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 A B S T R A C T

This article proposes an optimization-based method for robust yet efficient control of flexible-joint robots by 
using the model predictive control approach. The time-delay estimation (TDE) technique is used to approximate 
uncertain and nonlinear dynamic equations, where neither concrete knowledge of mathematical system model 
parameters is required in the approximation, thus granting the model-free property for dynamics compensation 
and real-time system linearization. TDE is integrated with model predictive control, which is designated as the 
incremental model predictive control (IMPC) framework. This approach guarantees the tracking performance 
of the flexible joint robot with input and output constraints, such as motor torque and joint states. Moreover, 
the proposed controller can practically circumvent high-order derivatives in implementation while providing 
robust tracking, a capability that conventional methods for flexible joint robots often face challenges due to 
the inherent nature of their high-order dynamics. The input-to-state stability of IMPC in a local region around 
the reachable reference trajectory is theoretically proven, and the high approximation accuracy of the resulting 
incremental system is analyzed. Finally, a series of experiments is conducted on a flexible-joint robot to verify 
the practical effectiveness of IMPC, and superior performance in terms of high accuracy, high computational 
efficiency, and constraint admissibility is demonstrated.
. Introduction

For complex task operations in a cluttered and unstructured en-
ironment, it is crucial for the robot to exhibit flexibility and safety 
n the shared workspace. Owing to the passive compliance in series 
lastic actuators, flexible-joint robots are physically safe [1]. The flex-
ble joints have been also considered for humanoid robots, primarily 
o emulate human motion characteristics and address the inherent 
imitations of rigid-body robots in safety, energy efficiency and environ-
ental adaptability. As shown in Fig.  1, joints of the humanoid robot 
rm are driven by series elastic actuators. Unlike conventional rigid-
ody robotic arms, flexible-joint robot incorporates elastic elements 
e.g., springs, elastomers) in addition to actuation units (e.g., motors, 
neumatic actuators). The elastic joint torque is transmitted between 

I This paper was supported in part by ITECH R&D programs of MOTIE/KEIT under Grant No. 20026194 and RS-2024-00441872, and in part by the National 
atural Science Foundation of China under Grant No. 62303484.
∗ Corresponding author at: Institute of Robotics and Mechatronics, German Aerospace Center (DLR), Weßling, 82234, Germany.
E-mail addresses: yongchao.wang@tum.de (Y. Wang), jinoh.lee@dlr.de (J. Lee).

the inertia of the motor and the link via joint stiffness, and the elastic 
actuator can temporarily store kinetic energy and release it when 
required, effectively improving energy efficiency. Besides, elastic ele-
ments absorb shock energy, reducing impact forces during accidental 
collisions between the robotic arm and external objects (or humans), 
enhancing safety especially when the robot is needed to perform pre-
cise manipulation tasks under the condition with human co-workers. 
However, the elasticity between the motor and link sides introduces 
a challenge to a sufficient control precision level. Besides, to further 
guarantee safe collaboration between humans and robots, the coexis-
tence of high control accuracy and constraint admissibility is of great 
importance. In addition, the unwanted oscillatory behavior is invoked 
when motor constraints are not addressed properly [2]. Accordingly, 
we aim to develop a controller to improve tracking accuracy and 
address input and state constraints simultaneously. 
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Nomenclature

R,R≥0,R>0 Real, non-negative, and positive sets.
I, I>0 Integer, and positive integer sets.
I[𝑎,𝑏] I[𝑎,𝑏] = {𝑥 ∈ I ∶ 𝑎 ≤ 𝑥 ≤ 𝑏}.
𝐈,𝐎, 𝟎 Identity matrix, null matrix, and null 

vector.
col(𝐱1, 𝐱2) Stack variable col(𝐱1, 𝐱2) ∶= [𝐱⊤1 , 𝐱

⊤
2 ]

⊤.
𝐐 ≻ 0 Positive definite matrix 𝐐.
‖𝐱‖ Euclidean norm of vector/matrix 𝐱.
‖𝐱‖𝐐 ‖𝐱‖𝐐 =

√

𝐱⊤𝐐𝐱 for vector 𝐱 and 𝐐 ≻ 0.
𝜆(𝐐) Eigenvalue of 𝐐.
∞ Class Kappa infinity function.
id(∙) Identity function, i.e., id(𝑥) = 𝑥.

Fig. 1. Working mechanism of the flexible-joint robot.

.1. Related work

Proportional–derivative (PD) feedback controllers [3,4] and back-
tepping (BS) [5] are early works to regulate and control the link 
osition of flexible-joint robots, where full state variables and the 
oncrete mathematical model are required. Although PD and BS are 
asy to implement, tracking accuracy deteriorates in the presence of 
nevitable uncertainties or disturbances.
To improve robustness, a variety of controllers like 𝐻∞ control [6], 

liding mode control [7,8], disturbance-observer-based control [9], 
eural-network (NN) based control [10], and adaptive fuzzy con-
rol [11] were developed. Although the mathematical model is not 
equired for NN-based controllers, the application is still limited due 
o the requirement of offline training with a sufficiently large data set 
nd numerous parameters to be tuned. The time-delay estimation (TDE) 
echnique [12–14] was employed to approximate nonlinear system 
odels of the robot, and an approximated system dynamics is found 
onitoring the most recent states and control inputs. The controller 
eveloped in [15] employed link inertia information with dynamics 
oupling terms to define TDE gains, and the terminal sliding mode con-
rol is utilized to enhance robustness and realize faster convergence. In 
eneral, these robust controllers increase tracking accuracy. However, 
igh-order derivatives used in the above-mentioned controllers often 
esult in a noisy response.
To reduce the order of the system dynamics, the singular per-

urbation (SP) method [16–18] was employed. Two-time scale con-
rollers [17,18] were developed for flexible-joint robots, where the 
2 
system dynamics is splitted into a slow and fast subsystem and con-
trol for both the slow and fast subsystems is designed independently. 
In [18], the tracking error is reduced by adding an additional pertur-
bation term to the slow subsystem model of the flexible-joint robot. 
Nevertheless, the SP based controllers [17,18] and above-mentioned 
robust controllers [6–11,15] barely consider input and state constraints 
which are related to safety especially when the robot is close to or 
in cooperation with humans. Although using the command filter [19] 
or barrier function [20] techniques, the input saturation and state 
constraints can be addressed. Nevertheless, the command filter and 
barrier function normally employ conservative techniques to handle 
input and state constraints. As a result, the input and state constraints 
are addressed in sacrifice of tracking accuracy.

Model predictive control (MPC) [21,22] is appealing for control of 
flexible-joint robots since it is a systematic approach to achieve opti-
mal control performance while satisfying input and state constraints. 
Motivated by the two-time-scales separation from the SP theory, a joint-
level model predictive controller [22] was developed for flexible-joint 
robots. The conventional MPC approaches rely on a precise mathemat-
ical model of the controlled plant. As a result, tracking accuracy will 
be deteriorated by modeling errors [23]. To enhance the robustness of 
MPC, high-order extended observers [24], learning techniques [25,26], 
and data-driven methods [27] are combined with MPC, where mathe-
matical models of controlled plants (or uncertainties and disturbances) 
are identified online and the accurate mathematical model is not re-
quired. However, the nominal mathematical model is still required 
for disturbance-observer-based MPC schemes. Although learning-based 
and data-driven MPC methods reduce dependence on the concrete 
mathematical model, the computational complexity of MPC is further 
aggravated by the learning and data-driven techniques. Therefore, a 
robust and computationally efficient MPC is required to achieve satis-
factory performance in terms of high tracking accuracy and real-time 
control capability.

