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Abstract

In order to achieve a virtual certification process and robust designs for turbo-

machinery, the uncertainty bounds for Computational Fluid Dynamics have to

be known. The formulation of turbulence closure models implies a major source

of the overall uncertainty of Reynolds-averaged Navier-Stokes simulations. We

discuss the common practice of applying a physics constrained eigenspace per-

turbation of the Reynolds stress tensor in order to account for the model form

uncertainty of turbulence models. Since the basic methodology often leads to

overly generous uncertainty estimates, we extend a recent approach of adding

a machine learning strategy. The application of a data-driven method is mo-

tivated by striving for the detection of flow regions, which are prone to suffer

from a lack of turbulence model prediction accuracy. In this way any user

input related to choosing the degree of uncertainty is supposed to become ob-

solete. This work especially investigates an approach, which tries to determine

an a priori estimation of prediction confidence, when there is no accurate data

available to judge the prediction. The flow around the NACA 4412 airfoil at

near-stall conditions demonstrates the successful application of the data-driven

eigenspace perturbation framework. Furthermore, we especially highlight the

objectives and limitations of the underlying methodology.
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1. Introduction1

In previous times, engineering design applications tried to account for a variety2

of uncertainties in Computational Fluid Dynamics (CFD) simulations by apply-3

ing factors of safety, margins of safety, levels of redundancy, etc. Such heuristic4

methods need adjustments and recalibration for each new configuration. They5

are also highly empirical especially when applied to innovative designs or new6

flow configurations. Nowadays methodologies such as robust design or reliability7

based design have the possibility to preempt such methods. In recent years, the8

interest in uncertainty quantification (UQ), leading to more reliable simulation9

based designs, has grown significantly [1, 2, 3, 4].10

As a compromise between computational time and accuracy, Reynolds-averaged11

Navier-Stokes (RANS) based turbulence modeling is still the prevailing tool in12

industrial design of turbomachinery, since the replacement of RANS by scale-13

resolving simulations, e.g. Direct Numerical Simulations (DNS) or Large Eddy14

Simulations (LES) cannot be expected for design optimization simulations in15

the near future. The derivation of the RANS equations reveals an unclosed16

term, called the Reynolds stress tensor. This tensor has to be approximated17

in CFD simulations by applying turbulence models. The prediction quality of18

the simulation is highly dependent on the accuracy of the turbulence models.19

However, many RANS-based models suffer from the inability to replicate fun-20

damental turbulent processes. Throughout this paper, we consider linear eddy21

viscosity models (LEVM), which are widely used for complex engineering flows,22

by referring to RANS turbulence models. Due to simplifying assumptions used23

in model formulation, the turbulence model is one of the main limitations in24

striving for the next generation of reliable, efficient and environmentally friendly25

designs. These simplifications are the result of data observation, physical intu-26

ition, engineering and computational pragmatism, leading to a significant degree27

of epistemic uncertainty. Accounting for the uncertainties, which arise due to28

the structural form of the turbulence model in RANS simulation is known to be29
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the ”greatest challenge” in CFD [5]. Nevertheless, these epistemic uncertainties30

could, in principle, be reduced, by increasing knowledge about turbulent pro-31

cesses, resulting in developing advanced models. This is contrary to aleatory32

uncertainties, e.g. manufacturing tolerances or operating conditions, which can-33

not be reduced and are not considered in the current work. Different approaches34

try to account for the uncertainty of the turbulence model at different modelling35

levels [6]. Generally, one distinguishes between parametric and non-parametric36

approaches. While the parametric uncertainties arise from the chosen closure37

coefficients and their calibration process, non-parametric methodologies directly38

investigate the uncertainties on modeled terms in the transport equations of the39

turbulence model. It is expected, that the possible solution space, with respect40

to the uncertainty of the turbulence model, is larger for non-parametric ap-41

proaches [4].42

Iaccarino and co-workers proposed an eigenspace perturbation framework, which43

is based on the inability of common LEVM to deal with Reynolds stress tensor44

anisotropy [7, 8]. This methodology belongs to the non-parametric approaches,45

since it tries to account for the uncertainty due to the closure model form itself.46

The physical rationale of the eigenspace perturbation framework is discussed in47

depth by Mishra and Iaccarino [9]. It enables a designer to optimize compo-48

nents towards an optimum design with less sensitivity to uncertainty. Successful49

application of design under uncertainty using the perturbation framework was50

already presented by Mishra et al. [10]. Moreover, this methodology was applied51

in multiple engineering applications such as aerospace design (aircraft nozzle [8],52

turbomachinery [11, 12], entire aircraft [13]), civil structural design [14] and even53

wind farm design [15, 16].54

The increasing availability of high-fidelity simulations (such as LES and DNS)55

in combination with the emergence of machine learning strategies guided the56

path towards data-driven approaches also for the RANS turbulence modelling57

community [6]. Heyse et al. [17] enhanced the uncertainty estimation based58

on the eigenspace perturbation approach by adding a data-driven method lead-59

ing to less conservative uncertainty estimates. The machine learning strategy60
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should identify flow regions, which are prone to show reduced turbulence model61

prediction accuracy. From our point of view, their investigations suffered under62

limited availability of data, most notably with respect to judging an appropriate63

application of a machine learning model. We consolidate the usage of a random64

forest regression model by investigating the credibility explicitly in the present65

work.66

In the current work, we present the functionality of the eigenspace perturbation67

methodology, its data-driven extension and its implementation within DLR’s68

CFD solver suite TRACE in detail. TRACE is being developed by the Insti-69

tute of Propulsion Technology with focus on turbomachinery flows and offers a70

parallelized, multi-block CFD solver for the compressible RANS equations [18].71

In order to obtain a trustworthy quantification of uncertainties for future de-72

sign application in turbomachinery flows, we investigate our implementation of73

the data-driven Reynolds stress tensor perturbation framework for flow config-74

urations featuring adverse pressure gradient, flow separation and reattachment75

with TRACE. This procedure is reasonable, as the prediction accuracy of RANS76

turbulence models is significantly reduced in the presence of these complex flow77

phenomena. In order to further advance the data-driven prediction capabili-78

ties, additional data sets obtained by scale-resolving simulations of relevant test79

cases are used to train and validate a machine learning model. These test cases80

include complex flow physics such as adverse pressure gradient, separation and81

reattachment. In this work, we verify the application of a trained machine learn-82

ing model in detail. A methodology to quantify an a priori estimate of prediction83

confidence is particularly studied as well. Finally, the data-driven perturbation84

approach to estimate the epistemic uncertainty of turbulence models is applied85

for the flow around the NACA 4412 airfoil at near-stall conditions featuring a86

separation zone on the suction surface. By analyzing and comparing the un-87

certainty estimates for certain quantities of interest (QoI) with respect to the88

usage of the data-free and data-driven strategy, we analyze the initial intention89

of the entire Reynolds stress tensor perturbation framework and its capabilities90

consequently. From our point of view, this kind of subsumption was missing in91
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literature oftentimes.92

