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Quantum Monte Carlo methods and stabilizer states
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The quantum Monte Carlo technique known as the stochastic series expansion (SSE) relies on a crucial
no-branching condition: the SSE sampling is carried out in the computational basis, and the no-branching
assumption ensures that superpositions of basis states do not appear when operators are applied. Without this
proviso, the number of complex amplitudes would grow exponentially with the number of qubits and would
eventually overwhelm the memory and processing power of a classical computer. However, the action of Clifford
group elements on stabilizer states can be very efficiently described without resorting to an amplitude description.
We explore how stabilizer states allow an extension of the SSE technique, and we give an example of a toy model
that can be studied in this way. The method is also illustrated using the transverse-field Ising model.
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I. INTRODUCTION

The difficulty of classically simulating quantum systems
stems from the typically enormous Hilbert spaces and the need
to sum complex probability amplitudes over all possible paths
from the initial to the final state. The latter summation can
lead to delicate cancellations that can be difficult to keep track
of. Nevertheless, over the past decades, clever computational
tools have been developed for certain physical systems. Ex-
amples of these are the various types of quantum Monte Carlo
simulations based on Euclidean path integrals [1–3]. They all
rely on the fact that occasionally, it is possible to rewrite a
system’s thermal or ground state in terms of purely real and
non-negative probability amplitudes. Then the latter can be
interpreted as weights of states that can be sampled using
the Markov chain Monte Carlo approach [4]. However, this
approach can fail when the Hamiltonian has a sign problem
that persists under local basis change (i.e., after acting with
a low-depth unitary circuit). Usually, this is interpreted as a
case where quantum mechanics is an essential component of
the problem and obstructs efficient classical sampling [5,6].
Contrast this with the situation in quantum computing, where
it was shown by Lloyd that a universal quantum system can
simulate any other local quantum system efficiently [7], prov-
ing a statement that was conjectured by Feynman in [8].

Despite much work, the limits of classical simulability
are not well understood. Further progress may be made by
pushing the boundaries on what is classically simulable. In
this paper, we contribute to this discussion by exploring an
extension of the stochastic series expansion (SSE) Monte
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Carlo technique [9–12]. The SSE technique relies on a high-
temperature expansion of the partition function. When the
expansion terms can be interpreted as non-negative weights,
a Monte Carlo sampling is often possible. During the sim-
ulation, powers of the Hamiltonian act on quantum states.
In order to make this tractable on a classical computer, the
SSE technique uses a no-branching provision that avoids the
formation of quantum superpositions. As a consequence of
this, it is not possible to arbitrarily modify an operator string
by inserting or removing an (off-diagonal) operator since this
will quickly result in a zero-weight state. Thus, inspired by
the algorithm of Swendsen and Wang [13], many clever loop

FIG. 1. When the partition function Z is expanded as a stochastic
series, the occurring operator string can be interpreted as a Clifford
circuit. We sample the terms in the partition function using a Markov
chain Monte Carlo procedure and evaluate the matrix elements by
handing them off to our Clifford circuit subroutine. The algorithm
applies the circuit to the state |s〉 = |σ1〉 ⊗ · · · ⊗ |σN 〉 and computes
the inner product with |s〉 by exploiting rules for stabilizer states.
The example shows controlled-NOT and � projection operations as
they appear in the series expansion for the controlled-NOT (CNOT) toy
model of Sec. III.
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and cluster algorithms have been proposed over the years
to efficiently sample the state and operator configurations
[11,14,15]. The SSE technique has also been extended to
quantum computers in the form of a quantum SSE algorithm
[16]; see, also, [17] for a review.

The present paper shows that the no-branching condition
can be removed even on a classical computer for some models
by making use of stabilizer states. These states have been
extensively used in the construction of quantum stabilizer
codes [18–21]. They are distinguished within Hilbert space by
having an elegant formalism for their description that enables
rapid manipulation [21] under the action of the Clifford group.
Despite their classical tractability, they can have high degrees
of quantum entanglement [22].

We start in Sec. II with a brief summary of the stochastic
series expansion and introduce the idea of stabilizer states and
their compact description. In Sec. III, we demonstrate the use
of stabilizers states in quantum Monte Carlo simulations by
picking a toy Hamiltonian and illustrating the algorithm in
detail. Finally, Sec. IV presents a simulation of the transverse-
field Ising model using this method and sketches how it may
be extended to certain Z2 gauge theories. The GitHub reposi-
tory [23] contains the C++ implementations of the stabilizer
Monte Carlo algorithm and exact diagonalization programs
used in this paper.

