
Heat Transfer

ORIGINAL ARTICLE

Perspective Projection of an Ellipse and an Ellipsoid for
Analytical View Factor Evaluation
Kaname Sasaki

Institute of Space Systems, German Aerospace Center (DLR), Bremen, Germany

Correspondence: Kaname Sasaki (kaname.sasaki@dlr.de)

Received: 27 March 2025 | Revised: 1 May 2025 | Accepted: 21 May 2025

Keywords: ellipse | ellipsoid | perspective projection | radiative heat transfer | view factor

ABSTRACT
Radiative view factors are fundamental quantities for evaluating radiative heat transfer between different surfaces. While

analytical expressions of view factors have been evaluated for various types of basic geometries, including circular disks and

spheres, extending these solutions to more complex geometries, such as ellipses and ellipsoids has remained challenging due to

mathematical complexity. This study evaluates the analytical view factor expressions of an ellipse and a triaxial ellipsoid from a

plate element in an arbitrary position and orientation. The proposed analytical methods generalize the existing analytical

solutions for disk and sphere related geometries, and extend their applicability to more complex geometrical configurations. For

both cases, the perspective projection of the target geometry is analyzed, and the original view factor is transformed into an

equivalent ellipse view factor, which has known analytical solutions from the previous study. Finally, the derived view factor

expressions are validated by comparison with the numerical results.

1 | Introduction

Radiative view factors are the fundamental quantities in the
field of radiative heat transfer. This parameter quantifies radi-
ative heat exchange between different surfaces based on the
assumptions of Lambertian radiation and reflection. The deri-
vation of analytical view factors is challenging due to the inte-
gration complexity. Even for simple geometries, such as
triangular polygons or rectangular plates, the analytical eva-
luation of view factors is highly complicated [1–3]. Never-
theless, view factors for various types of geometries have been
investigated in the past studies, and the collection of analytical
view factor solutions were compiled by Howell and Mengüç [4]
and Howell [5].

View factors of circular disks and spheres are applied in dif-
ferent fields, such as the evaluation of fireball thermal radiation
from flammable fuels [6, 7], lighting and heat transfer evalua-
tion in the civil engineering field [8, 9], and heat flux analysis
for earth‐orbiting spacecraft [10, 11]. Analytical solutions of

view factors between a disk and various geometries, such as a
plate element, a disk, a spheroid, and a paraboloid, were
investigated in the past studies [12–15]. Similarly, investigations
on the view factors between a sphere and different types of
geometries were performed in the series of studies conducted by
Chung and Naraghi [16, 17] and Sabet and Chung [18]. Also,
the view factor of a part of a sphere from a plate element has
been investigated as well [19, 20].

Extending the disk and sphere view factors to elliptical and
ellipsoidal shapes is expected to be useful for further appli-
cations. For example, thermal radiation from a jet fire is
commonly modeled as a combination of conical, cylindrical,
and ellipsoidal shapes [21–23]. For evaluating the thermal
radiation and shadowing of crops and plants, the related
geometry can be modeled as spheroidal shapes [24–27], In
addition, in the field of aerospace engineering, application
examples can be found in evaluating the radiative heat ex-
change of aerostats [28–30], and the thermophysical modeling
of the binary asteroid: 65803 Didymos system [31]. However,
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the available analytical solutions were limited to some specific
cases for an ellipse [32, 33] and a spheroid [12, 17], due to the
significantly increased complexity in the calculation. In the
recent study by Sasaki [34], view factors of an ellipse from a
plate element were derived, where the plate element is placed
on the normal line passing through the ellipse center as shown
in Figure 1. Additionally, view factors of a spheroid from a
plate element were evaluated, based on its axisymmetric
characteristics. Although these solutions extended the appli-
cable geometrical configurations, the ellipse view factor from a
plate element in an arbitrary position and orientation, and the
triaxial ellipsoid view factor from a plate element remained
unsolved.

In this study, the analytical view factor expressions for the
generalized cases: ellipse and triaxial ellipsoid from a plate
element in an arbitrary position and orientation, are evaluated.
For both cases, the perspective projection of the target geometry
is considered, and the original view factor is transformed into
an equivalent ellipse view factor, where the analytical solutions
are available (Figure 1). The transformation process employed
in this study is analogous to the methodology of the analytical
solid angle evaluation for an ellipse and ellipsoid from a point
source, presented by Conway [35] and Heitz [36, 37].

