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Abstract

Deriving governing equations from time series data is an ongoing topic of research across different
disciplines in science. While the terms of the governing equations can be reconstructed by
combinations of the input coordinates or other more sophisticated methods, inferring the
coefficients of each term is a complex task on its own. Here, we extend and discuss an algorithm for
finding the correct coefficients of the governing equations of chaotic systems by introducing a
unidirectional coupling. We achieve this by treating the data as a primary system and coupling a
secondary system to it. Then by inducing synchronization, we can push the parameters of the
secondary system in the direction minimizing a loss function. After the loss has reached its
minimum, the found parameters are a good estimate of the real parameters producing the data. We
apply our algorithm on numerous chaotic systems and we find that this method identifies the
correct coefficients for all of them, while being robust to noise and incorrect terms in the governing
equations. Additionally, we discover that the Lorenz equations are not the only ones producing
the—or a—butterfly-shaped attractor.

1. Introduction

With the explosion of computational resources more and more data is produced and processed than ever
before. While various techniques exist to use this data and create models & forecasts from it, most modern
approaches hide their functionality in a high-dimensional space and can therefore be seen as ‘black
box’-approaches. On such approach commonly used in physics being reservoir computing [1].

In contrast to that, one approach consists of deducing the governing equations from a given time series.
This has the advantage of rendering the obtained model understandable and explainable. Such models could
be used in the modeling of the climate [2, 3] and turbulent air flows [4], epidemics [5, 6], and even in
financial markets [7-9]; all fields, where explainability is as important as accuracy.

Many different models for finding governing equations from data emerged in recent years [9—12]. Most
methods, such as sparse identification of nonlinear dynamics (SINDy) [11], perform regressions on a large
set of terms, which are constructed from all possible combinations of the input variables. However, for
high-dimensional and nonlinear data the number of possible terms explodes. Therefore, Ma et al [9]
introduced a method using causal inference to identify only relevant terms. Now, the task remains to
calibrate a set of dynamical equations by finding the coefficients which describe the data best.

Current work on this topic exists and can be categorized by their different approaches: a genetic
algorithm can by found by Tao et al [13], and a particle swarm optimization can be found by Mukhopadhyay
and Banerjee [14]. In [15] we found a useful list of possible different approaches to this problem.

Another prominent approach entails utilizing synchronization, which can be obtained by coupling two
systems. While Bagnoli and Baia [16] study the coupling in the parameters of dynamical systems, a more
traditional approach consists of coupling the system’s coordinates. This phenomenon has been described by
Fujisaka and Yamada [17] and Pecora and Carroll [18]. Following work by Parlitz et al[ 19, 20] used this
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synchronization to estimate parameters from time series. However, in their work they relied on a
Lorenz63-specific coupling. Similarly, other work on this area so far also relied on non-trivial coupling
methods, which are model specific and need to be determined beforehand for the system at hand [21-25]. In
section 3.1 we will make the synchronization independent of the system and thus use a coupling, which
works for all chaotic systems and does not require prior calculations. This is especially important in scenarios
where prior calculations are not feasible or the prior calculations are not guaranteed to be correct, due to
uncertainties in the structure of the governing equations.

Work by Abarbanel et al [26] puts this topic in the context of data assimilation, however, it lacks a
detailed analysis on the synchronization and stability considerations. While work by Maybhate and Amritkar
[21] and by Creveling et al [27] apply these ideas on an incomplete data setup, in this work we focus on
situations where all data is available and observable.

Typically, the Lyapunov function is used to show stability and convergence of a coupling [22-24].
However, Marino and Miguez [28] used the mean-squared-error due to its general applicability and
simplicity to derive a gradient from it. In this article we also focus on gradient descent-based algorithms,
since the recent advent of deep-learning technologies has led to a family of improved first-order optimizers,
such as ‘Adam’ [29] or ‘AMSGrad’ [30]. An algorithm based on first-order optimizations was introduced by
Marino and Miguez [28]. However, their work is limited to the Lorenz63 system and lacks general
applicability.

The main idea of this work is to generalize the findings of Marino and Miguez [28] by extending their
algorithm and making it applicable to arbitrary chaotic systems. Furthermore, we modernize it by extending
it with advances in stochastic optimization. Regarding the theoretical aspect, we will demonstrate that our
algorithm indeed utilizes the synchronization property of chaotic systems. We will highlight that our
modifications make this algorithm more robust against noise and incorrect knowledge of the governing
equations compared to the original benchmark in [28]. Additionally, we will compare it to the SINDy
algorithm in [11].

In the end we will apply our algorithm on different libraries of terms and try to reconstruct the Lorenz63
equations. There we will find that different sets of equations exist, which produce an attractor with the iconic
butterfly shape.

2. Data

To prove its general applicability, we apply our algorithm on a number of chaotic systems, as we will show in
section 4. However, as an example during this paper we will introduce and visualize our ideas using the
Lorenz63 system [2] described by

X1 =—0x1+0x (1a)
5C2:pX1*X2*X1X3 (lb)
3-(?3:—5)(?3 +x1x% . (IC)

We use the standard parametrization of ¢ = 10, p =28, and 8 = %, and store the parameters in a

parameter vector § = (,p,3)T. In order to sample a trajectory, we use three random integers ranging from
—20 to 20 as initial condition and integrate the system using the LSODA algorithm introduced by
Hindmarsh and Petzold [31] with a step size of At = 1072, unless stated otherwise. Afterwards, we discard
the first 10° data points as transient behavior until we converge onto the attractor.

3. Algorithm

For our algorithm we follow the basic idea introduced by Marino and Miguez [28]. We start with two
systems: a primary one, and a secondary one. The primary system is the measured data and consists of
discrete, observed data points. The secondary system encodes our prior knowledge of the structure of the
governing equations, and an initial guess of the parameters to estimate.

