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A B S T R A C T

Thermochemical energy storage in the CaO∕Ca(OH)2 system offers high energy capacity and near perfect
reversibility and is one of the most promising technologies for thermal energy storage. In particular, fixed
bed reactors are being investigated for their low cost and simplicity. However, upscaling of these reactors is
hindered by changes in heat and mass transfer through the powder bed due to compaction and agglomeration
of the powder bed during repeated cycling. Therefore, we develop a model for the dynamics of powder beds in
thermochemical reactors in response to gas flow and expansion and contraction during repeated cycling. The
model couples a model for the reactive transport in the powder bed to a large strain elasto-plastic model for
its deformation and compaction. The constitutive relations for the powder bed are based on modified Drucker–
Prager-Cap plasticity, including a hardening mechanism. For comparison with experiment, a parametrization
of the model using only flow tester data is presented. The capabilities of the new model are demonstrated by
simulating multiple charge/discharge cycles, where the numerical results show irreversible effects that cannot
be simulated with static models, such as successive powder compaction during cycling. The numerical results
are compared with experimental data where qualitative agreement is found. Furthermore, the new model is
compared with existing static models and the differences between the models are discussed. Finally, we give an
outlook on how the prediction of powder compaction can lead to the design of optimized reactor geometries
and cycling protocols.
1. Introduction

As countries around the world respond to climate change by moving
towards renewable energy sources, being able to store large amounts of
energy to offset the unpredictability of renewable energy sources and,
more generally, to improve the efficiency of energy use, is becoming a
key technology. Among the various means of storage, thermal energy
storage can play an important role in storing thermal energy generated
from renewable sources, e.g. in concentrated solar power plants, stor-
age reactor designs for which were studied in [1,2]. Also improving
the efficiency of industrial processes by storing and reusing waste heat
energy offers great potential, as shown in [3].

1.1. Thermochemical energy storage

Thermochemical energy storage (TCES), where heat energy is stored
in a reversible chemical reaction or sorption process, is a promis-
ing technology for large scale and long-term thermal energy storage.
Among suitable materials for high temperature regimes, metal hy-
droxides such as Mg(OH)2 or Ca(OH)2, have been extensively studied
due to their high energy storage density whilst being almost free of
losses. Other factors favoring these materials are the fact that the
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storage materials are available in large quantities and that they are
mostly environmentally friendly. In this paper, we investigate the
CaO∕Ca(OH)2-system with the reversible hydration/dehydration reac-
tion

CaO + H2O ⇋ Ca(OH)2 + 𝛥H (1)

for thermal energy storage, which is a prominent reaction system due
to its high reaction enthalpy of 𝛥𝐻 = 112 kJ∕mol. An overview of the
material properties of the system can be found in [4].

Energy storage in the CaO∕Ca(OH)2-system has been realized
mainly in three reactor types: the rotary kiln reactor, the fluidized bed
reactor and the fixed bed rector, the latter of which will be used as a test
system for the model developed in the study. The fixed bed reactor type
is widely used in research and industrial applications, and represents
the earliest and simplest reactor type.

However, there are still major challenges to the up-scaling TCES
fixed bed reactors, such as their relatively poor heat and mass transfer
performance. As calculated by Kuipers et al. [5] and later by Schaube
et al. [6], the thermal conductivity depends on the local density of
the powder bed, and thus on its state of compaction. Furthermore, a
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Nomenclature

Greek symbols
𝛼𝑚𝑖𝑛 Minimum compression
𝛽 𝛽 parameter of the DPC model
𝛥𝐻 Enthalpy of the thermochemical reaction
𝜂 Lode Angle
𝜆 Plastic multiplier
𝜆𝑒𝑓 𝑓 Effective thermal conductivity of the pow-

der bed
𝜇 Viscosity of the gas phase
𝜇𝑆 Shear Modulus of the powder bed
𝜈 Reaction rate
𝛷 Plastic yield function
𝜙𝛼 Volume fraction of phase 𝛼
𝛹 Plastic potential
𝜌𝑚𝛼 Mass density of phase 𝛼
𝜌𝛼 Molar density of phase 𝛼
𝜌0𝛼 Molar density of phase 𝛼 in the initial state

𝜎 Terzhagi’s effective stress
𝜎𝐺 Physical stress in the gas phase
𝜎𝑆 Physical stress in the solid phase
𝜃 Angle of internal friction
𝜀 Linearized strain tensor
𝜀𝑙 Logarithmic strain tensor
𝜀𝑙𝑑 Logarithmic deviatoric strain
𝜀𝑙𝑣𝑜𝑙 Logarithmic volumetric strain
𝜑 Deformation
𝜉𝑃 Macroscopic expansion coefficient
𝜉𝑉 Microscopic expansion factor
Operators
𝐷(⋅)
𝐷 𝑡 Material time derivative of (⋅)
∇(⋅) Spatial gradient of (⋅)
∇ ⋅ (⋅) Spatial divergence of (⋅)
∇0(⋅) Material gradient of (⋅)
1𝑑 𝑒𝑣(⋅) Deviatoric part of (⋅)
𝑎 ⋅ 𝑏 Contraction of a and b
𝐴 ∶ 𝐵 Double contraction of A and B
𝐴𝑇 Transpose of A
𝐴−1 Inverse of A
𝐴−𝑇 Transpose of the inverse of A
Roman symbols
𝐵 Cauchy strain tensor
𝑐 Cohesion
𝐶𝑝,𝛼 Heat capacity at constant pressure of phase

𝛼
𝑑 Consolidation
𝑑𝑝 Effective powder particle diameter
𝐷𝑒𝑓 𝑓 Water vapor diffusivity
𝐹 Total deformation gradient

significant part of the heat transfer limitation is due to a large heat
ransfer resistance from the reactor wall to the bed, which depends
n the contact pressure between the bed and the reactor wall. Even
omplete detachment from the reactor wall has been observed for the
rBr-System in [7], increasing the heat flow resistance even further.
2 
𝐹𝑒, 𝐹𝑝, 𝐹𝑐 Elastic, plastic, chemical deformation gradi-
ent

𝑔 Free-fall acceleration
𝐽 Deformation Jacobian
𝐽𝑃 , 𝛼 Hardening parameter of the DPC model
𝐾𝑐 Cohesion parameter of the hardening model

𝑘ℎ, 𝑘𝑑 Reaction rate constants
𝐾𝑃 Yield pressure parameter of the hardening

model
𝐾𝑆 Young’s Modulus of the powder bed
𝑘𝑏𝑒𝑑 Permeability of the powder bed
𝑀𝛼 Molar mass of phase 𝛼
𝑁𝛽

𝑃 Plastic flow along yield surface 𝛽
𝑝 Hydrostatic stress in the powder
𝑝𝑎 Characteristic pressure of the DPC model
𝑝𝑐 Critical yield pressure of the DPC model
𝑝𝐺 Gas pressure in the pore-space
𝑝𝑡 Critical tensile yield pressure of the DPC

model
𝑝𝑉 Partial vapor pressure
𝑞 Von Mieses effective stress
𝑅 Universal gas constant
𝑅𝑃 R parameter of the DPC model
𝑠 Deviatoric stress in the powder
𝑇 Temperature
𝑢𝑆 Solid displacement
𝑉 𝑚
𝛼 Molar volume of phase 𝛼

𝑣𝑆 Solid velocity
𝑋 Material coordinate
𝑥 Spacial coordinate
𝑥𝑆 State of charge
𝑥𝑉 Vapor molar fraction

The poor heat and mass transfer, is further exacerbated by structural
changes in the powder bed during cycling. This is particularly true
for the reaction system which is investigated in this paper, where
the powder particles agglomerate during cycling, transforming a fixed
powder bed into a solid that eventually cracks during cycling. These
changes also have a profound influence on the heat and mass transport
through the powder bed, as has been found by Dai et al. in [8] and
which has been confirmed in by parameter fitting of the permeability
and conductivities of the powder bed during cycling in [9].

These structural changes in the powder bed are caused by mechan-
cal, physical and chemical influences on the powder bed, mainly by
hree mechanisms. First, the gas flow through the reactor exerts a force
n the powder particles, compressing the powder bed. The resulting
ensification of the bed increases its flow resistance while improving

the heat transfer. Second, the agglomeration of powder particles, where
bonds form between the particles, turning the bed into a solid. The
exact mechanism of the agglomeration, however, is unknown. A theory
based on particle sintering is proposed by Dai et al. in [8,10], while
Afflerbach et al. [11], propose a mechanism based on particle breakage,
increasing the cohesion of the powder. Thirdly, the expansion of the
owder particles due to water uptake during the hydration stage, and

the corresponding contraction during dehydration, causing deformation
and stresses in the powder bed.

A systematic study of the changing transport properties has been
one in [12], where the evolution of the porosity, permeability and

the powder bed height was observed over 10 cycles. It was shown
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that after the initial compaction from the pressurization, the bed com-
acts slightly each cycle until it reaches a maximum compaction.
his is in contrast to the microscopic expansion of the powder parti-
les, which gain up to 50% in volume. Thus, the microscopic expan-
ion/contraction becomes increasingly decoupled from the macroscopic
eformation during cycling. Also, the permeability changes between

the oxide and hydroxide phases by up to two orders of magnitude, due
to the changing porosity.

Therefore, a mechanical model of the local compaction, a com-
paction dependent thermal resistance, as well as the structural changes
of the powder bed over time is needed for the computational ex-
ploration of new pathways for up-scaling of fixed bed reactors for
hermochemical heat storage.

1.2. Modeling and simulation of TCES reactors

Modeling efforts for thermochemical heat storage systems have been
undertaken on many different levels, a review of which can be found
in [13]. The kinetics of the thermochemical reaction have been mod-
eled for pressed pellets in [14,15], while kinetics of powder samples
have been studied, among others, in [16]. An anisotropic nucleation
nd growth model was studied in [17] and the impact of atmospheric

conditions on the kinetics was studied, e.g. in [18]. The reaction has
een studied down to the molecular level in [19].

A general thermodynamically consistent model on the reactor scale
as been proposed by Nagel et al. in [20] and implemented in [21–23].

An empirical model has been fitted to TCA data has been implemented
by Schaube et al. in [24,25]. Further numerical modeling of fixed bed
reactors has been carried out among others by Wang et al. [23,26]
nd Risthaus et al. [27] for cylindrical reactors, and for a rectangular
eaction bed in Ranja et al. [28] . Furthermore, numerous studies focus
n the optimization of the reactor design. For cylindrical reactors, Ye
t al. investigated strategies to enhance the heat transfer in [29]. A

multi layered reactor has been studied Han et al. [30]. Also, extensive
odeling efforts have been made by Wang et al. on shell-tube reactor
esigns, e.g. in [31,32].

The majority of studies have assumed a constant porosity, which
is not compatible with the change in volume of the powder particles
during the cycling process. The modeling of permeability changes due
to particle expansion in the fixed bed during cycling of thermal storage
ystems was first investigated by Michel et al. in [33], the simulation of
hese effects was first performed by Seitz in [34] for a one dimensional
odel and later extended to two dimensions by Xu et al. in [35].

