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ABSTRACT 

 

Line-of-sight (LOS) measurement techniques, such as two-color radiation thermography and line-of-

sight absorption spectroscopy, are valuable diagnostic tools in combustion research. However, their 

application is often complicated by turbulent flow fluctuations and the nonlinear relationship between 

the measured LOS signal and the desired local scalar (e.g., relationship between radiation and 

temperature). This study presents an inverse tomographic reconstruction method for determining 

statistics for local scalar fields in turbulent axisymmetric flows using LOS data distributions from a 

single viewing direction. The approach employs a stochastic flow model based on Monte Carlo 

simulation that accounts for spatial correlation of turbulent fluctuations along LOS paths. Unlike 

previous approaches, that model spatial correlation by assuming constant and isotropic integral length 

scales, the proposed model incorporates variable radial length scales, thereby enabling more realistic 

representation of technical flames. The method's performance is validated using numerical two-color 

radiation thermography data from a large-eddy simulation (LES) of a hydrogen burner. Mean 

temperature reconstruction achieves reasonable accuracy with maximum deviations of 10% in a 

localized annular volume, representing improved accuracy compared to current deconvolution 

techniques. Additionally, the method provides estimates of temperature standard deviation and 

integral length scale. The study discusses potential accuracy improvements and method limitations. 
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NOMENCLATURE 

 

A random shock   ( - ) 

ds voxel edge length, grid spacing  (mm) 

𝑑𝑜    diameter of burner outer swirler (mm) 

I intensity               (W/m²sr) 

𝑙0 integral length scale              (mm) 

m  number of bins   ( - ) 

N number of relevant voxels ( - ) 

n Monte Carlo population  ( - ) 

𝑅 correlation coefficients  

of adjacent paths  ( - ) 

𝑟 radial location, radius  ( - , mm) 

𝑠 voxel distance   (mm) 

𝑇 temperature   (K) 

𝑡 time step   ( - ) 

𝑦 line-of-sight path  ( - ) 

𝑥H2O water vapor concentration             (mol/mol) 

z normalized intensity  ( - ) 

𝛷  model parameter  ( - ) 

𝜓 radiation ratio   ( - ) 

𝜑 mean square deviation of noise ( - ) 

𝜌 correlation coefficient  ( - ) 

𝜃 penalty term for unphysical  

combinations of 𝐼𝜆1 and 𝐼𝜆2 ( - ) 

𝜉 normal dist. random variable ( - ) 

 

Superscripts and subscripts 

k line-of-sight path, ring number 

𝑗 voxel number 

𝜆 wavelength 

𝜇 mean 

𝜎 standard deviation 

𝜃 circumferential direction    
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1. INTRODUCTION 

 

Line-of-sight (LOS) measurement techniques are widely used to measure quantities in reacting and 

non-reacting flows, like species concentration and temperature. The measurements are non-intrusive 

and can often be readily implemented in a short time. They are particularly useful in situations where 

space and optical access are limited. The measurements are path-integrated, which means that the 

collected data represents the species concentration or temperature along the entire line-of-sight path. 

Therefore, a reconstruction algorithm is required to recover the desired local scalars within the flow 

field. For axisymmetric flows a deconvolution algorithm can be used. The application of LOS 

measurement techniques to laminar axisymmetric flame is extensively covered in the literature for 

various measurement techniques, e.g., OH* chemiluminescence, (Hardalupas and Orain, 2004), line-

of-sight attenuation experiments (LOSA) (Ling et al., 2024), laser absorption spectroscopy (LAS) 

(Liu and Xu, 2019), two-color pyrometry (Snelling et al., 2002; Nakaya et al., 2018)). The 

deconvolution of the above-mentioned LOS measurements always represents a mathematically ill-

posed inverse problem, as its solution is highly sensitive to small errors in the LOS measurements 

(e.g., measurement noise). Regularization can be used to stabilize the ill-posed problem. A common 

approach for stable laminar axisymmetric flames in the combustion literature is the Tikhonov-

stabilized onion-peeling deconvolution (Daun et al., 2006) with L-curve criterion (Åkesson and Daun, 

2008). The authors describe the automated selection of a regularization parameter, thereby providing 

reliable automatic algorithm for such flames. However, almost all relevant technical flames have 

highly turbulent flow fields. Averaging over time can lead to an axisymmetric flow field, and 

deconvolution of the collected mean values is possible if the desired scalar depends linearly on the 

detected signal, as is the case for OH* chemiluminescence. However, in most cases the relationship 

between the desired scalar and the optically collected data is highly nonlinear. Therefore, the 

measured mean value depends not only on the mean scalar fields but also on the scalar fluctuations. 
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For example, radiation thermography uses LOS radiation measurements to infer temperature. The 

relationship between temperature and radiation of a black body over the entire spectral range is 

described by the Stefan-Boltzmann law, where a 𝑇4 dependence is found. Thus, small variations in 

temperature lead to large nonlinear variations in radiation. 

One possible remedy is the utilization of stochastic models, as proposed in references (Jeng et al., 

1984; Faeth et al., 1991; Kritzstein and Soufiani, 1993; Chan et al., 1994). These models facilitate 

the generation of a time series of instantaneous scalar data fields without the necessity of solving the 

conservation equations. Consequently, these fields do not represent the actual solution, but they do 

retain the relevant statistical characteristics of the real turbulent flow. Faeth and co-workers (Faeth et 

al., 1991; Kounalakis et al., 1991) developed a stochastic model with time-and-space-series (TASS) 

analysis. It is based on an auto-regressive-moving-average process, known from time series analysis 

(Box et al., 1994). In the last decades, a variety of models have been developed for a multitude of 

flame types and applications. In their 2006 publication, Gore and Zheng provide a comprehensive 

review of the various TASS models (Gore and Zheng, 2006). The TASS analysis employs space and 

temporal correlation coefficients, which are associated with the integral length and time scale. 

Together with a probability density function (PDF) of the local scalars, the instantaneous realizations 

along the line-of-sight paths (diametric and chordlike) are modelled. The stochastic model computes 

instantaneous intensity fields and calculates the path-averaged intensity by solving the transfer 

equation along the LOS paths. Subsequently, the simulated LOS intensity distributions can be 

compared with measurements. However, the parameters describing the PDF and/or integral scales are 

initially unknown to the stochastic model. In an inverse optimization scheme, the unknown 

parameters are estimated until the discrepancy between the modeled and measured LOS intensity 

distributions is minimal.  

