 = 1, the first equality holding due to the
Pythagorean trigonometric identity, the second since xg, 3o reside on the unit circle.

3. It follows that (z(t)? + y(t)? — 1) - tanh(z(¢)® + y(¢)> — 1) = 0, and thus J = 0.

As (22 4+ y? — 1) - tanh(z? + y* — 1) > 0 holds for all z,y € R, this extends to J > 0,
making a configuration with J = 0 optimal. Note that the minimum being J = 0 means
that this problem also could have been solved using a root-finding algorithm (e.g. the
Newton method). However, the choice to solve the problem using optimization was done
for verification purposes.

Numerically, the ODE involved in the problem is discretized using a third-order four-
stage ESDIRK scheme from [12] with v = 0.4358665, using RKOpenMDAOQO for time
integration with a step size of At = 0.05, starting at ¢, = 0 until £; = 10. The involved
optimization is done via OpenMDAQOs SciPyOptimizeDriver using the SLSQP method
with a tolerance of 107%. As initial values for the design variables, € = 0.3 and xy = yo =
1.5 were chosen. Under these circumstances, a minimum was found after 15 iterations,
using 32 function evaluations. See Fig.2 for a visualization of the trajectories. The
minimal functional value obtained is J = 1.23638251 - 1077, with the final values of the
design variables being o = —0.32984621, 1o = —0.9441123 and ¢ = —4.11990118 - 107°.
Taking into account numerical errors and tolerances, these results reflect the analytical
minimum, as 3 4+ y5 = 1.00008338 being close to 1, and € and J being close to 0.
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x0=15y0=15
J =[29.80831489]

x 0 =-0.32984620710208834, y 0 = -0.944112301877361
J =11.23638251e-07]

3

2_

Figure 2: Initial (up) and final (down) run of the time integration during the optimization
of the Van der Pol oscillator. The dotted circle marks the optimal solution, cf. bottom.
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3.2 Sensitivity Analysis Reverse-in-Time with the CFD Software CODA

To challenge the presented MDAO framework approach, high-fidelity unsteady CFD
cases are considered in conjunction with the CFD software CODA. Independent of the
exact configuration, the following equations need to be iterated in time to obtain the time
trajectory of the flow state W:

ow
S+ ROV) =0, 7)
with R(W) denoting the stationary residual contributions from the spatial discretization.
In the first example, a NACAO0012 airfoil is considered in laminar Navier—Stokes flow
conditions. A second-order finite volume approach is used to discretize the equations
in space. A source of momentum () is introduced as a control term, yielding a slightly
modified set of equations:

ow
ST RV @ =0, ®

@ is a (constant in time, non-dimensional) source of momentum, which was introduced
as a simple control term in this study. In the subsequent unsteady adjoint sensitivity
analysis, the unsteady residual equation had to be differentiated with respect to that
source term. The momentum in the direction of the drag, being the time integral of the
drag coefficient was considered as objective functional:

J= / 7 (W)

where Cp is the drag coefficient of the airfoil. After time discretization, a time step of
the problem reads:

Wosr = W + ALY bik)”

i=1

1P, =10+ AtY bik!
=1

i—1
w _ E w
S, = aijk’j
j=1

Wi =W, — Ats)”

0 R(W!
Aas +R(W,) +@Q
Wi —W, — AtsV
0=k - ——" L
! At@n
k] = Cp(W})

with i =1,...,s.

The following simulations use a Mach number Ma = 0.1 and a Reynolds number
Re = 10000. The third-order four-stage ESDIRK method given in [13] was used with a
non-dimensional step size At = 0.1, while the simulated time corresponds to 0.04 x T,
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with Teony = Schord/Uso. Initial values Wy are the corresponding steady state with the
Mach and Reynolds number at an angle of attack a = 0°. 5 time steps with @@ = 0 result
in J = 0.01602079. The sensitivities derivatives @T = dJ/dQ, computed a reverse pass
through time, indicate where to most effectively add or remove momentum in order to
change J, as can be seen in Fig.3. For example, with the leading edge of the airfoil at
(0,0) and the trailing edge at (1,0), setting the horizontal part of ) to —0.1 at around
(0.37,0.47) increases the functional to J = 0.01804821, whereas setting it to 0.1 decreases
it to J = 0.01401113.

