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Abstract
We theoretically explore the properties of heralded number states including up to three photons
that are generated from single-mode twin beams. We investigate the effects of different parameters
involved in the state preparation by using the fidelity, normalized second-order factorial moment

of photon number for the heralded state (g(2)h ), and photon-number parity as figures of merit.
Especially, the photon-number parity offers a practical and robust tool for inferring the target state
quality by capturing the contamination of all undesired photon-number contributions. We focus
on expressing our results in terms of experimentally easily accessible parameters such as the
coincidences-to-accidentals ratio and the detection efficiencies. Our results identify the optimal
parameter regions for generating high quality photon-number states by heralding and provide
useful insights for advancing their use in quantum technologies.

1. Introduction

The generation and precise characterization of quantum optical states are foundational in order to advance
the implementation of technologies for quantum information processing, quantum communication, and
precision metrology [1]. For this purpose, single- and few-photon states are particularly interesting as they
serve as indispensable resources [2]. These states can be produced for example by heralding on the detection
of one of the twin beams generated in non-linear optical processes, such as parametric down-conversion
(PDC) [3] or four-wave mixing [4]. However, until today, the generation of high-quality photon-number
states remains challenging due to both the experimental imperfections and the intrinsic properties of PDC of
being a probabilistic process and of producing higher photon-number contributions, which introduces
undesirable contributions to the photon statistics of the heralded state [5–7].

The accurate characterization of the photon-number content of these heralded states is essential for the
optimization and best exploitation of the photonic sources. Traditionally, the state quality has been accessed
using the figures of merit such as the fidelity and the second-order correlation function, g(2) [8–12]. The
fidelity quantifies the overlap of the generated state relative to an ideal target state, while g(2) provides
information about the multi-photon contributions of the state. For single photons, a low g(2) value is
desirable, as it signals minimal multi-photon contamination [13–15]. However, these metrics present notable
limitations: the fidelity is experimentally challenging to measure [6], and g(2) neglects the impact of the
vacuum component, an essential factor in determining the overall state quality [16–19].

To address these limitations, we explore the photon-number parity as a more practical and
comprehensive tool for characterizing photon-number states. The parity directly captures the quantum
characteristics of the heralded state and provides insight into all photon-number contributions [10, 20] and
eventually allows one to access the phase-space properties of light [21, 22]. Its feasibility in an experimental
implementation and robustness in evaluating state quality make it an attractive alternative to conventional
metrics.

Photon correlations play, in general, an important role for the characterization of sources producing
photons in pairs. In order to perform such correlation measurements with faint light, the use of photo
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detectors with single-photon sensitivity, high efficiency, low dead-time and low jitter are of great interest.
Photon counters used in quantum optics experiments can mainly be divided in two categories. While the
true photon-number resolving detectors allow implementing the projection into the photon-number basis,
which enables a direct measurement of photon statistics and an easier treatment, the so-called
quasi-photon-number resolving detectors, which can be implemented for example with beam-splitter
networks connected to single-photon sensitive detectors that can only resolve between the optical vacuum
and at least one impinging photon, can resemble a photon-number resolving detector [23].

Here, we investigate the characteristics of heralded single-, two-, and three-photon states generated from
single-mode twin beams in a PDC process. Our study evaluates the impact of experimentally easily accessible
parameters on the quality of the generated states. We take into account the heralding efficiency and the
heralded state detection efficiency that both can be accessed via the measurement of Klyshko’s efficiencies
[24] as well as the coincidences-to-accidentals ratio (CAR) that delivers us information of the PDC process
strength being inversely proportional to the pumping power. By analyzing several figures of merit, including

the fidelity, g(2)h -value, success probability and photon-number parity, we examine the trade-offs between
state quality and practical experimental constraints. Our findings reveal that apart from the high detection
efficiencies, the optimally selected CAR values indeed significantly enhance the quality of the heralded states.
However, there is an inherent trade-off between the success probability and state quality, highlighting the
need of the careful parameter optimization. Importantly, we demonstrate that the photon-number parity
effectively captures these trade-offs and provides a reliable assessment of the state quality, surpassing the

limitations of the fidelity and g(2)h -value. Altogether, we provide a deeper understanding of the practical
challenges in generating high-quality photon number states by heralding and provide guidance for
experimental implementations that are faced by the limitations and imperfections of the photon-counting
applications.

