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Abstract

This thesis explores the field of Quantum Extreme Learning Machines based on many-
body localized discrete time crystals. This approach holds two advantages: Leveraging
an exponentially large Hilbert states while not relying on error-corrected quantum gates.
Firstly, the concept of discrete time crystals and the theoretical framework behind QELMs
are presented. After some introductory results to test the potentials and limitations of
unitary evolution, the method’s phase dependency is discussed to observe the melting of
the discrete time crystal also in the classification accuracies. The remainder of the thesis
can be split into two categories: Investigating effects on the classification accuracies when
changing the quantum layer and an investigation of amendments in the readout layer.
Both parts contain a comparison for thermal and discrete time crystal phase as well as
reasonable comparisons with classical results. In the readout layer analysis new readout
methods are presented that hold the potential of increasing the classification accuracies
based on random shuffling. The work concludes with a combination of all methods and an
evaluation of their combined performance. Overall, the thesis provides a comprehensive
overview of the exciting field of Quantum Extreme Learning Machines, offering new insights
as well as new pathways for further advancements in the field.
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Chapter 1

Introduction

Although it still feels like a relatively new and exciting field, the origins of research in
Quantum Computing already date back to the 1980s. In 1981 Richard Feynman held a
revolutionary keynote speech at a conference [1] outlining the potential that Quantum
Mechanics holds for accelerating computations. Since then, the field has of course grown
vastly and generated innovative as well as promising solutions and ideas to overcome dif-
ficulties associated with it. Especially notable are the introductions of efficient quantum
algorithms by Deutsch [2], Shor [3] and Grover [4]. Furthermore, significant leaps forward
to enable these algorithms were the theoretical propositions of Quantum Fourier Trans-
forms [4] and Quantum Phase Estimators [3]. A longstanding and intrinsic drawback of
Quantum Computers has been their sensitivity to errors. No system is entirely isolated
from its environment. Therefore, no real-world quantum system can be fully described by
its unitary evolution. Fortunately, decades of work have also equipped us with techniques
to describe and mediate arising errors [5].
Simultaneously, the field of Artificial Intelligence, more precisely Machine Learning, has
been evolving. Over the past two decades, driven by the exponential growth of computing
capabilities, this growth has accelerated and culminated in the recent emergence of Large
Language Models [6]. The overwhelming pace and innovative approach [7] with which
these models have changed many aspects of our lives exemplify the potential effects Ma-
chine Learning is capable of. A relevant factor to consider when discussing advances in
Machine Learning is the giant consumption of financial and energetic resources that have
been and still are relevant to drive further development [8]. In view of these constraints
it is more important than ever to look for efficient computational methods to go beyond
classical von Neumann architectures while preserving computational capabilities.
A promising approach in this field is the combined Quantum Computing and Machine
Learning to the emergent field of Quantum Machine Learning [9]. This new field can be
further split into gate based Quantum Machine Learning [10] and unconventional com-
puting [11]. Given that Quantum Computing is and will be in the near future working
with NISQ-devices, unconventional computing is an already implementable approach. In
our work, we will be focusing on this branch of Quantum Machine Learning. In the spirit
of other works, the Hamiltonian we are using as quantum system is a discrete time crys-
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tal [11] [12]. Originating from the study of complex systems, a lot of work has already
been done to leverage unconventional computing methods to predict time series of dynam-
ical systems. As this approach is known as Reservoir Computing (RC) [13], the quantum
extension is called Quantum Reservoir Computing and has been demonstrated success-
fully [14]. However, the goal of this work is to leverage the technology for optimization
problems instead of time series prediction. Within this class of problems, we will be focus-
ing on classification rather than regression. This algorithm is known as Quantum Extreme
Learning Machines, originating from extending classical Extreme Learning Machines with
a quantum layer. Due to their rich physical behavior a common choice for the quantum
layer of a QELM are discrete time crystals [15] [11]. We will also follow this path. The
most suitable and standard data set established in the academic world is the mnist digit
data set [16]. The goal of this work is to explore the potential and methods of a QELM
based on discrete time crystals when being used for classification problems.
While previous work has focused on the comparison of classical and quantum perfor-
mance [15] or the comparison of feature reduction techniques as well as encoding methods,
our work has a slightly different focus. In chapter 5 we focus on the effects of measuring
different observables for our training process. This includes all Pauli matrices and 2-qubit
correlations of all qubits present in the 1D-chain. In chapter 6 we shift our focus to a
study of different post-processing methods. While temporal multiplexing has been a well
established method in the field of RC and QRC [14], its application has not been explored
in QELMs yet. Furthermore, chapter 6 will include new suggestions regarding non-linear
processing of the quantum system’s measurement. So far, in QRC the standard readout
methods of RC have been employed. We extend these methods by introducing randomness
and comparing the results for shifting the feature vector.



Chapter 2

Quantum Extreme Learning
Machine: Theory and Model

Quantum Machine Learning is a relatively new field, characterized by rapid development
and a great diversity of promising new approaches. One of these approaches are quantum
extreme learning machines, hereinafter referred to as QELM. The concept of QELM builds
on the utilization of the Hilbert space of entangled quantum systems, enabling the lever-
age of non-linear combinations of the original input data. While this is one of the large
advantages of leveraging quantum systems, the current status of the field also comes with
disadvantages. So far, we are not able to reliable build large quantum computers consist-
ing of several hundreds of mathematical qubits. Given the close link between features to
encode and the size of quantum systems, this limits the nature of problems to tackle with
a QELM in the NISQ era. Consequently, for more complex problems we need to perform
some pre-processing. In particular we reduce the number of features present in mnist by
applying a PCA. Afterwards, we need to choose an encoding scheme to encode the classical
data into the quantum system. The quantum system is left to evolve for a fixed number
of Floquet cycles. In our case, the simulation software yields a measurement after each
individual Floquet cycle. Lastly, the measurement output is used in the classical training
on the classification labels. In the following sections, all of these steps are explained in
depth and presented as we used them.

2.1 Feature Reduction

One crucial problem in noisy and modern quantum computing is that the size of quantum
systems is highly limited. Widely used quantum computers rarely consist of systems with
more than a few dozen physical qubits. Consequently, processing data with a lot of fea-
tures, e.g. image data, is not a trivial, straightforward task. The original, most common
approach is to use Principal Component Analysis (PCA). We also follow this path, while
some other current works already employ more complex schemes like Autoencoders [12].
Although Autoencoders are better at encoding information in the same number of vari-



12 2. Quantum Extreme Learning Machine: Theory and Model

Figure 2.1: Visual representation of PCA applied for 2-dimensional data.

ables [12], they also require a more complex and time-consuming process to create. The
inherent linearity and complexity present in deep neural networks lead to a black-box na-
ture of the encoding method. This is not the case of PCA: As we will see, in contrast to
Autoencoders it is a mathematically simple, well established and fast method to encode a
large share of the variation present in a system in fewer features.
The crucial idea behind PCA is to map the original features to a new set of features that
each capture as much variety as possible while keeping orthogonality to all previous PCA
components. Naturally, the largest share of the present variety is stored in the first com-
ponents of the PCA. This aligns well with our goal of reducing a data set with a large
number of features to a data set with fewer features while keeping as much information
about the variations present as possible.
In our short explanation of PCA we follow the path outlined by Lindsay Smith [17].
While the first step of each feature reduction process is to gather and understand the data,
this is fairly straightforward for the mnist-digit data set. For a PCA, it is essential that
all features are of the same scale and have a mean equal to 0. Consequently, we start by
standard scaling our data. This step is crucial as otherwise we would be comparing the
variance of different scales, disguising the real varieties.
Secondly, the covariance matrix must be calculated for all features. Afterwards, the eigen-
vectors and eigenvalues of the covariance matrix must be calculated. The eigenvectors
define the new axes of our transformed data in units of the old axes. For a random 2D
data set we have displayed the two eigenvectors as PCA axis 1 and 2 in figure2.1.

The first eigenvector is equivalent to a linear regression. All subsequent eigenvectors must
be orthogonal to the previous ones. In the given example, this immediately yields the
second new axis. By calculating the eigenvectors, we have found the lines that best char-
acterize the data. Now, we move on to transforming the data itself. First, we sort our
eigenvectors by the largest eigenvalues. These characterize the most important relation-
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ships observed in the data. Although in principle we could keep all components, our goal
is a feature reduction. Consequently, we choose to keep the first p < n eigenvectors to
keep. In this case, n is the number of all calculated eigenvectors. Although we lose some
information making the choice p < n, we ensured that we keep as much information as
possible by calculating the eigenvectors and ordering them. The eigenvectors are now ap-
pended column-wise to form a matrix. This matrix as well as the standard scaled data
are now transposed and multiplied via matrix multiplication. The resulting matrix is the
transformed data that is of smaller size than the original data, but still carries a large share
of the variation present in the original data set. This can be seen in 4.1 where we present
results for applying the PCA on our data set. More information in our application of PCA
can be found in section 4.1.

2.2 Encoding

The next parameter to fix when working with QELMs is the choice of an encoding method.
After the classical data has been reduced in the previous step, the challenge remains
to choose an efficient yet robust way of encoding the data into our quantum system.
Various encoding methods have already been developed, each with its advantages and
limitations[18].

Here, we will only present angle encoding and dense angle encoding. Dense angle encoding
is currently the only encoding method implemented in the software package used in this
work. It builds on the well established angle encoding [19] [20] that only encodes one
feature per qubit. Our presentation of the encoding methods originates from [18]. In the
following, we will encode a general data vector with n components xi ∈ [0, 1]. The angle
encoding is especially suitable for today’s NISQ hardware. The state of the entire system
is encoded to be:

|x⟩ =
N⊗
i=0

cos(xi) |0⟩+ sin(xi) |1⟩ (2.1)

Obviously, this encoding enables us to encode 1 feature xi per qubit. Its generalization is
known as dense angle encoding. This is the encoding we are using throughout this work.
While the regular angle encoding leaves the relative phase of the state aside, the dense
angle encoding leverages this parameter as well.

|x⟩ =
N
2⊗

i=0

cos(πx2i−1) |0⟩+ e2πix2i sin(πx2i−1) |1⟩ (2.2)

This encoding utilizes the entire Bloch sphere by encoding the values on the entire sphere.
Another advantage is that the dense angle encoding is able to identify decision boundaries
exhibiting sinusoidal structure instead of only straight lines[18]. This should ensure that
the quantum classifier in the end performs better on arbitrary data sets whose decision
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boundaries cannot be estimated to be linear. Furthermore, [18] showed that the dense
angle encoding is particularly robust when encountering noise. While in this work we are
not investigating the effect of noise, it will be a topic for the future as the functionality is
already implemented in the simulation software.

2.3 Evolution of the Quantum System

As Hamiltonian we decided to work with an innovative physical system named many-body
localized discrete time crystal that can be described with Floquet theory. Our presentation
of the physical background follows the one layed out by Ippoliti et al [21]. Using an MBL-
DTC is a common choice for Hamiltonians in the field of QRC and QELM[12][15]. The
goal of Floquet theory is to find solutions to time-dependent Schrödinger equations with
time dependent Hamiltonians. The Floquet unitary also shown in equation 4.2 can be split
into three parts:

ÛF = e−
i
2

∑
i hiσ̂

z
i e−

i
4

∑
i Jiσ̂

z
i σ̂

z
i+1e−

i
2
πg

∑
i σ̂

x
i (2.3)

Clearly an Ising-like Hamiltonian containing the interaction part between neighboring sites
with hopping parameter Ji and the external magnetic field with parameter hi, we can also
see a third part of the operator. This part is the external drive that is responsible for the
rich dynamics observed in [22].
In Floquet theory, Hamiltonians can exhibit discrete time-translation symmetry such that
H(t) = H(t+T ) for a fixed parameter T holds. The discrete time crystal has the property
to spontaneously break this symmetry by exhibiting subharmonic responses that can be
described as H(t) = H(t+mT ) where T is again a constant shift butm ∈ Z. Consequently,
the physical system responds with an oscillating behavior to the external drive, but the
oscillation period is an integer multiple of the drive period. An analogy for this peculiar be-
havior would be that the system ’chooses’ to oscillate at a certain frequency like a clock, but
it does not sync with the external drive applied to it. The period multiplexing exhibited by
discrete time crystals occur vastly for single- or few-body systems [23] but are unexpected
in many-body systems like ours. The reason is that many-body systems tend to absorb
energy from their drive and to thermalize in the long term. However, in Quantum Mechan-
ics many-body localization can take place to prevent this process[24, 25, 26, 27, 28, 29].
Although equilibrium is not achieved in these systems, the eigenstates of the many-body
Hamiltonian can display order, which is known as eigenstate order [30]. This order exists
throughout the entire quasi-energy spectrum. Unlike equilibrium systems, who are solely
determined by their ground state, the MBL-DTC’s order is encoded in its individual eigen-
states. Consequently, each state of the system has an inherent order defining its behavior
over time. The astonishing result of these dynamics is that, if the many-body localization
happens, the DTC’s oscillations are infinitely long-lived. Furthermore, the DTC phase is
stable against weak perturbations in terms of imperfect rotations (in our case meaning
g ⪅ 1), generic perturbations (meaning the interaction part of the Hamiltonian is unequal
to 0) or even longitudinal magnetic fields that can explicitly break Ising symmetry, in our
case the first part of the Hamiltonian in equation 2.3. A crucial advantage of this system
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choice is that, unlike other ongoing research in the field of Quantum Computing, it is al-
ready implementable today.