1.2. Method and contribution

In this article, an incremental model predictive controller is devel-
oped for flexible-joint robots. The dynamics equation of the flexible-
joint robot is considered as a cascaded system, which involves two 
subsystems: dynamics equations on the link and motor sides. Each 
subsystem is firstly approximated by TDE, and incremental systems 
are obtained, where the torque due to the joint compliance is con-
sidered as an intermediate control variable. Then, the incremental 
model predictive control (IMPC) is developed through formulating a 
constrained optimal control problem (OCP) and physical constraints are 
considered. Finally, the effectiveness of the developed IMPC is verified 
by experiments on a flexible-joint robot. The main contributions of this 
article are summarized as follows:

(1) Improving Robustness and Computational Efficiency. TDE estimates 
the nonlinear dynamics without the use of model parameters and 
one can approximate the system dynamics as the discrete incremental 
system. Accordingly, if combined with a quadratic cost function to 
realize reference tracking, the constrained OCP is a quadratic pro-
gram (QP), and it formulates IMPC, which is linear yet embodied 
with robustly approximated nonlinear dynamics, especially including 
uncertain and unmodeled dynamics. Compared with nonlinear MPC 
schemes which generally suffer from model parameter identification 
for complicated dynamics of the flexible joint robot system and its high 
computation cost, the proposed IMPC significantly improves the com-
putational efficiency. In Section 5, a computationally efficient QP solver 
is employed and real-time experiments with 1 kHz control frequency 
are implemented.1

1 We use qpOASES [28] as a baseline QP solver for the purpose of 
performance evaluation, while the computation speed can be further improved 
employing other state-of-the-art libraries known to be more efficient than
qpOASES.
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(2) Considering Physical Constraints. Due to the underactuated na-
ture of the connected link and motor dynamics, it is challenging to 
guarantee satisfactory control performance while satisfying physical 
constraints related to safety, such as motor and state constraints on 
both the link and motor sides. Typically, the safety aspect of control is 
addressed at a higher level of the control loop with a slower sampling 
frequency, such as in the motion planner. This approach necessitates 
an immediate and inherent safety function to prevent violations of 
physical constraints (e.g., limits of actuator torque, joint angle, and 
speed) ensuring the protection of both the robot and its environment. 
This requirement is further emphasized for flexible robots due to their 
underactuated nature. In this article, by considering the joint compli-
ance torque as the intermediate variable, we newly formulate IMPC 
for the resulting cascaded system dynamics. Physical constraints are 
incorporated as inequality constraints holistically in the fast low-level 
control loop to create the control torque. Notably, the IMPC method 
has never been formulated for controlling flexible-joint robots.

(3) Avoiding High-Order Derivatives. Control algorithms for flexible-
joint robots typically require high-order derivatives, as evident in con-
ventional feedback linearization-based methods [29,30] and more mod-
ern approaches such as elastic preserving structure control [31] and 
TDE-based methods [15]. To ensure optimal tracking, it is essential that 
the joint trajectories are sufficiently smooth, generally speaking, and 
posses at least fourth-order differentiability. Additionally, the feedback 
signals of the elastic joint should be differentiated at least three times, if 
not four. However, these high-order derivative signals are significantly 
influenced by measurement noises, necessitating the use of sensors 
with exceptionally high resolution and minimal noise. Nevertheless, 
oscillating responses at high frequencies are frequently observed, which 
can induce mechanical noises and reduce the lifespan of mechanical 
components of the robot. Accordingly, the proposed methodology is 
designed to calculate control signals by solving a constrained OCP, as 
an avenue of computation that circumvents the necessity for high-order 
derivatives, thereby mitigating the impact of noisy responses.

1.3. Organization

The rest of this article is organized as follows: In Section 2, the dy-
namics equation of the flexible-joint robot and the control objective are 
introduced. In Section 3, the incremental model predictive controller is 
developed through formulating a constrained OCP. Section 4 analyzes 
input-to-state stability. The effectiveness of the controller is verified in 
Section 5, where a series of experiments is conducted on a flexible-joint 
robot. Finally, Section 7 draws a conclusion.

2. Problem formulation

In this section, we first introduce the dynamics equation of the 
flexible-joint robot and then the control objective is given.

2.1. Flexible-joint robot dynamics

The dynamics of an 𝑛-DoF flexible-joint robot is modeled by the 
following equations: 
𝐌(𝐪)𝐪̈ + 𝐂(𝐪, 𝐪̇) +𝐆(𝐪) + 𝐰l = 𝜞 , (1a)

𝐃𝜽̈ + 𝐰m + 𝜞 = 𝝉 , (1b)

𝜞 = 𝐊 (𝜽 − 𝐪) , (1c)

where 𝐪, 𝐪̇, 𝐪̈ ∈ R𝑛 represent joint positions, velocities, and accelera-
tions, respectively. 𝐌(𝐪) ∈ R𝑛×𝑛 is the link inertia matrix, 𝐂(𝐪, 𝐪̇) ∈ R𝑛 is 
Coriolis/centrifugal forces vector on the link side, 𝐆(𝐪) ∈ R𝑛 contains 
the gravitational terms exerting on the link side, 𝐰l ∈ R𝑛 represents 
the friction and disturbance forces in links, and 𝜞 ∈ R𝑛 is the vector of 
torques due to the joint compliance specified in (1c), where 𝐊 ∈ R𝑛×𝑛

is the diagonal joint stiffness matrix. In (1b), 𝐃 ∈ R𝑛×𝑛 is the diagonal 
3 
motor inertia matrix with rotors and gears, 𝜽 ∈ R𝑛 is the motor position 
vector, 𝝉 ∈ R𝑛 is the torque supplied by actuators on motors, and 
𝐰m ∈ R𝑛 denotes friction and disturbance forces in motors.

Since modeling errors exist, dynamics functions, such as 𝐌(𝐪), 𝐃, 
𝐂(𝐪, 𝐪̇), 𝐰l, and 𝐰m, are assumed to be unknown/uncertain. Besides, 
for flexible-joint robots, the following property is satisfied. 

Property 1 (Positive Definite Inertia Matrices). The unknown link and 
motor inertia matrices 𝐌(𝐪) and 𝐃 are uniformly positive definite, i.e., there 
exist positive constants 𝑚1, 𝑚2, 𝑛1, and 𝑛2, such that each eigenvalue of 𝐌(𝐪)
and 𝐃, denoted by 𝜆𝑖(𝐌(𝐪)) and 𝜆𝑖(𝐃) (𝑖 ∈ I[1,𝑛]), satisfies 𝑚1 ≤ 𝜆𝑖(𝐌(𝐪)) ≤
𝑚2 and 𝑛1 ≤ 𝜆𝑖(𝐃) ≤ 𝑛2 [13,14].

Note that parameters 𝑚1, 𝑚2, 𝑛1, and 𝑛2 in Property  1 are used to 
show that inertia matrices 𝐌(𝐪) and 𝐃 are uniformly positive definite, 
though their exact values are not required to design controllers. The 
existence of constants in Property  1 is the theoretical basis to deter-
mine controller parameters, especially TDE parameters 𝐌̄ and 𝐃̄, in 
Section 3.

