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Motivation
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Uniaxial fatigue tests
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Experimental data – 3D digital image correlation
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~140 mm160 mm

4
00

 m
ma

t = 2 mm

L-T T-L

AA2024-T3
MT160

𝑎𝑥

~
1

2
0

 m
m

z x

y

R = 0.1 , Fmax=15 kN

Jesco Talies, Institute for Frontier Materials on Earth and in Space, 09.07.2025



Crack tip position ax = 20.73 [mm]

R = 0.1 , Fmax=15 kN

Experimental data – high res. digital image correlation 
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Motivation
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Uniaxial fatigue tests Post-mortem analysis
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Mixed-mode loading even 
under purely uniaxial loading 
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→ Changes in service life?
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Previous research
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Schöne, Vanessa und Paysan, Florian und Breitbarth, Eric 

Engineering Fracture Mechanics 313 (2025) 110664
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Crack length 𝑎𝑥 ?
Stress intensity 𝐾𝑖 ?

Material anisotropy ℂ ?

How can we predict mode and angle of the 
crack front?

Twist mode 
M 𝑎𝑥, 𝑡, ℂ, 𝐾𝑖 , σ, 𝑅, η, 𝜃, … ∈ {Flat, V−Mode, Trans}

Angle 
𝜑 𝑎𝑥, 𝑡, ℂ, 𝐾𝑖 , σ, 𝑅, η, 𝜃, … ∈ [−π, +π]

Kink angle 𝜃?
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Experimental data – fracture surface angle
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Numerical model - Setup

Ansys mechanical model

Linear elastic E = 74.1 GPa ν = 0.33 a/w = 0.5

Ele. Size = 2 mm Ele. tip = 0.125 mm t є [2, …, 10] mm φ є [0, …, 55] °

10 MPa10 MPa

φ
z

x

y

160 mm
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Numerical model – stress intensity factors

Twisted crack fronts lead to complex stress at the crack front even under purely uniaxial loading conditions 

+ switch meshing to hexahedral elements

KI KII KIII
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Numerical model – crack tip field

t = 10 mmφ є 0 °

x
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Numerical model – crack tip field

t = 10 mmφ є 35 °

x
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Crack tip field characterization
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Contours for 𝜎𝑒𝑞𝑣 = const. Quantitative characterization

Williams series expansion

Stress

Displacement

𝜎𝑖𝑗 𝑟, 𝜑 = ෍
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∞
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Kuna, Meinhard (2013) “Finite elements in fracture mechanics”

Melching, D., & Breitbarth, E. (2023) International Journal of Fatigue
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Williams fitting
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𝑢𝑖 𝑟, 𝜑 ≈
1

2𝜇
෍
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𝑁
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(𝑛)
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(𝑛)
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Finite element simulation crack tip field data

Truncated Williams series

Least squares fit

𝑎𝑖 , 𝑏𝑖 , 𝑐𝑖  for i ∈ −𝑀, . . , 𝑁

𝐾𝐼 = 2𝜋 𝑎1 
𝐾𝐼𝐼 = −2𝜋 𝑏1

𝐾𝐼𝐼𝐼 = 2𝜋 𝑐1

Relate to fracture mechanics

arg min
𝑎𝑖,𝑏𝑖,𝑐𝑖

෍

𝑖

𝑥,𝑦,𝑧

𝑤𝑖 𝑢𝑦,𝑑𝑎𝑡𝑎 − 𝑢𝑦,𝑤𝑖𝑙𝑙𝑖𝑎𝑚𝑠
2

Using weights 𝑤𝑖 to 
balance contributions

Mode I Mode II Mode III

Kuna, Meinhard (2013) “Finite elements in fracture mechanics”

Melching, D., & Breitbarth, E. (2023) International Journal of Fatigue

Quantitative descriptors
x
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Williams fitting 
- example

18

F
E
 d

at
a

W
ill

ia
m

s 
d
at

a
E
rr

o
r 
in

 %

φ є 35 ° , t=10 mm

𝑟𝑚𝑖𝑛 = 3 mm ,  𝑟𝑚𝑎𝑥 = 20 mm

𝑅𝑟 = 17
points

mm
, 𝑅𝑟 = 1

points

deg

Terms: 𝑖 ∈ −1, 0, 1, … , 9

𝑤𝑖 = 1 for 𝑖 ∈ 𝑥, 𝑦, 𝑧

Preliminary parameters. 
Convergence studies for optimal 

fitting parameters are in 
preparation.

4.14% 1.25% 7.86%

𝑢𝑥 𝑢𝑦 𝑢𝑧
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Williams fitting - summary

Williams coefficients 𝑎𝑛 Williams coefficients 𝑏𝑛 Williams coefficients 𝑐𝑛

Intermediate research question: How does the Williams field relate to the crack front angle?