The solid angle between two differential areas from dAi to dAj is
given by Equation (1), and the view factor for the same con-
figuration is given by Equation (2). The related geometrical
configuration is presented in Figure 2.

d
dA θ

S
Ω =

cos
,

j j

2
(1)

dF
dA θ θ

πS
=

cos cos
.

j i j

2
(2)

Apart from the normalization coefficient, the major differ-
ence between the solid angle and the view factor is the
angular dependency with respect to the radiation source.

View factor assumes the Lambertian distribution from the
surface, while the solid angle corresponds to the homoge-
neous distribution from a point source. For the radiative heat
transfer evaluation, the view factor is typically the relevant
quantity. However, in the field of nuclear and radiation
technologies, the solid angle is utilized to evaluate the effi-
ciency of the radiation detector. In this field, one of the major
interests is on the circular shaped detector with different
types of radiation sources, such as a point source [38, 39], a
line source [40–43], a disk source [44, 45], and a ring source
[46]. Also, the solid angle evaluation for different types of
detector geometries have been studied as well, including a
cylindrical detector [47], a well‐shaped detector [48], and a
detector with an elliptic shape [35, 49]. On the other hand,
one of the important similarities between the view factor and
the solid angle is that both quantities remain invariant by
evaluating the perspective projection of the target geometry.
Therefore, for both quantities, the transformation of the
original target geometry to its perspective projection is a
useful approach to simplify the calculation.

The detailed evaluation processes for the ellipse and ellipsoid
view factors are presented in Section 2 and Section 3, respec-
tively. Finally, the derived view factor expressions are evaluated
for various parameters, and compared with the numerical
results in Section 4.

FIGURE 1 | Ellipse view factor from a plate element which is placed on the normal line passing through the ellipse center. The analytical

solutions are presented in the previous study [34].

FIGURE 2 | Concept of solid angle and view factor between dif-

ferential surfaces.
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2 | View Factor of an Ellipse

In this section, the view factor of an ellipse from a plate element
in an arbitrary position and orientation is evaluated. Without
loss of generality, it is assumed that the plate element is placed
at the origin, and the ellipse is located as shown in Equation (3),
where x y z( , , )c c c is the center of the ellipse, and a b, are the
lengths of the ellipse semi‐axes. The evaluation focuses on the
ellipse surface facing towards the z− direction, and zc takes a
positive value.

x x

a

y y

b
z z

−
+

−
= 1, and = .c c

c

2 2

 


 


 


 (3)

The orientation of the plate element is described by the normal
vector nplate as shown in Equation (4), where the angular
parameter ranges are θ π0 ≤ ≤ and φ π0 2≤ ≤ .
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(4)

Given the complexity of the view factor calculation in this
configuration, the perspective projection of the ellipse is em-
ployed to simplify the evaluation. As shown in Figure 3, the
objective is to find the orientation of the image plane, such that
the perpendicular line from the plate element to the image
plane passes through the center of the ellipse, and the X and Y
axes of the image plane are aligned with the semi‐major and
semi‐minor axes of the image ellipse. In general, the perpen-
dicular line from the plate element to the image plane does not
pass through the center of the image ellipse [50, 51]. To find the
correct orientation, the following procedure can be utilized.
First, an elliptic cone, which bounds the ellipse and passes
through the origin as the apex is described as a quadratic form.
Next, the eigenvalue problem of the corresponding matrix is
solved, to determine its eigenvalues and eigenvectors. This
approach is analogous to the solid angle evaluation method
presented by Conway [35] and Heitz [36, 37]. Conway intro-
duced the idea of transforming an ellipsoid to a corresponding
ellipse by using a rotation matrix, and the related rotation
parameters are specified by solving the cubic polynomial in the
end. Heitz replaced this procedure with an equivalent

eigenvalue problem, and the solutions are calculated with the
aid of the MATLAB library. In this study, the transformation is
performed based on Heitz's approach because of the methodo-
logical conciseness, but the final transformation parameters are
acquired in the explicit analytical form.

The elliptic cone, which bounds this ellipse and the origin as
the apex, is described by

x
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This equation can be rewritten in the matrix form as

x xM = 0,T (6)
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The characteristic polynomial of this matrix is given by

χ λ λ Aλ Bλ C( ) = + + + ,3 2 (8)

where

A
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C
z

a b
= .c

4

2 2
(11)

Since the matrix is regular and real‐symmetric, it has three real
eigenvalues, and the corresponding eigenvectors are orthogonal
to each other. Considering the geometrical relation, the eigen-
values are expected to be either (positive, positive, and negative)
or (negative, negative, and positive). In addition, χ (0) > 0 is
satisfied, which indicates that the applicable eigenvalue con-
figuration is (positive, positive, and negative).

