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 A B S T R A C T

The inverse problem encountered in total internal reflection microscopy is particularly challenging due to the 
complex relationship between the data and the state vector. To address the computational difficulties and 
compute all possible solutions to this inverse problem, we propose an algorithm for solving problems of the 
form 𝐅(𝐱) = 𝐲, where 𝐅 is a nonlinear and continuous forward model, 𝐱 is the state vector, and 𝐲 is the 
data vector. The forward model is computationally expensive, lacks derivatives, and is treated as a black-box 
function, with no prior information available about the statistical properties of 𝐱, aside from a box constraint. 
Additionally, the data vector 𝐲 is affected by uncertainties, making the retrieval of accurate solutions more 
challenging. To address these issues, the algorithm incorporates a neural network-based surrogate model to 
reduce computational costs and manage the absence of derivatives. A whitening transformation is applied to 
handle isotropic noise, and the residual is minimized within simple bounds. The method is further enhanced 
by a multistart solver that generates starting points through a hitting set problem, improving the exploration 
of the solution space and increasing the likelihood of finding all solutions. The solver iterates over the 
absolute function tolerance to identify both global and local minima, minimizes a least-squares function while 
adhering to simple bounds on variables during the local search phase, and includes a double box stopping 
rule. Additionally, the algorithm employs various sampling techniques and optimization methods, with the 
covariance matrix estimated using either a standard analytical approach or a Monte Carlo analysis.
1. Introduction

Colloidal particles, which range from the nanometer to micrometer 
scale, interact with nearby surfaces–including adjacent particles and 
boundaries–through weak interactions at the kT  scale [1,2]. These 
interactions play a significant role in processes such as particle de-
position and the rheological properties of colloidal suspensions. Total 
Internal Reflection Microscopy (TIRM) was developed to explore the 
potential energy landscape and weak surface forces acting on parti-
cles near a boundary, allowing for the measurement of both conser-
vative (e.g., electrostatic) and non-conservative (e.g., hydrodynamic) 
forces [3,4]. TIRM operates by analyzing the light scattered from a 
spherical particle situated close to a plane substrate illuminated by 
an evanescent wave, with the intensity of the scattered light varying 
exponentially with the distance between the particle and the surface.

Recent developments in Scattering Morphology Resolved TIRM 
(SMR-TIRM) enhance the technique’s applicability to non-spherical 
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particles by examining light scattering patterns to ascertain particle 
position and orientation [5–7]. It is important to note that while the 
separation distance alone can provide information about the potential 
energy profile for spherical particles, both separation distance and 
particle orientation are crucial for accurately tracking dynamics and 
calculating the potential energy landscape of non-spherical particles.

In the TIRM setup illustrated in Fig.  1, a combination of optical and 
fluidic components is utilized to investigate colloidal interactions. The 
microfluidic cell contains a sample suspended in an aqueous solution, 
positioned on a hemispherical glass prism using refractive index match-
ing oil. A thick microscope slide forms the bottom of the cell, while 
a thinner cover slip is placed on top. A specialized coating is applied 
to the bottom slide to investigate specific material effects on surface 
interactions. The microscope objective captures the light scattered by 
particles on the glass surface, which is then analyzed by the CCD 
camera.
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In a TIRM experiment, we are faced with solving both a direct and 
an inverse problem (Fig.  2).

1. The direct problem has the following formulation: For a
spheroidal particle with known (i) optical and geometrical pa-
rameters and (ii) Euler orientation angles (𝛼, 𝛽), undergoing a 
TIRM experiment with evanescent wave illumination, determine 
the integrated signal 𝐼𝑀 , the morphology orientation angle 𝛼𝑀 , 
and the aspect ratio 𝜀𝑀  observed in an image, as functions of the 
separation distance 𝑑 and the particle orientation angles (𝛼, 𝛽).

2. The inverse problem has the following formulation: Given the 
measured morphology quantities (𝐼𝑀 , 𝛼𝑀 , 𝜀𝑀 ), solve the nonlin-
ear equations 𝐼𝑀 = 𝐼𝑀 (𝑑, 𝛼, 𝛽), 𝛼𝑀 = 𝛼𝑀 (𝑑, 𝛼, 𝛽), and 𝜀𝑀 =
𝜀𝑀 (𝑑, 𝛼, 𝛽) for the parameters (𝑑, 𝛼, 𝛽) that are necessary for 
tracking dynamics.

The direct problem was analyzed in Ref. [8]. This research introduced 
a comprehensive model for light scattering that focuses on two primary 
elements: (i) the scattering of an axisymmetric particle oriented arbi-
trarily within a stratified medium, and (ii) the imaging of the resulting 
scattered light. Essential calculations within the model included (i) the 
responses of the layered medium to both incoming and scattered light, 
(ii) the construction of the interaction matrix, and (iii) the transition 
matrix for an isolated particle. The responses of the layer system were 
derived using plane wave expansions, which were subsequently trans-
formed into regular spherical wave expansions. The transition matrix 
was obtained via the null-field method. To accommodate the arbitrary 
orientations of particles, we applied the addition theorem for vector 
spherical wave functions with appropriate coordinate rotations. The 
imaging of the scattered light was accomplished by computing (i) the 
scattered field on the Gaussian reference sphere of the collector lens, (ii) 
the transmitted field on the Gaussian reference sphere of the detector 
lens, and (iii) the focused field through the Debye diffraction integral 
and fast Fourier transform. Additionally, an image processing technique 
that involved contour extraction and ellipse fitting was utilized to 
enhance the accuracy of particle orientation reconstruction. Fig.  3 
shows intensity distributions and fitted ellipses in some scattered field 
images.

This study examines the inverse problem in a TIRM experiment, 
which is part of a broader category of inverse problems requiring 
efficient solutions of a system of nonlinear equations.

2. The inversion algorithm

Consider an inverse problem that requires effective solutions to the 
equation 
𝐅(𝐱) = 𝐲, (1)

where 𝐅 ∶ R𝑛 → R𝑚 is a forward model representing a physical process, 
𝐱 ∈ R𝑛 is the state vector to be retrieved, and 𝐲 ∈ R𝑚 is the data vector. 
The inverse problem has the following characteristics:

1. 𝐅 is nonlinear and continuous.
2. 𝐅 is computationally expensive to evaluate.
3. The derivatives of 𝐅 are not available, meaning that 𝐅 is a 
black-box function.

4. There is no prior information about the smoothness or statistical 
properties of the state vector 𝐱, except that it belongs to the box 
𝑋 = [𝑎1, 𝑏1] × [𝑎2, 𝑏2]… × [𝑎𝑛, 𝑏𝑛].

5. The data vector 𝐲 is affected by uncertainties.

Such inverse problems arise in various scientific and engineering fields, 
often suffering from ill-posedness and non-uniqueness. The nonlinearity 
of the forward model, combined with the limited and uncertain na-
ture of the data, can lead to multiple model configurations producing 
indistinguishable observations. For instance, in electrical impedance 
tomography, different conductivity distributions may yield identical 
2 
Fig. 1. Simplified TIRM setup.
Source: Adapted from Ref. [8]

Fig. 2. Illustration of direct and inverse problems in a TIRM experiment. Direct 
problem: For a spheroidal particle with known orientation angles (𝛼, 𝛽), determine 
the integrated signal 𝐼𝑀 , the morphology orientation angle 𝛼𝑀 , and the aspect ratio 
𝜀𝑀 observed in an image, as functions of the separation distance 𝑑 and the particle 
orientation angles (𝛼, 𝛽). Inverse problem: Given the measured morphology quantities 
(𝐼𝑀 , 𝛼𝑀 , 𝜀𝑀 ), solve the nonlinear equations 𝐼𝑀 = 𝐼𝑀 (𝑑, 𝛼, 𝛽), 𝛼𝑀 = 𝛼𝑀 (𝑑, 𝛼, 𝛽), and 
𝜀𝑀 = 𝜀𝑀 (𝑑, 𝛼, 𝛽) for the parameters (𝑑, 𝛼, 𝛽).

boundary voltage measurements due to the ill-posed nature of the prob-
lem, compounded by measurement noise and electrode limitations [9]. 
Seismic inversion faces similar ambiguities, as different subsurface ve-
locity structures can generate comparable seismic signals, particularly 
given the limited resolution and sparse data coverage [10]. In atmo-
spheric remote sensing, the radiative transfer equation allows multiple 
atmospheric compositions to produce nearly identical radiance spectra, 
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Fig. 3. Intensity distributions (left panels) and fitted ellipses (right panels). The results correspond to the azimuthal orientation angles 𝛼 = 0◦ (upper panels), and 45◦ (lower 
panels).
Source: Adapted from Ref. [8].
creating uncertainties in the retrieval of gas concentrations, as well as 
cloud and aerosol properties [11]. X-ray computed tomography with 
limited-angle data suffers from structural ambiguities, where missing 
projections conceal critical features, leading to multiple plausible re-
constructions [12]. Electromagnetic scattering inverse problems exhibit 
related challenges, as different combinations of particle size and refrac-
tive index can result in identical scattering patterns. For example, in 
the case of mononuclear cells modeled as coated spheres, multiple sets 
of cell diameter, nucleus-to-cell diameter ratio, and refractive indices 
of the cytoplasm and nucleus can produce indistinguishable angular 
scattering patterns [13]. Similarly, retrieving the size and refractive 
index of homogeneous spheres from the power Fourier spectrum of 
their scattering patterns, as measured by a scanning flow cytometer, 
leads to comparable ambiguities [14]. To address these challenges, we 
propose an algorithm that consists of the following components:

1. A neural network-based surrogate model that approximates the 
forward model, significantly reducing computational cost while 
accommodating the lack of derivative information.

2. A whitening transformation to recast the inverse problem in 
a form where noise can be assumed isotropic, facilitating the 
solution by minimizing the residual subject to simple variable 
bounds.

3. An advanced multistart solver designed to systematically ex-
plore the solution space and identify all solutions of the inverse 
problem, accounting for its potential non-uniqueness.

2.1. Neural network-based surrogate model

When approximating a multivariate function 𝐅 ∶ 𝑋 ⊂ R𝑛 → R𝑚

based on a dataset  = {(𝐱𝑖, 𝐲𝑖)}𝑁𝑖=1, where 𝐲𝑖 = 𝐅(𝐱𝑖) and 𝑁 is the num-
ber of samples, several surrogate models can be applied. Each model 
offers a way to estimate 𝐅 based on data values 𝐲𝑖 at sample points 𝐱𝑖. 
Traditional approaches include orthonormal polynomials [15], radial 
basis functions [16], radial basis functions with centers [17], and 
3 
kriging (Gaussian process regression) [18]. Recently, however, neural 
networks have emerged as the most widely used and effective ap-
proximation method. Unlike polynomial-based models, which struggle 
with high-dimensional problems due to the curse of dimensionality, or 
kriging, which becomes computationally expensive for large datasets, 
neural networks excel at capturing complex, nonlinear relationships 
with high accuracy [19–23]. Their ability to learn intricate patterns 
from data, generalize well across different domains, and efficiently 
scale with increasing data dimensions makes them superior to tradi-
tional surrogate models. An additional advantage is that the derivatives 
of a neural network model with respect to its inputs can be computed 
analytically. As a result, a neural network algorithm can not only 
provide an approximation of the quantities of interest but also offer an 
estimate of their derivatives with respect to the model inputs. Given 
these advantages, we focus our discussion on neural network-based 
approximation methods.

In machine learning, the goal is to approximate 𝐅(𝐱) by a neural 
network model 𝐟 (𝐱,𝝎) characterized by a set of parameters 𝝎 using 
the training set  = {(𝐱𝑖, 𝐲𝑖)}𝑁𝑖=1. If 𝐲𝑖 = 𝐅(𝐱𝑖), the neural network 
model is said to be trained with exact data or noise-free output. A 
standard neural network consists of multiple layers of interconnected 
computational units. These layers include an input layer that receives 
the data, an output layer that generates predictions, and a set of 
hidden layers that process the information. Suppose the network has 
𝐿 + 1 layers, where the number of units in layer 𝑙 is denoted as 𝑁𝑙, 
for 𝑙 = 0,… , 𝐿. The input layer corresponds to 𝑙 = 0, while the 
output layer is indexed as 𝑙 = 𝐿, meaning that the input and output 
dimensions satisfy 𝑛 = 𝑁0 and 𝑚 = 𝑁𝐿, respectively. In a feed-forward 
architecture, signals from layer 𝑙 − 1 are propagated to layer 𝑙 through 
weighted connections. Specifically, each unit 𝑖 in layer 𝑙 − 1 transmits 
an activation 𝑦𝑖,𝑙−1, which is scaled by a weight 𝑤𝑗𝑖,𝑙 and summed over 
all incoming connections before adding a bias term 𝑏𝑗,𝑙. This results in a 
pre-activation signal 𝑢𝑗,𝑙 =

∑𝑁𝑙−1
𝑖=1 𝑤𝑗𝑖,𝑙𝑦𝑖,𝑙−1+𝑏𝑗,𝑙. Applying an activation 

function 𝑔𝑙 to this pre-activation signal produces the final activation 
output for unit 𝑗 in layer 𝑙, 𝑦 = 𝑔 (𝑢 ). To express these computations 
𝑗,𝑙 𝑙 𝑗,𝑙
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in matrix notation, let 𝖶𝑙 ∈ R𝑁𝑙×𝑁𝑙−1  be the weight matrix and 𝐛𝑙 ∈ R𝑁𝑙

the bias vector, where their elements are given by [𝖶𝑙]𝑗𝑖 = 𝑤𝑗𝑖,𝑙 and 
[𝐛𝑙]𝑗 = 𝑏𝑗,𝑙, respectively. Defining the set of all network parameters as 
𝝎 = {𝖶𝑙 ,𝐛𝑙}𝐿𝑙=1, the feed-forward process can be written compactly as 

𝐲0 = 𝐱, (2a)

𝐮𝑙 = 𝖶𝑙𝐲𝑙−1 + 𝐛𝑙 , (2b)

𝐲𝑙 = 𝑔𝑙(𝐮𝑙), 𝑙 = 1,… , 𝐿, (2c)

𝐟 (𝐱,𝝎) = 𝐲𝐿, (2d)

where [𝐲𝑙]𝑖 = 𝑦𝑖,𝑙 and [𝐮𝑙]𝑗 = 𝑢𝑗,𝑙. Training a neural network involves 
determining the optimal parameter set 𝝎 that best fits the given dataset 
. This process, known as deep learning, is typically performed by 
minimizing a chosen loss function using backpropagation [24]. Ap-
pendix provides a statistical perspective on the core principles guiding 
the development of retrieval algorithms based on neural networks. 
The discussion encompasses (i) techniques for deriving point estimates, 
(ii) various forms of uncertainty, and (iii) the utilization of Bayesian 
regularization for addressing the inverse problem.

2.2. Formulation and solution of the inverse problem with isotropic noise

In this section, we identify the sources of uncertainty in the data 
vector, formulate an inverse problem with isotropic noise by applying 
a whitening transformation, and define the objective of the analysis as 
solving the ill-posed inverse problem by minimizing the residual subject 
to simple variable bounds.

