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Vibrational similarities in jamming-unjamming of polycrystalline
and disordered granular packings
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We investigate the vibrational properties of polycrystalline monodisperse and disordered bidisperse granular
packings during jamming and unjamming using discrete element method simulations. Both systems deviate from
Debye scaling at low frequencies (ω), but only bidisperse packings exhibit a low-ω plateau. The low ω exponent
(α) in bidisperse packings evolves smoothly from zero (plateau) to near one (Debye scaling) with increasing
packing fraction, whereas in polycrystalline packings, it changes discontinuously near jamming/unjamming, due
to the nature of the contact network rearrangements. Despite structural modifications during the compression-
decompression cycle, the exponent remains unchanged at the same distance from jamming density, regardless
of the history. Nonaffine displacements and contact orientational order further confirm that structural features
that impact low-ω vibrational states and, hence, mechanical properties are largely restored upon decompression,
reinforcing vibrational similarities between jamming and unjamming states.

DOI: 10.1103/yk2h-zr63

I. INTRODUCTION

The phenomenon of jamming in granular media is critical
for understanding the transition between fluidlike and solid-
like states in granular packings [1–11]. This transition is not
merely a theoretical concern; it has significant implications for
practical applications across various fields, including material
science, geophysics, industrial processes, and cell biology
[12–19]. As granular systems undergo jamming, they acquire
rigidity, a property traditionally associated with crystalline
solids, which exhibit long-range order [20,21]. However, dis-
ordered solids, which lack this long-range order, also resist
external stresses, challenging our conventional understanding
of rigidity and mechanical stability [22].

Previous theoretical and experimental studies have ex-
plored the mechanical transition of monodisperse crystals to
disordered solids [9,11,23,24]. In three-dimensional systems,
a key feature of this transition is the emergence of a coex-
istence region in the mechanical coordination number (Z),
appearing as a plateau from φJ ≈ 0.64 to φ ≈ 0.68 at Z ≈ 6,
marking the isostaticity of the disordered structure before it
transitioned to an ordered state [23]. Supporting this, studies
have identified intermediate polycrystalline states with disor-
deredlike mechanical properties near jamming, which evolve
into crystalline behavior under high pressure [9]. This coex-
istence region between ordered and disordered packings has
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been confirmed experimentally and validated through simula-
tions, providing strong evidence of a structural transition [24].
Furthermore, simulations in both two and three dimensions
reveal an order-disorder transition displaying an intermedi-
ate polycrystalline phase with distinct mechanical properties
[11]. Beyond mechanical behavior, the vibrational density of
states (DOS) also reflects these structural changes. In a 2D
triangular crystal at a fixed packing fraction φ, the DOS is
highly sensitive to increasing disorder. As disorder grows,
it transitions from a crystalline profile (low disorder) to a
polycrystalline form (intermediate disorder) and eventually
to a fully disordered structure (high disorder). These findings
demonstrate that packing structure is directly mirrored in the
DOS, particularly at low frequencies, where soft modes, in-
cluding the boson peak, become dominant.

Although the effect of disorder on the mechanical proper-
ties of both polycrystalline and disordered packings has been
explored [3,9–11], the change in vibrational behavior during
jamming, where particle contacts quickly increase at a certain
density, and during unjamming, where particle contacts sud-
denly decrease at a similar density, has not been fully studied,
especially when comparing these two states in a compression-
decompression cycle. A compression-decompression protocol
can significantly alter the packing structure, thereby impact-
ing the mechanical properties of the system [5,24,25]. These
structural changes are expected to be directly reflected in
the DOS, capturing the influence of packing modifications
on vibrational modes and mechanical behavior. Examination
of the difference in vibrational behavior of the packing near
jamming and unjamming states, with similar packing frac-
tions but different structural arrangements, can offer important
conceptual insights. Most research focuses on either jamming
or unjamming, often overlooking the interplay between the
two. Comparing polycrystalline monodisperse and disordered
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bidisperse structures helps clarify whether the soft vibrational
modes arise solely from disorder or if they also emerge in
systems with partial order (polycrystals). This distinction of-
fers deeper insights into the structural features that govern
mechanical behavior.