The inverse problem is ill-posed because a multitude of scalar distributions can yield the same LOS 

intensity distribution. Consequently, supplementary information or assumptions are necessary to 
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reinforce the stability of the inverse technique. Sivathanu et al. (2001) employed simultaneous 

measurements of soot volume fraction and temperature to determine the cross-correlation between 

the two scalars in turbulent luminous diffusion flames. Nevertheless, the correlation is not universally 

applicable and depends upon the specific fuel and the flame region in question. Blunck et al. (2009) 

used a thin filament pyrometer to obtain a temperature PDF in an unsteady hydrogen flame and 

utilized this information to stabilize the inverse problem.   

The assumption of chemical equilibrium was also employed by several authors to reduce the number 

of unknowns for the inverse problem (e.g., Kounalakis et al. (1989) and Zheng and Gore (2005)). 

These authors utilized a TASS to simulate mixture fraction fluctuations along the radiation paths. 

From the instantaneous realizations of mixture fraction, temperatures and species mole fractions were 

determined according to state relationship. Nevertheless, the assumption of chemical equilibrium is 

not generally applicable to reacting flows. In particular, in the reaction zone, i.e., the flame front, the 

application of a state relationship based solely on the mixture fraction results in significant 

discrepancies.  

In order to address the inherently ill-posed characteristics of the described inverse reconstruction 

method, Sivathanu et al. (2001) proposed a stochastic model for statistical absorption tomography in 

turbulent flows. This model not only mimics turbulent fluctuations along the LOS path but also those 

to the adjacent paths. The authors employed an isotropic integral length scale, which is constant over 

radius from the burner axis to determine the two-dimensional spatial correlation coefficient. The 

presented inverse method not only optimizes for the distribution of the LOS transmittance of every 

path but also for the correlations between them. This additional equation helps to stabilize the inverse 

method. Sivathanu et al. employed the stochastic model on a flame phantom generated from forward 

convolution. However, to the best of our knowledge, the described tomographic reconstruction 

technique has not been applied to realistic flow field data. 
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This study adopts and enhances the stochastic flame model of Sivathanu et al. (2001) to improve 

tomographic reconstruction for realistic flow field configurations encountered in turbulent flames. 

Key enhancements include the discretization into equally sized voxels for the mathematically correct 

description of a flame volume with statistical distributions, as well as the introduction of a radially 

dependent integral length scale to resemble conditions in real flames more accurately.  

The enhanced model is described in detail in Section 2. Section 3 presents the application of this 

model to a numerical two-color radiation thermography test case, establishes the connection to the 

second spectral range, and discusses the results. Section 4 concludes with remarks on the findings 

and discusses potential model enhancements for experimental measurement applications. 

 

2. NEW STOCHASTIC FLOW MODEL 

 

The objective of the stochastic flow model is to generate line-of-sight (LOS) intensity data for 

comparison with experimental data by emulating the turbulent intensity fluctuations along the LOS 

path. The individual steps are explained in detail in the subsequent section. The presented model can 

be adapted to all line-of-sight measurement techniques, provided that the flow field satisfies the 

following assumptions: 

 

1. The turbulent scalar fluctuations are nonlinear dependent on the measured LOS signal.   

2. The time-averaged flow field is axisymmetric. 

 

The geometry of the problem under consideration is illustrated in Fig. 1, which depicts a cross-section 

of a time-averaged turbulent flow. The flow cross-section is discretized into voxels of equal size with 

an edge length of 𝑑𝑠. 
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Fig. 1  Schematic of a cross-section of a turbulent flow with discretization in voxels according to their radial 

location. On the left, the probability density functions (PDF) of voxel intensity distributions for two voxel 

types are shown (type 1, 𝐈(𝟏), orange and type 2, 𝐈(𝟐), blue). On the right, path integrated LOS intensities are 

illustrated for two paths. 

Each voxel contains a statistical distribution – a voxel PDF.  It represents the turbulent intensity 

fluctuations within that volume. Voxels at similar radii 𝑟𝑘 to the burner axis are assumed to have 

identical statistical distributions, which is visualized in Fig. 1 by the underlying color. Any standard 

distribution may be employed to describe the turbulent fluctuations in the voxels. However, the 

selection of a distribution requires a priori knowledge of the data set. The simplest form is a clipped 

Gaussian, as employed by Zheng and Gore (2005). For skewed data, as observed in radiation 

problems, a four-parameter beta distribution may be a superior choice.  

The parameters that define the voxel PDFs are identified by an inverse method, beginning with the 

two outermost LOS paths and deconvolving the voxel distributions toward the center of the flow. 

Along the parallel paths, the intensities are integrated simultaneously for the LOS paths. The 

outermost path passes only through the outermost ring volume which is, in this example, discretized 

by five voxels with identical intensity distributions, 𝐼1
(1)

 to 𝐼5
(1)

. The superscript represents the voxel’s 

type and the subscript the consecutive voxel number. The instantaneous intensity is a realization of 

the voxel’s intensity distribution and can be different for every voxel along the path at any given time. 

The instantaneous intensity leaving the flame at this path, 𝐼𝐿𝑂𝑆,1(𝑡), is the path-averaged intensity of 
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these five voxels. It varies with time and leads to a LOS intensity distribution, which is schematically 

shown on the right side of Fig. 1. The second LOS path passes through two voxels of type 1, 𝐼(1), 

three of type 2, 𝐼(2), and again two voxels of type 1. The intensity distribution of the 𝐼6
(1)

-voxel is 

identical to the distribution of the first path, 𝐼1
(1)

, as the voxels are on similar radii and have identical 

sizes. The voxels of type 2 (𝐼(2)) are closer to the burner axis and their intensity distributions can be 

different, which is schematically shown in Fig. 1.  

Although the instantaneous realizations vary between the neighboring voxels, they are not necessarily 

statistically independent, but depend on the instantaneous size of the emitting/absorbing flow feature. 