2.4 Measurement

The next layer of a QELM is the so called measurement layer. This means that we need
to measure previously fixed observables on our quantum system. The default approach is
to measure the observables in the computational basis. For example, Sakurai et al. [15]
measure in the single qubit Pauli-Z basis. The choice of observables to measure is crucial
as these are the values to build the feature vector with at a later stage. We will see that
the training success does depend lightly on the observables that we measure. Within this
work, we will work with measurements for all three Pauli matrices. Furthermore, we will
work with the correlations between these observables for two qubits. While the software
package enables us to measure Pauli-X, Pauli-Y and Pauli-Z on each qubit for every time
step, the correlations are measured per pre-defined qubit only. However, when comparing
the effects of different observables in section 5.4, we will ensure that the respective feature
vectors have the same dimension. Unlike in other works [31], we will also post-process the
measurements to investigate the effects of this post-processing in chapter 6.

2.5 Training

For the training process we chose a different method compared to other investigations
[12][15]. Inspired by the common approach in the field of classical reservoir computing [32],
we decided to use Ridge regression instead of a simple neural network. There are two major
advantages of Ridge regression compared to the standard approach: A very low demand
for computational resources and therefore faster, more efficient training and secondly the
lower level of complexity. This lower level of complexity, originating from the linear nature
of ridge regression, makes the results easier to interpret. The fact that there is only
one hyperparameter to tune simplifies the training process further. In the interest of
completeness we will give a short overview of Ridge regression’s mechanism. In our analysis
we used sklearn’s implementation. Ridge regression is especially suited to problems with
a vast amount of parameters that tend to show a high level of collinearity. However, it is
an intrinsic features of PCA to remove all collinearity from the data. Since the data are
fed into a quantum system and measured after some time evolution, we cannot conclude
that this remains valid for the training process. In paragraph 4.2.4 we will see that our
model exhibits primarily no dependency on the choice of the Ridge penalty parameter.
Consequently, we could probably have also used linear regression in our analysis. However,
due to the close relationship to methods and physical models in RC and QRC we decided
to stick with Ridge regression.
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Our theoretical foundation of Ridge regression originates from [33]. Let us consider a
regression problem with a data matrix X. We would like to fit this data set to match a
vector of labels Y. For multiple linear regression, this leads to the equation

Y = Xβ + ϵ (2.4)

with errors ϵ. Assuming that our errors are distributed normally, unbiased linear estimation
with minimum variance yields the standard equation to estimate β:

β̂ = (XTX)−1XTY (2.5)

This estimator is the regular choice for multiple linear regression problems. However,
in problems with high collinearity or data sets with a larger number of features than
observations, it has proven insufficient. Consequently, ridge regression has been developed.
It adds a penalty to the calculation of the best estimator. This penalty ensures lower
sensitivity to overfitting and reduces the instability arising from linear regression in the
described cases. The formula to calculate the Ridge estimator is as follows:

β̂ = [XTX+ kI]−1XTY (2.6)

Obviously, the equation now includes a variable k known as the penalty parameter. In
general, the penalty parameter should be chosen carefully, depending on the respective
problem.



Chapter 3

Current Status of Research

As Quantum Computing and in particular Quantum Machine Learning are relatively new
fields, not too much work has already been done to build on. However, of utmost impor-
tance to us are the previously mentioned paper of Sakurai [15], the paper of Peña et al. [11]
and the paper mentioning the potentials and limitations of Quantum Extreme Learning
Machines [31]. Furthermore, only in September 2024 a paper of De Lorenzis et al. [12] has
been published that investigated QELM’s performance on the mnist data set. We will give
a short overview of these crucial papers that our work is building on.

The work of Peña a et al. differs from the others mentioned in that it investigated Quan-
tum Reservoir Computing rather than Quantum Extreme Learning Machines. Although
the prediction task and the algorithm to achieve the prediction are not equal, the quantum
system used in the respective framework can be. Even though we are not using the same
Floquet cycles, both systems exhibit similar phase. Consequently, their final result that
the QRC performs well in the ergodic phase and at the phase transition is a first hint to
our own results. We will later see that for our classification problem we did not reproduce
these results entirely. Another similarity is that both their and our Hamiltonian rely on
Parameter draws for the site and magnetic parameters from a uniform distribution. This
aspect distinguishes our work from the related work of Sakurai et al. [15] also investigating
classification performance on the mnist-digit data set with a QELM.

In their article ’Quantum Extreme Reservoir Computation Utilizing Scale-Free Networks’
Sakurai et al. fixed their site parameter at a constant value and did not include a magnetic
field. Although the paper’s name indicates that a time series problem is solved, the term
reservoir only refers to the quantum reservoir employed in the QELM. We generally refer
to this ’quantum reservoir’ as the ’quantum system’ or ’quantum layer’ of a QELM. This
differentiation is performed due to the inherently different tasks that both frameworks are
supposed to solve. Sakurai et al. leverage an artificial neural network with only one layer
(ONN) as classical training algorithm. Their results are astonishing, as they achieved clas-
sification accuracies on the test data of more than 96% while using chain sizes of maximally
11. However, no details are provided on the numbers of observables measured, potential
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post-processing methods and therefore the size of the feature vector used in the training
process. It is one of the goals of this work to shed some lights on these aspects while trying
to partially reproduce their results. However, our numerical model of the Hamiltonian
worked in a slightly different way. While Sakurai et al. calculated all 1

n
interactions within

the system, our simulation software only calculated the nearest neighbor interactions. The
differences in the numerical simulations of the respective systems as well as the not entirely
identical Floquet cycles of course limit the comparability.

In contrast, Innocenti et al. published a more abstract analysis of the general behaviors
of QELMs. They started by comparing the classical ELMs, the basis of QELM. Further-
more, they discussed the performance of QELMs injecting the input data only once or
several times during the evolution process. This interesting approach of feeding data into
the quantum system in several steps is usually performed when working with time series
data in QRCs. However, here a copy of the input data was fed into the system marking a
promising idea of merging the two fields. As expected, they were able to lower the error
during training significantly by injecting the data multiple times. Another crucial find-
ing of their work was that, when working with quantum devices, noise inevitably severely
damages the performance of a QELM. As we are working with digitally simulated data
of unitary evolutions, this does not impact us at this time. However, when implementing
quantum simulators on physical hardware, these aspects will play a key role.

Lastly, we will discuss the article most similar to our own work. De Lorenzis et al. worked
with a similar Hamiltonian structure as we did and also used the QELM to classify the mnist
digit data set. Apart from that, they focused on the investigation of different approaches
for the QELM layers. More precisely, they compared several approaches for feature re-
duction, data encoding and also varied the Hamiltonian. As expected, they found that an
autoencoder is more suited to capture the variety in a data set than a simple PCA. Their
results suggest that the best encoding methods for a QELM are dense angle encoding and
uniform Bloch sphere encoding. Given that we are also using dense angle encoding this
is a satisfying result. They did not find any dependency on the Hamiltonian used for the
quantum system. This is not too surprising given that the three Hamiltonians used were
very similar and all exhibit complex dynamics that should be sufficient to explore a lot of
states in Hilbert space.



Chapter 4

Our Model: Pre-Processing,
Quantum System and
Post-Processing

In this chapter we explore the QELM we used in our investigation. We discuss the appli-
cation of all steps outlined in 2. First, we talk about the data set we used and the PCA
applied to it. Then, we delve deeper into the simulation software we used and get into
more detail of the physical model. We give a short overview of the default configuration
used by us. Lastly, we shortly discuss the post-processing of the measurements.

4.1 MNIST-Digit Data and PCA

The data set used in our analysis is fairly standard: mnist’s handwritten digit data set[16].
This data set contains 70,000 black and white images with 28x28 pixels displaying hand-
written single digits. Although these images are not predestined for QELMs, they have
evolved into a standard data set to compare QELM configurations [12] [15]. It should
be noted that QELM research investigating real-life data has already been performed as
well [34].Within this work, our standard approach is to split the data set into three smaller
sets: a training, a validation and a testing set. The training data set contains 50,000
observations and the validation as well as the testing data set contain 10,000 observations
each. Although we do not need the validation data set when applying Ridge regression,
we still keep this splitting for the comparison with other training methods in chapter 6.
The loss of accuracy caused by this smaller training data set should be negligible given
that we are not trying to beat any accuracy records. We are mostly performing relative
comparisons between configurations that all experienced the same data split. The splitting
is performed randomly, but reproducible with the sklearn seed set to 100.
Before splitting, the PCA discussed in section 2.1 is applied to perform the feature re-
duction. As we are losing some information by choosing fewer PCA components than the
number of original features in the data, we display the remaining explained variance in the
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model for various PCA components in 4.1

Figure 4.1: (Cumulatively) explained variance for up to 50 PCA components of mnist digit
data set.

In the interest of completeness, we show the explained variance cumulatively and individ-
ually for up to 50 PCA components. However, due to simulation and time constraints,
we limit ourselves to a maximum of 40 PCA components in this work. Using dense an-
gle encoding, we feed 40 PCA components into 20 physical qubits. Although the first 20
PCA components already contain 60% of the variation present in the original data set, the
inclusion of further PCA components is obviously worth it, as the cumulative explained
variance increases to about 80% for the first 40 PCA components. Even though further
PCA components would push this value even higher, we will settle for 40 components as
a compromise between information fed into the system and runtime for our classical sim-
ulations of a quantum system.

In section 2.2 we already discussed that we use dense angle encoding to feed our data into
the quantum system. However, as displayed in figure 4.2, we scale the PCA components
to the interval [0, π]. Consequently, we adjust the mapping that encodes the data a bit.
It matches the mapping from Sakurai et al. [15]. After calculating the first 2N PCA
components, we split them in the middle to yield the values for the angles θi and ϕi as
can be seen in figure 4.2. These vectors are read into the system per qubit i to be in the
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Figure 4.2: Process of encoding mnist data in QElM via PCA and MinMax scaling to
[0, π].

following input state:

|xi⟩ = cos

(
θi
2

)
|0⟩+ eiϕi sin

(
θi
2

)
|1⟩ (4.1)

The entire data set is now encoded in a matrix with 2N columns where N is the number
of qubits. The next step is to split these columns into two and use each resulting part for
one of the angles of dense angle encoding as displayed in figure 4.3. This column vector
represents one encoded image and is equivalent to one row of the final matrix in figure 4.2.

Figure 4.3: Encoding of one image with 2·N PCA components into Φ and Θ with dimension
N

This state serves as the initial state of our quantum system. The evolution of the system
and how we simulate it are discussed in the following section.
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4.2 Quantum System and Simulation Software

4.2.1 Simulation Software

In section 2.3 we discussed that we decided to use an MBL-DTC as quantum system of our
QELM. As we use the simulation software of Camacho and Fauseweh [35], the operator
presented in their paper ’Prolonging a discrete time crystal by quantum-classical feedback’
is the same operator we are using.
However, the simulation software can do many more things that were of relevance to our
work. While we focus on the closed system simulations, the original background of the cre-
ation of the software was to implement a correction scheme based on a quantum-classical
combination to account for potential noise effects on the real world hardware implemen-
tation. As can already be seen from this, apart from the closed unitary evolution the
software can be used to perform noise evolutions and noise evolutions with corrections (in
[35] denoted as protocol (ii) and (iii)). In theory, one could of course use also both these
protocols to conduct the simulations. We limit ourselves to the unitary case and do not
introduce noise. The impressive property of introducing corrections to simulated noise is
also left aside by us due to time constraints. However, for further research an investigation
of the validity of our results given noise as well as correcting for it is definitely worth a
deeper analysis.

Another key aspect of the simulation software is the availability of unusually large systems.
While simulating small quantum system with a one-digit number of qubits is possible on a
regular local machine, quantum simulations by their nature scale exponentially [1]. Tack-
ling the problem of simulating larger quantum systems requires super computers as well
as proper simulation methods. Camacho and Fauseweh in this case employed tensor net-
works in combination with representing the system as a matrix product density operator
(MPDO). Fortunately, this enabled us to conduct simulations with up to L = 20 qubits in
a reasonable amount of time.

4.2.2 Physical Model

The physical model is a periodically kicked 1D-Ising model, in accordance with [36]. This
model exhibits an extraordinary physical behavior when choosing the phase parameter
appropriately, leading to a many body localized discrete time crystal as described in 2.3.
This MBL-DTC phase has already been observed on real NISQ-quantum hardware [22] [37].
Consequently, making progress in this field and generating new insights can have immediate
implications for real-life NISQ-quantum devices already existing today.
The mathematical operator defining this system is presented in equation 4.2. This operator
is used for all time evolutions and only varies depending on the choices for each variable.
It should be noted that our work differs from the work conducted by Sakurai et al [15] as
their Hamiltonian did not contain a magnetic field part. Consequently, the physical results
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are not directly transferrable.