2.2.1. Sources of uncertainty
We assume that the total uncertainty in the data vector originates 

from the following sources:

1. Measurement noise 𝜹N: This uncertainty stems from errors in the 
observed data, which vary with each experiment. The measure-
ment noise 𝜹N is assumed to be additive, following a Gaussian 
distribution with zero mean and a known covariance matrix 𝖢𝛿N, 
i.e., 𝜹N ∼  (𝟎,𝖢𝛿N).

2. Surrogate model approximation error 𝜹A: This uncertainty arises 
from approximating 𝐅 with a surrogate function 𝐟 , leading to the 
approximation error 𝜹A = 𝐅−𝐟 . We model 𝜹A as Gaussian random 
vector with zero mean and covariance matrix 𝖢𝛿A, i.e., 𝜹A ∼
 (𝟎,𝖢𝛿A). To estimate the approximation error, we consider 
a test set T = {(𝐱𝑖, 𝐲𝑖)}

𝑁T
𝑖=1, where 𝐲𝑖 = 𝐅(𝐱𝑖) and 𝑁T is the 

number of test points. A common estimate for the empirical 
covariance matrix of the approximation error is the uncentered 
conditional average covariance matrix over the test set T, given 
by 𝖢𝛿A ≈ E(𝖢𝛿A|T) = (1∕𝑁T)

∑𝑁T
𝑖=1 𝐞𝑖𝐞

𝑇
𝑖 , where 𝐞𝑖 = 𝐲𝑖 − 𝐟 (𝐱𝑖)

is the error for the 𝑖th test point. This approach assumes that 
the error vectors 𝐞𝑖 have zero mean. However, the assumption 
that 𝜹A follows a Gaussian distribution with zero mean holds in 
expectation, but real samples have a nonzero sample mean. To 
account for this, we use the maximum likelihood estimate for the 
conditional average covariance matrix, which centers the data 
by subtracting the sample mean of the errors 𝐞 = (1∕𝑁T)

∑𝑁T
𝑖=1 𝐞𝑖. 

Thus, the covariance matrix is estimated as 𝖢𝛿A ≈ E(𝖢𝛿A|T) =
(1∕𝑁T)

∑𝑁T
𝑖=1(𝐞𝑖 − 𝐞)(𝐞𝑖 − 𝐞)𝑇 . This ensures that the covariance 

estimates reflect the true variance of the approximation error.

Since these error sources are assumed to be independent, we define the 
noisy data vector through the successive transformations 

𝐲𝛿 = 𝐅(𝐱) + 𝜹N = 𝐟 (𝐱) + 𝜹A + 𝜹N = 𝐟 (𝐱) + 𝜹, (3)

where 𝜹 = 𝜹A + 𝜹N is the total uncertainty in the data vector. It is 
evident that 𝜹 follows a Gaussian distribution 𝜹 ∼  (𝟎,𝖢 ) with the 
𝛿
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total covariance matrix 𝖢𝛿 = 𝖢𝛿A + 𝖢𝛿N. In this regard, given the noisy 
data vector (3), we aim to solve the inverse problem 

𝐟 (𝐱) = 𝐲𝛿 . (4)

Rather than using the full covariance matrix, we can simplify our 
analysis by assuming that each type of error is isotropic with an average 
variance 𝜎2𝛿X = 1

𝑚
∑𝑚

𝑘=1[𝖢𝛿X]𝑘𝑘, where 𝑋 stands for 𝑁 (measurement 
noise) and A (surrogate model approximation error). Consequently, we 
obtain 𝖢𝛿 = 𝜎2𝛿 𝖨𝑚, where 𝜎2𝛿 = 𝜎2𝛿N + 𝜎2𝛿A.

In addition to the above uncertainties, the forward model parameter 
error 𝜹B, which are not trivial to compute, can also be taken into 
account. This uncertainty arises when the forward model depends not 
only on the state vector 𝐱 but also on a set of parameters 𝐛, which are 
not known precisely. These parameters are not retrieved directly but 
still influence the retrieval process. Assuming that 𝐛 follows a Gaussian 
distribution with mean 𝐛 and covariance matrix 𝖢b, i.e., 𝐛 ∼  (𝐛,𝖢b), 
the forward model parameter error is defined as 𝜹B = 𝐅(𝐱,𝐛) − 𝐅(𝐱,𝐛). 
By linearizing 𝐅(𝐱,𝐛) around (𝐱,𝐛), we obtain 𝜹B = 𝖪b(𝐛 − 𝐛), where 
𝖪b is the Jacobian of 𝐅 with respect to 𝐛. Consequently, the error 𝜹B
follows a Gaussian distribution 𝜹B ∼  (𝟎,𝖢𝛿B), where the covariance 
matrix is given by 𝖢𝛿B = 𝖪b𝖢b𝖪

𝑇
b . However, since 𝖪b is not available 

(as the derivatives of 𝐅 are computationally expensive to evaluate) the 
statistics of 𝜹B can be approximating by performing a Monte Carlo 
analysis, where samples 𝐛 are drawn from the Gaussian distribution 
 (𝐛,𝖢b). When the forward model parameter error is also taken into 
account, the noisy data vector is defined as 

𝐲𝛿 = 𝐅(𝐱,𝐛) + 𝜹N = 𝐅(𝐱,𝐛) + 𝜹B + 𝜹N = 𝐟 (𝐱) + 𝜹A + 𝜹B + 𝜹N = 𝐟 (𝐱) + 𝜹, (5)

where the total uncertainty in the data vector 𝜹 = 𝜹A + 𝜹B + 𝜹N follows 
a Gaussian distribution, i.e., 𝜹 ∼  (𝟎,𝖢𝛿), with the total covariance 
matrix 𝖢𝛿 = 𝖢𝛿A + 𝖢𝛿B + 𝖢𝛿N.

2.2.2. Whitening transformation
In the next step, we transform the representation of the noisy data 

vector (see Eq. (3)) into a form in which the noise is isotropic. For this 
purpose, we define the average variance of the total error as 

𝜎2𝛿 = 1
𝑚

𝑚
∑

𝑘=1
[𝖢𝛿]𝑘𝑘 (6)

and introduce the normalized covariance matrix 

𝖢̂𝛿 =
1
𝜎2𝛿

𝖢𝛿 . (7)

To decorrelate the noise, we apply a whitening transformation using 
a matrix 𝖶, which satisfies 𝖶𝖢̂𝛿𝖶

𝑇 = 𝖨𝑚. A common choice for 𝖶 is 
𝖢̂−1∕2
𝛿 . One way to compute 𝖢̂−1∕2

𝛿  is through the Cholesky factorization 
𝖢̂𝛿 = 𝖫𝖫𝑇 , where 𝖫 is the lower triangular Cholesky factor, in which 
case, 𝖶 = 𝖫−1. Alternatively, if the eigenvalue decomposition of 𝖢̂𝛿 is 
available, i.e., 𝖢̂𝛿 = 𝖴𝛬𝖴𝑇 , then 𝖶 = 𝛬−1∕2𝖴𝑇 . Applying 𝖶 to both 
sides of the representation of the noisy data vector (3) transforms it 
into 𝖶𝐲𝛿 = 𝖶𝐟 (𝐱) + 𝖶𝜹. Since the transformed noise 𝜹̂ = 𝖶𝜹 now 
follows an isotropic Gaussian distribution ̂𝜹 ∼  (𝟎, 𝜎2𝛿 𝖨𝑚), the problem 
is reformulated as 

𝐲𝛿 = 𝐟̂ (𝐱) + 𝜹̂, (8)

where 𝐲̂𝛿 = 𝖶𝐲𝛿 and 𝐟̂ (𝐱) = 𝖶𝐟 (𝐱). Thus, we focus on solving the 
transformed inverse problem 

𝐟 (𝐱) = 𝐲̂𝛿 . (9)

Clearly, if all data errors are isotropic, we have 𝖢̂𝛿 = 𝖨𝑚 and 𝖶 = 𝖨𝑚, 
and the transformed inverse problem becomes identical to the original 
one, with ̂𝐟 (𝐱) and ̂𝐲𝛿 directly corresponding to 𝐟 (𝐱) and 𝐲𝛿 , respectively.
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2.2.3. Solving the ill-posed inverse problem by minimizing residuals with 
simple variable bounds

According to Hadamard [25], the inverse problem (9) is said to be 
well-posed if the solution satisfies three conditions: existence, unique-
ness, and stability. If any of these conditions are not met, the problem is 
classified as ill-posed. In our case, these conditions manifest as follows:

1. Non-existence occurs when 𝐲̂𝛿 ∉ (𝐟̂ ), meaning that the given 
data lies outside the range of ̂𝐟 .

2. Non-uniqueness arises because 𝐅 (and consequently, ̂𝐟 , assuming 
that the surrogate approximation and the whitening transforma-
tion preserve this property) is not injective.

3. Instability is assessed by analyzing the Jacobian matrix of 𝐟̂ . 
Specifically:

(a) A high condition number indicates that small changes 
in the output can lead to large variations in the input, 
making the solution highly sensitive to noise.

(b) Eigenvalues close to zero suggest that the function is 
nearly flat along certain directions, implying potential 
ill-conditioning and sensitivity to perturbations.

Ill-posed problems are often addressed using regularization techniques, 
with Tikhonov regularization being a prominent example [26]. In this 
context, the solution of the inverse problem is the minimizer of the 
regularized objective function 

𝛿,𝜆(𝐱) =
1
2
(‖𝐟̂ (𝐱) − 𝐲̂𝛿‖2 + 𝜆‖𝖫(𝐱 − 𝐱a)‖2), (10)

where 𝜆 is the regularization parameter, 𝖫 the regularization matrix, 
and 𝐱a the prior estimate of 𝐱. A few comments can be made here.

1. The regularization matrix impose specific features on the solu-
tion. If the magnitude of the solution should not be extremely 
large, 𝖫 can be chosen as either the identity matrix or a diagonal 
matrix. If the solution should be smooth, 𝖫 can be selected as 
discrete approximations to the first- and second-order deriva-
tive operators. If statistical information about the solution is 
available, such as the prior covariance matrix 𝖢x, 𝖫 can be 
chosen as the Cholesky factor of 𝖢−1

x . In this case, the resulting 
method is known as Bayesian regularization (or optimal estima-
tion) [10,11], where the regularization (penalty) term takes the 
form (𝐱 − 𝐱a)𝑇𝖢−1

x (𝐱 − 𝐱a), and the minimizer of the regularized 
objective function represents the maximum a posteriori estimate. 
The fundamentals of Bayesian regularization for solving inverse 
problems using neural networks is outlined in Appendix.

2. Selecting an appropriate regularization parameter 𝜆 requires 
careful consideration to achieve an optimal balance between 
residual error, which accounts for noise, and smoothing error, 
which governs the smoothness of the solution. A small value 
of 𝜆 tends to emphasize the minimization of the residual error, 
which measures the discrepancy between the model predic-
tions and the noisy observations. Conversely, a large value of 𝜆
places greater weight on the regularization term, which enforces 
smoothness or other prior information about the solution. For 
nonlinear problems, the regularization parameter can be chosen 
using two main approaches: (i) a priori methods, with the ex-
pected error estimation method as a prominent example, and 
(ii) selection criteria with a variable regularization parameter, 
which include error-free parameter choice methods such as gen-
eralized cross-validation, maximum likelihood estimation, and 
the L-curve method. Unfortunately, no regularization method 
is both efficient and infallible. For instance, the expected error 
estimation method is extremely computationally expensive, as 
it involves randomly exploring the domain where the solution is 
assumed to lie and computing the optimal regularization param-
eter for error estimation for each realization of the state vector. 
On the other hand, the generalized cross-validation function, 
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and sometimes the maximum likelihood function, may exhibit 
a very flat minimum, making it difficult to determine precisely, 
while the L-curve may lose its characteristic shape, obscuring the 
corner location [27].

When specific information about the solution, such as its smoothness 
or covariance structure, is lacking (as in the case considered in our 
analysis), it is appropriate to minimize the objective function 

𝛿(𝐱) =
1
2
‖𝐟̂ (𝐱) − 𝐲̂𝛿‖2 (11)

while imposing simple bounds on the variables. By constraining the 
solution within a defined box 𝑋 = [𝑎1, 𝑏1] × [𝑎2, 𝑏2]… × [𝑎𝑛, 𝑏𝑛], we 
can effectively control the solution’s magnitude and mitigate potential 
instabilities arising from data uncertainty. Imposing simple bounds on 
the variables, where each component of 𝐱 is constrained within its 
respective range, can also be interpreted as a form of regularization. 
This approach limits the solution space, preventing the solution from 
becoming excessively large or unbounded, similar to a regularization 
term with the identity matrix. While this method does not replace 
formal regularization techniques, it serves as a practical alternative 
when specific prior information about the solution is unavailable. In 
both cases, the bounds act as a ‘‘soft’’ constraint, helping to prevent 
overfitting to the noisy data by controlling the solution’s magnitude 
without imposing complex structure. Thus, minimizing residuals with 
simple bounds on the variables can be viewed as a weak form of 
regularization.

2.3. Advanced multistart solver

Consider the solution to the inverse problem (cf. Eq. (9)) ̂𝐟 (𝐱) = 𝐲̂𝛿
within the box 𝑋 = [𝑎1, 𝑏1] × [𝑎2, 𝑏2]… × [𝑎𝑛, 𝑏𝑛] by minimizing the 
least-squares function (cf. Eq. (11)) 𝛿(𝐱) = (1∕2)‖𝐟̂ (𝐱) − 𝐲̂𝛿‖2 subject to 
simple bounds on the variables. Assuming that the surrogate function 
𝐟 inherits the nonlinearity of the forward model 𝐅, and the whitening 
transformation preserves the nonlinearity of 𝐟 , we deduce that ̂𝐟 is also 
nonlinear. This implies that for 𝐲̂𝛿 ∈ (𝐟̂ ), the objective function 𝛿
has several zero global minima, while for ̂𝐲𝛿 ∉ (𝐟̂ ), it has several local 
minima.

Deterministic global optimization methods provide rigorous frame-
works for identifying all minima of an objective function. These meth-
ods systematically explore the search space, ensuring completeness 
and convergence guarantees. Among these approaches, 𝛼BB (alpha-
Branch-and-Bound) extends classical branch-and-bound techniques by 
constructing convex underestimators for nonconvex functions, enabling 
rigorous global optimization [28]. Lipschitz optimization methods uti-
lize known Lipschitz constants to bound function variations, refining 
search regions efficiently [29,30]. Interval branch-and-bound methods 
use interval arithmetic to systematically enclose solutions and eliminate 
regions that cannot contain global minima, ensuring completeness [31]. 
Global homotopy methods with branch-switching track solution paths 
by continuously deforming a simpler problem into the target prob-
lem. By detecting bifurcations, branch-switching strategies enhance 
standard homotopy methods, making them particularly useful for root-
finding but less suited for optimization [32]. Finally, exhaustive grid 
search systematically samples the domain, ensuring all minima are 
identified within the resolution of the discretization. While reliable 
in low-dimensional settings, its exponential complexity growth lim-
its its scalability to high-dimensional problems [33]. Another class 
of methods addressing global optimization involves clustering-based 
techniques integrated with multistart algorithms [34–37]. These tech-
niques generate a diverse set of starting points, followed by clustering 
to group similar points. The goal is to ensure thorough exploration 
of the search space while significantly reducing the number of local 
search applications. In this context, the MinFinder algorithm, devel-
oped by Tsoulos and Lagaris [38], is particularly noteworthy. This 
clustering-based technique, inspired by the Topographical Multilevel 
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Single Linkage approach by Ali and Storey [39], combines a multistart 
strategy with efficient validation criteria for starting points to avoid re-
dundant searches. These methods serve as robust frameworks for global 
optimization but are not specifically suited for nonlinear least-squares 
problems.