Our objective is to investigate how the vibrational be-
havior of two-dimensional (2D) polycrystalline monodisperse
and disordered bidisperse packings evolve along the jam-
ming and unjamming path, with a focus on how structural
changes affect the corresponding DOS. 2D systems are easier
to replicate in experimental setups, including microgravity,
facilitating various empirical and fundamental studies that
validate our theoretical perspective [26,27]. Insights from
simulations of compression and decompression during the
jamming-unjamming transition in 2D granular solids can
deepen our understanding of seismic wave propagation [26],
acoustic wave behavior [28,29], soil compaction, and granular
flow in industrial applications [30,31].

II. SIMULATION PROCEDURE

Simulations using the 2D discrete element method are per-
formed with the software MercuryDPM [32–34]. Monodis-
perse and bidisperse packings are formed by N = 3000
particles. The bidisperse packing has a number of large,
NL, and small, NS, particles with radius rL and rS. The
size ratio is δ = rS/rL = 0.73 with a concentration of small
particles of XS = NSδ

2/(NL + NSδ
2) = 0.5. Therefore, δ = 0

represents the monodisperse packing. δ = 0.73 and XS = 0.5
are chosen to prevent long-range order [1,2,35]. Simulations
are performed using an isotropic compression-decompression
protocol with a linear, frictionless contact model. Periodic
boundary motion is applied smoothly and symmetrically in all
directions using a cosine-based strain profile, ensuring con-
tinuous deformation and minimal inertial effects (see Sec. I
of the Supplemental Material [36] for details). The system is
first compressed from an initial packing fraction φ0 = 0.80
up to a maximum value φmax = 0.95, then decompressed
back to φ0 at the same rate. The mean volumetric strain
rate during the compression-decompression protocol, 〈ε̇v〉 ∼
10−4, is approximately 100 times higher than in previous
work [5]. Despite this, the protocol consistently yields poly-
crystalline monodisperse and disordered bidisperse packings.
Mechanical equilibrium is maintained throughout, with a
stable kinetic-to-potential energy ratio of ∼10−4 near the jam-
ming transitions. This process allows for the extraction and
analysis of structural variables to assess how monodisperse
and bidisperse packings respond to compression and decom-
pression, and their impact on vibrational behavior during the
jamming-unjamming transition.

III. RESULTS

A. Jamming and unjamming transitions

Figures 1(a)–1(d) illustrate the fraction of particles in
contact, nq = Nc

q /Nq, and the mean contact number, 〈Zq〉 =
∑Nq

i=1 Zq
i /Nq, as a function of relative packing fraction, φ̂ =

φ − φmax. Here, q ∈ [L, S], Zq
i is the number of contacts for

the ith large (L) or small (S) particle, and Nc
q is the total

FIG. 1. (a), (b) Fraction of particles in contact, nq; (c), (d) mean
contact number, 〈Zq〉; (e), (f) contact orientational order, Q6; and
(g), (h) the cumulative nonaffine parameter, Xq, as a function of φ̂

for monodisperse (left panel) and bidisperse packings (right panel)
as the systems are compressed to φmax and decompressed. For the
bidisperse packing, the δ = 0.73 and XS = 0.5. Here, q ∈ [L, S],
except in the monodisperse case where nL = nS by definition. Xq is
intentionally scaled by 1000 to enhance the readability of the y axis.
The arrows indicate (i) near jamming, (ii) φmax, and (iii) near unjam-
ming. Particle configurations on these states are shown in Fig. 2. The
dashed line corresponds to φ̂ = φ − φmax = 0 or φ = φmax.

contact number for large or small particles. φ̂ distinguishes
between compression and decompression branches, with
compression defined as φ̂ = φ − φmax � 0 and decompres-
sion as φ̂ = φmax − φ > 0. For monodisperse and bidisperse
packings, nq and 〈Zq〉 exhibit a sharp increase upon compres-
sion, with nq ≈ 1 and 〈Zq〉 ∼ 4 − 5, at a specific φ̂ consistent
with the jamming density. As φ̂ → 0, nq and Zq approaches
their respective maximum values of 1 and 6. During decom-
pression, nq and 〈Zq〉 drop discontinuously at a different φ̂

than near jamming, indicating the transition to an unjammed
structure.