Figure 1 shows a schematic overview of our algorithm. The primary system, represented by x, is created
by unknown parameters with a known structure of governing equations F. From that, discrete samples are
observed. The secondary system, y, is calculated by using guessed parameters and the structure F. The
secondary system is coupled unidirectionally to the primary one. The unidirectional coupling is required
since the observed data points are immutable. We then calculate a loss function between the secondary
system and the primary one. Since the computation rule of the loss is known, we can calculate the gradient
which minimizes the loss function. We take a step in the minimizing direction and repeat.

2
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Figure 1. In this schematic representation of our algorithm the gray boxes represent knowledge not known at time of the
optimization. The blue box indicates the immutability of the observed data x. The dotted line represents the initialization step and
the solid lines represent the steps taken at each iteration step.

Once the loss converges to a minimal value, we know that the guessed parameters are a good
approximation for the system producing the primary data points.

In the following sections we will dissect our algorithm and introduce the details of each part. Section 3.1
discusses a general coupling which works for all systems and leads to guaranteed synchronization. In
section 3.2 we emphasize the synchronization aspect using the Lorenz63 system as an example. In section 3.3
we introduce our loss function and in section 3.4 the calculation of its gradient. Section 3.5 presents the
modern optimizers which we use to calculate the concrete steps of the guessed parameters.

3.1. Synchronization
In their work, Eroglu et al [32] presented a way to couple two arbitrary chaotic systems of the same kind to
each other. Meaning that the trajectories of each systems will converge to a common one. In this work, we
extend their argument to the case, where we synchronize a secondary system o a primary one. This leads to
the trajectory of the primary system to remain unchanged, while the secondary system’s trajectory gets
pushed to behave like the primary one. For our case we require the trajectory of the primary system to remain
unchanged, since one application is to use discrete data points as a primary system, which cannot be changed.
We define two arbitrary N-dimensional systems x, y € RN. Inspired by the method of Eroglu et al [32],

we add the coupling o H (g — X) to the system y with H = 1, the identity matrix. This makes x the primary,

driving system and y the secondary, driven system. This leads to the following dynamical description:

x = F(x) (2a)

y=F(y)+aH(x-y) . (2b)

Here, F: RN — RN describes the evolution of the dynamical system and the matrix H: RN — RN
describes the coupling of the secondary system to the primary one. We require H(0) = 0, meaning that for
synchronized systems the coupling vanishes as soon as both systems are on the same trajectory [32]. The
parameter a € R™ is named ‘coupling strength’.

Following the argumentation by Eroglu et al [32], we will show that if the coupling strength is sufficiently
large, the systems described by equations (2) will synchronize. For the rest of this argument we consider the
identity coupling, meaning H = 1. This simplifies the coupling term in equation (2b) to
aH({x—y)=a(x— y) . Additionally, we define a difference variable z = x — y. Using equations (2), we can

describe the evolution of the new variable zby

t=k—j=Fx)~F(y) —az . 3)
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Now synchronization can be defined as the limit lim,_, o, z = 0. Since we are interested in the synchronized

state, meaning z = x — y = 0, we can Taylor-expand the system F (Z) at said criterion x = y leading to

F(z) = F(x) + DF(x) (zf&) +0(|sz&||2)
= F(x) —DF(x)z+ O(|l2||*) - (4)

DF(x) describes the Jacobian matrix of F(x). Plugging in the Taylor-expansion in equation (3) leads to the
following first-order approximation at the synchronization criterion for z:

z=(DF(x)—al)z . (5)

Equation (5) is a non-autonomous equation, since it depends explicitly on the solution x, so its analysis is
non-trivial. We introduce the variable w = exp («t) z in order to get rid of the term —«/1z in equation (5).
The derivative of the new variable w is

w=aexp(at)z+exp(at)z . (6)
Using the definition of w and its derivative in equation (6), equation (5) simplifies to
v = (DF(x) w . 7)

Equation (7) is the first variational equation for x solving§ =F (§ )

Now, let ® be the fundamental matrix for equation (7). This matrix is a function of x. By definition, this
means that any solution of w can be written as w = ®w(0) for any initial condition w(0), and by substitution
the same can be done for z. Next, we consider the matrix ®T®. The square root of the largest eigenvalue of
the matrix &7 P is the largest Lyapunov exponent [33]. Therefore, if A denotes the largest Lyapunov
exponent of x, the following inequality holds for the difference variable w [32]:

[lwl| < Cexp(Ar) (8)
Resubstituting the definition of z into equation (8) yields the following inequality:
|zl < Cexp((A—a) 1) . 9)

Reminding that z describes the difference between the two systems x and y, we see that if the exponent in
equation (9) is negative, the difference between the systems x and y will tend to 0 as time progresses.
Therefore, we define a critical coupling «. so that the exponent is negative with

ac=A\ . (10)

If the coupling strength « is bigger than «, the largest Lyapunov exponent, the two systems will synchronize.
This finding is visualized in figure 2 for the Lorenz63 system, where we can clearly observe a sharp drop in
the synchronization loss between the two systems. For that, we define the synchronization loss E; as the
average deviation from synchronization between the two systems with

| X
Es:NZH&*LH : (11)

i=1

This definition of the synchronization loss includes the whole history of both systems’ trajectories, meaning
that it also includes the unsynchronized phase at the beginning. For this reason the synchronization loss in
figure 2 does not drop to 0, but instead encapsulates the time needed for synchronization.

Using this coupling, we can synchronize two arbitrary chaotic systems of the same kind to each other
while maintaining the notion of a driving system and a driven system.