1.3. Novelty and objective of the current study

Modeling the deformation and structural changes of the powder bed
that lead to an alteration and degradation of the heat and mass transfer
uring cycling remains a challenge, and has not been done. The objec-

tive of this study is to address this challenge. Therefore, starting from
orous media theory and taking into account assumptions specific to

TECS fixed bed reactors, a model for a thermochemically active powder
bed undergoing large deformation is derived. The proposed modeling
allows for the simulation of new effects, such as the compaction of the
powder bed due to the pressures exerted on it by the gas flow, the
expansion/shrinkage of the bed during cycling, as well as irreversible
effects, such as further compaction of the bed during cycling.

1.4. Outline of the paper

In the following section, we introduce the reactive transport model
for the heat and mass transport inside the powder bed, by extending
existing models to a dynamic powder bed on a deforming grid. Then,
in Section 2.4, we present the elasto-plastic mechanical model, which
defines the grid deformation based on the gas pressure and chemi-
cal expansion/shrinkage acting on the powder inside the reactor. A
arametrization of the elasto-plastic constitutive model using data from
3 
Flow-Tester experiments is presented in Section 2.5. In Section 2.6 we
detail the solution procedure of the model and its implementation in
EM-Software and, finally, in Section 3 we investigate the resulting be-

havior of the dynamic powder bed during the pressurization, charging,
discharging and repeated cycling of the TCES reactor.

2. Theory

The physical model for the powder bed inside the reactor consists of
wo parts, a reactive transport model for the heat and mass transfer as
ell as the chemical reaction inside the powder bed, and a elasto-plastic

mechanical model for the porous powder phase. Although the model
resented in this paper is demonstrated for a moving powder bed inside
 cylindrical reactor, as shown in Fig. 1, the derived equations are valid

for all fixed powder bed reactors. The framework for the modeling is
macroscopic porous media theory, where we consider the powder bed
as a continuum composed of two phases, the solid phase 𝑆 and the gas
phase 𝐺. The solid phase is given by the powder particles composed of
CaO and Ca(OH)2, while the gas phase is the pore space in between the
particles saturated with a gas mixture of nitrogen and water vapor.

In specializing the general porous media theory for TCES, the fol-
lowing assumptions and simplifications are made:

1. The powder bed is a porous medium composed of a solid and a
fluid phase.

2. The porous medium undergoes finite elasto-plastic deformation,
from the stresses resulting from the gas flow.

3. As for most powders, elastic deformations are small.
4. Powder particles do not deform due to the hydrostatic gas

pressure in the pore space (see Terzhagi’s effective stress).
5. The powder particles’ expansion and contraction due to the

chemical reaction is independent from the expansion/
contraction of the macroscopic powder bed.

6. The gas flow in the pore space follows Darcy’s law.
7. The molar density of the solid phase does not change from the

gas-solid reaction.
8. The solid and the gas phases are in local thermal equilibrium.
9. The fluid and the solid phases are in perfect thermal and me-

chanical contact with the reactor walls.
Further minor assumptions as well as motivations and the choice of
parameters are given in the corresponding parts of the text.

2.1. Computational domain

Due to the deformation of the powder bed we consider a domain
𝛺(𝑡), which evolves over time from a initially undeformed configuration

0 = 𝛺(𝑡 = 0) (see Fig. 1).
The coordinates of the deformed domain 𝑥(𝑡) ∈ 𝛺(𝑡) are give by a

deformation function 𝜑

𝐱(𝑡) = 𝜑(𝑋 , 𝑡), (2)

of the coordinates in the undeformed configuration 𝑋 ∈ 𝛺0. Using
he deformation 𝜑, the deformation gradient is defined as

𝐹 =
𝜕 𝜑(𝑋 , 𝑡)

𝜕 𝑋
and the Jacobian 𝐽 as

𝐽 = det(𝐹 ).

Further, we define the displacement 𝑢 as

𝐮𝑆 (𝑡) = 𝑋 − 𝐱(𝑡), (3)

as well as its temporal derivative, denoted 𝐯𝑠, as the domain deforms
with the solid (powder) phase, as

𝜕 𝜑(𝑋 , 𝑡)
𝐯𝑆 (𝑡) = 𝜕 𝑡 . (4)



T. Prill et al.

i
d

p

c
t

w

v

s

(

t

r

Applied Energy 383 (2025) 125275 
Fig. 1. Schematic of the model geometry representing a cylindrical fixed bed reactor
n cylindrical coordinates (𝑟, 𝑧). The computational domain is the powder bed 𝛺(𝑡) in
ark gray, bounded by the freely moving phase boundary at the top 𝜕 𝛺𝑖𝑛 and the fixed

outflow at the bottom. At the left boundary 𝜕 𝛺𝑠𝑦𝑚 symmetry boundary conditions apply,
while at the right the domain is bounded by the fixed reactor wall 𝜕 𝛺𝑙 𝑎𝑡.

The velocity 𝑣𝑆 and the Jacobian 𝐽 are connected by the identity
𝜕 𝐽 (𝑡)
𝜕 𝑡 = 𝐽 (𝑡)∇ ⋅ 𝑣𝑆 . (5)

Moreover, the material time derivative of a scalar function 𝑓 , trans-
orted with the velocity 𝐯𝑆 is defined as
𝐷 𝑓
𝐷 𝑡 =

𝜕 𝑓
𝜕 𝑡 + ∇𝑓 ⋅ 𝐯𝑆 , (6)

where derivatives without subscript are taken with respect to spacial
oordinates 𝑥. The material time derivative defines the temporal deriva-
ive of a function transported on the moving domain 𝛺(𝑡). As the model

is solved on a grid deforming with 𝛺(𝑡), the reactive transport model is
formulated in terms of the material time derivatives.

Using 𝐮𝑆 , the deformation gradient can be expressed as:

𝐹 = 1 + ∇0𝐮𝑆 (7)

with the identity tensor 1 and the derivative in material coordinates
∇0, where the suffix ‘‘0’’ indicates a derivatives taken with respect to
the undeformed configuration, i.e. with respect to material coordinates
𝑋.

Using these quantities, we define the Cauchy strain tensor as

𝐵 = 𝐹 𝐹 𝑇 , (8)

and the logarithmic (spatial) strain tensor

𝜀𝑙 = 1
2
log𝐵 . (9)

Accordingly, the volumetric and deviatoric strains are defined as
𝜀𝑙𝑣𝑜𝑙 = tr(𝜀𝑙),

𝜀𝑙𝑑 =1𝑑 𝑒𝑣(𝜀𝑙) = 𝜀𝑙 − 1
3

tr(𝜀𝑙)1,
(10)

with the identity tensor 1 and the deviatoric part of the strain tensor
ith 1𝑑 𝑒𝑣(⋅) = (⋅) − 1

3 tr(⋅)1. Using (10), the Jacobian can be written as

𝐽 = 𝑒𝜀
𝑙
𝑣𝑜𝑙 . (11)
4 
2.2. Reactive transport

The reactive transport model is adapted from [20], with the added
assumption of local thermal equilibrium as in [23] and a varying
porosity of the powder bed as in [34]. As mentioned above, the model
considers a macroscopic porous medium consisting of two phases, the
solid phase 𝑆 and the gas phase 𝐺. The respective volume fractions for
the gas and solid phases are 𝜙𝑆 and 𝜙𝐺 are

𝜙𝛼(𝑡) =
|

|

|

𝛺̂𝛼(𝑡)
|

|

|

|

|

|

𝛺̂(𝑡)||
|

, (12)

where 𝛺̂(𝑡) is an arbitrary subvolume of 𝛺(𝑡) ⊇ 𝛺̂(𝑡) and 𝛺̂𝛼(𝑡) ⊆ 𝛺̂(𝑡)
is the subvolume occupied by phase 𝛼 in the current configuration. As
the porous medium deforms, the saturation condition becomes

𝜙𝐺(𝑡) + 𝜙𝑆 (𝑡) = 1, (13)

with the current volume fractions 𝜙𝑆 (𝑡) and 𝜙𝐺(𝑡).
The reactive transport model is written in terms of the primary

ariables 𝑝𝐺, 𝑇 , 𝑥𝑉 , 𝑥𝑆 , which are the pressure of the gas phase in the
pore space, the local temperature (averaged over all phases), the molar
fraction of water vapor in the gas phase and the molar fraction of CaO
in the solid phase.

2.2.1. Solid phase molar balance
The molar balances of the components 𝛼 ∈ {CaO,Ca(OH)2} of the

olid phase are given in local form by
𝜕 𝜌𝛼
𝜕 𝑡 + ∇ ⋅ (𝜌𝛼𝐯𝑆 ) = 𝛽 ̂𝜌, (14)

where 𝜌𝛼 is the molar density of the phase 𝛼, 𝜌̂ is a source/sink term
from the thermochemical reaction given in 2.3, and 𝛽 ∈ {−1, 1} is a
factor indicating whether the phase gains or loses species amount when
the solid absorbs water. I.e. 𝛽 = 1 for Ca(OH)2 and 𝛽 = −1 for CaO.

Using the material time derivative, (14) can be rewritten as
𝐷 𝜌𝛼
𝐷 𝑡 + 𝜌𝛼∇ ⋅ 𝐯𝑆 = 𝛽 ̂𝜌. (15)

Adding the component molar balances gives the total molar balance of
the solid phases
𝐷 𝜌𝑆
𝐷 𝑡 + 𝜌𝑆∇ ⋅ 𝐯𝑆 = 0, (16)

where 𝜌𝑆 = 𝜌CaO + 𝜌Ca(OH)2 is the total solid molar density. Using (11),
16) has the analytical solution

𝜌𝑆 (𝑡) = 𝜌0𝑆exp
(

−𝑡𝑟(𝜀𝑙)
)

= 𝜌0𝑆𝐽
−1, (17)

where 𝜌0𝑆 is the initial molar concentration in the powder bed, given
by 𝜌0𝑆 = 𝜙0

𝑆𝜌𝑆 ,𝑅, where 𝜌𝑆 ,𝑅 is the physical/tabulated molar density of
he storage material (in this model Ca(OH)2).

CaO component molar balance. As the overall molar density of the solid
phase is conserved, the density of oxide 𝜌CaO can be written as the
molar fraction of CaO in the solid phase

𝜌CaO = 𝑥𝑆𝜌𝑆 (18)

where

𝑥𝑆 =
𝜌CaO

𝜌CaO + 𝜌Ca(OH)2
∈ [0, 1]

is the state of charge (SOC), a dimensionless number indicating the
eaction progress, where 𝑥𝑠 = 1 corresponds to pure CaO and 𝑥𝑠 =
0 corresponds to pure Ca(OH)2, respectively. Then, the CaO molar
balance can be rewritten as
𝐷(𝑥𝑆𝜌𝑆 )

𝐷 𝑡 + 𝑥𝑆𝜌𝑆∇ ⋅ 𝐯𝑆 = −𝜌̂ (19)

which, again using (16) can be rewritten as

𝜌𝑆
𝐷 𝑥𝑆
𝐷 𝑡 = −𝜌̂. (20)
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Porosity. The solid volume fraction (SVF), which is needed to calculate
he porosity in the following, is given by the SVFs of the components

of the solid phase

𝜙𝑆 =
∑

𝛼
𝜙𝛼 =

∑

𝛼
𝜌𝛼𝑉

𝑚
𝛼 , (21)

where 𝜌𝛼 is the density of the solid phase. In terms of molar fractions,
this gives

𝜙𝑆 = 𝜌𝑆
(

𝑥𝑆𝑉
𝑚
CaO + (1 − 𝑥𝑆 )𝑉 𝑚

Ca(OH)2

)

(22)

with the molar volumes of the constituent phases of the solid phase 𝑉 𝑚
𝛼 .