II. A BRIEF REVIEW OF SSE QUANTUM MONTE CARLO
AND THE STABILIZER FORMALISM

The SSE Monte Carlo method was pioneered by Hand-
scomb [24,25] in the 1960s and later turned into a powerful
tool by Sandvik in seminal publications [10,11,14,15]. It
allows the study of interacting quantum-spin systems and
has been successfully applied to investigate exotic phases of
matter.

Consider a Hamiltonian H on N qubits. In a first step, the
partition function is expanded in powers of β,

Z (β ) = Tr[e−βH ] =
∑

s

〈s|e−βH |s〉

=
∑

s

∞∑
n=0

(−β )n

n!
〈s|Hn|s〉, (1)

where the |s〉 are the 2N computational basis states, e.g., in the
Z basis. We first explain the SSE formalism of Sandvik before
we discuss how stabilizer states can be used. The Hamiltonian
is split up into a sum of terms H = ∑

i Hi for convenience.
It yields a string of operators upon expansion,

Z =
∑

s

∑
i1,...,in

∞∑
n=0

(−β )n

n!
〈s|Hi1 Hi2 . . . Hin |s〉. (2)

The SSE algorithm [15] works by imposing a cutoff L on
the maximum order of this series such that the error remains
negligible; see discussion in Sec. III C. Then, by padding the
operator strings with identity operators 1, all of them end up
having length L. A string of length n can be padded in

( L
L−n

)

ways with identity operators to reach length L. Thus one can
rewrite the series as

Z =
∑

s

∑
length L
operators

(−β )n(L − n)!

L!
〈s|Hi1 Hi2 . . . HiL |s〉 (3)

≡
∑

s

∑
length L
operators

W (|s〉, [Hi1 , . . . , HiL ]), (4)

where the factor
( L

L−n

)−1
compensates for overcounting iden-

tical terms. The sum is extended over all combinations of
length-L operator strings and n refers to the number of non-
identity operators in it. In other words, L − n of the Hi are
now identity operators. In the second line, we introduced the
notation W for the weight of each configuration.

To summarize, the partition function (1) has been trans-
formed into a sum of matrix elements involving L operators.
Each term can be interpreted as the weight of a physical
process where the system begins and ends in state |s〉 after the
action of L operators. Thus, if the Hamiltonian H describes
a lattice system of dimension d , then the representation (4)
describes a system of dimension d + 1 where the additional
dimension is periodic with L lattice sites [26].

The crucial step in SSE Monte Carlo is that the decom-
position of H into terms

∑
i Hi is done in such a way that

the action of any Hi on a computational basis state |s〉 yields
another computational basis state |s′〉. This can usually be
accomplished by breaking H into sufficiently small pieces
and is called the no-branching provision. It guarantees that no
superpositions over basis states are formed during the simula-
tion process and thereby ensures easy bookkeeping. General
superpositions of basis states are practically impossible to
keep track of on a classical computer, except when system
sizes are small.

The sampling of the partition function now proceeds by
setting up a Markov chain [4,27] with each element of the
chain being a state |s〉 together with a string of operators.
The weight of the Markov chain element is given by the
corresponding term in Eq. (3). An efficient simulation is only
possible if the weights are all non-negative. Occasionally, one
can manipulate the Hamiltonian terms Hi by the addition of
constants and render all weights non-negative. If this is not
possible, one faces the Monte Carlo sign problem. It can be
dealt with, in a brute-force manner, by absorbing the sign of
the weight into the observable. But, generally, this leads to
long convergence times when calculating observable averages
and the variances diverge exponentially with system size.

A Markov chain update occurs by proposing a change of
the state |s〉 or the insertion or deletion of an operator in
the string. The proposal is accepted or rejected to satisfy the
detailed balance condition. The latter involves the ratios of
the weights; an example appears in Sec. III B. Note that if
only one operator is inserted or removed, most factors in the
weights are unchanged and will therefore cancel out. This
leads to simple expressions for the update rules. However,
since the application of the Hik in Eq. (3) always yields basis
states, randomly inserting or rejecting an operator will often
result in a state with zero weight. Instead, the insertion and
removal of operators have to be carefully crafted. Further-
more, local updates of the operator string correspond to local
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changes of the periodic word line. Thus the system cannot
explore all winding number sectors. For certain Hamiltonians,
smart algorithms have been discovered that insert and delete a
large number of operators simultaneously in order to achieve
fast changes of the sampled configurations [11,14,15].