2. Details of the eigenspace perturbation framework93

2.1. Motivation and goal94

RANS turbulence models are utilized in order to approximate the Reynolds95

stress tensor �ij = u′iu
′
j in terms of mean flow quantities, e.g. ui = Ui =96

ui � u′i. As already described, the formulation of turbulence models brings97

along certain assumptions. Even state-of-the-art LEVM rely for example on98

the eddy viscosity hypothesis, also known as the Boussinesq assumption, and99

the gradient diffusion hypothesis. This leads to the inability to account for100

rotational effects, secondary flow, swirl and streamline curvature [19, 20, 21].101

Besides, limited success in cases with separation and reattachment have been102

also reported [22]. The motivation for injecting perturbations to the eigenspace103

of the Reynolds stress tensor is the inability of LEVM to account correctly for104

the anisotropy of Reynolds stresses. This is due to the Boussinesq assumption,105

approximating the turbulent stresses in similar manner to the molecular viscous106

stresses. The Boussinesq approximations reads107

�ij = �2�t
�
Sij �

1

3

@uk
@xk

�ij

�
+

2

3
k�ij , (1)

where the turbulent kinetic energy is defined as k = 1
2�kk and summation over108

recurring indices within a product is implied. The strain-rate tensor is denoted109

as Sij and the eddy viscosity, derived from the transport equations of the tur-110

bulence model, is represented by �t.111

Based on the epistemic uncertainty, which is introduced into turbulence models112

by the choice of the actual closure model [6], the perturbation approach tries113

to derive and quantify the effects on QoI, e.g. the pressure field, by modify-114

ing the anisotropy of turbulence within physical limitations. The implemented115

framework for UQ of turbulence models seeks to sample from solutions, result-116

ing from a modified underlying structure of the turbulence model, while aiming117

for extreme states of the Reynolds stress tensor [9]. In this manner a CFD prac-118

titioner may get the chance to estimate the sensitivity of some QoI regarding119
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the uncertainty in predicting the Reynolds stress anisotropy. In the following120

section we explain how to obtain a perturbed state of the Reynolds stress ten-121

sor and how to apply machine learning in order to get a better-informed, less122

conservative uncertainty prediction.123

2.2. Data-free approach124

The symmetric Reynolds stress tensor can be expressed by applying an eigenspace125

decomposition as126

� ij = k
�

aij +
2
3

� ij

�
= k

�
vin � nl vjl +

2
3

� ij

�
. (2)

Equation (2) includes the split into the anisotropy tensor aij and the isotopic127

part of � ij . The eigenspace decomposition provides the eigenvector matrixv and128

the diagonal eigenvalue matrix �, where the eigenvalues represent the shape and129

the eigenvectors imply the orientation of the tensor. Emory et al. [7] propose a130

strategy to perturb the eigenvalues and eigenvectors in Equation (2), resulting131

in a perturbed state of the Reynolds stress tensor132

� �
ij = k

�
v�

in � �
nl v�

jl +
2
3

� ij

�
. (3)

The eigenvalue perturbation (determining � � ) makes use of the fact, that every133

physical, realizable state of the Reynolds stress tensor can be mapped onto134

barycentric coordinates135

x = x1C
1
2

(� 1 � � 2) + x2 (� 2 � � 3) + x3C

�
3
2

� 3 + 1
�

with � 1 � � 2 � � 3 ,

(4)

which is essentially a linear transformation according tox = B � (whereby three136

eigenvalues� i are represented by the vector� and B depends on the choice137

of coordinates x1C ; x2C and x3C ) [23]. Figure 1(a) shows the three limiting138

states of the Reynolds stress tensor, represented by the corners of the triangle139

(x1C ; x2C ; x3C ) standing for the one-, two- and three-component (isotropic) tur-140

bulent state (1C, 2C and 3C). Thus, Iaccarino and co-workers [7, 8] de�ned141

the eigenvalue perturbation as a shift in barycentric coordinates towards each142
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of the limiting states to location x � , according to143

x � = x + � B
�
x ( t ) � x

�
. (5)

The relative distance � B 2 [0; 1] controls the magnitude of eigenvalue perturba-144

tion towards the corner state x ( t ) 2 f x1C ; x2C ; x3C g. The perturbed eigenvalues145

� �
i can be remapped by146

� � = B � 1x � . (6)

(a) Unperturbed and perturbed state (b) De�nition of perturbation strength

Figure 1: Schematic representation of the eigenvalue perturbation approach

The creation of the perturbed eigenvector matrix v� is purely motivated by ma-147

nipulating the turbulent production term Pk = � � ij
@ui
@xj

. Changing the align-148

ment of the eigenvectors of the Reynolds stress tensor and the strain rate tensor149

Sij limits the production term to a maximum and minimum value [8]. Maxi-150

mum turbulent production is obtained by not changing the eigenvectors of the151

Reynolds stress tensor, meaning that they are identical to the eigenvectors of152

the strain rate tensor vkS ij
due to the Boussinesq assumption in Equation (1).153

Commuting the �rst and the last eigenvector of the Reynolds stress tensor leads154

to minimum turbulent production:155

vmax =
�

v1S ij
v2S ij

v3S ij

�
! Pkmax

vmin =
�

v3S ij
v2S ij

v1S ij

�
! Pkmin .

