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Abstract Simulating mantle convection often requires reaching a computationally expensive steady‐state,
crucial for deriving scaling laws for thermal and dynamical flow properties and benchmarking numerical
solutions. The strong temperature dependence of the rheology of mantle rocks causes viscosity variations of
several orders of magnitude, leading to a slow‐evolving “stagnant lid” where heat conduction dominates,
overlying a rapidly evolving and strongly convecting region. Time‐stepping methods, while effective for fluids
with constant viscosity, are hindered by the Courant criterion, which restricts the time step based on the system's
maximum velocity and grid size. Consequently, achieving steady‐state requires a large number of time steps due
to the disparate time scales governing the stagnant and convecting regions. We present a concept for
accelerating mantle convection simulations using machine learning. We generate a data set of 128 two‐
dimensional simulations with mixed basal and internal heating, and pressure‐ and temperature‐dependent
viscosity. We train a feedforward neural network on 97 simulations to predict steady‐state temperature profiles.
These can then be used to initialize numerical time‐stepping methods for different simulation parameters. For an
example application, the number of time steps required to reach steady‐state is reduced by a factor of 2.8,
compared to typically used initializations. The benefit of this method lies in requiring very few simulations to
train on, providing a steady‐state solution that is numerically accurate as we initialize a numerical method, and
posing minimal computational overhead at inference time. We demonstrate the effectiveness of our approach
and discuss its potential for advancing mantle convection research.

Plain Language Summary Simulating the dynamics of the rocky interiors of planets can be
particularly demanding when seeking a statistical steady‐state. Yet, such simulations play a key role in planetary
research, for instance, in benchmarking numerical codes and deriving parameterizations for convective heat
transfer and mixing.We show that a neural network trained on fewer than 100 simulations can accurately predict
the horizontally averaged temperature profile of the final steady‐state. If these profiles are used as initial
conditions for new numerical simulations, the corresponding steady‐state for the simulation in two dimensions
and all the solution variables is attained 2.8 times faster than when using other typical initializations. By
speeding up thermal convection simulations, machine learning promises to enhance our understanding of the
dynamics of planetary interiors.

1. Introduction
1.1. Challenges in Achieving Steady‐State in Mantle Convection Simulations

Simulating natural convection phenomena, particularly mantle dynamics, often necessitates achieving a steady‐
state, a condition where parameters of interest either remain constant or oscillate around a mean value. This
equilibrium phase is essential for deriving scaling laws for convective heat transfer (e.g., Christensen, 1984;
Ferrick & Korenaga, 2023; Grasset & Parmentier, 1998; Korenaga, 2010; Vilella & Deschamps, 2018; Solo-
matov, 1995, to name just a few studies spread over three decades of research), validating numerical codes (e.g.,
Blankenbach et al., 1989; King et al., 2010; Tosi et al., 2015), studying chaotic mixing processes (e.g., Coltice &
Schmalzl, 2006; Farnetani & Samuel, 2003; Samuel & Tosi, 2012; van Keken et al., 2014), and determining
characteristic flow wavelengths (e.g., Grigné et al., 2005; Höink & Lenardic, 2010; Phillips & Coltice, 2010).

In computational fluid dynamics (CFD), simulations typically evolve non‐linear terms such as advection by
advancing the temperature over discrete time intervals. The time‐step size is constrained by the maximum ve-
locity within the system and by the grid size as per the Courant criterion (see e.g., Ch. 6 in Ferziger et al., 2019),
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which is crucial for maintaining numerical stability. This approach is effective for fluids with constant viscosity,
where steady‐state conditions are rapidly achieved. In mantle convection, however, this criterion becomes
problematic due to the extensive viscosity range (often spanning 10 orders of magnitude). This variability leads to
cold upper regions that remain static forming a so‐called stagnant lid—a “frozen” layer where heat transfer occurs
very slowly, primarily through conduction, while deeper and hotter regions exhibit vigorous convection (e.g.,
Moresi & Solomatov, 1995). Below this layer, as the temperature increases, convection dominates, providing a
heat flux into the stagnant lid that affects its time evolution (e.g., Breuer &Moore, 2015). The coexistence of these
two distinct thermal regimes implies that the temperature distribution of such a system evolves over vastly
different time scales. This often requires several hundred thousand to a few million time iterations before the
system reaches a steady‐state. Any reduction in the number of iterations needed to reach the final state can thus
offer significant computational and time savings for mantle convection studies.

1.2. Machine Learning in Fluid Dynamics

The high computational cost of running fluid dynamics simulations has made them a prime area of research in
scientific machine learning (e.g., Brunton et al., 2020; Lino et al., 2023). This is not only true for surrogate
modeling strategies where trained machine learning models serve to approximate the forward problem, but also
for hybrid strategies, where machine learning is used to accelerate partial differential equations solvers without
compromising their numerical accuracy (e.g., Alieva et al., 2023; Illarramendi et al., 2020; Kochkov et al., 2021;
Tompson et al., 2017).

Likewise, machine learning remains a promising avenue for accelerating discovery in geo‐ and planetary physics.
Recent successes include modeling of seismic wave propagation (Xiong et al., 2022), seismic fault segmentation
(Wu et al., 2019), wave inversion (Rasht‐Behesht et al., 2022), predictions of pairwise planetary collisions from
Smooth Particle Hydrodynamics simulations (Winter et al., 2022), trace gases prediction (Azmi et al., 2023),
weather prediction (e.g., Kurth et al., 2023; Lam et al., 2023), air pollution forecasting based on a foundation
model (Bodnar et al., 2024), probabilistic characterization of the interior structure of planets (e.g., Baumeister &
Tosi, 2023; Haldemann et al., 2023; Zhao & Ni, 2021), prediction of surface heat flow from seismic structure for
modeling ice sheet dynamics (Zhang & Ritzwoller, 2024), pressure and temperature predictions for mineral
combinations in the Earth's lithosphere based on experiments (Qin et al., 2024), and gravity moments modeling of
Jupiter (Ziv et al., 2024). The recent publication of a few review articles on data‐driven methods in geophysics and
geodynamics (e.g., Bergen et al., 2019; Morra et al., 2020; Yu & Ma, 2021) underscores the field's increasing
significance.