2. Methods used in heralding number states

The single-mode twin beams can be generated via the non-linear optical process of PDC [25–29] or
four-wave mixing [4, 30, 31]. With a single-mode state, we refer to the presence of a single optical frequency
mode that can be quantified by the Schmidt number [32]. We denote the twin beams as signal and idler,
which exhibit correlations across various degrees of freedom, including most importantly, the photon
number and polarization [3, 33–37]. The single-mode behavior can be achieved under specific conditions of
the selected non-linear optical material platform as demonstrated experimentally in [38–41]. Typically, the
individual twin beams are cross-polarized [7, 42] or travel at different directions [25, 26] such that one of
them can easily be used for the heralding.

Mathematically, the single-mode twin beams can be represented in the photon-number basis by [20]

|ψ⟩=
∞∑
n=0

λn
√
1− |λ|2|n,n⟩s,i , (1)

where λ denotes the squeezing strength parameter, n represents the photon number, and s(i) labels the signal
(idler) beam. This description assumes a perfect photon-number correlation between the signal and idler
beams. The density matrix associated to the twin beams is then given by

ρ̂s,i = |ψ⟩⟨ψ|=
(
1− |λ|2

) ∞∑
n,m=0

λn (λ∗)
m |n,n⟩s,i i,s⟨m,m| , (2)

in which ∗ denotes the complex conjugate.
Additionally, in the single-mode case, the relation between the twin beam mean photon number n̄ and

the squeezing strength, |λ|2 = n̄/(1+ n̄), allows one to express the joint photon-number statistics as

Pj,l = |⟨ψ|j, l⟩s,i|2 ≡ Pn=j=l (n̄) =
n̄n

(1+ n̄)n+1 , (3)

incorporating the projection into the photon number basis spanned by the photon numbers j and l in signal
and idler, respectively. Here Pn(n̄) is the photon-number distribution, which follows in the single-mode case
a thermal distribution given in terms of n̄ [12, 36, 37]. As photons are generated in pairs within the
non-linear optical medium [33], signal and idler beams are perfectly correlated in the photon-number basis.
This gives null off-diagonal elements in the joint photon-number statistics of signal and idler, and provides
both with equal mean photon number n̄ [20, 43]. In the single-mode case, the thermal distribution Pn(n̄)
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Figure 1. Investigated experimental arrangement. Pump pulse splits to signal and idler beams in a type-II second-order nonlinear
optical process. These emitted twin beams are described as single-mode twin beams given in equation (1), where the two
correlated beams, signal and idler, are cross-polarized. The polarizing beamsplitter (PBS) is used to separate the two correlated
beams. The idler pulses are detected by a photon counting system having an efficiency µh and an associated POVM, thus, the idler
beam is used as a herald and a specific number of click count events realizes for each pulse. The heralded state in the signal arm
travels through a lossy optical beam path having an efficiency µs. In this example, the heralded 0-, 1- and 2-photon states are
depicted with the corresponding number of black circles. Finally, the heralded state properties denoted with the symbol ‘?’ are
characterized.

then determines the population of the different photon-number contributions that each depends on the twin
beam mean photon number n̄.

Our primary objective is to investigate the characteristics of heralded single-, two-, and three-photon
states generated by a source, whose properties follow equation (1). To achieve this, we examine the
arrangement illustrated in figure 1. The generated twin beams are cross-polarized and can be thus separated
by a polarizing beamsplitter, after which idler photons are detected with an efficiency µh using a
photon-counting system associated with a typical positive-operator-valued-measure (POVM). Detection of
one, two, or three photons in this photon counter heralds the single-, two-, and three-photon states in the
signal arm, respectively. Once being heralded, the characterization of the state is carried out in the signal arm
with a detection efficiency of µs.

2.1. Photon-counting system in the heralding
Here, we employ the quasi-photon-number resolving detection system for the heralding process, such a
system can be treated with the click-detection formalism [44]. In this case, the POVM [45–48] associated
with the photon counter used in heralding is an array of single-photon sensitive click-detectors without
photon-number resolution. Thus, the POVM is defined as [44, 49]

Ôk =:

(
N

k

)
exp

−µhn̂+ ν

N
(N− k)

(
Î − exp

−µhn̂+ ν

N

)k

: , (4)

for an array of N click-detectors, from which only k= [0,N] are triggered when photons impinge on them.
Additionally, the efficiency µh and dark count probability ν of the devices are taken into account. In
equation (4) n̂ is the photon-number operator and the identity is denoted with Î . Finally, the symbol “::”
refers to the normal operator ordering.