(7)
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When combining the eigenvalue and eigenvector perturbation, not only the156

shape of the Reynolds stress ellipsoid is modi�ed but also the relative alignment157

with the principle axes of the mean rate of the strain rate tensor is changed158

(orientation). In should be noted, that targeting the 3C turbulent state with159

� B = 1 results in identical eigenvalues and consequently the eigenvector matrix160

cancels out with its inverse. That is the reason, why there will be no distinction161

between minimized and maximized turbulent production.162

To sum up, the data-free perturbation framework promises to only need �ve dis-163

tinct simulations 2 f (1C; Pkmax ), (1C; Pkmin ), (2C; Pkmax ), (2C; Pkmin ) and 3Cg,164

in order to get the entire information with reference to the epistemic uncertainty165

of the underlying turbulence model, if � B = 1 is chosen.166

2.3. Data-driven approach167

The eigenspace perturbation approach is a purely physics-based methodology,168

aiming for understandable uncertainty bounds for the turbulence modelling com-169

munity. The data-free procedure applies a uniform perturbation to the entire170


ow domain. But the perturbation amplitude is a re
ection of the inability of171

the turbulence model to re
ect the underlying physics with high �delity. This172

discrepancy between the turbulence model's dynamics and those of the turbu-173

lence physics are not uniform, but di�er between di�erent turbulent 
ows and174

even across di�erent regions of the 
ow domain in the same 
ow. Thus, en-175

abling variation in the magnitude of the perturbations is a better re
ection of176

the actual model form uncertainty. As an additional advantage, if executed cor-177

rectly, such a varying perturbation approach would enable more precise and less178

conservative uncertainty bounds on the QoIs. Moreover, a user has to choose179

the degree of uncertainty by selecting � B before each investigation, which is180

another major drawbacks of the proposed method. This might be especially181

unfavorable in the design phase of turbomachinery components, when even a182

CFD practitioner experienced in turbulence modeling does not know how to set183

the degree of uncertainty.184

Consequently, the user de�ned bounds on the eigenspace perturbation procedure185
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need to be replaced. Data-driven modeling approaches can be very bene�cial for186

such surrogate modeling. Such machine learning surrogate models have found187

wide application in turbulence modeling [6, 24, 25]. As the amount of high-188

�delity simulations (such as LES and DNS) increases, this data can be used189

to estimate the perturbation magnitudes. Heyse et al. propose a strategy to190

obtain a locally varying perturbation strength by using a random forest model191

[17]. Physical 
ow features are extracted to train a machine learning model in192

order to predict the local perturbation strength193

p = jxData � xRANS j = jx �
RANS � xRANS j , (8)

as illustrated in Figure 1(b). Forward propagating CFD simulations follow train-194

ing the model, where the predicted perturbation strength is used to modify the195

Reynolds stress towards the same three limiting states as in the data-free ap-196

proach.197

In this work, we go several steps beyond the initial proposed strategy. First198

of all, Heyse et al. [17] applied pure eigenvalue perturbation of the anisotropy199

tensor. We combine the data-driven eigenvalue perturbation with the data-free200

manipulation of the eigenvectors of the Reynolds stress tensor, as already de-201

scribed above. From our point of view, this procedure is inevitable, since the202

assumption that the Reynolds stress tensor and the mean rate of strain tensor203

share their eigenvectors (see Equation (1)), is known to be invalid in 
ow sit-204

uations, where streamline curvature, rotational e�ects, 
ow separation or reat-205

tachment, etc play a role [26]. We decided against utilizing machine learning to206

adjust the perturbations for the eigenvectors of the Reynolds stress tensor and207

the turbulent kinetic energy directly, as this would lead to a data-augmented,208

corrected turbulence model instead of obtaining uncertainty estimates. Since209

no justi�able bounds for the turbulent kinetic energy budget exist, the present210

methodology perturbs it indirectly by applying the described eigenvector ma-211

nipulation. Furthermore, we evaluate the adequate usage of a machine learning212

model for the desired application by extending the training data set and per-213

forming certain veri�cation checks. The latter also includes the question, how to214
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build trust in such a trained machine learning model, when there is no accurate215

data available anymore to estimate the prediction error. And �nally, we assess216

the limitations and capabilities of this method.217

2.3.1. Choice of machine learning model218

The general concept of machine learning is to approximate the relationship be-219

tween input quantities (features) and output quantities (targets) to make pre-220

diction under similar conditions. There are multiple approaches to approximate221

these relationships. For the sake of interpretability and usability, decision trees222

are chosen to be the machine learning model in the present work. Decision223

trees (also called regression trees for solving regression problems) learn binary224

rules (if/else decision rules) to predict target values based on given features [27].225

Decision trees are prone to over�tting, which means that the model is not able226

to generalize. A machine learning model is able to generalize, if it performs227

adequate predictions based on a feature space, that is di�erent than the fea-228

ture space of the training data. Machine learning models, which are prone to229

over�tting reveal a high variance. The potential accuracy of a machine learning230

model is also dependent on its bias, which is characterized by the di�erence be-231

tween the averages of the predictions and the true values. An in
exible model is232

not capable to �t the total number of data su�ciently, which is determined as a233

high bias of the model. The fact, that an increasing 
exibility (lower bias) comes234

along with worse generalization (high variance), is known as the bias-variance235

trade-o�. This trade-o� describes the aim to choose a machine learning model,236

that has low variance and low bias simultaneously [28, 29]. Random forests are237

based on a number of uncorrelated regression trees and o�er the possibility to238

handle the bias-variance trade-o�, while enabling powerful predictions [29]. For239

this reason, we have chosen to use this ensemble learning technique. Instead240

of just averaging the prediction of individual regression trees, a random forest241

makes use of two essential key concepts:242

ˆ bootstrapping: Random sampling (with replacement) of the training data243

for each individual tree, i.e. each tree is trained on a di�erent data set244
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with equal size.245

ˆ feature bagging: Random subsampling of features at each decision point246

(also known as split) for each tree, i.e. every tree uses a di�erent feature247

space at each binary decision.248

In combination with bootstrap aggregation (bagging), which implies averaging249

the prediction of a number of bootstrapped regression trees, the variance is250

reduced and over�tting is avoided [30]. In this work, the python library scikit-251

learn [31] is used to train the random forests and evaluate their predictions.252