While this coupling method guarantees a unidirectional synchronization, equation (9) has one caveat:
due to the constant C it is not possible to estimate a time #, after which the distance between the two systems
||z|| is sufficiently small. Meaning that, while we can guarantee synchronization eventually, we cannot make a
statement on how quickly the synchronized state will be reached. However, experimentally, we find that with
an increasing coupling strength «, we are able to reduce the time until synchronization. This finding is
intuitive when analyzing equation (9), since the higher the magnitude of the exponent, the faster the distance
||z|| decays.
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Figure 2. We observe a sharp drop of the synchronization E, loss comparing the regimes of weak coupling (ov < A) and strong
coupling (a > X). We used the Lorenz63 system as defined equations (1). Using the algorithm described in [34], we get

A =0.902 £ 0.013 as the largest Lyapunov exponent for the Lorenz63 system. This figure shows the mean and standard deviation
for a hundred iterations for each coupling strength.

While Creveling et al [27] found an upper limit for the coupling strength in their setup with incomplete
observations, our setup does not inhibit such an upper boundary, as equation (9) suggests that a higher
coupling leads to a faster synchronization. We validated this finding numerically and found correct
convergence of the parameters for coupling strengths up to 10°.

This means for our optimization algorithm that we can set the coupling strength o to a comparably high
value, since it will only affect the time to synchronization.

3.2. Linear stability analysis

So far, we assumed in equation (2) that the governing equations for both systems are identical in term
structure and parameters. However, in our definition of the problem we only know the structure of the
equations and still need an initial guess for the parameters. For this case we need to alter the dynamical
description to

&= F(x)
§=G(y) +o (x-) (12a)
:F(Z)—FE(X)—Fa(g—}J , (12b)

where we already assumed a coupling using the identity matrix H = 1. Here, we decompose the secondary
system G with the wrong parameters into a system F with the correct parameters and an error system E,
encoding our wrong initial knowledge of the parameters. Systems F and E (and therefore G too) have the
same structure but different parameters for the terms.

We analyze the synchronization property by studying the linearized dynamics of perturbations around
the synchronized state. The general idea of this approach was introduced by Pecora and Carroll [35], and in
this article we perform a specialized analysis of it.

We denote the synchronized state with s and look at the errors 7 for each system, the driving and the
driven one. We arrive at -

n

—X

n,=y-

I
1%
I
%)

%%

We Taylor-expand the evolution up to first order at the synchronized state s = x = y, which leads to the
approximate evolution of the perturbations 7 described by

n. = DF(S)QX (13a)
i, = (DF(s) + DE(s) — 1) n, - (13b)

P

The stability of the primary system is not relevant for this analysis, as it is simply defined as a single
trajectory of a chaotic system. However, the stability of the secondary, coupled system is of great interest, as it
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Figure 3. We show the minimal value of o, measured in Lyapunov exponents, required to ensure that all eigenvalues are negative
for different choices of the synchronized state s. (The synchronized states are, by definition, identical to the states of the primary
system F.) The parameter setup is described in section 3.2.

is an indication for synchronization to the primary one. For this analysis, we perform the calculation of the
matrix P in upper equation exemplary for the Lorenz63 system and arrive at

—0c—-A;,—a oc+A, 0
P=|p—-A,-2s5 2-« -2 . (14)
25, 258 ——-Ag—a

Here, (0, p, 3)" define the parameters of the true Lorenz63 system F, and (A,,A,, Ag)T are the parameters
of the Lorenz63 describing the error system E. s is an arbitrary synchronized state, meaning any state from F.
For F we use the standard parametrization of the Lorenz63 system. The parameters of E are chosen in
such a way, that we arrive at our agnostic guess of (1,1,1)T for the system G leading to

(Ag, A, Ap)T =(—9,-27,-5/3).

We can now calculate the eigenvalues of P for each synchronized state s, which will be functions of the
coupling strength «. The minimal value of the coupling strength for a synchronized state, for which all
eigenvalues are negative, is denoted as «. If the coupling strength exceeds «, the perturbation around the
synchronized state will decay exponentially fast.

Figure 3 shows the calculation of «; for all synchronized states of a Lorenz63 attractor described in
previous setup. Here, we calculated the eigenvalues of P numerically as a function of v and solved for the
first o, which yielded all negative eigenvalues: a;. We note that the value o, which is required to ensure all
negative eigenvalues across the whole attractor, does not exceed our typical choice of around ten Lyapunov
exponents. This shows that the secondary system described by G does indeed synchronize to the primary,
driving system, and this also reinforces our choice of a couple of Lyapunov exponents as coupling strength.

3.3. Loss function
We use a loss function £ which describes the distance between the evolution of a primary system and the
evolution of the secondary system as in Marino and Miguez [28]. This means that the loss function is not

dependent from the absolute states {x} and y}—instead, it is dependent from their derivatives.

The reason for this is as follows: in our algorithm we try to vary the parameters of a system in order to
minimize a loss function. The states of each system are not explicitly dependent from the parameters. Rather,
they depend on the integration method used. So by utilizing the derivative, we cut back on an intermediary
step when applying the chain rule. Additionally by construction, we know the initial state of the secondary
system, since it is the first data point available to us. If two systems have the same initial condition and the
same derivative, they will evolve equally; being another argument for not requiring the absolute states of the
system. In general, the loss function can be any norm in the mathematical sense. In practice, we find the
mean-squared-error to be a useful error measure.

Instead of an online optimization as introduced by Marino and Miguez [28], for our algorithm we use a
fixed number of time steps to perform the optimization on. As we will show in sections 4.3 and 4.4, we find
this change to improve the stability of the algorithm against uncertainties. This fixed number of steps is
denoted ‘evaluation length’ I, in this article.
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Figure 4. We show the loss £ of two uncoupled Lorenz63 systems in (a), and the loss of two coupled Lorenz63 systems in (b). For
the calculation of the loss we used an evaluation length of I, = 10® and the systems were coupled using a coupling strength of

a = 10. The black line represents the parameters of the primary system. The figure in (b) shows a convex form on which a
gradient descent-based optimizer can work on.