By expanding the last term in equation (4) with binomial coefficients and applying the normal ordering,
the investigated POVM takes in the number-state basis the form

Ôk =
k∑

m=0

(
N

k

)(
k

m

)
(−1)m e−

ν
N (N+m−k)

∞∑
n=0

(
1− µh

N
(N+m− k)

)n
|n⟩i i⟨n| , (5)

which spans in the Hilbert-space of the idler beam and only has diagonal elements. Such an operator
assumes a uniformly distributed intensity over the click-detectors that are treated identically with each
having dark count probability ν and efficiency µh. For a more detailed calculation see appendix A.1.

The detector parameters are of great importance, when heralding number states. For instance, the
number of detectors can in principle be infinite, however, in a real-environment condition, practicality, space
issues and reasonable costs play a relevant role. Therefore, we fix the number of detectors to N = 4, which
represents a realistic value achievable in a common experimental implementation. The number of clicks k
depends on the heralded target state, i.e. k= 1,2,3 indicating a single-, two- and three-photon states,
respectively. For the dark count probability a realistic value of ν = 5× 10−4 is taken from [50–52] providing
a feasible range for the state of the art detectors. Such a value is also proper to show how the dark count
probability affects the heralded state properties. Additionally, an estimation of its effect on the heralded
single photon can be found in appendix A.2.
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In the event of heralding, the detection is performed in idler (see figure 1). Due to the photon-number
correlation of twin beams this projection affects signal. Thus, the density matrix of signal upon heralding can
be expressed as [1, 53]

ρ̂s =
Tri

{
Ôkρ̂s,i

}
Trs,i

{
Ôkρ̂s,i

}
=

∑k
m=0

(N
k

)( k
m

)
(−1)m e−

ν
N (N+m−k)

(
1− µh

N (N+m− k)
)n

Pn (n̄) |n⟩s s⟨n|∑∞
n

∑k
m=0

(N
k

)( k
m

)
(−1)m e−

ν
N (N+m−k)

(
1− µh

N (N+m− k)
)n

Pn (n̄)
,

(6)

where k is the number of heralded photons, Ôk is the described POVM for the heralding and Pn(n̄) is the
thermal statistics of the single-mode twin beams.

2.2. Photon statistics of heralded number states
Assuming that the photon-number probability can be measured in a lossless fashion, its nth element can be
retrieved from equation (6) via

psn = s⟨n|ρ̂s|n⟩s = Trs {ρ̂s|n⟩s s⟨n|} . (7)

By inserting equations (5) and (2) into equation (6), and then plugging the result into equation (7) one gets
access to the photon-number distribution of the heralded signal beam including the effects of the imperfect
heralding. This leads to

psn =A
k∑

m=0

(
N

k

)(
k

m

)
(−1)m e−

ν
N (N+m−k)

(
1− µh

N
(N+m− k)

)n
Pn (n̄) , (8)

in which psn is the photon-number distribution of the heralded signal beam when having k−clicks in the idler
arm by using a system of N click detectors with efficiency µh and dark count probability ν. HereA is the
normalization constant so that

∑
n p

s
n = 1.

The losses in the signal arm are treated by means of the loss-matrix evaluation [1, 50, 54, 55]. By using
the photon-number distribution of the heralded state in equation (8), the loss-degraded photon-number
distribution is evaluated as

psm,L =

Ns∑
n=0

(
n

m

)
(µs)

m
(1−µs)

(n−m) psn , (9)

where µs and Ns are the efficiency and the highest resolvable photon number of the detector system in the
signal arm, respectively. Conversely, the inversion of equation (9) can be implemented to counteract the effect
of the losses in the signal arm detection, which nevertheless is a highly nontrivial task in experiments [55].

2.3. Defining twin beam properties via CAR
In order to completely define the parameters—the input knobs—of our investigated experimental
arrangement, we further need a parameter for characterizing the photon-number properties of the generated
twin beams. In other words, we need access to the twin beam mean photon number n̄ in equation (8).
Although being proportional to the pump power of the twin-beam generation, measuring such a value for
faint light sources is not a straightforward task in a laboratory. This poses a challenge, as n̄ is essential for
completely describing the heralded state, as well as the probabilistic photon source itself [12–15, 36]. Luckily,
for the single-mode twin beam, the cross-correlation between signal and idler provides a loss-independent
alternative, which experimentally can be directly and easily measured [29, 32].