UF = e−iT
4
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j=1 Jjσ

z
j σ

z
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The physical system originates from [21] and exhibits three different physical phases: para-
magnetic, thermal and MBL-DTC, depending on the pulse parameter g. In this work, we
will call the parameter g the phase parameter since it is the parameter responsible for the
system’s physical phase. As it is our goal to investigate the performance of a QELM for
such physical systems, we will focus on the thermal and the MBL-DTC phases as well as
the transition region between the two.
The interval to choose g from is [0, 1] with g = 1 denoting an entire π-pulse on the Bloch
sphere and g = 0 removing the external drive entirely. A value of g = 1 would mean an
external drive of an entire π-pulse flipping all qubits in one step and returning them to
their original state after two periods. Consequently, the parameter interval of interest lies
in between. According to [22], a value of g = 0.60 is already deep in the thermal phase.
Therefore, in this work we will focus on values for g ∈ [0.70, 0.99]. For g ∼ 1 we expect
the MBL-DTC phase, while around g = 0.84 the transition from discrete time crystal to
the thermal phase should take place. These partial π-pulses are what we vary throughout
our analysis.
The Pauli-matrices σx

j and σz
j are applied on the qubit on site j respectively. The param-

eter T is set to 1 covering one Floquet period. Therefore, the time steps playing a role in
all simulations listed below are equivalent to the Floquet cycles that the quantum system
experiences. Since L is the length of the 1D-system it also is the number of qubits used
in each simulation. The two remaining variables are the coupling parameters Jj and the
magnetic field strengths hj. These are drawn randomly from uniform distributions with
Jj ∈ [−1.5π,−0.5π] and hj ∈ [−π, π]. These random and independent choices introduce
stochastical dependence into our simulations. When interpreting our results we need to
be more careful than when interpreting purely analytical results as there is a chance of us
observing results that are purely based on a fortunate choice of random parameters. This
is the reasoning behind us performing 10 realizations for each simulation we conduct.

4.2.3 Standard Settings

While it would have been possible to modify the intervals of which to choose Jj and hj,
we did not make use of this feature. Previous reserach [12] suggests that small deviations
from the Hamiltonian defined in 4.2 do not affect the results strongly. Furthermore, the
goal of this work is not to investigate different DTC-Hamiltonians, but to focus on one
physical system and gain insights about the potential of using this system for QELMs.
The number of values encoded in the quantum system of a QELM is one of the key aspects
of the method. It determines how much information enters the system in the first place.
The PCA components described in 4.1 are the values fed into into the system with the
presented dense angle encoding. Consequently, changing the chain size L in the quantum
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system can have a strong impact on the overall results. Generally, we use 8 or 10 qubits in
our simulations. However, as we also explore the effect of the system size, the parameter is
of course varied for this investigation. Furthermore, when we have the goal to achieve very
strong results, a large feature vector for training is necessary. To achieve this we might
also use larger systems like L = 15 or L = 20 .
The Floquet unitary given in equation 2.3 is the operator applied in each time step. When
speaking of time steps or Floquet cycles in this work we are referring to the number of
iterative applications of this operator. Of great use for us is the property of the simula-
tion software to measure every requested observable in every time step. This yields great
flexibility when investigating which aspects of the quantum system affected the results
strongest without having to perform too many simulations. More precisely, when we re-
quest a simulation of size L = 10 with t = 20 time steps (i.e. Floquet cycles) and the
observables sx, sy and sz, the software returns numpy-arrays with 10 measurements for
each observables per time step summing up to 210 values per observable in total. The
first 10 measurements are performed in the 0’th time step, before any evolution has been
applied. This vast supply of simulated measured observables is one of the crucial aspects
enabling us to conduct this work.
One parameter we have full control of is the number of time steps to simulate. We vary
this parameter depending on the goal of our analysis from t = 4 up to t = 100. The default
choice remains t = 20. This ensures that the system evolved for some time to experience
the desired physical effects. At the same time, the evolution is not too long to lose the
encoded information entirely.
For the observables measured by the simulation software the situation is more complex.
Every simulation will contain the three Pauli matrices X, Y and Z on every qubit in
every time step. However, a recent extension of the software package enabled us to also
measure correlations of the observables between different qubits. Due to the nature of the
simulation software, technically specifying the measurement of all 2-qubit observables is
cumbersome. Consequently, we conducted one simulation that included the measurement
of 30 measurement 2-qubit observables, while all other simulations yielded only a subset
or left the 2-qubit observables aside. As the system size varies, this subset is of course
not constant over all simulations. However, if two simulations have the same chain size
L, they are also equal in the measured 2-qubit observables. The 2-qubit observables are
chosen such that they cover as many aspects of the chain as possible, some spanning over
the entire chain while others were measured on neighboring qubits or on qubits with an
intermediate distance.
A disadvantage for our work a disadvantage is the pre-defined encoding setting. While in
related works the aspect of the encoding has been investigated and proven to be of great
importance for the quality of the results [12] [18], our encoding method must remain fixed.
While this lowers the complexity of finding the right configuration and turns our focus to
the quantum system as well as the post-processing, this also limits the generalizability of
our results. In our case, the data points to read into the quantum system are fixed to be
twice the size of the 1D chain. Fortunately, other works have shown that the encoding
used in our work is a favorable choice [18].
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4.2.4 Post-Processing

As we are comparing results created by many training processes, it is necessary to discuss
and, as far as possible, fix the potential parameters of the training layer of the QELM.
Before running any training process, it is necessary to determine the data set to train on.
If not specified otherwise, we train on the measurement results after the 20th time step.
When applying temporal multiplexing, we usually use all available time steps from 1 to 20.
As observables, we most often leverage the expectation values of Pauli-X and Pauli-Z mea-
surements. This is the most simple choice possible, as using only one of the two matrices
would neglect one axis that we considered when encoding our data.

Figure 4.4: Different training config-
urations to showcase low sensitivity
to Ridge regression.

The next step is to determine which of the
various existing training methods to use as
a default. As already mentioned in 2.5,
due to the close relationship to Quantum
Reservoir Computing we decided to work
with Ridge Regression. Compared to Saku-
rai’s choice of a one-layer neural network we
have fewer hyperparameters to tune. This
results in a simpler and more comparable
training process as we do not need to choose
the number of epochs, the batch size, the
optimizer, or the learning rate.
This simpler configuration also lies in the
interest of achieving more Explainable AI
systems. Another advantage that grows
more crucial with increasingly bigger mod-
els in Machine Learning is the faster train-
ing process, which corresponds to lower re-
source consumption. As a short study of
other choices for training methods we in-
vestigate the usage of linear support vector
machines or a one-layer network in analogy
to Sakurai et al. in chapter 6.

Now that we established Ridge regression as the default training algorithm, it is necessary
to discuss the choice of Ridge’s only hyperparameter: the Ridge penalty, in RC literature
known as either α or β. Our work shows that our training processes are primarily in-
sensitive to the order of magnitude of the Ridge penalty. Conducting a hyperparameter
scan to support this claim for every analysis we present in this work would have taken too
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much time. Consequently, we chose three different configurations that are very similar to
various parts of this work and tested the performance for α ∈ [10−20, 1020]. The results are
presented in Figure 4.4. As can be seen, all three configurations exhibit the same behavior.
They perform well for exponents below 0 and rapidly deteriorate for penalties larger than
105. Obviously, ridge penalties larger than 108 turn the training process into a random
model that does not depend on input or training configuration. It predicts the classes with
an accuracy of about 10%, exactly the results we would expect for a random classification.
Given these results, we are free to choose our default ridge penalty from the plateau shown
for all exponents from −20 to 0. In the interest of computational stability, we settled for
10−5 as our standard choice.

A useful approach in the field of RC and QRC is to create nonlinear combinations of
the feature vector with itself [38]. These combinations are appended to the original feature
vector, multiplying its size by the degree of nonlinearity. This part of the QELM is called
readout and we will also make use of it in chapter 6. However, when investigating the
nature of the quantum layer of the QELM, we will focus on a so-called ’linear’ readout,
meaning that we will not create nonlinear combinations of the feature vector. In contrast
to that, chapter/section 6.3 will be an in-depth analysis of the effect of readout and its
potential extensions.
Lastly, when tackling classification problems it is necessary to decide on an appropriate
metric. Fortunately, the mnist-digit data set is sufficiently large and totally balanced for
each digit to settle for the most basic choice. Consequently, it makes sense to stick to
purely using accuracy as a metric. In case of imbalance one might consider using recall,
precision or F1-score, in case of the given data set this is not necessary.



Chapter 5

Investigating the Quantum System’s
Effects

In this chapter, we have a look at the effect of the quantum layer on the classification
accuracy. In the last chapter we mentioned that the random draw of numbers introduces
a stochastic dependency. This is discussed in 5.1. As our Hamiltonian exhibits a thermal
as well as an MBL-DTC phase, the phase will be the next aspect investigated in 5.2. We
conclude this chapter with a presentation of the effect of different chain sizes compared to
classical training in 5.3 and by discussing results for using different sets of observables in
the training process in 5.4.

5.1 Dependency of Results on Drawn Numbers

One crucial aspect of the software package we use to simulate the quantum system is
that the parameters Jj and hj are drawn at random for all sites j. Therefore, one run
might yield outstanding results that are purely based on a fortunate choice of parameters
that is experimentally difficult to achieve. Producing reliable results with random choices
of parameters is more attractive in the long term considering real world difficulties with
reliable quantum computers. The divergence of different runs can be observed in Figure
5.1.

While the data points only exist for each integer time step, the lines in the two graphs are
connected to ensure that trends along the simulations are more visible. The first and at
this point crucial observation is that the dependency on random draws truly must be con-
sidered. While all simulations from both plots show a certain level of fluctuation over the
entire time period, some simulations perform consistently better than others. For example,
in the thermal phase the blue line achieves results above average for almost all time steps.
In contrast, the gray line in the same phase achieves bad results for almost all time steps.
Keeping in mind that the classification accuracies after evolving the system range from
60% to 72.5% these differences must be considered. A similar conclusion can be drawn
from the graph displaying the accuracies for the MBL-DTC phase. Consequently, it makes
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(a) Time-crystal phase: g = 0.70 (b) Thermal phase: g = 0.70

Figure 5.1: Accuracy results per individual simulations for different phases

sense to perform several simulations for each configuration and create a statistic for each
analysis we conduct. Otherwise, we might risk choosing a simulation with an unusually
good or bad performance with non-generalizable results. If not otherwise stated, from now
on we will always use ten simulations and present the arithmetic mean of their results.
To account for the statistical dependency, the standard deviation belonging to each mean
calculation will be used as an error bar around it.

Apart from the statistical dependency, we can already gain further interesting insights
from the two graphs. First, we focus on the thermal phase graph. One aspect that imme-
diately catches the eye is that the performance is best at the 0’th time step. As there is no
0’th time step, it corresponds to the training process on the encoded data. The accuracy
at this point is calculated purely on the encoded PCA data without any evolution. After
any number of Floquet cycles that we simulated the classification accuracy does not return
to the original value. The physical explanation in this case would be that in the deep ther-
mal phase of the system the information spreads in the system sufficiently quickly for a
significant part of the link between input data and label to get lost without being regained
later. This is a suboptimal result. It motivates our focus on different phases of the system
when trying to achieve high classification accuracy.

Turning to the time-crystal phase of the system the situation is completely different. In
this localized phase the information read into the system appears to be preserved. While
most of the simulations clearly fluctuate, there are strong patterns and the amplitudes of
the fluctuations are lower. Notably, some of the simulations achieve better performances
than the training on the encoding in some time steps. This is remarkable considering
the low dimension of the feature vector originating from only two observables that were
measured on all eight qubits. Another interesting aspect that should not get lost is that
not all simulations show the clear fluctuations described earlier. Some patterns are more
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similar to the ones observed in the thermal phase, although the classification accuracy is
still significantly higher. The reason for these diverging behaviors can only be found in
the random choice of the parameters hj and Jj, however, investigating them lies beyond
the scope of this work. We consider this observation as further support to always build
our insights and statements on a statistic of simulations rather than a single one. The
two graphs yield the impression that the system is undergoing an evolution also in terms
of classification capabilities when changing the phase parameter that leads to less random
fluctuations. This impression is also supported by the same evaluation for a phase param-
eter of g = 0.85, whose results we added in the appendix A.1.
As we presented the necessity to conduct statistics as well as shown first results for the
system’s dependency on the physical phase, we will now move on to a deeper discussion of
the phase effects.

