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1. Introduction

Forecasting future events has been a human desire since ancient times. The philoso-
pher Aristotle wrote the book Meteorologica, the oldest formal study on meteorology
[1], in which he gathered his observations on different weather phenomenons and
constructed theories on their formation. Predicting the future of weather has been
based on such empirical observations and philosophic ideas for a long time. With the
rise of new technologies that collected large amounts of data and statistical methods
like machine learning, it was possible to analyse complex dynamical systems more
rigorously. In [2], Takens showed that the state of a dynamical system can be recon-
structed from partially observed data. Machine learning methods such as recurrent
neural networks (RNN) were developed to learn sequential and time dependent data
[3]. They consist of connected nodes in a feedback loop and are utilized as models of
brain activity in neuroscience [4, 5]. RNNs use a gradient based approach, but because
of their sequential architecture this turned out be a disadvantage for learning long
term dependencies [6]. To mitigate this problem methods based on RNNs have been
developed from the machine learning field [7] and from computational neuroscience
[8], which have been unified under the name "Reservoir Computer" (RC) [9]. RCs
have successfully been used in many tasks [10, 11], most notably for reconstructing
chaotic attractors described by nonlinear dynamical systems [12]. An extension of this
is learning multiple attractors with one RC [13, 14], referred to as multifunctionality.
Other architectures have built upon the framework of reservoir computing and devel-
oped different methods to enhance performance, such as minimal RC [15] or Hybrid
RC [16] as well as physical realizations [17]. This thesis uses the Next-Generation RC
(NGRC) framework [18], which eliminates randomness introduced in traditional RC
, requires fewer parameters to tune and shows comparable performance with less
training data.
Training a reservoir computer is typically done using regularized linear regression in
the output layer and requires optimizing the regularization parameter. In multifunc-
tional setups with multiple attractors overlapping in space, this turns out be a hard
task and is crucially dependent on parameters of the RC [19]. In this thesis, a different
approach based on tree ensemble as regressors will be explored. A machine learning
method called Extremely Randomized Trees (ERT) [20, 21] is used for training instead,
which is an ensemble method that aggregates many trees for prediction. The advan-
tage of the ERT algorithm is that it is robust with respect to its hyperparameters in
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1. Introduction

regression problems as well as being computationally efficient. An approach to learn
chaotic dynamical systems using the ERT algorithm has been done in [22]. Another
method extends the NGRC algortihm by employing piecewise-polynomial regression
trees [23]. The focus in this thesis is on combining NGRC with the ERT regressor to
learn multiple attractors and achieving multifunctionality.
In Chapter 2 the NGRC architecture and the algorithm will be introduced, as well as
measures to characterize dynamical systems exhibiting chaos. In Chapter 3 different
setups of a multifunctional NGRC with the ERT as regressor will be examined.
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2. Methods

2.1. Dynamical Systems

Mathematically a dynamical system of dimension d is governed by a set of differential
equations:

dx1

dt
= f1(x1, x2, . . . , xd) (2.1)

dx2

dt
= f2(x1, x2, . . . , xd) (2.2)

dxd
dt

= fd(x1, x2, . . . , xd), (2.3)

with x = (x1, x2, . . . , xd) ∈ Rd. The functions fi may additionally several time
independent parameters that allow for different dynamical behaviour for the same set
of differential equations. Given an initial point (x)(t0), a solution to the differential
equations is called a trajectory. A trajectory could either diverge or be bounded in
phase space, the space of all possible dynamical states, where the bounded region is
called an attractor. By the well known Poincaré–Bendixson theorem for continuous
dynamical systems two trajectories can not cross each other [24]. Consequently, a
trajectory either reaches a fix point, follows a periodic orbit or is attracted to a region
with aperiodic motion. In the third case, if two trajectories start infinitesimally close
to each other but diverge exponentially fast while being bounded, the system exhibits
chaotic behaviour and is called a strange attractor [25]. Even though the system
dynamics are deterministic and bounded, it is sensitive to initial conditions and
therefore hard to predict without the exact initial conditions. The functions fi(x⃗) that
describe chaotic systems typically have at least one nonlinear term, which makes
them difficult or even impossible to solve analytically. The prime example of a strange
attractor is the Lorenz attractor [26], seen in Fig.2.1, which is given by the following
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2. Methods

Figure 2.1.: xz view of the Lorenz attractor

equations:

dz
dt

= σ(y − x) (2.4)

dy
dt

= x(ρ − z)− y (2.5)

dz
dt

= xy − βz (2.6)

As no analytical solution exist, the equations of motion can numerically be integrated
using the Runge-Kutta 4 (RK4) method. For every system considered in this thesis
the RK4 method is used to generate a trajectory.
Depending on the specific values of the parameter set (σ, ρ, β) the Lorenz system
undergoes different types of dynamical patterns. Geometrically strange attractors are
reminiscent of fractals, showing self similar structure[27]. Even without knowing the
full solutions of the differential equations the statistical climate of a strange attractor
can be evaluated with the Lyapunov exponent and the correlation dimension which
will be introduced in section 2.3.2 and 2.3.3, respectively. The chaotic systems used
for training are Lorenz [26], Halvorsen [28], Rucklidge [29], Roessler [30], Chua [31],
Chen [32], Windmi [33] and Compelx Butterfly [34] attractors.
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2. Methods

2.2. NGRC

A resevoir computer consists of three layers [35]: The input layer, the reservoir and the
output layer. The input layer is connected to the reservoir by fixed random weights.
The reservoir is a network consisting of nodes with randomly chosen connections.
The reservoir embeds the input into a high dimensional space the reservoir state is
driven by the input signal. An adjustable weight matrix connects the reservoir to
the output layer. Training these weights is done using ordinary least squares with
Thikinov regularization. After the training phase the reservoir acts as an autonomous
dynamical system that can used for prediction.
It was shown that, under some mild conditions, an RC is mathematically equivalent
to a nonlinear vector autoregression model (NVAR)[18], as well as being a universal
approximator[36]. On this basis a new RC framework, called Next-Generation
Reservoir Computing (NGRC)[37]. Instead of a reservoir with interconnected nodes,
NGRC uses past data points as well as monomials of them to construct the linear and
nonlinear features. To map the input to the feature space two operators are necessary,
Lk

s and PD(p). The first operator has two (hyper-)parameters, k and s. For a data point
xt in an observed time series u(t), Lk

s maps the current and (k − 1) past observations,
with a spacing value s between sequential steps:

Lk
s(xt) = xt ⊕ xt−s ⊕ · · · ⊕ xt−(k−1)s (2.7)

where ⊕ is a concatenation operation. This is the linear part of the feature vector. The
nonlinear part consists of creating monomials up to order p out of the linear part:

PD(p)(Lk
s(xt)) = Lk

s(xt)⌈⊗⌉ . . . ⌈⊗⌉Lk
s(xt)︸ ︷︷ ︸

p times

(2.8)