Closer yet to the topic of convection simulations, Shahnas and Pysklywec (2020) used a feedforward neural
network (NN) to predict the surface heat flux and mean temperature of steady‐state simulations as a function of
parameters such as the Rayleigh number (Ra), the core‐to‐planet radius ratio, and the presence of melting. Ra,
which is a key parameter in convection, quantifies the ratio of buoyancy forces due to thermal expansion that drive
convection to the stabilizing effects of thermal diffusion and viscosity. Pandey and Schumacher (2020) used
reservoir computing to predict statistics of two‐dimensional (2D) turbulent Rayleigh‐Bénard convection simu-
lations in form of the coefficients of the Proper Orthogonal Decomposition (POD) of the fields. Heyder
et al. (2022) extended this method to study the generalization properties on varying ratios of buoyancy flux at the
top and bottom boundaries, as well as compared POD and convolutional autoencoders for encoding data into a
latent space. Heyder et al. (2024) used generative adversarial networks to parametrize transiently growing
convective boundary layer and complex non‐gaussian statistics of the heat flux. Agarwal et al. (2021) demon-
strated that 2D surrogate models of thermal evolution of planetary interiors could be modeled using autoencoders
for dimensionality reduction and then by using Long Short‐Term Memory (LSTM) networks for advancing the
compressed representations of this flow in time. This was a follow‐up study to Agarwal et al. (2020), where an NN
was used to predict the horizontally averaged temperature profiles from thermal evolution simulations. Akbari
et al. (2023) leveraged POD and LSTM networks to build reduced‐order models for data assimilation in Ray-
leigh–Bénard convection. Ali Boroumand et al. (2024) used deep convolutional networks to estimate the Prandtl
number (the ratio of momentum diffusivity to thermal diffusivity) and Ra from two‐dimensional snapshots of
convection simulations. Sen et al. (2024) used eXtreme Gradient Boosting to predict the Nusselt number (the ratio
of the total heat flux to the conductive heat flux) as a function of Ra and aspect ratios of the computational domain
for turbulent thermal convection. The ability of machine learning methods to model high‐dimensional function
and parameter spaces has thus triggered tremendous interest in several areas of fluid dynamics.
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1.3. Using Neural Networks to Predict Statistical Steady‐State

In this paper, we exploit the findings of Agarwal et al. (2020) that an NN can predict horizontally averaged
temperature profiles as a function of simulation parameters. Here, we focus on predicting temperature profiles of
statistically steady‐state mantle convection simulations instead of thermal evolution simulations. We demonstrate
that these predicted profiles serve as excellent initial conditions for a traditional numerical solver. By using the
profiles predicted by our NN, we can determine the statistical steady‐state of a given system in a fraction of the
time than would be needed when starting from a typical initial condition such as an arbitrary high or low tem-
perature, or a conductive profile.

While the predictions of the temperature profile from the NN are expected to be relatively accurate, feeding these
to numerical solvers allows obtaining other valuable information on the system, namely, (a) two‐dimensional
temperature, velocity, and pressure fields, and thereby the characteristic flow pattern and wavelength, as well
as (b) numerically accurate heat fluxes at the top and bottom of the domain, which can then be used to derive
suitable scaling laws for convective heat transfer (see Section 3.3). Hence, we propose a hybrid modeling
approach, where NNs serve as an accelerator for our specific problem of predicting the statistical steady‐state of
thermal convection simulations. To the best our knowledge, this is the first time such an approach has been
proposed in the context of mantle convection. The data used in this study as well as a trained NN are made
available on HuggingFace. The trained model can be run to generate and download temperature profiles: https://
huggingface.co/spaces/agsiddhant/steadystate‐mantle. No installation is needed.

The outline of the paper is as follows. We first explain the methods used, including the mantle convection
equations solved and the numerical setup of the simulations (Section 2.1). We provide details on the simulation
data set (Section 2.2), on the neural network used (Section 2.3) as well as on the other regression methods used as
baselines (Section 2.4) and on the calculation of the stagnant lid thickness and of some basic scaling laws
(Section 2.5). In Section 3.1, we examine the accuracy of the NN predictions and compare it to the other
regression baselines. In Section 3.2 we compare the number of iterations needed to reach a statistical steady‐state
for two qualitatively different simulations that are started from different initial conditions. In Section 3.3, we
derive some basic scaling laws using simulations accelerated by NN predictions as an example application. We
then conclude the paper discussing the significance of this approach, possible improvements (Section 4), and
summarizing our main findings (Section 5).

2. Methods
2.1. Convection Model

We solve the conservation equations of mass, linear momentum and thermal energy in a 2D Cartesian geometry
for an incompressible fluid with variable viscosity and negligible inertia, heated from below and from within. In
non‐dimensional form, these read respectively:

∇ ⋅ u = 0, (1)

− ∇p + ∇ ⋅ (η(∇u + (∇u)T)) = RaTey, (2)

∂T
∂t
+ u ⋅∇T = ∇2T + Q, (3)

where u is the velocity vector, p is the dynamic pressure, η is the dynamic viscosity, which depends on tem-
perature and depth (see Equation 5), T is the temperature, ey is the unit vector in the vertical direction, Q is the
internal heating rate (assumed to be uniformly distributed in the domain), and Ra is the Rayleigh number
defined as

Ra =
ρ2 cp g α δT D3

η0 k
, (4)
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where ρ is the density, cp is the heat capacity, g is the gravitational acceleration, α is the coefficient of thermal
expansion, δT is the temperature scale, D is the domain thickness, k is the thermal conductivity, and η0 is a
reference viscosity.

Due to the neglect of inertia (Equation 2), that is, under the assumption of Stokes flow, velocity and pressure fields
are completely determined by the temperature distribution. In other words, for a given temperature field, and
hence a given right hand side of Equation 2, one can obtain the velocity fields with a single solve of the Stokes and
mass conservation equations, which, in the current setup, takes approximately 3 s. This means that it is sufficient
for a neural network to learn and predict the temperature for initializing a simulation.