We calculate the loss as the sum of the mean-squared-error over each step in the evaluation length. The
loss for each single time step i is £;, so we obtain the complete loss £ by summing over all steps with

b= (x-7) (15a)

le
1
L:ZZ& : (15b)

i=1

We note that the loss function has the secondary, coupled system in it, meaning the term with the
coupling of equation (2b) is represented in .

Experimentally, we noted that using the coupling we obtain a convex loss surface, as visualised in
figure 4(b). There, we calculated the loss £ for two uncoupled Lorenz63 systems (figure 4(a)) and two
coupled Lorenz63 systems (figure 4(b)). For the primary system we used the standard parameters, while for
the secondary system we set the parameter 3 = % constant and swept through different choices for the
parameters o and p.

It is impossible to try to run an optimization for finding the minimum on the surface of the uncoupled
systems in figure 4(a), since a clear direction towards the minimum of the loss, represented by the black line,
cannot be found. However, the loss surface of the coupled systems (equations (2)) in figure 4(b) shows a
convex shape, meaning that the application of gradient descent algorithms is justified and promising. We
therefore can conclude that applying the coupling introduced in section 3.1 smoothens the loss surface
making classical gradient descent algorithms applicable.

3.4. Update step

As we have shown in figure 4, utilizing the external coupling presented in section 3.1 transforms a
non-convex loss surface to a convex one. Therefore, calculating the gradient of the loss function with respect
to the parameters  and making steps in the negative direction of the gradient will lead to the set of
parameters decreasing the loss function. Hence, with each step the primary system is described more
precisely.

The loss function £ is not directly dependent from the parameters 6, instead the evolution of the
secondary system y is. Therefore, we need to apply the chain rule when calculating the derivative of the loss
function with respect to a specific parameter @ in the parameter vector 6. Additionally, equation (15b)
implies a sum over each coordinate n of an N-dimensional system, since we are dealing with vector-valued
systems. So generally, the following equation for the j-th entry g; of the gradient g holds:

0L 10

2 7t 16
&= 20, le;aaj (16a)

7
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or N
870]'__2”2::1(3%_)/11)879]_ . (16b)

For the sake of readability we omitted the index i in equation (16b). It is understood however, that
equation (16b) shows the loss term of a single sample i. Note also, that if a particular dimension # is not
dependent on the parameter 0}, that term will be 0 in the sum over the coordinates.

Performing the calculation for the Lorenz63 system leads to the following expression for the gradients of
its parameters 6 = (o, p, 3)7:

4
%:_2(x1—y1)(yz—y1) (176)
19/4 . .
7 ==20—n)n (170)
19/4
35 =4+2(k3—733)y5 - (17

Once we calculated the gradient, we need to update the system parameters in the direction minimizing
the loss function. The most basic approach is utilizing the ‘gradient descent’ algorithm, where we subtract
the direction with the negative slope from the parameters as done by Marino and Miguez [28]:

Oy =01 —n0g, - (18)

Here, ® symbolises the Hadamard product between two vectors. The index indicates the k-th step of the
optimization, and we perform the optimization until the all the parameters have converged. The vector 7
describes the learning rate, meaning the size of the update step we take after each optimization step k. Since
chaotic systems can be more sensitive on certain parameters than on others, we choose a different learning
rate for each parameter. Heuristically, we discovered that setting the learning rate for each parameter in such
a way, that the change of the first update step is of order 1071, leads to a good performance.

3.5. Modern optimizers

In this section we will briefly introduce two all-purpose optimizers and analyze their performance against the
plain gradient descent method, since the rise of machine learning led to the development of more
sophisticated first-order optimizers.

A modern optimizer ‘Adam’ introduced by Kingma and Ba [29] utilizes an estimation of the first and
second moment of the gradient in its calculation. Those estimates are obtained by exponentially weighting
past gradients (first moment) and past squared gradients (second moment). The first moment is captured in
the vector 7 and the second moment is captured in the vector v. With g, being the gradient at optimization
step k, the moment estimations are updated as described in [29] using

my =ﬁ1mk_1 +(1 _51)&(
V=R + (1= 5) (SkQSk)

Both vectors, m and v, are initialized with 0. Kingma and Ba [29] noted that by doing so, the estimates are
biased towards 0. For that reason, they propose the following bias-corrected estimate:

The superscript k actually represents taking the value to the k-th power. This results in the update step

Qk:Qk_1*ﬂ®@k®(\/ﬂik+€) . (19)

Here, © symbolises the element-wise division and the square-root is understood to be taken over each
element of ¥,. The step size for each parameter 7 has been estimated using the method discussed in
section 3.4. We adopt the recommendations by Kingma and Ba [29] for the remaining free parameters:
B1=0.9, B, =0.999, and € = 10~ 8. As can be seen in figure 5, this optimization works and leads to
convergence of the parameters.
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Figure 5. Here, we show the evolution of the coefficients for different optimizers applied on the Lorenz63 system, and we can see
the modern optimizers (equations (19) and (20)) outperforming the vanilla gradient descent (equation (18)). We use a Lorenz63
system with an initial state of (5,5,5)T and a time step of At = 1073 as primary system. For an equal comparison, the
hyperparameters for each optimization algorithm were kept constant and had following values: . = 10>, o = 10°. We used an
agnostic initial guess of 1 for each parameter to be estimated in the secondary system.