The correlation between the intensity incidents in neighboring voxels can be described by the 

correlation coefficient. According to Kounalakis et al. (1991), this spatial correlation coefficient 

follows an exponentially decaying function, which depends on the integral length scale. The spatial 

correlation coefficient between the voxels 𝑗 and 𝑖 is defined as follows: 

 

 𝝆𝒋,𝒊 = 𝒆𝒙𝒑 (−𝒔𝒋,𝒊 𝒍𝟎,𝜽(𝒓𝒌)⁄ ) (1) 

Where 𝑠𝑗,𝑖 is the distance between the voxels and known from the cross-section discretization, see 

Fig. 1. The integral length scale, 𝑙0,𝜃(𝑟𝑘) at the radial location 𝑟𝑘 is another parameter, which has to 

be quantified in the inverse method.  

The stochastic flame model is based on the framework of a normalized intensity distribution, 𝑧. It is 

a Gaussian distribution with mean, 𝑧µ = 0, and standard deviation, 𝑧𝜎  =  1. It is intended to serve as 

a surrogate for the physical intensity distributions. All voxels in the cross-section are assigned this 

identical surrogate distribution, which is characterized by different but spatially correlated 

instantaneous realizations. Consequently, the normalized intensity provides information about the 

correlation to the relevant voxels. The normalized intensity 𝑧 of voxel 𝑗 to all other relevant voxels 

𝑖 = 1…𝑁 is modeled by an autoregressive process (Box et al., 1994): 
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 𝒛𝒋 = ∑𝜱𝒋,𝒊𝒛𝒊 + 𝑨

𝑵

𝒊=𝟏

 (2) 

where 𝛷𝑗,𝑖 is a model parameter defining the correlation to the realizations of the relevant voxels 𝑧𝑖.  

A is an uncorrelated random shock, with mean 𝐴µ = 0 and a variance of: 

 𝑨𝝈
𝟐 = 𝟏 − 𝒗𝒂𝒓 ⟨∑𝝓𝒋.𝒊𝒛𝒊

𝑵

𝒊=𝟏

⟩ (3) 

The variance of 𝐴 serves to introduce randomness to the correlated realizations, thereby ensuring that 

the variance of 𝑧𝑗 is once again equal to one. This also necessities that the sum of all model parameters 

is smaller equal to one:  ∑ 𝛷𝑗,𝑖 ≤ 1𝑁
𝑖=1  (stationarity condition, see Box et al. (1994)). Otherwise, the 

fluctuations of 𝑧𝑗 will accumulate to infinity. In the event that the sum of the model parameters does 

not satisfy this condition, the model parameters are scaled. Equation (2) has no temporal correlation 

coefficients, as the models described by Gore and Zheng (2006). This simplifies the stochastic 

simulation; however, it necessitates a substantial amount of collected data until the LOS distributions 

converge to their final, stable shape.   

In order to obtain the model parameters, 𝛷𝑗,𝑖, Eq. (2) is multiplied with 𝑧𝑖 for 𝑖 = 1…𝑁  and averaged 

(Box et al., 1994). The resulting correlation matrix (Yule-Walker equations) is as follows: 

 

 

[
 
 
 
 𝒛𝟏

𝟐̅̅ ̅̅̅ 𝒛𝟏 𝒛𝟐̅̅ ̅̅ ̅̅ ̅ … 𝒛𝟏 𝒛𝑵̅̅ ̅̅ ̅̅ ̅

𝒛𝟐 𝒛𝟏̅̅ ̅̅ ̅̅ ̅ 𝒛𝟐
𝟐̅̅ ̅̅̅ … 𝒛𝟐 𝒛𝑵̅̅ ̅̅ ̅̅ ̅

⋮ ⋮ ⋱ ⋮

𝒛𝑵𝒛𝟏̅̅ ̅̅ ̅̅ 𝒛𝑵𝒛𝟐̅̅ ̅̅ ̅̅ … 𝒛𝑵
𝟐̅̅ ̅̅ ̅ ]

 
 
 
 

[
 
 
 
𝜱𝒋,𝟏

𝜱𝒋,𝟐

⋮
𝜱𝒋,𝑵]

 
 
 

=

[
 
 
 
𝒛𝒋 𝒛𝟏̅̅ ̅̅ ̅̅

𝒛𝒋 𝒛𝟐̅̅ ̅̅ ̅̅

⋮
𝒛𝒋 𝒛𝑵̅̅ ̅̅ ̅̅ ̅]

 
 
 

 (4) 

It incorporates the previously defined spatial cross-correlation coefficient to all relevant voxels with 

𝑧𝑗 𝑧𝑖̅̅ ̅̅ ̅ = 𝜌𝑗,𝑖 (see Eq. (1)). 
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A preliminary determination of the local integral length scale 𝑙0,𝜃(𝑟𝑘) allows for the completion of 

the Yule-Walker equations, thereby enabling the determination of the model parameters 𝛷𝑗,𝑖. These 

model parameters are then used in Eq. (2) to generate correlated realizations for 𝑧𝑗.  

 

Figure 2 provides a flowchart for a comprehensive overview. After the aforementioned 

discretization into voxels, the voxels are populated with realizations of a standard normal 

distribution – the normalized intensity z. 

 

 

Fig. 2  Flowchart of the stochastic flow model illustrating the generation of LOS intensity distributions. 

Model input parameters are marked in grey. 

The assignment of the normalized intensity starts with the first voxel in the outermost path. According 

to Equations (2) and (3) without any voxel correlations (𝑁 = 0), the realizations of normalized 

intensities of the first voxel solely depends on the Gaussian random shock with 𝐴µ = 0 and 𝐴𝜎 = 1. 

Hence, a Monte Carlo population of size 𝑛 is drawn from this Gaussian distribution (see second step 

in Fig. 2). The subsequent voxel along the LOS path is filled with realizations correlated to the 

previous voxel. With an initial guess of an integral length scale, 𝑙0,𝜃(𝑟𝑘) for the first ring, Eq. (4) 

provides the model parameter 𝛷𝑗,𝑖 . Equations (2) and (3) are then employed to populate the 

normalized intensity realizations for all voxels along the outermost line of sight path. The number of 
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filled voxels of the current and preceding ring determines the number of relevant voxels, N, for 

Equations (2) to (4). 