All quantities appearing in Equation 4 are constant (i.e. their non‐dimensional reference value is 1). The (non‐
dimensional) viscosity in Equation 2 depends on temperature and depth according to the following rheolog-
ical law:

η(T,y) = exp(− log(γ)T + log(β)(1 − y)), (5)

where y is the height (0 at the bottom of the domain and 1 at the top), and γ and β are the maximum viscosity
contrasts due to temperature and depth, respectively. The Rayleigh number Equation 4 is set equal to 1. By using
large values of γ in Equation 5, we obtain an exponential decrease of viscosity with temperature, which can be
partly compensated by an increase with depth controlled by the β term. This leads to a highly viscous, non‐
convecting stagnant lid occupying the upper part of the domain, which is subcritical for convection. Below the
stagnant lid, the decrease in viscosity due to temperature ensures that the local Rayleigh number (i.e., Ra/η) is
highly supercritical and convection is vigorous. Assuming for example, γ = 106 and β = 1, at the bottom of the
domain we have η(T = 1,y = 0) = 10− 6 and a local Rayleigh number of Ra/η = 106.

We use the finite volume code GAIA (Hüttig et al., 2013) to solve Equations 1–3 in a 2D rectangular domain with
an aspect ratio of 4. We use a regular grid consisting of 126 and 504 grid points, uniformly spaced in the vertical
and horizontal directions, respectively. We treat all boundaries as impermeable, that is, with zero normal velocity,
and free‐slip, that is, with zero shear stress. The top and bottom boundaries are isothermal (with T( y = 0) = 1
and T( y = 1) = 0) and the sidewalls insulating, that is, with zero heat flux.

2.2. Parameters, Data Set, and Output Quantities

We generate a data set of 128 simulations of steady or statistically steady convection depending on the three
parameters γ, β and Q (Agarwal et al., 2024). We vary γ between 106 and 1010, β between 1 and 100, and Q
between 0 and 10. This choice results in (maximum) local Rayleigh numbers ranging from 104 (for γ = 106 and
β = 100) to 1010 (for γ = 1010 and β = 1).

Due to the choice of rectangular geometry, the combination of high internal heating, depth dependence of the
viscosity, and fixed‐temperature bottom boundary conditions can lead to internal temperatures exceeding the
bottom temperature, which is set to the non‐dimensional value of 1 (Figure 1, last column). We note that this
effect, albeit physically realistic, would be less strong upon using a spherical shell geometry. In fact, plane‐layer

Figure 1. A visualization of the normalized simulation parameters and temperature profiles for training (blue), validation (cv, orange) and test (green) sets. We scale the
parameters by their respective minimum and maximum values. For γ and β, we first take the log10 of the parameters and then scale them by their respective minimum and
maximum values. The test set (green symbols and lines) is deliberately picked in this manner to check for NNs ability to extrapolate slightly.

JGR: Machine Learning and Computation 10.1029/2024JH000438

AGARWAL ET AL. 4 of 18

 29935210, 2025, 1, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2024JH

000438 by D
tsch Z

entrum
 F. L

uft-U
. R

aum
 Fahrt In D

. H
elm

holtz G
em

ein., W
iley O

nline L
ibrary on [09/09/2025]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



convection models may need to introduce artificial cooling in order to reproduce temperatures obtained in
spherical shells (O’Farrell et al., 2013; O’Farrell & Lowman, 2010). Also, if one were to simulate the full thermal
evolution of a planetary interior (i.e., transient convecting cooling rather than a statistical steady state), the bottom
temperature (i.e., the temperature of the top of the core) would adapt according to the local heat flux, at least as
long as the core is liquid and can be approximated as a convecting and homogeneous body of given density and
heat capacity (e.g., Stevenson et al., 1983). In this situation, the core would tend to heat up, thereby reducing the
difference between its temperature and the—possibly higher—internal mantle temperature. At any rate, these
cases provide useful tests both because they can be representative of transient phases of mantle and core heating,
and because they allow us to probe the ability of our ML predictions to reproduce non‐trivial temperature profiles.

We split the data set of 128 simulations as follows: 97 simulations are used for training the network, 15 are used as
validation (cv) to test different architectures, and 16 are kept as the test set. While training and cv simulations are
chosen randomly from the same uniform distribution of the parameters, we intentionally chose our test set so that
at least one of the simulation parameters is slightly outside the range of the training and cv data sets: ifQ> 9.5 or if
γ> 5 × 109 or if β> 95. This allows us to test the ability of the network to extrapolate, albeit slightly given the
limited amount of simulations at hand. The simulation parameters as well as the temperature profiles are visu-
alized in Figure 1. As somewhat expected, the temperature profiles of some of the simulations exceed the internal
temperature and the heat fluxes of the profiles of the training and cv sets.

To facilitate optimization of the NNs and other regression algorithms, we scale the parameters by their respective
minimum and maximum values. For γ and β, we first take the log10 of the parameters before scaling them.

2.3. Neural Network Model

We use a typical feedforward neural network, such as the one used by Agarwal et al. (2020) to predict the 1D
temperature profiles from thermal convection evolution simulations of a Mars‐like planet. In that study, the
network predicted the complete profile as a function of six parameters: time, reference viscosity of the mantle,
activation energy and activation volume of diffusion creep, enrichment factor of heat‐producing elements in the
crust, and initial temperature of the mantle. For our purposes here, though, we introduce some changes (see
Figure 2 and Agarwal et al. (2025) for a PyTorch implementation):

• Unlike the NN in Agarwal et al. (2020), the network output is a scalar prediction of temperature at a given
height (T( y)). Such coordinate‐based networks are heavily used for more memory‐efficient learning on un-
structured representations such as point clouds and meshes (e.g., Hines Chaves et al., 2023; Park et al., 2019).
This also helps avoid wiggles in the prediction, which we see when the profile is high‐dimensional (more than
≈ 60 points, as empirically observed in Agarwal et al. (2020)). This also allows the end‐user to directly train
and evaluate on arbitrary depth profiles that are no longer tied to the underlying discretization.