Using (17) this can be reformulated as

𝜙𝑆 (𝑡, 𝑥𝑆 ) = 𝜌0𝑆𝐽
−1𝑉 𝑚

Ca(OH)2

(

1 − 𝑥𝑆𝜉𝑉
)

, (23)

in terms of the initial density 𝜌𝑆0 and an expansion factor

𝜉𝑉 = 1 −
𝑉 𝑚
CaO

𝑉 𝑚
Ca(OH)2

≈ 0.502. (24)

Using the saturation condition (13) yields the porosity

𝜙𝐺(𝑡) = 1 − 𝜙𝑆 (𝑡, 𝑥𝑆 ). (25)

2.2.2. Gas phase mass balance
The molar balance of the gas phase inside the porous powder bed

is given by
𝜕(𝜙𝐺𝜌𝐺)

𝜕 𝑡 + ∇ ⋅ (𝜙𝐺𝜌𝐺𝐯𝐺) = 𝜌̂, (26)

where 𝜙𝐺 is the volume fraction of the pore space, given by (13) and,
and 𝜌𝐺 is the physical density of the gas inside the pore space. Also,
as only water vapor is exchanged between the phases, only one source
term is 𝜌̂ for all balance equations is needed. Again, using the material
time derivative, Eq. (26) can be written as
𝜕(𝜙𝐺𝜌𝐺)

𝜕 𝑡 + ∇ ⋅
(

𝜙𝐺𝜌𝐺(𝐯𝑓 + 𝐯𝑆 )
)

= 𝜌̂

𝐷(𝜙𝐺𝜌𝐺)
𝐷 𝑡 + (𝜙𝐺𝜌𝐺)∇ ⋅ 𝐯𝑆 + ∇ ⋅ (𝜙𝐺𝜌𝐺𝐯𝑓 ) = 𝜌̂,

(27)

where the velocity 𝐯𝑓 denotes the filtration velocity, given by 𝐯𝑓 =
𝐯𝐺 − 𝐯𝑆 , i.e. the relative velocity of the gas phase flowing through the
powder bed. Expanding the temporal derivative and using the fact that
𝐷 𝜙𝐺
𝐷 𝑡 =

𝜕 𝜙𝐺
𝜕 𝑥𝑆

𝐷 𝑥𝑆
𝐷 𝑡 +

𝜕 𝜙𝐺
𝜕 𝜌𝑆

𝐷 𝜌𝑆
𝐷 𝑡

= 𝑉 𝑚
Ca(OH)2

𝜌̂ + (1 − 𝜙𝐺)∇ ⋅ 𝑣𝑆 ,
(28)

(27) can be further simplified to:

𝜙𝐺
𝐷 𝜌𝐺
𝐷 𝑡 + 𝜌𝐺∇ ⋅ 𝐯𝑆 + ∇ ⋅ (𝜙𝐺𝜌𝐺𝐯𝑓 )

= 𝜌̂(1 − 𝜌𝐺𝑉
𝑚
Ca(OH)2

𝜉𝑉 ).
(29)

Using the ideal gas law
𝑝𝐺
𝜌𝐺

= 𝑅𝑇 (30)

this molar balance equation can be rewritten in terms of the primary
variables to give
𝜙𝐺
𝑇 𝑅

𝐷 𝑝𝐺
𝐷 𝑡 −𝜙𝐺

𝜌𝐺
𝑇

𝐷 𝑇
𝐷 𝑡 + 𝜌𝐺∇ ⋅ 𝐯𝑆 + ∇ ⋅ (𝜙𝐺𝜌𝐺𝐯𝑓 )

= 𝜌̂(1 − 𝜌𝐺𝑉
𝑚
Ca(OH)2

𝜉𝑉 ).
(31)

where 𝑅 is the universal gas constant and 𝜌̂ is a source/sink term due
o the thermochemical reaction (see [20] for details).

The filtration velocity 𝑣𝑓 is expressed in terms if the Darcy velocity
f the gas phase inside the powder bed, given by

𝐯𝑓 =
𝑣𝐷
𝜙𝐺

=
𝑘𝑝𝑚(𝜙𝐺)
𝜙𝐺𝜇

∇𝑝𝐺 (32)

where the dynamic viscosity was implemented from the fourth order
pproximation in the VDI-Wärmeatlas [36]. A Kozeny-Karman type
5 
relation was assumed for the porosity dependence of the permeability
f the powder bed:

𝑘𝑏𝑒𝑑 (𝜙) = 𝑑2𝑝
𝜙3
𝐺

180(1 − 𝜙𝐺)2
, (33)

where 𝑑𝑝 is an effective powder particle diameter of the bed.

2.2.3. Vapor component molar balance
The molar balance for the water vapor is written in terms of a

imensionless molar fraction of gaseous water in nitrogen 𝑥𝑣 and is
iven by
𝜕(𝜙𝐺𝑥𝑉 𝜌𝐺)

𝜕 𝑡 + ∇ ⋅ (𝜙𝐺𝑥𝑉 𝜌𝐺𝐯𝐺) = 𝜌̂, (34)

Using the approximations for the diffusion term in [20] and the mate-
rial time derivative, gives:

𝜙𝐺𝜌𝐺
𝐷 𝑥𝑉
𝐷 𝑡 − ∇ ⋅ (𝜌𝐺𝐷eff∇𝑥𝑉 ) + 𝜙𝐺𝜌𝐺∇𝑥𝑉 ⋅ 𝐯𝑓

− 𝜌̂(1 − 𝑥𝑉 ) = 0,
(35)

with the effective diffusion coefficient 𝐷eff of gaseous water in nitrogen,
inside the pore space of the powder bed.

2.2.4. Energy balance
Following [23], we assume local thermal equilibrium and write the

nergy balance in terms of the gas phase enthalpy as

𝜌𝑆 [𝐶𝑃 ]𝑀 𝑖𝑥 𝜕 𝑇𝜕 𝑡 −
𝜕(𝜙𝐺𝑝𝐺)

𝜕 𝑡 − ∇ ⋅ (𝜆eff∇𝑇 )

+ 𝜌𝐺𝐶𝑝,𝐺∇𝑇 ⋅ 𝐯𝐺 = −𝜌̂𝛥𝐻
(36)

with the thermal conductivity 𝜆eff of the powder bed and the specific
molar heat capacity of the gas phase 𝐶𝑃 ,𝐺 (the heat capacity of the gas
phase is neglected in the storage term). The specific heat capacity of
the solid mixture is given by the weighted average:
[𝐶𝑃 ]𝑀 𝑖𝑥 =

[

𝐶𝑃 ,CaO𝜌CaO + 𝐶𝑃 ,Ca(OH)2𝜌Ca(OH)2
]

=
[

𝑀CaO𝐶𝑃 ,CaO𝑥𝑆 +𝑀Ca(OH)2𝐶𝑃 ,Ca(OH)2 (1 − 𝑥𝑆 )
]

.
(37)

An analogous expression is used for the specific heat capacity of the
as phase.

Using the material time derivative, the energy equation on the
deforming grid becomes:

𝜌𝑆 [𝐶𝑃 ]𝑀 𝑖𝑥𝐷 𝑇
𝐷 𝑡 −

𝐷(𝜙𝐺𝑝𝐺)
𝐷 𝑡 − ∇ ⋅ (𝜆eff∇𝑇 )

+ 𝜌𝐺𝐶𝑝,𝐺∇𝑇 ⋅ 𝐯𝑓 = −𝜌̂𝛥𝐻 .
(38)

Finally, the enthalpy production from the thermochemical reaction (1)
is 𝛥𝐻 = 112 kJ/mol.

2.3. Reaction

The reaction rate 𝜈 for the thermochemical reaction (1) is given by
the first order reaction kinetics:

𝜈 =

⎧

⎪

⎨

⎪

⎩

𝑘ℎ𝑥𝑉 𝑥𝑆
𝑇𝑒𝑞 (𝑝𝑉 )−𝑇
𝑇𝑒𝑞 (𝑝𝑉 ) , 𝑇𝑒𝑞(𝑝𝑉 ) − 𝑇 ≥ 0

𝑘𝑑 (1 − 𝑥𝑆 )
𝑇𝑒𝑞 (𝑝𝑉 )−𝑇
𝑇𝑒𝑞 (𝑝𝑉 ) , 𝑇𝑒𝑞(𝑝𝑉 ) − 𝑇 < 0

(39)

depending on the rate constants 𝑘ℎ, 𝑘𝑑 , the mass fractions in the
aseous and solid reactants, and the distance of the local temperature

𝑇 from the thermodynamic equilibrium temperature 𝑇𝑒𝑞(𝑝𝑉 ). A fit from
Schaube et al. [16] is used for the equilibrium temperature:

𝑇𝑒𝑞(𝑝𝑉 ) = −12845
log(𝑝𝑉 ∕105) − 16.508 . (40)

The equilibrium temperature, in turn, depends on the partial pressure
f water vapor in the gas phase, which can be calculated from the gas
ressure 𝑝𝐺 and the molar water fraction 𝑥𝑉 :
𝑝𝑉 = 𝑝𝐺𝑥𝑉 . (41)
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Using the reaction rate (39), the source term in the mass balance
equations is given by:

𝜌̂ = 𝜌𝑆𝜈 . (42)

2.4. Elasto-plastic model

The reactive transport model is coupled to a mechanical model
for the deformation of the powder bed itself. Primary variables of
the model are the three components of the solid phase displacement
𝐮𝑆 (𝑋 , 𝑡) from the undeformed configuration and the plastic strain 𝜀𝑝.
The coupling of the mechanical model to the reactive transport model
occurs through the expansion/contraction of the powder bed due to
the chemical reaction, as well as the force exerted on the powder by
the gas flow. While the momentum transfer from the solid to the gas is
neglected, a backward coupling exists through the dependence of the
porosity 𝜙𝐺 on the displacement in (25).

Momentum balance. To compute the momentum balance in the solid
hase, the volume average stress in the porous medium is given by

⟨𝜎⟩ = 𝜙𝑆𝜎𝑆 + 𝜙𝐺𝜎𝐺 , (43)

where 𝜎𝑆 and 𝜎𝐺 are the stresses in the solid and gas phases, respec-
tively. Assuming Darcy-flow in the pore-space, the stress in the gas
phase is purely hydrostatic, given by 𝜎𝐺 = 𝑝𝐺1. Using this, Terzhagi’s
ffective stress in the solid phase 𝜎 is defined as

𝜎 = 𝜙𝑆 (𝜎𝑆 − 𝑝𝐺1), (44)

which is the mechanical load per unit area supported by the solid
phase. As this stress measure corresponds to the average stresses in the
material in a drained condition under mechanical load, it can be used
directly for the parametrization with mechanical experiments (see 2.5).

Including gravity, the momentum balance in the solid phase is then
given by

0 = ∇ ⋅ 𝜎 + 𝐟 , (45)

with the effective Cauchy stress tensor 𝜎 in the solid phase and the
driving force 𝐟 , given by the gradient of the gas pressure and gravity

𝐟 = −∇ ⋅ 𝑝𝐺 + 𝑔 𝜌𝑚𝑆 . (46)

The mass density 𝜌𝑚𝑆 is expressed with the molar masses of the solid
hases

𝜌𝑚𝑆 = 𝜌𝑆 (𝑀CaO𝑥𝑆 +𝑀Ca(OH)2 (1 − 𝑥𝑆 )). (47)

2.4.1. Constitutive model
A multiplicative splitting of the deformation gradient is assumed

or the elasto-plastic constitutive model, including the shrinkage and
welling of the powder during the reaction, i.e.