The jamming (φJ ) and unjamming (φuJ ) densities are
determined using the five-point finite difference method
[∼ O(�φ4)] to compute the derivative of the particle fraction,
nq, with respect to φ. The method provides a pronounced
peak at φJ/φuJ , indicating a rapid shift in particle arrange-
ment that marks the onset of either a jammed or unjammed
structure, see Sec. II in [36]. The extracted jamming and
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FIG. 2. Particle configurations and force chains for monodis-
perse (δ = 0) and bidisperse (δ = 0.73, XS = 0.5) packings are
shown near jamming (i), at φmax (ii), and near unjamming (iii),
consistent with Fig. 1. The width of the force chain lines corresponds
to normal forces greater than 2〈Fn〉, ensuring the visibility of the
particle colors. Black, blue, and red circles represent the nonaffine
motion of the ith particle, corresponding to low (χi < 1), intermedi-
ate (1 � χi < 5), and high (χi � 5) values, respectively.

unjamming densities for monodisperse packing are φJ ≈ 0.87
and φuJ ≈ 0.88. These values are consistent with the forma-
tion of some crystallization inside the packing but far from
the triangular lattice structure of ∼0.90 observed in Ref. [3].
Polycrystals are already formed near the jamming density (i),
remain intact at φmax (ii) after particle rearrangement during
further compression, and persist even near the unjamming
state (iii). Figure 2 reveals polycrystalline structures with in-
homogeneous force chains, where regions of high nonaffine
particle motion (colored red, χi � 5) are primarily localized
near grain boundaries, delineating distinct local structural
domains and highlighting deviations from affine deforma-
tion. For the bidisperse packing, the unjamming density is
φuJ ≈ 0.84, which is 0.5% higher than φJ . This value agrees
with that reported for amorphous bidisperse mixtures in
Refs. [3,6]. The structure near jamming in bidisperse pack-
ings appears disordered, as indicated by the more uniform
distribution of force chains. This disordered character be-
comes more evident at the maximum packing fraction, φmax,
where regions of distinct degrees of nonaffine motion are more
broadly distributed throughout the system; see the right panel

FIG. 3. The DOS, g(ω) versus ω, for (a) monodisperse and
(b) bidisperse packings along the compression-decompression pro-
cess. Open red and blue (�, ©) symbols represent the system
during the compression, whereas solid red and blue (�, ©) represent
the decompression at different distances from jamming/unjamming.
φmax = 0.95 is in black solid (♦). The Debye scaling law, g(ω) ∼ ω,
for 2D solids is represented in black dashed lines. The jamming and
unjamming densities for monodisperse packing are φJ ≈ 0.87 and
φuJ ≈ 0.88, while for bidisperse packing, φJ ≈ 0.83 and φuJ ≈ 0.84,
respectively.

of Fig. 2. Such a structure evolves with smooth incremen-
tal changes along compression-decompression paths. Subtle
structural changes in both packings during this process are
also supported by the structure factors presented in Sec. III
of the Supplemental Material [36].

B. Mechanical reponse during compression-decompression

The mechanical response of the packings under compres-
sion and decompression can be characterized by the density
of states (DOS), which quantifies the distribution of vibra-
tional modes as a function of frequency. It is defined as
g(ω) = 1

N

∑N
i=1 δ(ω − ωi ), where ωi is the frequency of the

ith vibrational mode, typically obtained by diagonalizing the
dynamical matrix D, see Sec. IV of Ref. [36]. The DOS offers
insight into the evolution of vibrational modes with changing
packing density. Figure 3 shows the DOS for monodisperse
and bidisperse packings at three key states: near jamming
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(i), at φmax = 0.95 (ii), and near unjamming (iii). Several
intermediate cases are also included for comparison. During
compression, typical van Hove singularities emerge at high
frequencies near the jamming density in the monodisperse
packing, as indicated by the open blue � in Fig. 3(a). This
observation aligns with the polycrystalline structure depicted
in Fig. 2(i) (left panel). In the bidisperse system, promi-
nent van Hove singularities are not observed due to the
intrinsic disorder introduced by the different particle sizes,
see Fig. 3(b) and its corresponding configuration in Fig. 2(i)
(right panel). With further compression, the van-Hove singu-
larities in the monodisperse case become more pronounced
and broadened. Whereas in the bidisperse packing, two sim-
ilar peaks appear at high ω. The more pronounced case can
be seen at φmax in Fig. 3. These features indicate increased
order after compression, as shown in Fig. 2(ii) and Fig. 1. A
key feature of the DOS near jamming is the plateau at low
ω for bidisperse packing. This is known as the boson peak,
characterized by an excess of vibrational modes [2,7–11]. The
DOS for the polycrystalline packing does not display a low-ω
plateau. However, it still deviates from the expected Debye
scaling. This deviation suggests that the vibrational properties
of the polycrystalline packing more closely resemble those
of a disordered packing rather than a single crystal struc-
ture. As the system undergoes further compression, the DOS
evolves (open red ©) and, at φmax (solid ♦), follows the well-
known Debye law at low ω (black dashed line). This behavior
suggests that polycrystalline monodisperse and disordered
bidisperse packings behave as continuum elastic mediums in
certain limits. Therefore, the disordered bidisperse structure
shifts from behaving like disordered solids at low compression
to resembling crystalline solid behavior at high compression,
see Fig. 3. This transformation is particularly pronounced at
φmax, where the emergence of peaks at specified values of
ω (see Fig. 3), similar to those in the monodisperse case,
suggests the development of some degree of local order. This
observation is consistent with findings in 3D bidisperse pack-
ings, as noted in [24,25,37,38], where local order appears
at the jamming density and becomes increasingly prominent
with further compression.