The operator ⌈⊗⌉ acts in two ways. First it builds the outer product of the linear
operators, resulting in a symmetric tensor and then collects the unique monomials
and concatenates them into a vector. A dictionary D(p) specifies which powers are
computed for a feature.
As an example, for one dimensional time series with an observation xt, setting
k = 2, s = 1 and D(p) = [1, 2], this results in:

L2
1(xt) = (xt, xt−1)

PD(2)(L2
1(xt)) =

 xtxt
xtxt−1

xt−1xt−1


In general the feature vector is then given by S = c ⊕ PD(p), with a bias term c.
The bias term is set to c = 0. If instead of a single time series the NGRC takes N
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2. Methods

different ones corresponding to separate dynamical systems the feature vector turns
into a feature matrix X = [S1, S2, . . . , SN]. Additionally, a set of unique parameters
{θ1, θ2, . . . , θN} is introduced, where each θ is associated to a dynamical system. The
attractor parameter is scaled by a scaling parameter γ and added to each feature
vector. This was originally introduced for extrapolating tipping points in nonlinear
dynamical systems in [38] but serves a different purpose later on. The final feature
vector S̃i for time series ui(t) is:

S̃i = Si + γθi (2.9)

For the training in the output layer they are concatenated into a single feature matrix
S = [S̃1, . . . , S̃N] as well as their respective target matrix ỹ = [∆u1, . . . , ∆yN], where
∆ui(ti) = yti+1 − yti . This setup is similar to [39], where it is utilized for controlling
dynamical systems into different target states. The NGRC can be stated as a one-step
ahead integrator, in the form of

yt+1 = yt +R(S̃t) (2.10)

where R is the regressor, which process a feature vector and predicts the difference
between the next state and current state in time. Thus an optimized regressor learns
the flow of a dynamical system. Depending on the choice of time delays k , spacing
parameter s and the dictionary D(p), three NGRC types can be defined: If the feature
vector f consists of only k time delayed observations with spacing s, p = 1, then f
is linear and this is referred to as a vector autoregression model (VAR) that has a
similar form as in [18]:

xt+1 = w1xt + w2xt−s + · · ·+ wkxt−(k−1)s = W Lk
s(xt) (2.11)

with weights W = (w1, w2, . . . , wk)
T and Lk

s(xt) = (xt, xt−s, . . . , xt−(k−1)s) as defined
above. If higher order monomials with p > 1 are included then f contains additionally
nonlinear terms. This is the classical NGRC configuration and where the relation to
nonlinear vector autoregression comes from. To keep the general NGRC architecture
from a realization with these parameter configurations, whenever features consist of
time delays and their respective higher order terms, we will refer to this as NVAR.
The last possibility is when f is made up of only nonlinear terms and no time delays.
Predicting the next step in a time series depends then solely on monomials of the
current step. Accordingly, this will be referred to as a nonlinear memoryless model
(NML), in the sense that the history of past states besides the current one do not
influence the next state and the feature vector is made up mainly of high order
monomials. Then Eq. 2.11 can be more generally stated as Eq. 2.10 where the weight
matrix is replaced with a regressor function that predicts the flow instead of the next
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2. Methods

VAR NVAR NML
k ∈ N k > 1 ∈ N k = 1
s ∈ N s ∈ N s ∈ N

p = 1 p ≥ 1 p > 1

Table 2.1.: Different NGRC parameter configurations lead to
different NGRC models

Figure 2.2.: Size of feature dimension for different k valuesa and dictionaries D(p)

state. The parameter configuration of (k, s, p) that defines these models can be looked
up in table 2.1. The dimension of the feature space is given as:

dimF = ∑
p∈D(p)

(dk + p − 1)!
p!(dk − 1)!

(2.12)

with d as the dimension of the dynamical system. This is a sum over the formula
for combinations with replacement, as each linear feature of which there are dk is
multiplied with itself and any other to compute monomials of order p. The number
of features for the VAR model increases linearly with k. For k > 1 and p >> 1 the
feature dimension grows rapidly. With no time delays k = 1, p >> 1 the increase is
minimal, as seen in Fig. 2.2.

The standard choice of the regressor R in any RC setup is typically the ridge
regressor, which is defined below. Ridge regression is a linear regression model with
regularization which can be computed efficiently, requiring no derivates. As a linear
model it makes an assumption about the relationship between feature vector and
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2. Methods

the target. Non-parametric machine learning models do not assume any functional
form, making them more flexible. The ERT algorithm is such a non-parametric model.
Ridge regression is computationally efficient and in part interpretable, but training
the output layer with other regression techniques could be advantageous in some
cases. Hence, a tree based approach to regression will be examined in this thesis.

2.2.1. Ridge Regression

Assuming a linear relationship y = W outX, where X is a feature matrix and W the
weights, the solution can be calculated analytically by using linear regression with
regularization, called ridge regression. W out is solved by:

W out = arg min
W

[(y − WX)T(y − WX) + αW TW ] (2.13)

where α is the regularization parameter which needs to be optimized. A closed form
solution of the above expression exists:

Wout = (XT X + α1)−1XT y (2.14)

2.2.2. Tree Learning

Given a dataset D(X, y) with N samples, with feature matrix X ∈ R(N,d f ) containing
the feature vectors f with dimension d f and the target matrix y ∈ RN,d, tree based
methods recursively partition the data in an i f − else fashion. Starting from a root
node, the whole dataset is split according to predefined splitting rules into two
subsets Dle f t and Dright, which again get split until some terminal condition is met.
The terminal nodes, called leaf nodes or just leaves contain those target samples y
that remain in the data subsets. For each tree t a simple model of the following form
is fitted:

ft(X) = ∑
i

µi I(X ∈ Ri) (2.15)

where Ri is the set containing the data points in leaf i and µi is a constant. The
number of leaves depends on the splitting criterion. I(·) is the step function:

IA(x) =

{
0, x /∈ A
1, x ∈ A

(2.16)

The splitting rules depend on the type of tree algorithm. Since we are dealing with
chaotic, continuous time series and thus a regression problem, the governing rules,
such as the splitting criterion and the output of the tree, should reflect that. Usually
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2. Methods

Figure 2.3.: Sketch of an ensemble of trees. A feature sample follows a specific path down
each tree and ends up in one leaf, shown in green. The full prediction is given as
the average over all leaf outcomes.
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2. Methods

trees have hard boundaries, which means that a sample has a fixed path down the
tree. E.g. a sample Xtest can end up only in one leaf, say in Rj, the output of the tree
is then f (Xtext) = µj, see Fig. 2.3.