5.2 Effects of Phase

When using a discrete time crystal Hamiltonian for a QELM, one of the key aspects to
explore is the effect of phase on the training success. We have already gained some first
impressions but now want to take a deeper, more detailed look. In our case, according
to Camacho and Fauseweh [35], we should distinguish three different phase regions: the
MBL-DTC phase, the thermalized phase and the transition from one phase to another.
As discussed earlier, the state of the phase depends on the set of parameters hi, Ji and
g. However, as Ji and hi are drawn randomly, g is the only parameter under our control.
To investigate the effect of different phases, it makes sense to keep the training process as
simple as possible. This should enable us to see the impact of different phases as clearly as
possible. Consequently, we use the standard basic set-up with identity readout, observables
Pauli-X and Pauli-Z, and a chain length of 8 qubits. First, we discuss the performance
when measuring only once after 20 time steps. Then we will turn to a more complicated
training process that makes use of combining measurements after 10 or 20 Floquet cycles.
Although we will have a more in-depth discussion of potential effects of temporal multi-
plexing later, it makes sense to get a first impression which of the phases benefits the most
from this technique.

The data points in graph 5.2 show the mean performance over ten runs, while the error
bars represent one standard deviation around this mean. The considered parameter inter-
val spans all regions of interest to us with g close to 1 creating the discrete time crystal
phase and g lower than 0.85 being the thermal phase. Setting g = 1 would remove the
external drive part of the Hamiltonian which is why we do not include it in this analysis.
In steps of 0.01 we consider all parameter levels down to g = 0.70. At this point, the
system should be deep in the thermalized region which is why we did not lower it any
further. Although previous results from Peña et al [11] performed well at the transition,
results from Sakurai et al. [15] showed a better performance for the thermalized region
encouraging us to expect similar results. As our only observables to measure are Pauli-x
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Figure 5.2: Train and Test results after 15 time steps without temporal multiplexing over
all phase parameters.

and Pauli-z on each qubit, the feature vector used during training is 16-dimensional. We
performed the analysis for 0 to 20 time steps. Of course, before the evolution, all phase
parameters across all individual simulations yield the same classification accuracy as we
are only training on the encoded data. Here, we present the results for measurements after
15 Floquet cycles. Given that the results are extremely similar for all possible choices of
time steps, these work as proxies for the phase behavior. As comparison, we have added
the results after 20 time steps in appendix A.3
We observe a clear positive correlation with increasing phase parameter. This aligns
with our results from 5.1. The impression that performance is on average better for a
higher phase value is now supported by a consistent upward trend over all choices for
g ∈ [0.70, 0.99]. Furthermore, the lowest performance seems to be bound from below as it
saturates in the region of g ∈ [0.70, 0.77]. At the other end of the considered interval, the
performance also appears to have an upper bound as it saturates for values approaching
g = 0.97 . This behavior is not as clear for all time steps we consider, but does occur e.g.
for a measurement after 15 time steps as shown in 5.2.
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Consequently, we can conclude that, when training only on data originating from mea-
surements obtained after a fixed number of time steps, the discrete time crystal performs
significantly better than the thermal phase and the transition region. Thus, we find our
assumption from 5.1 confirmed. Our results appear to yield contradictory results to Saku-
rai et al. [15]. However, they did not explain the configuration of their training process.
We cannot conclude that they did not use temporal multiplexing, such that our results are
not necessarily comparable.

Figure 5.3: Classification accuracy for all 20 time steps combined.

So far, we have worked with very small feature vectors with only 16 entries. This will
not be sufficient when trying to achieve competitive results. Throughout this work, we
consider three ways of enlarging the feature vector: adding more observables measured
in the same time step, adding measured data of the same observables from different time
steps, or appending a non-linear combination of the existing feature vector to the feature
vectors. As we regularly use the addition of measurements from multiple time steps later
on, it makes sense to investigate the performance per phase parameter now.
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The results for training on all 20 time steps are presented in graph 5.3. Obviously, the re-
sults are much better than previous analyses. This is based on the vast feature vector that
was used in training. As we combine measurement data from 20 time steps, our feature
vector grew from 16 dimensions to 336 dimensions. This explains the jump in classification
accuracy from approximately 70− 75% to more than 90%.
Throughout this work, we generally present the classification results on the test data set.
The foundation for this shortened presentation can already be seen in 5.3. This graph
contains 30 different physical configurations with 10 simulations each and a large feature
vector with 336 dimensions. In none of these training processes we can observe any relevant
gap between training and test results. Consequently, from now on we will only present the
results on the test data set as no additional insight can be gained from the train data
results.
The second aspect immediately catching the eye is that the shape of the ’curve’ has changed
drastically compared to the same evaluation without temporal multiplexing. The previ-
ously best performing discrete time crystal phase now performs significantly worse than
the thermal region and the transition region between the two. Clearly, the training process
of the thermal region benefits much more from the temporal multiplexing than the training
process using the discrete time crystal measurements. An explanation for this could be
that the thermal phase is better at mixing the input data than the localized discrete time
crystal. However, when training on a feature vector that is small due to only measuring
at one time step, the advantage of the mixing turns into a disadvantage as for the training
algorithm it is not possible to recognize the label from the low-dimensional feature vec-
tor. For the localized discrete time crystal the consideration of more time steps does not
improve the performance just as much because the input data is mixed much less during
the system’s evolution. The localization that preserves the information in the state also
prevents the beneficial mixing that occurs in the thermal phase.
To conclude the phase investigation we note that both the thermal and the MBL-DTC
phase have their benefits. While the discrete time crystal phase was superior for train-
ings without temporal multiplexing, the same holds for the thermal phase when temporal
multiplexing is leveraged during training. Furthermore, as the results look very similar
for all choices of 0 to 20, the number of Floquet cycles that the system evolves before
measurement appears to not be of great importance.

5.3 Effects of System Size

Another aspect that so far we considered only indirectly is the effect of the physical system’s
size. This should be considered mainly for two separate reasons. Firstly, increasing the
system’s size enables us to encode more information into the system. Every additional
qubit can be used to encode two additional values. Secondly, we need a sufficiently large
system to trigger the physical effects described in the paper of Camacho and Fauseweh [35].
A system with a chain length of two or three qubits will not yield the same richness in
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dynamics as a system with 10 or more qubits. Consequently, in this chapter we have a look
at this aspect of the QELM. We compare the performance of three different feature vectors
created with QELM observables with classical performance of 2N PCA components. In
this work, we used a feature vector built from Pauli-X and Pauli-Z observables as default
configuration. To justify this, we have also shown the results for a configuration built from
Pauli-X or Pauli-Z only in figure 5.4. It should be noted that the feature vectors built
from one observable only are also only half of the size of the classical or QELM standard
configuration. However, it is obvious that a training process containing only information
from one Pauli matrix is not sufficient for good classification results.

Figure 5.4: Comparison of classification accuracy for classical system and 1-qubit observ-
ables over system size.

As an input for the classical training we use the PCA components that were also calculated
as input for the QELM. As the feature vector based on the QELM is twice the chain length
(based on Pauli-X and Pauli-Z), we also need twice as many PCA inputs for the classical
training. Hence, we train on feature vectors of dimensions 4 to 40 to get the results for
’Classical’ and ’QELM: sx+sz’. Of course, as the classical result do not have any statistical
dependency they also do not have any error bars. We will discuss the impact of different
observable sets further in section 5.4.
Leaving the obvious underperformance of the configurations with one Pauli matrix aside,
we observe a few trends. For very small physical systems, the QELM manages to beat the
classical training process. However, for systems of with 5-8 qubits, the classical training
performs at least equally well. For all larger systems, the classical results consistently
exceed those of the QELM.
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When trying to explain these results, it is worthwhile to keep in mind the nature of the
data on which we are training. Although the first PCA components contain the largest
share of the overall variation, training on their values when the entire feature vector is small
could limit the results. The mnist digit data set contains 10 different categories. Ignoring
variations within these categories, we quickly see that while all digits will have some pixels
in common, they of course vary drastically in different regions of the image. Encoding
this information in less than 10 PCA components appears to overstrain the method of
PCA given that the feature vector’s dimension is smaller than the numbers of potential
categories to sort the data in. Therefore, it makes sense that the results are very low but
quickly improve when adding more PCA components as they appear to contain the bit of
information missing that the algorithm needs to distinguish properly. Keeping all this in
mind, it is as surprising as satisfying that the QELM manages to achieve better results
for such small system sizes. We measure our system after an evolution of 20 Floquet
cycles. Due to this comparably long evolution, it appears that despite the MBL-DTC
phase the information encoded in the system has had time to spread and mix within the
chain. Consequently, the measurements appear to yield a more distinguishable data set
than the pure PCA components could. Given that both training processes started with the
same input data and were trained with the exact same algorithm, the dynamics within the
physical system are the sole possible reason for the QELM results exceeding those achieved
from classical training.
As mentioned above, with an increasing number of PCA components, the classical system
manages to catch up to the results of the QELM. The QELM appears to be unable to take
advantage of the additional information as much as the classical training. To us, it seems
that the previously managed mixing that happens during the evolution period might be
harming the performance.
Obviously, both the classical training and the physical system are benefiting from more
PCA components and larger physical system sizes respectively. However, the classification
accuracy reaches a plateau around 80% for both methods. While the additional information
margin lowers with each PCA component, we suspect that the main reason for this plateau
is the limited potential of ridge regression as a training algorithm. An insight to take from
this chapter is that system sizes with 10 or more qubits already achieve a classification
accuracy that is sufficient to compare different configurations. The increase in accuracy
achieved by using more than 15 qubits should also be weighted against the increased
difficulty and complexity of physically building or digitally simulating such a large quantum
system. Although it would have been nicer if the QELM results consistently exceeded the
classical results, we can conclude that this is not the case. We will need additional tools
and methods from the quantum system itself as well as during the post-processing of the
results. Then we can hope to achieve results that exceed those of the classical training also
with ridge regression.
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5.4 Training on Different Observables

5.4.1 Standard System

When training on the measurement output of a quantum system, another key topic is the
list of observables that one should measure. A first result has already been presented in 5.4.
Now we will have a closer look at this question by also including correlations between qubits
in our analysis. As the choice of observables of course depends on the physical system one
is using, we would like to especially consider whether it makes a difference to use observ-
ables that were measured on each qubit individually or correlation observables. In other
works we have not found any comments regarding the observables that were measured for
training except Sakurai’s logical statement that in principal for systems with N qubits 2N

observables can be used for training [15]. As we are in the fortunate position of having
a software package at hand that can measure a plethora of physical observables, we will
delve deeper into the effects of using different observables configurations in the training
process.
Firstly, we need to set the framework that we want to use for our investigation. Most im-
portantly, when comparing the performance of different settings, the feature vector used in
the training process must have the same size. Not taking this into account would result in
our analysis suffering from a large level of uncertainty, given the strong dependency on the
feature vector’s size displayed in 5.3. Secondly, we would like to ensure that our system
is large enough to experience complex physical dynamics. In this interest, we choose a
system with 10 qubits. Also, we set the phase parameter to g = 0.99 such that our system
exhibits the MBL-DTC behavior. This choice is made based on the results from section 5.1
where we showed that without temporal multiplexing the MBL-DTC phase yields better
results. Lastly, we let the system evolve for 10 time steps. This is a compromise between
long evolution times for quantum dynamics and the computational resources necessary to
simulate the measurement of more observables. To conclude, we conduct the same analysis
for the thermal phase with g = 0.70. The reason for this is to investigate the potential
generalizability of our results.

5.4.2 Comparison 1-Qubit and 2-Qubit Observables

As a starting point, we investigate the potential difference in suitability of 1-qubit and
2-qubit correlation observables. In the first case, the feature vector is composed of all
three Pauli matrices measurements on all 10 qubits. This results in a feature vector of size
30. To reach a similar dimension for a feature vector built from 2-qubit observables, we
need 30 different correlation measurements. In this case, we choose 30 random correlations
of qubits spanning the length of the entire chain with randomly assigned correlations to
measure.
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Figure 5.5: Comparing results of 1-qubit and 2-qubit observables in the thermal phase,
both feature vectors with 30 dimensions.

The results for this comparison over the process of the entire simulation can be found in
Figure 5.5. Let us first have a look at the results for the three Pauli matrices. In 5.4 the
system with 10 qubits and Pauli-X and Pauli-Z achieved an accuracy of approximately
75%. Consequently, adding also Pauli-Y yielded a satisfying increase in accuracy of another
5% on average. We also observe again that the results after the time evolution are worse
than right after the encoding.
However, this does not hold for the 2-qubit observables. Although the overall results are
clearly worse than the ones achieved with the three Pauli matrices, they are on average
better than the ones measured from the encoding. Sadly, both configurations experience
a serious drop in accuracy when measuring after the first timestep. While the 2-qubit
configuration appears to overcome this drop by returning to accuracies above the starting
point, the Pauli matrices configuration performs consistently worse than the starting point.
However, due to the decreased accuracy, we can conclude that for equivalent feature vector
sizes using only 2-qubit correlations in the training process is not sufficient. Consequently,
the next logical step is to combine both 1-qubit and 2-qubit observables in an analysis to
investigate their potential.

