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We present a method to infer temperature fields from stereo particle image velocimetry (PIV) data in turbulent
Rayleigh-Bénard convection (RBC) using physics-informed neural networks (PINNs). The physical setup is
a cubic RBC cell with Rayleigh number Ra = 107 and Prandtl number Pr = 0.7. With data available only
in a vertical plane, the residuals of the governing partial differential equations are minimized at a set of
collocation points in an enclosing 3D domain of finite thickness along the direction perpendicular to the plane.
Dynamic collocation point sampling strategies are used to overcome the lack of 3D labeled information and
to optimize the overall PINN convergence. In particular, in the out-of-plane direction, the collocation points
are distributed according to a normal distribution, in order to emphasize the region where data is provided.
Along the vertical direction, we leverage direct numerical simulation (DNS) meshing information and sample
points from an optimized kernel-density estimation. This sampling approach balances labeled information by
pointing greater attention to critical regions, particularly in areas with high temperature gradients within
the thermal boundary layers. Using DNS planar three-component velocity data, we successfully validate the
accurate reconstruction of the temperature fields in the PIV plane. We evaluate the robustness of our method
with respect to characteristics of the labeled data used for training: the data time span, the sampling frequency,
some noisy data, and omission of boundary data, aiming to better accommodate the challenges associated
with experimental data. Developing PINNs on controlled simulation data is a crucial step towards their
effective training and deployment on experimental data. The key is to systematically introduce noise, gaps,
and uncertainties in simulated data to mimic real-world conditions and ensure robust generalization.

1. Introduction the canonical experimental setup for thermally-driven flows: Rayleigh—

Bénard convection (RBC) (i.e. [4]). The simultaneous measurement of

Inferring the temperature in thermally-driven flows is highly rel-
evant in fundamental studies and in various technical applications
that require precise analysis and control of heat transfer, such as the
design of interior ventilation systems in aircraft or train cabins, to
optimize air circulation and ensure thermal comfort [1]. Especially
when dealing with such complex technical applications, experiments
are crucial to complement, validate or extend theory and simulation.
The flow dynamics can be captured within temporally and spatially
highly-resolved three-dimensional (3D) velocity measurements using
tomographic particle image velocimetry (tomo-PIV) or particle tracking
velocimetry (PTV) [2,3]. These methods have also been applied to

spatially resolved velocity and also temperature fields is also feasible
using a more elaborated set-up with temperature-sensitive tracer parti-
cles (Thermochromic Liquid Crystals, TLCs). Experiments in RBC were
performed for example by Schmeling et al. [5], Schiepel et al. and [6]
or Kaufer and Cierpka [7]. These experimental setups, however, can be
challenging, since the TLCs usually have a small color-range, are sensi-
tive towards background light and the color-to-temperature calibration
is not trivial [8]. An alternative method for obtaining temperature
trajectories involves the use of neutrally buoyant, wireless temperature
sensors, as demonstrated by Gasteuil et al. [9]. However, the focus of
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this approach is on obtaining single temperature traces rather than fully
resolved spatial temperature fields. Therefore, the establishment of new
methods to reconstruct temperature fields is of great interest.

A significant amount of work has been done in the past on tem-
perature reconstruction from turbulent flows. One approach for data
assimilation or reconstruction in turbulent flows uses methods from
Direct Numerical Simulations (DNS) and is called nudging. It was first
systematically applied in Clark Di Leoni et al. [10] to assimilate full-
resolved velocity fields out of sparse velocity data. This technique is
also promising for multi-field physical problems, as Bauer et al. [11]
demonstrated that applying it to sparse velocity data from turbulent
tomo-PIV measurements allows for temperature field reconstruction.
One challenge in this approach is that errors in the measured veloc-
ity fields can significantly impact the evolution and outcome of the
temperature field.

Also based on the Navier-Stokes equations, Weiss et al. [12] sug-
gested recently a method to solve a Poisson equation for the tem-
perature, using velocity fields of turbulent RBC. While this technique
is computationally efficient, the challenge arises when applying it to
experimental data, as it requires spatially and temporally fully resolved
fields.

Another method employs machine learning (ML) through the in-
tegration of data and partial differential equations (PDEs) within so-
called physics-informed neural networks (PINNs). PINNs are first intro-
duced by Raissi et al. [13] and offer a powerful framework for either
forward or inverse problems or assimilation and reconstruction tasks.
An example for forward problems is solving the compressible Euler
equations (Wassing et al. [14]). PINNs are meshfree, and therefore,
compared to classic numerical solvers, highly flexible in applications
with no access to fully resolved 3D fields. Several approaches assim-
ilate velocity fields from PTV (e.g. Cai et al. [15], Wang et al. [16]
and Steinfurth et al. [17]) or from different frameworks (i.e. Eule-
rian or Lagrangian) for efficient pressure recovery in complex moving
systems (Sundar et al. [18]). Recent studies revealed the capabilities
of physics-informed neural networks to predict instantaneous temper-
ature fields in turbulent convective flows using 3D velocity fields.
Toscano et al. [19] reconstruct temperature fields from PTV data
using a physics-informed Kolmogorov-Arnold architecture. Mommert
et al. [20] explore the influence of activation functions when recon-
structing temperature fields out of fully resolved DNS velocity fields
and vice versa and Lucor et al. [21] evaluate the robustness with
respect to low resolution in the observation data consisting of sparse
temperature data in the bulk and velocity data at the boundaries of the
spatial training domain.