Many variations of decision tree algorithms exists, for an overview of different tree
based machine learning methods see[40, 41].
Decision tree algorithms tend to have high variance, mainly due to the hard boundary
when splitting continuos features [42]. To mitigate that several strategies exist [43].
One method is the Extremely Randomized Trees algorithm (ERT)[20], which combines
multiple trees into an ensemble, where the output is averaged over all trees, thus
reducing the variance of the model. A tree in an ERT ensemble is built as follows:
At the root node construct K feature-threshold pairs ( fi, ai), i = 1, . . . , K ≤ d f . The
feature is chosen at random from the whole set of features and the threshold is
uniformly drawn in an interval ai ∈ [amin, amax], which are the smallest and largest
values for the column Xi of the feature matrix, respectively. This divides the dataset
into two subsets D(i)

le f t = {(X, y) | Xi ≤ ai} and D(i)
right = {(X, y) | Xi > ai}. A loss

function such as the mean squared loss is evaluated for each feature-threshold pair:

L( fi, ai) = ∑
X i∈Dle f t

(yi − µle f t)
2 + ∑

X i∈Dright

(yi − µright)
2 (2.17)

The root is split into two children nodes and the pair ( f j, aj) for which L is minimized
is used as a decision criterion for an input vector. By taking the derivative of the loss
function L with respect to m the solution is given by:

µ =
1
n

n

∑
i

yi, (2.18)

with n samples in a subset. A particular leaf can be reached by an input vector
fulfilling the decision criterion set by ( fs, as) at each split s. The constant µ in (2.15) is
determined by (2.18). The prediction of the ensemble is then given as:

f (X) =
M

∑
t

ft(X)

2.3. Measures

To characterize how well our machine learning can learn a dynamical system, we
are interested in two types of measures. First, how well the prediction compares to
the true trajectory if it would be evolved beyond the train data. This is the short
term behaviour of the prediction. For a chaotic dynamical system the distance
between predicted and true trajectory should increase exponentially and a measure
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2. Methods

that captures chaos is necessary. Besides quantifying chaos a way to capture the
fractal structure of a strange attractor is needed as well. Therefore, two measures will
be introduced to characterize the long term behaviour. The true values of these two
measures for the systems considered in this thesis can be looked up in [28].

2.3.1. Forecast Horizon

Since we are dealing with solutions of dynamical systems that were computed using
numerical means, one can compare the prediction with the test data and evaluate
the distance between them as they evolve in time. Due to the chaotic nature of the
systems at hand two initially close trajectories will eventually depart from another
exponentially fast. We record how the Euclidean distance d(t) between two points
at any time evolve and if it exceeds some threshold, then the trajectories eventually
follow different paths on the attractor. This can be stated as |u(t)− u

′
(t)| < ϵ. The

forecast horizon is defined as the number of time steps until this inequality holds[44].
A reasonable choice for ϵ is to be 15% of the difference between the maximal and
minimal value for each dimension, which defines a cuboid. The exact dimensions of
the cuboid are not important since the distance between predicted and true trajectory
outgrows the size of the cuboid exponentially.

2.3.2. Lyapunov Exponent

Chaotic systems tend to show complex, unpredictable behaviour, yet they obey a
set of deterministic differential equations. When chaos occurs, it is expected that,
for two initial conditions x0 and x0 + δ , where δ is infinitesimal, the distance of two
nearby solutions diverge exponentially fast. This characteristic is captured in the
following equation: d(t) = d(0)eλt, where λ is known as the Lyapunov exponent. A
d dimensional system can be described by d Lyapunov exponents. Most notably, the
sign shows what kind of dynamics the system undergoes. If at least for one dimension
the Lyapunov exponent is positive, the system is said to be chaotic. This is the reason
why the largest Lyapunov exponent λmax is also the most interesting if chaos is
expected. If the systems differential equations are given then an analytical approach
is viable. However, this is not always the case. Therefore, many algorithms exist to
calculate λmax from data alone. Some of these as well as the analytical calculation can
be found in [45]. For our purposes the Rosenstein algorithm[46] will be used. As this
is a data driven approach, it requires a time series u(t), with ∆t time units between
successive observations. For any random point xt in the time series the nearest
neighbour is determined. The nearest neighbour should be above some temporal
threshold, for example the mean period of the trajectory. This ensures that each
neighbour can be considered to be on a nearby trajectory. Successive observations
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2. Methods

of xt as well as of its neighbour are followed and the distance dj for the jth pair is
calculated at time i∆t. For a chaotic system the distance grows exponentially in time:

dj(i) = d(0)eλi∆t

To calculate λ take the logarithm on both sides and reorder the equation:

λ =
1

i∆t
(ln

(
dj(i)

)
+ d(0)) (2.19)

A linear fit to the line of Eq. 2.19 gives λ as the slope of the log separation of the
distances. The initial distance d(0) is proportional to the intercept and therefore not
important for the calculation. Since any point and its nearest neighbour of the time
series is temporally separated and thus uncorrelated an average over multiple initial
points is taken for better results. Eventually the diverging distance saturates to the
size of the attractor, and to get rid of transients at the beginning, it is necessary to
define a time interval for which the fit is computed, as shown for the Lorenz attractor
Fig. 2.4. Both measures are done with a step size of 15000 time steps and ∆t = 0.02.
The time interval is either set by hand for attractors like the Rucklidge system and
Roessler system, since their Lyapunov exponents are close to zero and a larger time
window is necessary to capture their chaotic nature. Since many simulations will
be done with different parameter configurations the time window is typically set
to be proportional to ∆t and to the attractor size, yielding close enough results to
distinguish the systems and compare the prediction against the true trajectory.

2.3.3. Correlation Dimension

To capture the strangeness of an attractor and separate it from a periodic orbit with
a long period a measure that assess the local structure is needed. The geometry
of fractals can be described by the fractal dimension. There are many methods to
estimate the fractal structure of a strange attractor, a more general overview can be
found in [47]. For a given trajectory a geometrical measure that characterizes the
complex shape it evolves to in phase space is the correlation dimension (CD) [48].
Two close points on the attractor will be mostly uncorrelated temporally because of
the chaotic nature of the system but spatially correlated, and this can be measured by
a correlation sum in the discrete version:

C(r) = lim
N→∞

1
N2

∞

∑
i,j,i ̸=j

Θ(r − ∥xi − xj∥)

where Θ(x) is the Heaviside step function and r is some threshold distance. For some
interval [rmin, rmax] the correlation sum follows a power law:

C(r) ∼ rν
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Figure 2.4.: Long term measures for the Lorenz system

To calculate the correlation dimension ν the correlation sum C(r) is calculated over
a wide span of r values. On a log scale a linear line is fitted and ν is given by the
slope. The fit is done for a smaller range of r values, because for a small r there
are not enough points for a meaningful measure, while a large r is not sensitive to
local structures. To find a useful region where a line can be fitted a grid search is
performed on a predefined interval I of r values. Then a loss function can be defined
to find the best pair of (rmin, rmax):