Figure 2. We use a feedforward neural network with five hidden layers and 128 hidden units per layer to predict the
temperature at a given height y as a function of the simulation parameters: internal heating (Q), viscosity contrast due to
temperature (γ), and viscosity contrast due to pressure (β). The network has skip connections to regularize the loss landscape.
We also condition the last hidden layer with the input vector by concatenation, as this tends to improve the accuracy of the
predictions. Although not shown in the figure, we apply SELU() activation (Klambauer et al., 2017) to each hidden layer, that is,
each layer except the input and the output.
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• We train on mini‐batches of only 32 points. Therefore, we find it beneficial to sample comparatively more
points in the upper and lower thermal boundary layers of the temperature profile as these would otherwise be
underrepresented in a batch as most of the mantle tends to be isothermal due to convective heat transfer. We do
so by taking 100 evenly sampled points between the top and the 15th point from the top. We then interpolate
the temperature profile to these new points. We also take 50 evenly sampled points between the bottom and the
10th point from bottom and interpolate the temperature profile to these points. In the middle of the domain, we
take the temperature at the points which retain their original spacing. This leads to a total of 12,416 points in
the training set, 1,920 points in the validation set and 2,048 points in the test set.

• Skip connections are introduced from each hidden layer to every following hidden layer by adding these two
layers element‐wise before applying the activation function SELU() (Klambauer et al., 2017). These addi-
tional connections act as additional pathways for the gradient information to flow during backpropagation and
help mitigate vanishing gradients in the earlier layers of the network.

• We inject the input to the NN into the last hidden layer of the network by concatenation, as this has been shown
to be useful for improving accuracy (e.g., Park et al., 2019).

• Finally, we apply a correction at the boundaries of the domain. We find it important to provide profiles that
satisfy exactly the temperature boundary conditions to be readily used by any traditional numerical solver
without the need to apply any further correction. Imperfect boundary conditions could violate the temperature
scale, making δT smaller or greater than 1. As NNs are approximators optimized by an iterative process, their
predictions naturally tend to be inexact and have a hard time satisfying boundary conditions. In other words,
the boundary conditions tend to be no more or less accurate than any other point in the domain. In the future, it
could be worth exploring some non‐trivial approaches for exact enforcing of the boundary conditions (e.g.,
Sukumar & Srivastava, 2022; Wang et al., 2023), but here we simply overwrite the NN predictions at the top
with 0 and at the bottom with 1. However, this also means that the gradient of the boundary layer can become
inconsistent, especially if the grid resolution is changed. To ensure that at least the heat fluxes are consistent
with respect to the discretization, we overwrite the points within a certain distance of the top (0.04) and bottom
(0.985) with the same gradient between the first and last point.

We train the NNs in PyTorch (Ansel et al., 2024) using an Adam optimizer (Kingma & Ba, 2014). To keep over‐
fitting in check, especially for such a small data set, we use a batch size of 32, a weight decay value of 0.0005 with
the Adam optimizer and save the weights of the NN after an epoch only if the loss on the cv set has decreased. We
train for 140 epochs and decrease the initial learning rate of 0.001 by a factor of 0.5 every 20 epochs. On a Tesla
V100 GPU, training takes up to a couple of minutes. In contrast to Agarwal et al. (2020), the combination of small
mini‐batches, SELU() activation function instead of tanh(), pointwise formulation (using y as an input), and a
small number of simulation profiles (128) compared to 10,000 simulations ×100 time‐steps makes for a
significantly faster training time. We tested NN architectures by varying the number of hidden layers from 2 to 6
and the number of hidden units per layer between 32 and 256, and found 4 or 5 hidden layers with 128 or 256 units
to perform the best. Here, we present the results of a NN trained with 128 units with five hidden layers as this
achieved the lowest error on the cv set.

2.4. Regression Baselines

For a fair comparison, we include the following baseline algorithms for predicting the temperature profile using
scikit‐learn (Pedregosa et al., 2011):

• Linear regression: we test linear regression to predict the temperature profiles as a function of the normalized
simulation parameters.

• Kernel ridge regression: it is a standard workhorse for regression problems and has the advantage of being able
to approximate non‐linear functions while being robust to outliers due to regularization. We use a radial basis
function kernel with α = 0.1, which controls the regularization strength, and keep the default value of the
multiplier of the radial basis function.

• Nearest neighbor: as a simple baseline, we checked how far off the temperature profile would be for a set of
parameters if we simply picked the profile at the nearest neighbor in terms of the simulation parameters in our
data set. The nearest neighbor was determined using KDTree, which uses the Minkowski distance in an n‐
dimensional parameter space.

• Nearest neighbor interpolation: as a slightly more advanced version of nearest neighbor, we also baseline by
taking (a) the temperature profiles of the three nearest neighbors in terms of simulation parameters and (b) by
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using inverse distance weighting to sum the three profiles resulting in an interpolated result. If the set of
parameters being evaluated matches a set of parameters in the “training” data set, we do not perform the
averaging and simply take the exact output from the data set.

2.5. Derivation of Basic Scaling Laws for Convection

As an example of downstream applications of the kind of simulations we aim to accelerate in this study, we derive
some basic scaling laws for mixed heating with temperature‐ and pressure‐dependent viscosity. There are three
main steps for deriving the scaling laws.

First, we determine the thickness of the stagnant lid using the “tangent method” (e.g., Reese et al., 1999) as shown
in Figure 3. The y‐intercept of the tangent from the point of maximum gradient of the horizontally averaged root
mean squared (RMS) velocity profile is taken as the height of the lid.

Second, the difference between the temperature at the base of this lid and the maximum temperature is used to
calculate an effective Rayleigh number (Raeff) :

Raeff = Ra
y3lid (Tmax − Tlid)

ηeff
, (6)

where, Ra is the Rayleigh number defined in Equation 4 (in this case simply Ra = 1), ylid is the height of the lid
(i.e., the distance in y from the base of the domain), Tmax is the maximum temperature of the profile, Tlid is the
temperature at the base of the lid, and ηeff is calculated as the harmonic mean of the viscosity below the lid.

Third, the simulations are used to derive a Nusselt‐Rayleigh scaling. As this is not the primary goal of this study,
we avoid a comprehensive survey of and comparison to the vast literature on scaling laws and instead use a basic
Nusselt‐Rayleigh scaling of the form proposed by Moore (2008) that considers an additive term for internal heat
production:

Nu = a Rabeff + c Q, (7)

where Nu is the Nusselt number at either the top or the bottom of the domain, and a, b and c are coefficients that
are determined from simulations accelerated by the NN predictions with the help of the curve fitting function in
Scipy (Virtanen et al., 2020), which accepts arbitrary expressions such as the power law function defined in
Equation 7.