2.3.2. Choice of 
ow features253

The selection of input features, which are relevant for predicting more accurate254

perturbation magnitude p, is critical for turbulence modelling purposes. It has255

to be ensured, that the chosen features represents physical signi�cance with256

respect to desired target quantity. Wang et al. [32] identi�ed four raw quantities257

Q = ( S; 
 ; r p; r k) (9)

to be a reasonable choice as input data for conducting machine learning based258

on LEVM. The two raw input tensors S, 
 represent strain rate and rotation259

rate, while r p and r k are the gradients of pressure and turbulent kinetic energy.260

In our work, we agree on the usage ofQ, and make use of the normalization261

scheme, derived by Ling et al. [33]. A normalization by a factor� and the262

absolute value of each element� of Q according to263

�̂ =
�

j� j + j� j
, (10)

lead to the determination of non-dimensional raw 
ow features, which are pre-264

sented in Table 1.265

Since we are aiming for Galilean invariant features, which means, that they266

should stay the same in di�erent inertial frames of reference, it is essential to267

embed invariance properties into a machine learning model (if the model should268

not learn these properties during training). One method to do this is by formu-269

lating all inputs and output quantities of the model such that they are invariant.270
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Table 1: Raw 
ow features for constructing the invariant basis

Description Normalized input ^ � raw input � normalization factor �

Strain rate Ŝ S !

Rotation rate 
̂ 
 jj 
 jj

Pressure gradient cr p r p � jj U � r U jj

Turbulent kinetic energy gradient cr k r k !
p

k

The velocity gradients (its symmetric part Ŝ and antisymmetric part !̂ ) and the271

gradients of pressure and turbulent kinetic energy are Galilean invariant. In or-272

der to determine the invariant feature basis of the raw 
ow features, Wang et al.273

[32] make use of the Hilbert basis theorem. This theorem states, that a �nite274

number of invariants belongs to each minimal integrity basis for a �nite tensorial275

set [34]. A minimal integrity basis is the minimal set of invariants, that represent276

all polynomial invariants associated with a tensorial set under transformation.277

The integrity basis constructed here is supposed to be rotational invariant [35].278

In this manner the minimal integrity basis amount to 47 invariants, which are279

in the following used as input features for training and evaluating the random280

forest. We add additional physical meaningful 
ow features to this exhaustive281

list of features based on domain knowledge and physical intuition. The addi-282

tional raw input features, which are presented in Table 2, can be computed by283

providing the turbulent kinetic energy k, the speci�c turbulent dissipation rate284

! , the molecular viscosity � , the eddy viscosity � t , the distance to the nearest285

wall d, the local Mach numberMa, the mean velocity Ui and its gradient tensor286

and the mean pressurep and its gradient vector.287

The normalization procedure is retained in accordance to Equation (10). It288

should be noted, that the raw inputs and the normalization factors are Galilean289

invariant as well. Thus, a total number of 56 input features is used for train-290

ing and evaluating the random forests. Lastly, each feature is standardized by291

removing the mean and scaling to unit variance by applying a standard scaler292

preprocessing functionality of scikit-learn [31].293

Although Wang et al. [36] reported signi�cant improvements in prediction ac-294
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Table 2: Physical 
ow features

Numbering Description raw input � normalization factor �

q1 Q-criterion 1
2

�
jj 
 jj 2 � jj Sjj 2

�
jj Sjj 2

q2 Turbulent kinetic energy k 1
2 Ui Ui

q3 Wall-distance based Reynolds Number min
� p

kd
50� ; 2

�
-

q4 Pressure gradient along streamline Uk
@p

@xk

q
@p

@xj
@p

@xj
Ui Ui

q5 Turbulent time scale 1
!

1
jj Sjj

q6 Production term Pk k!

q7 Mach number Ma -

q8 Eddy viscosity � t �

q9 Norm of Reynolds stresses jj u0
i u

0
j jj k

curacy for using the invariant feature basis over a smaller number of features295

(e.g. physical motivated scalars) in a comparable study, we cannot con�rm such296

observations in our work. We rather think, that due to the limited number of297

data (for training and testing purposes) a smaller number of input quantities298

performs excellently as well. As soon as the diversity of the data starts to in-299

crease (signi�cantly di�erent geometries featuring various 
ow situations) the300

need for a large set of features may occur. Being aware of the fact, that the301

present feature list may be needlessly large, we assure, that this exhaustive list302

of features does not involve any disadvantages in terms of accuracy. For this303

reason, we use the total amount of 56 input features in the present work.304

2.4. Integration of UQ computation in CFD solver suite TRACE305

2.4.1. Implementation306

The aim of running a CFD simulation, propagating a perturbed Reynolds stress307

tensor, is to obtain a sensitivity with respect to the solution. For smooth and308

time-e�cient simulations, it is advisable to start the perturbation from a su�-309

ciently converged baseline RANS simulation (baseline means standard unmod-310

i�ed turbulence model). Mishra et al. [37] apply a factor to march the solution311
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based on the perturbed Reynolds stress tensor to a fully converged state. In our312

implementation, we use a factorf for the reconstruction of Reynolds stresses313

in order to be able to achieve fully converged perturbed solutions as well. We314

discuss the necessity and the e�ect of this factor in Section 2.4.2. The pertur-315

bation of the Reynolds stress tensor was implemented to the existing C code of316

TRACE and can be subdivided in several steps within each pseudo-time step of317

steady simulations:318

1. calculate Reynolds stresses based on Boussinesq approximation in Equa-319

tion (1)320

2. determine anisotropy tensor (see Equation (2))321

3. perturb anisotropy tensor within physical realizable limits by selecting � B322