L(rmin, rmax) = a f itE f it + alengthη−3

The normalized root squared error E is calculated with respect to the fitted line.
Additionaly, a term is introduced to penalize small intervals, with η ∼ 1/|I|. The
procedure described is taken from [49]. An example for the Lorenz attractor is shown
on the right side of Fig. 2.4.
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3. Multifunctionality

The term multifunctionality originates from neuroscience, where it was shown that
neurons are capable of learning multiple behaviour patterns and switch between
different tasks [50, 51, 52]. For example, a study using leeches discovered that
the same set of neurons can trigger shortening, breathing and swimming [53]. In
dynamical system theory this is also referred to as multistability, the existence of
multiple stable in a system under the same configuration. In other fields multistability
was observed as well, such as in lasers [54] or in semiconductors [55], and many
others [56]. In reservoir computing multifunctionality can occur in two ways. In the
traditional RC architecture, the reservoir state has a symmetry that can lead to the
prediction of a mirror attractor which was not originally trained for [57]. In contrast,
when multifunctionality is intended by design, multiple trajectories of different
dynamical systems are aggregated into a single training set. Such multifunctional
RCs have been realized in [13, 14]. In phase space where the attractors reside they can
either be separate or overlapping. The latter case proves to be a harder problem [19].
Additionally, tuning the RC parameters is crucial for achieving multifunctionality [58].
Therefore, a change in the framework may be necessary to mitigate the parameter
dependence and difficulties in an overlapping case.

3.1. Two Attractors

To evaluate the ERT regressors performance on a multifunctional setup, many param-
eters will be examined. The hyperparameters of the regressor are fixed in this section
and set to K = 1 and number of trees M = 100, which typically yield sufficiently good
results in regression settings [20]. The stopping criterion is not specified, leading to
fully grown trees. In section 3.4 the ERT parameters will be examined. For the NGRC
parameters k, s and p are varied. Depending on the choice they describe a specific
model as defined in section 2.2. For any NGRC type we build the Cartesian product
(k, s,D(p)) 7→ (k × s ×D(p)), which results in different feature space dimensions as
given by Eq. 2.12. Since the feature space F can grow quickly, the dimension of the
feature space is limited to dimF ≤ 1000. The parameters for the different setups
are shown in table 3.1: For example, in the NVAR case, the parameter combination
k = 6,D(p) = [1, 2, 3] has a feature dimension size dimF = 1329 and as such is
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3. Multifunctionality

Model type/Parameters k s D(p)
VAR [2, . . . , 200] 1 1

NVAR [2,3,4,5,6] [1, . . . , 10] [1,2,3,4]
NML 1 1 [1,2,3,4,5,6,7,8]

Table 3.1.: Parameter configuration of the NGRC

not considered here, but k = 6,D(p) = [1, 2] with dimF = 189 is. All parameter
combinations of the VAR and NML model already fulfill this condition. To set up a
multifunctional NGRC a solution to the Lorenz system and the Halvorsen system
is computed using RK4. Each time series is normalized to a mean value of 0 and
a standard deviation of 1. The attractor parameters θ are set to −1 and 1 for the
Lorenz and Halvorsen attractor, respectively. The scaling parameter is set to γ = 1. In
section 3.3 the effects of these parameters will be examined. The NGRC architecture
requires less training data for comparable performance to a traditional RC [37, 59,
60]. Nevertheless, there is no fixed lower bound on the amount of the training data
guaranteeing successful learning of the attractors and the question remains how
training data size affects the performance. Hence, different training sizes will be
considered given the same parameter configuration. The training data sizes chosen
are T = {10000, 20000, 30000}. The ERT algorithm is random in nature and different
random realizations may have an impact on attractor reconstruction. Therefore, ten
random realizations for every configuration will be examined. Each system is evolved
additionally for 15000 time steps to produce a test trajectory. The prediction length is
set to this value as well. This should be enough to capture the chaotic behaviour and
fractal structure of the attractor and to compare measures of the prediction against
the test trajectory. To visualize the correlation dimension (CD) and the Lyapunov
exponent λmax against the true values, the mean over the random realizations is
calculated and shown. The standard deviation can be found in B. The red ellipse has
its centre at the mean values of the correlation dimension and Lyapunov exponent,
computed for 100 different starting points for the Lorenz and Halvorsen attractor.
The diameter is given by the 3σ error.

3.1.1. Separated attractors

For the separating case the attractors are translated diagonally away from each other
as shown in Fig 3.1. The influence of a realization of the NGRC parameters (k, s,D(p))
is under the effect on short term behaviour quantified by the forecast horizon as
well as on the long term behaviour characterized by the largest Lyapunov exponent
λmax and the correlation dimension ν. The impact of different training sizes T is
also inspected, which is typically not a tunable parameter. Nevertheless, the NGRC

16



3. Multifunctionality

Figure 3.1.: Lorenz and Halvorsen, separated in space
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Figure 3.2.: AE measure for long term behaviour of two separated attractors for different
NGRC models.

architecture uses information based on the input data to construct the feature space.
Therefore, T may have an substantial effect on the learning process.
Since there are several measures quantifying the reconstruction of a dynamical system,
the question arises on how to determine successful learning in a multifunctional
system. For that, a single measure is defined as a combination of the different
measures, one each for the short term and long behaviour. For the short term
behaviour the product of each forecast horizons is defined:

FHP :=
#Attractors

∏
i

FHi (3.1)

As for comparing the prediction against the true trajectory, the relative error of the
measure η = {λmax, ν} is computed:

ηrel =
ηtest − ηpred

ηtest
(3.2)

The measure for long term behaviour is a sum of the absolute values (AE) of the
relative errors:

AE :=
#Attractors

∑
i

|λi
rel + νi

rel| (3.3)

In Fig. 3.2 AE is plotted against the number of features.
The overall best attractor reconstruction with respect to the measure is for an

intermediate training size T = 20000 across all NGRC types. Increasing the training
size at first leads to an improvement, irrespective of the number of features and
whether only linear or nonlinear, or both features are present. For T = 30000
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Figure 3.3.: FHP measure for short term behaviour of two separated attractors for different
NGRC models

the performance degrades, suggesting that after some amount more data may be
detrimental to the learning process.
While the models that include nonlinear features are less sensitive to the dimension
of feature space, in the VAR model there is a clear optimum, where an appropriate
amount of features performs the best. Having only a few features might lead to bad
splits since only a limited amount of information is available and consecutive splits
rely on the same small set of features. A positive correlation between linear features
and the sum of errors is observed across all training sizes for the VAR model. A large
feature space consisting of only linear features has a negative impact on performance.
The candidates of feature-threshold pair considered at a split are inherently random
in the ERT algorithm. Therefore, the probability that a split is defined by less relevant
feature-threshold pair increases with the dimension of the feature space. In contrast
to nonlinear terms included in the NVAR and NML model, linear features consist of
past observations and occupy a smaller region in feature space and consequently a
small change in the threshold has a bigger influence in a split.
The short term behaviour in Fig. 3.3 improves too for an intermediate training size
across all models and parameter configurations.