Although tomo-PIV and PTV are well-established and extensively
validated techniques, they remain demanding in terms of equipment.
Therefore, in this work, we investigate whether it is feasible to rely
only on more standard two-dimensional (2D) velocity measurements
for temperature reconstruction. We challenge the PINN to reconstruct
temperature fields — in particular with high accuracy in the PIV plane
- from stereoscopic velocity data in turbulent RBC by using spatially
fully resolved velocity snapshots from DNS (cf. numerical methods in
Section 2). The use of synthetic data ensures a reliable ground truth,
which allows accurate validation of the results. Our PINN approach
employs a padding technique, motivated in [21], by calculating the
PDEs in an enclosing 3D domain around the PIV plane and by em-
ploying collocation point sampling strategies to further overcome the
lack of 3D information (Section 3). In order to mimic PIV data and to
quantify the challenges of not having access to spatially and temporally
fully resolved velocity fields, we test the robustness of the temperature
reconstruction with respect to the time span of the data and the time
increment between snapshots (Section 4.2), as well as noisy data and
missing labels (Section 4.4). In Section 4.3, we evaluate the accuracy
of the reconstructed temperature fields along with relevant physical
quantities. A key advantage of PINNs is the ability to use automatic
differentiation, which provides access to all partial derivatives of the
physical fields, including those in the out-of-plane direction. This al-
lows the calculation and analysis of viscous and thermal dissipation
rates (Section 4.3.2).
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2. Numerical data generation

We use data generated from a DNS to mimic PIV measurements.
This way, we have access to fully resolved velocity and temperature
fields to evaluate the ability of PINNs to reconstruct the temperature
field. A schematic of the geometry and boundary conditions of the cubic
RBC cell is depicted in Fig. 1, where T, is the temperature of the heating
plate, T, the temperature of the cooling plate, g the gravitational
force in z-direction and H the height of the cell. All boundaries fulfill
the no-slip condition and the sidewalls are adiabatic. The Navier—
Stokes equations for an incompressible fluid are the three-dimensional
momentum conservation equation together with the mass conservation
equation and the energy conservation equation. In the Boussinesq
approximation and in their non-dimensional form, the equations yield

Z—l;+u-Vu:—Vp+ \/Pr/RaV2u+Tez, 1
V.-u=0, 2
aa—T +u- VT = 4/1/(PrRa) V2T, 3)

with the three-component velocity vector u = (u, v, w), the temperature
T, pressure p, the Prandtl and Rayleigh number Pr = 7/k, Ra = gaaTH* /3¢
and e, the unit vector pointing upward. Furthermore, v is the kinematic
viscosity,  the thermal diffusivity and @ the thermal expansion coeffi-
cient and the tilde (*) denotes the dimensional variables. The reference
velocity used for non-dimensionalization is the free-fall velocity i,..; =
V@gAT H, the reference length scale is the cell height %..; = H, the
reference time is accordingly 7,..; = %wf/a; and the reference pressure is
Pret = Pil ref with the density 5. The temperature is non-dimensionalized
with T = @-To)/at, where Ty = dw+1.)/2 and AT = T, — T.. The Egs.
(1) to (3) are solved spatially with a finite volume scheme of fourth-
order accuracy using a second-order Euler-leapfrog time integration
scheme [22]. In the underlying study, we consider RBC of air with the
non-dimensional parameters Pr = 0.7 and Ra = 10”. To perform a DNS,
the mesh widths have to be fine enough to fully resolve the smallest
relevant scales of turbulence. Shishkina et al. [23] derived approxi-
mations for suitable grid resolutions for Rayleigh-Bénard convection
based on local Kolmogorov and Batchelor length scales. Based on these
estimates, we use the hyperbolic tangent function to construct a grid
that progressively refines within the boundaries and transitions to an
equidistant spacing in the bulk flow region (cf. Fig. 2), resulting in a
total number of grid points of N, ,., = 162, of which 11/12 points
are within the §;,/64 boundary layers in z-direction. The physical
fields of the DNS lie on a staggered grid, with the scalar quantities
located at the cell centers and the velocity fields positioned at the
cell boundaries; therefore, we interpolate the velocity fields to the cell
centers using a fourth-order interpolation method. To mimic data from
stereo PIV measurements, the data of the three velocity components on
a vertical plane in the center of the cubic domain at x, = 0.5 is used as
labeled data for training. Unless otherwise stated, we use a time span
of I, = 5, which corresponds to about half of a large scale circulation
(LSC) turnover. We output every 500th snapshot of the DNS with time
step Atpys = 1.5 X 1074, resulting in a dataset consisting of N, = 68
equidistant snapshots.

3. PINN configuration

The following section presents the general PINN configuration,
including architecture, hyperparameters and optimization, and the
methodology for reconstructing temperature fields from planar velocity
data.
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Fig. 1. Schematic of a cubic Rayleigh-Bénard convection cell with height H, tempera-
ture T, at the heating plate and 7, at the cooling plate. All boundaries are no-slip and
the sidewalls are adiabatic. Temperature isosurfaces at a representative time instant
are shown for a DNS with Ra =107 and Pr =0.7.
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Fig. 2. The grid spacing for Pr = 0.7 and Ra = 107 is progressively refined within the
thermal and kinetic boundary layers é;,, and uniform in the bulk. The cell height is
H = 1. The required resolution is estimated from [23] to resolve the local Kolmogorov
and Batchelor length scales.

3.1. General architecture and hyperparameters

The PINN (cf. Fig. 3) consists of a multilayer perceptron (MLP)
with N; densely connected layers, each containing Ny sine activated
neurons, except for the output layer, which uses a linear activation.

We use periodically activated neural networks, because they have
been shown to outperform monotonically activated neural networks
in turbulent flow assimilation tasks, as demonstrated by an compar-
ative study in [20]. This advantage arises from their resistance to
vanishing gradients and their alignment with the inherently periodic
nature of turbulent flow dynamics. The network takes as input a set
of 4D spatial and temporal coordinates and outputs the five phys-
ical fields. It can therefore be seen as a function f([x,y,z,t],0) =
[u,v,w, T, p], where 0 is the set of all trainable variables (weights
w and bias b parameters). This architecture leads to the ability to
obtain spatial and temporal derivatives of the fields via automatic
differentiation [24]. Using sine activation functions, the initialization
of the weights has a non-negligible impact on the accuracy and conver-
gence speed of the network. As proposed by Sitzmann et al. [25], the
weights are randomly initialized by a uniform distribution in the range
w~lU (—W AN ) All layers are treated equally here, since
the introduction of higher frequencies in the first layer, as suggested
by [25], does not significantly affect the results (cf. [20]).
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3.2. Loss functions and sampling

PINNs make use of a combined loss function that is empirically
evaluated on a set of points, including known data points and se-
lected collocation points where physical information is evaluated. Our
loss function is a weighted sum including data, PDEs and boundary
conditions

L =44Lgaa + LppE + Lae S
with Lppg = Ay Liom + AcLeont + AL

energy*

and Lpc = ALper) + Ay LBcwo.w)

where 4, are static weights. An example of visualization of the sam-
pling of the three loss components at a given time is shown in Fig.
4. The data loss (left) is the mean squared error between the velocity
data points and the predictions, using the full spatial DNS resolution
on plane A