5.4.3 Combination of 1-Qubit and 2-Qubit Observables

The first question to arise is which of the Pauli matrices to use in such a combination, given
that they yield such varying accuracies when analyzed over different system sizes 5.4. To
shed light on this question, we conduct an analysis whose results can be seen in figure 5.6.
The approach is to use all possible choices of 2 Pauli matrices as starting points and then
add the measurements of 2-qubit observables step by step. We apply this process iteratively
until the feature vector reaches a dimension of 50, which logically happens after adding
the 30 2-qubit correlations whose single results are displayed in 5.5. All measurements are
taken after 10 time steps.
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Figure 5.6: Comparison of classification accuracy for different 1-qubit starting observables
in the MBL-DTC phase.

Given that we are working with a system of size 10, we can immediately compare the first
data point to the results for Pauli-X and Pauli-Z in Figure 5.4 and observe that they
match. Secondly, we notice that this is also the consistently best starting choice. All
three configurations improve their accuracy when adding more 2-qubit observables, but
the Pauli-X and Pauli-Z performs best in each step. Given the encoding it is unsurprising
that the two configurations containing Pauli-Z perform better than Pauli-X and Pauli-Y .
However, this ’bad’ encoding also relatively benefits the most from adding more observ-
ables. This makes sense given that the unseen information entering this training process
has a stronger effect as it contains more Pauli-Z parts. Overall, the trends observed sug-
gest that a converging process is taking place that will result in all configurations achieving
similar results for the same number of observables. Although this suggests that the choice
of observables to measure is arbitrary for our results, in our cases this does not hold. We
never measure sufficiently many or even all observables to approximate this equality. Con-
sequently, for choosing lower numbers of observables as we are doing in this work, it makes
sense to work with Pauli-X and Pauli-Z as a basis to achieve the best results with a fixed
number of observables.
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Figure 5.7: Classification accuracy results for different categories of 2-qubit observables in
the MBL-DTC phase.

5.4.4 Investigating the best 2-Qubit Observables

Due to the limits imposed on us by the simulation software, we can only work with a small
set of measurements of 2-qubit observables. So far, we used 30 different observables in our
analysis. Now, we expand this to the currently maximum possible number of 60 observ-
ables. These observables fall into 6 different categories, depending on the Pauli correlations
between different qubits: XY, XZ, YZ, XX, YY and ZZ. Given that we have access to 60
observables in total, each of these categories contains six observables. As a feature vector
with only six entries is too small for efficient training, we also apply temporal multiplexing
for the first ten steps. The results per observable category can be found in Figure 5.7.
The results displayed are difficult to interpret. Given the small size of the feature vectors
used in the training process, the large error bars are not surprising. However, considering
the relatively large range covered by the y-axis we can conclude that it appears to make
a difference, which observables are measured and used in training. While it is easy to
identify that ’YZ’ seems to be a bad candidate, all other categories yield similar results.
Consequently, while we suspect that some correlation is present, a more thorough investi-
gation would be necessary to identify clear and statistically significant behaviors. Due to
time constraints, this is left for further research.

5.4.5 Results for g = 0.70

Lastly, we want to shortly compare the results presented in this section for the thermal
phase. We chose to work with the MBL-DTC phase as default. In Figure 5.8 one can
immediately see why: The classification accuracy drastically reduces with the first few
time steps for the 1-qubit observables when using the thermal phase. Furthermore, we will
see that the results are less interesting, since they show a lower level of variety.

The results for the three Pauli matrices exhibit a clear negative trend that reaches a plateau
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Figure 5.8: Comparing results of 1-qubit and 2-qubit observables in MBL-DTC phase,
both feature vectors with 30 dimensions

Figure 5.9: Comparison of classification accuracy for different 1-qubit starting observables
in the thermal phase.

at about 75%. Consequently, even though we use more observables than we did in 5.4, the
accuracy is the same. This already justified our choice to focus on the configuration in the
thermal phase.
In contrast, the 2-qubit results are more interesting. In terms of thermal evaluation,
the classification accuracy is consistently lower. However, the results are not stable or
decreasing. Although the accuracy reaches a plateau after three time steps on the level
of the encoding accuracy, after one and two time steps the results are clearly better.
Apparently, for a short time the evolution of the quantum system was able to increase the
results for the 2-qubit observables.

When adding 2-qubit observables in the thermal phase, the results differ a lot from those
obtained in the MBL-DTC phase in Figre 5.6. In Figure 5.9 we can immediately see that
the starting observables do not have a statistically valid effect on the overall results. The
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addition of 2-qubit observables has the same effect on the results as it did for the Pauli-X
and Pauli-Y combination in the MBL-DTC phase. The results increase steadily by about
12% in total. Given that the system exhibits a much stronger interaction between the
different qubits compared to the MBL-DTC phase, these results were expected. As we
measured after 10 time steps the system had enough time to evolve and the information is
well spread across observables and sites. Unfortunately, a relevant part of the information
appears to get lost from this thermalization as we start at an accuracy of about 67.5% for
no 2-qubit observables compared to the 77.5% for Pauli-X and Pauli-Z in the MBL-DTC
phase.

Figure 5.10: Classification accuracy results for different categories of 2-qubit observables
in the thermal phase.

The previous results suggested that for the thermal phase it does not make a difference
which observables to measure. We find this to be confirmed by taking a look at the
performance of the different categories of 2-qubit observables. From the interval covered
by the y-axis we find that the overall spread of all data points is lower than the spread
for the MBL-DTC phase. Furthermore, the data points are closer together and, except for
one outlier, all data error bars cover the means of all other data points. While we could
not draw any reliable conclusions for the 2-qubit observables in the MBL-DTC phase, it
appears that for the thermal phase, the performance is mostly insensitive to the choice of
observables for the training process.



Chapter 6

Investigating Post-Processing Effects

6.1 Comparing Different Training Methods

In the spirit of Reservoir Computing, Quantum Reservoir Computing and the success
Ridge has delivered in these fields when predicting time series in complex systems [14], we
originally chose Ridge regression as our default training algorithm. In Figure 4.4 we inves-
tigated Ridge’s sensitivity to varying default parameters. This analysis already suggested
that Ridge might not be the best approach when training our QELM. Consequently, we
decided to conduct a short study to compare Ridge’s performance with other training algo-
rithms that are also well established in either QELMs (ONN) or Machine Learning (SVC).
In subsection 6.1.1 we present two competing approaches and how we applied them. These
approaches are a One-Layer Neural Network that has also been used by Sakurai et al. [15]
and a standard support vector classifier. In subsection 6.1.2 we present some results for
these training methods and Ridge regression on four different sample configurations that
we drew from the simulations conducted throughout this work.

6.1.1 Considered Training Methods

Before we move on to evaluate the performance of varying training algorithms on sample
configurations, it is necessary to present the training algorithms we will consider in more
detail. So far, we worked with Ridge regression and presented its mechanism in section 2.5.
Given that there are a plethora of other algorithms to leverage for classification problems,
we would like to take a moment to motivate our choices here.
In view of the close relationship between our work and the research performed by Sakurai et
al. [15], we decided to implement their training algorithm and investigate its performance
in our configuration. As it is not our goal to achieve an improvement in the classical train-
ing layer, we do not expand the implementation to a discussion of overfitting and dropout.
As this algorithm is a tuning of a one layer neural network, we also consider the results
that are achieved for a simpler implementation that does not require a vast exploration of
the hyperparameter space.
Lastly, we conduct the training with a very simple implementation of a Linear Support
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Vector Classifier. During our research, we found that this algorithm already performs well
without any tuning while not taking too long to train. Consequently, we decided to shortly
present it and evaluate its performance on several configurations.

The simplest implementation we chose is the one layer neural network without any tun-
ing. This is equivalent to a matrix mapping the feature vector linearly on the classes to
distinguish for. As we do no apply any activation function, no further non-linearity is in-
troduced after the quantum system. Given the simplicity of this approach, we only trained
the neural network for 10 epochs. After these epochs we choose the one hot encoded class
with the maximum value in the predicted dimension.
The implementation chosen by Sakurai et al. [15] follows a more sophisticated path. Apart
from training the weights for 200 epochs, an activation function is applied to calculate the
probabilities of each class. With both algorithms consisting of the same number of nodes,
the main difference to the previous method is the number of training epochs. This should
enable the algorithm to learn more difficult patterns and achieve a higher classification
accuracy.
Lastly, we use a linear support vector classifier. Instead of tuning the hyperparameters, we
choose to use the default configuration set by sklearn’s implementation. While the neural
network is optimized to approximate the respective class probabilities, the support vector
classifier is trained to find the optimal hyperplane separating all classes.

6.1.2 Performance on Sample Configurations

As it is not our plan to establish a different training algorithm for this work we did not
apply it to every analysis performed so far. This would have only increased the number of
dimensions open for exploration and added further complexity to the analysis. To avoid
this, we have chosen four sample configurations that have also been used in the same or
a similar fashion at some point in this work. Their technical configurations can be found
in the appendix B.1. The results for training on these four configurations can be found in
Figure 6.1a.

Considering the varying parameters assigned to each configuration it is not reasonable to
compare the performances across different configurations. However, we can draw some
conclusions as the comparison within the configurations exhibit clear trends. It should
be kept in mind that during this training process no activation function is applied to
the feature vector while training the ONN. Furthermore, it is only trained for 10 epochs.
Without an activation function, the ONN is equivalent to a multiple linear regression.
In that case, the only relevant difference to Ridge regression with a very small penalty
is the number of epochs that the ONN had the time to find the best possible mapping.
Considering these settings and their results, it appears that the ONN does not have enough
training time as the Ridge model performs better for 3 out of 4 configurations and equally
well for the last one. Because of these results, we conduct another analysis in Figure 6.1b
with the same ONN as used in Sakurai et al. [15]. Returning to our current comparison, we
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(a) Comparison of training methods for 4 repre-
sentative QELM configurations.

(b) Comparison of training methods for 4 rep-
resentative QELM configurations. ONN equiv-
alent to Sakurai et al. [15].

Figure 6.1: Performance of different training methods on 4 representative configurations.

can also conclude that the Support Vector Classifier would have probably been the better
choice for all trainings throughout this work. It manages to consistently achieve higher
classification accuracies than both the Ridge model and the ONN. While the training
process for the SVC takes more time than the training process for Ridge, it might be
worth the additional time given the clear improvement of classification accuracy.

6.2 Effect of Temporal Multiplexing

So far we mostly worked with measurement results obtained after a fixed number of Flo-
quet cycles. To improve our results, we would like to increase the size of our feature vector.
We have already done this by adding further observables measured at the same time or
by adding the best performing measurements from other time steps. Now, we would like
to perform a deeper study of the effect of temporal multiplexing. The goal is to find an
optimal number of steps to add to the training process and to figure out whether it makes
a difference which time steps we choose to combine. Furthermore, we would like to under-
stand whether it is better to combine data originating from the MBL-DTC phase or from
the thermal phase of the physical system.

6.2.1 Temporal Multiplexing Depending on Physical System

As a first step, we want to compare the training with temporal multiplexing for different
physical phases. To develop an intuition for the necessary range of temporal multiplex-
ing, we start with an analysis of the first 100 Floquet cycles. In chapter 5 we already
discovered that the phases have different effects on the results depending on whether we
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use temporal multiplexing or not. Here, we find this result confirmed. The discrete time
crystal performed consistently better than the thermal phase in the case of training on
observables originating from only one time step. However, when combining measurements
from several time steps, the stronger mixing of information in the thermal phase resulted in
an advantage for the training process. This also holds for long evolution times as depicted
in 6.2.

Figure 6.2: Temporal Multiplexing results for 100 steps and different phases

It should be taken into account that the growth of the feature vector, while linear, results
in a really large vector after 100 time steps. We are operating on a system with 10 qubits
and measure two observables on every qubit and for each time step. This results in an
addition of a 20-dimensional vector to the feature vector per time step. Consequently, in
the end we train on a vector with 2020 entries, while at the starting point of the time
evolution we trained on a vector with only 20 dimensions.
Overall, all data points exhibit small standard deviations around their mean. This is a
reassuring result that the 10 random draws per simulation are sufficient to account for the
randomness in the quantum reservoir. Throughout this work we repeatedly find that the
application of temporal multiplexing, in addition to increasing the accuracy, is in general
successful in lowering the deviations of the predictions.
We can also see that until eight time steps the training success is relatively similar for
all phases. After this, the performance of the discrete time crystal phase deviates as the
thermal and transition phase results grow at higher rates. However, the classification
accuracy still increased from approximately 90% to 93% in the remaining 90 time steps.
The results of the thermal and the transition regime are more impressive. The logarithmic
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growth observed for both results in more than 96% accuracy after 100 time steps. There
is no sign that the accuracy might worsen for more time steps, but it also does not seem
likely that the system manages to correctly classify all images after any number of time
steps.
Furthermore, the overall small difference between the thermal and the transition regime is
notable. While the transition regime seems to underperform the thermal phase slightly for
step numbers lower than 80, the two curves converge in the end. One can conclude that
the transition regime takes more time to achieve the same classification accuracy but that
it managed to catch up after some time. Concluding, one gains the impression that as long
as we are not deep in the discrete time crystal phase, the system is performing really well
when using temporal multiplexing.
However, as the further gain in accuracy is relatively small, it does not seem appropriate
to create incredibly large feature vectors from temporal multiplexing. The method is
invaluable to increase the classification results but it should not be stretched too far.
Combining a lower level of temporal multiplexing with other methods appears to be the
more promising approach. Fortunately, we find our original choice of using 20 time steps as
the default simulation length confirmed. After 20 time steps all three phases have already
reached around 80% of the entire accuracy gain achieved after all 100 time steps. Therefore,
to us this seems like an appropriate choice for temporal multiplexing. Of course, this choice
must be reevaluated once actual physical quantum hardware is available to us and we do
not have to rely on classical digital simulations anymore.