Notably, the forecast horizon product tends to be the lowest for the largest training
size across all models. By choosing the right amount of training data both short term
and long term prediction benefit. While increasing the amount of training size of each
attractor leads to more information about the system the models can learn, it is not
clear why at some point having more knowledge should decrease the performance.
It was shown that more data can lead to instabilities in the NGRC architecture with
regularized regression[61]. Since a similar observation can be seen here, it may be
irrespective of the chosen regressor. Inspecting the individual measures for each
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Figure 3.4.: VAR model for two separated attractors.

attractor, for the VAR and NVAR model in Fig. 3.4 and Fig. 3.5, respectively, adding
more training data causes the regressor to be less sensitive to the choices of the NGRC
parameters, the spread in each measure direction tends to decrease.

In the NML case in Fig.3.6 which consists of only higher order monomials with no
time delay, the choice of the dictionary D(p) has a small influence in most cases, only
a larger training size leads to measures close the true values.

While all three models are viable options that lead to potentially good results, the
VAR model needs a suitable feature space dimension to work best. Any less or more
than an optimal choice might hurt the learning process. By adding nonlinear features
each attractor occupies a larger, more distinct region in feature space. If features are
less overlapping, a tree can find splits that separate features from different systems,
thus learning to distinguish an input from one system to another. Removing linear
features as in the NML case is also an option, but requires potentially more data.
Especially the short term behaviour in Fig.3.3 improves when a mixture of linear and
nonlinear features exists.
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Figure 3.5.: NVAR model for separated attractors
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Figure 3.6.: NML model for separated attractors
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Figure 3.7.: Lorenz and Halvorsen, overlapping in space

3.1.2. Overlapping attractors

In the overlapping case the attractors have a mean value of 0 and a standard deviation
of 1, as in Fig. 3.7. Overlapping attractors are harder to learn [19], because they
occupy some portion of the region at the same time , thus making it harder to
distinguish between which dynamics belong to the true attractor. The same set of
configurations was examined as in the separating case.

Comparing the long term behaviour in Fig.3.8 and the forecsat in Fig.3.9 for the
overlapping case with the separating one the the sum of errors is generally higher
and the forecast horizon product shows faster divergence of prediction from the test
trajectory, as expected, but essentially shows the same qualitative behaviour for all
three models.

For a suitable choice of parameter configurations through optimization the pre-
dicted measures can be close to the true value, thus achieving multifunctionality is
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Figure 3.8.: AE measure for long term behaviour for two overlapping attractors

Figure 3.9.: FHP measure for long term behaviour for two overlapping attractors
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Figure 3.10.: VAR model for two overlapping attractors

possible with regards overlapping attractors.
Inspecting the individual measures in Fig.3.10, Fig.3.11 and Fig.3.12 for VAR, NVAR

and NML, respectively, we can see that especially the Lorenz attractor has a large
spread in the correlation dimension, and a relatively smaller one in the Lyapunov
exponent. Increasing the training size reduces the overall spread but for the VAR
model in Fig.3.10 only a fraction of parameter configurations comes close to the true
values.

The NVAR approach in Fig.3.11 shows improvement in terms of relative error for
the Lorenz attractor, as the points tend to group around the true values.

Consequently adding nonlinear features improvse the learning capacity as seen in
the NVAR case in Fig. 3.12. Even then, the correlation dimension ν for the Lorenz
system shows that in some cases the model was not able to reconstruct the geometrical
properties of the attractor.

On the other hand the prediction of the Halvorsen attractor is indifferent to being
separated or overlapping with the Lorenz attractor. There seems to be a tendency
for the ERT to prefer splits that favour a good reconstruction of the Halvorsen
system. Nevertheless, multifunctionality is only achieved if both attractors can be
reconstructed. An example where both attractors are reconstructed with the NVAR
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Figure 3.11.: NVAR model for two overlapping attractors
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Figure 3.12.: NML model for two overlapping attractors
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Figure 3.13.: Reconstruction of overlapping attractors for k = 5, s = 1,D(p) = [1, 2]

model can be seen in Fig. 3.13.
For both setups it can be concluded that increasing training size improves long

term prediction, but more data might may have a negative impact on short term
behaviour. The ERT showed to be robust with changes in the NGRC paramaeters if
nonlinear features are included. For the VAR model, since linear features are just
time delayed versions of the actual attractor, overlapping in phase space means also
overlapping in feature space. Nonlinear features cover a broader region in feature
space. At the same time, the range of values they can take increases. As such, regions
can exist that are not shared between attractors. In contrast to the Lorenz attractor,
the reconstruction of the Halvorsen attractor is less sensitive to different parameter
settings. Thus, depending on the dynamics of the underlying system, different NGRC
parameter have higher impact on learning.. In section 3.3 it will be clear that both
cases can be regarded as the same problem with the right scaling parameter, which is
a substantial advantage for the ERT regressor over linear regression.

3.2. Feature Importance

Ideally the number of parameters that needs to be set by hand is zero or at least
as few as possible, otherwise it is necessary to optimize over different parameter
configurations. While in the NVAR and NML model, where nonlinear features are
present, the hyperparameters of the NGRC overall have similar learning capabilities,
in the VAR case with just linear features a minimum in the cost function AE is
observed for this particular multifunctional setup. If the number of features is high,
then consequently the probability of having variables that have negative influence on
the prediction capabilities increases and a way to filter these out would benefit the

28



3. Multifunctionality

learning process.
For each depth of the ERT algortihm a split s, defined by a feature f and a cut-off
value a, is chosen based on the amount of reduction ∆Ii(s) in the mean squared
loss it achieved. Going through each split for each tree we can add up all achieved
reductions for all features, such that the total reduction for each feature is given as:

Ii =
M

∑
m

∑
s

∆Ii(sm) (3.4)

If the split is not defined on feature fi then ∆Ii(s) = 0. A higher total reduction
implies a more important feature, thus we can rank the features. The set {I1, I2, . . . , Id}
with dimF = d is normalized to one. This is then referred to as feature importance.
Based on some cut-off value b everything below it can be considered as irrelevant. If
each feature is as important as any other, then the feature importance would yield
Ii = 1/d, ∀i ∈ {1, . . . , d}. Therefore, a simple way to define the cut-off value is
b = 1

d [22], everything above b is considered as an important feature. After fitting
an ensemble to the data, we can filter out irrelevant variables using the feature
importance and re-fit the whole ensemble using just the features that are above the
cut-off value. This is essentially a feature reduction method. With less irrelevant
features the performance may improve and remove the optimization over the NGRC
parameters. For the VAR model in the separating as well as overlapping situation a
case can be made that for larger k more irrelevant variables are introduced, decreasing
the overall performance. As such, we will examine, for the overlapping attractors,
with T = 20000 and ten random realizations, if an improvement can be seen by using
the feature importance approach. In Fig. 3.14 the relative errors of the long term
measures for both attractors is shown.