2.2. Control objective

Our aim is to design a robust controller that makes the flexible-joint 
robot track a reference trajectory in joint space. Besides, to guarantee 
safety, physical constraints of the robot, such as joint positions, veloc-
ities, and torques, are not violated, i.e., the following constraints on 
states and inputs are imposed: 
(

𝐪, 𝐪̇,𝜽, 𝜽̇, 𝝉
)

∈ X1 × X2 × X3 × X4 × U, (2)

where X𝑖 (𝑖 ∈ I[1,4]) and U are all compact sets containing the origin 
in their interior. In the context of our robot, the link/motor position, 
velocity, and acceleration constraints are specified as follows: 

𝐪min ≤ 𝐪 ≤ 𝐪max, 𝐪̇min ≤ 𝐪̇ ≤ 𝐪̇max, (3a)

𝜽min ≤ 𝜽 ≤ 𝜽max, 𝜽̇min ≤ 𝜽̇ ≤ 𝜽̇max, (3b)

𝝉min ≤ 𝝉 ≤ 𝝉max, (3c)

where ∙min and ∙max are lower and upper bounds.
Before the controller design, we make the following assumption on 

the reference trajectory 𝐪d. 

Assumption 1 (Smooth Reference Trajectories). There exists a constant 
𝑐b ∈ R>0 such that the reference trajectory 𝐪d satisfies ‖

[

𝐪d, 𝐪̇d
]

‖ ≤
𝑐b [32].

In practice, Assumption  1 is reasonable, since non-smooth reference 
trajectories will pose a threat to the mechanical system due to sharp 
actuator changes.

3. Incremental model predictive control

In this section, the incremental model predictive controller for 
flexible-joint robots is developed. First, to address modeling errors 
and also eliminate the dependence on a specific mathematical model 
of the dynamics equation, the TDE technique is employed and in-
cremental systems are obtained. Then, the approximation accuracy 
of the resulting incremental systems is analyzed. Finally, based on 
incremental systems, the controller is designed in the framework of 
MPC considering physical constraints.
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3.1. Incremental systems

In this subsection, we first approximate the dynamics equation on 
the link side (1a) using TDE, which involves two steps [12–14,32,33].

Step 1: Separation. Introducing a TDE parameter 𝐌̄, the uncertain 
dynamics equation on the link side (1a) is divided into known and 
unknown parts. 
𝐌̄𝐪̈ +

(

𝐌(𝐪) − 𝐌̄
)

𝐪̈ + 𝐂 (𝐪, 𝐪̇) +𝐆(𝐪) + 𝐰l
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝐇

= 𝜞 , (4)

where 𝐇 includes all unmodeled/uncertain dynamics terms.
Step 2: Approximation. The value of 𝐇 at time 𝑡 will be approximated 

by its value at time (𝑡 − 𝐿): 

𝐇𝑡 ≅ 𝐇(𝑡−𝐿)
(4)
= 𝜞 (𝑡−𝐿) − 𝐌̄𝐪̈(𝑡−𝐿)
(1c)
= 𝐊(𝜽(𝑡−𝐿) − 𝐪(𝑡−𝐿)) − 𝐌̄𝐪̈(𝑡−𝐿),

(5)

where 𝐿 is a delay time. Then, considering the joint compliance torque 
𝜞  as the intermediate control variable, the incremental dynamics 
equation on the link side is obtained by the combination of (4) and (5):
𝐪̈ = 𝐪̈0 + 𝐌̄−1 (𝐊 (𝛥𝜽 − 𝛥𝐪) + 𝜺1

)

, (6)

where 𝐪̈0 ∶= 𝐪̈(𝑡−𝐿), 𝛥𝜽 ∶= 𝜽𝑡−𝜽(𝑡−𝐿) and 𝛥𝐪 ∶= 𝐪𝑡−𝐪(𝑡−𝐿) are incremental 
variables, and 𝜺1 ∶= 𝐇𝑡 −𝐇(𝑡−𝐿) is the TDE error of 𝐇.

Similarly, with an TDE parameter 𝐃̄, the dynamics equation on the 
motor side (1b) is transformed into the following incremental form: 
𝜽̈ = 𝜽̈0 + 𝐃̄−1 (𝛥𝝉 + 𝜺2

)

, (7)

where 𝜽̈0 ∶= 𝜽̈(𝑡−𝐿), 𝛥𝝉 ∶= 𝝉 𝑡−𝝉 (𝑡−𝐿) is the incremental control variable, 
and 𝜺2 is the TDE error of the lumped uncertain dynamics function on 
the motor side.

In summary, the dynamics equations both on link and motor sides 
are approximated using TDE, and a concrete mathematical model is not 
required. Merely, the most recent state measurements are used.

According to the formal TDE implementation [12–14,32,33], the 
sampling period 𝑇s is selected as 𝐿, which guarantees the delay time 
is sufficiently small. In practice, a digital system is regarded as a con-
tinuous one when the sampling rate is faster than 30 times the system 
bandwidth [34]. Thus, in accordance with the continuity property, TDE 
errors 𝜺1 and 𝜺2 are negligible when we select a sufficiently small delay 
time 𝐿. For 𝜺1 = 𝟎 and 𝜺2 = 𝟎, the nominal incremental systems for the 
dynamics equation (1) are obtained: 
{

𝐪̈ = 𝐪̈0 + 𝐌̄−1𝐊 (𝛥𝜽 − 𝛥𝐪) ,
𝜽̈ = 𝜽̈0 + 𝐃̄−1𝛥𝝉 .

(8)

Now the incremental systems (8) are discretized using Euler method 
to produce a model that is suitable for MPC. Since the sampling period 
𝑇s is sufficiently small, the discretization error is ignored. Thus, we have

𝐱(𝑘 + 1) = 𝐀1𝐱(𝑘) + 𝐀2𝐱(𝑘 − 1) + 𝐁1𝛥𝐮(𝑘), (9)

where 𝐱 ∶= col
(

𝐱1, 𝐱2, 𝐱3, 𝐱4
)

∶= col
(

𝐪, 𝐪̇,𝜽, 𝜽̇
)

, while

𝐀1 ∶=

⎡

⎢

⎢

⎢

⎢

⎣

𝐈 𝑇s𝐈 𝐎 𝐎
𝐎 2𝐈 − 𝑇 2

s 𝐌̄
−1𝐊 𝐎 𝑇 2

s 𝐌̄
−1𝐊

𝐎 𝐎 𝐈 𝑇s𝐈
𝐎 𝐎 𝐎 2𝐈

⎤

⎥

⎥

⎥

⎥

⎦

,

𝐀2 ∶=

⎡

⎢

⎢

⎢

⎢

⎣

𝐎 𝐎 𝐎 𝐎
𝐎 −𝐈 𝐎 𝐎
𝐎 𝐎 𝐎 𝐎
𝐎 𝐎 𝐎 −𝐈

⎤

⎥

⎥

⎥

⎥

⎦

,  and 𝐁1 ∶=

⎡

⎢

⎢

⎢

⎢

⎣

𝐎
𝐎
𝐎

𝑇s𝐃̄−1

⎤

⎥

⎥

⎥

⎥

⎦

.

Define a stack variable 𝐗(𝑘) ∶= col (𝐱(𝑘), 𝐱(𝑘 − 1)), and (9) is trans-
formed into the following canonical linear system: 
𝐗(𝑘 + 1) = 𝐀𝐗(𝑘) + 𝐁𝛥𝐮(𝑘), (10)
4 
where 𝐀 ∶=
[

𝐀1 𝐀2
𝐈 𝐎

]

, 𝐁 ∶=
[

𝐁1
𝐎

]

. In the following model predictive 

controller, (10) will be used to generate state predictions during the 
prediction horizon.