1 oL 2
Edala = m 2:4 ”(ﬁ‘ - ll;) ”1 5 (5)
i=

where i@ are the true values, u are the reconstructed values and N, is
the batch size. Since temperature and velocity values are often known
in well-controlled experiments — such as no-slip velocities at the walls
and imposed temperatures at the top and bottom — we account for
this information in the form of an additional synthetic set of boundary
points. These points are located both in-plane and off-plane (z € {0, 1}x
x X y) in a domain of thickness §, around x, (Fig. 4, right). The PDE
loss consists of the residuals of Egs. (1) to (3)

Ny 2
1 ou;
Loom = 3_Nb ; <a_tl +u, - Vu; + Vp, — \/Pr/ra V20, — I}ez> 1 , (6
| G
2
Leon = N_b Z (V : “[) ’ @
i=1
Ny 2
1 oT;
Lenergy = N_b Z; <a_z’ +u; - VT, — \/1/PrRa) VZT,) , 8)
pa

and the corresponding weights are labeled A, 4. and A,. The col-
location points, where the PDE loss is calculated, are generated in
order to help predict the temperature field in the plane A where the
labeled velocity data reside. Previous studies have demonstrated that
the performance of PINNs can be improved by strategically placing
collocation points in critical regions (e.g., [26,27]). Building on this,
we discuss below our sampling strategies to deal with the lack of
information in the x-direction.

We place the collocation points in a domain around the plane
D =[xy — 8/2,x( + 6x/2] X [0, 1] X [0, 1] with &, being the thickness (cf.
Fig. 4 center). Given the data at x,, the collocation points should be
strategically placed to guide the network toward learning the physical
solution consistent with the provided data. The collocation points in
x-direction are therefore randomly distributed according to a normal
distribution with 4 = x(, which is adapted to characteristic physical
length scales (see Fig. 5(a)). The so-called collocation layer with width
6, is defined to be the +2¢-interval of the normal distribution shown in
Fig. 5(a), thus containing statistically 95.4% of the collocation points.
The boundaries are the cell walls at x = 0 and x = 1. This method
uses a weighted approach, prioritizing regions with available data while
ensuring that all other regions contribute to the accurate reconstruction
of the temperature field within A.

Since high vertical temperature gradients reside close to the bottom
and top walls, where buoyancy increases due to heating, leading to ris-
ing hot plumes (bottom plate) and buoyancy decreases, causing sinking
cold plumes (top plate), we optimize the positioning of the collocation
points in the vertical z-direction, to correctly capture these gradients.
Since PINNs generally have difficulty resolving high gradients, a higher
density of collocation points is allocated in the boundary layers in
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Loss £ = Lgata + LppE + LBC
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Fig. 3. Schematic of the PINN architecture. The network is a fully connected MLP that takes spatial and temporal coordinates (x,y,z,t) as input and predicts physical fields
(u,v,w, T, p) as output. Partial derivatives are obtained via automatic differentiation and used to compute PDE residuals, which are minimized alongside data and boundary

condition losses.

Laata(u, v, w) LppE Lec(T,u,v,w)

Fig. 4. Schematic of the positions of the loss points. Labeled data points for velocity are given only on the vertical plane A (left), whereas the residuals of the PDEs are minimized
in a 3D collocation layer with thickness &, (center). Additional Dirichlet data points for velocity and temperature are placed on the top and bottom plates for the boundary

condition loss term (right).
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Fig. 5. (a) Collocation points in x-direction are sampled using a Normal distribution centered at u = x,. The thickness of the collocation layer §, is defined to be the +2s-interval
of the distribution. (b) The collocation points in the vertical direction are refined in thin layers above and below the heating and cooling plate respectively, by making use of the
refinement of the DNS grid shown in Fig. 2 to resolve the boundary layers, which are characterized by high velocity and temperature gradients.
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comparison to the bulk. This density is determined by a distribution
following the physically motivated distribution of the non-equidistant
distribution of the DNS grid points introduced in Section 2. We use
kernel density estimation (KDE) [28], where the kernel function is a
Gaussian distribution with zero mean and unit variance K(z) = N(z, 1).
The kernel function is evaluated at each of the N, grid points with a
constant kernel bandwidth A and is summed up to form the KDE

N, .
KDE(z):NLZhZfK(ZhZ’). ©

The bandwidth is defined as the mean grid spacing i = (4z), resulting
in a smooth distribution that is higher near the top and bottom plates
and uniform in the bulk (cf. Fig. 5(b)). Furthermore, the collocation
points are uniformly distributed in time and y-direction.

To enhance the network’s convergence, the domain is optimally
filled by applying the Latin Hypercube Sampling scheme (LHS) [29]
together with the aforementioned individual distributions in all four
directions. The use of LHS with a custom distribution ensures that the
collocation points follow the desired probability density more effec-
tively, leading to a better representation of the important regions in the
domain and thus to a more efficient training of the PINN. See Appendix
C for pseudo-code of the sampling.

The described method is used to generate a new random set of
collocation points at each iteration, where an iteration corresponds
to processing a mini-batch of the data. This effectively covers the
physical space and improves generalization by preventing the model
from overfitting to a fixed set of points.

3.3. Training optimization and loss weighting

For an effective training, careful consideration is required when
assigning loss weights. The confidence level of the loss terms is different
and we want to follow the most reliable information. Thus, at this stage,
since we are using DNS data for the training, systematic or random
measurement errors are not taken into account; consequently, the data
loss term is assigned the highest weight 4; = 1. Furthermore, since
the velocity data is provided, we weight the Navier-Stokes momentum
equation highest from the PDEs (4,, = 1x107!) and the energy equation
is weighted less by a factor of ten (4, = 1 x 1072). Since relaxing the
constraint of the continuity equation has been shown to improve the
training results [21], this term is weighted even less (4, = 1 X 1073).
These weights have proven effective for temperature reconstruction, as
reported in [20]. In this particular setup, however, where the data is
given only in a 2D plane, the boundary condition term must be handled
carefully to avoid overloading the boundary information which would
lead to the trivial solutions of u = 0 and the heat conduction state
T(z) = 0.5 — z. Consequently, the latter term carries the smallest weight
compared to all other loss terms (4, = 4, = 5 X 107%). Despite the
extremely small weights, the boundary conditions are still effectively
optimized, as shown by an example training history in Fig. B.22.