𝐹 = 𝐹𝑒𝐹𝑝𝐹𝑐 (48)

where 𝐹𝑒 is the deformation gradient leading to elastic stresses and
𝑝 and 𝐹𝑐 are the plastic and chemical deformation gradients leading
o stress-free intermediate configurations via plastic deformation and
welling/shrinkage.

Expansion/contraction. During the hydration the bed absorbs water,
increasing the volume of the individual particles. However, as was
hown in [12], the microscopic expansion leads to only a small increase
n the macroscopic volume of the powder bed. Therefore, the micro-
copic and the macroscopic expansion and contraction are decoupled
n the model, where the microscopic expansion enters the solid volume

fraction (22) via the factor 𝜉𝑉 , the macroscopic expansion is modeled
by the chemical strain, which is given by an isotropic contraction or
6 
expansion

𝐹𝑐 = (1 + 𝑥𝑆𝜉𝑃 )1 (49)

with the identity tensor 1 and the volumetric expansion coefficient 𝜉𝑃 ,
given by

𝜉𝑃 = 𝛥𝑉
𝑉

. (50)

In general, the volumetric expansion coefficient 𝜉𝑃 is different from
𝜉𝑉 in (24). While 𝜉𝑉 is the expansion of the volume of the solid phase
n the porous medium, 𝜉𝑃 is the expansion of the powder bed itself.
hus, if 𝜉𝑉 > 𝜉𝑃 , the porosity of the bed decreases during expansion as
he solid phase expands into the pore space, and it increases if 𝜉𝑉 < 𝜉𝑃 .
mpirically, we assume an expansion factor of 𝜉𝑃 = 0.05 < 𝜉𝑉 , so that
ost of the expansion of the solid phase goes into the pore space, while

the rest leads to a macroscopic expansion of the powder bed.

Elastic model. The elastic stress can be calculated using the elastic
train

𝜀𝑙𝑒𝑙 =
1
2

log𝐵𝑒 (51)

with 𝐵𝑒 = 𝐹𝑒𝐹 𝑇
𝑒 . Using (48) results in

𝐹𝑒 = 𝐹 𝐹−1
𝑐 𝐹−1

𝑝 (52)

and thus

𝐵𝑒 = 𝐹 𝐹−1
𝑐 𝐹−1

𝑝 𝐹−𝑇
𝑝 𝐹−𝑇

𝑐 𝐹 𝑇 . (53)

Using the fact that 𝐹𝑐 commutes with all deformation gradients leads
to the decomposition

𝐵𝑒 = 𝐹 𝐹−1
𝑝 𝐹−𝑇

𝑝 𝐹 𝑇𝐵−1
𝑐 . (54)

Furthermore, we can assume that for the present powder, the elastic
eformation is small compared to the plastic deformation. Therefore,

𝐹 ≈ 𝐹𝑝, and most importantly, 𝐹 is approximately colinear with 𝐹𝑝.
Using the argument in Miehe [37], both approximately commute and
𝐵𝑒 approximately factorizes to
𝐵𝑒 = 𝐵 𝐵−1

𝑝 𝐵−1
𝑐 (55)

which leads to the approximate decomposition of the logarithmic strain

𝜎 = C∶ 𝜀𝑙𝑒𝑙 = C∶ (𝜀𝑙 − 𝜀𝑙𝑝 − 𝜀𝑙𝑐 ), (56)

where 𝜀𝑙, 𝜀𝑙𝑒𝑙, and 𝜀𝑙𝑝 are the total, elastic, and plastic strain tensors,
espectively, and C is the fourth-order elastic stiffness tensor. The
ensor 𝜀𝑙𝑐 is the chemical strain term induced by the expansion and
hrinkage of the powder during de-/hydration.

A constitutive model for the elastic stresses is defined using the
parameters 𝐾𝑆 and 𝜇𝑆 , i.e., the bulk and shear moduli, respectively,
as follows

𝜎 = C∶ 𝜀𝑙𝑒𝑙 = 𝐾𝑆 tr(𝜀𝑙𝑒𝑙)1 + 2𝜇𝑆1𝑑 𝑒𝑣(𝜀𝑙𝑒𝑙). (57)

The bulk and shear moduli can be calculated from Young’s modulus 𝐸𝑆
and Poisson’s ratio 𝜈𝑆 via

𝐾𝑆 =
𝐸𝑆

3(1 − 2𝜈𝑆 )
, 𝜇𝑆 =

𝐸𝑆
2(1 + 𝜈𝑆 )

.

To be consistent with the assumption that the bed deforms mostly
plastically the Young’s modulus must be much larger than the pressure
rop across the reactor, which is the largest pressure in the system,
.e. 𝐸𝑆 ≫ 𝑃𝑖𝑛 − 𝑃𝑜𝑢𝑡.

Linearization. While the use of logarithmic strain allows the formula-
tion of a consistent theory for large strain elasto-plasticity, the solution
of the resulting models is computationally challenging. Therefore, the

odel is linearized, similar to the linearized large deformation model
n [38], yielding

1 𝑇 1 ( 𝑇 )
𝜀 =
2
(𝐹 + 𝐹 ) =

2
∇0𝑢𝑆 + (∇0𝑢𝑆 ) . (58)
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Using that ∇0(⋅) = ∇𝐹 (⋅), the linearized Eulerian strain is given by

𝜀 = 1
2
(

∇𝐹 𝑢𝑆 + (∇𝐹 𝑢𝑆 )𝑇
)

. (59)

2.4.2. Plastic model
As in [39–42], we assume that the plastic yield surface follows a

modified Drucker–Prager-Cap (DPC) Model, first introduced in [43].
Thus, a plastic yield surface is defined by the zero level set of a function
𝛷(𝜎), where the material response is elastic for 𝛷(𝜎) < 0 and plastic
flow occurs when 𝛷(𝜎) = 0. As shown in Fig. 2, the plastic yield surface
depends on the hydrostatic pressure, i.e. the yield function is given
by the two functions 𝛷𝐶 (𝜎) and 𝛷𝐷 𝑃 (𝜎), which are augmented by the
function 𝛷𝑇 (𝜎) for tensile loads. The exact definition of these functions
is in given the following paragraph.

As is standard for large strain plasticity, the evolution of the plastic
deformation gradient is given in rate form by a flow rule. For large
strain elastoplasticity we adopt the approach in [44]. With the flow
rule given by

𝐹̇𝑝 = 𝜆̇𝑁𝑝(𝜎 , 𝛼)𝐹𝑝,

𝑁𝑝(𝜎) =
∑

𝑖
𝜌𝑖(𝜎)

𝜕 𝛹𝑖
𝜕 𝜎 ,

(60)

which depends on the plastic potentials 𝛹𝑖 for 𝑖 ∈ {𝐶 , 𝐷 𝑃 , 𝑇 }. In the
case of an associated flow rule, the yield function 𝛷𝑖 is identical to
the plastic potential 𝛹𝑖, in the case of a non-associated flow rule, 𝛹𝑖
is different from 𝛷𝑖. The function 𝜌(𝜎), selects the active yield surface
according to the stress state

𝜌𝑖(𝜎) =
{

1 𝛷𝑖(𝜎) ≥ 0
0 𝛷𝑖(𝜎) < 0

(61)

The parameters 𝜆𝑖 are determined by the consistency conditions

𝛷(𝜎) ≤ 0, 𝜆̇ ≥ 0, 𝜆̇𝛷 = 0. (62)

Solving the evolution equation for a single timestep yields the
incremental form

𝐹 𝑛+1
𝑝 = exp

(

𝛿 𝜆𝑁𝑝
)

𝐹 𝑛
𝑝 . (63)

As shown, among others, in [45], using the multiplicative split (48) and
the definition of the logarithmic elastic strain, the incremental form can
be expressed as an additive update in the logarithmic strains
𝜀𝑙𝑒,𝑛+1 = 𝜀𝑙𝑒,𝑡𝑟 + 𝛿 𝜆𝑁𝑝(𝜎)

𝑁𝑝 =
∑

𝑖
𝜌𝑖(𝜎)

𝜕 𝛹𝑖
𝜕 𝜎 = 𝑁𝐶

𝑝 +𝑁𝐷 𝑃
𝑝 +𝑁𝑇

𝑝 .
(64)

for some trial strain 𝜀𝑙𝑒,𝑡𝑟. Finally, for a unique determination of the
plastic flow, the parameters 𝜆𝑖 are given by the condition

𝛷(𝜎 + 𝛿 𝜆𝑁𝑝) = 0 (65)

for 𝑖 ∈ {𝐶 , 𝐷 𝑃 , 𝑇 }.
Yield surface and flow rule. The yield surface for the DPC model is
defined in terms of the stress invariants 𝑝(𝜎) and 𝑞(𝜎). The yield surface
is shown in p/q-space in Fig. 2 and depends on the dimensionless
parameters 𝑅𝑃 , 𝛽 and the characteristic pressure 𝑝𝑐 .

The stress invariant p is the hydrostatic stress

𝑝 = 1
3

tr(𝜎), (66)

while 𝑞 is the von Mieses norm of the stress tensor

𝑞 =
√

3
2
𝑠 ∶ 𝑠, (67)

where 𝑠 is the deviatoric part of the stress tensor 𝜎, is given by

𝑠 = 1𝑑 𝑒𝑣(𝜎) = 𝜎 − 1
3

tr(𝜎). (68)

Which yield function is active depends on the hydrostatic stress, where
we distinguish between three cases, depending on the characteristic
7 
Fig. 2. A plot of the yield surface of the Drucker–Prager-Cap model. The model consists
of two yield surfaces defined for different hydrostatic pressures 𝑝: the Cap surface,
given by 𝛷𝐶 = 0 for (𝑝 > 𝑝𝑎), the Drucker–Prager yield surface, given by 𝛷𝐷 𝑃 = 0 for
(𝑝𝑎 > 𝑝 > 𝑝𝑡), augmented by the yield function for 𝛷𝑇 = 0 for tensile yield (𝑝 < 𝑝𝑡).

pressures 𝑝𝑐 , 𝑝𝑎 and 𝑝𝑡, marked in Fig. 2 on the 𝑝-axis. The characteristic
pressure 𝑝𝑎 is given by

𝑝𝑎 =
𝑝𝑐 − 𝑅𝑃 𝑐

1 + 𝑅𝑃 t an(𝛽) (69)

and depends on the critical yield pressure 𝑝𝑐 , which is a parameter of
the model and is determined by fitting to data as shown in Section 2.5.
For yielding under tensile strain, we define the critical yield pressure

𝑝𝑡 =
−𝑐

t an(𝛽) . (70)

For 𝑝 ≥ 𝑝𝑎, the plastic potential is given by the Cap-Function 𝛷𝐶

depending on the pressure 𝑝𝑎, and the parameter 𝑅 parameterizing the
curvature of the yield surface

𝛷𝐶 =
√

(𝑝𝑎 − 𝑝)2 + (𝑅𝑃 𝑞)2 − 𝑅𝑃
(

𝑐 + 𝑝𝑎 t an(𝛽)
)

. (71)

Plastic flow is given by the associated flow rule

𝑁𝐶
𝑝 =𝜌𝐶 (𝜎)

𝜕 𝛷𝐶
𝜕 𝜎 ,

=𝜌𝐶 (𝜎)
1
𝜎𝑒𝑞𝐶

(

−1
3
(𝑝𝑎 − 𝑝)1 +

3𝑅𝑃
2

𝑠
)

,
(72)

with the equivalent stress 𝜎𝑒𝑞𝐶 given by

𝜎𝑒𝑞𝐶 =
√

(𝑝 − 𝑝𝑎)2 + (𝑅𝑃 𝑞)2.