During decompression, the DOS for both systems evolves
(solid ©), exhibiting behavior similar to that observed
during compression near unjamming. Interestingly, despite
the distinct local structural features characterized by nonaffine
displacements [39] (see Fig. 2) at φJ and φuJ values observed
for monodisperse and bidisperse packings near the jamming
and unjamming states, their corresponding density of states
remains strikingly similar at these points (see Fig. 3). Even
the intermediate DOS remains similar at comparable distances
from the jamming/unjamming densities. A difference in the
DOS is expected as the packing structure evolves during
a complete cycle of compression and decompression. This
structural change has been shown to affect the jamming den-
sity in previous work [5].

To better understand the evolution of the DOS during
compression decompression, particularly at low frequencies,
we fitted the low-ω region in Fig. 3 with a power law,
D(ω) ∼ ωα . The extracted exponent is shown in Fig. 4.
For monodisperse packings, α remains low but nonzero
near the jamming/unjamming density, see Fig. 4(a). As �φ

FIG. 4. Low-ω exponent α as a function of �φ = φ − φJ,uJ . The
exponent α is shown during compression and decompression for (a)
δ = 0 and (b) δ = 0.73, extracted by fitting the low-ω region of the
DOS in Fig. 3 to D(ω) ∼ ωα . Continuous lines represent power-
law fits α ≈ α0 + A�φνmono for monodisperse and α ≈ α0�φνbi for
bidisperse ones, with extracted exponents: νmono ≈ 0.60, νbi ≈ 0.62
during compression and νmono ≈ 0.59, νbi ≈ 0.67 during decompres-
sion. Error bars represent the variance from the mean across three
independent realizations, quantifying statistical uncertainty.

increases, α undergoes a discontinuous change from the jam-
ming/unjamming state, then rises continuously until reaching
α = 1 at high �φ, consistent with Debye scaling. In contrast,
for bidisperse packings, α transitions smoothly from zero—
indicating a plateau—near the jamming/unjamming density
to α ≈ 0.8 at high �φ, approaching Debye scaling, see
Fig. 4(b). The relationship between the low-frequency expo-
nent α and the distance from the jamming or unjamming point,
�φ = φ − φJ,uJ , follows a power-law trend: α ≈ α0 +
A �φνmono for monodisperse packings and α ≈ α0 �φνbi for
bidisperse ones. The fitted exponents are νmono ≈ 0.60 and
νbi ≈ 0.62 during compression, and νmono ≈ 0.59, νbi ≈ 0.67
during decompression.

The nonzero α near the jamming/unjamming transition
in polycrystalline packings confirms the absence of a low-ω
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plateau in the DOS while still deviating from Debye scaling.
The discontinuity in α may be related to rearrangements near
jamming/unjamming, as indicated by the change in mean con-
tact number (from 0 to greater than 5) shown in Fig. 1(c) and
localized nonaffine displacements of the particles around the
grain boundaries (left panel of Fig. 2). In contrast, for bidis-
perse disordered packings, the smooth evolution of the DOS
and α is accompanied by apparent differences in mean contact
numbers between large and small particles, which arise due
to variations in the rattler fraction rather than distinctions
in the contact network. The absence of the plateau and the
discontinuity in polycrystalline packings may also stem from
the strain rate used (ε̇ ∼ 10−4), far higher than the slower
process performed in [9], where a plateau is observed for poly-
crystals. Therefore, this proves to be a more nuanced problem
that requires additional simulations at varying strain rates to
capture subtle changes in DOS in the low ω regime as the sys-
tem undergoes fast or quasistatic compression-decompression
cycles.