The eigenvalues are obtained by solving the cubic equation
Equation (8). The method employed to specify the roots and the
explicit expressions are presented in Appendix A. In the fol-
lowing discussion, the eigenvalues are denoted as λ λ,1 2, and λ3,
where λ2 is the smallest eigenvalue.

The eigenvalue related to the axis direction of the elliptic cone is
λ2. We align the new X‐axis with the eigenvector corresponding
to λ3, and the new Y‐axis with the eigenvector corresponding to

FIGURE 3 | Perspective projection of an ellipse. The perpendicular

line from the plate element to the image plane passes through the

center of the image ellipse.
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λ1. The corresponding eigenvector for λ2 is given by Equation
(13), considering that the z‐component should be positive. After
normalizing the eigenvectors, the new base vectors n n,X Y , and
nZ are specified as shown in Equation (12).
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(14)

The elliptic cone in the new coordinate system is described by
Equation (15), and the plate element orientation in the new
coordinate system Nplate is given by Equation (16).

λ X λ Y λ Z+ = − .3
2

1
2

2
2 (15)

N n n n n= [ ] ,X Y Zplate
T

plate (16)

where the angular parameters Θ and Φ in the new coordinate
system are related as shown in Equation (17).

N =
sinΘ cosΦ
sinΘ sinΦ
cosΘ

.plate




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


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(17)

Using this transformation, the original ellipse view factor is
calculated as a view factor shown in Figure 4, where the ana-
lytical solution is available in the previous study [34]. The view

factor solution for Figure 4 configuration is classified into three
cases, depending on whether the extended surface of the plate
element has an intersection with the ellipse. When the condi-
tions of Equations (18) and (19) are satisfied, the plate element
surface does not intersect the ellipse, and the entire ellipse is
visible from the plate element.

b n a n n x n z n y+ < ( + + ) ,y x x c z c y c
2 2 2 2 2 (18)

n x n z n y+ + > 0.x c z c y c (19)

In this case, the view factor from the plate element to the ellipse
is expressed by Equation (20).

F
λ

λ λ λ λ
=

− cosΘ

(− + )(− + )
.ellipse

2

2 3 2 1
(20)

On the other hand, if the conditions of Equations (18) and (21)
are satisfied, the ellipse is not visible from the plate element.

n x n z n y+ + < 0.x c z c y c (21)

Therefore, the corresponding ellipse view factor is presented as
Equation (22).

F = 0.ellipse (22)

3 | View Factor of an Ellipsoid

The view factor of an ellipsoid from a plate element is evaluated
by the same approach as the ellipse view factor. The ellipsoid is
described by Equation (23), where x y z( , , )c c c is the center of the
ellipsoid, and a b c, , are the lengths of the ellipsoid semi‐axes.
The plate element is assumed to be located at the origin, and its
orientation nplate is described by Equation (4). Additionally, it
should be noted that the origin lies outside the ellipsoid, and zc
value can take a negative value as well.

x x

a

y y

b

z z

c

( − )
+
( − )

+
( − )

= 1.c c c
2

2

2

2

2

2
(23)

As shown in Figure 5, the correct orientation of the image plane
should be specified, such that the perpendicular line from the
plate element to the image plane passes through the center of
the image ellipse, and the X and Y axes of the image plane are
aligned with the semi‐major and semi‐minor axes of the image
ellipse.

The perspective projection of an ellipsoid is commonly utilized
in the field of computer graphics and computer vision. For the
applications in augmented reality (AR) or robotics, camera pose
estimation from 2D images is a fundamental task. One
approach for such task is to abstract the 3D objects as ellipsoids
and estimate the pose of the camera from the projected ellipses
[52]. Also, in the field of spacecraft navigation, the perspective
projection of ellipses and ellipsoids is employed for the
recognition of a planetary body [53] or craters on the surface
[54]. The basic methodology utilized in these research works is

FIGURE 4 | Projected ellipse on the image plane which subtends

the same view factor as the original ellipse.
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presented by Eberly [55] and this methodology is utilized in this
study as well. According to this report, the elliptic cone, which
tightly bounds the ellipsoid, is described by