For 𝑝𝑡 < 𝑝 < 𝑝𝑎 the plastic potential is given by the well-known
Drucker–Prager yield criterion, depending on the angle 𝛽 and the
cohesion 𝑐,

𝛷𝐷 𝑃 = 𝑞 − t an(𝛽)𝑝 − 𝑐 . (73)

In this case a non-associated flow rule with pure shear is postulated

𝑁𝐷 𝑃
𝑝 = 𝜌𝐷 𝑃 (𝜎) 3𝑠2𝑞 . (74)

resulting in volume conserving plastic flow.
For 𝑝 ≤ 𝑝𝑡 the plastic potential is given by

𝛷𝑇 =
√

(𝑝 − 𝑝𝑡)2 + 𝑞2, (75)

again with an associated flow-rule

𝑁𝑇
𝑝 =𝜌𝑇 (𝜎)

𝜕 𝛷𝑇
𝜕 𝜎 ,

=𝜌𝑇 (𝜎)
1
𝜎𝑒𝑞𝑇

( 1
3
(𝑝 − 𝑝𝑡)1 + 3

2
𝑠
) (76)

again with the equivalent stress

𝜎𝑒𝑞𝑇 =
√

(𝑝 − 𝑝𝑡)2 + 𝑞2.
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Isotropic hardening. In accordance with the modified Drucker–Prager-
Cap model, consolidation is modeled as a hardening of the plastic yield
surface, i.e. as a dependency of the yield pressure on the compression
f the powder. To this end, the parameter 𝛼 is introduced as

𝛼 = 𝐽𝑃 = det(𝐹𝑝) = exp(tr(𝜀𝑙𝑝)) (77)

and the critical yield pressure 𝑝𝑐 (𝛼), as well as the cohesion 𝑐(𝛼) are
 function of 𝛼. The general form of the hardening model is adapted
rom [46], which introduces the minimum compression 𝛼𝑚𝑖𝑛, where the

particles are maximally densely packed and the mechanical properties
are dominated by the elastic compression of the powder particles
themselves, which are approximated by the bulk elastic properties. The
model for 𝑝𝑐 is given by

𝑝𝑐 = −𝐾𝑃 log
(

1 − 1 − 𝛼
𝛼𝑚𝑖𝑛

)

, (78)

where the parameters 𝐾𝑃 , 𝛼𝑚𝑖𝑛 are subject to fitting to experimental
ata.

Analogously, it is assumed that the cohesion grows linearly with
ompression, i.e.

𝑐(𝛼) = 𝐾𝑐 (1 − 𝛼) + 𝑐0, (79)

again with the parameters 𝐾𝑐 and 𝑐0 fitted to data.

Linearization. Given that the incremental form of the flow rule (64) is
already linear, the plastic model can be trivially linearized. However,
o be consistent with the isotropic linear strain in (59), the Jacobian in

(11) is linearized with the approximation

𝛼 = 𝐽𝑃 = exp(tr(𝜀𝑙𝑝)) ≈ 1 + tr(𝜀𝑝). (80)

A preexisting compaction of the powder bed can be simulated
by linearizing the model around the preconsolidated state. Then the
hardening parameter becomes

𝛼 = 𝐽 𝑝𝑟𝑒𝐽𝑃 ≈ 𝐽 𝑝𝑟𝑒(1 + tr(𝜀𝑝)). (81)

The complete elasto-plastic model is given by Eqs. (45), (64), (62),
i.e. the momentum balance, the flow-rule and the consistency condi-
ion. The elasto-plastic system of the model takes the form

𝑑
𝑑 𝑡

⎛

⎜

⎜

⎜

⎜

⎝

𝜀𝑝
𝛼
0
0

⎞

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎝

𝜆
∑

𝑖 𝜌𝑖(𝜎)
𝜕 𝛹𝑖
𝜕 𝜎

𝜆(𝜌𝑇
𝜕 𝛷𝑇
𝜕 𝛼 + 𝜌𝐶

𝜕 𝛷𝐶
𝜕 𝛼 )

𝛷(𝜎𝑒𝑙 + 𝜆C∶𝑁𝑝)

∇ ⋅ C∶ (𝜀 − 𝜀𝑝 − 𝜀𝑐 (𝑥𝑠)) + 𝐟 (𝑝, 𝐽 )

⎞

⎟

⎟

⎟

⎟

⎟

⎠

As the plastic multiplier 𝜆 and the displacements 𝑢𝑆 do not appear with
a time derivative the system constitutes a differential–algebraic system
of equations (DAE). Further, the index of the system is 2 (see e.g. [47]),
which carries over to the complete model system including the reactive
ransport.

2.5. Parametrization of the yield surfaces

Flow tester data in [48] was used to parameterize the yield surface
by fitting the Drucker–Prager model to the existing data set. To this
end, data from a shear cell experiment was used to parameterize a
Coulomb–Mohr-Yield-Surface, which was in turn used to parameterize
a Drucker–Prager-Yield-Surface, given an assumption on the value of
the Lode-Angle.

2.5.1. Flow tester experiments
The data was obtained from experiments using a commercially

available PSL (Powder Flow Tester PFT, Brookfield). The flow tester
measures the uniaxial yield strength 𝜎𝑐 over an increasing uniaxial
consolidation stress 𝜎1, which can be used to parameterize the Drucker–

Prager yield surface, i.e. the angle of internal friction and cohesion. In

8 
Fig. 3. The Coulomb–Mohr (solid) and Drucker–Prager (dashed) yield surfaces pro-
jected on the principal stresses 𝜎𝐼 -𝜎𝐼 𝐼 𝐼 , for different Lode angles 𝜂.

addition, the powder density was measured over an increasing consol-
dation stress, which allows the parametrization of the cap portion of

the yield surface by calculating the critical yield pressure as a function
f compression. Since the tests cannot distinguish between elastic and

plastic stresses, it is assumed that the deformation is purely plastic,
which is approximately consistent with the model assumptions of small
lastic strains.

2.5.2. Coulomb–Mohr yield surface
For the parametrization of the Drucker–Prager part of the yield

surface, the flow tester measured the linear axial compressive strength
(unconfined yield strength) 𝜎𝑐 over an increasing consolidation stress.

his data can be used to compute the yield locus and consolidation 𝑑, as
ell as the angle of internal friction 𝜃 to parameterize a Coulomb–Mohr

ailure criterion

𝜏 = 𝑑 + 𝑞 t an 𝜃 (82)

As shown in [40], this data can in turn be used to parameterize the
rucker–Prager model, given by Eq. (73). However, the transition from

the Coulomb–Mohr- to Drucker–Prager model is not unique and de-
pends on assumptions about the so-called Lode angle 𝜂. An illustration
of the Lode angle is shown in Fig. 3. When projected onto the space of
rincipal stresses (𝜎𝐼 , 𝜎𝐼 𝐼 , 𝜎𝐼 𝐼 𝐼 ), the Coulomb–Mohr failure criterion is
iven by six faces, while the Drucker–Prager failure criterion is given
y a circle. As the fit from the Coulomb–Mohr to the Drucker–Prager

yield surface is not unique, it is assumed in this study, that the Druck–
Prager circle in principal stress space inscribes the Coulomb–Mohr yield
surface (see Fig. 3). Then, the parameters of the Drucker–Prager yield
urface depend on the Coulomb–Mohr parameters by

t an 𝛽 = 3 sin 𝜃
√

3 cos 𝜂 − sin 𝜃 sin 𝜂
, (83)

𝑐 = 3𝑐 cos 𝜃
√

3 cos 𝜂 − sin 𝜃 sin 𝜂
. (84)

Since the exact stress state in the flow tester is unknown, it is argued
n [40] that the Lode angle cannot possibly be determined from flow

tester experiments alone, hence, we shall postulate a angle of 𝜂 = 0◦
n this study. The first parameter of the Coulomb–Mohr yield surface

is the cohesion 𝑑(𝛼), which was also determined from flow tester
xperiments. In the model it is assumed that the equation depends
inearly on the compression factor 𝛼, which yields a very good fit, as

can be seen in Fig. 4.
From the data, the best fit model it obtained as

𝑑(𝛼) = 1.21656(1 − 𝛼) − 0.0857497. (85)

The final parameter to be determined is the internal friction angle
𝜃. As can be seen in Fig. 5, 𝜃 does not show great dispersion around its
mean value of 𝜃 = 29.72◦, which was taken for the model.
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Fig. 4. Fitting of the cohesion parameter in the Coulomb–Mohr failure criterion to
hardening parameter 𝛼. Dots indicate data points from flow tester experiments while
the dashed line indicates the fitted linear function in Eq. (85).

Fig. 5. Fitting of the angle of internal friction 𝜃. Dots indicate data points from flow
tester experiments, the dashed line indicates the mean angle of 𝛽 = 29.72◦.

2.5.3. Drucker–prager yield surface
Given the fitted parametrization of the Coulomb–Mohr yield sur-

ace, we determined the parameters for the Drucker–Prager yield sur-
ace using Eqs. (83), (84). However, as the ambiguity in the Lode

angle leads to an ambiguity in the parameters 𝑐(𝜙) and 𝛽. The range
f possible values for t an 𝛽 and 𝑐 can be determined by a variation of
he Lode angle within its possible values of 𝜂 ∈ [−30◦, 30◦]. As shown in

Fig. 6, the possible values of 𝛽 range between 39.54◦ and 49.9◦, where
he minimum is assumed at 𝜂 = −15.97◦ and the maximum is at the
aximum Lode angle of 𝜂 = 30◦.

The corresponding dependence of the cohesion is shown in Fig. 7.
As shown, for all values, the variation is similar to the one of 𝛽, with the
cohesion varying between a minimum at 𝜂 = −24.62◦ and maximum at
𝜂 = 30◦. The overall maximum of the cohesion for the highest pressure
is 𝑐 = 1.19 k Pa.

The parameters for final Drucker–Prager Yield surfaces given by
Eq. (73), fitted to flow tester experiments, where a Lode angle of 𝜂 = 0◦
as been assumed, are

tan(𝛽) = 0.858685, (86)

𝑐(𝛼) = 1.83(1 − 𝛼) − 0.129. (87)
9 
Fig. 6. Possible values for the angle 𝛽 for the Drucker–Prager-Cap-Model for all possible
alues of the Lode angle 𝜂 ∈ [−30◦ , 30◦] and the fitted value of 𝜃 = 29.72◦.

Fig. 7. Possible ranges of the cohesion 𝑐 at the five measured hardening parameters,
epending on the Lode angle 𝜂.