6.2.2 Partial Studies

After having had a look at the entire time evolution we now move on to discuss smaller
intervals of this evolution. In chapter 5 we have already discussed that one of the best per-
forming steps of the entire measurement interval is the measurement before any evolution.
As now we would like to compare different time intervals of the evolution, we exclude the
0th time step.
As the thermal phase achieved the best results while also exhibiting a smooth logarithmic
growth of classification accuracy, we focus on this simulation in our discussion. To get an
impression from different perspectives, we investigate the performances for time intervals
of length 10, 20, and 50. Therefore, in the first case we compare 10 intervals with 10 time
steps that add up to a feature vector of size 200. In the second case, we compare 5 intervals
with twice this size. When comparing for 50 time steps, we only have 2 intervals. Their
feature vectors’ have 1000 dimensions each.

Before delving into the comparison of the results, we notice that for all 3 splits of the evo-
lution process the data points exhibit a remarkably low spread. While for 10 time steps all
accuracies scatter within a 1% interval, the accuracies for 20 time steps vary even less. The
mean accuracies as well as their error bars are all covered by the interval [93.5%, 93.9%].
Although we only have two data points, the trend of decreasing dispersion continues as the
error bars are within [95.50%, 95.75%]. This makes sense given the increasing sizes of the
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Figure 6.3: Accuracy results for training on different slices of 10 steps with temporal
multiplexing

feature vector. However, it puts our other comments on potential trends in the analysis
in a different perspective. Although some trends can be observed, we conclude that the
overall impact of choosing different intervals is low.
That being said, we notice that the analysis of the 10 time steps exhibits a negative trend

(a) Accuracies for 20 time steps of temporal mul-
tiplexing.

(b) Accuracies for 50 time steps of temporal mul-
tiplexing.

Figure 6.4: Accuracies for varying numbers of time step intervals

over the entire interval considered. Unlike for QRC, when using a QELM the data is read
into the system only once. Therefore, it is expected that some information present in the
beginning of the time evolution gets lost. As this might be countered by the opposite effect
of beneficial mixing of information, it is difficult to assess how much this is the case. Over-
all the size of the error bars should be kept in mind. While the negative trend is clearly
there, some measurements in the last bracket of 91-100 time steps still achieve comparable



6.3 Effect of Readout 47

results to some bad performing measurements from 1-10 time steps.
When turning to the analysis of size 20 intervals we immediately notice a different picture.
Although we have fewer data points, we cannot confirm the negative trend observed for
size 10 intervals. The most surprising observation is that the first 20 time steps are not
the best performing time steps interval. The result based on time steps 21-40 does not
only achieve a higher mean but also smaller error bars. This is even more stunning when
considering the size 10 intervals. Here, the average result for time steps 1-20 is higher
than the one for time steps 21-40. Apparently, we cannot draw immediate conclusions for
larger intervals when training on smaller time intervals. Given this non-trivial relationship
between different time interval sizes, it might be worthwhile to combine other intervals
with one another. However, at the current state this goes beyond the scope of this work
and is left for further research. The other results of size 20 align more or less with those
for size 10 as they show similar fluctuations.
The results for 50 time steps do not keep any reliable further insights. The accuracy in-
creases again to more than 95%. Despite the large error bars we observe a small tendency
for the later time steps to be worse. This aligns with the results for the size 10 intervals.

In conclusion, we can state that the effect of choosing different intervals for the train-
ing does not have a strong impact on the result. If it has any reliable impact, it will make
sense to stick to the first 50 time steps or a subset of these. Investigating less trivial time
step configurations such as size 10 intervals from different parts of the evolution remains to
be explored. The lack of strong dependency on the time of measurement is promising for
future research. These results support the conservation of the initial data in the physical
system also for up to 100 time steps.

6.3 Effect of Readout

A well established method to improve results in the field of QRC and RC is to apply a
function to the already existing feature vector [38]. The most common approach is to
apply the Schur multiplication to the feature vector by multiplying the feature vector
element-wise with itself:
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In equation 6.1 we can see an example for squared readout as the feature vector is multiplied
once with itself, creating a vector with squared entries of the original entries. In the same
fashion, we could create cubed or quadrupled feature vectors. Of course, this could be
continued to infinitely large exponents. However, as the feature vector entries are averaged
measurements in the interval of -1 and 1, the reasonable application of this method requires
to use low integer exponents. Multiplying the vector with itself too often would create input
data for our training that is too close to 0. This could result in the training being more
difficult and unstable due to the increased orders of magnitude that our data would cover.
For example, when creating a quadrupled feature vector, on one hand data points with an
original value of xj = −0.9 would result in O(10−1). On the other hand, data points with
an original absolute value of less than 0.1 would result in a smaller value than O(10−4).
When trying to map both these points to a label with one regression, the weights must span
a wide range to map properly to the labels. Weights spanning a larger order of magnitude
would result in a less stable process. Therefore, we will only consider multiplications of up
to power 5.
Before starting with the analysis of different readout methods, we need to fix the simulation
parameters to use for this part of the work. As we are not yet applying any other improving
methods, it is not necessary to choose the best possible performance. We stick to a system
with L = 15 qubits and a phase parameter g = 0.95. As observables, we use Pauli-X and
Pauli-Z. We measure after 20 time steps and temporal multiplexing is not applied as the
readout methods themselves already improve the size of the feature vector sufficiently.
To evaluate our results we compare them to a classical training based on a feature vector
with the same dimension. To achieve this, we randomly choose n variables from the original
mnist-digit data and train on this data.

6.3.1 Standard Readout-Methods

As standard and well established readout methods we consider all multiplications up to
the power of 5. Their results are displayed in Figure 6.5. As a comparison, we added the
results for no further function applied to the feature vector. This is labeled as ’identity’.
We will stick to this descriptive notation for the entire chapter.
We can immediately observe an improvement of the classification accuracy for the applied
readouts. However, the positive effect seems to exhibit logarithmic growth. If one follows
the diminishing returns of the readout methods and takes our intuition about increased
orders of magnitude for the feature vector into account, we expect that the performance
starts worsening quickly for larger readout methods. Another advantageous effect is that
the application of the readout methods lowers the standard deviation of the results as can
be observed by the shortened error bars. Given that this effect can also be observed when
adding more observables to the feature vector, we suspect that this decreased variety is
generally caused by increasing the feature vector size.
As a further comparison we added the classification accuracy for a classical training al-
gorithm with a feature vector of the same size in the right image. The classical training
is performed by using the dimension of the feature vector of the classical training as the
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(a) Readout results without a classical compari-
son.

(b) Readout results with a classical comparison.

Figure 6.5: Main caption for both figures.

number of random variables that were to be drawn from the original mnist black and white
image. Obviously, the results should be interpreted with caution, as of course much more
information was fed into the QELM than is contained in the classical feature vectors. How-
ever, it is still nice to see that a feature vector with less than 100 dimensions can already
achieve accuracies above 80%. Also promising is the fact that the results for ’power5’ are
still outperforming the classical results. As the classical result is trained on 20% of the
available variables, an identification of the digit is possible.
Before advancing to our suggestions for further readout methods, we have a look at the
results for temporal multiplexing here. The results for the same configuration as in Fig-
ure 6.5 but with all 20 times temps are presented in Figure 6.6. For temporal multiplexing
we already start with a feature vector of dimension 630 that increases up to 3150. Con-
sequently, we expect significantly better results than we had for the evaluation without
temporal multiplexing. Given these large dimensions, it is not purposeful to compare the
results to any trainings based on classical mnist-digit data.

While the overall performance of all readout methods improves drastically, the differ-
ence between the individual readouts decreases. Without temporal multiplexing, applying
squared readout already increased the results by 4%. Now, the increase is only about 1.5%.
However, when considering that the identity readout already yields great results, the lower
increase is expectable. There is a remarkable similarity in the increase of classification

accuracy, as the application of ’squared’ leads to a correct classification of about 1
6

th
of

the previously wrongly classified data points. While the temporal multiplexing shifts the
overall performance significantly to more than 90%, one can argue that the improvement
achieved by the readout method seems to remain constant based on the remaining shares
of wrongly classified data.
Concluding our analysis of the already in use standard readout methods, we note that while
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Figure 6.6: Readout results for temporal multiplexing with 20 steps

the application of readout methods of increasing degree improves the results significantly,
the marginal gain in accuracy decreases. These effects are observed independently of the
application of temporal multiplexing. Now that we developed an understanding of the
readout methods’ potentials and limitations, we turn to some newly developed strategies
for applying readout functions.

6.3.2 Newly Proposed Readout-Methods

When discussing candidate functions beyond the previously discussed as readout meth-
ods, we are in the fortunate yet challenging situation of choosing appropriate but simple
functions that could yield an improvement. Firstly, we consider shuffling different parts
of the readout vector. Secondly, in the same spirit but less dependent on randomness,
we multiply each component of the feature vector with a later component of the feature
vector, depending on a pre-defined shift parameter. Lastly, we introduce a few common
functions in machine learning and investigate their performance. While there is an infinite
number of functions to choose from, we wanted to keep the complexity sufficiently low not
to create a black box whose behavior and potential success are too challenging to explain.

Shuffled Readout

The most prominent part in our discussion is straightforward: we introduce randomness
into the functions discussed in 6.3.1. As an example, we work with readout vectors of third
power. This is a compromise between complexity and computational efficiency. Within
this third power vector, we introduce randomness at every possible moment. The original
structure of the cubed readout vector can be found in equation 6.2.
The system represented is the same we used in our training process. While the quantum
system is made of a chain containing 15 qubits, we use Pauli-X and Pauli-Z in training.
Thus, we create an original feature vector of dimension 30. The measurements are con-
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ducted after 20 time steps and we do not use temporal multiplexing such that the actual
size of the identity feature vector was 30. However, due to the ’cubed’ readout and its
shuffled variations the size of the feature vector to train on grew to 90 dimensions.
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(6.2)

To visualize the meaning of the x-axis ticks in Figure 6.7 we display an example of the
shuffling on the right side of equation 6.2. The example ’p3 102’ represents a cubed vector
containing one shuffling for the ’identity’ part of the readout vector, no shuffling for the
’squared’ part, and two shufflings for the ’cubed’ part. In total, when counting the original
cubed version, we calculate the results for 24 different configurations. As in this case we
shuffle all possible components, the data point for ’p3 123’ exhibits the highest level of
randomness. As the results without temporal multiplexing do not show any trend or clear
dependency on the shuffling, we also perform the analysis for temporal multiplexing on all
20 steps in the right-hand side of Figure 6.7. Without temporal multiplexing, the error
bars span almost the entire range of the results. Although the first result for the method
’cubed’ is on average lower than many other results, each data point’s error bars cover
all other data points. Consequently, it is not yet possible to draw any conclusions about
the success of our newly suggested method. However, we note that, since all mean results
scatter between 83-84% compared to approximately 83% without shuffling, our method
does not appear to worsen the prediction quality.
The next logical step is to follow the path already outlined in the previous paragraph.
An increase in the feature vector’s size might yield a clearer look and will most probably
improve the overall results. When considering the classical readout methods, we observed
a quantitatively similar result for temporal multiplexing whose predictions were shifted.
Here, we also manage to discover a stronger distinction between the tested methods. All
readout methods in combination with temporal multiplexing succeed in improving the re-
sults to around 96%. At the same time, the standard deviations decrease vastly to less
than 0.1% for all data points. When taking a closer look at the performances, two data
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(a) Readout results without a classical compari-
son.

(b) Readout results with a classical comparison.