Figure 3. The “tangent method” is used for determining the thickness of the lid. (a) A tangent is drawn from the point of
maximum gradient of the horizontally averaged profile of the RMS velocity to where it equals zero. This is taken as the lid
thickness from top or the height of the lid in terms of the y‐coordinate. (b) The temperature contrast between this point and the
maximum temperature (i.e., T = 1 at the bottom of the domain in this example) is used to determine an effective Rayleigh
number of the system with respect to which scaling laws are derived.
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3. Results and Discussion
3.1. Neural Network Predictions Versus Regression Baselines

In this section, we present the results of predictions from an NN (see Sec-
tion 2.3 for details) with five hidden layers containing 128 units each and
compare these to the predictions of the regression baselines outlined in
Section 2.4. Table 1 shows that the NN achieves the lowest mean absolute
error (MAE) of all the algorithms on the cv and test sets. Of course, in the case
of nearest neighbor and nearest neighbors interpolation, the predictions on the
training set are redundant and the MAE is exactly zero. The NN seems to
generalize not only for parameters within the bounds of the training data set
(cv), but also generalizes better than the other algorithms when extrapolating
slightly (test).

Depending on the study at hand, if the prediction error in this extrapolated
range is too high, one could address it by extending the range of the training
data set. Our NN architecture is able to fit on the test data set—we present a

comparison of the loss curves when trained on the training set versus when trained on the training plus the test set
together in Figure A1 in Appendix A. In the latter case, the NN now achieves a training MAE of 0.00437 and an
MAE of 0.0037 on the profiles from the test set alone, which is significantly better than 0.0133. Nevertheless, with
the exception of this one experiment, all the results are presented with the NN that was trained on the original
training set only.

We plot some sample predictions of the NN and of the regression baselines against the ground truth in Figure 4 for
the cv set and the test set. In both cases we leave out the nearest neighbor prediction and take the interpolated
profile based on the nearest neighbors instead, which is based on the three closest neighbors and is therefore
slightly more accurate. Visually, we can observe that the NN predictions seem to match the ground truth most
consistently. Linear regression and kernel ridge regression sometimes introduce larger wiggles at the base of the
lid. The nearest neighbors interpolation produces visually reasonable results, but ultimately suffers from low
accuracy. We also note that, while we use a coordinate‐based approach for the NN, we directly predict the
complete profile as a function of three simulation parameters for all the other regression algorithms. These
delivered lower MAEs than the coordinate‐based approach: 0.0388 versus 0.1576 for linear regression, 0.0147
versus 0.0449 for kernel ridge regression and 0.0230 versus 0.0285 for interpolation. For nearest neighbors, the
results were identical. Therefore, we use a coordinate‐based approach for the NN and full‐profile approach for the
other regression algorithms in all our analyses.

We further use the temperature profiles to calculate the top and bottom Nusselt numbers, that is, the non‐
dimensional heat fluxes computed at the upper and lower domain boundary. We note here that we simply pre-
dict the Nusselt numbers as a function of the three simulation parameters using the NN. This differs from deriving
a scaling law as a function of an effective Rayleigh number (Equation 7), which would require estimating the
stagnant lid thickness from the a velocity field. However, as mentioned earlier, obtaining the velocity field is also
not problematic, as it is readily available from a single Stokes solver computation. As shown in Figure 5, even
though the NN predictions are not accurate enough to derive scaling laws, they outperform the baselines. The NN
accuracy diminishes when extrapolating, especially at the bottom. This is because the thermal gradients at the
bottom are steeper than in the top thermal boundary layer and are therefore more sensitive to slightly perturbed
(inaccurate) predictions.

3.2. Accelerating Convergence of Numerical Simulations

We demonstrate the impact of different initial conditions on the time it takes to reach a statistical steady‐state. For
this, we consider two qualitatively different simulations by varying the three parameters Q, γ and β as follows:

• Case 1 (weak convection): Q = 5, γ = 108, β = 50
• Case 2 (strong convection): Q = 7.5, γ = 109, β = 25

With respect to Case 1, Case 2 has a higher internal heating rate, a stronger temperature dependence of the
viscosity, and a weaker pressure dependence, all of which strengthen the vigor of convection. For each of these

Table 1
Mean Absolute Error (MAE) of All the Prediction Algorithms on the Train,
Validation (cv) and Test Sets

Prediction algorithm MAE train MAE cv MAE test

Linear regression 0.0385 0.0388 0.0676

Kernel ridge regression 0.0148 0.0147 0.0371

Nearest neighbor 0.0000 0.0282 0.0495

Interpolation 0.0000 0.0230 0.0448

Neural network 0.0048 0.0053 0.0133

Note. In the test set, at least one of the three simulation parameters is
extrapolated. For completeness, the MAE for the training data set is also
presented for nearest neighbor and nearest neighbors interpolation although it
is obvious that when the simulation with the same parameters in the data set is
present, the error will be exactly zero. The lowest error in each subset of the
data set is italicized.
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two simulations, we then start from the following initial temperature profiles: (a) hot, with T = 1 everywhere
except at the top boundary; (b) cold, with T = 0 everywhere (except at the bottom boundary); (c) linear, with T
increasing linearly from the top, where T = 0, to the bottom, where T = 1, as in a conductive profile; (d) exact
temperature profile, corresponding to the last time step of a finished numerical simulation; and (e) NN prediction.
For the two convection cases, we show the restart with the exact steady‐state temperature profile to get a sense of
how the simulation would evolve if we used the exact steady‐state temperature profile from a finished simulation.

Figure 4. Comparison of some neural network predictions and those of the baseline algorithms against ground truth temperature profiles for the validation set and the test
set. For each set of predictions on the left, the prediction error is plotted to their right.