[0}
ko)
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(o)
o]
=
£
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X
o
o
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w
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=,
=
o
@
=
o}
=

Figure 3: Euclidean norm of the sensitivity vector distribution @T = dJ/dQ for the
NACAO0012 airfoil.

Subsequently, the Common Research Model CRM/DPW?5 [14] depicted in Fig.4 was
considered in (U)RANS flow using the negative extension of the Spalart—Allmaras tur-
bulence model (SA-neg). The governing equations Eq.(7) were solved with a standard
second-order finite-volume discretization using a Roe upwind scheme for the convective
fluxes on a computational mesh of approx. 2.8 million control volumes. The objective
functional is defined to be the momentum,

J— / Y (W)t

wherein CF, is the non-dimensional coefficient of the aerodynamic force acting on the
aircraft in vertical direction. The time integration is performed by means of the multi-
disciplinary implicit Runge-Kutta integrator implemented in RKOpenMDAQO. The time-
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Figure 4: Surface plot of the CRM/DPWS5.

stepping operations performed on the level of the framework are

W1 = Wo + ALY bikl¥
i=1

Iy =T+ At bik]

i=1

i—1
wo_ Z W
Jj=1

~ WE=W, — Atst
N Ata“
! Ataii

0

+ R(W})

O pu—

with 2 =1, ..., s.

All simulations for the CRM/DPW-5 were carried out at a Mach number of Ma = 0.85
and a Reynolds number of Re = 5-10°. The unsteady simulation were started from free-
stream initial conditions Wy, at an angle of attack of & = 0°. The third-order four-stage
ESDIRK method by [13] was used with a non-dimensional step size At = 0.001.

dJ

First, the derivatives g= computed on-the-fly by forward-mode differentiation were

verified against finite differences. In Fig.5, the analytical sensitivity ddWJOdWO with dWy =1
is compared against forward and central finite differences in a simulation with 5 time steps.
In both cases, the approximation error was reduced down to € of 10~ for forward FD,
and 107 for central FD, respectively. From that point on, the truncation error dominated
the FD approximations.

Subsequently, a duality test of the objective functional derivative was performed to
verify consistency of the sensitivity derivatives obtained from forward and reverse-mode
time integration for arbitrary choices of the initial state perturbation dWW, and the reverse-
mode seeding .J = 1. The duality check was carried out for different numbers of time steps
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Figure 5: Comparison of forward-mode sensitivities against forward and central finite
differences of a simulation with 5 time steps. As expected, central differences yield a
lower error and a steeper convergence.

Table 1: Forward and reverse mode derivatives and their errors for different perturbations
and numbers of time steps.

# time steps Initial state perturbation dWj Absolute error
5 1 1.31838984 - 10716
15 1 9.29811783 - 10716
15 density field filled with ones, else zeros 5.87460429 - 1077
15 vertical momentum field filled with ones, else zeros — 3.4399488 - 10~7

N, with the absolute deviation between forward and reverse-mode sensitivity derivatives
summarized in Tab.1.