In this paper, we ask whether the no-branching condition is
essential or if there is an efficient way to track the branching
of the states. To this end, we return to the expression in Eq. (3)
and consider an interpretation of the sequence of operators as
a quantum circuit. This is possible if each Hi is either propor-
tional to a unitary or to a projection operator, with the latter
describing the outcomes of partial projective measurements.
This observation by itself would not be particularly useful
since an arbitrary quantum circuit still takes an exponential
time to simulate classically. It has been proposed to evaluate
the matrix element in (3) by means of quantum computers,
resulting in a quantum SSE algorithm [16]; see [17] for a
helpful review.

However, in the absence of large-scale quantum computers,
progress can still be made through classical computation if the
unitary operator is a Clifford circuit, see Fig. 1. In this case,
efficient classical simulation is possible, as formalized by the
Gottesman-Knill theorem [28].

We next give a brief summary of some results on stabilizer
groups and minimize the discussion to what will be needed
later. For broader expositions on this topic, see [28–30]. We
will confine ourselves to the case where the stabilizer op-
erators are elements of the Pauli group PN on N qubits.
The latter group is defined as an N-fold tensor product of the
Pauli group on 1 qubit P1, i.e., PN = P⊗N

1 . The group P1

contains 16 elements, which are the identity operator 1 and
the Pauli operators X,Y, Z with particular phases,

P1 = {in · O|n ∈ {0, 1, 2, 3},O ∈ {1, X,Y, Z}}. (5)

Consider the Hilbert space of N qubits. An operator G ∈ PN is
said to stabilize a state |ψ〉 if G|ψ〉 = |ψ〉. In other words, |ψ〉
is a +1 eigenstate of G. If two operators G1, G2 stabilize |ψ〉,
then so does their product G1G2. Thus the stabilizer operators
form a finite subgroup of PN .

Below, we will use the stabilizer formalism to evaluate
matrix elements as they appear in Eq. (3). Thus the operator
string will be applied to computational basis states in the Z
basis. These are states of the form (making the usual iden-
tification of Pauli Z eigenstates | ↑〉 ≡ |σ = +1〉 ≡ |0〉 and
| ↓〉 ≡ |σ = −1〉 ≡ |1〉)

|s〉 = |σ1〉 ⊗ · · · ⊗ |σN 〉, (6)

where σi ∈ {−1, 1}. This state is stabilized by the collection
of operators

σ1Z1, σ2Z2, . . . , σN ZN . (7)

Any product of these stabilizers is, of course, again a stabi-
lizer. In fact, the full stabilizer group of the state in Eq. (6)
contains 2N elements and is finitely generated by the N gen-
erators in (7). This is an example of a general fact about finite
groups: A group G with |G| elements is finitely generated
by, at most, log2 |G| generators. This is the reason for the
efficiency of the stabilizer description. Instead of using 2N

complex amplitudes to describe a state in Hilbert space, we
only list the log2(2N ) = N generators of the stabilizer group.

The drawback is, of course, that only a finite number of states
in Hilbert space can be described in this way. In fact, as
computed in [30], there are roughly 2N (N+1)/2 stabilizer states.
Nevertheless, it turns out that for the purposes of quantum
Monte Carlo simulations of certain Hamiltonians, such as the
toy model below, this is all one needs: The operator string
applied to |s〉 in Eq. (3) never leaves the stabilizer subspace.

Let |ψ〉 be a stabilizer state with a stabilizer group
〈G1, G2, . . . , GN 〉. If a unitary U acts on |ψ〉, the new state
is described by different stabilizers, in general. They can be
worked out as follows:

Gi|ψ〉 = |ψ〉 → (UGiU
†)U |ψ〉 = U |ψ〉. (8)

Thus, if Gi is a stabilizer of |ψ〉, then UGiU † is a stabilizer
of U |ψ〉. In other words, after the action of U on |ψ〉, the
generators get updated as

〈G1, G2, . . . , GN 〉 → 〈UG1U
†,UG2U

†, . . . ,UGNU †〉. (9)

Thus, acting with U on |ψ〉 is equivalent to conjugating all the
generators by U .

For general U , the resulting generators will lie outside the
Pauli group and their description will be just as cumbersome
as describing |ψ〉 in the computational basis. However, if U
maps all Pauli group elements to (possibly different) Pauli
group elements under conjugation, then an update according
to (9) is straightforward. Since conjugation by U followed by
conjugation by V is the same as conjugation by VU , these
elements form a group, the Clifford group. It was shown in
Ref. [31] that the Clifford group is finitely generated by the
Hadamard-, phase- and controlled-NOT gates. This set of gates
is, of course, not universal. In fact, circuits made up of only
these elements are simulable with classical algorithms in poly-
nomial time. Adding T unitaries to this gate set would make
the circuit universal and generally intractable with classical
simulations.