Figure 5. Comparison of neural network predictions and those of the baseline algorithms against the true non‐dimensional heat flux at the top Nut (top row) and at the
bottom Nub (bottom row).
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Figure 6 shows the mean temperature, mean velocity, Nusselt number at the top and Nusselt number at the bottom
for all the simulations and initializations as a function of the number of time steps of the numerical solver
(indicated as Iterations in the figure). For the two cases, the NN‐initialized simulation (dashed red line) follows
the simulation with the exact temperature profile initialization (solid gray line) very closely. The other initiali-
zations are naturally very far off at the beginning of the simulation and typically take on the order of 104 iterations
to reach a statistical steady‐state. In Table 2, we list the number of solver iterations needed to reach within one
percent of the final mean temperature, RMS velocity and heat fluxes at top and bottom averaged over the last 10%
of total iterations. For reference, we also provide the iterations needed for the restart with exact steady‐state
temperature profile. This serves as an upper bound of the speedup that can be achieved.

We further examine the acceleration of the simulations when initialized with
the temperature profiles predicted by the baseline regression algorithms. We
list the corresponding number of iterations in Table 2 and plot the time‐series
in Figure 7. All the prediction methods provide a more suitable initial con-
dition than the hot start. In fact, for Case 1, interpolation and linear regression
require fewer iterations than the neural network. It is interesting that despite
being less accurate than the NN, other regression algorithms can still deliver
some speedups in the two study cases.

Nevertheless, in order to gather more comprehensive statistics, it would be
desirable to carry out a large number of simulation tests across the whole
parameter space covered by the training set. It is difficult to establish how
errors in the initial temperature profile impact the speedup of a non‐linear
dynamic system. So, one might advocate for using the most accurate
method, as it is most likely to deliver the highest speedups. That would be the
NN, as it achieved the lowest prediction error on the profiles (see Table 1).

Furthermore, deciding when a simulation has reached a statistical steady‐state
is not always straightforward. For example, if the goal is to derive a type of
Nusselt‐Rayleigh scaling law, then the stability of the mean quantities such as
the Nusselt numbers plays a key role. However, if one wishes to retrieve the
two‐dimensional temperature field, it might be also important to consider if
this field has stabilized or not. Figure 8 shows some snapshots for Cases 1 and

Figure 6. Time‐series of mean temperature, velocity, top and bottom Nusselt number for two different simulations initialized with different temperature profiles: hot,
cold, linear, exact, that is, the exact profile from a finished simulation for reference, and NN prediction. To enhance the visualization, we use a log10‐log10 scale for RMS
velocity and the Nusselt numbers and therefore add one to the bottom Nusselt number to ensure that the log10 is defined.

Table 2
Iterations Needed for Mean Temperature, RMS Velocity and Top and Bottom
Heat Fluxes to Reach Within 1% of the Final Value Averaged Over the Last
10% of Total Iterations

Initialization Case 1 Case 2 Sum

Hot 47,948 115,950 163,898

Cold 45,909 212,906 258,815

Linear 101,802 194,898 296,700

Linear regression 11,175 137,930 149,105

Kernel ridge regression 26,013 90,080 116,093

Interpolation 17,469 87,828 105,297

Nearest neighbor 35,974 65,450 101,424

Neural network 17,624 68,058 85,682

Exact 5,593 21,368 26,961

Note. In most cases, initializing the simulations with the profiles predicted by
the NN results in the minimum number of iterations needed to reach a sta-
tistical steady state. For reference, we also provide the iterations needed for
the restart with the exact steady‐state temperature profile as an upper bound
of the speedup that can be expected.
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2, when started from the NN initialization: 1,000 iterations after the restart (a, d), at the iteration where the
statistical steady‐state is reached (b, e), and at the final iteration available (c, f). Even though the top Nusselt
number stabilizes for the first simulation (Figure 6c) almost immediately at the start, the horizontal distribution of
the stagnant lid takes longer to develop (Figures 8a–8c). Similarly, owing to a stronger vigor of convection, case 2
maintains a relatively thin lid at iteration 1,000, but takes longer to develop the convection patterns with the longer
wavelength features such as the lid stabilizing, and only the smaller higher‐frequency plumes and downwellings
fluctuating. Hence, deciding when steady‐state has been reached is a decision best left for the informed user to
make based on the purpose of the study.

3.3. Scaling Laws for Convection With Variable Viscosity and Internal Heating

As an example of an application of simulations accelerated by NN predictions, we derive some basic scaling laws
for three cases, where we vary the maximum viscosity contrast due to temperature (γ), and thereby the effective
Rayleigh number:

1. No internal heating and no pressure dependence of viscosity: Q = 0 and β = 1
2. Internal heating and no pressure dependence of viscosity: Q = 2 and β = 1
3. Internal heating and pressure dependence of viscosity: Q = 1 and β = 10

To generate the data needed to fit the coefficients of Equation 7, we run eight simulations for each of the cases
listed above and vary γ between 106 and 109 in log10 space. This is achieved with the logspace() function in
numpy and is equivalent to taking linspace() between 6 and 9 and raising it to the power of 10. We run these
simulations starting from the temperature profile predicted by the trained NN. For Q = 1, β = 10 and γ = 106,
the simulation was purely conductive and hence discarded, leading to a total of 23 simulations (eight for the first
two cases and seven for the third). While one could attempt to use the heat fluxes predicted by the NN directly, we
found these to not be sufficiently accurate. Hence, for now, to obtain reliable results, we recommend initializing a
numerical simulation with the NN prediction and letting the system reach the steady‐state.

Using these simulations, we derive scaling laws for each of the three scenarios described above.We then use these
scaling laws to predict the Nusselt numbers at the top (Nut) and bottom (Nub) , and plot them against the true
values from the simulations in Figure 9. Despite some scatter, the scaling laws are able to predict the Nusselt
numbers at top and bottom well. Our approach thus paves the way to efficiently generate large data sets of multi‐
parameter simulations that can be used to predict generalized scaling laws for complex flows with variable
viscosity and heating mode, relevant for planetary interior evolution modeling.