Another optimizer we want to introduce in this article is the ‘AMSGrad’ optimizer by Reddi et al [30]. In
their article the authors found scenarios in which the Adam optimizer does not converge to the optimal
solution [30]. They show that this is based on considering the moving average of past squared gradients—one
of the key features of Adam. The issue is, that under certain circumstances the Adam optimizer may take
steps too large [30]. This happens if the second moment estimate #, for a parameter j at step k gets too small.
They mitigated this issue by considering the element-wise maximum value of the new estimate and the
previous estimate. This way they ensure that the step size will not increase for each parameter:

¥ = max (%ﬁp vi) Vi€ {1,...,dimg} .

Additionally, they simplify the optimizer by discarding the bias correction terms. Therefore, the complete
update step can be calculated using

my=Fim_ +(1 —ﬁﬁ)gk
Ve=Bvi +(1=5) (Sk QSk)

Qk = max (Qk_la Zk)

Qk:Qk_l—ﬂ(Dmk@\/g- (20)

The maximum function in upper equation is applied element-wise for each variance estimation of each
parameter. Again, we use the recommended values for the remaining coefficients [30]: 5; = 0.99, 8, = 0.999.
Unlike the original article, we use a different reference learning rate 7 for each parameter as derived in
section 3.4.

We compared the performance for each optimizer and show the result in figure 5. There we can see that
all optimization algorithms eventually converge to the right solution. However, the sophisticated optimizers
converge faster than plain gradient descent. Additionally, we note that the AMSGrad optimizer oscillates
around the true parameters while the Adam optimizer does not show any. In our studies we did not note any
negative effect on the optimization from the oscillations. In the following we will use the AMSGrad
optimizer, since it converges in more cases than the Adam optimizer [30].

4, Results

We applied our new algorithm on an ample selection of different, synthetic, chaotic systems and found
promising results in each of them. In this section we will present our findings for those synthetic systems and
explore the limitations of our algorithm.

For assessing the quality of our optimization, we monitor two metrics: firstly, we calculate the predictable
time f,. It describes the time after which the prediction differs substantially from the true time series. Since
the absolute predictable time is highly correlated to the largest Lyapunov exponent A of the system, we
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Table 1. This table shows the metrics we monitor for different, three-dimensional systems. For each system we repeat the optimization
five times and report the mean and one standard deviation. For each run we used an integration step of At = 1073, a coupling strength

of a = 10%, and an evaluation length of I = 10%.

System Parameters Parameter error Ep Predictable time 7,
Thomas [36] f(xi) = sinx;, b=10.21 1.3+£3%x107° 3.14+0.2

Sprott [37] a=2.07,b=1.79 314+1.2x107* 9.8+0.8
Lorenz63 [2] c=10,p=28,=12 42+405x1073 6.88 4+0.05
Dadras—Momeni [38] a=3,b=27,c=17,d=2,e=9 794+1.7x 107 1.894+0.05
Rossler [39] a=0.1,b=0.1,c=14 0.011 £0.015 4.940.2
Halvorsen [40] a=1.89 0.0147 £ 0.0007 1.094 £ 0.002
Lorenz86 [41] a=025b=4,f=11,¢g=38 0.023 £ 0.006 0.7540.05
Three-scroll unified [42] a=40,c= %, d=10.5,e=0.65,f =20 0.037 +0.002 0.34+0.2

measure it in units of the Lyapunov time 7 for ensuring comparability among different systems using

t,
P
P ™ P

For our work, we define a prediction as wrong if it differs substantially from the true time series and follows a
different path on the attractor. Small deviations of the prediction from the true time series are acceptable as
long as they do not persist. For this reason, we define the predictable time, as that time when the error in the
interval [t,, t, + 1—10 7] is for the first time bigger than 15% of the scale s of the system, leading to

1 ™
s=f/|mww
TX 0
TX

P

tp+ 15
/ x(t) — ()] dt > 15%s
t,

Here, x describes the true time series and X describes the predicted time series. By using this metric, we can
compare different systems with each other as this metric relies solely on system properties and uses the
characteristic time and size of each system. The fractions in this were chosen heuristically to reflect the
requirement to allow small temporary deviations, but trigger at bigger deviations over a period of time.
The second metric we monitor is the average mean-absolute-error Ey of the fitted parameters 6 with

respect to the real parameters @ described by

1 y .
Bo= Gimo Z ’Hf —0

This metric allows us to understand the numerical precision of our optimization.
The results for different, three-dimensional, chaotic systems are shown in table 1. We see that the
parameter reconstruction is precise to the first digit and using this precision we are able to predict the
systems a handful of Lyapunov times ahead. Additionally, we note that our optimization algorithm is stable
against the initial condition and hence the position on the attractor. The results are also stable against the
exact choice for the hyperparameters « and I, as long as they are in sensible ranges.

4.1. High-dimensional system

So far, we only applied our optimization algorithm on three-dimensional systems with a handful of
parameters. In the following we want study the applicability of this optimization on high-dimensional
problems. For this purpose, we consult the Lorenz96 system [43], as it describes a system where the
dimensionality can be increased as desired. All the coefficients in front of the variables have the equal value 1

and an N-dimensional system is defined using

kq = (Xap1 —Xd—2) Xa—1 —x4+F de{l,...,N}

We assume cyclic boundary conditions described by x_; = xy_1, X0 = xn, and xy41 = X;.

We need to extend this model for our purposes, since our initial guess for the coefficients almost perfectly
aligns with the real parameters. For this, we introduce a parameter in front of each variable in each
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Table 2. This table shows the result for the Lorenz96 system with an increasing number of dimensions. We observed some runs in which
the predictable time contained outlier to the positive direction. In order to not skew our results to the better, we reported the minimal
predictable time for each set of dimensionality.