On the left side the difference between the initially same number of features is seen,
with feature importance turned off and on. On the right side of each plot the ten
smallest errors on average according to 3.3 are shown as comparison to the learning
with a filtered feature space. An automatically reduced feature space produces
on average a similar error as the best parameter configurations for all measures
describing long term behaviour. As for the forecast horizon in Fig. 3.15, the short
term behaviour is at least as good as for the best parameter configuration.

Hence, instead of searching for an optimized set of parameters a comparable per-
formance can be achieved by the feature importance approach. Instead of optimizing
the NGRC + ERT setup with a hyperparameter search, a more efficient way is adding
both linear and nonlinear features and let the ERT algorithm figure out the most
relevant set of features through feature importance. More sophisticated methods
for tree ensembles exist, such as [62] and for a review of different feature reduction
methods see [63]. In the following sections an NVAR model will be used. The feature
space will be reduced in all cases and then a new ensemble is fitted for prediction.
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Figure 3.14.: Measures for long term behaviour for the optimization run versus a run with
feature importance

Figure 3.15.: Measures for short term behaviour for the optimization run versus a run with
feature importance
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3.3. Spontaneous Switching and Scaling in Feature Space

In a multifunctional setup features from different attractors possibly overlap in
the feature space and a path down the tree could lead to a region that contains a
mixture of samples from more than one attractor. The prediction from the tree leaf
corresponding to such a region then leads the trajectory off course, resulting in either
a diverging trajectory or to a different attractor. Spontaneous switching between
different cognitive tasks, or more abstractly, dynamical patterns occurs in biological
networks[64]. In this context this is also known as chaotic itinerancy and may be
important for information processing and memory formation.[65, 66, 67] In this setup
of NGRC and ERT this can happen if the feature vector for different attractors, which
is essentially the warm-up time the NGRC needs, that goes in the ERT regressor
follows the same path down the tree, ending up in the same region and thus the
same output.
Concretely, let’s have a look at an example, with four overlapping attractors. For each
attractor we assign an attractor parameter ν. For Rucklidge, Chen, Halvorsen, Lorenz
these are (−2,−1, 1, 2), respectively, and the scaling parameter γ = 0. In that case the
same large portion of the feature space is occupied by most attractor features, see
3.16 B. During the learning process, if a tree is not able to find distinct boundaries
between features belonging to different attractors, then eventually a decision path
will lead to a region with an output that potentially kicks out the trajectory of its
intended track. In C an overlap matrix shown. The ijth element displays the fraction
of feature inputs for a prediction step of attractor Ai that fell into leaves across all
trees corresponding to the trained attractor Aj. Hence, a row adds up to 100% for
the full predicted trajectory and off diagonal elements correspond to a prediction
associated with a different attractor.

In Fig. 3.16 A, each trajectory eventually goes off track and lands in another
attractor. A solution to avoid random switching dynamics is choosing a larger scaling
parameter γ, as is done in Fig. 3.17. In feature space a clear separation is made
and each attractor gets its own designated region on which splits can be found
corresponding to the actual dynamical behaviour. With that there is no spilling over
to wrong leaves.

This is not a general statement, evidently from the overlapping case in section
3.1.2 where good performance is still possible even with partly overlapping features
given a suitable set of parameters. Rather, due to the randomization in the cut-off
values in a split the probability of dividing the regions into chunks associated with
each attractor increases. For full-grown trees as is the case here a good split might
nevertheless be found, but for a more coarse grained division in feature space where
a leaf prediction consists of more samples, this will be more relevant. This happens
when the tree only splits up to a specific depth that was selected beforehand. But
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Figure 3.16.: A: Attractor prediction, spontaneous switching occurs in all four attractors. B:
Features are overlapping in the feature space, a region found by the tree ensemble
could potentially contain samples from different attractors or the region is shared
by multiple attractors and a path down the trees result in switching. C: Row i
displays the fraction of feature inputs for Ai that result in an output associated
with a different attractor.

32



3. Multifunctionality

Figure 3.17.: A: Attractor prediction, no switching occurs. B: Features are separated in feature
space, allowing for better splits. C: The prediction falls within leaves that are
associated with the corresponding trained attractor dynamics. The off diagonal
elements are zero, each input gave an output corresponding the trained attractor
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k s D(p) Number of features Fraction of all features Number of trees M
5 1 [1,2] 135 [0.1, 0.2, . . . , 0.9, 1.0] [10, 20, . . . , 90, 100}

Table 3.2.: NGRC and ERT parameters

since it not a priori known whether decision paths eventually lead to bad predictions,
it is useful to separate features by choosing an appropriate scaling parameter.

3.4. Optimizing the Regressor

For the default ERT parameters the parameter configurations (k, s,D(p)) of the
NGRC framework had no large impact, even for only linear features when the feature
importance procedure outlined in section 3.2 is applied, a comparable performance ca
be reached with respect to an optimization run. The regressor itself can be optimized
as well. Three hyperparameters can be configured that define how much randomness
is introduced in the building process of a tree and the size of it as well as oh the whole
ensemble. How many features are considered in a split, given by K, the number of
trees M in the ensemble and the stopping criterion, either through requiring a node
to contain a minimum number of samples to be a leaf or setting the maximal depth.
Only the first two, K and M will be considered here, but in any serious parameter
optimization run the stopping criterion is a factor to consider as well. In some sense
K and M work against each other. A small K introduces more randomness into the
model, as the actual best feature at some split might not be part of the set under
consideration. For K = d all features are considered, the cut-off values are still
uniformly chosen, but more important features are expected to be selected by a split
on average.
Adding more trees to the ensemble counteracts the variance introduced by the
randomization and as such the error tends to decrease by increasing M. However at
some point the reduction in error might saturate after adding a certain number of
trees[68]. To investigate the influence of K and M a grid search is performed for the
parameters in table 3.2

The best values, when minimzing Eq. 3.3, were K f raction = 0.2, M = 40 and the
predicted attractors are shown in Fig. 3.18, with their measured values in table 3.3.