C. Structural response during compression-decompression

The evolution in the vibrational density of states suggests
an underlying connection between structural rearrangements
and the evolution of vibrational modes. To further investi-
gate this relationship, we analyze the changes in the packing
structure by computing the contact orientational order (COR),
Q6, which quantifies the formation of potential sixfold lattice
structures (see its definition in Sec. V in [36]). This variable
avoids the ambiguities of the bond orientational order (BOR)
and is more sensitive to sudden changes in contact numbers
or other structural features compared to the structure factor,
see Ref. [37]. Figures 1(e) and 1(f) display the evolution of
Q6 for monodisperse and bidisperse packings. Monodisperse
packings exhibit variations in Q6 after jamming due to parti-
cle rearrangement, stabilizing under further compression, see
Fig. 1(e). Notably, Q6 at φmax remains below 1, indicating
that the system is not fully ordered and deviates significantly
from the ideal value of Q6 = 1 expected for perfect hexagonal
packing [11]. During decompression, Q6 slightly increases,
suggesting some organization due to stored energy before
dropping near unjamming (see Fig. 2). For bidisperse pack-
ings, we quantify local Q6 values between large-large (LL),
small-small (SS), and small-large (SL) particles, each defined
in [36]. Figure 1(f) illustrates that SL contacts predominantly
govern the evolving structure, while LL and SS contacts are
slightly reduced near φ̂ = 0. This reduction occurs because
particles of the same size experience slight overlap at φmax,
leading to distortions that introduce disorder into the packing.
Interestingly, all partial Q6 values near jamming (i) and un-
jamming (iii) are identical, see the arrows in Fig. 1(f). This
suggests that while the bidisperse packing structure evolves
during compressions, configurations are restored upon de-
compression, such that jamming and unjamming states exhibit
similar values for the structural quantifiers like Q6. Identify-
ing jamming and unjamming configurations in monodisperse
packings in Fig. 1(c) is more challenging. Variations in Q6

near jamming/unjamming further support the idea that rear-
rangements may be responsible for the absence of the plateau
and the α discontinuity in polycrystalline systems. The arrows

in panels (i)–(iii) of Fig. 1(c) highlight similar local Q6 val-
ues, consistent with the structure factor in [36]. Therefore,
the preserved packing structure in both monodisperse and
bidisperse systems near jamming/unjamming likely results in
comparable vibrational and mechanical behavior. This is con-
firmed in Fig. 3 and reinforced by the low-ω DOS exponent in
Fig. 4, which remains similar near jamming and unjamming,
indicating a consistent structural influence on vibrational
properties.

The local configurations near jamming and unjamming
can also be explored by quantifying the nonaffine motion of
particles during compression decompression and examining
its influence on the low-ω behavior of the DOS in Fig. 3.
Figures 1(g) and 1(h) depict the evolution of cumulative non-
affine displacements (Xq) [39,40] as a function of φ̂ for both
monodisperse and bidisperse packings, with q ∈ [L,S] (see
Sec. VI of [36]). Xq consistently decreases during compres-
sion showing a sudden drop near jamming for monodisperse
packing, whereas for bidisperse, packing is continuous. The
sharp decrease in Xq near φ̂ = 0 in both systems indicates
that an increase in density close to φmax significantly restricts
the movement of nonaffine particles. Instead, the particles
undergo affine displacements, indicating that the systems fol-
low an elastic behavior. During decompression, the nonaffine
motions increase again, but are more continuous, showing
fewer discontinuous jumps. Since discontinuous changes in X
signal significant particle rearrangements [41], the absence of
these discontinuities during decompression suggests that the
overall packing structure at φmax is preserved. These findings
align with the consistent Q6 values in Figs. 1(e) and 1(f)
across jamming and unjamming states and with the S(q) data
presented in [36].