In this context, the cross-correlation g(1,1) represents the photon-number correlation between signal and
idler that is averaged within the temporal length of a pulse [16, 19]. Such a correlation also corresponds to
the broadly used CAR [28, 29, 56]. Its value can be computed for twin beams in terms of the photon-number
content as

CAR≡ g(1,1) =

∑∞
n=0 n

2Pn (n̄)(∑∞
n=0 nPn (n̄)

)2 . (10)
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Table 1. All fixed and variable input parameters for the computations. The number of clicks implies the heralding of a k-photon state.

Fixed
Number of detectors
N= 4

Number of clicks
k= [1,2,3]

Dark count probability
ν = 5× 10−4

Variable Heralding efficiency
µh

Signal efficiency
µs

Twin beam mean
photon number
CAR

For more details see appendix A.3.
The value of CAR is related to the mean-photon number of the twin-beam state. Indeed, by inserting the

thermal distribution, described in equation (3), into equation (10) delivers

CAR= 2+ 1/n̄ . (11)

This applies especially only to the single-mode twin beams. Therefore, the CAR can be used as an alternative
to the twin beam mean photon number and pump power.

Here, we focus on the effects of the efficiencies µh, µs and the twin beam mean photon
number—determined by the CAR—in the generation of heralded photon-number states. We vary these
parameters to study the quality of the state preparation, by turning the input parameter knobs. Finally, the
fixed and variable input parameter values used in the computation are summarized in table 1.

3. Analysis tools for verifying and validating the heralded states’ properties

A comprehensive treatment is essential for characterizing the heralded states properties. In order to find a

desired parameter space for the state generation we use the fidelity, success probability, and g(2)h as figures of
merit for the heralded state. Further, we investigate the photon-number parity of the heralded states to be
able to estimate the heralded state quality.

3.1. Fidelity
The fidelity is the projection of the generated state onto the desired targeted photon-number state withm
photons, therefore, it represents the quality of the heralded state. This figure of merit is affected by the
imperfect heralding and the losses in the signal detection. In the case of perfect overlap the fidelity equals to
the unity. However, in the case of imperfect heralding one encounters Fh(|m⟩)< 1, withm= 1,2,3.
Numerically, the maximum possible fidelity can be obtained from the loss-degraded photon-number
distribution of the heralded state, equation (9), by extracting the corresponding photon-number
contribution Fh(|m⟩) = psm,L .

3.2. Success probability
Due to the probabilistic nature of the PDC process, there is finite probability that a certain target state can be
created. The success of heralding a given state is determined by the probability that a specific measurement
projection happens. The success probability is equivalent to the normalization factor in equation (6), that is,

Ph = Trs,i
{
Ôkρ̂s,i

}
. Therefore, this probability also depends on all the relevant parameters of the POVM and

the twin beams, but it is independent of the signal detection efficiency µs.

3.3. Normalized factorial moments of photon number
The normalized m-th order factorial moment of photon number g(m) is a practical figure of merit for
evaluating the photon-number content of faint light [16]. In comparison to the photon statistics these
normalized moments are usually extracted in loss-independent manner. One can evaluate these moments for

the heralded state in the signal beam path, denoted as g(m)
h , while idler serves as a herald. In particular, we

make use of the normalized second-order factorial moment of photon number for the heralded state, g(2)h , as
a figure of merit. Numerically, the normalized factorial moments can be computed in terms of the
photon-number distribution via

g(m)
h =

∑
n

n!
(n−m)!p

s
n(∑

n np
s
n

)m =

∑
n

n!
(n−m)!p

s
n,L(∑

n np
s
n,L

)m , (12)

indicating that the value of g(m)
h remains the same for a single optical mode regardless whether the

loss-degraded photon statistics from equation (9) or the lossless photon statistics in equation (8) is employed
[20]. For more details see appendix A.4.
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3.4. Photon-number parity of heralded states
The expectation value for the photon-number parity can be directly evaluated from the photon statistics.
Alternatively, if the mean-photon number of the heralded state is known as well, this figure of merit can be
extracted via the normalized factorial moments of photon number that usually are measured in
loss-independent fashion. In case the heralded state suffers from optical losses, the loss-corrected form of the
heralded state mean photon number ⟨n̂s⟩ is straightforward to determine [16]. This can be done by dividing
the loss-degraded mean photon number of the heralded state ⟨n̂s,L⟩ with the detection efficiency in signal
arm, that is ⟨n̂s,L⟩= µs ⟨n̂s⟩ [20].