The Adam optimizer with its default configuration is employed for
training [30]. A learning rate scheduler monitors the total loss function
and gradually reduces the learning rate by a factor of 0.8 from an initial
value of 7., = 1 X 1073 to a minimum of #;;, = 1 x 107*. In addition,
the batch size for both the data and the generation of collocation points
is set to Ny, = 4096.

4. Evaluation

Unless otherwise specified, a random spatial and temporal subset of
5% of the data points is omitted from the training and used to monitor
the training process and for evaluation. An example of the metrics
plotted against the training epochs is provided in Appendix B. The
evaluation metrics used in this study include the mean absolute error
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(MAE), the coefficient of determination (R2), the relative L, error, and
the relative pointwise error (e; 2), which is used for plotting

1w .
MAE = — 315 - il 10)
i=1
n A. —_— . 2
R= Zimimw) an
PG/ E
" N 2
prel _ Z;:l (yi - yi) 12
2 - 9
VI3
_ |Yi - J’i| 13)

€, = )
2,i
’ no a2
V Yo ¥

where § are the ground truth values (DNS), y are the reconstructed
values and § is the mean of the ground truth values. The default dataset
used for training spans a time period of I, = 5, which corresponds
approximately to half on an LSC turnover time, and is divided into
N, = 68 equidistant snapshots. The default PINN configuration consists
of Ni = 10 densely connected layers with Ny = 256 sine activated
neurons each, which is the result of a parameter study (see Appendix
A). Furthermore, all cases are trained for 10* epochs for comparison.
The final results of the PINN are presented in Section 4.3, while
the following two sections focus on identifying the critical training
parameters.

4.1. Spatial training domain

Since data and collocation points are only placed in a 2D space,
the PINN does not have out-of-plane information and is therefore not
capable of accurately predicting the 9/ox derivatives of all physical fields
except 94/ox, which can be obtained from the continuity equation (Eq.
(2)). Therefore, for the reconstruction of the in-plane temperature field,
it is crucial to determine an appropriate collocation layer thickness

5,. Fig. 6 shows a comparison of planar temperature fields T| and
X0

temperature gradient fields 0T/ax| from the ground truth data (left)
X0,

and two different PINN reconstructions with 6, = 0 (middle) and 6, =
0.15 (right), i.e. a 2D and 3D collocation domain. It can be seen that
the PINN trained with 6, = 0 is not able to predict the structures of the
ground truth 97/ox field. Some key structures in the temperature field
are still recognizable, but the overall field deviates significantly from
the ground truth; whereas for 6, = 0.15 the field closely resembles the
ground truth field. Fig. 7 shows R?> and MAE for the predicted tempera-
ture field in dependence of the thickness §,. The training time increases
for larger training domains because the spatial collocation point density
remains the same for each case. Increasing 6, leads to increasing R?
scores and decreasing MAE values until §, ~ 0.15. Further expanding
the collocation layer does not improve the results. For the largest tested
values &, > 0.4, there is even a decrease in the R? score and increase
in the MAE values. In regions far from x,, where no data is available,
the PINN generates its own physically meaningful field. However, this
field may not fully correspond to the ground truth in these regions,
potentially introducing an unwanted influence on the solution at x.
Therefore, a good choice for the thickness of the training domain is the
length scale where the velocity field is still statistically correlated with
the field itself at x,. Following Thacker et al. [31], we compute the
horizontal integral length scales of the velocity components averaged
over 73 3D snapshots equidistantly distributed over a large time span of
t = 500. The average of all components in both horizontal directions is
A = 0.13, which agrees well with the optimal collocation layer thickness
5, =0.15.
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Ground truth

PINN (5, = 0)
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PINN (3, = 0.15)
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Fig. 6. Comparison of planar distribution of temperature fields 7| (top) and temperature gradient 97/ox| fields (bottom) at a given instant; ground truth data (left), the predictions

)
from PINN configurations with 6, =0 (center) and &, = 0.15 (right).
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Fig. 7. Coefficient of determination R? (left) and MAE values (right) of the in-plane temperature reconstruction vs. the thickness &, of the collocation layer. The lowest-performing
result for the temperature prediction is obtained using only a 2D collocation domain (5, = 0). The results reach a plateau with increasing &,, as training into regions too distant

from the data points provides no benefit.

4.2. Temporal training domain

Since, unlike other studies, we do not specify initial conditions for
the training, the result of the training depends on the time span of the
available data. Therefore, in this section, we analyze how the time span
and the temporal resolution of the given data snapshots influence the
accuracy of the reconstructed temperature field.

The PINN presumably needs to be trained over a sufficient time span
to learn the dynamics of the flow and also the d/a: derivatives of the
fields, analogous to the spatial domain requirement discussed in the
previous Section 4.1. We trained the PINN with different time spans
of data I, € {1.25,2.5,5,10}. The longest run covers approximately a
full turnover of the LSC. Fig. 8 shows the R*> and MAE metrics for
the temperature reconstruction with data sampled at time intervals of
At = 0.06. For a fair comparison, the runs have processed the same
number of collocation points per time unit during their training. The
evaluation metrics are computed using PINN predictions on plane A
(full resolution). It can be observed that, in all cases, the results are

worst at the beginning of the time span. Only the two longest runs are
long enough for R? to reach a plateau, while towards the end of the
time span, the results slightly deteriorate again (cf. I, = 10). The best
result for a single snapshot is R?> = 0.997 and is obtained with I, = 5
at t = 3.90. The results are poorest at the boundaries, but particularly
at early time instances, indicating that earlier snapshots aid the PINN
in reconstructing subsequent fields, but this effect is not as strong the
other way round. From this we conclude, that the performance of the
PINN depends on the direction of the time. This phenomenon is related
to the irreversible nature of turbulent flows, driven by dissipation.
For comparison, we compute the integral time scale from the auto-
correlation of time series of all velocity components. Averaging over
a total of 648 signals, each with a duration of I, = 30, distributed over
27 positions in the cell, we obtain 7 = 1.5. As visible in Fig. 8, the
PINN requires approximately an integral time scale at the beginning
of the temporal training domain until the R? result reaches a plateau,
which is an analogous observation to the minimum spatial domain size
requirement in Section 4.1, which was found to be one integral length
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Fig. 9. Variation of the time increment Ar between the snapshots using a time span I, = 5.

scale of the flow. This suggests that, in the absence of initial conditions,
the PINN requires a characteristic time scale to constrain its degrees
of freedom and accurately reconstruct the physical fields. However, to
determine whether a general principle holds, it would be necessary to
test RBC cases with varying parameters.