In the next step, a first performance study was conducted for N = 15 and dW, = 1,
were the performance of the time integration and its forward and reverse sensitivities were
compared on 8, 16 and 32 nodes with 64 cores per node. For the reverse calculation, the
revolve algorithm was allowed to use 5 checkpoints. According to Tab.2, a reverse pass
takes almost twice the run-time of a forward-linear pass. This factor is only expected
to increase once the number of time steps is increased without increasing the number of
checkpoints accordingly, which is unfeasible in the long run due to memory constraints.
However, note that the initialization flow state (considered as the control parameter here
with respect to which the differentiation is performed) consists of more than 17-10° degrees
of freedom. If complete gradients were to be computed instead of directional derivatives, a
calculation of the gradient in forward mode would be much more costly than the reverse-
mode version. In this case, the forward-mode version would take as many passes through
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Table 2: Performance comparison of time integration and its derivatives. Here %y, is the
wall clock time necessary for time integration (including the collection of checkpoints),
tfwd 1S the time required for a forward pass of the sensitivities, and t,., the time of the
backwards pass of sensitivities. S, is the speedup of ¢; of the computation compared to
the previous line (i.e. for doubling the number of cores).

# nodes (# cores) trnt Sty trwd  Stru trev Stres

8 (512) 1356.46 n.A. 3888.14 n.A. 534470 n.A.
16 (1024) 653.29 2.076 1432.13 2.715 2699.51 1.980
32 (2048) 428.05 1.526 821.27 1.744 1731.55 1.559

the time integrator as there are degrees of freedom, whereas the reverse-in-time mode
only takes one per functional. For the case of 16 nodes, the influence of the number
of checkpoints was investigated additionally. Fig.6 shows the reduction in runtime for
different numbers of checkpoints. Note that the runtime reduction is offset compared to

Reverse Sensitivity Pass wrt. Number of Checkpoints

Recomputed Time Steps Runtime

30 3000
[%2]
=)
%]
4
n 25 2500
:
= 20 & 2000
3 =
- 8
B D
g 15 @ 1500
[ =] [¥]
. £
B 10 & 1000
[
£
5 5 500
z

0 0

3 5 9 3 5 9
Number of checkpoints Number of checkpoints

Figure 6: Proof of concept: influence of the number of checkpoints on the performance of
the reverse-mode derivative calculation for a total of 15 physical time steps.

the reduction of recomputed time steps, since the runtime of the reverse pass is composed
of both the recalculation of time steps and the adjoint sensitivity calculation per original
time step. Changing the number of allowed checkpoints only has influence on the first
of these two parts. It must be kept in mind that the options for checkpointing are very
limited in this case, due to the very small number of 15 physical time steps performed.
The situation is expected to look different for real-world unsteady simulation cases with
many time steps due to long simulation times or small step sizes. However, Fig.6 indicates
that the checkpointing approach implemented here, performs as expected.
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4 CONCLUSIONS AND OUTLOOK

A gradient-enabled MDAOQO framework approach is presented for multidisciplinary, high-
fidelity unsteady sensitivity analyses and optimizations. For reverse-in-time gradient
computations, checkpointing schemes are provided so that memory can be traded for
CPU runtime. First, the extension RKOpenMDAQO was presented focusing on the ODE
representation and key features for reverse mode computations including checkpointing.
Numerical verifications — such as finite differences and duality checks — and experiments
were carried out with the suggested MDAO framework approach for (a) an elementary
coupled analytical test case and (b) the CRM/DPW-5 wing-body configuration being a
large-scale CFD case. In all cases exact forward and reverse gradients were obtained for
the unsteady problems, demonstrating the capabilities of the framework implementation.
Mind that the verification problems considered here with framework approach were only
of single-disciplinary type. However, mind that the unsteady extension RKOpenMDAO
to OpenMDAQ retains and supports the full multiphysics capabilities of the base-line
version of OpenMDAQO that is usually being used for steady-state MDAO problems.

In the future, the suggested time-accurate MDAO framework approach is to be ap-
plied to carry out gradient-based optimizations of large coupled configurations including
aeroelastic MDAO of aircraft. Furthermore, the framework is to be extended to offer
further time integration schemes and coupling methods. Moreover, it is intended to use
RKOpenMDAO for high-fidelity unsteady design and control problems with adaptive time
stepping and higher-order methods in time and space.
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