(see Equation (5)) and whether the turbulent production term should be323

minimized or maximized (see Equation (7))324

4. reconstruct perturbed Reynolds stress tensor according to325

� �
ij f

= � ij + f
�
k

�
a� +

2
3

� ij

�
� � ij

�
, (11)

where f 2 [0; 1] is the introduced moderation factor, adjusting the total326

amount of newly perturbed anisotropy tensor to be considered327

5. update of the viscous 
uxes using perturbed Reynolds stresses explicitly328

6. update of the turbulent production term Pk = � � ij
@ui
@xj

using the per-329

turbed Reynolds stresses explicitly330

TRACE features a python interface, called pyTRACE [38], which can be used331

to conduct a full set of perturbed simulations and sample the results for some332

QoI. In case of applying a data-driven perturbation of the Reynolds stresses,333

the python script takes also charge of evaluating a previously in preprocessing334

trained machine learning model based on extracted mean 
ow quantities. The335

high-level python script takes input parameters, containing information regard-336

ing the geometry, mesh resolution and additional solver settings. Furthermore,337

the set of intended perturbed simulations is set up, including selecting the tur-338

bulence limit state (x ( t ) 2 f x1C ; x2C ; x3C g), the relative distance � B 2 [0; 1],339
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Figure 2: Implementation of the UQ framework within CFD solver suite TRACE

the alignment of the Reynolds stress eigenvectors with the strain rate tensor340

(vmin or vmax ) and the moderation factor f 2 [0; 1], as described earlier. As341

illustrated in Figure 2 the integration of the UQ module in the TRACE simu-342

lation run is conducted every time step (steady simulation) in each cell of the343

computational domain. When the converged perturbed solution is reached, the344

python script takes charge of setting up the next desired perturbation.345

2.4.2. Discussion about restrictions of the Reynolds stress tensor perturbations346

The eigenspace perturbation methodology, presented in Section 2, is solely moti-347

vated on quantifying the epistemic uncertainties of LEVM due to the inaccurate348

account for anisotropic 
ow phenomena. Iaccarino and co-worker [7, 8, 37] de-349

signed this method based on the mathematical derivations of Lumley [39] and350

Banerjee [23]. These derivations map the states of the Reynolds stress tensor,351

when it features one, two or three non-zero eigenvalues, onto corners of a con-352

structed triangle, called the barycentric triangle. These states are described353

to be the extreme states of the Reynolds stress tensor, since the turbulence is354

only present in one, two or three directions - the corresponding directions of the355

eigenvectors.356

A CFD practitioner is interested in ascertain the e�ect of the turbulence model's357

uncertainty on certain QoI, which are relevant for design. However, the re-358
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lation between the one-, two-, and three-component corner of the Reynolds359

stress tensor and some QoI is anything but linear. As a consequence, mod-360

ifying/perturbing the turbulent state of the Reynolds stress tensor seeks to361

estimate the uncertainty bounds rather than create extreme state of QoI.362

Nonetheless, we analyzed the relation of barycentric coordinates and QoI for363

selected 
ow cases by sampling points inside the barycentric triangle and prop-364

agating the perturbed Reynolds stress tensor in an earlier prior investigation365

[40]. Therefore, assessed against currently available data, we agree on the fact,366

that the corners of the barycentric coordinate produce adequate estimate of the367

uncertainty bounds in most of the 
ow regions. Although there might be areas368

of the 
ow solution, where the extreme state of turbulence is not corresponding369

to the extreme state of some QoI. This observation will be also discussed in370

Section 5.371

Additionally, we would like to discuss the e�ect of the moderation factor f ,372

which was initially mentioned by Mishra et al. [37]. The main goal of ap-373

plying f is to reach a converged solution based on the perturbation approach.374

We agree on the fact, that this factor is needed for convergence issues, since375

some perturbed states tend to be unstable. Understandably, this is especially376

the case for perturbations seeking to decrease the turbulent production term377

(Pkmin and/or 3C). Nevertheless, it is shown in the Appendix, that the e�ect of378

applying the moderation factor is actually identical to reducing � B in case of379

pure eigenvalue perturbation. The need for moderating the e�ect of Reynolds380

stress tensor perturbation by an additional factor according to Equation (11)381

emerges, when combining eigenvector and eigenvalue perturbation. Generally382

speaking, usingf � 1 stabilizes the CFD-simulation by weakening the impact383

of perturbation. Accordingly, users are encouraged to not only state the pre-384

scribed � B but also the factor f . It has to be stated, though, that damping385

the e�ects of the actual perturbation (eigenvalues and eigenvectors) weakens the386

interpretability of the limiting states of turbulence, represented by the corners387

of the barycentric triangle.388

Last but not least, the data-driven extension of the eigenspace perturbation389
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framework is build on Reynolds stress reference data, whereas other machine390

learning approaches in the �eld of turbulence modeling utilize indirect mean391


ow quantities like velocity and pressure. Hence, appropriate training data is392

mainly limited to well-resolved DNS/LES and cannot make use of experimental393

measurement data containing no second-moment statistics.394

2.5. Data sets for training, testing and applying the machine learning model395

As already described in Section 1, the �nal well-trained machine learning model396

should be sensitive to 
ow phenomena such as adverse-pressure gradient, sepa-397

ration and reattachment due to the known shortcomings of the LEVM. Conse-398

quently, it is reasonable to use data sets for training, which include these 
ow399

situations. We are continuously striving for extending our database, which con-400

tains various 
ow cases for machine learning. For the present study, we use the401

following 
ow cases:402

ˆ DNS of turbulent channel 
ow at Re� 2 f 180; 550; 1000; 2000; 5200g based403

on Lee and Moser [41]404

ˆ DNS at ReH 2 f 2800; 5600g and LES at ReH = 10595 of periodic hill 
ow405

based on Breuer et al. [42]406

ˆ DNS of wavy wall 
ow at ReH = 6850 based on Rossi [43]407

ˆ DNS of converging-diverging channel 
ow at Re� = 617 based on Laval408

and Marquillie [44].409

All the DNS and LES data of the described test cases are generated using in-410

compressible solvers. In order to simulate these incompressible 
ows using the411

compressible solver TRACE without low-Mach preconditioning, the simulations412

are scaled (adapting dimensions of the geometry and/or molecular viscosity)413

to an incompressible Mach number of approximately 0.1, while preserving the414

intended Reynolds numbers. The two-equation, linear eddy viscosity Menter415

SST k � ! turbulence model is selected as the baseline model for all conducted416