III. A CONTROLLED-NOT TOY MODEL

We illustrate the use of stabilizer circuits by applying the
SSE procedure to the Hamiltonian

H =
N∑

i=1

H (1)
i +

N∑
i=1

H (2)
i , (10)

H (1)
i = −J[CX]i,i+1, (11)

H (2)
i = −h

2
(Xi + 1). (12)

The two sums do not commute with each other. The
controlled-X (CX) term is a controlled-NOT operation with
qubit i being the control and qubit i + 1 the target. In the Z
basis, this operator flips qubit i + 1, conditioned on the state
of qubit i being |1〉. The H (2) term represents an external field
acting on each qubit individually. We work throughout this
paper with periodic boundary conditions such that site N + 1
is identified with site 1. We also measure energy in units of J ,
i.e., we set J = 1. Conditional interactions, similar to the
CX operator, also appear in constrained statistical mechanics
systems and lead to interesting dynamical effects. A recent
example is the PXP model that describes Rydberg blockade
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physics [32]: an atom can only be excited if the neighboring
atoms are in the ground state. The system shows interesting
many-body dynamics [33] and quantum scarring [34] that can
be traced back to the constrained dynamics.

The Hamiltonian in Eq. (10) is physically sensible because
the unitary CX is also Hermitian. Thus, in terms of Pauli
operators, the Hamiltonian given by Eq. (10) reads

H = −1

2

N∑
i=1

(1 + Zi + Xi+1 − ZiXi+1)

− h

2

N∑
i=1

(Xi + 1). (13)

We recognize the operator

�i ≡ 1 + Xi

2
(14)

as the projector onto the |+〉i = (|0〉 + |1〉)/
√

2 state, i.e.,
�i�i = �i.

We will now apply the SSE sampling algorithm to the
partition function of the Hamiltonian (10). The sign problem
is avoided if we select h � 0. In the course of the algorithm,
we have to efficiently evaluate matrix elements of an operator
string of the form

M = 〈s|Oi1 Oi2 . . . OiL |s〉, (15)

where |s〉 is a computational basis state of N qubits. Each Oi

is either a �, a CX, or an identity operator. Consider, as an
example, the two-qubit matrix element,

M0 = 〈00|[CX]1,2�1|00〉. (16)

The action of �1 on the |00〉 ket is to put the first qubit into
the |+〉 state. The effect of [CX]1,2 is to make a Bell state out
of this,

[CX]1,2�1|00〉 = |00〉 + |11〉
2

. (17)

Thus, one obtains the final result,

M0 = 1

2
. (18)

This simple example already illustrates how the consecutive
application of the sequence of operators in Eq. (15) results
in superpositions of computational basis states with nonzero
entanglement. The fact that the Bell state appears in Eq. (17)
also demonstrates that in general, these superpositions cannot
be rewritten as product states through a local basis change.
Nevertheless, the stabilizer formalism allows us to keep track
of such states.

If the operators in Eq. (15) were all general, then the
effort to keep track of all the complex amplitudes would grow
exponentially since the number of amplitudes grows as 2N .
However, as explained above, the action of the Clifford group
can be efficiently computed in polynomial time.

In our case, the evaluation has one more complication since
the operator string in Eq. (15) contains not only the Clifford
operators [CX]i,i+1, but also the non-Clifford projection oper-
ators �i. Nevertheless, a fast evaluation of M in Eq. (15) is
possible, as we explain in the following.

A. Calculation of M
In the algorithm, the matrix element M in Eq. (15) is

evaluated in two steps. First, the state |s′〉 ≡ Oi1 . . . OiL |s〉
is determined in terms of its stabilizer group generators by
beginning with |s〉 and consecutively applying the O operators
in the order shown. In the second step, the overlap 〈s|s′〉 is
calculated.