2.5.4. Hardening
The isotropic hardening model of the cap-yield surface was pa-

rameterized using the preconsolidation pressure measurements, i.e. by
measuring the density of the powder after applying the consolidation
pressure 𝜎1. Applying the confined uniaxial compression with 𝜎1 results
in a hydrostatic pressure

𝑝ℎ =
1 + 𝜈𝑆

3(1 − 𝜈𝑆 )
𝜎1 ≈ 0.586207𝜎1, (88)

where the Poisson ratio of 𝜈𝑆 = 0.275 for the elastic deformation
of the powder was assumed. The fitted value for 𝑝ℎ is then used to
parameterize the model for 𝑝𝑐 in (78).

To this end, the intersection of the point (𝑝, 𝑞) with the yield surface
was computed, assuming that for confined uniaxial compression 𝑞 =
3(1+𝜈𝑆 )
6(1−𝜈𝑆 )

𝑝ℎ = 𝛾 𝑝ℎ. Solving

𝛷𝐶 (𝑝ℎ, 𝑞 = 𝛾 𝑝ℎ; 𝑝𝑎, 𝑅𝑝, t an(𝛽), 𝑐(𝛼)) = 0 (89)

results in a quadratic equation for 𝑝𝑎, which has the solution given
in Eq. (91). For a graphic illustration, see Fig. 8. Using (69) gets
(Eq. (91) is given in Box I):
𝑝𝑐 = 𝑝𝑎(1 + 𝑅𝑃 t an(𝛽)) − 𝑅𝑃 𝑐(𝛼). (90)

To parameterize the hardening model, the uniaxial compression,
𝛼 = 𝐽𝑃 , was fitted to the increasing pressure 𝑝𝑐 . As shown in Fig. 9,
five measurements were taken with increasing consolidation pressure.
The best fit for the model parameters in Eq. (78) then results in the
parametrization of the two constants 𝐾 = 0.745 and 𝛼 = 0.538. For
𝑃 𝑚𝑖𝑛
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𝑝𝑎 =
𝑝 + 𝑐 𝑅2

𝑝 t an(𝛽) +
√

𝑝2𝑅2
𝑝 t an(𝛽)2 + 2𝑝𝑐 𝑅2

𝑝 t an(𝛽) + 𝑞2(𝑅4
𝑝 t an(𝛽)2 − 𝑅2

𝑝) + 𝑐2𝑅2
𝑝

1 − 𝑅2
𝑝 t an(𝛽)2

(91)

Box I.
𝜙

𝑖

Fig. 8. Solving for the critical yield pressure: for increasing uniaxial load (grey) the
stress state (𝑝, 𝑞) with 𝑝 = 𝛾 𝑞 intersects the yield surface 𝛷𝐶 (𝑝, 𝑞; 𝑝𝑎 , 𝛼) = 0 at (𝑝ℎ , 𝛾 𝑝ℎ).
The solution for 𝑝𝑎 is given by Eq. (91).

Fig. 9. Fitting of the critical yield pressure to the hardening parameter. Dots indicate
ata points from flow tester experiments while the dashed line indicates the fitted
ogarithmic model in Eq. (92).

𝑅𝑃 , a value of 𝑅𝑃 = 0.5 is postulated. Hence,

𝑝𝑐 = −0.745 log
(

1 − 1 − 𝛼
0.538

)

. (92)

Yield surfaces. The complete yield surfaces are shown in Fig. 10, for
ncreasing hardening parameter 𝛼, parameterized by an increasing
ohesion in the Drucker–Prager-Part of the surface, as well as an
ncreasing in the critical yield pressure leading to a moving Cap-Part

of the surface towards higher pressures. Also shown are the data points
taken with the flow tester, which show a good fit to the data, despite
slight deviations from the model.

Verification. The plastic model was verified by simulating a confined
uniaxial compression and comparing the result with the data points
measured by the flow tester. The resulting curve is shown in Figure
S4 in the supplementary material. Overall the model reproduces the
measured data well, however there are small differences for low com-
ression ratios. This is most likely due to the approximation of the
ydrostatic pressure in the fitting in Eq. (91), which dues not take into
ccount the movement of the intercept during compression. However,

since large uniaxial compression is the dominant mode of deformation,
we expect the model to produce realistic results.
10 
Fig. 10. Parameterized yield surfaces for the Drucker–Prager-Cap-Model, corresponding
to the five data points (∙) from flow tester experiments with different critical yield
pressures.

Table 1
List of physical parameters used.

Property Parameter Value

Therm. conductivity 𝜆eff 0.4 W∕m K

Spec. heat cap. Ca(OH)2 𝐶P,Ca(OH)2 1530 J∕kg K

Density Ca(OH)2 𝜌Ca(OH)2 2200 kg∕m3

Molar mass Ca(OH)2 𝑀Ca(OH)2 74 kg∕mol

Molar volume Ca(OH)2 𝑉 𝑚
Ca(OH)2

3.36 ⋅ 10−5 m3∕mol

Spec. heat cap. CaO 𝐶P,CaO 934 J∕kg K

Density CaO 𝜌CaO 3340 kg∕m3

Molar mass CaO 𝑀CaO 56 kg∕mol

Molar volume CaO 𝑉 𝑚
CaO 1.67 ⋅ 10−5 m3∕mol

Water vapor diffusivity 𝐷𝑒𝑓 𝑓 9.56 ⋅ 10−5 kg∕m3

Rate Const. Hydr. 𝑘ℎ 0.2 1∕s

Rate Const. Dehydr. 𝑘𝑑 0.05 1∕s

Young’s modulus solid phase 𝐸𝑆 5 MPa
Poisson ratio solid phase 𝜈𝑆 0.275
Typical particle diameter 𝑑𝑃 26 μm

2.6. Model solution

The physical model was discretized on a deforming conformal grid
over the computational domain 𝛺(𝑡), moving with the displacement of
the solid phase (the porous powder bed) 𝑢𝑆 , as shown in Fig. 1.

2.6.1. Cylindrical coordinates
To simulate the cylindrical reactor, the model was solved in a quasi-

2D setting using cylindrical coordinates (𝑟, 𝜙, 𝑧). While the reactive
transport can be solved in two dimensions, the elasto-plastic model
has to account for strains and stresses in the axisymmetric direction.
Therefore, it is assumed that there is no induced deformation in the

direction, but the strain in 𝜀𝜙-direction is given by 𝜀𝜙𝜙 = 𝑢𝑟
𝑟 and

shear strains with an axisymmetric component vanish 𝜀𝑖𝜙 = 𝜀𝜙𝑖 = 0 for
∈ {𝑟, 𝑧}.

2.6.2. Spatial discretization
The reactive transport model described above has been discretized

in space using first-order Lagrange finite elements on a conformal grid.
The resulting linear system is given for the vector 𝑈 = (𝑝, 𝑇 , 𝑥 , 𝑥 )𝑇 ,
𝑣 𝑠
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holding the state variables for each node. Furthermore, the kinetic
terms of the reactive transport model in Eqs. (31),(38),(35),(20) were
iscretized in time with the implicit Euler method, resulting in the
onlinear system of equations

𝐌(𝐽 𝑡)𝑈
𝑡+1 − 𝑈 𝑡

𝛿 𝑡 = 𝐀(𝐽 𝑡)𝑈 𝑡+1 +𝑄, (93)

which must be solved for each time step. It holds the mass matrix

𝐌 =

⎛

⎜

⎜

⎜

⎜

⎝

𝑀𝑝𝑝 𝑀𝑝𝑇 𝑀𝑝𝑥𝑉 0
𝑀𝑇 𝑝 𝑀𝑇 𝑇 0 𝑀𝑇 𝑥𝑠
0 0 𝑀𝑥𝑉 𝑥𝑉 0
0 0 0 𝑀𝑥𝑆𝑥𝑆

⎞

⎟

⎟

⎟

⎟

⎠

, (94)

the discretized transport operators

𝐀 =

⎛

⎜

⎜

⎜

⎜

⎝

𝐴𝑝𝑝 𝐴𝑝𝑇 0 0
𝐴𝑇 𝑝 𝐴𝑇 𝑇 0 0
𝐴𝑇 𝑥𝑉 0 𝐴𝑥𝑉 𝑥𝑉 0
0 0 0 𝐴𝑥𝑆𝑥𝑆

⎞

⎟

⎟

⎟

⎟

⎠

, (95)

as well as the reaction terms 𝑄.
With the discretized displacement vector given by 𝑉 = 𝑢𝑆 and the

discretized tensor fields 𝐸𝑃 , 𝐸𝑐 and 𝐹 are holding the plastic strain,
the chemical strain and the deformation gradient, respectively. The
momentum balance Eq. (56) with the linearized strain (59) is then
discretized as:

0 = 𝛴(𝑉 ;𝐹 , 𝐸𝑝, 𝐸𝑐 ) +  (𝑈 ), (96)

with the discrete force vector  (𝑈 ). The displacement is discretized
with first-order Lagrange finite elements, while the plastic and chemical
strains and the displacement gradient are discretized with piecewise
constant functions in the finite elements. This results in a consistent
discretization as the strains couple to the derivative of the displacement
through (59).

2.6.3. Coupling
Both models, for the reactive transport and the mechanics of the

powder bed are coupled through the pressure drop inside the powder
bed, exerting a force in the bed, as well as the changing porosity of the
bed which appears in the transport properties of the powder bed, as
well as terms containing ∇ ⋅ 𝑣𝑆 , which is approximated, using (5) as:

∇ ⋅ 𝑣𝑆 (𝑡) = 𝐽̇
𝐽

≈ 𝐽 𝑡 − 𝐽 𝑡−1

𝛿 𝑡𝐽 𝑡 . (97)

Momentum transfer from the bed to the gas is neglected. As there is
o kinetic term in Eq. (45), the coupled system of equations represents
ifferential–Algebraic-System of equations (DAE).

The reactive transport and mechanical problems were coupled with
 Predictor–Corrector (PC) time stepping scheme, as follows:

1. Reactive Transport Time-Step
Solve RT-Model for 𝑈 𝑡+1:

𝐌(𝐽 𝑡)𝑈
𝑡+1 − 𝑈 𝑡

𝛿 𝑡 = 𝐀(𝐽 𝑡)𝑈 𝑡+1 +𝑄((𝐽 𝑡, 𝐽̇ 𝑡))

2. Compute trial-stress
Solve momentum balance for trial-stress:

𝛴(𝑉 𝑡𝑟;𝐹 𝑡, 𝐸𝑡
𝑝, 𝐸𝑡+1

𝑐 ) +  (𝑈 𝑡+1) = 0

3. Compute plastic-strain increment
Solve consistency condition for 𝛿 𝜀𝑃 :

𝛷(𝛴(𝑉 𝑡𝑟 + 𝜌C∶ 𝛿 𝐸𝑝)) = 0
𝐸𝑡+1
𝑝 = 𝐸𝑡

𝑝 + 𝛿 𝐸𝑝

4. Compute grid correction

4.1. Compute consistent displacement solution 𝑉 𝑡+1:
11 
0 = 𝛴(𝑉 𝑡+1;𝐹 𝑡, 𝐸𝑡+1
𝑝 , 𝐸𝑡+1

𝑐 ) +  (𝑈 𝑡+1)

4.2. Update grid

𝜑𝑡+1(𝑋) = 𝑋 + 𝑉 𝑡+1

𝐹 𝑡+1 =
𝜕 𝜑𝑡+1(𝑋)

𝜕 𝑋
𝐽 𝑡+1 = det(𝐹 )

(∇ ⋅ 𝑣𝑆 )𝑡+1 =
𝐽 𝑡+1 − 𝐽 𝑡

𝛿 𝑡𝐽 𝑡+1

2.6.4. Plastic model
For each timestep, the elasto-plastic model was solved using an

explicit return mapping scheme [49,50], where an elastic trial stress
is computed, using the previous deformation as well as the current gas
pressure and chemical strain

∇ ⋅ 𝜎𝑡𝑟 = ∇ ⋅ (𝜀 − 𝜀𝑡𝑝 − 𝜀𝑡+1𝑐 ) = 𝐟 𝑡+1. (98)

A multi-step method was implemented by iterating over the stresses
𝑘. Setting 𝜎𝑡𝑟 = 𝜎𝑘=0, the trial stress is used to compute the increment
f the plastic multiplier 𝛿 𝜆𝑘, by requiring that the consistency for the
ctive yield surface condition holds, i.e.