Because it is expensive to achieve full temporal resolution in PIV
experiments, we also investigate the influence of the data snapshot
acquisition frequency (here reported as the time increment between
two consecutive snapshots). Fig. 9 shows the R*> and MAE metrics of
the temperature reconstruction using a time span I, = 5 and different
time increments Ar € [0.04,4.8]. We observe that R%(T) and MAE(T)
remain consistent as At increases over a wide range of values. However,
for a step size larger than half the integral time scale, both metric
results collapse. In other words, the time span of an integral time
scale must be sampled at least at twice the frequency, to be able to
reconstruct the time evolution of the flow structure with the PINN.
This is consistent with the Nyquist-Shannon sampling theorem [32],
meaning that the intermediate time scales, such as the integral time
scale, must be resolved to allow the PINN to reconstruct the temporal
evolution in between. This is an interesting result that is probably not
specific to our setup, but rather applicable to any reconstruction tasks
involving time-dependent flow structures using PINNs.

An overview of the results of the parametric study with different
time spans and time step sizes is shown in Fig. 10. The R? metric is
computed using the full DNS resolution of snapshots with 4t = 0.06 over
the entire temporal training domain (¢ > 7, for cases with sufficiently
long time spans). Regardless of 4z, it can be seen that the time spans
I, = 1.25 and 2.5 are not long enough and therefore produce the worst
results. The best results are obtained for I, = 5, which corresponds to
about half of an LSC turnover time, with no significant difference when
using either N, =9, 16 or 42 snapshots.

4.3. Physical analysis of the PINN-reconstructed fields
In this section, we analyze the physical properties of the recon-

structed temperature fields. All results presented below are based on
a temporal training domain of I, = 5 with a snapshot interval of

At = 0.075. For the statistical analysis, twelve cases are considered, each
starting at a different time point of the simulation. As observed in the
previous Section 4.2, the results within the range of one integral time
scale at the beginning of the temporal training domain are the worst.
Therefore, we exclude this range from the evaluation.

4.3.1. Temperature reconstruction

Fig. 11 displays the ground truth fields (top row), the reconstructed
fields (center row) and the relative pointwise error fields e L (bottom
row) of all five physical quantities on plane A in the middle of the
temporal training domain (¢ I,/2). The absolute pressure values
cannot be determined because the PDE (Eq. (1)) contains only the
pressure gradient Vp. Therefore, for better comparison, the respective
field averages are subtracted from the pressure ground truth and the
reconstructed field. Since velocity data is provided for training, the
network successfully resolves all visible structures, which is also re-
flected in the small-scale error fields (Fig. 11, bottom). There is no
remarkable difference in the ¢, fields of the out-of-plane component
u and the in-plane horizontal component v. Furthermore, the visible
structures of the temperature and pressure fields are reconstructed in all
details by the PINN (Fig. 11, middle row). All plumes, corner eddies and
the boundary layers are successfully reconstructed. However, for the
reconstructed temperature and pressure fields, the error field scales are
larger and partially coincide with high gradient regions of the true field.
This indicates that the unknown quantities inferred by the PINN have
the highest uncertainties, particularly in regions with steep gradients.

To further investigate the reconstruction of thermal boundary lay-
ers, Fig. 12 shows the temperature profile, averaged over 7 and y, as
a function of the height (T), ,(z) and its variance (T?), () = (T)7 (2),
computed with true and reconstructed fields on plane A from a total
time span of I/ = 42. The resulting temperature profile has the
characteristic shape of the RBC, with the reconstructed mean temper-
ature profile closely matching the ground truth. Slight differences are
noticeable in the variance profile within the bulk of the cell. From the
peaks of the variance, we can determine the thickness of the thermal
boundary layer. Averaging over the upper and lower layer thickness,
we obtain the same value of 53}\]3 = 55{NN = 0.028(3). Using the Nusselt
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a total time span of I, = 42.

number Nu = 16.2 derived from the entire cubic cell in [33], we obtain
the boundary layer thickness 63 = 1/@Nw = 0.031, which is consistent
with the values we obtain in Fig. 12.

To examine the reconstruction of the temperature in more detail, we
plot the probability density functions (PDF) of the temperature (left),
the vertical velocity component w (middle), and the vertical convective
heat flux Tw (right) in Fig. 13. The reconstructed temperature is
generally consistent with the DNS histogram (Fig. 13, left); however,
for the extreme values, instead of showing a peak, the values T, = 0.5
and T, = —0.5 are exceeded. This is possible due to the linear activation
in the last layer. While no deviations are observed for w in Fig. 13
(middle), there is generally good agreement between the DNS and
reconstructed fields in the Tw histogram (Fig. 13, right). However, in
the left tail, the PINN histogram exhibits a steeper slope and an earlier
cut-off. This indicates difficulties in resolving regions where positive
temperature is not associated with positive velocity, and vice versa.

Since the training is performed in a 3D domain, we can also examine
the reconstructions out-of-plane. Fig. 14 shows a section of the vertical
plane at y = 0.5. At this view angle, data for training is given only
at the vertical center line (x = x;) and training is accomplished in
the area [x; — 8/2, x; + %x/2] marked by the dashed vertical lines. The
top row shows the ground truth fields, followed by the reconstructed
fields in the middle row, and the relative pointwise error fields €L,
at the bottom. It is noteworthy, that the PINN fully reconstructs the
out-of-plane velocity fields within the 6, domain. Even outside of the
domain, where 5 % of the collocation points are placed, the fields highly
resemble the ground truth. This is clearly visible in the u field at x ~
0.4 near the bottom (Fig. 14, far left column), where the PINN fully

reconstructs a rightward-streaming region. Since only a small fraction
of the collocation points are placed outside the collocation layer and
the distance to the given data increases, the velocity error fields exhibit
the highest relative errors at the left and right edges of the image.
Furthermore, also the structures of the temperature and pressure fields
are completely captured inside the collocation layer. Notable is the
reconstruction of a hot plume at x ~ 0.45, which then blurs to the left
outside the collocation domain. The same location in the pressure field
shows a low pressure region, which is also successfully captured by the
PINN.