Dimension N Number parameters Ep min7p
5 16 0.07 4+ 0.07 2.3
6 19 24+12x%x107° 6.3
7 22 1.3+1.2x1073 8.1
8 25 7+8x107° 8.0
9 28 29+1.9%x107° 3.6
10 31 0.05 £ 0.07 3.2
12 37 44+3x1073 2.0
14 43 0.04 £ 0.05 2.0
16 49 7+6x107° 1.5
32 97 0.05 4 0.04 2.1
64 193 1.04 x 1073 2.0

2 Due to the high computational resources required, only one experiment was performed.

dimension, which leads to the following, parametrized Lorenz96 system:

%a = (P3(d—1)41%d41 — P3(d—1)4+2%d—2) Xd—1 — P3(d—1)+3X%d +pang1  d€{1,...,N}

The parameters are stored in a (3N+1)-dimensional vector p. Note that in our parametrized Lorenz 96
system we followed the original Lorenz96 system and kept the forcing constant F equal among each
dimension d. We stored the forcing constant as the last value in the vector p. The parameters in front of the
variables, p| to p3y, were drawn from a uniform distribution in interval [0, 1] and the forcing constant,
P3N+1, was assigned the value 8 in accordance to the original model [43].

We performed our optimization for different Lorenz96 systems with an increasing dimensionality. For
each dimensionality we performed five experiments and used a different parameter vector p each time. We
used a fine time step of At = 10~%, an evaluation length I, = 10%, and a coupling strength of o = 10°. The
result of the optimizations are shown in table 2. There we can see that the optimization works for a wide
range of dimensions and is reproducible for vectors with different random parameters. We show that our
optimization algorithm is also able to fit parameters with their count being in the order of hundreds. Table 2
also shows that the predictability does not suffer with an increasing dimensionality. For each dimension we
are able to predict a couple of Lyapunov times ahead, as we are able with the three-dimensional systems in
table 1. Instead, we notice that our algorithm does not prefer a specific region of dimensions. This
demonstrates the applicability of this algorithm to high-dimensional systems with a large number of free
parameters.

4.2. Robustness against sampling size

For our theoretical derivation we assumed an evenly spaced time grid. However, in this section we want to
analyze the robustness of our algorithm against the sampling size. We want to answer two questions: firstly,
we study whether the size of the time grid matters, and secondly, we study the robustness of our algorithm
against an uneven time grid. Latter question is especially interesting for potential real world applications, as
an even time grid cannot be necessarily assumed in measured data.

In order to study different sampling sizes, we perform our optimization for different step sizes At and
report the performance, the mean absolute parameter error Eg. Here, we distinguish two scenarios. In the
first scenario we use an evaluation length of I. = 1000 for all sampling sizes At. For the second scenario we
used an equal amount of passed time, 10, for each At, resulting in an evaluation length of [, = %. The
results are shown in figure 6, where we see that our algorithm performs well for all commonly used sampling
sizes. Consistent to our remaining results, we find no strong dependence on the training length.

For studying the effects of an uneven grid we simulate the Lorenz63 system using a base step size of At.
We iterate through each data point and with a probability of p we skip the next data point. The time step sizes
present in the data now follow a geometric distribution with their mean value given by IA_—; and their
standard deviation by Alt_‘;ﬁ. We collect data points until we reach an evaluation length of [, = 1000. The
results are shown in figure 7, where we performed a hundred realizations for each probability p and represent
each data point by its mean sampling size. There we see that we can expect a reasonable estimate of the
parameters, as long as the mean time step size does not differ more than a few percent from the actual time
step size. In our experiments we found no difference in results whether we simulate the secondary system
with the mean step size or the actual step size. However, interestingly we found a worse performance for a
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Figure 6. We show the performance on the Lorenz63 system for different sampling sizes and report the average over ten
realizations. The blue line uses an evaluation length of [ = 1000 and the orange one an evaluation length of [, = %. Each

experiment is done with a coupling strength of o = 102.
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Figure 7. We show the performance on the Lorenz63 system for different mean sampling sizes relative to their original sampling
size. For this plot we used skipping probabilities p ranging from 1 % to 50 % and a coupling strength of v = 10%.

very small grid size. While an uneven time grid with small disturbances can lead to a reasonable estimate of
the parameters, we require an even grid for a precise reconstruction of the parameters.

4.3. Robustness against noise

So far, all calculations have been performed on synthetic systems, which are precise and error-free by
construction. In this section, we analyze the robustness of our optimization against noise in the data making
up the primary system. For that, we simulate the classical Lorenz63 system with its standard parameters and
add a Gaussian noise on each data point and each coordinate. In our experiments, the standard deviations o
for the noise range from 0.01 to 2. Before adding the Gaussian noise to the precise data, we calculate the
signal-to-noise ratio (SNR) as the ratio of the power of the signal to the power of the noise [44]. With the
power being calculated as the squared amplitude A, we can express the SNR using

Asi nal ) g
SNR = [ —en&
( Anoise

Agignal | °
SNRzlologw(A“g“a) dB
noise

The amplitude A of a time series x(t) can be calculated with

| A .
2 [ s a
0

We ran two distinct experiments and in the first we analyzed the dependency of the noisy data on the
coupling strength, and the other time the dependency on the evaluation length. We use the Lorenz63 system
for the following analyses.
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Figure 8. We show the performance for different coupling strengths on different levels of noise. We use an evaluation length of
le = 10*. On noisy data lower coupling strengths work better.

4.3.1. Dependency on hyperparameters

Our algorithm has two hyperparameters: the coupling strength and the evaluation length. The results for
varying the coupling strength are shown in figure 8. An interesting pattern emerges: the parameter errors Ey
seem to follow a power law in a certain region. The cut-off of this power law-behaviour at an error of about
102 stems from our convergence criterion for these runs. We observe that a lower coupling strength leads to
a more negative exponent in the fit of said, observed power law. This implies a better performance for lower
coupling strengths, since it means that the error does not grow as quickly with a rising noise level. In practice
when dealing with real data, this means that setting the coupling strength too high will yield worse results
than a lower coupling strength. One possible explanation could be that a strong coupling forces the
secondary system to treat the noise of the primary system as actual dynamics, whereas a less strong coupling

allows the dynamics term F (Z) in equation (2b) to be more dominant.