RANS simulations [45]. In order to obtain steady state solutions, an implicit417
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time marching algorithm is applied. A 
ux di�erence splitting approach is em-418

ployed to discretize the convection terms making use of a second order accurate419

Roe scheme in combination with MUSCL extrapolation.420

To evaluate proper features as input parameters based on the RANS simula-421

tions, we conducted a mesh convergence study for each of the listed 
ow cases.422

Although the mesh convergence studies are not presented here due to the scope423

of the paper, we a�rm, that we only use RANS simulation data, which shows424

su�cient grid convergence using a low-Reynolds resolution (y+ � 1) at solid425

walls. The perturbation magnitude p can be determined accordingly to Equa-426

tion (8) by comparing scale-resolving and RANS solutions. In order to compute427

the intended target quantity, the scale-resolving data has to be interpolated onto428

the RANS data points for every test case �rst. Due to numerical issues some429

RANS data samples may be located outside the barycentric triangle in terms430

of anisotropy tensor (see Figure 1). Therefore, we included the opportunity to431

remove these samples from the training or testing sets. The �nal application of432

the UQ perturbation approach is presented for the airfoil test case NACA 4412433

at Rec = 1 :52� 106.434

2.5.1. Turbulent channel435

Although we are interested in more complex cases, the channel 
ow data serves436

as one of the key properties, what the model should be able to recognize and437

predict: turbulent boundary layer with inaccurate anisotropy represented by438

the LEVM close to the wall. The con�guration for simulating the turbulent439

boundary layer is sketched in Figure 3. The characteristic Reynolds number is440

de�ned by441

Re� =
�u � �

�
, (12)

where � is the channel half-height and the friction velocity is known as u� =442

p
(� w =� ) with � w = � @U

@yjy=wall . The turbulent channel 
ow is homogeneous in443

the streamwise direction x and the spanwise directionz. A constant pressure444

gradient @P=@xis applied to balance the skin friction at the wall. We use the445

available RANS grid cells in one half of the channel at the �ve di�erent Reynolds446
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numbers as subsequent data points for training the random forest.447

(a) Schematic sketch of

a fully developed turbu-

lent boundary layer

(b) Re� = 1000

(every fourth line

shown) mesh and

boundary condi-

tions; symmetry is

enforced in spanwise

direction

Figure 3: Turbulent channel 
ow simulation

2.5.2. Periodic hill448

The 
ow over periodic hills features 
ow separation from curved surfaces, re-449

circulation and a subsequent reattachment on the 
at bottom of the channel.450

Since the Reynolds number has a strong impact on the actual size of the sepa-451

ration bubble, it is worthwhile to add three di�erent Reynolds number 
ows to452

our training set.453

The Reynolds number based on the bulk velocityUB , evaluated at the crest of454

the hill, and the hill height H is de�ned as455

Re =
�U B H

�
. (13)

For simulating the periodic hill con�guration, periodic boundary conditions456

are applied as illustrated in Figure 4. A constant pressure gradient@P=@x457

is applied to move the 
uid through the con�guration. The available scale-458
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resolving data sets of the periodic hill only contain data at certain slices (x=H 2459

f 0:05; 0:5; 1:0; 2:0; 3:0; 4:0; 5:0; 6:0; 7:0; 8:0g). Consequently, the RANS solution460

is sliced at these locations accordingly. The scale-resolving data is interpolated461

onto the wall-normal RANS data positions, in order to generate the desired462

target quantity for the machine learning model.463

(a) Relative dimensions and sketch of

the 
ow

(b) Mesh ( ReH = 10595, every tenth line

shown) and boundary conditions; slip condi-

tions/inviscid walls are applied in spanwise di-

rection

Figure 4: Schematic periodic hill setup

2.5.3. Wavy wall464

The wavy wall test case is con�ned by a plane wall and a wavy surface, which is465

sketched in Figure 5. In former experimental settings, the desired 
ow situation466

was generated by stringing together multiple hills and valleys, described by a467

cosine function. For the CFD simulations (DNS and RANS) periodic bound-468

ary conditions in streamwise direction can be applied. In order to adjust the469

intended Reynolds number ofReH = 6850, based on the bulk velocity and the470

mean channel height evaluated on the hill crest (accordingly to Equation (13)),471

a constant pressure gradient@P=@xis used. Since the available DNS data set is472

two-dimensional and covers the entire domain size, we use all available RANS473

grid cells as subsequent data points for training the random forest.474
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(a) Relative dimensions and sketch of the


ow

(b) Mesh (every fourth line shown) and bound-

ary conditions; slip conditions/inviscid walls

are applied in spanwise direction

Figure 5: Schematic wavy wall setup

2.5.4. Converging-diverging channel475

The con�guration of a converging followed by a diverging section is an ideal test476

case to investigate the e�ect of an adverse pressure gradient with and without477

curvature. The 
ow separates slightly at the diverging part at the lower wall, but478

not on the 
at top wall, as shown in Figure 6. Similar to the DNS, the in
ow479

boundary conditions are derived from a fully developed turbulent boundary480

layer at Re� = 617 (RANS predicted). A constant mass 
ow rate is prescribed481

at the out
ow of the domain, which was derived based on the domain size and482

bulk quantities of the in
ow pro�le (streamwise velocity and density). Since the483

available DNS data set is two-dimensional as well, we are able to provide all484

available RANS grid solution points as subsequent data points for training the485

machine learning model.486

2.5.5. NACA 4412 airfoil487

To demonstrate the application of the UQ framework with and without a ma-488

chine learning model, the near-stall NACA 4412 airfoil is chosen in the presented489
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(a) Relative dimensions and sketch of the 
ow

(b) Mesh (every fourth line in streamwise direction and every twentieth line in wall normal direction

shown) and boundary conditions; slip conditions/inviscid walls are applied in spanwise direction