The cost function EE in Fig.3.19 depends implicitly on K f raction. The feature matrix
is the same across all parameters, but any set of features considered at a split is
random. K f raction = 1 takes all features into account, but the cut-off value a is distinct
for two different K f raction values, even if they contain the same feature. Therefore, the
cut-off values are significant for defining a split. They cannot be set by a parameter
and are only defined within an interval given the features of the training data. The
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Figure 3.18.: Prediction using the optimized ERT parameters

Lorenz Halvorsen Rucklidge Chua
Train Test Train Test Train Test Train Test

λmax 0.92 0.85 0.79 0.80 0.24 0.23 0.37 0.39
C 2.04 2.03 1.89 1.91 1.90 1.88 1.87 1.86

FH 3.67 - 3.12 - 6.23 - 1.52 -

Table 3.3.: Measure values for optimized ERT parameters

number of trees is can be neglected when an adequate choice for K f raction or K is
made. From Fig. 3.19 it can be seen that even a tenth of the maximal number of trees
considered is as good or even better with the amount of randomization. Also, for
short term behaviour, fewer trees could have substantial improvement over models
with a larger ensemble for some K f raction. Inspecting the individual measures for
each attractor in Fig.B.7 most of the error comes from the Rucklidge attractor, both in
largest Lyapunov exponent and correlation dimension, thus an optimization would
improve especially the prediction of this particular attractor.

The other three dynamical systems are not less influenced by different configura-
tions. As for the forecast horizon it can be seen more clearly when looking at the
separate attractors that it follows for the most part a discrete pattern where it jumps
to a specific value. Short term behaviour might be more impacted by the choices of
the NGRC and training size than the ERT regressor.
To sum up, tuning the ERT regressor can be worthwhile, especially for the Rucklidge
attractor substantial improvement can be made. Depending on the speed and mem-
ory available, more randomization by decreasing K leads to faster learning, as fewer
features need to be considered at each split. Training a larger ensemble requires more
memory, but as seen a big model is not necessary. As stated in [68] a good strategy
can be to choose as many trees as computationally feasible, thus reducing the number
of tunable parameters and from there optimize the randomization, and ideally the
stopping criterion as well.
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Figure 3.19.: Relative measures are plotted for different values of K f raction and M

3.5. Controlled Switching

A system capable of learning multiple attractors is a multifunctional system that stores
the individual dynamical patterns by some means and retrieves them, among possible
other ways, by receiving an input in the form of past states. As such, this system
is also a memory device. The NGRC architecture naturally preserves information
of an attractor by designing features, or states, that consist of time delays and their
monomial expansions. The ERT regressor, or for the matter any similar tree based
regressor, finds a suitable representation of the dynamic behaviour by dividing the
high dimensional feature space into local regions and fits a simple model. Retrieval
of long term memory can be categorized in two ways [69], "content-addressable" and
"location addressable". The first requires some content associated with the memory
to be fetched. In our case this would be a short time series that is associated with
the underlying dynamics of an attractor, which is embedded in a higher dimensional
space through the NGRC framework and the ERT regressor predicts the flow along
the attractor, thus a memory is accessed. Since this is a closed loop the signal may
change the dynamics of the trajectory, and different memories are accessed, as seen
in section 3.3. The second retrieval mechanism works by giving a location of the
memory to be fetched, which is how a computer basically access its memory. Instead
of specifying an exact address a suitable cue is enough to recall memories in neural
networks.[70, 71] In the NGRC + ERT framework the cue comes in the form of the
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Train size k s D(p) γ Number of trees K f raction
20000 5 1 [1, 2] 50 40 0.7

Table 3.4.: Parameter configuration of NGRC + ERT for 16 overlapping attractors

attractor parameter. As mentioned in section 3.3 a cue in the form of an additional
parameter besides the warm-up time is not strictly needed, even for completely
overlapping attractors, but to avoid spontaneous switching it is advantageous to
divide the higher dimensional feature space into separate regions for each attractor.
The scaling parameter can be regarded as the cue strength. A higher cue strength
should naturally lead to better memory recall.
To demonstrate controlled switching via a cue signal, 16 attractors, for eight distinct
dynamical systems with two trajectories each randomly rotated in space, are trained.
The setup is given in Fig. 3.20 and the parameter configuration follows from table 3.4.

Only K f raction was optimized, with a fixed number of trees, as the focus here lies
on controlled switching. For a small number ensemble size and little optimization
every attractor was reconstructed as shown in Fig. 3.21. The measures as well as each
attractor parameter can be looked up in table B.1.

To predict an attractor Ai, a warm-up time consisting of the past ks time steps is
given as well as the associated attractor parameter ηi. The prediction length is 15000
time steps as before. To switch to a different attractor Aj, a cue is given in the form
of a parameter change ηi → ηj. Then the retrieval of a trajectory on Aj consists of
a warm-up time of the last ks of the time series predicted on Ai and a cue ηj. A
successful switching between different attractors or "memories" is shown in Fig. 3.22.
Being close to each other is clearly an advantage since the transition time is short and
the trajectory is quickly on the respective attractor, but this depends on the starting
point at the switch as well as the time between consecutive time steps. The Chen_10
evolves slower with a smaller ∆t and the starting point is further from the attractor,
consequently the transition is longer.

The point at which switching is turned on is a crucial one. Each dynamical system
has a basin of attraction, if the initial point is within that region it converges to that
particular attractor. The basin of attraction is learned by the NGRC + ERT setup
and is subjected to simple decision rules at each split, but each tree stores its own
representation, which results in a complex structure in feature space. While the
trajectory transverse through the phase space it could potentially be attracted to the
wrong attractor. Therefore, it is important to examine the effects of different points on
the starting attractor and whether a switch is successful or not. In Fig. 3.23 switching
from a Chua system to a Lorenz system is shown from different parts of the initial
attractor.
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Figure 3.20.: 16 overlapping attractors
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Figure 3.21.: Prediction of 16 overlapped attractors

Figure 3.22.: Switching between different attractors
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Figure 3.23.: Successful switching. The ERT predicts the flow and follows a trajectory that
reconstructs the switched attractor.