𝜑 𝑎𝑥, 𝑡, ℂ, 𝐾𝑖 , σ, 𝑅, η, 𝜃, … ∈ [−π, +π] 𝜑 𝑎𝑛, 𝑏𝑛, 𝑐𝑛 ∈ [−π, +π]

Jesco Talies, Institute for Frontier Materials on Earth and in Space, 09.07.2025

N
o
rm

al
iz
ed

 W
ill

ia
m

s 
C
o
ef

fi
ci

en
t 

[ 
-
]

Angle [ ° ] Angle [ ° ] Angle [ ° ]



Symbolic regression - introduction
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Machine learning

Data Prediction

Train a model 𝑓 to predict 
values from data

Train a model 𝑓 to predict functions of varying complexity that 
fit the data

• Usually opaque black-box
• Not interpretable
• Rarely transferable to new 

domains
• Prone to overfitting / poor 

generalization

• Interpretable
• Potentially analytically derivable from known expressions
• Potentially general (within assumptions)

Feedback

Symbolic regression (part of ML)

Data
Symbolic 
expression

Prediction

𝜑 𝑎𝑛, 𝑏𝑛, 𝑐𝑛 =  …

Operators

Variables

Feedback

Jesco Talies, Institute for Frontier Materials on Earth and in Space, 09.07.2025



Symbolic regression - introduction
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Operators

sin( ∙ )
cos( ∙ )
exp( ∙ )
log( ∙ )
∙  +  ∙
∙  −  ∙
const.

…

Variables

𝑎𝑛

𝑏𝑛

𝑐𝑛

Expression Tree(s)

𝜑 ∙ sin +

𝑎3

×

𝑐1

3.89𝜑 𝑎3, 𝑐1 = sin(𝑎3 + 3.89 × 𝑐1)

+sin𝑎7

exp

𝑏1

𝜑 𝑎7, 𝑏1 = sin(𝑎7) + exp(𝑏1)

𝜑 = 9.7 9.7
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ො𝜑 𝒂−𝟏 … 𝒂𝟗 𝒃−𝟏 … 𝒃𝟗 𝒄−𝟏 … 𝒄𝟗

0 3.64 … 4e-9 -0.01 … -1e-9 0.11 … 2e-9

0 1.88 … -3e-7 4e-4 … 2e-9 -0.02 … 1e-9

… … … … … … … … … …

35 7.18 … -2e-7 35.72 … -3e-7 -83.7 … 3e-7

Symbolic regression – setup
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PySR

Genetic algorithm
𝜑 𝑎𝑛, 𝑏𝑛, 𝑐𝑛 =  …

Operators

sin( ∙ )
cos( ∙ )
exp( ∙ )
log( ∙ )

sqrt  ∙ 

∙  +  ∙
∙ −  ∙
∙ × ∙
∙ ÷ ∙

const.

Variables

𝑏−1

𝑏0

𝑏1

…

𝑎−1

𝑎0
𝑎1

…

𝑏−1

𝑐0
𝑐1

…

Dataset

𝐿2 ො𝜑, 𝜑 = ෍

𝑖=1

𝑁

𝜑𝑖  −  ො𝜑𝑖
2
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Symbolic regression – pareto optima
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Complexity vs accuracy tradeoff:
When do we reach analytic 

symbolic recovery?

Pareto front of discovered equations - genetic programming

Jesco Talies, Institute for Frontier Materials on Earth and in Space, 09.07.2025



Symbolic regression – performance
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Model appears to 
distinguish between relevant 
and irrelevant coefficients 
and fits nicely even for 

lower complexity equations

Sampled equationsSymbolic regression fits

Train Test

Jesco Talies, Institute for Frontier Materials on Earth and in Space, 09.07.2025

𝜑 = const. = 9.49

𝜑 = −0.65 𝑐1

𝜑 = −0.65 𝑐1 − sin(𝑐2)

𝜑 = −0.76 𝑐1 −𝑒−0.4 sin 𝑐3 +
2.5

𝑏−1 + 18.4

Eq. 1

Eq. 2

Eq. 3

Eq. 10

Eq. 19

𝜑 = −0.47 𝑏4 + 𝑐1 0.47𝑏4 + 0.24𝑐3  − 0.72 +
0.72

𝑏−1 + 𝑐0
+  𝑐3 − 𝑐4 + ⋯ 



Symbolic predictions – Eq. 19
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Williams coefficients 𝑎𝑛 Williams coefficients 𝑏𝑛 Williams coefficients 𝑐𝑛

The discovered equation largely is able to predict the correct angles
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Symbolic predictions – Eq. 19
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Williams coefficients 𝑎𝑛 Williams coefficients 𝑏𝑛 Williams coefficients 𝑐𝑛

There is a remaining offset. 
likely no full symbolic recovery → Improve symbolic regression approach

Jesco Talies, Institute for Frontier Materials on Earth and in Space, 09.07.2025



Symbolic predictions – Eq. 19
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Williams coefficients 𝑎𝑛 Williams coefficients 𝑏𝑛 Williams coefficients 𝑐𝑛

There is a remaining offset. 
likely no full symbolic recovery → Improve symbolic regression approach

~10%
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Next steps
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FE Model

Hexahedral elements

Add kink angle

More sophisticated 
material model

Symbolic regression Experimental data

Explore DL based 
approaches

Add physical priors 
(e.g. via units)

Explore uncertainty and 
noise

Analytic correctness along 
pareto front

MT160 for varying thickness 
and varying R ratios

AA2024-T3 and 
AA7075-T651

Validate models on 
microscope DIC data

Determine more material 
characteristics that can be 
essential for the symbolic 

regression task

Improve (Williams) series 
coefficient fitting

Jesco Talies, Institute for Frontier Materials on Earth and in Space, 09.07.2025
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Thank you for your attention and feedback!
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