Alternatively, also CAR offers an approximate approach for extracting the loss-corrected mean photon
number of the heralded state. In section 4, we estimate ⟨n̂s⟩ in terms of the CAR value. Such finding also
suggests the existence of a proper region in the CAR parameter to improve the generation of heralded
number-photon states.

Numerically, the loss-degraded photon-number parity is gained by definition via [20]

⟨
Π̂
⟩
=

∞∑
n=0

(−1)n psn,L =
∞∑

m=0

g(m)
h

m!
(−2⟨n̂s,L⟩)m , (13)

where psn,L is the loss-degraded photon-number distribution given in equation (9), g(m)
h is the normalized

factorial moment described in equation (12), and ⟨n̂s,L⟩ is the loss-degraded mean-photon number of the
heralded state in the signal beam. Therefore, losses in the signal arm can in principle be fixed by
implementing the inverse of the loss-matrix for the evaluation of the loss-inverted photon statistics or using
the loss-corrected mean-photon number of the heralded state ⟨n̂s⟩. We note that care has to be taken when
applying right hand side of equation (13) that the summation converges.

4. Results

We simulate the characteristics of the heralded number states with the help of the analysis tools defined in
section 3. The states are generated in terms of the input parameters treated in section 2. Apart from the fixed
POVM parameters, these particular input parameters of the state preparation underpin to the CAR, and the

heralding and detection efficiencies µh and µs, respectively. In the following, we compute the fidelity, g(2)h ,
and success probability within a two-dimensional parameter space defined by the CAR and the heralding
efficiency µh. For extracting the fidelity we assume an ideal signal detection efficiency of µs = 1, giving us the
clearest picture of the achievable values in the sense of an upper limit. Besides, these numbers are not
contaminated by multiphoton contributions, which may happen with other values of µs. However, for the
sake of clarity we include in the fidelity results a contour line for µs = 0.7, which represents an optimistic but
more realistic value for experiments. We note that the other two used figures of merits are independent of it.
Additionally, the photon-number parity is evaluated in a three-dimensional parameter space that also
includes variations in the signal detection efficiency. In this way, we can identify the region for preparing the
most desired state using readily accessible experimental parameters.

We start by investigating the characteristics of the heralded single-photon state by setting k= 1. In

figure 2 we present the results for its fidelity, g(2)h and success probability. In the following, we depict for all
investigated states the desired regions with bright yellow, while less favorable regions are shown in dark blue.
A substantial region of the parameter space, bounded by the black curve in figure 2(a), exhibits a fidelity of
Fh(|1⟩)⩾ 0.90 indicating the region of high overlap with the target state. The red-dashed contour line
presents a fidelity of Fh(|1⟩)⩾ 0.68 with efficiency in the signal arm µs = 0.7. This depicts the degradation
of the heralded state by such efficiency.

This high-fidelity region corresponds to heralding arm efficiencies µh ranging from around 0.3 to 1.0 and
values of CAR approximately between 4 and 230. Even though we assume an ideal signal detection efficiency
of µs = 1.0, we can extract a minimum required heralding efficiency and upper and lower bounds for the
value of CAR from our results. Outside this region, towards higher values of CAR the fidelity diminishes due
to an increased contribution from the vacuum component, and towards lower values of CAR the fidelity
decreases as multi-photon contributions become more prominent. Notably, higher heralding detection
efficiencies consistently lead to improved fidelity values, as anticipated. The maximum fidelity of
Fh(|1⟩)≈ 0.98 is achieved within a narrow CAR parameter range from around 15 to 38 under ideal
conditions with no losses, specifically µh = 1 and µs = 1.