1. Calculation of |s′〉
For the first step, we keep track of the stabilizer group

elements and update them after each operator multiplication.
The state |s〉 is a computational basis element in the Z basis.
As discussed above, its stabilizer group is 〈σ1Z1, . . . , σN ZN 〉
with σi ∈ {−1,+1}. When we now apply the [CX]i,i+1 and �i

operations, this list of generators will have to be updated. In
general, there will be N stabilizer operators. The mth stabilizer
(where 1 � m � N) will have the form

Gm ≡ γmX Pm1
1 ZQm1

1 ⊗ · · · ⊗ X PmN
N ZQmN

N

= γm

N∏
n=1

X Pmn
n ZQmn

n , (19)

where γm ∈ {−1,+1} denotes the signs, and P and Q are
binary matrices with entries Pmn, Qmn ∈ {0, 1}. By specifying
all stabilizers G1, . . . , GN , a state is fixed that is unique up to
a global phase (i.e., the generators fix a ray). We identify the
normalized stabilizer state with the stabilizer group by writing
|ψ〉 = 〈G1, . . . , GN 〉. We note that this description of the state
|ψ〉 only requires the storage of (2N + 1) × N bits, instead of
the usual 2N complex numbers.

Consider, first, the action of the operator [CX]i,i+1 on
the generators G1, . . . , GN . Since CX is a unitary operation,
we merely have to update the Gi by conjugation according
to the rule in (8). Moreover, conjugation of Xj and Zj by
[CX]i,i+1 leaves the former invariant when j 
= i and j 
= i + 1.
The only nontrivial updates upon conjugation involve j = i
and i + 1 (see [28]):

Xi → XiXi+1, (20)

Xi+1 → Xi+1, (21)

Zi → Zi, (22)

Zi+1 → ZiZi+1. (23)

Since there are no sign changes, this update does not modify
the γ vector. The P and Q matrices are updated by

P′
ni+1 = Pni ⊕ Pni+1, (24)

Q′
ni = Qni ⊕ Qni+1, (25)

for all 1 � n � N . Here, ⊕ denotes the exclusive-or bit oper-
ation that can also be interpreted as addition modulo 2.

We next turn to the �i projection operator. Its nonunitarity
implies that it can potentially change the normalization of |ψ〉.
We account for this by keeping track of a factor F that we
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update as follows:

|ψ〉 = 〈G1, . . . , GN 〉 → |ψ ′〉 = 〈G′
1, . . . , G′

N 〉, (26)

F → F ′, (27)

such that

�iF |ψ〉 = F ′|ψ ′〉. (28)

Thus we let |ψ〉 and |ψ ′〉 be states normalized to 1 and let
F and F ′ keep track of the actual normalization. This step is
necessary because the stabilizers do not determine the norm
of a state.

After projector �i acts on state |ψ〉, the new stabilizers can
be worked out as follows. Since the generators are products
of Pauli operators, the Xi operator will either commute or an-
ticommute with them. Retain all the generators that commute
with Xi. If all generators commute with Xi, we are done and
set F ′ = F .

Otherwise, let Gm1 , . . . , Gml be all the generators that anti-
commute with Xi. If l > 1, first replace Gm2 , . . . Gml by

G′
ma

= Gm1 Gma (29)

for all 2 � a � l . Now replace Gm1 by Xi, i.e.,

G′
m1

= Xi. (30)

All generators in this new collection commute with Xi. We
update the factor to F ′ = F/

√
2.

In terms of the γ vector and P, Q matrices, Eq. (29) be-
comes

γ ′
ma

= (−1)ργm1γma , (31)

P′
mas = Pm1s ⊕ Pmas, (32)

Q′
mas = Qm1s ⊕ Qmas, (33)

ρ =
∑

s

Pmas ⊕ Qm1s, (34)

while the consequence of Eq. (30) is

γ ′
m1

= 1, (35)

P′
m1s = δsi, (36)

Q′
m1s = 0. (37)

The sign (−1)ρ stems from moving the X operators in Gma

past the Z operators in Gm1 . All other components of γ , P,
and Q are left unmodified.

Finally, to detect which generators Gm anticommute with
Xi, we simply check if a generator contains the factor Zi. Thus,
if Qmi = 1, then Gm anticommutes with Xi, else it commutes.
These tools furnish us with a way to complete the first step,
i.e., to compute |s′〉 = Oi1 . . . OiL |s〉 by finding its stabilizer
group generators. In the source code, the derived equations are
implemented in the function APPLY, which modifies the stabi-
lizers.

2. Calculation of overlap between |s′〉 and |s〉
We first observe that 〈s|s′〉 is non-negative. The reason for

this is that both �i and [CX]i,i+1 are non-negative matrices in

the Z basis, i.e., all the entries are non-negative. The product
of non-negative matrices is non-negative in that same basis,
thus 〈s|s′〉 is non-negative. This is necessary below in order to
avoid the sign problem.