D. Normal modes at jamming-unjamming

Nonaffine displacements are analyzed near jamming, at
φmax, and near unjamming to assess their impact on the low-ω
vibrational modes in polycrystalline and disordered packings.
Eigenvectors for ω = 0.05, which lie within the plateau region
or deviate from Debye’s law in the DOS, are extracted and
shown in Fig. 5. Each eigenvector is color coded based on
the magnitude of nonaffine displacement of each particle (χi ):
red for high (χi > 5), blue for intermediate (1 � χi < 5),
and black for low (χi < 1). At φmax, eigenvectors in poly-
crystalline monodisperse and disordered bidisperse packings
display wavelike behavior with minimal nonaffine motion,
reflecting macroscopic solid behavior consistent with Debye’s
law [see Figs. 5(b) and 5(e)]. In contrast, near jamming and
unjamming, several localized modes emerge with varying
nonaffine displacements, particularly in regions prone to rear-
rangements [see Figs. 5(a) and 5(c) for monodisperse and 5(d)
and 5(f) for bidisperse packings). While Figs. 5(a), 5(c), 5(d),
and 5(f) reveal differences in the local structures in the eigen-
vectors near jamming and unjamming, the low-ω DOS and
the exponent α remain similar. In addition, rattlers (colored
gray) appear in distinct clustered structures in monodisperse
systems near jamming and unjamming, whereas in bidisperse
packings, they are more dispersed and localized, further influ-
encing the vibrational properties of each system in a distinct
manner.
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(i) (ii) (iii)

FIG. 5. Eigenvectors for ω = 0.05. (Top panel) Eigenvectors of the monodisperse and (bottom panel) bidisperse systems associated with
packing fractions near jamming (i), at φmax (ii), and near unjamming (iii). The displacement fields marked with red, blue, and black arrows
indicate large (χi � 5), intermediate (1 � χi < 5), and low (χi < 1) nonaffine particle values, respectively. Gray disks identify particles with
less than four contacts (rattlers). Note the wavelike behavior of the particles at φmax consistent with the elastic nature of the system. Jamming
and unjamming give rise to localized soft modes, which drive the deviation from Debye scaling in monodisperse packings and the emergence
of a plateau in bidisperse packings, as observed in Fig. 3.

IV. DISCUSSION AND CONLUSION

The results presented in this study provide insights into the
similarities in the vibrational behavior of polycrystalline and
disordered granular solids during jamming and unjamming
transitions. Using discrete element method simulations, the
research investigates the vibrational density of states (DOS)
near jamming and unjamming, emphasizing deviations from
Debye scaling and the role of nonaffine displacements. A
key finding is that while bidisperse packings exhibit a low-ω
plateau, polycrystalline packings do not, yet both systems
deviate from Debye’s law. The DOS for bidisperse packing
smoothly evolves from zero (plateau) to near one (Debye scal-
ing) which is captured by the low-ω exponent α. The presence
of two particle sizes promotes a more uniform local structure,
as reflected in the orientation order parameter Q6 in Fig. 1(f)
and the local nonaffine displacement shown in the right panel
of Fig. 2. In contrast, for monodisperse packing, α exponent
exhibits a non-smooth behavior near jamming/unjamming.
Unlike in the bidisperse system, the polycrystalline structure
exhibits nonaffine displacements (left panel of Fig. 2) that
are more localized around grain boundaries, along with large
rearrangements marked by a sudden change in Q6 [Fig. 1(e)].
This may explain the absence of the plateau in this system.
We found that α (see Fig. 4) remained consistent across

compression and decompression for similar values of packing
fractions. Despite structural modifications occurring through-
out the process, no significant history dependence is observed
in the DOS, suggesting that vibrational properties are pre-
served across jamming and unjamming transitions. The study
also highlights the role of structural features, such as the
evolution of the contact network, in shaping the vibrational
response. Analysis of nonaffine displacements and contact
orientational order reveals that while structural changes occur
during compression, features of the configurations contribut-
ing to the macroscale quantifiers are largely restored upon
decompression, contributing to the vibrational similarities be-
tween jamming and unjamming states.

These findings point toward a connection between mi-
crostructural features—such as contact network rearrange-
ments, orientational order, and nonaffine displacements—and
the vibrational response of granular materials during jamming
and unjamming. While the results highlight distinct behaviors
between polycrystalline and disordered packings, particularly
in the evolution of the low-frequency density of states, further
work is needed to generalize these observations. Nonetheless,
the trends observed here provide a promising basis for future
investigations into the role of microstructure in governing me-
chanical stability in disordered solids. Future work will focus
on extending these findings to a broader range of size ratios
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and small particle concentrations, with particular emphasis
on the first and second jamming transitions in bidisperse
packings. In these systems, a discontinuous transition has
been observed, separating jammed states dominated by large
particles from those involving both large and small particles
[4]. This extension of the current study will deepen our un-
derstanding of the complex interplay between particle size
distribution and the jamming behavior in granular materials.
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