4.3.2. Comparison against benchmark

Due to their similarity, we use the algorithm by Marino and Miguez [28] as a benchmark against our
algorithm. Additionally, we compare our algorithm against the SINDy algorithm by Brunton et al [11].
Basically, the SINDy algorithm uses the numerical derivative of a measured time series and regresses it
sparsely against a library of linear and nonlinear terms. We refer to [11] for a detailed explanation. For our
experiments, we build the library to only consist of the respective terms in the Lorenz63 equations. Since
their algorithm utilizes the same prior knowledge while being conceptionally simpler, we believe it to be a fair
benchmark.

We parameterize our algorithm with a moderate coupling strength of & = 102, based on our findings
from previous subsection. For our algorithm and SINDy we use 1000 data points and for the algorithm by
Marino and Miguez [28] we use as many steps as it needs to converge.

We show our results in figure 9: while the algorithm by Marino and Miguez [28] occasionally
outperforms our algorithm, we find our algorithm to be more stable and producing better results more
reliably—especially for higher levels of noise. Comparing our results to SINDy, we find our algorithm being
better suited for noisy data, while SINDy performs better on very low levels of noise. As in previous
section 4.3.1, we find our algorithm to flatten out at an error of 102 due to our convergence criterion. While
setting a stricter convergence criterion would lead to comparable results to SINDy, it would take orders of
magnitude more time.

4.4. Robustness against incorrect equations

A second source of uncertainty may stem from an incorrect knowledge of the governing equations. In order
to test this, we introduce an additional linear and a nonlinear term to the classical Lorenz63 system resulting
in the system described by

X1 =—0x1+0x+KXX3 (21a)
Xy = px1— X —X1%3 +§x2 (21b)
X3=—Fx3+x1% . (21¢)
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Figure 9. We compare the performance of our algorithm (red) against the algorithm by Marifio and Miguez [28] (blue) and
SINDy [11] (orange).

Table 3. This table shows the result for performing our proposed optimization on data stemming from the Lorenz63 system onto the
system described by equations (21). We performed the experiment fifty times with differing initial conditions and the error shows one
standard deviation of the values.

Parameter True Value Reconstructed Value
o 10 10.027 £0.015

P 28 27.795+0.014

B 2.6 2.676 +0.003

K 0 —0.0014 £ 0.0004
I3 0 0.000 4= 0.002

This adds the following two gradients to the set of equations in equations (17):

o =2(%1 —j1) y2y3
ok

or_ +2 (%2 —2) y3
o

As in the other experiments, we initialized all parameters with one, since we have no prior knowledge of the
parameters. Using a coupling strength of v = 10? and an evaluation length of [, = 10%, we find the
parameters as shown in table 3. We see that our algorithm is able to correctly set the parameters to almost
zero and minimize their effect on the governing equations. The remaining, true parameters of the system are
reconstructed correctly as well.

Applying this problem setup to the algorithm by Marino and Miguez [28] leads to a divergence of the
coefficients. On the other hand, SINDy can deal easily with additional wrong terms and correctly sets them
to a value close to zero.

At this point we want to mention two limitations of our algorithm: The coefficients x and ¢ are set
correctly to a value close to zero. However, so far we do not have a possibility to determine whether the terms
with a small coefficient can be excluded or are relevant for the dynamics of the system. Therefore, we advise
against discarding terms, which have a coefficient close to zero.

Additionally, our algorithm is susceptible to an under-inclusion of terms. This means that if a term is not
present in the prior knowledge of the system, our algorithm will not work and will diverge instead. However,
this can be resolved easily as the reconstruction algorithm by Ma et al [9] tends to over-include terms,
rendering this a non-issue.

4.4.1. Application to a skeleton system
This method has been developed for finding the parameters of governing equations, given the terms were
already known. So far, all analyses have been performed under this framework. In previous section, we have
seen that our algorithm is stable against the inclusion of two wrong terms.

However, for this section we change the framework and assume no prior knowledge on the terms of the
governing equations. This is an extreme example of incorrect prior knowledge. We simply provide a library
of possible terms the system is allowed to have. The library is defined by all coordinate permutations up to a
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Figure 10. We show the results for the optimization of fitting the Lorenz63 data on the second order skeleton system. We
performed 24 runs out of which each parameters result in the butterfly shape starting from random initial conditions. Figure (a)
shows the strength of the coefficient for each dimension. Figure (b) shows the integrated trajectories. The initial condition is a
random number between —20 and 20 for each coordinate. For each set of parameters two trajectories are shown differing in their
initial condition.

certain order. For a library of second order, the prior knowledge is represented in equations (22), where we
store the coefficients in the matrix ©. For the optimization we use the vector representation.

X1 =011+ 012x1 4+ 013%0 + 01455 + 01557 + 016%1 X2 + 017%1 %5 + 01855 + 019%2 %3 + 011055 (22a)
Xy = 021 4 0h2x1 + 023%2 + 0245 + 025%7 + O26%1 X2 + 027 %1 x5 + 02555 + 029 %2 %3 + 021055 (22b)
X3 =031+ 0331 + 0335 + 034 x3 +935X% + 036%1 X2 + 037%1 X3 +938X§ + 039 %3 +‘9310X§ (22¢)

We perform the optimization on the Lorenz63 system with the standard parametrization using a step size
of At= 1073, a coupling strength of & = 10%, and an evaluation length of I = 10*. In each run we differ the
starting point of the Lorenz63 system, to get variability in the training data. For our experiments we use
different libraries starting from a library containing only first order terms up to a library containing terms up
to the fifth order. The results are presented in the following.