Figure 6: Schematic converging-diverging setup

(a) Relative dimensions and sketch of the 
ow (b) Mesh (every eighth line shown) and

boundary conditions; slip conditions/inviscid

walls are applied in spanwise direction

Figure 7: Schematic NACA 4412 setup
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work. This test case is a NASA benchmark case for turbulence models, featur-490

ing boundary layer separation close to the trailing edge. This airfoil is operated491

at a Reynolds number ofRec = 1 :52� 106 (based on the freestream velocityUinf492

and the chord length c) and a Mach number ofMa = 0 :09 (based onUinf ). The493

angle of attack is 13:87� as sketched in Figure 7(a). The CFD results are com-494

pared against experimental measurements of Coles and Wadcock [46]. In order495

to minimize the e�ect of boundary conditions on the CFD simulation, far-�eld496

conditions are applied to prescribe the speci�ed 
ow conditions (see Figure 7(b)).497

A turbulence intensity of 0.086% and an eddy viscosity ratio � t =� of 0.009 is498

prescribed in accordance with the description of NASA [47]. The mesh topology499

is the so-called C-grid featuring a grid cell resolution ofnx ; ny ; nz = 896; 256; 1,500

which can be downloaded from NASA's turbulence database [47].501

3. Hyperparameter selection based on generalization study502

Before the training of the �nal random forest regression model was conducted,503

the impact of four di�erent hyperparameters:504

ˆ maximum tree depth: maximum number of decision nodes from the root505

down to the furthest node allowed506

ˆ minimum sample count: minimum number of data samples required at a507

decision node allowed508

ˆ maximum number of features: maximum number of features randomly509

chosen at each decision node allowed510

ˆ number of trees: total number of individual decision trees used511

on the accuracy is evaluated. Since the �nal trained model should be able to512

generalize for di�erent geometries and 
ow conditions, it seems to be reasonable513

to evaluate these hyperparameters with focus on generalization capabilities of514

the random forest. Therefore, we apply a leave-one-out-cross validation, which515

is an appropriate procedure for small data sets. This means, that three out of516
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four available training data sets (see Section 2.5) are used for training, while517

the remaining 
ow case is used to verify the model (see Table 3). Data sam-518

ples featuring non-physical Reynolds stress tensors (barycentric coordinates are519

located outside the barycentric triangle) are removed from each data set.520

Table 3: Scenarios for hyperparameter study: x means part of training data, � means testing

data

Scenario

Flow cases I II III IIII

turbulent channel x x x �

periodic hill x x � x

wavy wall x � x x

converging-diverging channel � x x x

For each of the �rst three hyperparameters several di�erent values were studied521

over a range of the total amount of individual regression trees, while the other522

two hyperparameters were set to default values (seescikit-learn documentation523

for further information). As an example, Figure 8 presents the e�ect of the con-524

sidered hyperparameters on the accuracy of the model prediction in scenario I,525

where the accuracy is expressed in terms of the root mean square error (RMSE).526

(a) Maximum depth of trees

over total number of indi-

vidual trees

(b) Minimum number of re-

quired samples over total

number of individual trees

(c) Maximum number of ac-

tive features over total num-

ber of individual trees

Figure 8: Training accuracy (solid / top) and testing accuracy (dashed / bottom) based on

RMSE for selection of hyperparameters in scenario I
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The subsequent statements made coincide with all evaluated scenarios as well.527

With increasing maximum depth of each individual tree, the model prediction528

error on the training data is reduced at the expense of increasing complexity.529

Increasing complexity of the tree may result in reduced generalizability capa-530

bilities (reduced test data accuracy) of the model. Because a maximum tree531

depth of 15 showed excellent performance for the training as well as for testing532

data, it is preferred compared to a higher value of 20, which increases compu-533

tational costs (see Figure 8(a)). The smaller the number of data samples for534

each decision node, the more accurate the performance on the training data535

(see Figure 8(b)). Since the RMSE based on evaluated testing data is not sig-536

ni�cantly a�ected by this hyperparameter, a minimum sample count of 10 is537

chosen. This enables the model to generalize to a greater extend, than selecting538

a smaller value. A larger number of selected features for each decision node539

lowers the training error and increases the risk of over�tting. Since a maximum540

number of 7 features produces accurate prediction performance for the test data541

as well (see Figure 8(c)), it is selected as inferred hyperparameter. In terms of542

total number of individual trees, one can observe a steep drop in RMSE for small543

numbers followed by a constant level of accuracy. The computational costs scale544

linearly with the number of individual trees. Although computational costs do545

not really play a relevant role for our application, as we only evaluate the model546

once before each simulation run, we sought for the minimum number of trees for547

maximized performance of the model. Therefore, we concluded to use a total548

number of 30 individual trees for the random forest by evaluating all described549

scenarios in Table 3.550

4. Veri�cation of trained machine learning model551

Based on the choice of hyperparameters, which was discussed in the previous552

section, the prediction accuracy of the random forest should be evaluated on the553

available data (see Section 2.5). Ten di�erent scenarios based on combinations554

of the 
ow data cases, listed in Table 4, serve as veri�cation of functionality555
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Table 4: Prediction accuracy of random forest: x means part of training data, � means not

part of training data, red means data set for evaluation of RMSE

Scenario

Flow cases I Ia II IIa III IIIa IIIb IIII IIIIa V

turbulent channel x x x x x x x � x x

periodic hill

� ReH 2 f 2800; 5600; 10595g x x x x � x x x x

� ReH 2 f 2800; 10595g x

� ReH = 5600 �

wavy wall x x � x x x x x x x

converging-diverging channel � x x x x x x x x x

RMSE
�
ppred ; ptrue

�
0.098 0.010 0.133 0.029 0.095 0.028 0.041 0.051 0.014 0.013

and present the accomplishment of the intended generalization of every model.556

While data samples featuring non-physical Reynolds stress tensors (barycentric557

coordinates are located outside the barycentric triangle) are removed from the558

data sets, the RMSE classi�es the prediction accuracy of di�erent scenarios. As559

the target quantity p can vary between zero and one (based on the construction560

of the equilateral triangle with edge length equals to one), the resulting RMSE561

indicate less than 10% absolute prediction error except for scenario II.562

As soon as a trained machine learning model should make predictions on 
ow563

cases, for which accurate data does not exist, judging the model's prediction564

in terms of accuracy becomes di�cult. Comparing the input feature spaces565

of training and testing data (previously unseen case) resulting in extrapolation566

metrics, in order to build con�dence in a machine learning model is a reasonable567

idea. Extrapolation metric measures the distance between a test point ~m and the568

training data feature set m( i ) for i = 1 ; : : : ; n with n as the number of training569

data points. In this paper, we use the Kernel Density Estimation (KDE) to570

compute the distance by estimating the probability density571

f KDE =
1

n� d

nX

i =1

dY

j =1

K

 
~mj � m( i )

j

�

!