( )( )x x x x x xD D D D− − 1 = 0,c c c c
T T T (24)

where

xD
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=
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The matrix in Equation (24) is explicitly expressed by
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The characteristic polynomial of the matrix is described by

χ λ λ Aλ Bλ C( ) = + + + ,3 2 (27)
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The matrix shown in Equation (26) is regular and real‐
symmetric. Thus, the characteristic polynomial has three real
eigenvalues, and the corresponding eigenvectors are orthogo-
nal to each other. Since χ (0) < 0, it should have roots of
(positive, positive, and positive) or (negative, negative, and
positive). Considering the expected geometry after diagonal-
ization, the applicable configuration is two negative roots and
one positive root. These roots, denoted as λ λ,1 2, and λ3, are
determined as described in Appendix A. The largest eigen-
value λ1 is related to the perpendicular line direction from the
plate element to the image plane. The corresponding eigen-
vectors are specified by Equations (31) and (32). Since two
opposite directions are possible for the perpendicular vector
with respect to the image plane, we select the direction to-
wards the ellipsoid as nZ as shown in Equation (31). Then, the
remaining base vectors nX and nY are determined as shown in
Equation (32).

n

n

n
n x

n

n

=

+ , if > 0

− , otherwise
,Z

c
1

1
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⋅







 

 
(31)

n
n

n
n n n= , = × ,X Y Z X

3

3  (32)

where
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(33)
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(34)
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FIGURE 5 | Perspective projection of an ellipsoid. The perpendic-

ular line from the plate element to the image plane passes through the

center of the image ellipse.
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If the obtained n1 or n3 is a zero vector, the following formula
can be used alternatively.

n

x y z

a b c

x y

a b
λ

x

a c

y

b c c

x z

a c
λ

x

a c

y

b c c

λ
y

a b

z

a c a

x y z

a b c

y z

b c
λ

y

a b

z

a c a

=

− − + + −
1

− + + −
1

+ + −
1

− + + + −
1

,

c c c c c c c

c c c c

c c

c c c c c c c

1

2

2 2 4 2 2 1

2

2 2

2

2 2 2

2 2

4 4 1

2

2 2

2

2 2 2

1

2

2 2

2

2 2 2

2

4 2 2 2 2 1

2

2 2

2

2 2 2













































(35)
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(36)

The elliptic cone in the new coordinate system is described by
Equation (37), and the plate element orientation in the new
coordinate system is given by Equations (16)–(17) same as in
the ellipse case. Based on this transformation, the original el-
lipsoid view factor can be calculated as the ellipse view factor
shown in Figure 6.

λ X λ Y λ Z− − = .3
2

2
2

1
2 (37)

If the conditions in Equations (38) and (19) are satisfied, the
plate element surface does not intersect the ellipsoid, and the
entire ellipsoid is visible from the plate element.

a n b n c n n x n y n z+ + < ( + + ) .x y z x c y c z c
2 2 2 2 2 2 2 (38)

In this case, the view factor from the plate element to the el-
lipsoid is expressed as

F
λ

λ λ λ λ
=

cosΘ

(− + )(− + )
.ellipsoid

1

1 3 1 2
(39)

On the other hand, if the conditions of Equations (38) and (21)
are satisfied, the ellipsoid is not visible from the plate element.
Therefore, the corresponding ellipsoid view factor is pre-
sented as

F = 0.ellipsoid (40)

FIGURE 6 | Projected ellipse on the image plane which subtends

the same view factor as the original ellipsoid.

FIGURE 7 | Numerical evaluation of the ellipse view factor from a

plate element.

4 | Numerical Validation

4.1 | Ellipse View Factor Validation

The numerical calculation of an ellipse view factor can be
performed by integrating view factors of individual mesh ele-
ments. In this test, a b2 × 2 rectangular area is divided into
4000 × 4000 mesh elements, as shown in Figure 7. A view
factor for single mesh element is calculated based on Equation
(2) with the parameters shown in Equations (41)–(44). For each
element, a central position of the mesh element is checked if it
lies inside the ellipse, and element view factors within the el-
lipse are summed to evaluate the ellipse view factor.

S x y z= + + ,c
2 2 2 2 (41)

θ
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sin cos

sin sin
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(42)
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dA dxdy= .j (44)

The parameters used for the validation tests are summarized in
Table 1. For all test cases, the differences between the numer-
ical and analytical results are within 1.0 × 10−6. Additionally,
selected test results, with the ellipse center at (1, 1, 1), are
presented in Figure 8.