Now, with the TDE parameters 𝐌̄ and 𝐃̄, a linear approximation for 
the dynamics equation of the flexible-joint robot manipulator through 
monitoring state measurements. How to select TDE parameters will be 
analyzed in Remark  1.

3.2. Analysis of approximation accuracy

In Section 3, the incremental system is derived that only uses the 
most recent state measurements. However, due to the inevitable TDE 
error, there is a discrepancy between the real nonlinear dynamics and 
its incremental approximation. In this section, we will show that the 
resulting incremental system is able to exhibit a higher approximation 
accuracy than a nominal system model.

In the sequel, we take the dynamics equation on the link side as 
an example to analyze the approximation accuracy of the incremental 
system through a comparative analysis with the nominal counterpart. 
If the nominal inertia matrix, Coriolis/centrifugal vector, gravitational 
vector, and friction vector, denoted by 𝐌n, 𝐂n, 𝐆n, and 𝐰l,n respec-
tively, are available, the following nominal system dynamics equation 
is constructed in accordance with (1a): 
𝐪̈n = 𝐌−1

n
(

−𝐂n −𝐆n + 𝐰l,n + 𝜞
)

, (11)

where 𝐪n is the approximation of the joint position for the nominal 
case. To obtain the system dynamics approximation error, we recall the 
system dynamics (1a) and rewrite it as follows: 
𝐌n𝐪̈ + 𝐌̃𝐪̈ + 𝐂 +𝐆 + 𝐰l = 𝜞 , (12)

where 𝐌̃ ∶= 𝐌 − 𝐌n is the modeling error of the inertia matrix 𝐌. 
From (11) and (12), one has the system dynamics approximation error 
for the nominal case as 𝜸 ∶= 𝐪̈n − 𝐪̈, then 
𝜸 = 𝐌−1

𝐧
(

𝐌̃𝐪̈ + 𝐂̃ + 𝐆̃ + 𝐰̃l
)

, (13)

where 𝐂̃ ∶= 𝐂−𝐂n, 𝐆̃ ∶= 𝐆−𝐆n and 𝐰̃l ∶= 𝐰l−𝐰l,n are modeling errors 
of 𝐂, 𝐆 and 𝐰l, respectively.

Next, the system dynamics approximation error of the incremental 
system is analyzed. From (6) and (8), one observes that the system 
dynamics approximation error, denoted by 𝜹, is related with the TDE 
error 𝜺1, i.e., 
𝜹 = 𝐌̄−1𝜺1 = 𝐇𝑡 −𝐇(𝑡−𝐿)

= 𝐌̄−1 ((𝐌 − 𝐌̄
)

𝐪̈ −
(

𝐌(𝑡−𝐿) − 𝐌̄
)

𝐪̈(𝑡−𝐿) + 𝜺d
)

,
(14)

where 𝜺d ∶= 𝜺c + 𝜺g + 𝜺l, 𝜺c, 𝜺g and 𝜺l are TDE errors of 𝐂, 𝐆 and 𝐰l, 
respectively.

Comparing (13) and (14) delivers that the major difference between 
the system dynamics approximation errors of the incremental system 
and the nominal counterpart is the inertia modeling error. For the in-
cremental system, the inertia modeling error is compensated effectively 
by its time-delay values if the sampling period is sufficiently small. 
However, for the nominal case, the inertia modeling error cannot be 
compensated. Besides, 𝜺d can be sufficiently small when a sufficiently 
high sampling frequency is employed. Therefore, the incremental sys-
tem exhibits a higher approximation accuracy when the sampling 
period is sufficiently small.

From the above-mentioned approximation analysis, one learns that 
the approximation accuracy is related with the sampling period. In 
addition, from the perspective of the considered function itself, the 
system approximation accuracy is also related with the system dynam-
ics. When the system operates at high frequencies, the function values 
vary significantly during a short period and the continuity property 
is challenging to be guaranteed. Then, the TDE error increases. To 
guarantee satisfactory control performance, we will focus on addressing 
large TDE errors in our future work.
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Remark 1 (How to Select Parameters 𝐌̄ and 𝐃̄). In existing TDE-based 
controllers, the stability condition requires to be fulfilled. In the context 
of the flexible-joint robot manipulator, the following inequalities need 
to be guaranteed to avoid performance deterioration by inappropriate 
TDE parameters 𝐌̄ and 𝐃̄: ‖𝐈 − 𝐌−1𝐌̄‖ ≤ 1 and ‖𝐈 − 𝐃−1𝐃̄‖ ≤ 1. In 
the sequel, taking the inertia matrix 𝐌 for example to analyze how 
to select the TDE parameter 𝐌̄. In accordance with Property  1, 𝐌 is 
uniformly positive definite and 𝜆𝑖(𝐌) is bounded. Suppose 𝑀̄𝑖 is the 
diagonal element of 𝐌̄, then ∀𝑖 ∈ I[1,𝑛], 

(

1 − 𝑀̄𝑖
𝜆𝑖

)

 is an eigenvalue of 
the matrix (𝐈 −𝐌−1𝐌̄

)

. If ‖‖
‖

‖

1 − 𝑀̄𝑖
𝜆𝑖

‖

‖

‖

‖

< 1, i.e., 𝑀̄𝑖 satisfies 0 < 𝑀̄𝑖 < 2𝜆𝑖, 
then ‖𝐈 − 𝐌−1𝐌̄‖ ≤ 1 holds. It implies that the sufficient condition 
‖𝐈 − 𝐌−1𝐌̄‖ ≤ 1 is achieved by a small positive 𝑀̄𝑖 although exact 
expressions and eigenvalues are unknown. From the nature of TDE, 
too small 𝐌̄ results in large TDE errors while too large 𝐌̄ causes noisy 
responses. Similar to Lee et al. [14], Jin et al. [13] and Wang et al. 
[12,32,33], in this article, the TDE parameter 𝐌̄ is tuned following the 
procedures: (1) begin with sufficiently small positive 𝑀̄𝑖 to guarantee 
stability; (2) increase 𝑀̄𝑖 until tracking performance is satisfactory or 
the closed-loop system almost exhibits a noisy response. In practice, a 
wide range of 𝐌̄ can be selected, since the inertial modeling error 𝐌−𝐌̄
will be compensated by time-delayed signal (cf. (14)).

Remark 2 (Robustness Against Payload Variation). In practice, inertia 
matrix 𝐌(𝐪) and 𝐃 are subjected to uncertainties due to payload 
variations, which may affect the stability condition. In the following, 
we will take 𝐌(𝐪) for example to analyze the stability condition still 
holds under payload variations [35]. For ease of discussion, let 𝐌∗(𝐪)
and 𝐌†(𝐪) be the value of 𝐌(𝐪), with and without payload, and 𝜆∗𝑖  and 
𝜆†𝑖  (𝑖 ∈ I[1,𝑛]) be corresponding eigenvalues. Suppose that 𝐌̄ is designed 
under no payload condition and satisfies the stability condition. In ac-
cordance with Remark  1, 𝑀̄𝑖 < 2𝜆†𝑖  holds. Next, the question of interest 
is whether 𝑀̄𝑖 designed for the no-load situation still guarantees the 
stability condition for the payload situation (𝑀̄𝑖 < 2𝜆∗𝑖 ). The inertia 
matrix 𝐌∗(𝐪) can be expressed as follows: 𝐌∗(𝐪) = 𝐌†(𝐪) + 𝛥𝐌(𝐪), 
where 𝛥𝐌(𝐪) is attributable to the payload and semi-positive definite 
in general. Thus, 𝜆∗𝑖 ≥ 𝜆†𝑖  and then the stability criterion (𝑀̄𝑖 <
2𝜆†𝑖 ≤ 2𝜆∗𝑖 ) holds. Therefore, the TDE parameter selected under the 
no-load condition still guarantees the stability condition for the robot 
manipulator with payloads.