If |s〉 has a generator g and |s′〉 has a generator −g, then
〈s|s′〉 = 0 since

〈s|s′〉 = 〈s|g |s′〉 = −〈s|s′〉. (38)

Next, we calculate the overlap in cases where it does not
vanish. If we had to convert |s′〉 back into the computational
basis representation, we would lose all the efficiency gained
from the stabilizer formalism. A much more efficient way to
compute such overlaps was found in [30]. In our case, the
state |s〉 has the stabilizer group 〈σ1Z1, . . . , σN ZN 〉. Let the
generators of |s′〉 be 〈g1, . . . , gN 〉 with factor F . By operator
multiplication, we may be able to make some of the generators
of the two states identical. Let the maximum number of such
equal generators be M; then the overlap is

〈s|s′〉 = 1

2(F+N−M )/2
. (39)

This finishes the calculation of the matrix element M. The
reason why this formula differs from [30] is that we apply not
only unitaries, but also projectors.

B. Operator string updating

To sample from the partition function given by Eq. (3),
a Markov chain is constructed with each element of the
chain being a state |s〉 together with the list of L operators
[Hi1 , Hi2 , . . . HiL ]. The goal of this is to generate a chain of
elements that appear with frequencies proportional to their
weights in Eq. (3). Once the Markov chain reaches equilib-
rium, it is straightforward to compute observable averages
from it; see the discussion in Sec. III C. Our algorithm al-
ternates between proposing a change to a different state |s′〉,
chosen at random, and L consecutive proposals to modify an
element of the operator string. It is clear that any combination
of state and operator string can, in principle, be reached by a
sequence of such steps, and thus the sampling is ergodic.

The state of the simulation, i.e., the position in the Markov
chain, is fully characterized by giving the state |s〉 and the op-
erator string [Hi1 . . .HiL ]. We denote this configuration by C.
In order for the Markov chain to reach the correct equilibrium
distribution, the processes described above have to occur with
the correct transition rates. This is achieved by imposing the
condition of detailed balance that relates the transition rate
between neighboring configurations C and C ′ by

W (C)P(C → C′) = W (C′)P(C′ → C). (40)

The update rule for states is straightforward:
State updates. A computational basis |s′〉 is chosen uni-

formly at random and a switch to this state is made with
probability

P(|s〉 → |s′〉) = min

(
1,

W
(|s′〉, [Hi1 , . . . , HiL

])
W (|s〉, [Hi1 , . . . , HiL ])

)

= min

(
1,

〈s′|Hi1 . . . HiL |s′〉
〈s|Hi1 . . . HiL |s〉

)
. (41)
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Operator updates. We loop over all elements in the opera-
tor list. If the ith operator is the identity 1i, then a proposal is
made to change it into either �a or [CX]a,a+1. Here, a is a site
index that is randomly chosen. The decision whether to insert
� or CX is made randomly. With probability

P� = h

h + J
, (42)

the proposal is made to insert a � operator and, with comple-
mentary probability

PCX = 1 − P� = J

h + J
, (43)

a CX operator insertion is proposed (we temporarily restore
the coupling constant J for clarity).

Each of these proposals is now accepted according to the
probabilities

P(1 → O) = min

(
1,

Nβ(h + J )

L − n

WO
W1

)
, (44)

O = �a or [CX]a,a+1, (45)

WO = 〈s|Hi1 . . .O . . . HiL |s〉, (46)

W1 = 〈s|Hi1 . . . 1i . . . HiL |s〉. (47)

If instead the ith operator is not the identity, then the operator
is replaced by the identity 1i with probability

P(O → 1) = min

(
1,

L − n + 1

Nβ(h + J )

W1

WO

)
. (48)

In all these expressions, the variable n denotes the number
of nonidentity operators before the transition is made. The
expressions themselves follow from Eq. (3), together with the
detailed balance condition given by Eq. (40). The factors of N
in Eqs. (44) and (48) are due to the fact that the insertion of
operators can happen at one of the N sites, while the removal
of an operator is tied to a specific site. In the ratio of weights
in Eq. (3), factors of h or J appear. But since we already
preselected by the probabilities in Eqs. (42) and (43), now the
factor h + J must appear in Eqs. (44) and (48) to compensate
for the denominators in Eqs. (42) and (43).

C. Simulation results

We can gauge the quality of the simulation by comput-
ing the thermal average of the energy as a function of the
temperature T . We compare the simulations with exact diag-
onalization results. The mean thermal energy can be obtained
from the partition function [14],

〈H〉 = −∂β ln Z (β ) = −〈n〉
β

, (49)

where Eq. (3) was used in the last step. In other words, by
calculating the average number of nonidentity operators en-
countered in our random Markov process, we obtain the mean
of the energy.