First order library

For a library consisting only of linear terms, the loss function of our proposed algorithm still converges.
However, the integrated solutions do not describe the Lorenz63 system in any way. Even in the in the training
data the integrated solution differs wildly from the Lorenz63 input. Linear equations are not capable to
reproduce the nonlinear dynamics of the Lorenz63 system. This serves as a cautionary note for our algorithm:
the loss converging does not necessarily imply that the reached solution is correct. We note that the
converged parameters are not unique, and it seems that multiple local minima exist using a first order library.

Second order library

For a library consisting of terms up to second our algorithm converges for every of our 24 different initial
conditions. However, the found parameters are not unique and also do not match the input parameters of
the classical Lorenz63 system.

Instead, we find a huge spread in the coefficients of constant and first order terms, as can be seen in
figure 10(a). In figure 10(b) we show that the integrated solutions still result in the typical Lorenz63 attractor.
Like the classical parametrization, our found parameters have their largest Lyapunov exponent greater 0
laying between Ao (2) € [0.60,0.78]; and the correlation dimension Co(2) € [1.91,2.09] lies in the range of
the classical Lorenz63 system’s. This implies that the Lorenz63 shape does not strongly depend on zeroth and
first order terms, and it is the nonlinear terms, which are important to define the butterfly shape. For our
algorithm it means that multiple local minima exist, when the library is chosen too coarse.

This raises an important question about the uniqueness of the Lorenz63 equations. We find this question
to be of special importance, especially for black box-machine learning models: which set of equations are
they really learning—the real parameters or a set of parameters also producing an attractor?
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Figure 11. We show the results for the optimization of fitting the Lorenz63 data on the third order skeleton system. We performed
18 runs out of which four sets of parameters result in the butterfly shape starting from random initial conditions. The remaining
ones diverge, even if only for some starting conditions. Figure a shows the strength of the coefficient for each dimension. Figure b
shows the integrated trajectories. The initial condition is a random number between —20 and 20 for each coordinate. For each set
of parameters five trajectories are shown differing in their initial condition.

Third order library

Integrating the solutions of the third order library leads to either diverging paths or paths producing a
butterfly-shaped attractor. In figure 11(a) we show the converged parameters. There we note, that we are
unable to find a discriminating set of rules for the parameters determining whether their trajectories diverge
or not. However, if the trajectory does not diverge, we reach the butterfly-shaped attractor shown in

figure 11(b). The attractors have Lyapunov exponents of A (3) € [0.04,0.35] and correlation dimensions of
Cos) € [1.60,1.61]. This underlines our finding that multiple sets of equations are able to produce the
Lorenz63 shape.

Fourth and fifth order library

For libraries containing terms up to the fourth and fifth order respectively, we find the training process to be
unstable. As before, the converged parameters are not unique indicating multiple local minima. While some
converged parameters provide a good local description of the Lorenz63 system, none of the parameters are
able to capture the long-term dynamic of the original equations. Comparing the results to the
high-dimensional Lorenz96 system shown in table 2, we conclude that the problem is not the high number of
free parameters, but instead the incorrect knowledge of the structure of the governing equations.

5. Discussion

The aim of this work was to develop an algorithm for estimating the parameters of chaotic systems using
data. The posed problem was rather specific and asked whether it was possible to reconstruct the parameters,
if the structure of the governing equations and a time series stemming from the target system were known. In
this work we have shown that it is possible to reconstruct the parameters given those assumptions, and we
presented a framework for applying this on arbitrary systems. For achieving this, we borrowed ideas from
synchronization and machine learning. Specifically, we coupled a secondary system, of which we can control
the parameters, to a primary system being entirely described by the data. The secondary system encodes our
assumptions on the structure of governing equations. We then modified the parameters of the secondary
system using gradient descent-based algorithms to minimize the loss between the two systems. The values of
the parameters minimizing the loss are a good estimate of the parameters describing the real data.

In this work we have shown that our algorithm is applicable to a plethora of different synthetic systems
with prediction performances of a couple Lyapunov times. Additionally, we have shown that this algorithm
also works in a high-dimensional space with a large number of free parameters. Up to a certain extent, our
algorithm is robust against noise in the data and incorrect assumptions of the structure of the governing
equations. We are more stable than the comparable algorithms.

While we have demonstrated the applicability of our algorithm to synthetic data with controlled defects,
studies and applications to real-world data still remain to be seen. A big challenge with real-world data is the
number of observations. While our algorithm requires a number of data points in the order of 10°, publicly
available real-world data sets stemming from chaotic models typically do not have these number of

16



10P Publishing

J. Phys. Complex. 6 (2025) 015012 D Prosperino et al

observations. Applying our algorithm to the classic Paramecium/Didinium data set [45] remains unsuccessful
due to the ultra-low number of 71 observations.

Our algorithm is not capable of reconstructing the exact governing equations given only a skeleton of
terms up to a certain order. However, while the solutions are not correct regarding the found parameters, the
found solutions still behave like the ground truth data. This opens the question to the uniqueness of
governing equations of attractors. Especially with respect to black box-machine learning models: which
representation of the attractor are they actually learning? Additionally, further work is required to address the
question whether this optimization also works with weaker types of synchronization, like phase
synchronization [46].

This work can be embedded in the greater topic of reconstructing governing equations from time series.
Using Ma et al [9] for deriving the structure of the governing equations and afterwards this algorithm for
calibrating the coefficients can be a way to infer the dynamical equations describing the data at hand. This
method could then be used across different disciplines for making interpretable, data-driven forecasts.
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