Although the inverse problem involves the noisy data vector 𝐲̂𝛿 =
𝐟 (𝐱) + 𝜹̂, we begin by examining the solvable equation ̂𝐟 (𝐱) = 𝐲̂, where 
𝐲 ∈ (𝐟̂ ) is the exact data vector corresponding to 𝐟̂ . A multistart 
algorithm for solving the equation ̂𝐟 (𝐱) = 𝐲̂ employs, at each iteration, a 
new set of starting points 𝑆0 = {𝐱0𝑘}

𝑁0
𝑘=1. For each starting point, a local 

search (denoted by 𝐿) is applied to minimize the least-squares function 
 (𝐱) = (1∕2)‖𝐟̂ (𝐱)−𝐲̂‖2. With the assumption ̂𝐲 ∈ (𝐟̂ ), the algorithm se-
lects solutions 𝐱S𝑘 that meet the absolute function convergence criterion 
 (𝐱S𝑘) ≤ 𝜀F, with 𝜀F as the absolute function tolerance (near to zero). 
Such solutions are denoted by 𝐱S𝑘 = 𝐿(𝐲̂ ∣ 𝐱0𝑘). At its core, the main 
steps of a multistart-like method are outlined in Algorithm 1. Multistart 
algorithms differ in how they generate and validate starting points, the 
local search method they employ, and the termination conditions they 
use. For example, in the MinFinder algorithm, the double box stopping 
rule serves as the termination criterion, while a point is considered 
a valid starting point if it is not too close to an already identified 
minimum or another sample (the closeness to a local minimum or 
another sample is determined by the so-called typical distance and the 
gradient criterion).

Algorithm 1 Main steps of a multistart algorithm.
1. Input : Data vector ̂𝐲 ∈ (𝐟̂ ).
2. Initialization: Set 𝑋S = ∅ to store all solutions.
3. Generate Starting Points: Randomly generate a configuration of sample 
points representing a set of 𝑁0 starting points 𝑆0 = {𝐱0𝑘}

𝑁0
𝑘=1.

4. Iterate Through Starting Points:
For each starting points 𝐱0𝑘, 𝑘 = 1,… , 𝑁0 do:

• Validation of Starting Points: Check if 𝐱0𝑘 is a valid starting point.
• Solution Search: If valid, use 𝐱0𝑘 as the initial point for a local 
optimization search. If the local search is successful and the 
solution 𝐱S = 𝐿(𝐲̂ ∣ 𝐱0𝑘) ∉ 𝑋S, update 𝑋S to include this new 
solution.

5. Termination Check: If a termination criterion is satisfied, then return 
the set of solutions 𝑋S as the output; else, go to Step 3.

In this section we present a multistart algorithm that integrates 
the double box stopping rule from the MinFinder algorithm, while 
introducing an enhanced validation criterion for the starting points. 
This criterion is based on the observation that, since we are solving 
the inverse problem 𝐟̂ (𝐱) = 𝐲̂𝛿 for multiple data vectors rather than 
a general global optimization problem, an appropriate set of starting 
points should reflect the characteristics of ̂𝐟 , particularly its injectivity 
domains. To explore the relationship between the selection of starting 
points and the injectivity domains of 𝐟̂ , we assume that the domain 
𝑋 can be partitioned into 𝑁IN injectivity domains 𝑋𝑘, where 𝑘 =
1,… , 𝑁IN. A subset 𝑋𝑘 ⊂ 𝑋 is considered an injectivity domain of ̂𝐟 , if 
for each ̂𝐲 ∈ (𝐟̂ ∣𝑋𝑘

), the equation ̂𝐟 (𝐱) = 𝐲̂ has a unique solution, with 
𝐟 ∣𝑋𝑘

 representing the restriction of ̂𝐟 to the domain 𝑋𝑘. Furthermore, 
we make the following assumptions regarding the local search:

A1. A solution within an injectivity domain can only be generated 
by a starting point from the same injectivity domain.

A2. A starting point within one injectivity domain always produces 
a solution in the same injectivity domain.

Assumption A1 implies that the injectivity domains 𝑋𝑘 are disjoint, 
meaning no point belongs to more than one injectivity domain. As-
sumption A2 implies that the boundaries of each injectivity domain are 
preserved, preventing leakage of solutions between domains. In other 
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words, the mapping from a starting point to its corresponding injectiv-
ity domain is one-to-one. Therefore, under the above assumptions, a set 
of starting points must contain at least one point from each domain of 
injectivity. The optimal set of starting points will contain exactly 𝑁IN
starting points, each corresponding to a distinct injectivity domain.

Computing the injectivity domains of 𝐟̂ is a challenging task, es-
pecially for high-dimensional problems. Although a few studies, such 
as those in Refs. [40,41], focus on testing injectivity over domains, to 
the best of our knowledge, no work has been conducted on the direct 
computation of these domains. Since the computation of injectivity 
domains is a highly complex and difficult task, we propose estimating 
these domains roughly to determine an appropriate set of starting 
points. More precisely, and referring to the notations in Algorithm 1, we 
aim to determine a set of starting points 𝑆0 such that, for any ̂𝐲 ∈ (𝐟̂ ), 
the multistart algorithm using the starting points in 𝑆0 will yield a set 
of solutions that approximates the set of all solutions 𝑋S as closely as 
possible. The approach will involve an exploration of a solution set 
and a starting point set to establish a mapping between each solution 
and a set of starting points that lead to it. Since a starting point may 
generate several solutions within the same injectivity domain, a hitting 
set problem will be solved to determine a minimal set of starting points 
that produce all considered solutions. This set, which captures the 
nonlinearity of the function 𝐟̂ and is independent of the data vector 
𝐲, will be used in the first configuration step of a multistart algorithm 
(meaning the first step will not involve random generation of starting 
points). If, for any new data vector, which implies the solution of a new 
global optimization problem, the set of starting points captures almost 
all solutions at the first iteration, we expect that fewer random starting 
point configurations—and consequently, fewer local search calls—will 
be required to find the remaining solutions in subsequent iterations. 
This will improve the efficiency of the multistart algorithm.

2.3.1. Starting point generation algorithm
The starting point generation algorithm is based on the observation 

that each solution can be reached from multiple starting points and that 
a minimal set of starting points covering all solutions can be obtained 
by solving a hitting set problem. To implement this idea, we generate 
a large set of starting points 𝑆0 = {𝐱0𝑘}

𝑁0
𝑘=1 and a large set of solutions 

𝑋S = {𝐱S𝑛}
𝑁S
𝑛=1. For each solution 𝐱S𝑛, we compute the data vector 

𝐲S𝑛 = 𝐟̂ (𝐱S𝑛), and identify the set of starting points 0𝑛 = {𝐱0𝑘𝑛}𝑘𝑛∈𝐼0  with 
𝐼0 = {𝑘}𝑁0

𝑘=1, yielding approximately the solution 𝐱S𝑛 within a specified 
tolerance. By this procedure, we generate the map
𝐱S𝑛 ⟼ 0𝑛 = {𝐱0𝑘𝑛}𝑘𝑛∈𝐼0  for all 𝑛 = 1,… , 𝑁S,

and note that a starting point may belong to multiple sets 0𝑛. Next, 
we formulate a hitting set problem with the universe 𝑆0 = {𝐱0𝑘}

𝑁0
𝑘=1

and the collection of sets  = {0𝑛 ∣ 𝑛 = 1,… , 𝑁S}. The goal is to 
determine a collection of 𝑁H sets 𝑆 = {𝑆0ℎ ∣ ℎ = 1,… , 𝑁H} from 
the universe 𝑆0, such that all sets in  are hit by any 𝑆0ℎ, i.e., for 
any 𝑆0ℎ with ℎ = 1,… , 𝑁H, we have that 𝑆0ℎ ∩ 0𝑛 ≠ ∅ for all 
𝑛 = 1,… , 𝑁S. If the set 𝑆0ℎ cannot be made smaller without losing this 
property, it is said to be a minimal hitting set. In other words, any set 
𝑆0ℎ = {𝐱0𝑘ℎ}𝑘ℎ∈𝐼0  that solves the hitting set problem contains a small 
number of elements and produces all solutions in 𝑋S. The hitting set 
problem can be solved for the sets 0𝑛 = {𝐱0𝑘𝑛}𝑘𝑛∈𝐼0 , or more efficiently, 
for the set of starting-point indices 0𝑛 = {𝑘𝑛}𝑘𝑛∈𝐼0  associated with 0𝑛.

The solution to the hitting set problem is a crucial aspect of our algo-
rithm. There are many algorithms for enumerating minimal hitting sets 
with publicly-available software implementations [42]. Some examples 
are the MTMiner algorithm [43], the DL algorithm [44], the greedy 
algorithm (e.g., [45]), and the integer programming algorithm [46]. 
The classical greedy algorithm can find hitting sets, but it does not 
necessarily find minimal ones. To find minimal sets, we propose the 
following modified version:
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1. Basic step: In every iteration step of the algorithm, an element 
from the universe 𝑆0 is selected that most often hits the unhit 
sets in . If there are several elements with this property, one 
of them is randomly selected. The element is then added to the 
hitting set 𝑆0ℎ, and all newly hit sets are removed from . The 
algorithm proceeds until  runs empty.

2. Minimality step: Iteratively remove elements from a current hit-
ting set 𝑆0ℎ, and if the resulting set still hits all the sets in , 
replace the current set with this new, smaller set.

A comparison between the proposed greedy algorithm and the DL 
algorithm has shown that the greedy algorithm finds some minimal 
hitting sets but not all of them. However, since finding all minimal 
hitting sets is not essential for our purposes, we will use this algorithm 
in our numerical analysis, as it is clearly superior to the MTMiner and 
DL algorithms in terms of efficiency and memory requirements.

In principle, after solving the hitting set problem, we can identify 
𝑆0 with any set 𝑆0ℎ. For example, we may select the set with the fewest 
elements for efficiency reasons in Steps 9 and 10 of Algorithm 3, which 
will be discussed in Section 2.3.2, or the set with the most elements 
for completeness reasons in the multistart algorithm, to be covered in 
Section 2.3.3. Another option is to compute all solutions of the equation 
𝐟 (𝐱) = 𝐲̂ for a given set of data vectors using the initial set of starting 
points 𝑆0 and any 𝑆0ℎ, ℎ = 1,… , 𝑁H, identifying 𝑆0 as the set 𝑆0ℎ0  that 
produces a total number of solutions closest to that obtained with 𝑆0. 
The starting point generation procedure is implemented in Algorithm 2, 
which solves the hitting set problem for the set of starting-point indices 
0𝑛 = {𝑘𝑛}𝑘𝑛∈𝐼0 .

Algorithm 2 Starting point generation algorithm.
1. Inputs: Number of starting points 𝑁0, number of solutions 𝑁S, 
solution tolerance 𝜀X, and function tolerance 𝜀F for the local search.
2. Generate Initial Sets: Randomly generate a (large) set of 𝑁0 starting 
points 𝑆0 = {𝐱0𝑘}

𝑁0
𝑘=1, and a set of 𝑁S solutions 𝑋S = {𝐱S𝑛}

𝑁S
𝑛=1 ⊂ 𝑋. Let 

𝐼0 = {𝑘}𝑁0
𝑘=1 be the set of starting-point indices associated to 𝑆0.

3. Generate Data Set : Compute the data set 𝑌S = {𝐲̂S𝑛 = 𝐟̂ (𝐱S𝑛)}
𝑁S
𝑛=1.

4. Initialization: Set 0𝑛 = ∅, 𝑛 = 1,… , 𝑁S to store all starting points that 
yield the solution 𝐱S𝑛.
5. Identify Starting Points Yielding Solutions:
For each solution pair (𝐱S𝑛, 𝐲̂S𝑛), 𝑛 = 1,… , 𝑁S do:

• For each starting point 𝐱0𝑘, 𝑘 = 1,… , 𝑁0 do:

– Run a local search with the starting point 𝐱0𝑘. If a starting 
point 𝐱0𝑘𝑛 , 𝑘𝑛 ∈ 𝐼0 yields (approximately) the solution 𝐱S𝑛, 
i.e., ‖‖

‖

𝐱S𝑛−𝐿(𝐲̂S𝑛 ∣ 𝐱0𝑘𝑛 )
‖

‖

‖

≤ 𝜀X
‖

‖

‖

𝐱S𝑛
‖

‖

‖

, insert 𝐱0𝑘𝑛  in the set 0𝑛.

6. Solve Hitting Set Problem: Define 0𝑛 = {𝑘𝑛}𝑘𝑛∈𝐼0  as the set of starting-
point indices associated to 0𝑛 = {𝐱0𝑘𝑛}𝑘𝑛∈𝐼0 . Solve a hitting set problem 
for the collection of sets of starting-point indices  = {0𝑛 ∣ 𝑛 =
1,… , 𝑁S} and universe 𝐼0. For the solution comprising a collection of 
𝑁H hitting sets 𝐻 = {𝐼0ℎ ∣ ℎ = 1,… , 𝑁H}, where 𝐼0ℎ = {𝑘ℎ}𝑘ℎ∈𝐼0 , 
consider the associated collection of starting point sets 𝑆 = {𝑆0ℎ ∣ ℎ =
1,… , 𝑁H}, where 𝑆0ℎ = {𝐱0𝑘ℎ}𝑘ℎ∈𝐼0 .
7. Select Starting Set : From the collection 𝑆, select a starting set 𝑆0 =

{𝐱̂0𝑘}
𝑁̂0
𝑘=1.

8. Output : Return the starting set 𝑆0 = {𝐱̂0𝑘}
𝑁̂0
𝑘=1.

In conclusion, Algorithm 2 provides a set of starting points 𝑆0 =
{𝐱̂0𝑘}

𝑁̂0
𝑘=1 that presumably yield a set of solutions close to the set of all 

solutions of the equation ̂𝐟 (𝐱) = 𝐲̂.
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2.3.2. Rough estimation of injectivity domains
In principle, the starting points generated by Algorithm 2 can be 

associated with the injectivity domains of ̂𝐟 . To illustrate this, we aug-
ment Algorithm 2 with two additional steps, as detailed in Algorithm 
3. In Step 9, after determining the minimal hitting set 𝑆0 = {𝐱̂0𝑘}

𝑁̂0
𝑘=1, 

further local searches are conducted from these selected starting points 
to identify regions corresponding to presumed injectivity domains. 
Specifically, each starting point ̂𝐱0𝑘 is associated to a possible injectivity 
domain 𝑋S𝑘 = {𝐱S𝑛𝑘}𝑛𝑘 , where 𝑛𝑘 ∈ {1,… , 𝑁S}. In an ideal scenario, if 
the sets 𝑆0 and 𝑋S are sufficiently large and the local search algorithm 
performs effectively (in the sense that Assumptions A1 and A2 are 
satisfied), the mapping ̂𝐱0𝑘 ⟼ 𝑋S𝑘 = {𝐱S𝑛𝑘}𝑛𝑘  is one-to-one. However, 
if this is not the case, two potential situations may arise:

1. Assumption A1 is not satisfied: A solution within an injectivity 
domain may be generated by a starting point from a different 
injectivity domain, resulting in overlapping injectivity sets. Step 
10 of Algorithm 3 addresses this issue. It generates disjoint 
injectivity sets by: (i) identifying all starting points 𝑆0𝑛 that 
produce a given solution 𝐱S𝑛, (ii) selecting the starting point ̂𝐱0𝑙
from 𝑆0𝑛 that is closest to 𝐱S𝑛 in Euclidean distance, and (iii) 
retaining 𝐱S𝑛 in 𝑋S𝑙, while removing it from all other sets 𝑋S𝑘
associated with the starting points in 𝑆0𝑛.