4.3.2. Viscous and thermal dissipation rates

A major advantage of using a PINN is that the automatic differentia-
tion provides access to all partial derivatives of the five physical fields.
This includes derivatives in the out-of-plane direction, even though the
data is given in a plane only. As a result, we are able to analyze the
viscous (¢,) and thermal (e;) dissipation rates, which can be derived
from Egs. (1) to (3) (see e.g. [34]), and which are

ou; \2
eu:,/%2<a—)’z’_> , a4
i.j J
2
__ 1 T
T v/RaPr Z <ax,-> , (15

where the indices i and j range from 1 to 3, corresponding to the
three spatial dimensions. Fig. 15 shows the viscous (top row) and
thermal (bottom row) dissipation rates in plane A at a given time
instant. The left column shows the ground truth fields (*) obtained by
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Fig. 14. Comparison of DNS (top row) and reconstructed out-of-plane fields (middle row) and their relative pointwise error fields €, (bottom) at y = 0.5 and ¢

data is given at x, and the width of the training domain is §, = 0.15.

central differences from the DNS fields, the middle column shows the
dissipation fields obtained by automatic differentiation from the PINN,
and the right column shows the relative pointwise error fields (e, ).
According to the scaling theory proposed by Grossmann and Lohse [35,
36], four different main scaling regimes are obtained, depending on
the boundary layer and bulk contributions of the global dissipation
rates. Our parameters Pr = 0.7 and Ra = 107 are assigned to the
regime, where ¢, is dominated by the bulk and ¢, is dominated by the
boundary layers, which is reflected in Fig. 15. The structures in both
reconstructed (viscous and thermal) dissipation fields (Fig. 15, middle
column) closely resemble the ground truth (Fig. 15, left column). The
error plots (Fig. 15, right column) give a better insight into the location
of the uncertainties. For the viscous dissipation, higher error regions are
distributed throughout the cell, while for the thermal dissipation, the
highest error values are obtained near the top and bottom walls, where
the highest dissipation rates are found. Since velocity data is provided
for training, we expect the overall error for viscous dissipation to be
smaller than for thermal dissipation. The relative L, errors computed
with data on plane A from the time instant shown in Fig. 15 are
Lgel(eu) = 9.3% for the viscous dissipation, and L;el(eT) = 19.7% for
the thermal dissipation.

4.4. Robustness towards noisy data and missing labels

To assess the potential applicability of our method to more realistic
PIV data, we evaluate the robustness of the model to noisy training

10

1,/2. Velocity

data. We superimpose Gaussian white noise N'(0,¢2) on the velocity
fields with standard deviations ¢ of different levels: 0 %, 10 %, 20 % and
30 % relative to the maximum amplitude of each velocity component.
Generally, in stereo PIV measurements, the out-of-plane velocity com-
ponent is the one more sensitive to measurement uncertainty; here, for
the sake of simplicity, all velocity components are treated equally. So
far, we have only used DNS data, which is why the data loss term was
weighted the highest in the PINN. However, with error-prone data, the
weight of the data loss term (44) must be reduced relative to the PDE
loss weights, to allow the PINN more flexibility in reconstructing the
velocity fields. We tested weights in increments of powers of 10. Fig. 16
shows the vertical velocity field with different levels of Gaussian noise
(top), the reconstructed velocity field (center) and the reconstructed
temperature field (bottom). The relationship between the weight of
the data loss term (44) and the weight of the momentum conservation
equation (4,) is shown, since the balance between the individual PDE
loss weights remains unchanged (cf. Section 3.3). To better visualize
the differences, only one quadrant of plane A is shown. The assimilated
velocity fields are very similar to the ground truth data (Fig. 16, second
row), although there is a slight loss of amplitude at higher ¢. This effect
is even more pronounced in the temperature field (Fig. 16, bottom).
While the overall structures are generally well captured, their intensity
decreases slightly at higher o, as seen, for example, in the corner plume
in the lower right of the temperature fields (Fig. 16, bottom). Fig. 17
shows the corresponding R? values for the temperature reconstruction
(left) and the velocity reconstruction (right). The R? value of the
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Fig. 18. Comparison of the PINN trained with the spatial DNS resolution on slice A (left) and when omitting the velocity data in the kinematic boundary layer (right). The ground
truth horizontal velocity field o is shown in the top row, the reconstructed velocity field v in the middle row and the reconstructed temperature field in the bottom row. In order

to focus on the boundary layers, only a subset of A is shown.

temperature reconstruction decreases with increasing noise ratio from
R%(T,0%) > 0.99 to R*(T',30%) ~ 0.96. The same applies for the velocity;
however, in this case, we still consistently obtain values of R? > 0.99.
When comparing the different velocity components, it is noticeable that
the result for u is the worst throughout.

While in DNS the mesh resolution is usually refined in the boundary
layers, in experimental setups it is difficult for the tracer particles to
reach the boundary layers at all. In addition, in the RBC cell, there
may be reflections from the top and bottom plates, making it difficult
to measure velocity fields in the vicinity. The kinematic boundary layer
thickness for Ra = 107 and Pr = 0.7 is estimated to be &, ~ 0.027 [23].
Therefore, to further emulate a real PIV dataset, the data points within
the kinematic boundary layer are omitted for training. The resulting
fields of velocity assimilation and temperature reconstruction on a
subarea of plane A are plotted in Fig. 18. The left side shows the case
where the PINN is trained with the spatially fully resolved DNS velocity
field, and the right side shows the case, where the velocity data within
the kinematic boundary layers is omitted. The fields of the ground truth
velocity component v are plotted at the top, the reconstructed velocity
fields are plotted in the middle, and the reconstructed temperature
fields are plotted at the bottom. Both reconstructed velocity fields (Fig.
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18, center row) do not show differences in the reconstruction of the
bulk flow region. The PINN also manages to reconstruct the velocity
field in the area where no data is given. This is particularly evident
in the reconstructed velocity field with omitted data labels (Fig. 18,
center row, right), at y ~ 0.1 near the bottom plate, where a rightward-
streaming area is reconstructed despite its absence in the data. The
two reconstructed temperature fields also differ only slightly (Fig. 18,
bottom row). It can be seen that the PINN manages to reconstruct
the thermal boundary layer structure despite the absence of data in
this region (64, and &, are close for Pr = 0.7); however the thermal
boundary layer on the right side of Fig. 18 seems to be thinner.