 

The subsequent step is to transform the normalized intensity of one voxel into physical values. This 

is achieved through a mapping procedure (Zheng, 2003). The parameters of the physical intensity 

distribution are estimated, and the realizations of 𝑧  are related to the physical intensity via the 

cumulative distribution function (CDF), as illustrated in Fig. 3.    

 

 

Fig. 3  Mapping procedure for voxel distribution: From one realization of the Gaussian normalized intensity 

to a non-Gaussian physical intensity realization. Adapted from Zheng (2003). 

The transformation to physical intensity allows for the calculation of the integral intensity along the 

LOS path. For the problem discussed here, attenuation and scattering are neglected to simplify the 

problem. The LOS intensity is then defined as the sum of the voxels' intensity realizations along the 

path. By considering a significant number of realizations, LOS intensity distributions are obtained for 

the considered paths. The distribution of the modeled LOS intensity should ideally align with that of 

the experimental data set. The degree of alignment is evaluated by calculating the root mean square 

error (RMSE) of identical bins of the cumulative distribution function (CDF) for any LOS path k. 

 

 𝑹𝑴𝑺𝑬𝑪𝑫𝑭 = √
𝟏

𝒎
∑(𝑪𝑫𝑭

𝑴𝒐𝒅𝒆𝒍

(𝒊)
− 𝑪𝑫𝑭𝒆𝒙𝒑

(𝒊)
)
𝟐

𝒎

𝒊=𝟏

  (5) 
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Therein, 𝑚 represents the number of bins. The bins are organized in accordance with the range of the 

experimental data. To address outliers in the model data set, the CDFModel
(𝑖)

 is normalized by the 

fraction of realizations falling within the minimum and maximum values of the experimental data set. 

By considering the entire shape of the CDF, this goodness-of-fit test is not as sensitive to outliers and 

does not overrate the importance of the mean value as in previous studies (Sivathanu et al., 2001). 

This is particularly relevant in nonlinear problems, where realizations away from the mean value can 

have a stronger impact on the result. The described approach ensures that all bins are equally 

important, while outliers are penalized.    

The shape of the LOS intensity distribution strongly depends on the shape of the voxel intensity 

distributions and the integral length scale. For example, a higher standard deviation can be offset by 

a lower spatial correlation between the voxels, and vice versa. Consequently, Eq. (5) is insufficient 

for unambiguously reconstructing all unknown parameters. Sivathanu et al. (2001) proposed 

incorporating the correlation of the LOS intensities of two adjacent paths (𝐼𝐿𝑂𝑆,𝑘 and 𝐼𝐿𝑂𝑆,𝑘−1). The 

correlation is described by the standard correlation coefficient (also called Pearson’s r). The 

discrepancy between the correlation of the experimental data and the modeled data is assessed by the 

relative deviation of correlation coefficients, ∆𝑅𝑘,𝑘−1. In conjunction with the RMSE of the CDF, the 

final cost function for the inverse problem is as follows: 

 𝐽𝑘 = √(RMSECDF,𝑘)
2
+ (∆𝑅𝑘,𝑘−1)

2
  (6) 

 

In an optimization algorithm, the set of parameters (e.g., for a four-parameter beta distribution, 𝑎,𝑏, 

𝑙𝑜𝑐, 𝑠𝑐𝑎𝑙𝑒 and 𝑙0,𝜃) that result in the lowest cost according to Eq. (6) are identified. The Nelder-Mead 

direct search (as implemented in SciPy) is employed as it does not require gradients and is therefore 

well-suited for a potentially noisy and multimodal function optimization problem (Gao and Han, 
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2012). The optimal set of parameters is then employed to compute the missing intensity realizations 

for the voxels of the same type (at similar radii) in the circumferential direction.  

The inverse method progresses to the subsequent path, whereby the parameters for the next unknown 

voxel type intensity distribution and the local integral length scale are identified. This process is 

repeated until the parameters for the central voxel on the diametric path have been determined. 

It should be noted that Eq. (6) cannot be used for the outermost path as no preceding path exists. The 

first two paths (𝑘 = 1 and 𝑘 = 2) are solved simultaneously with the assumption of a common 

integral length scale (𝑙0,𝜃(𝑟1) = 𝑙0,𝜃(𝑟2)).  

 

3. DEMONSTRATION AND DISCUSSION 

 

In this section, the introduced model is adapted for two-color radiation thermography and validated 

with a numerical experiment based on a CFD simulation of a hydrogen flame. By reconstructing the 

local scalar fluctuations of radiation emissions in two spectral bands simultaneously, the local 

temperature can be identified by ratio thermometry (Scholz and Ricolfi, 2008). The simplicity of the 

experimental setup and fast measurements make this application especially attractive for use on high-

pressure combustor test rigs, where optical access is limited and testing time is expensive.  

 

3.1 Stochastic Flow Model for Two-Color Radiation Thermography in Hydrogen Flames 

The water vapor emission in two spectral ranges, centered at 𝜆1 = 1.5 µ𝑚 and at 𝜆2 = 2.0 µ𝑚, each 

with a width of 0.1 µ𝑚, are selected for demonstration purposes. The wavelength selection is not 

discussed in this publication; however, it was conducted in accordance with the criteria discussed in 

Scholz and Ricolfi (2008), Rodiet et al. (2016) and Huang et al. (2018). Statistical Narrow Band 

(SNB) model parameters from Rivière and Soufiani (2012) are employed to compute the radiation 

emission of a voxel in both spectral ranges. Tables for 𝐼𝜆1 and 𝐼𝜆2 in terms of temperature, 𝑇, and 
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water vapor mole fraction, 𝑥H2O, were generated and stored for later consultation. The influence of 

𝑇 and 𝑥H2O on the radiation ratio (𝜓 = 𝐼𝜆1 𝐼𝜆2⁄ ) was examined with the SNB model parameters. It 

was found that the water vapor fraction has a negligible effect on the radiation ratio, whereas 

temperature has a strong nonlinear effect. Consequently, the instantaneous temperature can be derived 

directly from the instantaneous radiation ratio.  