2. Assumption A2 is not satisfied: A starting point within one in-
jectivity domain may produce a solution in a different injectivity 
domain. This issue arises when starting points near the boundary 
of an injectivity domain ‘‘drift’’ into adjacent domains due to the 
gradient descent behavior of the algorithm, particularly when a 
Newton-type method is used to solve the least-squares problem. 
Consequently, the boundaries of the injectivity domain are not 
preserved, leading to a leak of solutions into adjacent domains 
and a breakdown in the structure of the solution process.

Algorithm 3 Injectivity set generation algorithm.
8. Initialization: Set 𝑋S𝑘 = ∅, 𝑘 = 1,… , 𝑁̂0 to store all solutions 
corresponding to ̂𝐱0𝑘.
9. Generate Injectivity Sets:
For each solution pair (𝐱S𝑛, 𝐲̂S𝑛 = 𝐟̂ (𝐱S𝑛)), 𝑛 = 1,… , 𝑁S do:

• For each starting point ̂𝐱0𝑘, 𝑘 = 1,… , 𝑁̂0 do:

– Run a local search with the starting point ̂𝐱0𝑘. If a starting 
point 𝐱̂0𝑘𝑛 , 𝑘𝑛 ∈ 𝐼0 = {𝑘}𝑁̂0

𝑘=1 yields (approximately) the 
solution 𝐱S𝑛, i.e., ‖‖

‖

𝐱S𝑛 − 𝐿(𝐲̂S𝑛 ∣ 𝐱̂0𝑘𝑛 )
‖

‖

‖

≤ 𝜀X
‖

‖

‖

𝐱S𝑛
‖

‖

‖

, insert 𝐱S𝑛
in the set 𝑋S𝑘𝑛 .

10. Generate Disjoint Injectivity Sets:
For each solution 𝐱S𝑛, 𝑛 = 1,… , 𝑁S do:

• Initialize the set of all starting points producing the solution 𝐱S𝑛, 
𝑆0𝑛 = ∅.

• For each starting point ̂𝐱0𝑘, 𝑘 = 1,… , 𝑁̂0 do:

– If for a starting point ̂𝐱0𝑘𝑛 , 𝑘𝑛 ∈ 𝐼0, the associated injectivity 
set 𝑋S𝑘𝑛  contains the solution 𝐱S𝑛, insert ̂𝐱0𝑘𝑛 in the set 𝑆0𝑛.

• From the set 𝑆0𝑛, choose the starting point 𝐱̂0𝑙 that is closest to 
the solution 𝐱S𝑛 with respect to the Euclidean distance. Keep 𝐱S𝑛 in 
the set 𝑋S𝑙, and remove 𝐱S𝑛 from all the other sets 𝑋S𝑘 associated 
to the starting points in 𝑆0𝑛.

11. Outputs: Return the starting set 𝑆0 = {𝐱̂0𝑘}
𝑁̂0
𝑘=1 and the associated 

injectivity sets 𝑋S𝑘 , 𝑘 = 1,… , 𝑁̂0.

In fact, Step 10 of Algorithm 3 does not provide a precise rule for 
constructing disjoint injectivity sets (the use of Euclidean distance is 
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just one possible approach). Therefore, Steps 9 and 10 should be con-
sidered optional. They offer only a rough estimation of the injectivity 
domains and do not guarantee the exact boundaries of these domains. 
For this reason, the set of starting points generated by Algorithm 2 will 
be used in the first configuration step of a multistart algorithm, with 
new configurations of samples introduced in subsequent iterations to 
capture all solutions.

2.3.3. Multistart algorithm with enhanced starting point generation
The multistart algorithm that utilizes the set of starting points 𝑆0 =

{𝐱̂0𝑘}
𝑁̂0
𝑘=1 in the first configuration step is referred to as the multistart 

algorithm with enhanced starting point generation. Algorithm 4 out-
lines the main steps of this approach, which consists of an outer loop 
over the absolute function tolerance and an inner loop over the starting 
point configurations.
Absolute function tolerance loop. While the algorithm is primarily de-
signed to handle noisy data, it can also be applied to solve the equation 
𝐟 (𝐱) = 𝐲̂, where ̂𝐲 ∈ (𝐟̂ ) is the exact data vector corresponding to ̂𝐟 . In 
this case, a single absolute function tolerance is sufficient, eliminating 
the need for a loop. This approach involves minimizing the noise-free 
objective function  (𝐱) = (1∕2)‖𝐟̂ (𝐱)−𝐲̂‖2 within a partitioned domain 𝑋
comprising injectivity domains 𝑋𝑘, where a local search algorithm can 
ideally identify solutions if the starting point lies within an injectivity 
domain.

However, with noisy data ̂𝐲𝛿 = 𝐟̂ (𝐱) + 𝜹̂, the scenario becomes more 
complex.

1. If ̂𝐲𝛿∈ (𝐟̂ ), noisy data can lead to global minima (near to zero) 
of the noise-affected objective function 𝛿(𝐱) = (1∕2)‖𝐟̂ (𝐱)− 𝐲̂𝛿‖2.

2. If 𝐲̂𝛿 ∉ (𝐟̂ ), the presence of noise can create an optimization 
landscape with valleys and peaks, leading to local minima.

In summary, noisy data can give rise to both global and local minima. 
Local minima typically occur when the multistart algorithm encoun-
ters parameter values that yield lower objective function values, even 
though these solutions may not correspond to injectivity domains.

A multistart algorithm can effectively capture multiple global and 
local minima in the presence of noisy data. However, when employing 
an absolute function convergence criterion for a local search, selecting 
the appropriate tolerance is essential to ensure that the algorithm accu-
rately identifies minima without terminating prematurely. Algorithm 4 
starts with a small absolute function tolerance 𝜀F and increasing it if no 
solutions are found. This approach prioritizes computational resources 
for finding global minima first. If no global minima are found, the 
search criteria are relaxed to capture local minima. Specifically, the 
absolute function tolerance 𝜀F follows a geometric sequence with ratio 
𝑐𝜀, ranging between 𝜀Fmin and 𝜀Fmax. The initial tolerance 𝜀Fmin is set 
to a very low value, say, 10−16, while the final tolerance 𝜀Fmax is set to 
𝛥∕2, where 𝛥 =

√

𝑚𝜎𝛿 represents the noise level and 𝜎2𝛿  is the average 
variance of the noise given by Eq. (6). Notably, this choice aligns with 
the discrepancy principle, which states that iteration should be stopped 
when the residual is of the order of the noise level, or more precisely, 
when ‖𝐟̂ (𝐱𝛿S) − 𝐲̂𝛿‖ ≤ 𝜂𝛥 with 𝜂 > 1 being a control parameter [47].
Starting point configuration loop. At the first configuration step, the set 
of starting points 𝑆0 = {𝐱̂0𝑘}

𝑁̂0
𝑘=1, which was originally computed using 

Algorithm 2 for exact data corresponding to 𝐟̂ , is also employed in 
the case of noisy data. In subsequent iterations, starting points are 
sampled from a larger box 𝑋2, which contains 𝑋, and is constructed 
in a way such that 𝜇(𝑋2) = 2𝜇(𝑋), where 𝜇(𝑋) is the measure of 
𝑋 (the volume of the box 𝑋). This sampling approach follows the 
double box stopping rule used in the MinFinder algorithm. Actually 
this stopping rule enhances the algorithm’s efficiency when the set of 
starting points 𝑆0 provided by the starting point generation algorithm is 
used. To demonstrate this, we will examine the stopping rule in detail. 
The quantity 𝛿 = 𝑗𝑁 ∕𝑁 , where 𝑁  is the number of sample points 
𝑗 0𝑗 0P 0𝑗
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at the current iteration 𝑗 and 𝑁0P is the total number of sample points 
after 𝑗 iterations, has (i) the expectation value ⟨𝛿⟩𝑗 = (1∕𝑗)

∑𝑗
𝑖=1 𝛿𝑖

that tends to 𝜇(𝑋)∕𝜇(𝑋2) = 1∕2 as 𝑗 → ∞, and (ii) the variance 
𝜎2𝑗 (𝛿) =

⟨

𝛿2
⟩

𝑗 −
⟨

𝛿
⟩2
𝑗  that tends to 0 as 𝑗 → ∞. The variance, being 

smoother than the expectation value, is chosen for the stopping rule. 
Accordingly, the algorithm terminates when the variance 𝜎2𝑗 (𝛿) drops 
below the variance tolerance 𝑎. The tolerance 𝑎 is decreased during the 
iteration, i.e., if a new solution is found, 𝑎 is set to a fraction 𝑝 < 1
of the current variance 𝜎2𝑗 (𝛿). If the convergence parameter 𝑝 is small 
(𝑝 → 0), the algorithm performs a thorough search of the domain, 
whereas larger values of 𝑝 (𝑝 → 1) lead to earlier termination, which 
might be premature. In fact, the efficiency of the algorithm depends 
on how quickly it finds all the solutions (the more solutions are found 
in the late steps of the algorithm, the more the variance tolerance 𝑎
becomes smaller, and the more iterations are needed for the algorithm 
to terminate). A favorable situation is when at the first iteration the 
algorithm finds most of the solutions. The probability of finding the re-
maining solutions within a few iteration steps (configurations) is high, 
meaning the variance tolerance 𝑎 will not be significantly reduced. 
Therefore, for the set of starting points 𝑆0, we expect the algorithm 
to potentially complete more quickly.

Some other distinctive features of the multistart algorithm, includ-
ing the starting point validation, generation of sampling points, local 
optimization methods, and the estimation of the posterior covariance 
matrix are outlined below.

1. Starting point validation. The validation criterion used at configu-
ration steps 𝑗 ≥ 2 is somewhat conservative and may not be very 
efficient. Typically, validation is based on the function values 
at the initial points rather than those obtained after several 
iterations of the local search. However, the reason for using this 
criterion is that we want to discard starting points only when we 
are absolutely sure that the space in their immediate vicinity is 
less promising. The function tolerance parameter 𝜆FV allows us 
to control the number of valid starting points.

2. Generation of sampling points. In the literature, several sampling 
methods have been described, including pseudo-random num-
ber generators [48,49], chaotic methods [50–52], low discrep-
ancy methods (Halton, Sobol, and Faure sequences), Latin hy-
percube sampling [53], quasi-oppositional differential evolu-
tion [54,55], and centroidal Voronoi tessellation [56] are used 
as sampling methods. For our implementation, we focused on 
pseudo-random number generators, low discrepancy methods, 
Latin hypercube sampling, and centroidal Voronoi tessellation. 
To select an appropriate sampling method, we use the 𝐿⋆

2  star 
discrepancy, which is a measure of the uniformity of point 
distributions in a domain.

3. Local optimization methods. The algorithm leverages local opti-
mization techniques from the PORT library [57,58], as well as 
BFGS [59], conjugate gradient [60,61], scaled conjugate gradi-
ent [62], and DQED [63]. These methods can be applied either 
individually or sequentially; if one method does not achieve the 
desired reduction in the objective function within a specified 
tolerance, the next method in the sequence is used.

4. Posterior covariance matrix. The posterior covariance matrix at 
the solution 𝐱𝛿S𝑘 is computed as the inverse of the Hessian 
matrix of the objective function 𝛿 . Under the Gauss–Newton 
approximation to the Hessian, the computational formula for the 
covariance matrix is 𝖢̂x = 𝜎2𝛿 (𝖪

𝑇𝖪)−1, where 𝖪 is the Jacobian of 
𝐟̂ evaluated at 𝐱𝛿S𝑘. The key assumption underlying this estimate 
is that approximating 𝛿 by a second-order Taylor expansion 
introduces negligible error in the covariance matrix estimation. 
This assumption holds if the function ̂𝐟 is not overly nonlinear. 
If the function is highly nonlinear, Monte Carlo techniques may 
be required to compute a more realistic covariance matrix. In 
such cases, given a data vector ̂𝐲𝛿 , we compute a set of solutions 
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{𝐱𝛿S𝑘}
𝑁S
𝑘=1 using the multistart algorithm, and form 𝑁S clusters 

centered at each solution 𝐱𝛿S𝑘. Noisy data vectors are then gen-
erated with noise 𝜹̂ ∼  (𝟎, 𝜎2𝛿 𝖨𝑚) centered around 𝐲̂𝛿 . The 
multistart algorithm is applied to each noisy data vector, and 
each solution corresponding to a noisy data vector is assigned to 
the cluster whose center is closest, using Euclidean distance as 
the distance metric. The solutions within each cluster centered 
at 𝐱𝛿S𝑘 are then used to compute the estimated solution E{𝐱𝛿S𝑘}
and the covariance matrix 𝖢̂x(𝐱𝛿S𝑘).

In summary, the proposed inversion algorithm involves the following 
steps:

1. Surrogate Model Approximation: Replace the forward model 𝐅(𝐱)
with a surrogate function 𝐟 (𝐱), trained on an exact dataset  =
{(𝐱𝑖, 𝐲𝑖)}𝑁𝑖=1, where 𝐲𝑖 = 𝐅(𝐱𝑖) and 𝑁 is the number of sam-
ples. This approximation is achieved using a neural network 
approach.

2. Estimation of Surrogate Approximation Error : Assuming that the 
surrogate approximation error follows a normal distribution 
𝜹A ∼  (𝟎,𝖢𝛿A), estimate the covariance matrix 𝖢𝛿A by com-
puting the conditional average covariance matrix over a test set 
T = {(𝐱𝑖, 𝐲𝑖)}

𝑁T
𝑖=1, i.e., 𝖢𝛿A ≈ E(𝖢𝛿A|T) = (1∕𝑁T)

∑𝑁T
𝑖=1(𝐞𝑖−𝐞)(𝐞𝑖−

𝐞)𝑇 , where 𝐞𝑖 = 𝐲𝑖 − 𝐟 (𝐱𝑖) with 𝐲𝑖 = 𝐅(𝐱𝑖) is the error for the 𝑖th 
test point, 𝐞 = (1∕𝑁)

∑𝑁
𝑖=1 𝐞𝑖 is the sample mean, and 𝑁T is the 

number of test points.
3. Total Data Uncertainty Model: Under the assumption that the 
measurement noise follows a normal distribution 𝜹N ∼
 (𝟎,𝖢𝛿N), compute the covariance matrix 𝖢𝛿 of the total un-
certainty in the data vector, given by 𝜹 = 𝜹N + 𝜹A ∼  (𝟎,𝖢𝛿), 
as 𝖢𝛿 = 𝖢𝛿N + 𝖢𝛿A. This leads to the inverse problem 𝐟 (𝐱) = 𝐲𝛿 , 
where the noisy data is modeled as 𝐲𝛿 = 𝐟 (𝐱) + 𝜹.