Figure 6.7: Readout effects for random readout ’cubed’ with and without temporal multi-
plexing.

points immediately stand out. They perform significantly worse than all other tested con-
figurations. These two are the only data points that do not include any shuffling in the
appended ’squared’ and ’cubed’ parts of the feature vector. We included the regular ’cubed’
configuration as a benchmark for all other configurations and the ’p3 100’ in the spirit of
completeness as well as a sanity check. For shuffling the ’identity’ part of the feature vec-
tor we do not expect any performance change compared to ’cubed’. This expectation is
confirmed by the analysis.
Of course, of superior interest is which configurations reliably perform better than the
remaining ones. Our results exhibit a remarkably consistent behavior. All configurations
that are shuffled at least once in the ’squared’ and ’cubed’ part of the feature vector be-
long to the best performing group. This group scatters around 96.8%. Performance in the
interval [96.4%, 96.6%] is achieved in configurations that are not shuffled in the ’squared’
part, ’cubed’ part, or in both of them. Another clear result that aligns with the previously
mentioned bad performance of ’p3 100’ is that shuffling the ’identity’ part of any well per-
forming configuration does not alter the result beyond statistical fluctuations. Drawing a
final conclusion about the overall best performing configuration is not possible. Shuffling
all three constituents of the ’cubed’ tends to yield very strong results. But there are also
other configurations like ’p3 111’ or ’p3 021’ or ’p3 121’ that achieve comparable perfor-
mance.

Although the improvement of the results is roughly 1% for most configurations, this is
still a remarkable result given that we already started at a classification accuracy of ap-
proximately 95.6%. Naturally the question arises why these improvements occur. Unlike
the case of temporal multiplexing or the comparison of already established readout meth-
ods, we cannot find the reason in an improved size of the feature vector. Given that we
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Figure 6.8: Log-distribution of feature vector components for best and worst performing
shuffling configurations.

only shuffle parts of the ’cubed’ feature vector, they all have the same dimension as the
’cubed’ benchmark.

When observing these results our first intuition is that the shuffling solves the earlier
discussed problems of some feature values approaching 0 too quickly. However, we do not
find this intuition confirmed when investigating the distribution of the values in the feature
vectors. In Figure 6.8 we display the first 106 components of the feature vectors yielding
the accuracy results of the given labels in Figure 6.7. In the left part of the Figure we see
the histograms for bad performing configurations, while the right part displays two sam-
ples from the best performing group. Apparently, the increased shuffling leads to a more
symmetric distribution of our feature vector components around the origin. For Ridge
regression to perform well on a given data set, a Gaussian distribution of the features is
advantageous. Consequently, given the different distributions of our configurations’ fea-
ture vector values, it is logical that one group of configurations outperforms the other group.

In the following subsection we investigate whether the improvements achieved from shuf-
fling the feature vector can also be achieved from a simpler mathematical operation of
just shifting the part of the feature vector that each component is multiplied with by a
fixed number. Afterwards, we have a look at common activation functions from Machine
Learning to investigate whether these are able to improve the results. Given that a more
symmetrical distribution of feature vector components around the origin significantly im-
proved the results, it is worth investigating if other symmetrical mappings are able to
achieve similar results.
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Squared Shifted Readout

The next investigation we conduct follows a similar approach as the shuffling discussed
previously. Instead of shuffling, we now multiply each singular component with one of the
following components. In the interest of developing a reliable understanding, we investigate
shifts of several ranges. To keep matters simpler, we only conduct this analysis for the
squared readout instead of the cubed readout used previously. A visual representation of
shifting by one step can be found in equation 6.3.

x0

x1
...

x28

x29

x0x0

x1x1
...

x28x28

x29x29



shift−−−→



x0

x1
...

x28

x29

x0x1

x1x2
...

x28x29

x29x0


(6.3)

It is worth keeping in mind that x1...x15 are measured values of Pauli-X while x15...x29

are the measurements of Pauli-Z. This visualization is valid for a feature vector without
temporal multiplexing. In the case of temporal multiplexing, all time steps for Pauli-X are
appended before the results for Pauli-Z are appended. This is important when interpreting
the results displayed in 6.9. The readout methods on the x-axis are squared readout shifted
by the respective integer.

As a comparison we added the performance for the ’squared’ and the ’squared shuffled’
readout methods.
Although the first impression of the results might be that they fluctuate without any
pattern between two main levels, this assumption does not stand up to closer scrutiny.
Inspecting the data points that result in an accuracy similar to the accuracy without
shuffling, we realize that all shifts are exact multiples of 15. Given that our chain size
is 15, in these cases each original feature vector component has been multiplied with its
measurement from a later time step. In contrast, a lot of shifts deviating from the multiples
of 15 are able to almost reproduce the accuracy achieved by random shuffling. However,
none of them are able to achieve the same level of accuracy or even surpass it, making
random shuffling still the top performer for squared readouts. Furthermore, shifts of only
1 or 2 appear to be too small to leverage the effect that the shuffling and larger shifts
benefit from. The results are increasingly better than without shifting, but are the only
ones clearly in between no shuffling or shifting and only shuffling. The last aspect to discuss
is the apparent decrease of accuracy for shifting by 315. Given that our feature vectors
were created by temporal multiplexing for a system with 20 steps and Pauli-X and Pauli-Z
as observables, the feature vector has a total size of 630. Consequently, the multiplication
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Figure 6.9: Accuracy results for different shifts of feature vector in ’squared’ readout.

after shifting by 315 is a multiplication with the same qubit at the same time step but the
measurement of Pauli-Z instead of Pauli-X. Apparently, this configuration is even worse
than multiplying each component with itself. While all of these are interesting findings
that lay a foundation for further research, the key takeaway remains that the shuffling’s
performance is unbeaten.

Simple Functions

Lastly, we consider simple functions from the area of Machine Learning. These are also
used in neural networks to introduce non-linearity. Similarly as for the previous methods
we apply the respective function on each component of the feature vector and append the
results to the original vector. Plots of all used functions can be found in the appendix A.2.

• Leaky ReLu (Rectified Linear Unit): max(0.1x, x) Originating from ReLU, all posi-
tive values are linearly mapped onto themselves. While in ReLu all negative values
are mapped to 0, we do not want to lose all of this information. Consequently, we
used the Leaky ReLu that multiplies negative values with 0.1.

• Extreme Sigmoid: 1
1+e−7x Maps all values to the interval [0, 1]. While the normal

sigmoid exhibits an almost linear behavior in the interval [−1, 1], using e−7x instead
of e−x yields a highly non-linear mapping.
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Figure 6.10: Accuracy results for suggested readout functions compared to standard
squared readout.

• Tangens Hyperbolicus: sinh(x)
cosh(x)

Does not map values to entire range of [−1, 1]. De-
creasing slope for x-values close to -1 or 1.

• Cosine: cos(πx) While not a standard activation function, we considered it due to
the interesting aspect of values close to 0 and close -1 and 1 yielding similar results.

From our previous investigation we learned that without temporal multiplexing the effect
of readout functions is negligible compared to the error bars of the statistic. Consequently,
in this paragraph we only discuss the results for temporal multiplexing. The four functions
are chosen based on their diverse behavior in the interval [−1, 1]. While the curves of
tanh(x) and ext sigmoid mostly differ in their curvature, LeakyReLu and cos(πx) exhibit
completely different behaviors in the given interval. Keeping these aspects in mind, the
results displayed in Figure 6.10 are disappointing. Due to the large feature vectors the
variety across readout methods is naturally small. As the variation between methods is
still greater than the respective error bars it is large enough to draw conclusions. We
can immediately see that all new suggestions worsen the results compared to the original
’squared’ readout. The performances of tanh(x) and cos(πx) are only slightly worse than
the ’squared’ results. In contrast, the results obtained from LeakyReLu and ext sigmoid
are significantly worse. Hence, a first result is that none of these functions are worth using
for readout. They might still improve the results when using a feature vector with higher
order non-linear combinations of the data. Due to time constraints this is left for further
research.
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Apart from this result, why do the LeakyReLu and ext sigmoid yield such bad results
compared to the other two functions? While tanh(x) is almost a linear mapping of the
data, cos(πx) fluctuates an entire cosine oscillation around the origin. Both functions have
in common that there is a high level of diversity in the mapping’s output. In contrast,
the bad performers LeakyReLu and ext sigmoid map a large share of the values to very
similar regions either close to 0 (LeakyReLu) or 0 and 1 (ext sigmoid). Consequently, a
high level of dispersion in the mapping’s output appears to be advantageous for the clas-
sification accuracy. This result of course raises the question which other functions might
yield better results than those presented here. An idea could be a cosine wave oscillating
with higher frequency around the origin. While some share of the data would be mapped
to the same values, they are originally not very close. Therefore, this mapping should not
harm the overall results similarly and still hold interesting potential. This investigation is
left for further research.
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6.4 Performance after Combination of these Tools

6.4.1 Fixing Methods and Parameters

So far, the focus of this thesis has mostly been investigating the effect of several approaches
to improve the results of a QELM by changing an isolated aspect of it. In this section we
want to combine all of our findings to create a QELM with maximum classification accu-
racy. Before looking at the results of this training process, we have a short recap of the
aspects we investigated and which conlusion they led to.
In section 5.3 we presented that the achievable results of course depend on the amount of
information fed into the system. Keeping this in mind, we want to use a large system to
encode as much variety of the input images as possible. However, as the PCA components
are ordered by size we experience diminishing returns as the added variety per component
decreases steadily. Given the cumulatively explained variance in figure 4.1, we settle for
20 PCA components.
Secondly, we learned in section 5.2 that the system’s physical size strongly influences the
classification. When we are not using temporal multiplexing, the discrete time crystal
yields the best results. In the case of temporal multiplexing, the thermal phase managed
to improve its results sufficiently to overtake the discrete time crystal phase. Within this
work, we have usually compared both these phases. In the interest of consistency we apply
the same approach here. However, as we are also applying temporal multiplexing we expect
the thermal phase to achieve better results than the discrete time crystal phase.
Combining our results from Sections 5.3 and 5.4 we learned that the best performing ob-
servables are the three Pauli matrices. While the addition of 2-qubit observables led to
an improvement in accuracy, the by far best results were achieved by using Pauli-X and
Pauli-Z. As also the combination of Pauli-Y and Pauli-Z performed well, we choose to use
all three matrices in our current case. For now, we leave the 2-qubit observables aside.
Regarding the training, we have to decide on the number of time steps to use, a readout
method, a training method, and the hyperparameter(s) of the chosen training method.
In Figure 6.2 we discussed that the largest increase per additional time step is by far
achieved within the first additional time steps. Consequently, we settle for a choice that
we applied repeatedly throughout this work and include the first 20 time steps as well as
the measurement before any time evolution.
Our extensive treatment of readout methods in Section 6.3 yielded clear results on the most
appropriate choices for the readout method. Although the application of the four typical
activation functions in Section 6.3.2 appeared to be a promising approach, the results were
unable to live up to those expectations and clearly lacked classification accuracy compared
to the application of random readouts. Building on these findings, we use the cubed read-
out that is shuffled once in every appended part. Considering the results in Figure 6.7 we
could have also used other configurations, but the similarity of the results suggests that
this choice does not have a significant impact. While we could have additionally shifted
the readout before creating the non-linear parts of the feature vector, our results from
Figure 6.9 do not suggest that any improved classification accuracy could be gained from
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Figure 6.11: Best results for combining several methods. Trained with LinearSVC.

this.
Lastly, the choice of the training method is relatively simple. Throughout this work we
used Ridge regression due to its simplicity and speed. However, in Section 6.1.2 we showed
that on average, Ridge regression is slightly inferior to the one-layer neural network used
by Sakurai et al. [15] as well as a standard linear support vector classifier. The results
for these two are similar, although the LinearSVC performs slightly better than the ONN
in three out of four cases. Consequently, we choose LinearSVC as training algorithm. It
should be noted that this choice is not crucial, most likely the ONN would yield similar
results.