In previous publications, instead of modeling the distributions of 𝐼𝜆1 and 𝐼𝜆2, the distributions of the 

desired scalars ( 𝑇  and 𝑥H2O ) have been modeled directly. However, this necessitates an 

understanding of the cross-correlation between these scalars. For example, in Sivathanu et al. (1991), 

the cross-correlation between temperature and soot volume fraction was determined through 

experiments and employed as input for the stochastic model. In contrast, the radiation in the two 

spectral bands exhibits a strong positive correlation and the cross-correlation between 𝐼𝜆1 and 𝐼𝜆2 is 

assumed to be one. Consequently, the computation of a single common normalized intensity 𝑧 is 

sufficient. It is important to note that the physical radiation distribution of the two spectral bands, and 

thus the distributions' parameters, may differ. However, physical limitations impose constraints on 

the potential combinations of 𝐼𝜆1 and  𝐼𝜆2. The temperature must fall within the range of the air inlet 

temperature and the maximum adiabatic flame temperature (376 K to 2443 K, see Section 3.2). 

Additionally, the concentration of water vapor cannot exceed the maximum concentration at 

stoichiometric conditions (0.325 mol/mol). During the computation of the stochastic flame model, 

the fraction of realizations that fall outside the specified limits is calculated and incorporated into the 

cost function as penalty term 𝜃. The mentioned constraints help to stabilize the ill-posed inverse 

problem for this application. 

The inverse process for reconstructing local temperature from LOS radiation measurements in the 

two spectral ranges is depicted in Fig. 4. The stochastic flow model employs initial values for 𝑙0 and 

the voxel PDF parameters for 𝐼𝜆1 and  𝐼𝜆2. According to Section 2, a common normalized intensity 

field (z) is generated for both spectral ranges. Subsequently, the flow model generates physical voxel 



CTS-59531 (Accepted Manuscript) 

 
doi: 10.1615/ComputThermalScien.2025059531 

 

15 

intensities by mapping the suggested voxel PDFs onto the normalized intensity field (see Fig. 3). 

With the physical intensity realizations for both spectral ranges now available, the temperatures and 

the water vapor concentrations of the voxels (𝑇𝑣𝑜𝑥 and 𝑥H2O𝑣𝑜𝑥) can be determined by consulting 

the prestored lookup table. The fraction of unphysical realizations is incorporated into the cost 

function as a penalty term. Furthermore, the LOS data from both spectral ranges are incorporated into 

the cost function. The search parameters are iteratively updated until the optimization algorithm 

identifies a minimum, enabling the parameter search to proceed to the subsequent LOS path and 

corresponding unknown voxel type. The subsequent path encompasses previously identified voxel 

types, which are populated with the previously determined solutions. 

 

 

Fig. 4  Flowchart illustrating the inverse determination of local voxel temperature: Output from a stochastic 

flow model (red) is compared with experimental LOS data (blue). Search parameters (grey) are iteratively 

updated until a minimum of the cost function is found (green). The solution is used to populate voxels of the 

same type in the next LOS path, and the method progresses to the next path to determine the next unknown 

voxel type (red dashed).  

For modeling the turbulent radiation fluctuations of a voxel, a four-parameter beta distribution is 

selected. As the loc parameter of the beta distribution is set to zero, the reconstruction of the intensity 

distributions for a single voxel and two spectral ranges requires the calculation of a minimum of seven 

parameters through the inverse method. 
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The start values for the Nelder-Mead algorithm are obtained through the process of onion-peeling 

(Daun et al., 2006) of the mean and standard deviation of LOS intensity of the first two paths. The 

initial scale parameters are obtained by dividing the maximum LOS intensity realization by the 

number of voxels in the LOS path. It should be noted that the parameters obtained from onion-peeling 

are not mathematically correct; however, they serve as initial starting values for the inverse method. 

The initial estimation of 𝑙0,𝜃 is 15 mm. The initial distributions are J-shaped (Bury, 1999), exhibiting 

a considerable number of events in the lower bins, which is consistent with expectations for the outer 

voxels. 

 

3.2 Numerical Demonstration Set-Up  

Large-eddy simulation (LES) provides the data set for numerical experiments, offering 

comprehensive insight into all relevant flow features and facilitating development and assessment of 

the proposed method. However, this should be considered an intermediate step, with validation using 

real experimental data and established temperature measurement techniques to follow. 

The simulation domain of the LES replicates an atmospheric single sector combustor with hexagonal 

cross section (Behrendt et al., 2008) and a dual swirl burner for aero engine applications burning pure 

hydrogen. For a detailed description of the CFD setup, please refer to Gövert et al. (2024). The burner 

has an outer swirler diameter of 𝑑𝑜 = 23.7 𝑚𝑚 and is operated at atmospheric pressure with an 

overall lean equivalence ratio of 0.895. The main air mass flow is set to 22.2 g/s at a temperature of 

376 K with a burner pressure drop of 3%. The Reynolds number based on the air mass flow and the 

outer diameter of the injector is approximately 55,000 (Gövert et al., 2024). The data points on a 

plane at a height above the burner of 𝑥 =  40 𝑚𝑚 are stored with a sampling rate of 4 kHz. This 

sampling rate represents a compromise between the objective of obtaining time-independent flow 

field realizations and the goal of acquiring as many data sets as possible without exceeding the 

computational costs significantly. The integral time scales of the radiation intensity range from 0.1 ms 
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to approximately 1 ms. The data points were collected over a physical time of 39.5 ms, which 

corresponds to five flow times of the combustion chamber based on the average burner exit velocity. 

This resulted in a total of 158 data sets comprising temperature and corresponding water mole 

fraction. However, the data sets are insufficient for a statistical representation of the flow field. 

Therefore, the data set is copied and rotated 36 times by 10° around the burner axis. This ensures an 

almost perfectly axisymmetric flow field and stable statistics with 5688 data sets. Finally, the data 

sets are interpolated on an equidistant grid of 𝑑𝑠 = 4 𝑚𝑚 as shown in Fig. 5. Due to the axisymmetric 

flow field, only the right half (y ≥ 0) is considered for the demonstration. The considered test case 

has 12 LOS paths where 𝑦 = 0 corresponds to the diametric path intersecting the burner axis. The 

outermost path is at 𝑦 = 11. The aforementioned tables based on the SNB model parameters from 

Rivière and Soufiani (2012) ( 𝐼𝜆1(𝑇, xH2O)  and 𝐼𝜆2(𝑇, 𝑥H2O)  are used to derive the radiation 

emissions of each voxel in the data set with a rectangular grid interpolator from SciPy.  