As discussed above, the stochastic series expansion has a
cutoff parameter L that denotes the order of the expansion of
the exponential exp(−βH ). When 〈n〉 is computed during the

ED

QMC

FIG. 2. Thermal average energy of the system in Eq. (10) with
N = 10 qubits and external field h/J = 4.0 for various values of the
expansion order L. The continuous lines are exact results obtained
by calculating the mean energy with the truncated partition function
in Eq. (50) using exact diagonalization. The points are the results of
the quantum Monte Carlo simulation. The relative error at each data
point is always less than 1%; an example for L = 30 is shown in the
inset.

simulation and we find that 〈n〉 ≈ L, this is an indication that
the chosen L is not sufficiently large and must be increased
(for a pedagogical discussion of this, see Sec. 5.2.3. of [9]).
Instead of comparing the simulation to the infinite L result,
we define a truncated partition function,

ZL(β ) ≡
L∑

n=0

(−β )n

n!
Tr[Hn]. (50)

In this way, we separate the discussion of sampling errors
from the issue of choosing too small an L. If we denote by
e0 the ground-state energy per qubit, it is clear from Eq. (49)
that as T → 0, the expansion order has to be chosen as L �
e0N/T .

As a check of our simulation, we choose a system of
N = 10 and set the external field first to a value of h/J = 4.0.
The quantum Monte Carlo results are obtained after 0.5 × 105

thermalization cycles followed by 0.5 × 105 cycles to com-
pute the average 〈n〉. Each cycle consists of an attempt to
change the state |s〉 followed by L proposals to update the
operator string. The simulation proceeds by successively cool-
ing down from a temperature of T/J = 10 to 0 in steps of
0.4. The calculation is repeated for several expansion orders
L = 10, 20, 30, 40.

We also performed an exact diagonalization calculation
using the truncated partition function of Eq. (50) and the full
partition function (L = ∞); see the Appendix A for details.
The data are shown in Fig. 2. The Monte Carlo results are in
good agreement with the exact results, the relative error being
smaller than 1%; see inset. The author’s C++ implementation
of the Monte Carlo algorithm and the PYTHON implementation
of the exact diagonalization can be found in the GitHub repos-
itory [23].
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FIG. 3. Thermal average energy of the transverse-field Ising
model, defined in Eq. (52). We simulate the system for N = 10
qubits and an external field of h/J = 3.0 for various values of the
expansion order L. The continuous lines are exact results obtained
by calculating the mean energy with the truncated partition function
in Eq. (50) using exact diagonalization. The points are the results of
the quantum Monte Carlo simulation. The relative error at each data
point is always less than 1%; an example for L = 40 is shown in the
inset.

IV. STABILIZER UPDATES FOR THE
TRANSVERSE-FIELD ISING MODEL

AND Z2 GAUGE THEORIES

The stabilizer scheme that we have described is not limited
to the toy model above. Instead, a large number of spin-1/2
models can be reformulated in this way. As another example,
we apply the technique to the transverse-field Ising model
defined by

H = −J
∑
〈i j〉

ZiZ j + 1
2

− h
∑

i

Xi + 1
2

(51)

= −J
∑
〈i j〉

�̃i j − h
∑

i

�i. (52)

We have added constants to the operators to turn them into
projectors. The second term is the �i operator that we have
already encountered, while the first term is a new kind of pro-
jector that we denote by �̃i j . Above, we have given the update
rules when �i acts. When �̃i j acts, the rules are nearly as
simple. First, retain all the generators that commute with ZiZ j .
Then list all operators that anticommute with ZiZ j , replace
the first of these by ZiZ j , and make new generators by taking
products as before. Since �i and �̃i j are projection operators,
we need to keep track of the overall factor F to account for
potential changes of the norm of a state. The update rule is the
same as before.

Since �i and �̃i j have all non-negative entries in the Z
basis, the matrix elements M are all non-negative for h > 0,
thereby avoiding the sign problem. The author’s stabilizer
Monte Carlo code for the transverse-field Ising model is
available in the GitHub repository [23], together with the
corresponding exact diagonalization code that was used to
compare the numerics. As an example, we show in Fig. 3
the average thermal energy of the system as a function of
temperature. To compare with exact diagonalization, we have

used N = 10 Ising spins. The system is again thermalized
for 0.5 × 105 cycles and measurements are taken in the next
0.5 × 105 cycles. The Monte Carlo data (dots) agree well with
the exact diagonalization results, the relative error being less
than 1%, as shown in the inset of Fig. 3.