4. Whitening Transformation: Compute the average variance of the 
total error 𝜎2𝛿 = (1∕𝑚)

∑𝑚
𝑘=1[𝖢𝛿]𝑘𝑘, and the normalized covariance 

matrix 𝖢̂𝛿 = (1∕𝜎2𝛿 )𝖢𝛿 . Apply a whitening transformation using a 
matrix 𝖶, defined in terms of the normalized covariance matrix 
𝖢̂𝛿 , leading to the transformed inverse problem ̂𝐟 (𝐱) = 𝐲̂𝛿 , where 
𝐟̂ (𝐱) = 𝖶𝐟 (𝐱) and ̂𝐲𝛿 = 𝖶𝐲𝛿 = 𝐟̂ (𝐱) + 𝜹̂ with ̂𝜹 = 𝖶𝜹 ∼  (𝟎, 𝜎2𝛿 𝖨𝑚).

5. Generation of Starting Points: Use Algorithm 2 to compute a set of 
starting points 𝑆0 = {𝐱̂0𝑘}

𝑁̂0
𝑘=1 that yield a set of solutions close to 

the set of all solutions of the solvable equation ̂𝐟 (𝐱) = 𝐲̂, where 
𝐲̂ ∈ (𝐟̂ ) is the exact data vector corresponding to ̂𝐟 .

6. Solution of the Inverse Problem: Determine all solutions to the 
inverse problem with noisy data 𝐟̂ (𝐱) = 𝐲̂𝛿 using the multistart 
algorithm with enhanced starting point generation 4.

7. Uncertainty Quantification: Compute the posterior covariance ma-
trix at the solutions using (i) an analytical method based on a 
second-order Taylor expansion of the objective function com-
bined with a Gauss–Newton approximation to the Hessian, or 
(ii) a Monte Carlo approach.

3. Application to TIRM

In a TIRM experiment, we consider a prolate spheroid with semi-
major and semi-minor axes of 2.0 μm and 1.0 μm, respectively, and 
for the state vector 𝐱 = [𝑑, 𝛼, 𝛽]𝑇  compute the forward model 𝐅 =
[𝐼𝑀 , 𝛼𝑀 , 𝜀𝑀 ]𝑇  using the light scattering methodology described in 
Ref. [8]. The box 𝑋 is chosen as 𝑋 = [0, 0.1] × [0◦, 180◦] × [60◦, 120◦], 
where 𝑑 is in micrometers, and 𝛼 and 𝛽 are in degrees.
9 
Algorithm 4 Multistart algorithm with enhanced starting point 
generation.
1. Inputs: Initial and final absolute function tolerances 𝜀Fmin and 𝜀Fmax, 
respectively, the ratio 𝑐𝜀 defining the geometric sequence of absolute 
function tolerances, whitened data vector 𝐲̂𝛿 = 𝖶𝐲𝛿 , starting points 
𝑆0 delivered by the starting points generation algorithm, number of 
starting points 𝑁0 to be used when the set 𝑆0 is not utilized, maximum 
configurations of sample points 𝑁C, parameter 𝑝 < 1 that controls the 
variance tolerance for the stopping criterion, and function tolerance 
parameter 𝜆FV for the validation step.
2. Initialization of Absolute Function Tolerance Loop: Set 𝜀F = 𝜀Fmin.
3. Absolute Function Tolerance Loop:
While 𝜀F ≤ 𝜀Fmax do:

• Initialization of Starting Point Configuration Loop: Set 𝑎 = 0, 𝑁0P =
0, and 𝑋𝛿

S = ∅, where 𝑎 represents the variance tolerance, 𝑁0P is 
the total number of sample points at the current iteration, and 𝑋𝛿

S
is the set of solutions.

• Starting Point Configuration Loop:
For each configurations 𝑗, 𝑗 = 1,… , 𝑁C do:

– Select Starting Points: If 𝑗 = 1 choose the set of starting points 
𝑆0 = {𝐱0𝑘}

𝑁0
𝑘=1 as 𝑆0 = 𝑆0, and set 𝑁0P𝑗 = 𝑁̂0 and 𝑁0𝑗 = 𝑁̂0; 

else, choose 𝑆0 = {𝐱0𝑘}
𝑁0
𝑘=1 by sampling 𝑁0P𝑗 points from 

𝑋2, where 𝜇(𝑋2) = 2𝜇(𝑋), until 𝑁0 points fall in 𝑋, and set 
𝑁0𝑗 = 𝑁0.

– Compute Sample Statistics: Update the total number of sample 
points after 𝑗 iterations, i.e., 𝑁0P = 𝑁0P+𝑁0P𝑗 , and compute 
the quantity 𝛿𝑗 = 𝑗𝑁0𝑗∕𝑁0P, its expectation value 

⟨

𝛿
⟩

𝑗 =

(1∕𝑗)
∑𝑗

𝑖=1 𝛿𝑖, and its variance 𝜎2𝑗 (𝛿) =
⟨

𝛿2
⟩

𝑗 −
⟨

𝛿
⟩2
𝑗 .

– Validation of Starting Points: If 𝑗 = 1, all starting points are 
considered to be valid; else, use the following validation 
criterion: Perform an incomplete local search of 1 or 2
steps for each starting point 𝐱0𝑘 in the set 𝑆0, and compute 
𝛿max = max𝑘 𝛿𝑘 and 𝛿min = min𝑘 𝛿𝑘, where 𝛿𝑘 is the 
value of the noise-affected objective function at the end of 
the local search, corresponding to 𝐱0𝑘. If 𝛿𝑘 ≤ 𝛿min +
𝜆FV(𝛿max − 𝛿min), then 𝐱0𝑘 is considered valid; otherwise, 
it is not considered valid.

– Solution Search:

∗ Initialize 𝑁𝑒𝑤𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 = false.
∗ For each starting points 𝐱0𝑘 ∈ 𝑆0, 𝑘 = 1,… , 𝑁0 do:

· If 𝐱0𝑘 is a valid starting point, perform a local 
search with 𝐱0𝑘 as the initial point. If the local 
search is successful (i.e., the absolute function 
convergence criterion is met with tolerance 𝜀F) 
and the solution 𝐿(𝐲̂𝛿 ∣ 𝐱0𝑘) ∉ 𝑋𝛿

S , then update 
𝑋𝛿
S to include this new solution, i.e., 𝑋𝛿

S = 𝑋𝛿
S ∪

{𝐿(𝐲̂𝛿 ∣ 𝐱0𝑘)}, and set 𝑁𝑒𝑤𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 = true.

– Adjust Tolerance: If 𝑁𝑒𝑤𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 = true, set 𝑎 = 𝑝𝜎2𝑗 (𝛿).
– Convergence Check: If 𝜎2𝑗 (𝛿) < 𝑎, then exit from the configu-
ration loop (the 𝑗 loop) and return the set of solutions 𝑋𝛿

S
as the output.

• Check Solutions: If at least one minimum is detected in 𝑋𝛿
S , i.e., if 

𝑁𝛿
S > 1, terminate the tolerance loop; else, update the tolerance 

as 𝜀F = 𝑐𝜀𝜀F.
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Fig. 4. Histograms of the errors in the integrated intensity 𝐼𝑀 , the morphology aspect ratio 𝜀𝑀 , and the morphology orientation angle 𝛼𝑀 .
3.1. Neural network-based surrogate model

The forward model is approximated by a surrogate function using 
a neural network approach. For this purpose, we use 𝑁 = 50000
data points randomly generated using a Sobol sequence, with 45,000 
samples for training and the remaining 5000 for validation. We employ 
a feed-forward multilayer perceptron architecture with four hidden 
layers containing 32, 64, 64, and 32 neurons, respectively. The Ex-
ponential Linear Unit (ELU) activation function is used in the hid-
den layers, while a linear activation function is used in the output 
layer. Optimization is performed using mini-batch gradient descent 
with adaptive moment estimation (ADAM) and a mini-batch size of 250 
samples.

To estimate the approximation error, we consider a test set T =
{(𝐱𝑖, 𝐲𝑖 = 𝐅(𝐱𝑖))}

𝑁T
𝑖=1 with 𝑁T = 200 data points. The histograms of each 

component of the error vector 𝐞𝑖 = 𝐲𝑖 − 𝐟 (𝐱𝑖), 𝑖 = 1,… , 𝑁T are shown in 
Fig.  4. The covariance matrix of the approximation error is estimated as 
the conditional average covariance matrix over the test set T, yielding

𝖢𝛿A ≈ (1∕𝑁T)
𝑁T
∑

𝑖=1
(𝐞𝑖 − 𝐞)(𝐞𝑖 − 𝐞)𝑇

=
⎡

⎢

⎢

⎣

1.997 × 10−5 1.988 × 10−6 −8.162 × 10−7

1.988 × 10−6 1.104 × 10−5 −1.803 × 10−7

−8.162 × 10−7 −1.803 × 10−7 4.535 × 10−6

⎤

⎥

⎥

⎦

,

where

𝐞 = (1∕𝑁T)
𝑁T
∑

𝑖=1
𝐞𝑖 = [−7.339 × 10−4; 4.507 × 10−4; −1.319 × 10−3]𝑇

is the sample mean of the errors. Furthermore, the average variance of 
the approximation error over the test set is 𝜎2𝛿A = (1∕𝑚)

∑𝑚
𝑘=1[𝖢𝛿A]𝑘𝑘 =

1.185 × 10−5 and the average relative error of the approximation error 
is

𝜀𝛿A = 1
𝑁T

𝑁T
∑

𝑖=1

‖𝐞𝑖‖
‖𝐲𝑖‖

= 2.462 × 10−3.

In Fig.  5 we illustrate the morphology quantities computed with 
the neural network model. The results show that (i) the morphology 
10 
orientation angle 𝛼𝑀  depends strongly on the azimuthal particle ori-
entation angle 𝛼 and weakly on the polar particle orientation angle 𝛽, 
(ii) the morphology aspect ratio 𝜀𝑀  depends on the particle orientation 
angles (𝛼, 𝛽), and (iii) the integrated intensity 𝐼𝑀  depends on both the 
separation distance 𝑑 and the particle orientation angles (𝛼, 𝛽).

3.2. Measurement noise and whitening transformation

The measurement noise in each component of the output 𝐲 = 𝐅 =
[𝐼𝑀 , 𝛼𝑀 , 𝜀𝑀 ]𝑇 , where 𝐼𝑀 , 𝛼𝑀 , and 𝜀𝑀  are the integrated signal, the 
morphology orientation angle, and the aspect ratio observed in an 
image, respectively, is estimated as follows.

1. The measurement noise in the integrated signal is assumed to 
be Gaussian with zero mean. For a state vector 𝐱𝑖 in the test set 
T, the noise variance of the integrated signal 𝐼𝑀,𝑖 = [𝐅(𝐱𝑖)]1
is estimated from the signal-to-noise ratio (SNR), defined as the 
ratio of the signal amplitude to the standard deviation (and not 
as the ratio of their power):

SNR =
𝐼𝑀,𝑖

𝜎𝛿N1,𝑖
By choosing SNR = 100, which is a typical value for a TIRM 
experiment, we find that the average variance of the integrated 
signal over the test set is 𝜎2𝛿N1 = (1∕𝑁T)

∑𝑁T
𝑖=1 𝜎

2
𝛿N1,𝑖 = 2.970×10−5.

2. Accurate distance and angle measurements using a CCD camera 
are influenced by instrumental noise, which originates from 
multiple sources, including readout noise, photon shot noise, and 
optical aberrations. In many practical applications, particularly 
when working with well-calibrated imaging systems under sta-
ble lighting conditions, the noise affecting the detected pixel 
positions can be approximated as Gaussian and isotropic. This 
assumption is valid when the positional errors in both 𝑥 and 
𝑦 coordinates follow independent normal distributions with the 
same variance, i.e., 𝜖x, 𝜖y ∼  (0, 𝜎2CCD) for 𝑥𝛿 = 𝑥 + 𝜖x and 
𝑦𝛿 = 𝑦 + 𝜖y. Such conditions are typically met when the sensor 
resolution is high, the point spread function is approximately 
symmetric, and systematic distortions are either negligible or 
well-corrected through calibration. Under these circumstances, 
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Fig. 5. Upper panels: The morphology orientation angle 𝛼𝑀 (𝛼, 𝛽) and aspect ratio 𝜀𝑀 (𝛼, 𝛽). Lower panels: The normalized integrated intensity 𝐼𝑀 (𝑑 = 0, 𝛼, 𝛽) (left) and 𝐼𝑀 (𝑑, 𝛼, 𝛽 = 0)
(right), where 𝐼𝑀 (𝑑, 𝛼, 𝛽) = 𝐼𝑀 (𝑑, 𝛼, 𝛽)∕𝐼𝑀 (𝑑 = 0, 𝛼 = 0, 𝛽 = 0).
the statistical properties of derived geometric quantities, such 
as the angle between two points with respect to a reference 
and the ratio of two distances can be analyzed using standard 
error propagation techniques. The variance of the angle 𝛼𝑀 =
arctan(𝑦2−𝑦1)∕(𝑥2−𝑥1) between the two points (𝑥1, 𝑦1) and (𝑥2, 𝑦2)
with respect to a reference and the variance of the aspect ratio 
𝜀𝑀 = 𝑑1∕𝑑2 of two measured distances 𝑑1 and 𝑑2, are given by

𝜎2𝛿N2 = Var(𝛼𝑀 ) =
2𝜎2CCD
𝑑2

,

and

𝜎2𝛿N3 = Var(𝜀𝑀 ) =
2𝜎2CCD
𝑑22

(1 + 𝜀2𝑀 ),

respectively, where 𝑑 =
√

(𝑥2 − 𝑥1)2 + (𝑦2 − 𝑦1)2 represents the 
characteristic length scale of the measurement. For a conven-
tional CCD camera with a typical positional noise of 𝜎CCD ≈ 0.2
pixels, the variances of 𝛼𝑀  and 𝜀𝑀  can be estimated for practical 
scenarios. Assuming distances of approximately 10 to 30 pixels 
and aspect ratios in the range 1 ≤ 𝜀𝑀 ≤ 3, the variance of 𝛼𝑀  is 
found to be in the range Var(𝛼𝑀 ) ≈ 8.9 × 10−5 to 8 × 10−4, while 
the variance of 𝜀𝑀  ranges between Var(𝜀𝑀 ) ≈ 8×10−4 to 8×10−3.