Remark 3 (Sufficiently Small Sampling Periods). To guarantee high 
approximation accuracy of the incremental system, a sufficiently small 
sampling period is required. However, too high sampling frequencies 
aggravate the computational burden, and real-time control is chal-
lenging to be guaranteed. Unfortunately, there has been no systematic 
methods to determine the allowable sampling periods for TDE-based 
controllers so far. In [12–14,32,33], TDE methods have been demon-
strated the high-accuracy approximation capability with sampling pe-
riods of 1 ms and 2 ms for robotics systems. Accordingly, the sampling 
period of the considered flexible-joint robot is chosen as 1 ms.

Remark 4 (Robustness Against Stiffness Uncertainties). It is a general 
assumption that the stiffness matrix 𝐊 is known in controllers for 
flexible-joint robot manipulators. In contrast, the developed IMPC has 
less dependencies on stiffness information. According to the dynamics 
(1a) and (1c), the dynamics equation on the link side is rewritten as 
the following form: 
𝐌∗ (𝐪) + 𝐂∗(𝐪, 𝐪̇) +𝐆∗(𝐪) + 𝐰∗

𝑙 = 𝜽 − 𝐪,

where 𝐌∗(𝐪) ∶= 𝐌 (𝐪)𝐊−1, 𝐂∗(𝐪, 𝐪̇) = 𝐂(𝐪, 𝐪̇)𝐊−1, 𝐆∗(𝐪) = 𝐆(𝐪)𝐊−1, and 
𝐰∗
𝑙 = 𝐰𝑙𝐊−1. In accordance with Section 2 of the article, we obtain the 

approximation error of the incremental system as follows: 

𝜹′ = 𝐌̄∗
[

(

𝐌∗ − 𝐌̄∗) 𝐪̈ −
(

𝐌∗ − 𝐌̄∗
)

𝐪̈ + 𝜺′
]

(𝑡−𝐿) (𝑡−𝐿) 𝑑
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where 𝐌̄∗ = 𝐌̄𝐊n, 𝐊n is the nominal value of 𝐊. One also observes 
that the stiffness and inertia modeling error will be compensated by 
its time-delayed values, and robustness against stiffness uncertainties 
is enhanced.

3.3. Controller design

In this subsection, the incremental model predictive controller will 
be proposed. We formulate a constrained optimal control problem 
(OCP) using the developed linear incremental system (10). The control 
structure and signal flow in the real-time control loop are summarized 
in Fig.  2.

First, the stage cost function is defined. In accordance with the 
control aim and considering control efficiency, the tracking error and 
control signal are considered as ingredients of the stage cost function. 
Considering the reference trajectory is predefined, we define the stage 
cost function as follows: 

(𝐗𝑘+𝑖+1|𝑘, 𝛥𝐮𝑘+𝑖|𝑘, 𝑘) = ‖𝐄𝑘+𝑖+1|𝑘‖
2
𝐐 + ‖𝛥𝐮𝑘+𝑖|𝑘‖2𝐑, (15)

where 𝐄𝑘+𝑖+1|𝑘 ∶= 𝐒𝐗𝑘+𝑖+1|𝑘 − 𝐪d(𝑘 + 𝑖 + 1), 𝐒 ∶= [𝐈 𝐎 𝐎 𝐎], 𝐐 ≻ 0
and 𝐑 ≻ 0 are weighting matrices, and ∙𝑘+𝑖|𝑘 denotes predictions of 
states and control inputs, in particular, 𝐗𝑘|𝑘 ∶= 𝐗(𝑘). The predictions 
are generated by the linear incremental system (10), i.e., 

𝐗𝑘+𝑖+1|𝑘 = 𝐀𝐗𝑘+𝑖|𝑘 + 𝐁𝛥𝐮𝑘+𝑖|𝑘, (16)

with 𝑖 ∈ I being an intermediate variable.
Then, based on the stage cost function (15), the incremental model 

predictive controller is developed through formulating a constrained 
OCP. In this paper, the following constrained OCP with a feasible 
control sequence 𝛥𝐮̄𝑘 ∶= [𝛥𝐮𝑘|𝑘,… , 𝛥𝐮𝑘+𝑁−1|𝑘] is constructed: 

𝛥𝐮̄∗ = argmin
𝛥𝐮̄𝑘

𝑁−1
∑

𝑖=0
(𝐗𝑘+𝑖+1|𝑘, 𝛥𝐮𝑘+𝑖|𝑘, 𝑘) (17a)

s.t. 𝐗𝑘+𝑖+1|𝑘 = 𝐀𝐗𝑘+𝑖|𝑘 + 𝐁𝛥𝒖𝑘+𝑖|𝑘, (17b)

𝐪𝑘+𝑖+1|𝑘 ∈ X1, 𝐪̇𝑘+𝑖+1|𝑘 ∈ X2, (17c)

𝜽𝑘+𝑖+1|𝑘 ∈ X3, 𝜽̇𝑘+𝑖+1|𝑘 ∈ X4, (17d)

𝝉(𝑘) +
𝑖

∑

𝑗=0
𝛥𝝉𝑘+𝑗|𝑘 ∈ U, (17e)

where 𝑁 ∈ I>0 is the prediction horizon, 𝑖 ∈ I[0,𝑁−1] and 𝑗 ∈ I[0,𝑖]
are intermediate variables. The equality constraint (17b) is used to 
generate state predictions during the prediction horizon while inequal-
ity constraints (17c)–(17e) are employed to impose constraints on the 
motor and link sides. 𝛥𝐮̄∗ ∶= [𝛥𝐮∗𝑘|𝑘,… , 𝛥𝐮∗𝑘+𝑁−1|𝑘] is the optimal 
control sequence. The first column of the optimal control sequence 𝛥𝐮̄∗, 
denoted by 𝛥𝐮∗𝑘|𝑘, is applied to the system combined with the current 
control law 𝐮(𝑘), i.e., 𝐮∗(𝑘 + 1) = 𝐮(𝑘) + 𝛥𝐮̄∗𝑘|𝑘.

Note that when the flexible-joint robot manipulator in the con-
figuration affected by gravity, theoretically the developed IMPC still 
works and the initial torque to maintain its configuration is required 
to be calculated. Although there will be modeling errors, the gravity 
modeling error will be compensated using the TDE technique.

Remark 5 (QP). After using the TDE technique, the nonlinear dynamics 
equation (1) is approximated by the linear incremental system (10). In 
addition, the stage cost function (15) is convex and imposed constraints 
(17b)–(17e) are all linear. As a result, the constrained OCP (17) can 
be cast to a QP. Thus, the solution to the constrained OCP (17) 
exists and is unique, and computationally efficient QP solvers, such 
as qpOASES [28], can be employed to realize real-time control for 
controlled plants with high control frequencies.
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Fig. 2. The real-time control structure and signal flow of the developed incremental MPC, where ‘‘TD’’ denotes time delay of one sampling period.
 