Figure 7. Time‐series as in Figure 6, but for simulations initialized with profiles from the various baseline prediction algorithms: linear regression, KRR—kernel ridge
regression, interpolation, nearest neighbor, in addition to the exact steady‐state profile restart and neural network initialization.
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To enrich the investigation in Section 3.2 on the speedup offered by our NN, we run the same set of 23 simulations
with the so‐called hot start as well as the interpolation algorithm as a simple baseline and compare the three
initializations in terms of the iterations needed to reach within 1% of the final value of the mean temperature, RMS
velocity and Nusselt numbers at the top and bottom. Figure 10 shows the speedup defined as the number of

Figure 8. Snapshots of the temperature fields for the weak (a–c) and strong convection (d–f) cases at (a, d) 1000 iterations, (b, e) the iteration identified as the statistical
steady‐state from the mean quantities (see Figure 6 and Table 2), and (c, f) the last iteration available for the simulation.

Figure 9. As an example of typical applications of such steady‐state simulations, we derive basic scaling laws for three cases:
no internal heating and no pressure dependence of the viscosity (left column), internal heating with Q = 2 and no pressure
dependence (middle column), and internal heating with Q = 1 and pressure‐dependent viscosity with β = 10 (right column).
For the case Q = 1, β = 10, only seven data points are reported because the simulation with γ = 106 was purely conductive
and hence was not included in the fit. The derived scaling laws are used to predict the Nusselt numbers at the top and the bottom
and plotted against the true values from the simulations.
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iterations needed by the simulations with hot or interpolation start divided by the number of iterations needed by
the NN‐initialized simulations. With respect to Q, γ and β, no clear pattern is evident in the speedup factor, which
is scattered across a few orders of magnitude: from being even slower (0.5 times) to being significantly faster
(124 times). However, in Figure 10a, we observe a positive correlation between the speedup factor and the
number of iterations needed by the hot start to reach the steady‐state, indicating that the more computationally
challenging simulations often benefit more from this method as the iterations needed by the NN start do not grow
as significantly and seem less sensitive. In Figure 10b, we observe a negative correlation between the speedup
factor and the mean absolute error between the final temperature profile of the system at statistical steady‐state
and the starting profile, making the case for using the most accurate regression algorithm for initializing the
simulation.

In Figure 10c, we plot the iterations needed for the interpolation initialization divided by those of the NN. We
summed the iterations needed to reach steady‐state across the entire ensemble of simulations and found that the
NN accelerates the attainment of a statistical steady‐state in 83% of the cases. Including simulations without any
observed speedup, the NN needs 2.8 times fewer iterations than the hot start and 1.4 times fewer than the
interpolation start. This modest speedup of the NN compared to the interpolation algorithm begs the question
whether an NN is worth using. For the following reasons, we believe that it is:

1. For a typical simulation in this setup that takes 5 days to run, an NN‐initialized ensemble would finish 0.7 days
earlier than an interpolation‐ one.

2. The trained NN provided on Hugging Face is extremely fast at inference time and requires no installation.
3. Most importantly, this ensemble is not representative of the full data set. It is generated by varying one

parameter at a time and thereby, takes only three “lines” through a three‐dimensional parameter space. In fact,
we see in Figure 10c, that the NN often fails to offer a speedup over the interpolation algorithm for the case
where Q = 0,β = 1. From the normalized Q − β plot in Figure 1, we observe that the corresponding bottom
left corner of the parameter space (normalizedQ = 0 and normalized β = 0) has no data points, which makes
the NN susceptible to increased prediction errors (Figure 10b) because it is extrapolating. In the future, for the
derivation of scaling laws with respect to all three parameters, it would be interesting to see how the NN‐
initialized simulations perform in the larger parameter space.

It is also important to consider the upfront cost of generating the data set required to train the different regression
algorithms in the scenario where simulations are not already available or they cannot be used because their
physical/numerical setup is too different from each other. In our case, where we generated a data set of 112
simulations for training and validation and achieved a speedup of approximately 2.8 over the traditional ini-
tializations, it would only be worth using our approach for an application that required more than
112/2.8 + 112 = 152 simulations. If more research groups open‐source their data sets and trained models, this
could help mitigate the upfront cost of data set generation.

Figure 10. For the simulations used to derive scaling laws, three types of initializations are used: NN, interpolation, and hot
start. The number of iterations needed by the simulations with hot starts is divided by those needed by those initialized with
the NN predictions to arrive at the speedup factor. The speedup factor is plotted as a function of (a) the iterations needed by
the hot starts and (b) the mean absolute error between the initial condition, that is, the NN prediction and the final temperature
profile of the statistically steady‐state system (obtained by averaging the temperature profiles over the last 1% of the
iterations). Despite the scatter, there is a negative correlation with respect to the prediction error in the profiles, suggesting that
the more accurate the initial condition of the system is, the faster it converges. (c) The speedup of the NN with respect to the
interpolation is plotted against the iterations needed for the hot start. The NN is faster than the hot start by a factor of 2.8 and than
the interpolation algorithm by a factor of 1.4.
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4. Discussion
While sophisticated machine learning methods have demonstrated remarkable capabilities in approximating
highly non‐linear forward maps, they often tend to be data‐intensive. This is also true for mantle convection,
where surrogate models must be a function of simulation parameters and thereby learn features on vastly different
spatio‐temporal scales. For example, Agarwal et al. (2021) were able to learn the two‐dimensional evolution of
temperature fields, but they needed more than 10,000 simulations and did not predict other system variables such
as flow velocities. The predictions also had errors with respect to the numerical simulations and the two‐step
learning procedure (dimensionality reduction with autoencoders and time‐stepping with LSTMs) took almost a
week to train on a single GPU.

This study provides an alternative approach where only 97 simulations were used to learn the profiles with a
training time of approximately 2 min. No High Performance Computing resources were used. Also, the finally
obtained steady‐state is numerically accurate as the method initializes a numerical solver, whereas sometimes
data‐driven machine learning algorithms can be pretty far off from the numerical solution. At the same time, this
study demonstrates a speedup of 2.8 times, whereas Agarwal et al. (2021) demonstrated a speedup on the order of
10,000. Although, a one‐to‐one comparison of the two approaches is non‐trivial due to their different goals, setup
of the simulations and learning tasks, it seems to be the case that the more computational effort is put into learning
(data generation plus optimizing the neural network), the greater the potential speedup. We show how one can
already start reaping efficiency gains from machine learning models trained on small data sets.