, (14)
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with the number of features d and the bandwidth � , determined by Scott's572

rule [48]. According to the work of Wu et al. [35], we use a Gaussian kernel573

K (t) = 1 =
p

(2� ) exp
�
� t2=2

�
and the distance is computed as follows:574

dKDE = 1 �
f KDE

f KDE + 1=A
with

A =
nY

i

�
max

j

�
m( i )

j

�
� min

j

�
m( i )

j

� �
for j = 1 ; : : : ; d

(15)

The applied Gaussian kernelK ensures, that the smaller the di�erence of ~mj575

and m( i )
j , the larger the output of K . In other words, Equation (14) increases,576

if ~m becomes close to a concentrated feature space of the training data points577

and vice versa. The quantity A, which is only dependent on the features of the578

training set, can be interpreted as the volume of a cuboid withd dimensions.579

Thus 1=A is the probability density with respect to a uniform distribution inside580

such a cuboid. Due to the normalization of the distance in Equation (15), the581

metric is able to measure the distance of ~m to the training data with respect582

to a uniform distribution. Consequently, on the one hand, if ~m is close to a583

concentrated feature space,f KDE � 1=A implies dKDE ! 0. On the other584

hand, dKDE ! 1 follows from f KDE � 1=A. This enables a user to interpret585

the rate of extrapolation needed based on the training data set. Thus, two586

extreme scenarios are represented according to:587

ˆ dKDE = 0: no extrapolation is required; the features of the training data588

set cover the feature of the test point ~m589

ˆ dKDE = 1: high extrapolation is required; the features of the test point ~m590

are far o� the features of the training data.591

Since the extrapolation metric only assesses the closeness of the features between592

training and test data sets, Wu et al. [35] demonstrate, that the KDE extrapola-593

tion metric can be used to estimate the prediction con�dence by quantifying the594

correlation between the degree of extrapolation and the prediction accuracy. In595

our work, the 
ow case of the converging-diverging channel serves to present the596

application of the extrapolation metric. The remaining data (turbulent channel597

27




ow, 
ow over periodic hills and wavy walls) is used for training individual ran-598

dom forests, while each random forest is evaluated on the converging-diverging599

channel.600

Selected input features attributed with signi�cant feature importance are consid-601

ered for computing the KDE distancedKDE . The individual feature importance602

for each of the 56 input features, is determined after training the �nal random603

forest (scenario V in Table 4) using the chosen hyperparameters (see Section 3).604

The utility of each feature is determined by the permutation feature importance605

approach, accounting for the reduction in the model accuracy, when the values606

of this feature are randomly shu�ed. Consequently, the selected �ve most im-607

portant features to be considered for determiningdKDE are the eddy viscosity608

q8, the normalized wall-distanceq3, the Mach number q7, the turbulent kinetic609

energy q2 and the Q-criterion q1. Contrary to the work of Wu et al. [35], we610

cannot con�rm a strong correlation between the accuracy of the model, evalu-611

ated by predicting the perturbation magnitude p for the converging-diverging612

channel, and the mean of the KDE distancedKDE for di�erent training data613

sets, as illustrated in Figure 9.614

Figure 9: Relationship between the RMSE of the prediction for the converging-diverging chan-

nel and the mean value of KDE extrapolation metric (standard deviation of the extrapolation

metric is shown as the horizontal bars). All 56 input features are considered for the prediction

and training of the random forest models, while only q1 , q2 , q3 , q7 and q8 are used to compute

dKDE .
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(a) Converging-diverging wall (b) Periodic hill, ReH = 5600 (c) Wavy wall

Figure 10: Barycentric coordinates for selected 
ow cases; legend of (b) corresponds to (a)

and (c) as well

(a) Converging-diverging

channel

(b) Periodic hill, ReH =

5600

(c) Wavy wall

Figure 11: Frequency of target quantity p for selected 
ow cases; vertical axis correspond to

(a), (b) and (c)

However, Figure 10 presents a possible explanation for reduced prediction er-615

ror, when training on the periodic hill compared to the wavy wall. The DNS616

data based barycentric coordinates of the converging-diverging channel and the617

periodic hill cover similar areas in the barycentric triangle, while true values of618

barycentric coordinates for the wavy wall test case are only located in the lower619

range of the triangle.620

Thus, the target quantity, which is the distance in barycentric coordinates,621

becomes more frequent in a similar range of absolute values for the converging-622

diverging channel and the periodic hill (see Figure 11). Even Wu et al. [35]623

mention, that the correlation between accuracy and extrapolation metric is less624

correlated, if the training set is very similar or very di�erent from the test set,625

what we might be facing here as well.626
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(a) Evaluated extrapolation metric

(b) Model prediction ppred presented as absolute deviation based on true values

Figure 12: Veri�cation of metric for converging-diverging channel

Nevertheless, the result of the extrapolation metric is highly dependent on the627

set of considered features. Thus, it seems reasonable to limit the evaluation of628

the metric to certain important features for the random forest.629

Figure 12(a) presents the two-dimensional distribution of the KDE metric, eval-630

uated based on the �ve most important featuresq8; q3; q7; q2 and q1 (correspond-631

ing to the blue data point in Figure 9 and scenario I in Table 4). Although,632

some spatial correlated regions between KDE distancesdKDE and model errors633

jppred � ptrue j in Figure 12(b) can be recognized, their overall correlation is not634

strong (Pearson correlation coe�cient of approx. 0.2). Nonetheless, similar ob-635

servations based on comparable test cases as in the work of Wu et al. [35] (not636

shown here) reinforce the trust in the presented KDE distance, when applied in637

an adequate manner.638

Before the actual application of the data-driven UQ perturbation framework on639

the 
ow around NACA 4412 can be conducted, the prediction of the random640
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