Remark 6 (Weighting Set Independent of Reference Signals). If, as an al-
ternative, the controller law 𝐮 is considered, and the stage cost function 
is designed: (𝐗𝑘+𝑖+1|𝑘, 𝛥𝐮𝑘+𝑖|𝑘, 𝑘) = ‖𝐄𝑘+𝑖+1|𝑘‖

2
𝐐 + ‖𝐮𝑘+𝑖|𝑘‖2𝐑. However, 

𝐮 is not always equal to zero even the system is in equilibrium, since 
nonzero 𝐮 is required to maintain the configuration and compensate 
for gravity. To guarantee tracking accuracy, we need to scale the 
term ‖𝐮𝑘+𝑗|𝑘‖2𝐑 to be roughly the same size to the tracking error 
term ‖𝐄𝑘+𝑗|𝑘‖

2
𝐐. Thus, 𝐑 should be tuned manually according to the 

target trajectory [36], and 𝐑 should be readjusted when the reference 
trajectory changes. For a standard tracking MPC, the stage cost function 
(see Eq. (7) in [23]) involves the difference between the control signal 
and the reference counterpart, and the difference lies inside a small 
neighborhood around the origin for any reference signal. Thus, 𝐑 can 
be determined without considering reference signals. Unfortunately, 
for the flexible-joint robot manipulator the reference control signal is 
not determined priorly. In this article, the stage cost function designed 
for the incremental MPC (cf. (15)) is similar to the standard stage 
cost for the tracking control scheme where the most recent control 
signal 𝝉0 is considered as the reference counterpart. Therefore, 𝐑 can 
be determined without considering reference trajectories, owing to the 
incremental control structure.

4. Input-to-state stability analysis

In Section 3, the incremental MPC is developed where the TDE 
technique is used to approximate the uncertain dynamics equation. 
However, the TDE error is inevitable and stability will be affected 
by this error. Thus, stability will be investigated in the input-to-state 
stability (ISS) framework. In this section, ISS of the developed incre-
mental MPC for the flexible-joint robot is demonstrated in a local region 
around one reachable reference trajectory. First, the definition of the 
reachable reference trajectory is given.

Definition 1 (Reachable Reference Trajectory). The reference trajectory 
𝐪d is reachable if 𝐪d, 𝐪̇d, the corresponding motor position 𝜽c, motor 
velocity 𝜽̇c, and the controller 𝐮c lie in tightened constraint sets X̄1, 
X̄2, X̄3, X̄4, and Ū, respectively, where X̄ ⊕ C𝑛

𝑠 ⊆ X, Ū ⊕ C𝑛
𝑟 ⊆ U, 

X̄ ∶= X̄1 × X̄2 × X̄3 × X̄4, 𝑠 and 𝑟 are positive scalars, C ⊆ R𝑛 ∶= {𝐜 ∈
R𝑛 ∶ −𝑠𝟏 ≤ 𝐜 ≤ 𝑠𝟏}, and ⊕ is the Minikowski sum.

According to Definition 1 and Lemma 4 in [32], we obtain that there 
exists a constant 𝑉max ∈ R>0 such that the optimal solutions from 𝐗(𝑘)
(𝐗(𝑘) ∈ D, D ∶=

{

𝐗(𝑘), 𝑉𝑁 (𝐗(𝑘), 𝑘) ≤ 𝑉max
}

) also satisfy 𝐗∗
𝑘+𝑗|𝑘 ∈ X̄′ and 

𝐮∗𝑘+𝑗−1|𝑘 ∈ Ū′ for all immediate variable 𝑗 ∈ I[1,𝑁], where 𝑉𝑁 (𝐗(𝑘), 𝑘) ∶=
min𝛥𝐮̄𝑘

∑𝑁−1
𝑗=0 (𝐗𝑘+𝑗+1|𝑘, 𝛥𝐮𝑘+𝑗|𝑘, 𝑘) (s.t. constraints (17b)–(17e)) is the 

value function, both X̄′ and Ū′ are tightened constraint sets, X̄′⊕C𝑛
𝑠′ ⊆

X, Ū′ ⊕C𝑛
𝑟′ ⊆ U, 𝑠′ and 𝑟′ are positive scalars. Definition  1 implies that 

the reachable reference trajectory can be tracked and lies strictly in the 
tightened constraint set.
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Next, we will demonstrate ISS of the developed incremental MPC 
in the following Theorem  1, where the main work in the proof is 
to analyze the regionally decreasing property of the value function 
𝑉𝑁 (𝐗(𝑘), 𝑘).

Theorem 1 (Input-to-State Stability). The developed IMPC admits ISS in 
a local region around one reachable reference trajectory for a large enough 
prediction horizon.

Proof. According to ISS analysis in [23,32], 𝑉𝑁 (𝐗∗
𝑘+1|𝑘, 𝑘+ 1) is chosen 

as an auxiliary value function to avoid an overestimated cumulative 
error bound, and for a large enough but not infinite prediction horizon 
𝑁 , one has 

𝑉𝑁 (𝐗∗
𝑘+1|𝑘, 𝑘 + 1) ≤ 𝑉𝑁 (𝐗(𝑘), 𝑘) − 𝛼𝑉 (𝑉𝑁 (𝐗(𝑘), 𝑘)), (18)

where 𝛼𝑉 ∈ ∞, 𝛼𝑉 (∙) ≤ id(∙). According to Lemma 3 in [32], for a 
sufficiently small sampling period, the TDE error is bounded. Thus, in 
accordance with (6)–(8), there exists a constant 𝜀̄ ∈ R>0 such that 

‖𝐗(𝑘 + 1) − 𝐗∗
𝐾+1|𝑘‖ ≤ ‖𝜺‖ ≤ 𝜀̄, (19)

where 𝜺 ∶= col
(

𝟎, 𝐌̄−1𝜺1, 𝟎, 𝐃̄−1𝜺2
)

, composite TDE error.
Then, according to the Lipschitz continuity property of the value 

function (cf. Lemma 5 in [32]), there exists a constant 𝐾L such that 

𝑉𝑁 (𝐗(𝑘 + 1), 𝑘 + 1) − 𝑉𝑁 (𝐗∗
𝑘+1|𝑘, 𝑘 + 1) ≤ 𝐾L𝜀̄. (20)

Substituting (20) into (19) yields

𝑉𝑁 (𝐗(𝑘 + 1), 𝑘 + 1) − 𝑉𝑁 (𝐗(𝑘), 𝑘)

≤ −𝛼𝑉 (𝑉𝑁 (𝐗(𝑘), 𝑘)) +𝐾L𝜀̄. (21)

Thus, as shown in (21), the value function is regionally decreasing, 
i.e., 𝑉𝑁 (𝐗(𝑘), 𝑘) is an ISS Lyapunov function.

In addition, based on the regionally decreasing property of
𝑉𝑁 (𝐗(𝑘), 𝑘), recursive feasibility of the developed incremental MPC is 
analyzed. Assuming the TDE error is sufficiently small (𝜀̄ ≤ 𝛼𝑉 (𝑉max)∕𝐾L)
and 𝐗(𝑘) ∈ D, one has

𝑉𝑁 (𝐗(𝑘 + 1), 𝑘 + 1) ≤ (id − 𝛼𝑉 )
(

𝑉𝑁 (𝐗(𝑘), 𝑘)
)

+𝐾L𝜀̄

≤ (id − 𝛼𝑉 )𝑉max + 𝛼𝑉 (𝑉max)

≤ 𝑉max. (22)

In accordance with (22), one learns that if 𝐗(𝑘) ∈ D, then 𝐗(𝑘+1) ∈
D. Using induction, it is shown that 𝑉𝑁 (𝐗(𝑘 + 𝑗), 𝑘 + 𝑗) ≤ 𝑉max for all 
𝑗 ∈ I>0. Therefore, D is a positive invariant set, and 𝑉𝑁 (𝐗(𝑘), 𝑘) ≤ 𝑉max
holds recursively. The proof is completed.