The g(2)h , ideally approaches zero for a heralded single-photon state. However, this is unattainable in

practice due to dark counts and multi-photon contributions. As shown in figure 2(b), g(2)h disappears at high

values of CAR. Conversely, at low values of CAR, g(2)h increases due to the simultaneous generation of
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Figure 2. Properties of heralded single photons. We investigate (a) fidelity, (b) g
(2)
h and (c) success probability in terms of the

heralding efficiency µh and CAR value, which is inversely related to the twin beam mean photon number, with µs = 1 and other
input parameters listed in table 1. Additionally, the ticks for the contour values (white, gray, black) are marked in the colorbars.
The red-dashed contour line corresponds to the fidelity with an efficiency in the signal arm of µs = 0.7.

Figure 3. (a) Photon-number parity for a heralded single-photon state in terms of µh, µs and CAR, with the input parameters
listed in table 1. (b) Loss-corrected mean-photon number of the heralded state as a function of CAR for different heralding
detection efficiencies.

multiple photon pairs. Typically, g(2)h ⩽ 0.5 is considered a boundary for discriminating single-photon
sources [57]. However, at high values of CAR, the heralded state may have significant vacuum contributions,
resulting in low-quality single-photon states, as evidenced by a reduction in fidelity. This highlights that a

low g(2)h value alone is insufficient to fully characterize the quality of a heralded single-photon state, especially
at high values of CAR.

Finally, we depict the success probability Ph in figure 2(c). This probability decreases at higher values of
CAR due to a reduced generation rate of photon pairs. In the region of high heralding detection efficiencies
the maximum success probability, Ph ≈ 29%, is achieved at low values of CAR. For ideal detection
efficiencies, the success probability for states with fidelity above 0.90 is approximately 26%.

In figure 3(a) we present the photon-number parity of the heralded single-photon state. For our target

state this expectation takes the value
⟨
Π̂
⟩
=−1. This region closely matches with the fidelity results in

figure 2(a), underscoring the utility of the photon-number parity as a practical characterization tool. Unlike

g(2)h , which provides only a limited insight into the state’s quality, the photon-number parity gives an
insightful characterization of the heralded state, offering a reliable alternative to the fidelity as a figure of
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Figure 4. Properties of heralded two-photons. We investigate (a) fidelity, (b) g
(2)
h and (c) success probability Ph in terms of the

heralding efficiency µh and CAR value, with µs = 1 and other input parameters from table 1. Additionally, the ticks for the
contour values (white, gray, black) are marked in the colorbars. The red-dashed contour line corresponds to the fidelity with an
efficiency in the signal arm of µs = 0.7.

merit. The effect of signal detection efficiency, µs, is also evident in the results. A high detection efficiency of
µs > 80% in the signal arm is required to effectively characterize the heralded state without loss inversion.

Indeed, the parity can be experimentally retrieved by using photon-correlation measurements, as
depicted in equation (13). Additionally, instead of extracting the loss-degraded heralded state mean photon
number ⟨n̂s,L⟩ and correcting it for losses, there is a connection between CAR and the loss-corrected
mean-photon number of the heralded state ⟨n̂s⟩, as shown in figure 3(b). In the region of CAR around 10
and 100 one can reach ⟨n̂s⟩ ≈ 1. This region also corresponds to the most favorable for the heralding of a

single-photon state according to the results from parity, fidelity and g(2)h .
Overall, the quality of the heralded single-photon state diminishes at high values of CAR due to the dark

count probability and the increased vacuum contributions in the thermal distribution of the single-mode
twin beams. Conversely, at low values of CAR, the quality is impaired by the growing multi-photon
components in the heralded state. Altogether, the optimal heralded single-photon state is achieved at the

value of CAR around 15, with fidelity Fh(|1⟩)≈ 0.98, g(2)h ≈ 0.04, success probability Ph ≈ 6.8% and

photon-number parity
⟨
Π̂
⟩
≈−0.95.

Second, we investigate the properties of the heralded two-photon state as a target state achieved in the

simulation by setting k= 2, and present in figure 4 its fidelity, g(2)h and the success probability. Compared to
the case in figure 2, the optimal region for generating a high-quality two-photon state is significantly smaller.
Moreover, the success probability is notably lower with the highest success probability reaching
approximately 14% at low values of CAR. The fidelity for a detection with µs = 0.7 (red-dashed contour line)
reduced the maximum fidelity to around 0.48.