Choosing 𝜎2𝛿N2 = 𝜎2𝛿N3 = 8 × 10−4, we deduce that the measurement 
noise 𝜹N follows a Gaussian distribution with zero mean and covariance 
matrix 𝖢𝛿N = 𝜎2𝛿N𝖨𝑚, i.e., 𝜹N ∼  (𝟎,𝖢𝛿N), where the measurement noise 
variance is given by 𝜎2𝛿N = 𝜎2𝛿N1 + 𝜎2𝛿N2 + 𝜎2𝛿N3 = 1.629× 10−3. Comparing 
the variances of the measurement noise and the approximation error, 
we observe that the measurement noise is the dominant source of 
uncertainty, with its variance being an order of magnitude larger than 
that of the approximation error. Consequently, omitting the forward 
model parameter error 𝜹B, we find that (i) the total covariance matrix

𝖢𝛿 =
⎡

⎢

⎢

1.649 × 10−3 1.988 × 10−6 −8.162 × 10−7

1.988 × 10−6 1.640 × 10−3 −1.803 × 10−7
−7 −7 −3

⎤

⎥

⎥

⎣−8.162 × 10 −1.803 × 10 1.634 × 10 ⎦

11 
is diagonally dominant, (ii) the average variance of the total error 
𝜎2𝛿 = (1∕𝑚)

∑𝑚
𝑘=1[𝖢𝛿]𝑘𝑘 = 1.641 × 10−3 is close to the measurement noise 

variance, and (iii) the normalized total covariance matrix

𝖢̂𝛿 =
⎡

⎢

⎢

⎣

1.005 1.211 × 10−3 −4.972 × 10−4

1.211 × 10−3 9.995 × 10−1 −1.098 × 10−4

−4.972 × 10−4 −1.098 × 10−4 9.955 × 10−1

⎤

⎥

⎥

⎦

as well as the whitening matrix, obtained through a Cholesky factor-
ization of 𝖢̂𝛿 ,

𝖶 =
⎡

⎢

⎢

⎣

9.950 × 10−1 0 0
−1.205 × 10−3 1.001 0
4.968 × 10−4 1.098 × 10−4 1.004

⎤

⎥

⎥

⎦

are both close to the identity matrix.
Since 𝖶 ≈ 𝖨𝑚, we can practically assume that transformed inverse 

problem ̂𝐟 (𝐱) = 𝐲̂𝛿 is nearly identical to the original one 𝐟 (𝐱) = 𝐲𝛿 , where 
𝐲𝛿 = 𝐟 (𝐱) + 𝜹 with 𝜹 ∼  (𝟎,𝖢𝛿 = 𝜎2𝛿 𝖨𝑚).

3.3. Advanced multistart solver

When applying the advanced multistart solver, the samples are 
randomly generated using a Sobol sequence, as this method was found 
to have the lowest 𝐿⋆

2  star discrepancy among the methods considered. 
The local search is conducted using the least-squares routine DRN2 GB 
from the PORT library (operating in reverse communication) with 
simple bounds on the variables, as it has been found to effectively 
capture the exact solutions by imposing small function and solution 
tolerances, 𝜀F and 𝜀X, respectively. The set of starting points is selected 
as the hitting set with the smallest number of elements. The simulations 
are performed using the following input parameters:

1. In the starting point generation algorithm (Algorithm 2), we set 
𝑁0 = 200 for the number of starting points and 𝑁S = 800 for the 
number of solutions. The tolerances 𝜀F and 𝜀X are set to 10−20
and 10−10, respectively. The hitting set problem is solved using 
the greedy algorithm.
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2. In the multistart algorithm with enhanced starting point gen-
eration (Algorithm 4), the initial and final absolute function 
tolerances are set to 𝜀Fmin = 10−16 and 𝜀Fmax = 3.5 × 10−2(≈
√

𝑚𝜎𝛿∕2), respectively, and the factor for increasing the absolute 
function tolerance to 𝑐𝜀 = 10. Additionally, the following input 
parameters are used: (i) 𝑁0 = min(𝑁̂0, 10), the number of starting 
points to use if the set generated by the starting point generation 
algorithm is not utilized, (ii) 𝑁C = 1000, the maximum number 
of sample point configurations, (iii) 𝑝 = 0.2, the variance toler-
ance parameter for the stopping criterion, and (iv) 𝜆FV = 0.5, the 
function tolerance parameter for the validation step.

In the first stage, the starting point generation algorithm identifies 
𝑁̂0 = 9 points (from the set of 𝑁0 = 200 starting points) to be used 
in the multistart algorithm with enhanced starting point generation. It 
should be pointed out that the choice 𝑁0 = min(𝑁̂0, 10), which specifies 
the number of starting points to be used when the points delivered by 
the starting point generation algorithm are not utilized, is intended to 
reduce the computational time when 𝑁̂0 > 10 (as a result, the accelera-
tion factor is larger than that corresponding to the choice 𝑁0 = 𝑁̂0). In 
Fig.  6, we illustrate the injectivity domains projected onto the 𝛼𝛽-plane. 
With the exception of a few points from one injectivity domain that 
lie within another (a situation that may occur, as mentioned above), 
the projected domains are disjoint. Since two sets of points in three-
dimensional space are disjoint if at least one of their projections onto 
the Cartesian coordinate planes is disjoint, we can conclude that the 
injectivity domains are disjoint in three-dimensional space.

In the second stage, for 𝑁Y = 200 data vectors organized in the 
set Y = {(𝐱𝑖, 𝐲𝑖 = 𝐟 (𝐱𝑖))}

𝑁Y
𝑖=1 we apply Algorithm 4 to solve the 

equation 𝐟 (𝐱) = 𝐲 for the exact data vector 𝐲 ∈ (𝐟 ). Additionally, 
for the associated noisy data set 𝛿

Y = {(𝐱𝑖, 𝐲𝛿𝑖 = 𝐲𝑖 + 𝜹)}𝑁Y
𝑖=1, where 

𝜹 ∼  (𝟎,𝖢𝛿 = 𝜎2𝛿 𝖨𝑚), we solve the inverse problem 𝐟 (𝐱) = 𝐲𝛿 using 
the same algorithm. For the exact data, the algorithm identifies one 
solutions 73 times, two solutions 89 times, three solution 24 times, and 
four solutions 14 times out of the total 200 runs. We represent this set 
of solutions as {73× 1; 89× 2; 24× 3; 14× 4}. For the noisy data, the set 
of solutions is {70 × 1; 88 × 2; 24 × 3; 14 × 4; 1 × 5; 1 × 6; 1 × 7; 1 × 8}.

In Fig.  7 we illustrate the number of noisy solutions 𝑁𝛿
S  compared 

to the number of exact solutions 𝑁S. The results indicate that for a 
pair (𝐲𝑖, 𝐲𝛿𝑖 ), where 𝑖 = 1, 2,… , 𝑁Y, the numbers of solutions can differ. 
Specifically, the situation 𝑁𝛿

S = 𝑁S occurs in 138 cases, the situation 
𝑁𝛿
S < 𝑁S occurs in 28 cases, and the situation 𝑁𝛿

S > 𝑁S occurs in 34
cases. As an example, Fig.  8 illustrate the distributions of the exact and 
noisy solutions in the cases 𝑁𝛿

S = 𝑁S, 𝑁𝛿
S < 𝑁S, and 𝑁𝛿

S > 𝑁S. In fact, 
the final absolute function tolerance serves as an indication of the type 
of minima found. Global minima correspond to 𝜀F = 10−16, while local 
minima correspond to significantly larger values of 𝜀F. For example, in 
the case of exact data, all solutions were found with 𝜀F = 10−16, while 
in the case of noisy data, local minima were found with tolerances 
𝜀F = 10−7 once, 𝜀F = 10−5 thirteen times, 𝜀F = 10−4 eighteen times, and 
𝜀F = 10−3 nine times; the remaining 159 solutions were global minima, 
all found with 𝜀F = 10−16.

Because the function 𝐟 is nonlinear, a Monte-Carlo analysis is re-
quired to compute a realistic posterior covariance matrix. The example 
illustrated in Fig.  9 corresponds to a noisy data vector 𝐲𝑏𝑜𝑙𝑑𝑠𝑦𝑚𝑏𝑜𝑙𝛿 with 
𝑁𝛿
S = 2 solutions, denoted as {𝐱𝛿S𝑘}

𝑁𝛿
S

𝑘=1. We generate 200 noisy data 
vectors with noise 𝜹 ∼  (𝟎,𝖢𝛿 = 𝜎2𝛿 𝖨𝑚) centered around 𝐲̂𝛿 , define 
𝑁𝛿
S  clusters centered at 𝐱𝛿S𝑘, apply the multistart algorithm for each 

of the 200 noisy data vectors, assign each solution to the cluster with 
the nearest center, and use all solutions within a cluster to compute 
the estimated solutions E{𝐱𝛿S𝑘} and the covariance matrices 𝖢̂x(𝐱𝛿S𝑘) for 
𝑘 = 1, 2. The relative errors in the expected solutions E{𝐱𝛿S𝑘} compared 
to the noisy solutions 𝐱𝛿S𝑘 are 2.5 × 10−3 for the first solution and 7.8 ×
10−4 for the second solutions. The standard deviations in the solution 
components (𝑑, 𝛼, 𝛽) are (1.8×10−3, 2.6◦, 1.2◦) and (5.8×10−3, 1.5◦, 1.0◦), 
respectively. On the other hand, the standard deviations computed with 
12 
the analytical formula 𝖢̂x = 𝜎2𝛿 (𝖪
𝑇𝖪)−1, considering a second-order 

Taylor expansion of the objective functions, are (2.6 × 10−5, 19.3◦, 9.4◦)
and (8.2×10−5, 11.5◦, 8.7◦), respectively, which, as shown in Fig.  9, seem 
unrealistic.

4. Conclusions

We developed an algorithm for solving inverse problems that in-
volve finding all solutions to the equation 𝐅(𝐱) = 𝐲, where 𝐅 ∶ R𝑛 →
R𝑚 represents a nonlinear and continuous forward model, and 𝐲 ∈
R𝑚 is the data vector. The function 𝐅 is computationally expensive, 
lacks available derivatives, and is treated as a black-box function. 
Furthermore, there is no prior information about the smoothness or 
statistical properties of the state vector 𝐱 ∈ R𝑛 except for the box 
constraint 𝑋 = [𝑎1, 𝑏1]×[𝑎2, 𝑏2]…×[𝑎𝑛, 𝑏𝑛], while the problem is further 
influenced by uncertainties in 𝐲. Specifically, the algorithm includes:

1. A neural network-based surrogate model to reduce computa-
tional cost and handle the lack of derivatives.

2. Formulating an inverse problem with isotropic noise by applying 
a whitening transformation and solving it by minimizing the 
residual with simple bounds.

3. An advanced multistart solver to find all solutions of the inverse 
problem, addressing the nonlinearity of the forward model.

Regarding the first item, we note that Appendix covers the mathemat-
ical foundation for the development of retrieval algorithms based on 
neural networks from a statistical perspective.

The advanced multistart solver has several notable features:

1. The proposed methodology consists of two key components:

(a) Starting Point Generation Algorithm: This algorithm rec-
ognizes that a solution can be reached from multiple start-
ing points. It generates a set of starting points by solving 
a hitting set problem, which improves the performance of 
the multistart algorithm.

(b) Multistart Algorithm: This algorithm uses the generated 
starting points as initial guesses to explore the solution 
space, increasing the likelihood of finding all possible 
solutions.

2. The multistart algorithm encompasses the following characteris-
tics:

(a) The algorithm features an outer loop that iterates over 
the absolute function tolerance, guaranteeing the iden-
tification of multiple global and local minima without 
premature termination. Global minima, which emerge 
at smaller absolute function tolerances, occur when the 
noisy data falls within an injectivity domain of the for-
ward model. In contrast, local minima, detected at larger 
absolute function tolerances, arise when the noisy data 
lies outside the range of the forward model.

(b) During the local search phase, a least-squares function is 
minimized while adhering to simple bounds on variables.

(c) A double box stopping rule is employed, along with a val-
idation criterion for starting points that relies on function 
values obtained after a few iterations of the local search. 
Additionally, the approach incorporates various sampling 
techniques and optimization methods.

(d) To estimate the covariance matrix at the solution, the 
algorithm either uses a standard analytical approach or 
conducts a Monte Carlo analysis.

The algorithm was applied to a TIRM experiment to address the fol-
lowing inverse problem: Given the measured morphology quantities 
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Fig. 6. Injectivity domains projected onto the 𝛼𝛽-plane.
Fig. 7. Number of noisy solutions (corresponding to 𝐲𝛿𝑖 ) compared to the number of exact solutions (corresponding to 𝐲𝑖) for all 𝑖 = 1, 2,… , 𝑁Y.
(𝐼𝑀 , 𝛼𝑀 , 𝜀𝑀 ) representing the integrated signal, the morphology ori-
entation angle, and the aspect ratio 𝜀𝑀  observed in an image, respec-
tively, solve the nonlinear equations 𝐼𝑀 = 𝐼𝑀 (𝑑, 𝛼, 𝛽), 𝛼𝑀 = 𝛼𝑀 (𝑑, 𝛼, 𝛽), 
and 𝜀𝑀 = 𝜀𝑀 (𝑑, 𝛼, 𝛽) for the parameters (𝑑, 𝛼, 𝛽) representing the 
separation distance and the particle orientation angles, respectively, 
that are necessary for tracking dynamics. The following results were 
obtained:

1. The neural-network surrogate model demonstrates exceptional 
approximation capabilities, with an average relative error of the 
approximation error as low as 2.5 × 10−3.

2. For isotropic measurement noise with zero mean and a noise 
variance derived from a signal-to-noise ratio of 100, the mea-
surement noise significantly outweighs the surrogate approxima-
tion error. Consequently, the total covariance matrix is diago-
nally dominant, and its average variance closely matches that 
of the measurement noise. Furthermore, both the normalized 
13 
total covariance matrix and the whitening matrix approach the 
identity matrix, indicating that the original inverse problem can 
be solved directly without requiring a whitening transformation.

3. The number of starting points produced by the starting points 
generation algorithm is 4.5% of the total number of sample 
points generated by a Sobol sequence.

4. For exact data, the number of solutions ranges between 1 and 4, 
while for noisy data, it ranges between 1 and 8. In 70% of cases, 
the numbers of exact and noisy solutions are the same, while in 
the remaining cases, they differ.

5. Global minima were found with a small absolute function tol-
erance of 10−16, whereas local minima were identified with a 
significantly larger tolerance of up to 10−3.

6. The Monte-Carlo method provided a realistic posterior covari-
ance matrix.

We conclude with some final comments:
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Fig. 8. Exact solutions (filled circles) and noisy solutions (unfilled circles). The upper 
panel corresponds to 𝑁S = 𝑁𝛿

S = 4, the middle panel to 𝑁S = 4 and 𝑁𝛿
S = 2, and the 

lower panel to 𝑁S = 2 and 𝑁𝛿
S = 4. The noisy solutions are connected to the nearest 

exact solutions (although there are multiple options in their association).

1. It would be interesting to investigate in the future whether infor-
mation about the orientation angles 𝛼 and 𝛽 can be extracted by 
analyzing the two-dimensional Fourier transform of the CCD sig-
nal, specifically the dominant frequency components and their 
distribution. The direction of the major frequency components 
corresponds to the azimuthal angle 𝛼, reflecting the particle’s ori-
entation in the imaging plane. Meanwhile, the relative strength 
of the frequencies and their distribution along specific axes 
provide insights into the zenith angle 𝛽, as they encode the 
elongation and projection effects of the prolate spheroid.