𝛷
(

𝜎𝑘 + 𝛿 𝜆𝑘𝑖 C∶𝑁𝑝(𝜎)
)

= 0. (99)

Then 𝛿 𝜆𝑘 is approximated by

𝛿 𝜆𝑘 = 𝜅
𝛷(𝜎𝑘; 𝛼𝑘)

𝜕 𝛷(𝜎𝑘;𝛼𝑘)
𝜕 𝜎 ∶C∶𝑁𝑝(𝜎𝑘)

with the underrelaxation factor 𝜅 = 0.66 and the plastic strain and stress
increment is given by

𝜀𝑘+1𝑝 = 𝜀𝑘𝑝 + 𝛿 𝜆𝑘
∑

𝑖
𝜌𝑖
𝜕 𝛹𝑖

𝜕 𝜎𝑘 ,

𝜎𝑘+1 = 𝜎𝑘 + 𝛿 𝜆𝑘C∶𝑁𝑝(𝜎𝑘)

𝛼𝑘+1 = 𝛼𝑘 + 𝛿 𝜆𝑘
∑

𝑖
𝜌𝑖
𝜕 𝛹𝑖(𝛼𝑘)

𝜕 𝛼

If the plastic potential falls below a numerical threshold 𝛷(𝜎𝑘; 𝛼𝑘) ≤ 𝜖𝑃 ,
he iteration terminates with

𝜀𝑡+1𝑝 = 𝜀𝑘+1𝑝 .

2.6.5. Implementation
The numerical model was implemented using Python bindings [51]

of the DUNE-FEM module of the DUNE numerics package [52]. The
solution of the plastic model in Section 2.6.4 has been implemented
in C++ as a CppFunction, which can be called for every finite el-
ment from the DUNE-Python interface. All resulting linear systems
ere solved using the DUNE-ISTL library. The GMRES-Solver was used

or the reactive transport and momentum balance equation, with the
lgebraic multi-grid method used as preconditioner and umfpack as a
oarse level solver.

Model validation. The implementation of the reactive transport model
presented in the previous sections was validated by computing a 1D test
case under the simplified model assumption in [21], assuming a non-
deformable powder bed and constant porosity. The authors also modify
the density of CaO so that no porosity change occurs during cycling. A
comparison of the results (see section S3 in the supplementary material)
shows only negligible differences. Since [21] states that the model has
een validated with experimental data from [16], this by extension

validates our model.
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3. Results

To demonstrate the added capabilities of the new model, a test case
of a cylindrical fixed bed reactor was simulated, for a duration of five
ycles, the first of which is discussed in detail. Then the results over the

five cycle simulation are compared with experimental results in [12].
Finally, a brief comparison is presented comparing the new model with
existing models from literature.

3.1. Reactor setup

As a test case, we consider a cylindrical fixed bed reactor where
nly the powder bed is taken as the computational domain (see Fig. 1

for an illustration). Furthermore, we exploit the cylindrical symmetry of
he problem and formulate the model in cylindrical coordinates. This

allows us to further reduce the computational cost by assuming that
𝑟 = 0 corresponds to the centerline of the reactor. The reactor vessel
has a radius of 𝑟 = 2.5 cm and the powder bed has an initial height of
= 15 cm. The reactor is closed at the bottom with a sieve that allows

gas flow but is blocking the powder. A constant pressure drop is applied
to the fixed bed from the inlet at the top to the outlet at the bottom.
The numerical values in Table 1 were used for the thermophysical
roperties of the materials in the powder bed.

Computational grid. The computational domain was discretized on a
eforming quadrilinear mesh with 16 cells in the radial direction and
20 cells in the axial direction, as depicted in Figure S1 in the supple-
entary material. The displacement function was discretized with first

rder finite elements on the undeformed grid. To determine the error
f the spatial discretization, a grid study was conducted by refining
nd coarsening the grid by by-sections in each direction, and then
imulating one full cycle. The results are shown in Figures S2 in the
upplementary material and show no significant difference between
ifferent resolutions.

The time stepping was varied during the different phases of the cy-
cle. A small times step of 𝛿 𝑡 = 0.06𝑠 was selected during pressurization,
as the powder bed undergoes rapid deformation and a smaller time step
would lead to an notable artificial viscosity in the coupling between
the reactive transport and the mechanical model. During charging and
discharging, a time step of 𝛿 𝑡 = 3𝑠 seconds was set for a sufficient
resolution.

An analogous grid study was conducted for the timestep, with
he timestep being varied by factors of two and one complete cycle

simulated, for each value. Again, the results are shown in Figures S3(a),
3(b) and S3(c). During the pressurization phase minor discrepancies

can be observed in S3(a) in the height of the powder bed for a longer
imestep than used in the study, likely due to an artificial viscosity
ause by the coupling scheme. However, the results for the charging
nd discharging are virtually identical for all timesteps. Thus, the

chosen discretization was deemed acceptable.

Initial state of the powder bed. It is assumed that the powder is already
preconsolidated during the filling process, i.e. the plastic hardening
parameter is set to 𝛼(𝑡 = 0) = 𝐽 𝑝𝑟𝑒 = 0.65. This results in an initial
porosity of 𝜙𝐺(𝑡 = 0, 𝐽 = 𝐽 𝑝𝑟𝑒) = 0.7315, which is in agreement with
experimental evidence and also limits further compression to ≈ 25%,
which is also a value typically observed in experiments.

Porosity permeability relation. Since the permeability is computed lo-
ally from the compression and the SOC, it is not an independent

parameter and must be modeled consistently with the porosity. There-
fore, the permeability was modeled, such that the bulk, at maximum
compaction, i.e. minimum porosity of 𝜙𝑚𝑖𝑛 = 𝜙𝐺(𝐽𝑚𝑖𝑛) ≈ 61% has
a permeability of 𝑘𝑏𝑒𝑑 (𝜙𝑚𝑖𝑛) ≈ 5 ⋅ 10−12 m2, which is consistent with
the literature (see e.g. [20]). This corresponds to setting the effective
particle diameter in Eq. (33) to 𝑑 = 26 μm.
𝑝
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Table 2
Initial and boundary conditions.

Case Pres. Charge Discharge

Inlet 𝜕 𝛺𝐼 𝑛
𝑃𝑖𝑛 [bar] 1.25 1.25 2.25
𝑇𝑖𝑛 [℃] 600 600 300
𝑥𝑣,𝑖𝑛 [−] 0.01 0.01 0.46

Outlet 𝜕 𝛺𝑂 𝑢𝑡
𝑃𝑜𝑢𝑡 [bar] 1 1 2

Lateral 𝜕 𝛺𝐿𝑎𝑡

𝑇𝑙 𝑎𝑡 [℃] 600 600 300

Initial

𝑃0 [bar] 1 – –
𝑇0 [℃] 400 – –
𝑥𝑣,0 [−] 0.01 – –
𝑥𝑠,0 [−] 0.01 – –
𝐽 𝑝𝑟𝑒 [–] 0.65 – –
𝜙0 [−] 0.73 – –

Cycling. Five complete cycles were simulated to investigate the irre-
versible mechanical effects, i.e. powder bed compaction, during cy-
cling. Each cycle consists of 5 stages, where the corresponding BC in
Table 2 are applied:

1. Pressurization: Buildup of the mass flow and therefore the
pressure drop inside the reactor, compacting the powder bed.

2. Charge (Dehydration): Dehydration of a Ca(OH)2 powder bed
leading to shrinkage of the bed.

3. Uppressurization: Ramping the pressure and the temperature
BC to the Discharge case over 30 s.

4. Discharge (Hydration): Hydration of a CaO powder bed, ex-
panding the bed.

5. Downpressurization: Ramping the pressure and the tempera-
ture BC to the Discharge case over 30 s.

During the up- and downpressure stages, the reactive transport
boundary conditions are ramped linearly between the charge and dis-
harge cases over 30 s. Consequently, no additional BC are given in

Table 2. These intermediate stages are necessary because a jump in the
oundary conditions caused an instability in the simulation.

Boundary and initial conditions. For the corresponding boundary and
initial conditions for the reactive transport and for each stage in the
ycling see Table 2. For the symmetry boundary 𝜕 𝛺𝑠𝑦𝑚 we apply

Neuman BC with value 0 for all fields. For the mechanical model it is
assumed that the bed is fixed at the outlet 𝐮 = 𝟎 and stress free 𝜎 ⋅𝑛 = 0
at the inlet. On the lateral and symmetry boundaries, mixed boundary
conditions are assumed, fixing the bed in the direction perpendicular
o the wall, i.e. 𝐮 ⋅ 𝑛 = 0.

3.2. Simulation results

3.2.1. Pressurization
To simulate the pressurization of the reactor, the corresponding

boundary conditions in Table 2 were applied. However, in order to
simulate a gradual pressurization over a simulation time of 𝑡𝑃 = 120 s,
the pressure drop was ramped up linearly from zero to the final pressure
drop over a period of 30 s from the start. During this period, the
pressure of the gas flow on the powder bed steadily increases and
compacts the powder bed. Figs. 12 and 13 illustrate the evolution of the
orosity and compaction factor 𝐽 , respectively, from the initial state to

the final state.
As shown, compaction begins at the bottom of the vessel and then

propagates towards the inlet. After pressurization, the compression is
almost homogeneous throughout the bulk of the powder bed, with the
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Fig. 11. Average pressure inside the reactor versus the height of the powder bed.

Fig. 12. Porosity of the powder bed during pressurization after: 6 s (left), 30 s (mid)
and 60 s (right).

Fig. 13. Compaction factor 𝐽 of the powder bed during initial pressurization after:
10 s (left), 30 s (mid) and 60 s (right).

exception of a boundary layer at the top facing the gas flow inlet, as
shown in the final state plots (right). This follows directly from the
porosity dependence of the critical yield pressure shown in Fig. 9 and
cannot be reproduced with an elastic constitutive law for the powder
bed. In addition, the porosity at the boundary between the inlet and
the reactor wall decreases as the dehydration reaction is setting in.
The evolution of the bed height with increasing pressure is shown in
Fig. 11. As can be observed, the bed compacts by ca. 25% over a period
of 2 min, after the final pressure drop is reached.
13 
3.2.2. Charge/discharge-cycle
Taking the pressurized reactor as the initial state (hence no initial

conditions in Table 2 for this case), the charging and discharging of
the reactor was simulated. The results of the simulation, depicted in
Figs. 16 and 18, respectively, for the charging and discharging pro-
cesses, show the formation of a clearly visible reaction front indicated
by the temperature and the SOC plots, which moves from the boundary
and inlet towards the interior of the reactor and outlet. One complete
cycle was completed in 121 min, and the state of charge, i.e. the molar
fraction of CaO, and the average temperature are shown in Fig. 14.
As illustrated, a full charge is reached after about 45 min, when the
average temperature also reaches its maximum as no heat is consumed
by the reaction. After 60 min the BC switch to the uppressurization
over 30 s and then the discharge was simulated over 60 min. The
uppressurization was omitted in the plot in Fig. 14 to improve read-
ability, resulting in a discontinuity in the temperature. The discharge
is completed after 40 min, 5 min earlier than for the charging reaction.