To examine whether the physical properties are preserved, the
temperature profiles near the heating plate (T'), ,(z), as a function of
the height and averaged over a time span of I, = 17.5 and y, are
plotted in Fig. 19 (left) for both cases and the DNS. Indeed, we observe
slight differences in the temperature profile (Fig. 19, left) and in the
corresponding variance profile (TZ),Yy(z) - (T)i y(z) (Fig. 19, right),

PINNW/odiin _ 0.019(3)

resulting in a thinner boundary layer thickness of 6,

compared to 65NN = (SENS = 0.026(3).
Since the determination of dissipation rates is of great interest but
experimentally challenging (see e.g. the experimental measurement of
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the DNS temperature profile, the reconstructed profile and the reconstructed profile when the PINN is trained without access to the data inside the kinematic boundary layers.

0.15

Ground truth
z

0.00

0.15

PINN W/o 6kin

0.00

0.15

0.00

[
I
0 2 4

6 810 0 2 4 6

Fig. 20. Viscous (left column) and thermal (right column) dissipation rates on a subset of the plane A. The ground truth fields (*) are shown at the top, the PINN predicted fields
obtained by automatic differentiation are shown in the middle row, and the relative error fields are shown at the bottom. The PINN model is trained on velocity data, excluding

kinematic boundary layer data.

the viscous dissipation rate in Xu et al. [37]), we want to study the
viscous (e,, Eq. (14)) and thermal (e;, Eq. (15)) dissipation rates,
when reconstructed from the PINN model trained only on velocity data
outside the kinematic boundary layers. Fig. 20 shows the ground truth
dissipation fields (*, top row), the PINN reconstructed fields obtained
by automatic differentiation (middle row), and the respective relative
error fields (bottom row). The kinematic dissipation rate is shown on
the left and the thermal dissipation rate on the right. Despite the lack
of data in §y;,, the overall structures of both reconstructed dissipation
rates are very similar to the ground truth. Compared to the PINN
trained on velocity data in the whole plane (Section 4.3.2), we observe
here the highest errors for both (viscous and thermal) dissipation
rates inside the boundary layers. While for the viscous dissipation the
reconstructed fields inside the boundary layer (Fig. 20, middle row,
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left) slightly lack intensity, the reconstructed thermal dissipation rate
(Fig. 20, middle row, right) shows higher values. This is probably due
to the imposed boundary conditions, which result in reduced velocities
and increased temperature values. The relative L, errors computed
with data on plane A from the time instant shown in Fig. 15 are
L;el(eu) = 41.9% for the viscous dissipation and L;el(eT) = 68.3% for
the thermal dissipation. To distinguish between the error contributions
from the boundary layers and the bulk, we compute the relative L,
errors using only points that are either in the boundary layers or in
the bulk. For the viscous dissipation we get L;el(eu’BL) = 50.5% for the
boundary layers and L;d(eu,bulk) = 9.3% for the bulk. For the thermal
dissipation we get L;d(eT,BL) = 68.7% and L;el(eT,bulk) = 42.1%. Table
1 shows the comparison of the L;d errors with the PINN trained on
the velocity data in the whole plane (Section 4.3.2). We observe that
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Table 1

Comparison of LEEI errors when the PINN is trained with velocity data on plane A
and when it is trained with velocity data only outside the kinematic boundary layers
(Wo &in). We distinguish between boundary layer (BL) and bulk contributions to the
error.

PINN PINN /o 8y,
A 9.3 41.9
L e,)/% BL 9.2 50.5
Bulk 9.5 9.3
A 19.7 68.3
L er)/% BL 19.6 68.7
Bulk 24.0 42.1

missing data within the kinematic boundary layers affects the accuracy
of the dissipation rates in these regions. However, the relative L, error
for viscous dissipation in the bulk remains unaffected, and the relative
L, error for thermal dissipation in the bulk is affected, but less than in
the boundary layers.

5. Conclusion and outlook

Assuming that 2D3C (two-dimensional, three-component) planar
PIV velocity fields are available, we generate the missing temperature
field using a PINN and DNS data as the ground truth. We show, that
training the PINN with three-component spatially (but not temporally)
fully resolved velocity snapshots from DNS and the governing PDEs
in an enclosing 3D layer yields promising results with the coefficient
of determination exceeding R*(T) > 0.995. It turns out that careful
considerations have to be done concerning the spatial training domain.
Having access to only planar data, the PINNs training domain in out-of-
plane direction (§,) needs to be larger than the size of the characteristic
length of the medium to big eddies in the flow, i.e. that integral
length scale, to be able to fully reconstruct the fields. As the training
domain becomes thinner, the agreement with the ground truth becomes
increasingly poorer. At 6, = 0, some of the general structures in the
temperature field are reconstructed, but it is not possible to obtain
the correct out-of-plane derivatives d/ox. We apply a weighting of the
PDE residuals by distributing collocation points in x-direction normally
around the PIV plane, i.e. the region where data is provided for training
is weighted highest. Furthermore, we incorporate the knowledge of the
DNS grid to define a sampling distribution in the vertical z-direction,
placing greater emphasis on the boundary layer and its associated high
temperature gradients.

A time span study reveals, that the results are worst at the beginning
of the temporal training domain. As initial conditions are not provided,
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the PINN requires a minimum time span exceeding an integral time
scale of the flow to obtain reliable results. This result is not only rele-
vant for our specific case but also to other time-dependent assimilation
and reconstruction tasks. In our case, a dataset covering a total time
span of half an LSC turnover is found to be a suitable choice. In terms
of temporal resolution, the PINN remains robust until the snapshot
interval exceeds one half of the integral time scale. This implies that
the data must provide at least a framework in which all medium-scale
time dynamics are resolved. The PINN can then fill the gaps between
the snapshots with physically reasonable fields that remain consistent
with the given data.