 

   

Fig. 5  (a) Instantaneous, (b) mean and (c) standard deviation of 𝐼𝜆1  after replication (36 x 10°) and 

discretization in voxels with edge length 𝑑𝑠 = 4 𝑚𝑚. 

 

Fig. 5(a) depicts an instantaneous intensity field. It is evident that the emitting water vapor clouds 

exceed the underlying voxel size, as neighboring voxels often exhibit similar intensities. The mean 

intensity is shown in Fig. 5(b) with the maximum mean intensity at the burner axis in the central 
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recirculation zone (CRZ). It is surrounded by a ring volume of lower intensity. This region exhibits 

high axial flow velocity, which is unfavorable for flame stabilization (Gövert et al., 2024). Figure 5(c) 

illustrates the standard deviation of the intensity field. The highest fluctuations are evident at the edge 

of the CRZ. Subsequently, the LOS intensities are determined from the CFD realizations. The 

cumulative distribution function (CDF) of each LOS path and its correlation, 𝑅, to the preceding path 

serve as inputs to the inverse method for determining local voxel intensity distributions and the 

integral length scale of the flame. (see blue branch of Fig. 2).  

 

3.3 Backward Convolution of Radiation Intensities 

With the initial values for the optimization algorithm (see Section 3.1), the inverse reconstruction of 

the intensity fluctuations of the first two outer paths is conducted. After approximately 1200 iterations 

the algorithm terminates with a set of parameters for the distributions of the first two voxel types in 

both spectral ranges and the common integral length scale. To prevent the Nelder-Mead algorithm 

from becoming trapped in a local minimum, it is restarted two additional times with the previously 

determined solution as start values and with a relatively large initial simplex. The final solution is 

used to fill the other voxels of the same type with estimated realizations. The inverse method 

progresses to the next LOS path to find a solution for the next voxel type. The solution of the 

preceding voxel type is used as initial guess for the inverse reconstruction.   

Fig. 6(a) shows the individual cost function terms over the LOS paths. The diametric path is at  

𝑦 = 0 and the outermost path is at 𝑦 = 11. Relative LOS path correlations (Δ𝑅) and the fraction of 

unphysical combinations (𝜃) exhibit relatively low residual errors. The RMSECDF, quantifying how 

well LOS distributions are reconstructed, remains very low for most paths, exemplified by the 

accurately matched CDFs for path 3 (see Fig. 6(b)). However, the first two paths (𝑦 = 11 and 𝑦 =

10) show relatively high CDF residuals due to LOS intensity CDF deviations between the model and 
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CFD experiment (Fig. 6(c)). This misalignment can be directly attributed to the assumed integral 

length scale at these locations, as depicted in Fig. 7.  

 

 

   

Fig. 6  (a) Remaining error terms of the cost function: RMSE of the LOS intensity CDF (solid lines), relative 

error of the LOS correlation between experiment and model (dashed lines). Fraction of unphysical intensity 

realizations (𝜃, green). (b) LOS intensity CDF of 𝐼𝜆1 and 𝐼𝜆2 for model and CFD at LOS path 3 and (c) LOS 

path 10.  

 

Figure 7 shows the integral length scales of the stochastic model and CFD results in the 

circumferential direction. The length scales are determined using standard correlation coefficients 

(Pearson's r) between voxel intensity realizations in the circumferential direction, fitted to an 

exponential function (see Eq. (1)). 

 

 

 

Fig. 7  Integral length scales from CFD data (solid line) and stochastic model (dashed line) in 

circumferential direction over radial location.  
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The formulation of Eq. (6) requires the first two LOS paths to be solved simultaneously. As a result, 

the method assumes a constant integral length scale for the two outermost rings. This assumption 

conflicts with the strong gradient of the CFD-derived length scale (𝑙0,𝐶𝐹𝐷,𝜃 ). The inverse method tries 

to find a compromise according to the cost function, which apparently results in higher residual errors 

of the RMSE at LOS path 10 (see Fig. 5(a) and (c)). The integral length scale is also not accurately 

reconstructed at radial locations at 𝑟 = 4 and 𝑟 = 5. These locations correspond to the annular region 

of low mean intensity (see Fig. 5(b)). Intensities from these voxels do not contribute significantly to 

the LOS intensities and the cost function is not significantly impacted by an inaccurate guess of voxel 

PDF and length scale. Consequently, the inverse method struggles to reconstruct accurate parameters 

at these locations. 

 

The CFD data can be employed to directly compare the voxel intensities at different radial locations 

by calculating the RMSE of the CDF (similar to Eq. (5)).  Fig. 8(a) shows voxel RMSE for all radial 

locations. The voxel distribution at 𝑟 = 10  exhibits a relatively high voxel RMSE, which is 

consistent with the aforementioned deviation of integral length scale at this location. High RMSE is 

also observed at the burner axis (𝑟 =  0). This can be attributed to accumulated errors, a known 

characteristic of deconvolution methods that transport errors toward the center and accumulate them 

on the axis (Daun et al., 2006).  
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Fig. 8  RMSE of voxel CDF over radial location, respectively voxel type (a). Voxel intensity PDF of 𝐼𝜆1 and 

𝐼𝜆2 for model and PDF at r = 3 (b) and r = 7 (c). 

 

Fig. 8(b) and (c) illustrate the probability density function (PDF) of the voxel intensities at radial 

locations 3 and 7. The model demonstrates good agreement with the voxel intensity distribution of 

the CFD at radial location 7. However, it is unable to accurately resemble the distribution at radial 

location 3. This is due to the fact that the CFD data has a bimodal shape, which the employed beta 

distribution is unable to represent.  

 

3.4 Temperature Reconstruction 

With the prior tabulated data for the temperature in terms of the intensity ratio 𝜓 (see Section 3.1), 

the temperature realization can be inferred. The mean and standard deviation of temperature over the 

radial location are depicted in Fig. 9(a) and (b), respectively. Additionally, the PDFs at three radial 

locations are shown in Fig. 10(a-c). 
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Fig. 9  Mean (a) and standard deviation (b) of temperature over radial location. Black solid lines from CFD 

and red dashed lines are model output. Green line corresponds to mean temperature determined from onion-

peeling (OP) deconvolution.  