The results of the training are displayed in Figure 6.11. As expected, the results are re-
ally good in the sense that the classification accuracy is very high. The performance of
the QELM is better than the performance for feeding in only the classical information of
the image. However, one should keep in mind that the feature vectors do not have the
same sizes and, therefore, the performance is only of limited comparability. The classical
training is based on 784 dimensions, originating from 28 · 28 pixels. The QELM works
with a feature vector with 1890 dimensions. Measuring 3 observables on 10 qubits leads to
30 measurements per time step. As we include the measurement before any evolution in
addition to 20 time steps, we arrive at 630 dimensions. Due to the cubed shuffled readout
this feature vector is extended by its own size twice, resulting in 1890 dimensions. Given
this large feature vector, we expected an improved performance. However, there are a
few drawbacks to be noted. Throughout this work, we only showed the test accuracy for
classification as it was not significantly different from the training accuracy. Here, for the
first time we experience overfitting. While the training for the thermal phase is sufficiently
successful to classify with almost 100% accuracy, the test accuracy does not manage to
achieve this level and is significantly lower with less than 97%. Obviously, the model
learned some patterns in the training data that are not generalizable to the entire data
set. In this case, to improve the results we would have to apply some further techniques
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to reduce overfitting during the training process. Considering the results for the discrete
time crystal phase we experience the same issue, albeit to a lesser extent. This training
process appears to be less prone to overfitting given that a lower training accuracy actually
led to a higher test accuracy. Common strategies to reduce overfitting are increasing the
regularization strength or the implementation of early stopping. The goal of this training
process is to showcase the potential of a combination of all discussed techniques in this
work. Given this focus we do not implement the overfitting reduction mechanisms as the
tuning of this algorithm is not a focus of our work.
However, the question arises why the discrete time crystal phase leads to less overfitting
than the thermal phase. The key difference between the two phases is that the discrete
time crystal phase is better at preserving the information fed into the system. In contrast,
the thermal phase leads to a fast mixing of the information. The difference in performance
is remarkable especially given our previous results from Section 5.2. We learned that the
discrete time crystal is superior to the thermal phase without temporal multiplexing. When
applying temporal multiplexing, the roles clearly changed and the classification accuracy
of the thermal phase is significantly higher. Although both phases perform really well
when applying every method, we can identify another reversal of roles. Both systems are
trained with the same algorithm and both systems are based on 10 simulations to ensure
that one-time effects cannot play a role in the results. Consequently, we can conclude that
there must be a fundamental difference in the phases that results in the thermal phase
being more prone to overfitting.
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Summary

Throughout this work we have explored and analyzed a QELM based on a discrete time
crystal Hamiltonian. While we have not changed the Hamiltonian, we have varied other
parameters of the method to gain insights about its behavior as well as potentials to im-
prove their performance. Our analysis was focused on the mnist digits data set which is
arguably a simple data set for an algorithm to classify. However, we do not see a reason
why the principles investigated in this thesis should not hold for more complicated data
sets that are prepared appropriately.
We started the analysis part of this thesis by discussing our implementation of QELMs in
chapter 4. This was followed by a presentation and explanation of the standard parameters
and settings we used. In chapter 5 we displayed that it is of utmost importance to run sev-
eral classical simulations with randomly drawn numbers to get statistically reliable results.
Furthermore, we investigated the importance of the physical phase for the classification
results. The discrete time crystal phase performed well without temporal multiplexing,
preserving the inserted information well. In contrast, as expected the information spread
quicker in the thermal phase. However, when applying temporal multiplexing the thermal
phase clearly yielded better results than the discrete time crystal phase. Apparently, the
spread of information is beneficial when constructing the feature vector from multiple time
steps.
We also investigated the effect of changing the chain length of the physical model. As this
increase requires more PCA components as inputs that also contain more information we
expected an improved performance. This could be observed in Figure 5.4. For any choice
of 1-qubit observables the performance increased with growing chain length. However,
none of the large configurations consistently outperformed the classical training based on
the same number of PCA components as input features. Furthermore, we were able to
observe an effect of marginal returns as the classification accuracy improvement saturated
for systems with chain sizes larger than 10.
The last aspect explored by us in chapter 5 were the observables used in the training pro-
cess. We conducted this analysis for both physical phases and also included correlation
between different qubits as observables which we called 2-qubit observables. Feeding only
these observables into the training process in either phase resulted in a similar performance
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to the usage of the pure Pauli matrices. However, leveraging both kinds of observables for
the feature vector led to different results based on the Pauli matrices used and the phase
the system was in. While the discrete time crystal phase exhibited varying behavior for
every combination with Pauli-X and Pauli-Z as best performing starting observables, the
thermal phase did not show any dependence on the observables used. In both cases, the
addition of 2-qubit observables led to an increased performance. In case of the discrete time
crystal, the performance exhibited some converging behavior. As last part of chapter 5
we investigated whether the subgroups of 2-qubit observables showed any differentiation
in terms of classification accuracy. While we could not identify clear behaviors, there is a
trend consistent with the previous results that the thermal phase does not exhibit differ-
entiation whereas the discrete time crystal phase does.
With chapter 5 having been focused on varying aspects of the quantum system, in chapter 6
we turned our focus to the post-processing layer of the QELM. Firstly, we displayed sev-
eral possible training methods beyond the well-established Ridge regression and compared
their performance on four sample configurations. As expected, more complex training al-
gorithms like neural networks and linear support vector machines were able to consistently
improve the results. Unfortunately, they also come with a trade-off in computational com-
plexity with the training process taking significantly longer. Given the focus of this work,
we continued working with Ridge regression with only one exception.
Next, we discussed a well-established method from RC: Temporal Multiplexing. This
method is almost invaluable to achieve results in QELM that are comparable to classical
results. Firstly, we showed that, while temporal multiplexing drastically improves the re-
sults, it is only of limited usefulness to add further time steps. The growth of classification
accuracy per added time step reduces drastically after the first 10-40 time steps, depending
on the phase of the system. For every subsequent analysis leveraging temporal multiplex-
ing, we worked with these results by feeding only 20 time steps into the feature vector. Our
study of several parts of the evolution process revealed that with a sufficient number of
steps included for temporal multiplexing, it does not matter anymore at which point of the
evolution one starts measuring. Furthermore, the variations between different segments of
the evolution process decreases for increasing feature vector dimensions. Feature vectors
built from 50 time steps exhibit almost the same classification accuracy.
The last aspect of the post-processing layer we analyzed was the readout mechanism de-
ployed in the method. As default, we only used the pure observables from one or more
time steps and called this method of readout ’identity’. The established variants of readout
built on non-linear combinations of this method. We presented these results for nonlin-
ear combinations of up to power 5. The classification accuracy grew logarithmically with
growing feature vector size both with and without temporal multiplexing. However, given
that the feature vectors with temporal multiplexing are already large without the readout
method, the absolute differences of the classification accuracies were smaller. Still, the
functional behavior of both cases were similar.
Focusing on the cubed readout, we introduced randomness into the nonlinear combinations
by shuffling the feature vector randomly. According to our knowledge, this is an approach
nobody else ever followed. To our surprise, it had a strong impact on the classification ac-
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curacy. While the results without temporal multiplexing were not affected by this change,
the results for temporal multiplexing exhibited rich behaviors depending on which part
of the cubed feature vector was shuffled. Our key insight was that the shuffling of the
identity part does not make a difference, whereas the shuffling of the ’squared’ and ’cubed’
segments of the feature vector led to a clear improvement from the regular cubed results.
For both, it does not matter whether all factors or only a subset of the multiplication are
shuffled. Investigating the cause for these pleasing results we displayed in Figure 6.8 that
it might be caused by a more symmetric distribution of the feature vector components.
Building on these insights, we tried two further approaches of nonlinearly processing the
observables measured from the physical system. The first approach was to reduce logical
complexity of the process by shifting one of the feature vectors involved in the multiplica-
tion instead of shuffling it. These shifts were not able to outperform the random shuffling,
but some worked similarly well. Apart from that, the best results were achieved by those
shifts that led to a strong mixing of qubit and time step. In case of a measurement being
combined in one time step with the same observable on the same qubit in later time steps,
the classification accuracy dropped to the same level as the original cubed readout without
shuffling.
Instead of shuffling and shifting the feature vector components, we also applied four widely
used activation functions to the feature vector. While all four functions decreased the
classification accuracy compared to the original method without shuffling, the more sym-
metrical functions led to better results, consistent with the previous results from random
processing. Especially notable is the clear decrease for the hyperbolic tangent that almost
has the same functional shape as the ’idenity’ readout. Consequently, one should not make
use of any of the discussed function as the classification accuracy appears very sensitive to
this change and the functions were not able to improve the results without shuffling, far
away from reaching the shuffled results.
Lastly, we wanted to run a test of what the maximally possible test accuracy with our
discussed methods was. Without tuning the hyperparameters, we did not expect perfect
results and actually ran into overfitting. However, the results were still better than any
previous training process, suggesting that a combination of all methods appears meaning-
ful.
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Chapter 8

Outlook

Lastly, we would like to present potential next steps building on our work. In the spirit of
this thesis we split these steps into general remarks, further work focused on the quantum
layer of the QELM, and suggestions for the readout layer.
In this work we only considered unitary evolutions of quantum systems. Although math-
ematically simple and easily simulatable, of course, this treatment does not account for
real-world complexities of quantum hardware. Consequently, a reasonable and necessary
extension would be to repeat the key steps of our analysis with classical simulators taking
noise into account. Fortunately, the simulation software used by us already contains this
functionality. Additionally, one could test our findings for the third protocol introduced by
Camacho and Fauseweh [35]. Given the difficulties arising from noisy quantum channels,
their suggested protocol of restoring the quantum state by quantum-classical feedback is
also worth investigating.
Apart from this, it is important to note that all results in this work are validated by 10
simulations that depend on draws of random numbers. In consideration of our previous
simulations not producing any outliers we do not expect that the number of simulations
run by us were too low. However, given that some of the error bars in figures like 6.7
were large enough to easily cover neighboring data points and, therefore, hindering the
interpretability of the respective results, it seems reasonable to run further simulations.
This would ensure stronger statistical validity and reliability. A potential shrinking of the
error bars might also reveal further insights, especially in 5.10.
One of the large beneficial aspects of using discrete time crystals as quantum reservoirs is
that they have already been implemented experimentally [37]. Although they are fun, we
are not doing Theoretical Physics and numerical simulations for their own sake. In con-
trast, we are hoping to implement the scheme presented by Camacho abd Fauseweh [35] in
an experiment in the near future. In light of this plan, a key question will be how experi-
mentally feasible the results of this work are. Especially the complexity of creating many
representations of the same system and the ability to measure a plethora of observables in
a reasonable amount of time are factors to investigate. A deeper study of these aspects is
necessary and requires close collaboration between theoretical and experimental Physicists.
Fortunately, our work supports previous findings that the particular Hamiltonian as well
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as the parameters Jj and hj are not affecting the results strongly. As mentioned earlier,
discrete time crystals have already been implemented. Leveraging these experimental pos-
sibilities to prove that our results do not only hold for digital simulators is invaluable.
As we demonstrated throughout our entire research, the QELM is not successful in achiev-
ing better results than classical machine learning in case of equally sized feature vectors.
This also holds true for the same amount of information being fed into both methods.
Although we cannot be sure that this search will be successful, it seems necessary to delve
further into this topic with a more systematic approach. Some combinations of readout
method, temporal multiplexing and observables to train on might still be able to outper-
form the classical approach if chosen carefully. Any configurations that achieve this or
even those that get close can lead to further improvements of QELMs and deepen our
understanding of their functionality.
Another general factor to consider for further research is the problem that the QELM is
trying to solve. Given that our work is of an exploratory nature, with mnist digits we
settled for one of the simplest, standard data sets. Of course, it is the long term goal
to develop QELMs that are able to tackle real life goals beyond standardized data sets.
While this has already been achieved by de Lorenzis et al. [12], an interesting approach to
us would be to use QELMs to solve optimization problems in Physics. One key question
that remains in all of these tasks is the dimension of the input data and, if it is too large,
how it can be efficiently compressed beyond PCA.

In chapter 5 we discovered a strong correlation between the phase of the physical system
and the performance of the QELM that leverages the system as quantum reservoir. Al-
though we have already presented reasonable approaches to physically explain the diverging
behavior, a clear theoretical explanation or a proof considering the spread of information
over multiple Floquet cycles are crucial next steps. Apart from supporting our hypotheses,
leveraging these explanations would yield a more explainable scheme of QELMs.
The latter part of chapter 5 is dedicated to the study of observables measured for our
training process. The results found in this section of course only hold for the Hamiltonian
that we investigated. As we found differing results for the phases considered, a strong
dependency on the Hamiltonian for the performance of individual observables is proba-
ble. Also, theoretically the spread of the information throughout the system of course
depends on the form of the Hamiltonian used. However, in our example all Pauli matri-
ces as well as all 2-qubit observables were able to achieve results that exceeded random
classifications. This raises the question, how strong the relationship between Hamiltonian
and favorable observables is. In a subsequent step, the results of numerical simulations,
theoretical predictions and experimental implementation should be checked for consistency.

Although we covered multiple important aspects, the investigation of readout effects is
far from complete.
The most relevant of our results to investigate further is the improved performance discov-
ered for shuffled readouts. In figure 6.8 we displayed that the improvement may be caused
by a more symmetric distribution of the feature vector’s components. This insight can be
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used to implement more symmetric distribution as an assessment whether the result holds
or can even be improved. Additionally, when shifting the components of the vector we
did not investigate more complicated mixing methods than just shifting by a fixed num-
ber. More sophisticated shifts building on the number of observables or time steps can be
imagined and are worth an examination.
An issue that arises from creating non-linear readouts of increasing power is that on av-
erage features tend to 0. This could harm training and may be a reason for the lack of
improvement examined by higher order combinations. We suspect that intermediate scal-
ing to an appropriate range while keeping the more symmetric distribution could improve
the results further.



Appendix A

Additional Plots

Figure A.1: Single run performance for transition region g = 0.85.
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Figure A.2: Graphical representation of suggested readout functions in the relevant regions.
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Figure A.3: Train and Test results after 20 time steps without temporal multiplexing over
all phase parameters.



Appendix B

Parameters of Sample Configurations
for Training Method Comparison

Configuration 1 2 3 4

phase parameter g 0.95 0.70 0.99 0.70
chain size L 20 10 10 10
time steps [20] [0:20] [0:40] [10]
observables [sx, sz] [sx, sy, sz] [sx, sz] [sx, sy, sz + 60 correlations]
readout squared identity squared cubed

Table B.1: Sample configurations for the comparison of training methods.
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