We showed that the suggested approach allows to reconstruct large
and small structures of the temperature as well as pressure fields. We
mimicked stereo PIV data by using only planar velocity fields. In a
common approach, we used Gaussian noise as a surrogate for potential
measurement errors. Even with a high noise ratio of ¢ = 30%, the
PINN is still able to reconstruct the velocity with R?({u, v, w}) > 0.995.
However, experimental data may not contain such an intense white
noise. Instead, it is subjected to colored noise or more systematic mea-
surement uncertainties, such as zones with reflections and mirroring.
Since the areas at the lower and upper plate are mostly affected by such
reflections and moreover only a few tracer particles reach the boundary
layers, we also omitted the data labels inside the kinematic boundary
layers. It turns out that the PINN has no difficulties in reconstructing
the fields if the data does not contain the top and bottom kinematic
boundary layers.

In addition to reconstructing the temperature field, the PINN en-
ables access to all partial derivatives of the physical fields through
automatic differentiation. This capability allows for the computation of
viscous and thermal dissipation rates. Evaluating the solution on plane
A, we found that the PINN is fully able to reconstruct all visible struc-
tures in the viscous and thermal dissipation rates. Even when trained
without data inside the kinematic boundary layers, it still provides
an estimate of the dissipation rates within these layers. Moreover, the
accuracy of viscous dissipation in the bulk region remains unaffected
under these conditions.

Overall, we can state, that PINNs are fully able to reconstruct
temperature fields of turbulent RBC, when having access to only planar
snapshots of velocity data. The presented approach can be used to
obtain not only temperature fields but also in-plane viscous and thermal
dissipation rates, opening up new possibilities for experimenters to
study the physics of RBC through planar velocity measurements.

In our case, we used velocity data on a vertical plane; however, it
would also be interesting to explore whether temperature reconstruc-
tion on a horizontal plane in the RBC cell could be achieved with
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the same level of accuracy. The challenge here is likely to be greater
due to the higher out-of-plane velocities, and therefore adjustments to
the out-of-plane sampling would be required. Another aspect worth
investigating is whether temperature can be reconstructed using only
mono-PIV data, i.e. the two in-plane velocity components only. The
PINN would likely require additional physical constraints, such as the
net mass flux through the plane, to compensate for the lack of out-of-
plane velocity information. These aspects will be further investigated
and developed in future work.
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Appendix A. Layer and neuron variation study

Our default PINN configuration consists of N; = 10 densely con-
nected layers with Ny = 256 sine activated neurons each, which is the
result of a parameter study. Fig. A.21 shows the resulting R*(T') values
from PINNs with varying numbers of hidden layers and neurons per
layer. We observe a trend of increasing performance from the bottom
left to the top right, corresponding to the use of more layers and
neurons. The smallest tested network of Ny = 4 layers and Ny = 128
neurons each finds the general pattern of the temperature and pressure
fields, but has problems especially in regions with high gradients,
leading to the lowest result of R*(T) = 0.374. The expressivity of
the network is increased with higher numbers of layers and neurons,
leading generally to better results in our case. The best result of R*(T) =
0.994 is obtained using N; = 10 layers and Ny = 512 neurons.
Increasing the network width to more than N; = 10 layers does not
affect the results, and the same holds true for the number of neurons.
Good results are already achieved using Ny = 256 neurons. Using
more neurons is especially beneficial for smaller numbers of layers, but
this effect vanishes for Ny > 10. Increasing the number of neurons to
Ny = 1024 leads to a significant increase in computational cost without
leading to better R*(T) values (cf. Fig. A.21).

Appendix B. Training history

An example of the evolution of the several weighted loss functions
during training is shown in Fig. B.22 and the corresponding tracking
metrics MAE and R? are plotted in Fig. B.23. The PINN is trained for
10* epochs, starting with a learning rate of n = 1 x 1073, which is
gradually reduced to n = 1 x 107*. The loss weight values are given
in Section 3.3. For the first ten epochs, only the data loss function
L4 decreases, whereas the PDE loss functions increase (£,oms> Leonts
L energy) and the boundary condition loss components stagnate (Lpc(r)s
Lpc(vw))- After this initial phase, the PINN begins optimizing the PDE
and boundary condition losses.

The metric evaluation in Fig. B.23 confirms this observation: during
the initial phase, the MAE metric for the velocity fields decreases (left),
while the R? values of the velocity field increase. After approximately
the first ten epochs, the metrics for the temperature field begin to
improve.

The metrics for the pressure are generally the worst during the
training, as the PDEs involve only the pressure gradient Vp but not the
absolute pressure values.

Appendix C. Sampling strategies

At each training iteration, a new set of points is generated to evalu-
ate the PDE loss. In our approach, we treat all spatiotemporal directions
independently. Algorithm 1 outlines the procedure for sampling in
the vertical z-direction using a custom distribution. This distribution
is constructed using kernel density estimation (KDE) based on the
DNS grid points in the z-direction, combined with Latin Hypercube
Sampling (LHS). A similar sampling strategy is applied to the remaining
coordinates, but without custom distributions: a normal distribution is
used in the x-direction, while uniform distributions are employed in the
y- and ¢-directions.

Data availability

Data will be made available on request.
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Algorithm 1: Latin Hypercube Sampling from a Kernel Density
Estimate (KDE)

Input : N € N: Number of samples to generate
Input : {z; }:1] Seed points for KDE (e.g., DNS grid in [0, 1])
Input : A > 0: Bandwidth for KDE
Output: {b;} fi ,: KDE-based samples via LHS

-

Step 1: Construct evaluation grid over the data range
g < linspace(min;(z;), max,(z;), L)

N

w

Step 2: Estimate probability density function (PDF) via

Gaussian KDE
_(gj—z 2
2n2

for j < 1to L do

Step 3: Compute and normalize cumulative distribution
function (CDF)

Ag < g — g

Fg) < X1, (&) - Ag

Normalize: F(g;) « F(g;)/F(gy) for all j

FN

v
o
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&
1
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™
e
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[}
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Step 4: Generate Latin Hypercube Samples (LHS) in [0, 1]
fori < 1 to N do

R
N

Randomly permute {s;};"

12

13 1

14
15
16

Step 5: Map LHS samples to KDE space using inverse CDF
fori < 1 to N do

Find j such that F(g;_;) <'s; < F(g;)
si=Flg;_)

§ _sitF)
7 Flg)—Flg;_+e

bi—gi_ 1+ (g —&-1)

18 return {b;}N
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