Finally, we note that an extension of the presented ap-
proach to Z2 lattice gauge theories is straightforward. In
such models, it is usual to have products of multiple spin
operators appearing in the Hamiltonian. An example is Ki-
taev’s toric-code Hamiltonian [35], which contains products
of four spin-1/2 operators as star and plaquette terms.
Such combinations of operators can be rewritten in terms
of projection operators �1 ≡ (1 + X1X2X3X4)/2 and �2 ≡
(1 + Z1Z2Z3Z4)/2 that are non-negative in the Z basis. Their
update rules are similar to the ones for �̃i j . In this way, the
thermodynamics of certain Z2 lattice gauge theories will be
simulable without sign problems.

V. CONCLUSION

To summarize, we have demonstrated a scheme to re-
move the no-branching condition in the SSE quantum Monte
Carlo algorithm by utilizing Clifford stabilizer states. In the
language of word-line trajectories, our algorithm evaluates
multiple branches of the wave function simultaneously, in-
stead of averaging over trajectories one by one. This allowed
us to straightforwardly deal with the CNOT toy model. Next,
it was shown that the simulation of the transverse-field Ising
model is similarly effortless, requiring only minor modifica-
tions of the technique. Finally, we indicated how the approach
may also be leveraged in the simulation of Z2 gauge theories
that usually involve terms of multispin operators. The present
paper focused on thermal averages, but the SSE technique can
also be adapted to compute ground-state properties [9]. The
stabilizer approach illustrated here readily extends to these
calculations.

There are several interesting directions to pursue. The
simulation [23] of Clifford circuits in this paper, although
requiring only polynomial time and space complexity, was
performed in the simplest possible way. Therefore, it seems
likely that more sophisticated approaches, such as the tableau-
based simulation of [30] or the graph-state simulation of [36],
will provide significant speedups.

In terms of applications, it is worth mentioning that lat-
tice gauge theories, once the domain of high-energy physics
[37], have recently garnered increasing attention from the
cold-atoms community as candidates to investigate quantum
simulators [38–41]. It is worth exploring whether stabilizer
states could unlock the SSE technique for these models, espe-
cially in cases where an efficient updating scheme is difficult
to design or otherwise unavailable. Although this approach
does not mitigate the sign problem generally, the class of
simulable models might nevertheless be expanded. In this
way, the stabilizer-SSE algorithm may provide a generic tool
to simulate models and make it unnecessary to tailor update
algorithms specifically to fit a particular model.

Finally, we note that Hamiltonians of interacting qubits
with controlled-X and controlled-Z operations, somewhat re-
sembling Eq. (10), have been explored in the literature as
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models for gapped phases of matter [42,43]. This is a further
potential playground for the stabilizer-SSE approach.
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APPENDIX: DETAILS ON THE EXACT
DIAGONALIZATION CALCULATION

In the main text, we gauged the quality of the Monte Carlo
algorithm by comparing the average thermal energy to the
exact diagonalization (ED) results. The ED implementation
is simple and can be found in the author’s GitHub repository
[23]. The code uses NUMPY [44] to construct the Hamiltonian
matrix. For N qubits, the latter has dimension 2N × 2N . The
implementation starts by constructing the CXi and �i opera-
tors for each site i via Kronecker products of Pauli matrices
and identity operators. This yields the Hamiltonian H in ma-
trix form and eigenvalues Ei are straightforwardly computed.
As explained in the main text, we construct the mean energy.

〈H〉 = −∂β ln Z (β ) (A1)

from the partition function Z = Tr[exp(−βH )]. We use the
symbolic manipulation package SYMPY [45] to compute the

partition function,

Z (β ) =
2N∑
i=1

e−βEi , (A2)

using the known eigenvalues Ei. From this, we compute the
average energy 〈H〉 = −∂β ln Z (β ) by symbolical differen-
tiation with respect to β and thereby avoid ill-conditioned
finite-difference calculations.

Similarly, we are also interested in the truncated partition
function,

ZL(β ) ≡
L∑

n=0

(−β )n

n!
Tr[Hn]. (A3)

We tabulate the values of Tr[Hn] and use SYMPY to construct
the polynomials ZL(β ) that we again differentiate, according
to 〈H〉L = −∂β ln ZL(β ), to obtain the mean energy. Fig-
ure 2 in the main text shows the resulting curves for L =
10, 20, 30, 40 and infinite order.

Our Hamiltonian matrix has dimension D = 2N . Since a
general D × D matrix requires O(D3) steps for the diago-
nalization and there are 2N basis states, the computational
complexity of the full diagonalization increases exponentially
as O(8N ).
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