In conclusion, the developed incremental MPC admits ISS in a local 
region D around reachable reference trajectories.
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Fig. 3. Experimental setup of the flexible-joint robot testbed, called DLR Softy.

Remark 7 (How to Determine Prediction Horizons). In accordance with 
the theoretical analysis in Theorem  1 and results in [23,32], a large 
prediction horizon is essential to guarantee recursive feasibility of MPC 
without terminal ingredients. The tracking error decreases and the 
region of attraction enlarges with the rise of the prediction horizon. 
However, the methods to determine the minimal prediction horizon 
introduced in [23,32] are conservative, where the derived minimal pre-
diction horizon is too large to realize real-time control. In practice, the 
prediction horizon is selected as large as possible to receive satisfactory 
control performance on the premise of ensuring real-time control.

Remark 8 (Differentiation from the Previous Work). The main difference 
is originated from the system dynamics. Due to the spring component 
in the flexible-joint robot manipulator, the system dynamics of the 
flexible-joint robot manipulator is more complex than that of the rigid-
body robot manipulator. Different from the TDE technique in our 
previous work [32], we consider the system dynamics of the flexible-
joint robot manipulator as a cascaded system, and the system dynamics 
is divided into subsystems on both link and motor sides. Then, the 
TDE technique is employed to estimate these two subsystems, where 
the vector of torques due to the joint compliance is considered an 
intermediate control variable. As a result, the incremental version of the 
system dynamics modeled for the flexible-joint robot manipulator is ob-
tained. Besides, this paper emphasizes avoiding high-order derivatives 
in controller design. This is a key practical advantages for the flexible-
joint robot manipulator which is sensitive to measurement noises (see 
Fig.  3). 

5. Experiments

To verify the effectiveness of the proposed controller, a series of 
experiments on a flexible-joint robot is conducted. The performance 
in terms of high accuracy, optimality, and constraint admissibility is 
demonstrated.

5.1. Experimental setup

The flexible-joint testbed, called Softy (cf. Fig.  3), is used for ex-
perimental validation, which is drove by a DLR Light Weight Robot 
(LWR) III drive unit [37] equipped with serial elastic components 
from the DLR C-runner robot [38]. For DLR Softy, the link position 
𝐪 and the motor position 𝜽 are measured directly, while velocities 
and accelerations of link and motor sides are obtained by first-order 
numerical differentiation from the position measurement.

For the considered flexible-joint robot, controllers are computed 
with the sampling period of 𝑇s = 1 ms, and the intrinsic joint stiffness 
is 362 N m/rad [39]. Parameters chosen for the proposed IMPC are 
7 
Fig. 4. Reference Signals for experiments.

listed as follows: control parameters 𝑀̄ = 0.02 and 𝐷̄ = 0.012, weighting 
matrix 𝐐 = diag{3000, 400, 300, 40}, 𝑅 = 1, and the prediction horizon 
𝑁 = 10. The constrained OCP (17) is solved by the active-set QP 
solver, qpOASES [28]. In this article, two scenarios are considered in 
experiments. For both, the reference is sinusoidal with amplitude 0.15 
rad and frequency 0.2𝜋 Hz (cf. Fig.  4).

5.2. Scenario 1 (S1): High accuracy, optimality, and high computational 
efficiency

5.2.1. Setting
To verify high accuracy and optimality of the developed incremental 

MPC, comparison experiments with PD controller for the flexible-joint 
robot [4] and time-delay sliding mode control (TDSMC) [15] are con-
ducted. For simplicity, they are referred to as PD, TDSMC and IMPC, 
respectively. For the motor PD controller, 𝑘P = 180 and 𝑘D = 80, 
while for TDSMC, TDE parameters are the same as IMPC and the 
design parameters 𝑘′P = 100 and 𝑘′D = 20. For IMPC, the link/motor 
position, velocity, and torque limits are 20 deg, 20 deg/s, and 20 N m, 
respectively. The performance in terms of high accuracy and optimality 
is evaluated by investigating tracking errors and control signals. To 
quantitatively measure optimality, we use the following equation to 
calculate average cost 𝐶 during a period [0, 𝑡𝑠] with the stage cost 
function. 

𝐶 = 1
𝑁𝑡

𝑁𝑡
∑

𝑘=0

(

‖𝐞(𝐱𝑖(𝑘))‖2𝐐 + ‖𝛥𝝉(𝑘)‖2𝐑
)

(23)

where 𝑁𝑡 = 𝑡𝑠
𝑇𝑠
. In addition, computational efficiency of IMPC is 

investigated by its computing time at each iteration. Besides, to inves-
tigate effects of TDE parameters on tracking accuracy, experiments are 
implemented with TDE parameters 𝑀̄ = 0.02, 0.005, 0.0025.

5.2.2. Results
The experimental results are shown in Figs.  5–6. The root mean 

square errors (RMSE) of the Joint position tracking are shown in Table 
1. PD controller, a model-based approach, presents the highest error 
among three controllers, while those are 3.1×10−2 deg for TDSMC and 
6.0×10−2 deg for the proposed IMPC, respectively. While the tracking 
accuracy of TDSMC is highest among these three controllers, the devel-
oped incremental MPC still exhibits superior performance in terms of 
optimality and one can observe that the torque response generated by 
IMPC is much smoother than that of TDSMC as displayed in Fig.  6. This 
is due to the fact that in TDSCM, TDE and terminal sliding mode control 
are combined with the sole objective of reducing tracking errors using 
high-order derivatives of joint positions to calculate control torques. In 
contrast, the proposed IMPC takes into account not only the tracking 
precision but also the control efficiency as seen in the constrained 
OCP (17). Furthermore, high-order derivatives of joint positions are not 
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Table 1
Root-mean-square errors of different controllers (deg).
 PD TDSMC IMPC  
 RMSR 7.9 × 10−1 3.1 × 10−2 6.0 × 10−2 

Fig. 5. Exp. results of S1: tracking errors of TDSMC, PD, and IMPC.

Fig. 6. Exp. results of S1: Control signals of TDSMC, PD, and IMPC.

Fig. 7. Exp. results of S1: Computing time of IMPC at each iteration.

Fig. 8. Exp. results of S2: Tracking performance of IMPC with different TDE parame-
ters.

required in IMPC, which results in a less noisy response. In accordance 
with (23), the average cost of PD, TDSMC, and IMPC are 1868.0, 
26.1, and 11.2, respectively. The developed IMPC receives the same 
degree of control accuracy to TDSMC, while the average cost is much 
less than that of TDSMC. It verifies optimality of the developed IMPC 
quantitatively. 

In Fig.  7, one observes that the computing time of IMPC at each 
iteration is less than one sampling period, 1 ms. It verifies the real-time 
control capability of IMPC in practice.

In Fig.  8, one learns that a wide range of TDE parameters can 
be selected and satisfactory tracking performance can be received. 
This is mainly due to the fact that the inertia modeling error can be 
8 
Fig. 9. Exp. results of S2: Tracking the performance of IMPC with tightened torque 
constraint, where ‘‘𝑏1 ’’ and ‘‘𝑏2 ’’ denote the lower and upper bound of torques, and 
‘‘S2-C1’’ means Case 1 (C1) in S2.

compensated by its delayed values. Besides, one also observes that with 
the rise of the TDE parameter, the tacking error decreases. Thus, in 
practice, we can start with a small TDE parameter and increase until 
the system exhibits noisy responses.