Powder compaction. The plots on the right in Figs. 16 and 18 show
the evolution of porosity and compression factor 𝐽𝑃 during charging
and discharging, respectively. Significant changes occur in the porosity,
which varies between 86% and 62%. This effect is due to the difference
in the factors 𝜉𝑉 and 𝜉𝑝, which parameterize the microscopic and
macroscopic volume changes respectively. As 𝜉𝑉 ≫ 𝜉𝑝, the majority of
the mass loss during dehydration results in an increase in porosity and
not in macroscopic shrinkage, and vice versa. The same effect is clearly
visible in Fig. 17, showing the simulated height of the bed and its
average porosity. During cycling, the average porosity varies strongly
between 60% and 80%, while the bed only expands and contracts by
less than 10% after compacting by 25% in the initial pressurization.

Furthermore, it is clearly visible, that the height of the powder bed
does not revert to its original state after pressurization (𝑡 = 2 min),
hence the powder bed compacts during the cycle. The mechanism
underlying the compaction is illustrated in Fig. 15. The Jacobian 𝐽 and
the pressure drop dp are plotted along the center line of the reactor
in coordinates of the undeformed configuration. After pressurization
(black), a loose boundary layer has formed facing the inlet. During the
charging phase, the bed shrinks, yet the boundary layer remains intact
(shown in red). However, during the discharge stage, the boundary
layer compacts further. This is due to the formation of a dense, low-
porosity layer during the onset of the hydration reaction in the vicinity
of the inlet, which results in a significant pressure drop near the inlet
(depicted in green pressure curve), leading to the compaction of the
layer (shown in blue). The state of the reactor corresponding to the
green line is also shown in Fig. 18. Therefore, the formation of the
reaction front near the inlet contributes to the compaction of the
powder bed.

3.3. Five cycle simulation

In total, five complete cycles were simulated to investigate the
powder bed compaction, during cycling. The state of charge over the
five cycles, i.e. the molar fraction of CaO in the bed, is shown in Fig. 19.
As shown, after the 60 s pressurization phase, each cycle lasts 120 min,
so the whole cycle is completed after 10 h.

The average temperature and pressure inside the reactor are plot-
ted in Fig. 20. The discontinuities in the temperature and pressure
curves are the periodic up- and downpressure phases, which have been
omitted from the graph to improve readability. In between, during the
hydration and rehydration cycles, the temperature shows the typical
profile of the first charge/discharge cycle. The pressure responds dy-
namically to the temperature changes, oscillating around the baseline
pressure for the cycle. This indicates that the mechanical change in the
powder bed, at least in the present model, does not have a significant
effect on the course of the thermochemical reaction inside the reactor.
This is likely due to the fact that the thermochemical reaction is limited
by the heat transport from the reactor walls to the bed, and in the model
the heat conductivity is independent of the compaction of the material,
which is however not realistic.
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Fig. 14. State of charge and average temperature in the reactor during the first cycle
in the simulation.

Fig. 15. Jacobian 𝐽 and pressure drop dp along the center line of the reactor at three
point in time: (black) after pressurization, (red) after charging, (green) 6 min. into
discharge, (blue) after discharge.

Powder bed compaction. The effect of cycling on the state of the powder
bed is shown in Fig. 21. As can be seen, the powder bed compresses
rapidly during the initial pressurization phase in the first minute and
then contracts and expands periodically. However, unlike the temper-
ature and pressure curves, irreversible effects can be observed during
cycling, with a notable compaction during the first cycle and a slight
drop in powder bed height between the second and last cycles. This
is due to a compaction of the boundary layer at the inlet during
hydration. This is further illustrated in Fig. 22, where the thickness of
the boundary layer in the porosity near the inlet decreases significantly
from the beginning of the first cycle to the end of the 5th cycle.
Simulation of these effects is crucial as powder agglomeration is highly
dependent on powder consolidation.

3.4. Comparison with experimental data

A quantitative comparison with experiment is beyond the scope of
this paper. However, qualitative comparisons can be made with data in
Gollsch et al. [12], who conducted experiments with a fixed bed reactor
and observed the bed over 10 cycles. Qualitatively, the findings in [12]
agree with the predictions from our model. The authors report an initial
compaction due to gas flow from 24 cm to 17 cm, or 30% and only a
very small decrease in the bed height from 17 cm to 15.75 cm during
the subsequent 10 cycles. This was in qualitative agreement with the
14 
Fig. 16. Simulation of the charging/dehydration of the reactor. From the left to the
right: temperature 𝑇 , local SOC 𝑥𝑠, porosity 𝜙𝐺 and expansion factor 𝐽 . State of the
reactor after: (a) 10 min, (b) 20 min, (c) 40 min.

Fig. 17. State of charge and average temperature in the reactor during discharging.
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Fig. 18. Simulation of the charging/dehydration of the reactor. From the left to the
right: temperature 𝑇 , local SOC 𝑥𝑠, porosity 𝜙𝐺 and expansion factor 𝐽 . State of the
reactor after: (a) 6 min, (b) 20 min, (c) 30 min.

Fig. 19. State of charge during cycling for 5 complete cycles.
15 
Fig. 20. Average temperature and gas pressure during 5 complete cycles and the initial
pressurization in the first minute. Discontinuities in the plots stem from the up- and
down-pressure cycles omitted for readability.

Fig. 21. Porosity and height of the powder bed during 5 complete cycles and the
initial pressurization in the first minute.

model simulations over 5 cycles. However, the reported porosities are
generally higher than those predicted by our model with 81% porosity
before pressurization and 70%–73% for the CaOH phase and 85% for
the CaO phase. One possible explanation for this discrepancy could be
that the current model does not account for wall friction, which could
reduce the compaction of the powder during filling and pressurization.
Alternatively, the powder may agglomerate rapidly during the initial
cycle, impeding further compaction.

3.5. Model comparison

To quantify the difference between the new model and existing
models in the literature, simulations were run with two models which
are simplifications of the new model with respect to the porosity-
permeability relationship and porosity evolution. The simulated models
are:

• Model 1: Dynamic Powder Bed full elasto-plastic powder bed
• Model 2: Static Powder Bed non-deforming powder bed with

constant porosity
• Model 3: Evolving Porosity non-deforming powder bed with

evolving porosity and corresponding permeability
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Fig. 22. Compaction of the powder bed during cycling: porosity of the powder bed (from left to right) in the initial state, after pressurization, after one cycle, after two cycles,
after five cycles.
The results of the simulations were then compared to investigate the
differences between the models. The impact of different modeling
assumptions on the cycling is shown in Figs. 23. The first cycle from
the previous simulation was chosen for comparison as the state of the
bed most closely resembles a fully compacted bed as assumed in the
simplified models.

For both Model 2 and Model 3, a maximum compression of 𝐽 𝑝𝑟𝑒 =
𝐽𝑚𝑖𝑛 ≈ 0.47 was assumed to approximate a fully compacted state after
long cycling. For Model 2, the porosity and permeability are set to
the values assumed for the maximally compacted state with, while for
Model 3 the porosity is set to 𝜙𝐺 = 1 − 𝜙𝑆 (𝐽𝑚𝑖𝑛)(1 − 𝜉𝑉 𝑥𝑆 ), i.e. a static
powder bed with a variable porosity depending on the SOC.

As illustrated in Fig. 23(a), the constant porosity model (Model
2) exhibits a slower charge and discharge rate than the models with
variable porosity. This is likely due to the slower gas transport. The
variable porosity model (Model 3) exhibits a slightly slower reaction
rate than the full dynamic bed model. This is likely due to the smaller
bed size, resulting from the absence of a low-porosity layer near the
inlet, which can be observed in the dynamic model. This in turn
impedes gas and heat transport from the inlet to the reaction front.
A heat transfer limitation is clearly visible in Fig. 23(b). Overall, the
discrepancies between the dynamic model and Model 3 are relatively
minor, although this is contingent upon the assumption of a constant
thermal conductivity within the bulk and perfect contact with the reac-
tor walls, both of which are known to be significant thermal resistances
within the reactor.

3.6. Discussion

We believe that the proposed model provides a framework for the
modeling of the dynamics and structural changes in fixed bed TECS
reactors. A comparison with experimental findings in [12] indicates
that the model derived in this paper, when properly parameterized,
can qualitatively reproduce irreversible effects due to powder com-
paction during cycling. The model can be readily extended to include
further effects, such as fracturing of a fully solidified bed. Neverthe-
less, further research is necessary to model and simulate additional
effects, such as the agglomeration of powder particles resulting from
the chemical reaction, the fundamental physics of which still needs
to be explored. Also, the parametrization of the mechanical model is
incomplete due to the ambiguity in the model parameters arising from
the unknown lode angle and the influence of wall friction. However,
this can easily be remedied by extending the available data to triaxial
tests or experiments using die compression as e.g. in Han et al. [41].
The incorporation of wall friction, properly parameterized, could ex-
plain differences in the predicted porosity and permeability from the
16 
Fig. 23. Comparison between the SOC (top) and average temperature (bottom)
between different powder bed models over time during one cycle.
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experimentally as reported in [12].
Furthermore, the model can be extended to include a variable

thermal conductivity depending on the compaction of the powder bed,
which could also depend on the mechanical pressure in the powder,
which can only be calculated by a mechanical model of the bed itself.
This is particularly true for the pressure exerted by the reactor walls,
where wall detachment or contact pressure is known to have a strong
limiting effect on heat transfer from the wall to the powder bed
(see [7]). Heat conducting structures, such as pipes in [32] or fins [7],
are sometimes used to increase the effective surface area of the reactor
wall and improve thermal contact. As the thermal resistance depends
on the interaction between the reactor geometry and the powder bed
deformation, our predictive model could be used to optimize pipe
placements or fin geometries in a fixed bed reactor. The pressure
boundary conditions also have a strong influence on the powder bed
dynamics. Modeling the compaction due to gas pressure could lead to
optimized cycling protocols where the gas pressure is regulated over
time. In both cases, modeling can be used to achieve a desired degree
of compaction, depending on the reactor geometry and application.

3.7. Conclusion

In conclusion, the presented framework represents a significant
dvancement in the field of TCES modeling, incorporating the dy-

namics of the powder bed in fixed bed reactors. The model has been
developed from porous media theory, that was specialized for TCES
applications and includes a large strain elasto-plastic mechanical model
of the powder bed. It was further demonstrated that the model can be
parameterized using only flow tester experiments. Numerical simula-
tions over multiple cycles have shown that the model can reproduce
the compaction of the powder within fixed bed reactors, which was
observed in experiments, but which cannot be simulated with static
models. This is due to a layer with low porosity which is formed
by the expanding powder during the hydration process, close to the
inlet. When extended to include additional effects such as powder
agglomeration, and parameterized with additional experimental data,
the new framework has the potential to significantly enhance the
predictive powder of TCES models and can lead to new avenues for
he computational design of TCES reactors.
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