4.2 | Ellipsoid View Factor Validation

The numerical calculation of the ellipsoid view factor can be
performed by integrating the view factor of mesh elements over
the ellipsoid surface. The ellipsoid surface for Equation (23) is
presented by the parametric form as

x
y
z

x
y
z

a α β

b α β
c α

= +
sin cos

sin sin
cos

,
c

c

c


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


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(45)

where α is the polar angle and β is the azimuthal angle as shown in
Figure 9. The mesh elements are generated by dividing the ellipsoid
surface into 4000 × 4000 sections along the α and β directions.
The partial derivatives of Equation (23) with respect to α and β are
the tangential vectors of the ellipsoid surface. The differential sur-
face areadAj and the normal vectornj are determined by evaluating
the vector product of these tangential vectors.

dA c b β a β α a b α

αdαdβ

= ( cos + sin )sin + cos

×sin ,

j
2 2 2 2 2 2 2 2 2

(46)

n
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.
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(47)

The view factor of each mesh element is calculated by Equation
(2), and related variables are calculated by

S x y z= + + ,2 2 2 2 (48)
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(50)

TABLE 1 | Test parameters for ellipse view factor calculation.

Parameter Values

xc −2.0, −1.0, −0.5, 0.5, 1.0, 2.0

yc −2.0, −1.0, −0.5, 0.5, 1.0, 2.0

zc 0.5, 1.0, 2.0

a 0.2, 0.5, 2.0, 5.0

θ [ ]∘ 0, 10, 20, … 180

φ [ ]∘ 0, 30, 60, … 330

Note: The parameter b is specified by ab = 1. The total number of test cases is 98,496.

FIGURE 8 | Selected calculation results from the ellipse view factor verification cases, where the center of the ellipse is at (1, 1, 1).
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FIGURE 9 | Numerical evaluation of the ellipsoid view factor from

a plate element.
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The parameters used in the validation tests are summarized in
Table 2. With respect to the amount of error between the
numerical and analytical results, 99.46% of the test cases show
errors within 1.0 × 10−6, 0.53% of the test cases present errors
between 1.0 × 10−6 and 1.0 × 10−5, and the other 0.01% of the
test cases exhibit errors greater than 1.0 × 10−5. The error val-
ues greater than 1.0 × 10−5 are found in 24 cases with the
parameter set of a b x y z= 0.2, = 0.2, = 0.5, = 0.5, = 0.5c c c .
An error in each numerical result is caused by the midpoint
method and the inaccuracy of the integration area represented
by the mesh. With these two effects, the amount of error is not
necessarily monotonously decreasing, while increasing the
number of mesh elements. However, it is expected that the
amount of error tends to decrease by increasing the number of

TABLE 2 | Test parameters for ellipsoid view factor calculation.

Parameter Values

xc −1.0, 0.5, 1.0, 2.0

yc −1.0, 0.5, 1.0, 2.0

zc −1.0, 0.5, 1.0, 2.0

a 0.2, 0.5, 2.0, 5.0

b 0.2, 0.5, 2.0, 5.0

θ [ ]∘ 0, 10, 20, … 180

φ [ ]∘ 0, 30, 60, … 330

Note: The parameter c is specified by abc = 1. The total number of test cases is
233,472.

FIGURE 10 | Selected calculation results from the ellipsoid view factor verification cases, where the center of the ellipsoid is at (1, 1, 1).
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mesh elements, until the effect of integrated floating point error
becomes significant. Indeed, the observed maximum error in
a b x y z= 0.2, = 0.2, = 0.5, = 0.5, = 0.5c c c cases is 1.64 × 10−5

for 4000 × 4000 mesh, and it can be reduced to 5.47 × 10−7 for
10000 × 10000 mesh. From these results, there is no indication
of incorrectness in the analytical results, and the error between
analytical and numerical results can be reduced by finer mesh
for numerical integration. Additionally, selected test results,
with the ellipse center at (1, 1, 1), are presented in Figure 10.

5 | Conclusion

This study analytically derived the view factors of an ellipse and an
ellipsoid from a plate element for arbitrary positions and orienta-
tions. These results are generalizations of the view factors of a
sphere and a circle, the solutions of which were precisely investi-
gated in previous studies. The sphere and circle view factors are
used in various fields, such as the thermal radiation analysis of a
fireball, the lighting evaluation, and the heat flux analysis of an
earth‐orbiting spacecraft. The extension of the analytical view factor
calculation to an ellipse and an ellipsoid is expected to be useful for
further applications, such as thermal radiation analysis of jet fires,
plant canopies, aerostats, or celestial bodies.