2. The algorithm is efficient for low-dimensional physical inverse 
problems, particularly when the dimension 𝑛 is small, such as 
14 
for 𝑛 ≤ 10. This is because the most computationally intensive 
part of the algorithm is solving the hitting set problem, which 
is NP-complete. The computational complexity of the hitting set 
problem grows exponentially with the size of the set collection 
and the universe of elements. As the number of sets increases, 
the number of potential combinations to evaluate becomes pro-
hibitively large, leading to high computational costs. While the 
standard greedy algorithm can handle a reasonable number of 
sets, the modified version we developed (which ensures mini-
mal hitting sets) becomes increasingly challenging to apply to 
collections containing more than a few thousand dense sets. 
Consequently, the algorithm remains efficient and practical for 
low-dimensional problems, especially for 𝑛 ≤ 10. For example, 
in an 𝑛-dimensional space, a Sobol sequence requires approx-
imately 2𝑛 sample points for reasonable coverage. This means 
that for 𝑛 = 10, 1024 sample points are sufficient for sam-
pling the solution space 𝑋𝛿

S (in our simulations, we considered 
𝑁S = 800 samples, meaning that the number of sets in the 
collection is 800). However, for 𝑛 = 20, the required number of 
sample points increases to 1,048,576, making the hitting set al-
gorithm impractical without significantly higher computational 
resources.

3. The designed algorithm has multiple applications.

(a) For instance, it can be applied in atmospheric remote 
sensing for retrieving cloud or aerosol optical thickness 
and top height.

i. For cloud retrieval, incorporating the mean droplet 
radius into the retrieval process, alongside opti-
cal thickness and cloud top height, offers a more 
comprehensive understanding of cloud properties. 
Rather than relying on a fixed assumption for the 
mean radius, such as the common 10 μm value, 
this approach helps avoid introducing potential er-
rors and biases into the retrieval process. It allows 
the algorithm to adapt to varying cloud condi-
tions where the droplet size may differ. Since opti-
cal thickness and mean radius are often strongly 
correlated, with multiple combinations of these 
parameters potentially resulting in the same spec-
tral response, an advanced multistart algorithm 
can identify all possible solutions arising from this 
coupling. The next challenge is to identify and 
select the most likely, physically meaningful so-
lution, which can be achieved through the use of 
additional data.

ii. For aerosol retrieval, incorporating the aerosol size 
distribution alongside optical depth and altitude 
improves the accuracy of aerosol property estima-
tion. Aerosols exhibit a bimodal size distribution, 
with fine and coarse modes, requiring the retrieval 
of additional parameters: the effective radius of 
each mode. This approach avoids biases from over-
simplifying aerosol properties. As with cloud re-
trieval, optical depth and aerosol size distribution 
are strongly coupled, and multiple combinations 
of these parameters can lead to the same spectral 
response, with an advanced multistart algorithm 
providing all possible solutions.

(b) Other potential applications of the proposed algorithm, 
which will be explored in a future paper, include elec-
tromagnetic scattering inverse problems where different 
particle characteristics can produce identical scattering 
patterns. For example, in models of mononuclear cells 
as coated spheres or homogeneous spheres analyzed via 
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Fig. 9. Monte-Carlo analysis for a noisy data 𝐲𝛿 , with 𝑁𝛿
S = 2 identified solutions.
scanning flow cytometry, retrieving both the refractive 
index and size parameter can result in multiple parameter 
sets yielding indistinguishable scattering behavior [13,
14].
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Appendix

In this appendix, we review the fundamental theory underlying the 
design of retrieval algorithms using neural networks, following the 
analysis presented in Ref. [64]. First, we discuss the case of a neural 
network model with output noise, and then we specialize the obtained 
results to the case of a neural network model with exact data. Finally, 
we consider a neural network model that accounts for both output noise 
and forward model parameter error.

A.1. Neural network model with output noise

The analysis of a neural network model with output noise is con-
ducted within a stochastic framework, focusing on (i) the methodology 
for computing point estimates, (ii) different types of uncertainty, and 
(iii) the application of Bayesian regularization to solve the inverse 
problem.
15 
Point estimates
Consider a data representation that incorporates measurement

noise, expressed as 
𝐲𝛿 = 𝐟 (𝐱,𝝎) + 𝜹N, 𝜹N ∼  (𝟎,𝖢𝛿N), (A.1)

and a training dataset defined as 𝛿 = {(𝐱𝑖, 𝐲𝛿𝑖 )}
𝑁
𝑖=1, where 𝐲𝛿𝑖 = 𝐅(𝐱𝑖) +

𝜹N and 𝑁 is the number of samples. In this context, adding random 
noise to the output values in the training set, a process known as 
jittering output data, can help account for measurement uncertainty. In 
a probabilistic setting, a neural network can be interpreted as a model 
that defines the probability distribution 𝑝(𝐲𝛿|𝐱,𝝎). Given an input 𝐱 and 
a parameter set 𝝎, the network assigns a likelihood to each potential 
output 𝐲𝛿 . Based on the assumption in Eq. (A.1), the prior confidence 
in the predictive power of the model is given by 
𝑝(𝐲𝛿|𝐱,𝝎) =  (𝐟 (𝐱,𝝎),𝖢𝛿N). (A.2)

Learning from the dataset 𝛿 is characterized by the posterior distri-
bution 𝑝(𝝎|𝛿) = 𝑝(𝝎|𝐗,𝐘𝛿), where 𝐗 = {𝐱𝑖}𝑁𝑖=1 and 𝐘𝛿 = {𝐲𝛿𝑖 }

𝑁
𝑖=1. This 

posterior captures the plausibility for the parameters 𝝎 given the data 
𝛿 , and can be estimated using the Bayesian theorem 

𝑝(𝝎|𝛿) =
𝑝(𝛿

|𝝎)𝑝(𝝎)
𝑝(𝛿)

∝ 𝑝(𝛿
|𝝎)𝑝(𝝎) ∝ exp[−(𝝎)]. (A.3)

In Eq. (A.3), 𝑝(𝛿
|𝝎) is the likelihood or the probability of the data, 𝑝(𝝎)

is the prior over the network parameters, 𝑝(𝛿) = ∫ 𝑝(𝛿
|𝝎)𝑝(𝝎)d𝝎 the 

evidence, and 
(𝝎) = D(𝝎) + R(𝝎) (A.4)

the loss function. The first term D(𝝎) in the expression of the loss 
function (𝝎) arises from the likelihood 𝑝(𝛿

|𝝎), which factorizes as 
(cf. Eq. (A.2)):

𝑝(𝛿
|𝝎) = 𝑝(𝐘𝛿

|𝐗,𝝎) =
𝑁
∏

𝑖=1
𝑝(𝐲𝛿𝑖 |𝐱𝑖,𝝎) ∝ exp[−D(𝝎)], (A.5)

D(𝝎) =
1
2

𝑁
∑

𝑖=1
[𝐲𝛿𝑖 − 𝐟 (𝐱𝑖,𝝎)]𝑇𝖢−1

𝛿N[𝐲
𝛿
𝑖 − 𝐟 (𝐱𝑖,𝝎)]. (A.6)

The second term R(𝝎) corresponds to the contribution from the prior 
𝑝(𝝎), and can, for example, be chosen as a Gaussian distribution
𝑝(𝝎) =  (𝟎,𝖢𝜔) ∝ exp[−R(𝝎)], (A.7)

 (𝝎) = 1𝝎𝑇𝖢−1𝝎. (A.8)
R 2 𝜔
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Point estimates incorporating regularization are obtained by maximiz-
ing the posterior probability 𝑝(𝝎|𝛿), 
𝝎̂ = 𝝎MAP = argmax

𝝎
log 𝑝(𝝎|𝛿) = argmin

𝝎
(𝝎). (A.9)

When regularization is not applied, point estimates are derived by 
maximizing the likelihood function 𝑝(𝛿

|𝝎), 
𝝎̂ = 𝝎MLE = argmax

𝝎
logp(𝛿

|𝝎) = argmin
𝝎

D(𝝎). (A.10)

In summary, from a probabilistic standpoint, the loss function repre-
sents the negative log-likelihood of the data, often augmented with 
a regularization term to restrict parameter values. Statistically, this 
corresponds to maximum likelihood estimation (MLE) in the absence 
of regularization and to maximum a posteriori (MAP) estimation when 
regularization is introduced.

A comment can be made here. For 𝖢𝛿N = 𝜎2𝛿N𝖨𝑚, we have 

D(𝝎) =
𝑁
∑

𝑖=1

1
2𝜎2𝛿N

‖𝐲𝛿𝑖 − 𝐟 (𝐱𝑖,𝝎)‖2, (A.11)

or more precisely, 

D(𝝎) =
𝑁
∑

𝑖=1

[ 1
2𝜎2𝛿N

‖𝐲𝛿𝑖 − 𝐟 (𝐱𝑖,𝝎)‖2 +
𝑚
2
log(2𝜋𝜎2𝛿N)

]

. (A.12)

Thus, the maximum likelihood estimate is given by 

𝝎̂ = 𝝎MLE = argmin
𝝎

[ 1
2

𝑁
∑

𝑖=1
‖𝐲𝛿𝑖 − 𝐟 (𝐱𝑖,𝝎)‖2

]

. (A.13)

Since the normalization constant (1∕𝜎2𝛿N) in the Gaussian likelihood 
does not depend on 𝝎, it does not affect the optimization when taking 
the maximum likelihood estimate. Moreover, assuming 𝖢𝜔 = 𝜎2𝜔𝖨 and 
using Eqs. (A.4), (A.9), and (A.11) we obtain the maximum a posteriori 
estimate 

𝝎̂ = 𝝎MAP = argmin
𝝎

[ 1
2

𝑁
∑

𝑖=1
‖𝐲𝛿𝑖 − 𝐟 (𝐱𝑖,𝝎)‖2 + 𝜆‖𝝎‖2

]

(A.14)

where 𝜆 = 𝜎2𝛿N∕(2𝜎
2
𝜔) is the regularization parameter.

Uncertainties
We consider the estimation of uncertainty associated with the un-

derlying processes. The most precise measure of model uncertainty is 
the predictive distribution of an unknown output 𝐲𝛿 given an input 𝐱, 
which is expressed as 

𝑝(𝐲𝛿|𝐱,𝛿) = ∫ 𝑝(𝐲𝛿|𝐱,𝝎)𝑝(𝝎|𝛿)d𝝎. (A.15)

Knowing 𝑝(𝐲𝛿|𝐱,𝛿) allows us to compute the first two moments of the 
output 𝐲𝛿 as follows:

E(𝐲𝛿) = ∫ 𝐲𝛿𝑝(𝐲𝛿|𝐱,𝛿)d𝐲𝛿 , (A.16)

E(𝐲𝛿𝐲𝛿 𝑇 ) = ∫ 𝐲𝛿𝐲𝛿 𝑇 𝑝(𝐲𝛿|𝐱,𝛿)d𝐲𝛿 . (A.17)

From these, the covariance matrix is obtained as 
Cov(𝐲𝛿) = E(𝐲𝛿𝐲𝛿 𝑇 ) − E(𝐲𝛿)E(𝐲𝛿)𝑇 . (A.18)

Eq. (A.15) reveals that the predictive distribution 𝑝(𝐲𝛿|𝐱,𝛿) depends 
on the Bayesian posterior 𝑝(𝝎|𝛿). However, directly computing
𝑝(𝝎|𝛿) using Eq. (A.3) is often infeasible due to the complexity of 
evaluating the evidence 𝑝(𝛿) = ∫ 𝑝(𝛿

|𝝎)𝑝(𝝎)d𝝎. To approximate this 
intractable distribution, two common approaches are:

1. Laplace Approximation, which provides an approximate poste-
rior distribution 𝑝(𝝎|𝛿).

2. Variational Inference, which estimates a variational distribution 
𝑞 (𝝎) that serves as a surrogate for the true posterior 𝑝(𝝎|𝛿).
𝜃

16 
The choice of method influences the nature of the neural network em-
ployed. With the Laplace approximation, a single deterministic estimate 
of the parameters 𝝎 is learned, leading to conventional (point-estimate) 
neural networks. In contrast, variational inference captures uncertainty 
by learning a probability distribution over 𝝎, resulting in stochastic 
neural networks. A Bayesian neural network can be regarded as a 
stochastic neural network trained by using Bayesian inference. This 
type of neural network provides a natural approach to quantify un-
certainty in deep learning and allows to distinguish between different 
types of uncertainty. A mathematical description of the most relevant 
algorithm used for Bayesian inference, i.e., Bayes-by-backprop, as well 
as, of two Bayesian approximation methods (dropout and batch nor-
malization) can be found in Ref. [64]. Here, we discuss the Laplace 
approximation, which is theoretically significant as it offers explicit 
representations for various types of uncertainty. In this approach, the 
loss function 

(𝝎) = 1
2

𝑁
∑

𝑖=1
[𝐲𝛿𝑖 − 𝐟 (𝐱𝑖,𝝎)]𝑇𝖢−1

𝛿N[𝐲
𝛿
𝑖 − 𝐟 (𝐱𝑖,𝝎)] +

1
2
𝝎𝑇𝖢−1

𝜔 𝝎 (A.19)

is expanded around the point estimate 𝝎̂ = 𝝎MAP and the optimality 
condition ∇(𝝎̂) = 𝟎 is used. The result is 

(𝝎) = (𝝎̂) + 1
2
(𝝎 − 𝝎̂)𝑇𝖧(𝝎̂)(𝝎 − 𝝎̂), (A.20)

where 𝖧(𝝎̂) is the Hessian of 𝐸(𝝎), i.e.,

[𝖧(𝝎̂)]𝑖𝑗 =
𝜕2

𝜕[𝝎]𝑖𝜕[𝝎]𝑗
(𝝎̂).