The relative errors of both λmax and the correlation dimension is low, suggesting
that for the most part the switching was a success. Exactly at the switch point the
predictions fall within the leaves corresponding to the dynamics that belong to the
Lorenz system.
On the other hand an unsuccessful switching can be observed in 3.24 from the
Complex Butterfly system to the Rucklidge attractor. The error bars suggest that
there are regions on the initial system that would not lead to the desired state. On
left side of Fig. 3.24, for a time after the switch, the ERT predicts a flow belonging
to the Rucklidge attractor, but the trajectory eventually diverges. Even though for
some time the ERT identifies the input as belonging to the switched attractor, the
trajectory is not reconstructing the Rucklidge system. The ERT follows the flow of
the Rucklidge system it learned, but the prediction follows an untrained dynamical
behaviour.
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Figure 3.24.: Unsuccessful switching. Even though the ERT predicts the flow of the Rucklidge
system, it eventually diverges.
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The goal of thesis was to explore whether reservoir computing with different regres-
sion techniques is capable of reconstructing attractors. For that, a variation of RC
was employed, called Next-Generation Reservoir Computing, in combination with
a tree based approach instead of regularized linear regression. As a regressor, the
Extremely Randomized Trees algorithm was chosen. The focus was then on learning
multiple attractors, and thus achieving multifunctionality with one model, which has
its roots in neuroscience, but found in other scientific fields as well. In chapter 3 a
multifunctional setup consisting of two attractors was examined for many NGRC
parameters. With fixed regressor parameters, it was shown that for separated as
well as for overlapping attractors multifunctionality can be achieved. Additionally,
with a feature importance approach, irrelevant features can be filtered out and a
comparable performance can be achieved with respect to a parameter search, elim-
inating for the most part the tuning of the NGRC architecture. With a mixture of
linear and nonlinear features, that was denoted as the NVAR model, the NGRC
+ ERT architecture performed the best and was more resilient towards parameter
changes. As such, to achieve multifunctionality an NVAR model should be preferred.
Setting a suitable dimension for the feature space and applying feature importance
can remove irrelevant variables, which may introduced when adding linear features.
An optimization over NGRC parameters might therefore not be necessary.
With the addition of an attractor parameter and scaling parameter, which are added
to the feature vector, the NGRC + ERT can leverage the tree architecture to separate
features in feature space with a suitable choice of the scaling parameter. Consequently,
spontaneous switching between attractors can be avoided.
Although the ERT algorithm introduces several new hyperparameters, good perfor-
mance can be achieved without optimization. Nevertheless, in some cases it may be
necessary to find a suitable set of parameters to achieve multifunctionality. The size of
the ensemble can in principle be fixed, thus reducing the number of hyperparameters.
Instead, it can be linked to the amount of memory available and the number of
features K considered in a split can be tuned.
The last section showed that introducing an attractor parameter can be used in an ad-
ditional way. The attractor parameter acts as a cue, allowing for controlled switching
between different attractors. Hence, different memories can be dynamically accessed.
Because the trees in the ensemble learned each a representation of the flow of the
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attractors, the basin of attraction is complex and switching can fail if it is initiated in
some specific regions.
To summarize the findings, the NGRC + ERT architecture showed to be advantageous
for learning multiple attractors and thus achieve multifunctionality. While for the
standard RC framework with linear regression, especially the overlapping case turned
out be hard to learn. In contrast, the ERT regressor does not differentiate between
separating and overlapping attractors, if attractor parameters are introduced and
an appropriate choice for the scaling parameter is made. Furthermore, the attractor
parameters can be used to switch between different attractors on purpose. Comparing
ERT to regularized ridge regression, in principle, the ERT regressor shows suitable
prediction power with default parameter setting, while the regularization parameter
needs to be adjusted. In any case, the ERT can be optimized for systems that are
harder to learn. The number of attractors an ERT is capable of learning should be
linear with respect to the memory available. Scaling the feature space accordingly
assigns effectively a region to each attractor, and due to the self similar structure
of trees, a tree can reach any depth needed to separate the dynamics of attractors.
Because splits are in part random in nature, the probability that unfavourable splits
are chosen increases, and in turn the number of trainable attractors decreases. This
could be avoided by adding more trees, reducing the variance of the ensemble. Fur-
ther research should look into other tree based approaches with different algorithmic
structure. The fundamental structure of trees stays largely the same, but different
decision rules in splits as well as the output of leaves can lead to changes in the
learning process.
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A. Equations of Dynamical Systems

The equations for the chaotic systems can be found in [28].

Lorenz System

ẋ = σ(y − z)
ẏ = x(ρ − z)− y
ż = xy − βz (A.1)

Parameters: σ = 10, ρ = 28, β = 8
3 , ∆t = 0.02.

Halvorsen System

ẋ = −σx − 4y − 4z − y2

ẏ = −σy − 4z − 4x − z2

ż = −σz − 4x − 4y − x2 (A.2)

Parameters: σ = 1.27, ∆t = 0.02.

Rucklidge System

ẋ = −κx + λy − yz
ẏ = x

ż = −z + y2 (A.3)

Parameters: κ = 2, λ = 6.7, ∆t = 0.02.



A. Equations of Dynamical Systems

Roessler System

ẋ = −y − z
ẏ = x + ay
ż = b + z(x − c) (A.4)

Parameters: a = 0.2, b = 0.2, c = 5.7, ∆t = 0.1.

Chua Circuit

ẋ = α

(
y − x + bx +

1
2
(a − b)(|x + 1| − |x − 1|)

)
ẏ = x − y + z
ż = −βy (A.5)

Parameters: α = 9, β = 100
7 , a = 8

7 , b = 5
7 , ∆t = 0.02.

Complex Butterfly Attractor

ẋ = a(y − x)
ẏ = −z sign(x)
ż = |x − 1| (A.6)

Parameter: a = 0.55, ∆t = 0.05.

Chen System

ẋ = a(y − x)
ẏ = (c − a)x − yz + cy
ż = xy − bz (A.7)

Parameters: a = 35, b = 3, c = 28, ∆t = 0.005.
In section 3.3, the parameter a set to a = 33, which results in a periodic orbit.



A. Equations of Dynamical Systems

Windmi System

ẋ = y
ẏ = z
ż = −az − y + b − ex (A.8)

Parameters: a = 0.7, b = 2.5, , ∆t = 0.08.
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Figure B.1.: Standard deviation for separated attractors in the VAR model



B. Additional Figures

Figure B.2.: Standard deviation for separated attractors in the NVAR model
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Figure B.3.: Standard deviation for separated attractors in the NML model
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Figure B.4.: Standard deviation for overlapping attractors in the VAR model
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Figure B.5.: Standard deviation for overlapping attractors in the NVAR model
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Figure B.6.: Standard deviation for overlapping attractors in the NML model
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Figure B.7.: Relative errors for all attractors



B. Additional Figures

Attractors / Measures λtest λpred Ctest Cpred FH Attractor parameter
ComplexButterfly_0 0.157 0.141 2.112 1.929 4.73 -20

Roessler_1 0.064 0.065 1.838 1.783 3.216 -18
Chua_2 0.379 0.431 1.88 1.881 4.831 -15
Chen_3 1.485 1.546 2.116 2.039 0.594 -12

Halvorsen_4 0.702 0.759 1.943 1.859 1.671 -10
Chua_5 0.379 0.381 1.88 1.881 3.248 -7

Lorenz_6 0.851 0.872 2.042 2.006 3.149 -4
Roessler_7 0.064 0.062 1.837 1.72 3.223 -2
Windmi_8 0.072 0.08 1.894 1.834 1.855 1

Rucklidge_9 0.237 0.238 1.91 1.827 1.737 4
Chen_10 1.485 1.618 2.116 2.079 1.871 6

Windmi_11 0.072 0.08 1.894 1.838 2.339 9
ComplexButterfly_12 0.157 0.139 2.112 2.029 5.202 12

Halvorsen_13 0.719 0.785 1.946 1.824 1.697 14
Rucklidge_14 0.237 0.22 1.909 1.863 1.77 17

Lorenz_15 0.851 0.923 2.04 2.011 3.029 20

Table B.1.: Measures for all 16 attractors
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