 

   

Fig. 10  Temperature PDF at 𝑟 = 5 (a), 𝑟 = 7 (b) and 𝑟 = 10 (c). Grey bars indicate CFD data while red 

solid line show stochastic model output.  

 

Fig. 10(a) shows the reconstructed temperature distribution of the voxel at 𝑟 =  5.  The lower 

temperature events are not reconstructed by the stochastic model, resulting in an overestimation of 

𝑇𝜇 by 10% in this region. The voxels at this location are surrounded by higher radiation intensities 

(see Fig. 5(b)). In particular, the low temperature incidents do not contribute significantly to the LOS 

radiation of this path. For instance, a voxel with  𝑇 =  1000 𝐾 and 𝑥𝐻2𝑂 =  0.1 contributes only 

approximately 0.005 W/(m²sr) to the LOS radiation of 𝐼𝜆1, whereas the mean LOS radiation at path 

5 is 29.5 W/(m²sr). Consequently, temperature incidents with T ≤ 1000 K are essentially invisible to 

the method at this location for this particular test flame, which is characterized by a ring volume of 

higher radiation intensities. 

In the region surrounding 𝑟 =  7 , the temperature distributions are accurately reconstructed, as 

shown in Fig. 10(b). At radial location 10, the reconstructed temperature distribution exhibits a 

significant deviation (see Fig. 10(c)). This is a consequence of the deficient reconstruction of the 

integral length scale at this location. Consequently, the reconstructed temperature is also affected. 
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However, due to the relatively low radiation intensity at the flame boundary, the resulting error has 

only a limited impact on the following voxel reconstructions. 

The green line in Fig. 9(a) depicts the mean temperature, which has been directly reconstructed using 

onion-peeling (OP) methodology  (Daun et al., 2006). This method is frequently employed, even in 

the context of turbulent flames, due to its simplicity (Cakmakci et al., 2016). However, due to the 

nonlinear dependency of temperature and radiation, the reconstructed temperature with OP is 

overestimated by more than 20%. Thus, the presented method allows for a more accurate 

reconstruction of mean temperatures while maintaining similar experimental effort. Furthermore, a 

standard deviation can be derived, which is an additional feature compared to state-of-the-art methods 

and is an essential measure for analyzing technical combustion systems. The shape of the temperature 

distributions can be reconstructed with reasonable precision for most radial locations. Additionally, 

the water vapor mole fraction can be identified by using 𝐼𝜆1 or  𝐼𝜆2 in conjunction with the derived 

temperature (not shown). 

 

3.4 Model Sensitivity on Voxel Size 

Fig. 11 shows the sensitivity to voxel size, 𝑑𝑠, for the test case considered here. Smaller voxels lead to 

larger deviations in the reconstructed mean temperature. The correlation between two adjacent paths is 

significant for the reconstructed length scale. With smaller voxel sizes, the distance between the LOS 

paths decreases. Consequently, the estimate of the integral length scale is based on a small fraction of its 

size and is inaccurately determined when the voxel size is significantly smaller than the integral length 

scale. Additionally, the number of voxels increases along the LOS path. Therefore, the correlations 

between voxels become even more critical. Both factors hinder correct reconstruction of the local 

radiation distribution and, consequently, the mean temperature.  
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Fig. 11  Reconstructed mean temperature for different voxel sizes in comparison to CFD mean temperature. 

 

Incorporating several adjacent LOS paths into the inverse method could improve the results for 

smaller voxel sizes, thereby achieving higher spatial resolutions. This approach should be considered 

for future implementations. However, when the selected voxel size is not significantly smaller than 

the integral length scale, the described method can reconstruct the mean temperature with reasonable 

accuracy. A voxel size of approximately  
1

3
𝑙0 < 𝑑𝑠 < 𝑙0 appears to be an appropriate choice for this 

application. Although exact estimation of the underlying length scale is not possible without high-

resolution simulations or elaborate flow field measurements, various researchers have determined the 

integral length scales for similar combustor and burner configurations. For instance, Willert et al. 

(2019) utilized high-speed PIV to determine the integral time scales at the exit of a combustion 

chamber, measuring them to be approximately 0.1 to 0.4 ms. Given the maximum measured 

circumferential flow velocity of approximately 40 m/s, the integral length scale can be estimated to 

be no greater than 16 mm. 

 

3.5 Effects of Measurement Errors 

The inevitable presence of noise in the measurements can impact the reconstruction of the mean 

temperature. To illustrate the impact on the aforementioned methodology, random Gaussian noise with 

varying signal-to-noise ratio (SNR) levels is superimposed on the LOS data from the numerical 

experiment, 𝐼𝐿𝑂𝑆,𝑛𝑢𝑚 (Niu et al., 2016).  
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 𝐼𝐿𝑂𝑆,𝑚𝑒𝑎𝑠 = (1 + 𝜑𝜉) 𝐼𝐿𝑂𝑆,𝑛𝑢𝑚 (7) 

 

where 𝐼𝐿𝑂𝑆,𝑚𝑒𝑎𝑠 is the line-of-sight radiative intensity with added noise, and 𝜉 is a normal distribution 

random variable with mean 𝜉µ = 0 and standard deviation 𝜉𝜎 = 1. The SNR is defined in terms of the 

logarithmic decibel scale and can be used to determine the mean square deviation of noise, 𝜑. 

 

 
𝑆𝑁𝑅 = −20 log(𝜑) 

 
(8) 

Fig. 12 illustrates the reconstructed mean temperature for varying SNR values and a voxel size of 4 mm. 

As the SNR value decreases, the deviation in the reconstructed mean temperature increases. At an SNR 

of 40, there are considerable deviations, whereas the reconstructed temperature with a SNR above 60 are 

deemed acceptable. This illustrates that the method can effectively handle moderate levels of noise. 

 

 

Fig. 12  Reconstructed mean temperature for different SNR levels with a voxel size of 4 mm in comparison 

to the CFD mean temperature.   