From Eq. (A.3) we then obtain 

𝑝(𝝎|𝛿) ∝ exp[−(𝝎)] ∝ exp
[

−1
2
(𝝎 − 𝝎̂)𝑇𝖧(𝝎̂)(𝝎 − 𝝎̂)

]

, (A.21)

while substituting Eqs. (A.2) and (A.21) in Eq. (A.15), we find

𝑝(𝐲𝛿|𝐱,𝛿) = ∫ 𝑝(𝐲𝛿|𝐱,𝝎)𝑝(𝝎|𝛿)d𝝎

∝ ∫ exp
{

−1
2
[𝐲𝛿 − 𝐟 (𝐱,𝝎)]𝑇𝖢−1

𝛿N[𝐲
𝛿 − 𝐟 (𝐱,𝝎)]

}

× exp
[

−1
2
(𝝎 − 𝝎̂)𝑇𝖧(𝝎̂)(𝝎 − 𝝎̂)

]

d𝝎. (A.22)

Approximating the surrogate function 𝐟 (𝐱,𝝎) by a linear Taylor expan-
sion around 𝝎̂, i.e., 

𝐟 (𝐱,𝝎) ≈ 𝐟 (𝐱, 𝝎̂) + 𝖪𝜔(𝐱, 𝝎̂)(𝝎 − 𝝎̂), (A.23)

where 𝖪𝜔 is the Jacobian of 𝐟 with respect to 𝝎, substituting Eq. (A.23) 
into Eq. (A.22), and computing the integral over 𝝎 by using the basic 
integral 

∫ exp(𝐚𝑇 𝐱) exp
(

−1
2
𝐱𝑇𝖠𝐱

)

d𝐱 = (2𝜋)dim(𝐱)∕2
|𝖠|−1∕2 exp

( 1
2
𝐚𝑇𝖠−1𝐚

)

,

(A.24)

we obtain 

𝑝(𝐲𝛿|𝐱,𝛿) = exp
{

−1
2
[𝐲𝛿 − 𝐟 (𝐱, 𝝎̂)]𝑇𝖢−1

𝛿 [𝐲𝛿 − 𝐟 (𝐱, 𝝎̂)]
}

, (A.25)

where

𝖢𝛿 = 𝖢𝛿N + 𝖢𝛿A, (A.26)

𝖢𝛿A = 𝖪𝜔(𝐱, 𝝎̂)𝖧−1(𝝎̂)𝖪𝜔(𝐱, 𝝎̂)𝑇 . (A.27)

From Eq. (A.26), we see that the covariance matrix 𝖢𝛿 has two 
components.

1. The first term, 𝖢𝛿N, represents the covariance matrix associ-
ated with measurement noise. In the context of neural net-
works, it quantifies aleatoric heteroscedastic uncertainty, which 
is captured by the likelihood function 𝑝(𝐲𝛿|𝐱,𝝎).
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2. The second term, 𝖢𝛿A, corresponds to the covariance matrix of 
the approximation error. From a neural network perspective, this 
component accounts for epistemic (or model) uncertainty, which 
arises from uncertainty in the network’s weights 𝝎. This type 
of uncertainty reflects the lack of knowledge about the optimal 
model that fits the dataset and is characterized by the posterior 
distribution 𝑝(𝝎|𝛿). Contributing factors include: (i) suboptimal 
hyperparameters, such as the number of hidden layers, units 
per layer, or activation functions; (ii) non-ideal training settings, 
including early stopping criteria, learning rate schedules, and 
mini-batch sizes; and (iii) the choice of optimization algorithm, 
such as ADAGRAD, ADADELTA, ADAM, ADAMAX, or NADAM.

Comments:

1. The calculation of the covariance matrix 𝖢𝛿A from Eq. (A.27) 
requires access to the Hessian matrix 𝖧. In most cases, this 
presents a significant challenge, as the Hessian matrix is large 
and computationally expensive to obtain. However, this issue 
can be circumvented by adopting a diagonal approximation for 
the Hessian, given by 

[𝖧(𝝎̂)]𝑖𝑗 = 𝛿𝑖𝑗
𝜕2
𝜕[𝝎]2𝑖

(𝝎̂), (A.28)

where 𝛿𝑖𝑗 is the Kronecker delta. The diagonal elements of the 
matrix can be efficiently computed using a technique akin to the 
back-propagation algorithm used for calculating first derivatives.

2. The covariance matrix 𝖢𝛿 can be approximated by the condi-
tional average covariance matrix E(𝖢𝛿|𝛿

T) over the test set 𝛿
T, 

given by 

𝖢𝛿 ≈ E(𝖢𝛿|𝛿
T) =

1
𝑁T

𝑁T⋅
∑

𝑖=1
(𝐞𝑖 − 𝐞)(𝐞𝑖 − 𝐞)𝑇 , (A.29)

where 𝐞𝑖 = 𝐲𝛿𝑖 − 𝐟 (𝐱𝑖, 𝝎̂) is the error for the 𝑖th test point, 𝐞 =
(1∕𝑁T)

∑𝑁T
𝑖=1 𝐞𝑖 is the sample mean of the error, and 𝑁T is the 

number of test points.

Inverse problem
To solve the inverse problem 𝐟 (𝐱, 𝝎̂) = 𝐲𝛿 , we apply Bayesian 

regularization [10,11]. In this case, the posterior density 𝑝(𝐱|𝐲𝛿 ,𝛿) is 
given by 

𝑝(𝐱|𝐲𝛿 ,𝛿) =
𝑝(𝐲𝛿|𝐱,𝛿)𝑝(𝐱)

𝑝(𝐲𝛿)
. (A.30)

Assuming that the state vector 𝐱 is a Gaussian random vector with mean 
𝐱a and covariance matrix 𝖢x, i.e., 

𝑝(𝐱) =  (𝐱a,𝖢x), (A.31)

we obtain the maximum a posteriori estimate 

𝐱 = 𝐱MAP = argmax
𝐱

log 𝑝(𝐱|𝐲𝛿 ,𝛿) = argmin
𝐱

(𝐱|𝐲𝛿), (A.32)

where (𝐱|𝐲𝛿) is the posterior potential, given by 

(𝐱|𝐲𝛿) = 1
2

{

[𝐲𝛿−𝐟 (𝐱, 𝝎̂)]𝑇𝖢−1
𝛿 [𝐲𝛿−𝐟 (𝐱, 𝝎̂)]+(𝐱−𝐱a)𝑇𝖢−1

x (𝐱−𝐱a)
}

, (A.33)

and the maximum likelihood estimate 

𝐱 = 𝐱MLE = argmax
𝐱

log 𝑝(𝐲𝛿|𝐱,𝛿) = argmin
𝐱

(𝐱|𝐲𝛿), (A.34)

where (𝐱|𝐲𝛿) = (1∕2)[𝐲𝛿 − 𝐟 (𝐱, 𝝎̂)]𝑇𝖢−1
𝛿 [𝐲𝛿 − 𝐟 (𝐱, 𝝎̂)] is the squared 

residual. It is apparent that the posterior potential (A.33) coincides with 
the Tikhonov function (10), when (i) the whitening transformation is 
applied, (ii) the regularization matrix 𝖫 is chosen as the Cholesky factor 
of 𝖢−1, and (iii) the regularization parameter 𝜆 is omitted.
x
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A.2. Neural network model with exact data

In our inversion algorithm, we use a neural network trained on the 
exact dataset  = {(𝐱𝑖, 𝐲𝑖)}𝑁𝑖=1, where 𝐲𝑖 = 𝐅(𝐱𝑖). Such a neural network 
model with exact data (or noise-free output) can be treated as a special 
case of the noisy data model by setting 𝖢𝛿N = 𝜎2𝛿N𝖨𝑚, and taking the 
limit 𝜎2𝛿N → 0.

From the predictive distribution (cf. Eq. (A.2)) 

𝑝(𝐲𝛿|𝐱,𝝎) =  (𝐟 (𝐱,𝝎), 𝜎2𝛿N𝖨𝑚) =
1

(2𝜋𝜎2𝛿N)
𝑚∕2

exp
(

− 1
2𝜎2𝛿N

‖𝐲𝛿 − 𝐟 (𝐱,𝝎)‖2
)

,

(A.35)

and taking into account that the Gaussian density function  (𝐟 (𝐱,
𝝎), 𝜎2𝛿N𝖨𝑚) converges in distribution to a Dirac delta function centered 
at 𝐟 (𝐱,𝝎) as 𝜎2𝛿N → 0, we obtain 

𝑝(𝐲|𝐱,𝝎) = lim
𝜎2𝛿N→0

𝑝(𝐲𝛿|𝐱,𝝎) = 𝛿(𝐲 − 𝐟 (𝐱,𝝎)). (A.36)

Thus, in the limit of vanishing noise variance, the predictive distribu-
tion collapses to a Dirac delta distribution. Consequently, the likelihood 
𝑝(|𝝎) becomes 

𝑝(|𝝎) = 𝑝(𝐘|𝐗,𝝎) =
𝑁
∏

𝑖=1
𝛿(𝐲𝑖 − 𝐟 (𝐱𝑖,𝝎)). (A.37)

Since 𝜆 → 0 as 𝜎2𝛿N,→ 0 (the regularization term vanishes in the 
limit), the maximum likelihood estimate coincide with the maximum 
a posteriori estimate (cf. Eqs. (A.13) and (A.14)) 

𝝎̂ = 𝝎MLE = 𝝎MAP = argmin
𝝎

[ 1
2

𝑁
∑

𝑖=1
‖𝐲𝑖 − 𝐟 (𝐱𝑖,𝝎)‖2

]

, (A.38)

This equation expresses that, in the absence of noise, the model output 
must exactly match the true data, enforcing deterministic interpolation.

In the Laplace approximation, Eqs. (A.25)–(A.27) yield the predic-
tive distribution 

𝑝(𝐲|𝐱,) = lim
𝜎2𝛿N→0

𝑝(𝐲𝛿|𝐱,𝛿) = exp
{

−1
2
[𝐲 − 𝐟 (𝐱, 𝝎̂)]𝑇𝖢−1

𝛿A[𝐲 − 𝐟 (𝐱, 𝝎̂)]
}

,

(A.39)

where 𝖢𝛿A is given by Eq. (A.27).
Regarding the inverse problem, we first compute the covariance 

matrix of the approximation error 𝖢𝛿A from the statistics of the errors 
𝐞𝑖 = 𝐲𝑖 − 𝐟 (𝐱𝑖, 𝝎̂) at a set of test points. Let 𝐲𝛿 = 𝐲 + 𝜹N, where 
𝜹N ∼  (𝟎,𝖢𝛿N), be the noisy data vector. We then use the result 

𝑝(𝐲𝛿|𝐲) ∝ exp
[

−1
2
(𝐲𝛿 − 𝐲)𝑇𝖢−1

𝛿N(𝐲
𝛿 − 𝐲)

]

(A.40)

along with the fundamental integral

∫ exp
[

−1
2
(𝐚 + 𝐱)𝑇𝖢−1

1 (𝐚 + 𝐱)
]

exp
(

−1
2
𝐱𝑇𝖢−1

2 𝐱
)

d𝐱

= (2𝜋)dim(𝐱)∕2
|𝖢−1

1 + 𝖢−1
2 |

−1∕2 exp
[

−1
2
𝐚𝑇 (𝖢1 + 𝖢2)−1𝐚

]

(A.41)

to compute the predictive distribution for the noisy data by marginal-
ization, i.e., 

𝑝(𝐲𝛿|𝐱,) = ∫ 𝑝(𝐲𝛿|𝐲)𝑝(𝐲|𝐱,)d𝐲. (A.42)

Substituting the expressions given by Eqs. (A.39) and (A.40) into 
Eq. (A.42), we find

𝑝(𝐲𝛿|𝐱,) ∝ ∫ exp
{

−1
2
[𝐲𝛿 − 𝐟 (𝐱, 𝝎̂) + 𝛥𝐲]𝑇𝖢−1

𝛿A[𝐲
𝛿 − 𝐟 (𝐱, 𝝎̂) + 𝛥𝐲]

}

× exp
[

−1
2
𝛥𝐲𝑇𝖢−1

𝛿N𝛥𝐲
]

d𝛥𝐲, (A.43)

while applying the integral result (A.41), we obtain 

𝑝(𝐲𝛿|𝐱,) ∝ exp
{

−1 [𝐲𝛿 − 𝐟 (𝐱, 𝝎̂)]𝑇𝖢−1[𝐲𝛿 − 𝐟 (𝐱, 𝝎̂)]
}

, (A.44)

2 𝛿
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where 𝛥𝐲 = 𝐲 − 𝐲𝛿 , and as in Eq. (A.26), 𝖢𝛿 = 𝖢𝛿N + 𝖢𝛿A. The 
expression for the predictive distribution in Eq. (A.44) is identical to 
that in Eq. (A.25). Consequently, solving the inverse problem using 
Bayesian regularization (according to Eqs. (A.30) and (A.31)) results 
in the same estimates as those given in Eqs. (A.32) and (A.34).

A.3. Neural network model with output noise and forward model parameter 
error

In the presence of measurement noise 𝜹N and forward model param-
eter error 𝜹B, the noisy data vector is defined through the successive 
transformation 
𝐲𝛿 = 𝐅(𝐱,𝐛) + 𝜹N = 𝐅(𝐱,𝐛) + 𝜹B + 𝜹N, (A.45)

where, in view of the first-order Taylor expansion 𝐅(𝐱,𝐛) ≈ 𝐅(𝐱,𝐛) +
𝖪b(𝐛 − 𝐛), 𝜹B is approximated as 𝜹B ≈ 𝖪b(𝐛 − 𝐛), with 𝖪b being the 
Jacobian of 𝐅 with respect to the forward model parameter vector 
𝐛. Assuming that 𝐛 follows a Gaussian distribution with mean 𝐛 and 
covariance matrix 𝖢b, i.e., 𝐛 ∼  (𝐛,𝖢b), we find that 𝜹B ∼  (𝟎,𝖢𝛿B)
where 𝖢𝛿B = 𝖪b𝖢b𝖪

𝑇
b . Furthermore, for 𝜹N ∼  (𝟎,𝖢𝛿N), we see that 

𝜹B + 𝜹N ∼  (𝟎,𝖢𝛿B + 𝖢𝛿N). Accordingly, a data representation of a 
neural network model that incorporates these two types of uncertainty, 
is given by 
𝐲𝛿 = 𝐟 (𝐱,𝝎) + 𝜹B + 𝜹N, 𝜹B + 𝜹N ∼  (𝟎,𝖢𝛿B + 𝖢𝛿N), (A.46)

and a training data set is defined as 𝛿 = {(𝐱𝑖, 𝐲𝛿𝑖 )}
𝑁
𝑖=1, where 𝐲𝛿𝑖 =

𝐅(𝐱𝑖,𝐛) + 𝜹B + 𝜹N. Note that the input to the network is only 𝐱𝑖, which 
implies that the network does not explicitly depend on 𝐛 but instead 
learns an effective mapping based on the mean parameters 𝐛 and the 
statistical effects of 𝐛 through 𝜹B. This setup corresponds to learning an 
effective forward model that marginalizes out 𝐛 and captures its influ-
ence through 𝜹B, making the network approximate the mean behavior 
of the system. Comparing Eqs. (A.1) and (A.46), we deduce that the 
results established for a model with output noise remain valid with the 
replacements 𝜹N ⟶ 𝜹B + 𝜹N and 𝖢𝛿N ⟶ 𝖢𝛿B + 𝖢𝛿N.

Actually, it is possible to train the neural network to approximate 
𝐅(𝐱,𝐛), capturing the variability induced by 𝐛. In this case, the input 
to the neural network is 𝐳 =

[

𝐱
𝐛

]

, the data representation is 𝐲𝛿 =

𝐟 (𝐳,𝝎)+𝜹N, and a training data set is defined as 𝛿 = {(𝐳𝑖, 𝐲𝛿𝑖 )}
𝑁
𝑖=1, where 

𝐲𝛿𝑖 = 𝐅(𝐳𝑖) + 𝜹N = 𝐅(𝐱𝑖,𝐛𝑖) + 𝜹N with the sample 𝐛𝑖 being drawn from 
 (𝐛,𝖢b). Drawing the sample 𝐛𝑖 from a normal distribution is known as 
jittering the input data, which introduces small perturbations to capture 
variability.

Data availability

No data was used for the research described in the article.
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