While methods for advancing the full system states in time remain an interesting alternative avenue of research—
even for simulations aimed at reaching a statistical steady‐state—the approach presented in this paper can also
benefit from some improvements:

• Since higher accuracy in the prediction of temperature profiles generally led to a higher speedup, it would be
worth improving the accuracy of the NN. One way to do so would be to add more data. Interestingly, these new
simulations could already be initialized with the predictions of the current NN and hence potentially faster to
generate. In the future one can even consider an incremental data set generation approach, where the NN
trained on the previous chunks of data is used to accelerate the next batch. This approach has some interesting
parallels with simulation‐based inference methods where evaluations on limited data guide how later simu-
lations are generated (e.g., Papamakarios & Murray, 2016).

• It would be remiss of us to generate larger training data sets without also extending the setup of the physical
simulations. It would be interesting for mantle convection studies to incorporate more realistic geometries
such as the spherical annulus (Fleury et al., 2024; Hernlund & Tackley, 2008), and to vary the ratio of core‐to‐
surface radius in order to make the results readily relevant for different planetary bodies.

• Our initial attempts to learn a two‐dimensional temperature field using the pointwise neural network were not
successful, but it could be worth exploring other learning strategies to overcome the uncertainties introduced
by the fluctuating components of the temperature fields. One example could be to learn a set of phase‐shift
features whose sole job is to help distinguish one snapshot of the temperature field in the statistical steady‐
state from another where only some plumes and downwellings have shifted. One could then produce any
reasonable realization of this set of features as an initial condition and hopefully then attain the steady‐state
almost immediately with the solver. Alternatively, more recent advances in generative modeling for fluid
flows could also be a promising area of research (e.g., Lienen et al., 2024; Saydemir et al., 2024).

• With this extended physical setup and possibly an even greater speedup from the improvements mentioned
above, one would then be in the position to generate a large data set and derive generalized scaling laws in a
spherical annulus geometry that incorporate mixed heating as well as pressure‐ and temperature‐dependence
of viscosity.

5. Conclusions
We presented a method to accelerate the computationally intensive determination of the statistical steady state of
mantle convection simulations. Using a neural network (NN), it is possible to learn the final horizontally averaged
temperature profile of the system. For unseen simulations, this prediction serves as an efficient initial condition
for the solver which attains a statistical steady‐state significantly faster than with other typically used initial
conditions. While the NN prediction is already quite accurate in most cases, running the solver enables us to
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obtain higher order statistics of the system such as the two‐dimensional temperature fields and that too at nu-
merical accuracy, that is, without any prediction error as the method initializes a numerical solver.

Even in the limit of the few simulations (97) used to train the NN, we found that it outperformed other regression
baselines such as linear regression, kernel ridge regression and nearest neighbor interpolation. This was not only
true when interpolating in the parameter space, but also when slightly extrapolating in at least one parameter.
Furthermore, the results indicate that all the baseline prediction algorithms like kernel ridge regression and
interpolation lead to some speedup over the typically used initializations for the two qualitatively distinct sim-
ulations we tested. It is encouraging that for the 23 simulations we ran to derive some basic scaling laws, we
observed a speedup by our method in 83% of the cases. Including cases where no speedup was observed, the
simulations initialized with NN predictions reached a steady‐state 2.8 times faster than those initialized with hot
profiles and 1.4 times faster than the interpolation algorithm.

From a machine learning for fluid dynamics perspective, this study falls on the less resource‐intensive side,
requiring fewer than 100 simulations with a training time of 2 min for the NN. While more sophisticated learning
approaches can offer greater speedups, we have shown here that, when combined with domain expertise, machine
learning can deliver actual benefits and can do so by speeding up traditional methods instead of competing with
them. We would like to extend the physical setup of the simulations to a spherical annulus and also consider the
core‐to‐surface radius ratio as an additional parameter. We further propose an incremental generation of a larger
data set, where the NNs trained on the finished simulations are used to initialize the new ones. With these
simulations, one can expect an even more accurate NN, allowing derivation of general scaling laws that
simultaneously incorporate internal heating and temperature‐ and pressure‐dependence of viscosity. We foresee
generating a large enough data set for this application that would justify the upfront cost of generating training and
validation data sets.

Regardless of where one falls on the spectrum of investment versus efficiency gains, machine learning promises
to significantly accelerate mantle convection simulations and help improve our understanding of planetary
interiors.

Appendix A: Training on Higher Parameter Ranges
As a demonstration of the network's capacity to fit simulations with higher parameter values than present in the
original training set, we do a further training run where train on the simulations from the training and test sets and
compare it to the NN used throughout the study.

Figure A1. Training and validation loss curves for two different scenarios: when the same NN is trained on the training
set alone versus when it is trained on the training set plus test set. In the latter case, the NN is able to fit these new simulations
as well which now include higher parameter ranges (Q> 9.5 or γ> 5 × 109 or β> 95). On the profiles from these extrapolate
ranges alone, the NN achieves an MAE of 0.0037. Unsurprisingly, training on more simulations helps the NN achieve a better
MAE on the validation set as well.
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Data Availability Statement
The mantle convection simulations were run using GAIA (Hüttig et al., 2013). GAIA is proprietary code of the
German Aerospace Center (DLR) and users interested in working with it should contact Nicola Tosi (nicola.tosi@
dlr.de) and Christian Hüttig (christian.huettig@dlr.de). The temperature profiles (Agarwal et al., 2024) and the
software (Agarwal et al., 2025) for preprocessing, training and evaluating as well as for reproducing all the figures
in this paper are available via Zenodo as zip folders or more conveniently via the Hugging Face repository. We
refer the readers to the README file for instructions on how to navigate the repository which is available under
the MIT license: https://huggingface.co/spaces/agsiddhant/steadystate‐mantle/blob/main/README.md. The
trained model can be run to generate and download temperature profiles: https://huggingface.co/spaces/agsid-
dhant/steadystate‐mantle. No installation is needed for this. Furthermore, the following open‐source software
libraries were used in Python (version 3.10.9): PyTorch 2.2.2 (Ansel et al., 2024), Scipy 1.13.1 (Virtanen
et al., 2020), scikit‐learn 1.5.0, (Pedregosa et al., 2011), and Matplotlib 3.8.4 (Hunter, 2007).
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