5.3. Scenario 2 (S2): Constraint admissibility

5.3.1. Setting
In this scenario, we will impose tightened input and state constraints 

to check constraint admissibility of the developed IMPC. Two cases 
are considered with distinct limit values of input and output state 
constraints, as follows: position, velocity, and input torque, in that 
order, are given as

• Case 1 (C1): 20 deg, 20 deg/s, and 12 N m,
• Case 2 (C2): 20 deg, 4 deg/s, and 20 N m.

5.3.2. Results
The experimental results of C1 are shown in Fig.  9, where one can 

observe the input constraint is not violated. The system is stable and 
oscillation phenomenon is attenuated when input saturation occurs. 
Due to the limited torque, tracking errors are larger than that in
Scenario 1.

The experimental results of C2 are shown in Fig.  10. From Fig. 
10, we learn that on the whole, the joint velocity constraints are 
satisfied. However, due to ignorance of the TDE error and measurement 
resolution in the developed IMPC, there exist state prediction errors. 
As a result, the state constraints are slightly violated. During real-time 
experiments, we observe that the velocity constraint is challenging to 
be guaranteed, mainly, because the joint velocity is calculated using the 
numerical method. Although the state constraint violation phenomenon 
occurs slightly around the constraint boundary, the proposed IMPC still 
has the capability to regulate states to a large extent and the closed-loop 
system is still stable.

6. Numerical simulations

The effectiveness of HIMPC is now in addition validated by simula-
tions for a 2-DoF flexible-joint robot manipulator.

6.1. Simulation setup

We simulate on a 2-DoF flexible-joint robot manipulator in [40], 
where the electric dynamics of the motor is ignored to keep consistent 
with this article. The detailed expressions of 𝐌(𝐪), 𝐂(𝐪, 𝐪̇), and 𝐆(𝐪)
refer to Ma et al. [40]. The sampling period is 1 ms. According to 
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Fig. 10. Exp. results of S2: Tracking performance of IMPC with tightened joint velocity 
constraint, where ‘‘𝑏1 ’’ and ‘‘𝑏2 ’’ denote the lower and upper bound of joint velocities, 
‘‘S1’’ means Scenario 1, and ‘‘S2-C2’’ means Case 2 (C2) in S2. Gray background depicts 
when the velocity is constrained by control.

Fig. 11. Reference signals considered for simulations.

procedures in Remark  1, TDE parameters 𝐌̄ = diag{0.7, 0.2}, 𝐃̄ =
diag{0.001, 0.001}. For the developed IMPC, 𝐐 = diag{3000𝐈2, 400𝐈2,
300𝐈2, 40𝐈2}, 𝐑 = 𝐈2. The qpOASES [28] is used to calculate the 
constrained OCP. The joint position, velocity, and torque limit values 
are 40 deg, 40 deg/s, and 100 N m, respectively.

In simulations, robustness property of the developed IMPC against 
modeling errors will be verified, where two groups of simulations are 
conducted. In the first group (G1), the inertia matrix 𝐌(𝐪) modeling 
error is considered. There are three situations: (1) 𝐌(𝐪) decreases 
50%; (2) 𝐌(𝐪) keeps its nominal value; (3) 𝐌(𝐪) increases 50%. In 
G1, numerical simulation results of IMPC are also compared with the 
nonlinear MPC (NMPC) [23] without terminal ingredients, where the 
following stage cost function is defined: 
′(𝐗𝑘+𝑖+1|𝑘,𝐮𝑘+𝑖|𝑘, 𝑘) = ‖𝐄𝑘+𝑖+1|𝑘‖

2
𝐐 + ‖𝐮𝑘+𝑖|𝑘‖2𝐑. (24)

The constrained OCP in the nonlinear MPC scheme is solved by an 
efficient NLP toolbox, CasADi [41], where SQP method is employed.

In the second group (G2), 3 stiffness values (0.9𝐊, 𝐊, 1.1𝐊) are 
considered to verify the developed IMPC still exhibits strong robustness 
against stiffness uncertainties.

The tracking error is used to measure robustness property of the 
developed IMPC, and the reference trajectory as shown in Fig.  11 is 
considered in simulations, where multi-sinusoidal functions are consid-
ered.

6.2. Simulation results

The simulation results of G1 are shown in Fig.  12 and Table  2. 
As shown in Fig.  12 and Table  2, tracking errors are nearly same 
9 
Table 2
RMSEs of different controllers (deg), where inertia uncertainties of ±50% are considered
 Method Joint No. −50% Nominal +50%  
 IMPC J1 7.1 × 10−3 9.6 × 10−3 1.2 × 10−2 
 NMPC J1 2.4 × 10−1 4.9 × 10−1 7.7 × 10−1 
 IMPC J2 6.5 × 10−3 6.8 × 10−3 8.8 × 10−2 
 NMPC J2 1.6 × 10−1 3.1 × 10−1 4.8 × 10−1 

Fig. 12. Simulation results of G1: Tracking performance of IMPC with different inertia 
matrices.

Fig. 13. Simulation results of G2: Tracking performance of IMPC with stiffness 
variations (taking Joint 1 for example).

under inertia matrix uncertainties. This is mainly due to the fact that 
the inertia modeling error in IMPC is effectively compensated by its 
time-delay values. The tracking error of NMPC is much higher than 
that of IMPC, even when the inertial matrix is known exactly. On the 
one hand, IMPC exhibits strong robustness against inertia modeling 
errors. On the other hand, due to the reference control signal cannot 
be determined priorly. Thus, as analyzed in Remark  6, a standard 
tracking MPC scheme cannot be constructed in NMPC. Normally due 
to the gravity effects, the non-zero controller is required to maintain 
the configuration. Since the weighting matrices are constant, we cannot 
scale the term ‖𝐮𝑘+𝑗|𝑘‖2𝐐 to be roughly the same size to the tracking 
error term ‖𝐄𝑘+𝑗|𝑘‖

2
𝐐. As a result, the tracking error of NMPC is much 

higher than that of IMPC even when uncertainties do not exist. In 
addition, the average computing time for IMPC and NMPC at each 
iteration are 0.63 ms and 3.72 ms, respectively. It further verifies 
computational efficient property of IMPC.

From Fig.  12, one also learns that with the rise of the amplitude 
of reference signals, the tracking error increases. When the amplitude 
of reference signals increases, the operation frequency exhibits a cor-
responding increase. When the system operates at high frequencies, 
the TDE error increases and tracking performance will be affected. 
The simulation results of G2 are shown in Fig.  13. One also observes 
that tracking performance is also not sensitive to stiffness variations. 
Different from the state-of-the-art controllers, the stiffness matrix is not 
required to be known exactly. This is also because the stiffness model-
ing error is compensated by its time-delay value, which is consistent 
with the theoretical analysis in Remark  4.
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7. Conclusion

This paper introduces a new incremental model predictive con-
troller for a flexible-joint robot. Using the time-delay estimation, the 
nonlinear dynamics model is approximated by an incremental model, 
where the joint compliant torque is considered as an intermediate 
control variable. Then, the incremental model predictive controller is 
proposed through constructing a constrained optimal control problem, 
where state predictions are generated by the developed incremental 
system. Finally, a series of real-time experiments are conducted on 
the flexible-joint robot and the superior performance of the proposed 
controller regarding high accuracy, optimality, high computational 
efficiency and constraint admissibility is demonstrated.

Future work will be devoted to studying IMPC with strict state 
constraints and less tracking errors, for example, by introducing the 
Tube-based MPC technique.
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