Despite their potential applications, the extension to the elliptical
geometries presented significant challenges. Compared to the
sphere and circle cases, the ellipse and ellipsoid view factors
involve more mathematical complexity, and the general analytical
solutions had not been established. In this study, we demonstrated
that the perspective projection approach enables the derivation of
explicit analytical solutions for ellipse and ellipsoid view factors.
By analyzing the projections of the ellipse and ellipsoid, the orig-
inal view factor calculation has been transformed into an
equivalent ellipse view factor problem with known analytical
solutions. This transformation methodology is analogous to solid
angle evaluation techniques for an ellipse and an ellipsoid, and the
methodology has been extended specifically for view factor cal-
culations with explicit analytical expressions.

The extensive numerical tests with various geometrical parame-
ters have been performed to confirm the validity of the derived
expressions. In the numerical calculations, the view factors of an
ellipse and an ellipsoid were evaluated by integrating the view
factors of individual mesh elements. The test results presented
that the differences between analytical and numerical results are
within 1.0 × 10−6 for the all ellipse cases and for most ellipsoid
cases. Some test cases with slightly larger errors were additionally
evaluated with finer numerical integration meshes. The results
showed the errors were reduced below 1.0 × 10−6, which further
validated our analytical approach.

Nomenclature

Roman symbols

a b c, , length of semi‐axes of an ellipse or an ellipsoid

A B C, , coefficients of the characteristic polynomial

D matrix describing the ellipsoid

dAi differential area of the plate element on the source side

dAj differential area of the plate element on the target side

dF differential view factor

Fellipse view factor of an ellipse from a plate element

Fellipsoid view factor of an ellipsoid from a plate element

h distance between the plate element and the ellipse

M matrix describing the elliptic cone for ellipse view factor
evaluation

n n n, ,1 2 3 eigenvectors of the elliptic cone matrix

ni normal vector of the plate element on the source side

nj normal vector of the plate element on the target side

nplate normal vector of the plate element in the original coordi-
nate system

Nplate normal vector of the plate element in the transformed
coordinate system

n n n, ,X Y Z base vectors of the transformed coordinate system

p q, coefficients of the reduced cubic equation

S distance between the plate element and the target surface

x y z, , Cartesian coordinates

x y z, ,c c c coordinates of the center of the ellipse or ellipsoid

X Y Z, , transformed Cartesian coordinates

Greek symbols

α β, parametric angles for ellipsoid surface used for numerical
calculation

λ λ λ, ,1 2 3 eigenvalues of the elliptic cone matrix

Λ , Λ , Λ1 2 3 shifted eigenvalues in cubic equation analysis

θ polar angle of the plate element normal in the original
coordinate system

θi angle between the source plate element normal and the line
connecting the source and target plate elements

θj angle between the target plate element normal and the line
connecting the source and target plate elements

Θ polar angle of the plate element normal in the transformed
coordinate system

φ azimuthal angle of the plate element normal in the original
coordinate system

Φ azimuthal angle of the plate element normal in the trans-
formed coordinate system

χ λ( ) characteristic polynomial

dΩ differential solid angle
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Appendix A

Roots of a Cubic Polynomial

Since the relevant characteristic polynomials in this study are presented
as cubic polynomials, the corresponding solutions can be analytically
derived. To specify the solutions, Equations (8) and (27) are trans-
formed into the following simplified form.

p qΛ + Λ + = 0,3 (A1)

where

λ
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(A4)

When a cubic equation has three real roots, the triple angle formula of
the trigonometric function can be used to find the solutions [56].
Alternatively, it is also possible to acquire the equivalent roots by
Cardano's formula, as conducted in Conway's study [35]. However,
since we are not strictly limited to the algebraic processes for evalu-
ating the view factor, the former approach is applied for the descrip-
tion simplicity. The roots of the cubic equation of Equation (A1) are
given by Equations (A5)–(A7), and the eigenvalues are given by
Equation (A8).
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i= Λ −
3
, = 1, 2, 3.i i (A8)

The magnitude of these three eigenvalues has the following relation-
ship: λ λ λ2 3 1≤ ≤ .
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