4. SUMMARY AND CONCLUSIONS 

 

A methodology for the inverse reconstruction of unknown scalars in turbulent flows has been 

presented. The method uses a stochastic flow model that generates line-of-sight intensity distributions 

that can be compared to experimental data. The method determines local intensity distributions by 
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means of Monte Carlo simulation. This numerical approach can be adapted to all line-of-sight (LOS) 

measurement techniques, provided that the turbulent scalar fluctuations are nonlinearly dependent on 

the measured LOS signal and the time-averaged flow field is axisymmetric. 

The presented stochastic model is based on the work of Sivathanu et al. (2001), and has been enhanced 

in two aspects to improve the approximation of the relevant characteristics of turbulent flows, such 

as flames in gas turbine combustors: 

 

• Discretization of the flow field into equally sized voxels: Individual molecules or particles are 

responsible for the emitted or absorbed intensity. Thus, the intensity distribution is not 

necessarily proportional to the observation volume. In order to deconvolve a turbulent flow, 

which is described by statistical distributions, a constant observation volume (voxel) is 

necessary. 

• Instead of a constant and isotropic length scale, a length scale that is dependent on its radial 

location has been introduced.  

 

The method described has been applied to a numerical two-color radiation thermography test case. 

The radiative emissions of water vapor in two spectral ranges were used to reconstruct the local 

temperature distributions. The main outcomes can be summarized as follows: 

• The mean temperature distribution in a turbulent flow can be reconstructed with reasonable 

accuracy. The method outperforms current deconvolution techniques while requiring a 

comparable level of experimental effort. 

• Unlike previous approaches, no prior information on the cross-correlation of temperature 

and species concentration or the assumption of chemical equilibrium is required. 

• The proposed solution for the mean temperature is relatively robust against measurement 

noise due to the use of a large Monte Carlo population (intensity realizations). 
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• The method also provides standard deviation of temperature and an integral length scale. 

Here, the deviations are higher, but these parameters contain valuable additional information 

that current deconvolution methods inherently cannot provide. 

• Due to the highly nonlinear relationship between temperature and water vapor radiation, low 

temperature regions (T<1000 K) cannot be reconstructed when they occur in the center of the 

turbulent flow, i.e., are surrounded by higher radiation incidents, as observed in the present 

test case.  

The accuracy of stochastic models relies on their ability to reproduce the relevant statistical 

characteristics of the actual turbulent scalar fields. This is a particularly challenging task, given that 

the intensity distributions can also exhibit bimodal characteristics. The incorporation of bimodal 

distributions will inevitably result in an increase in the number of unknown parameters, thereby 

offering a greater number of potential solutions for the ill-posed system.  

Confidence in the proposed solution is key to all inverse problems. Although the described method 

appears to be relatively robust against measurement noise, a thorough determination of the confidence 

intervals should be considered for future studies. Moreover, further confidence may be achieved by 

additional regularization of the ill-posed inverse problem, e.g., ensuring a smooth mean intensity 

profile or enforcing that the intensity distributions of neighboring voxels are similar. 

The inclusion of an evolutionary optimization strategy, such as “AutoOpti” (Schaffrath et al., 2023), 

can improve and speed up the identification of the global minimum and should be considered for 

future implementation. In addition, the strong sensitivity to voxel size needs to be addressed and 

further research is needed to qualify the method for higher spatial resolutions. 

The immediate goal is to validate the aforementioned methodology with real experimental data and 

to compare the reconstructed temperature with an established measurement technique. However, the 
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behavior with imperfectly axisymmetric flames must be investigated. In addition, the incorporation 

of attenuation of radiation emission along the LOS paths and background radiation are other 

important aspects to be considered for application to real experimental data. 
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FIGURE CAPTIONS 

Fig. 1  Schematic of a cross-section of a turbulent flow with discretization in voxels according to 

their radial location. On the left, the probability density functions (PDF) of voxel intensity 

distributions for two voxel types are shown (type 1, 𝐼(1), orange and type 2, 𝐼(2), blue). On the 

right, path integrated LOS intensities are illustrated for two paths. 

Fig. 2  Flowchart of the stochastic flow model illustrating the generation of LOS intensity 

distributions. Model input parameters are marked in grey. 

Fig. 3  Mapping procedure for voxel distribution: From one realization of the Gaussian normalized 

intensity to a non-Gaussian physical intensity realization. Adapted from Zheng (2003). 

Fig. 4  Flowchart illustrating the inverse determination of local voxel temperature: Output from a 

stochastic flow model (red) is compared with experimental LOS data (blue). Search parameters 

(grey) are iteratively updated until a minimum of the cost function is found (green). The 

solution is used to populate voxels of the same type in the next LOS path, and the method 

progresses to the next path to determine the next unknown voxel type (red dashed).  

Fig. 5  (a) Instantaneous, (b) mean and (c) standard deviation of temperature after replication (36 x 

10°) and discretization in voxels with edge length 𝑑𝑠 = 4 𝑚𝑚. 

Fig. 6  (a) Remaining error terms of the cost function: RMSE of the LOS intensity CDF (solid 

lines), relative error of the LOS correlation between experiment and model (dashed lines). 
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Fraction of unphysical intensity realizations (θ, green). (b) LOS intensity CDF of 𝐼𝜆1 and 𝐼𝜆2 for 

model and CFD at LOS path 3 and (c) LOS path 10.  

Fig. 7  Integral length scales from CFD data (solid line) and stochastic model (dashed line) in 

circumferential direction over radial location.  

Fig. 8  RMSE of voxel CDF over radial location, respectively voxel type (a). Voxel intensity PDF 

of 𝐼𝜆1 and 𝐼𝜆2 for model and PDF at 𝑟 =  3 (b) and 𝑟 =  7 (c). 

Fig. 9  Mean (a) and standard deviation (b) of temperature over radial location. Black solid lines 

from CFD and red dashed lines are model output. Green line corresponds to mean temperature 

determined from onion-peeling (OP) deconvolution.  

Fig. 10  Temperature PDF at 𝑟 = 5 (a), 𝑟 = 7 (b) and 𝑟 = 10 (c). Grey bars indicate CFD data 

while red solid line show stochastic model output.  

Fig. 11  Reconstructed mean temperature for different voxel sizes in comparison to CFD mean 

temperature.  

 

Fig. 12  Reconstructed mean temperature for different SNR levels with a voxel size of 4 mm in 

comparison to the CFD mean temperature.   