Again, the photon-number parity presented in figure 5(a) effectively encapsulates the information

provided by both the fidelity and g(2)h , offering a comprehensive assessment of the heralded two-photon

state’s quality. Ideally, the photon-number parity of the two-photon target state is
⟨
Π̂
⟩
= 1. Similar to the

single-photon case, the vacuum contributions at high values of CAR reduce the state’s purity, while
multi-photon contributions dominate at low values of CAR, degrading the state’s quality. Once again, the
heralding detection efficiency µh has less influence compared to the signal arm detection efficiency µs,
emphasizing the latter’s critical role. Finally, in figure 5(b) a region of optimal heralded state mean photon
number, ⟨n̂s⟩ ≈ 2, is depicted. This region is found for an increased optimal CAR value compared to the case
in figure 3(b).

The photon-number parity reveals a relatively broad parameter space, where the heralded two-photon
state maintains good quality. Notably, the purest generated state, with the highest success probability, is

8



New J. Phys. 27 (2025) 064103 D Borrero Landazabal and K Laiho

Figure 5. (a) Photon-number parity for a heralded two-photon state in terms of µh, µs and CAR, with the input parameters listed
in table 1. (b) Loss-corrected mean-photon number of the heralded state as a function of CAR for different heralding detection
efficiencies.

achieved at the value of CAR around 23. This state exhibits a fidelity Fh(|1⟩)≈ 0.96, g(2)h ≈ 0.52, success

probability Ph ≈ 0.15% and photon-number parity value
⟨
Π̂
⟩
≈ 0.91.

Finally, we explore the properties of the heralded three-photon state as target state by setting k= 3 and

present in figure 6 the results for the fidelity, g(2)h and the success probability. Compared to the cases of
preparing single- and two-photon states, it becomes evident that the optimal parameter region for
generating the desired state gets even smaller. For an efficiency of µs = 0.7, the state quality for heralded
three-photon state possess a fidelity around 0.34. Additionally, the success probability is further reduced,
with the highest success probability reaching approximately 5.7%, for the low values of CAR.

Similar to the cases of heralded single- and two-photon states, the effects of the vacuum and
multi-photon contributions are observed also in the heralded three-photon state. For this purpose the value
for the photon-number parity, which is presented in figure 7(a), serves as a reliable indicator for identifying
the region of high-quality heralded states. Ideally, the photon-number parity of the three-photon state takes

the value
⟨
Π̂
⟩
=−1. In figure 7(b) we illustrate the mean photon number of the heralded state in terms of

the value of CAR, indicating an optimal region for reaching the value ⟨n̂s⟩ ≈ 3. A similar behavior of
increased value of CAR is observed, as for the case in figure 5(b). The purest generated state, with the highest

success probability, occurs at the value of CAR around 43, exhibiting a fidelity Fh(|1⟩)≈ 0.95, g(2)h ≈ 0.675,

success probability Ph ≈ 5× 10−4%, and a photon-number parity
⟨
Π̂
⟩
≈−0.85. Finally, we summarize in

table 2 the figures of merit for the heralded number states and best input parameter range in terms of CAR.

5. Conclusion

The preparation of high quality heralded photon-number states plays a crucial role in quantum optics. The
lack of true photon-number-resolving detection techniques at the few photon level restricts the quality of the
state preparation and characterization. We studied the generation and characterization of heralded low
photon-number states up to three photons prepared with heralding from single-mode twin beams generated
via PDC. By analyzing the key experimental parameters such as the CAR, heralding efficiency (µh), and
signal detection efficiency (µs) we identified the trade-offs between success probability and state quality.

Using figures of merits including the fidelity, normalized second-order factorial moment
(
g(2)h

)
, success

probability and photon-number parity, we demonstrated how these state preparation parameters influence
the quality and practical use of the heralded photon-number states.

Our results show that while fidelity and g(2)h are widely used to characterize photon-number states, they
have limitations. While the former needs complex loss-inversion techniques for photon statistics the latter
can be used only for state classification. In contrast, the photon-number parity provides a comprehensive
and experimentally accessible metric for assessing state quality, clearly showing the contamination from the
undesired photon-number contributions.

Using a realizable heralding detector, we demonstrate that the optimal region for generating high-quality
photon-number states depends on a delicate balance of experimental parameters. High values of CAR
mitigate multi-photon contributions but increase the vacuum component and allow contamination through
detector dark counts, while low values of CAR lead to excessive multi-photon contamination. Our results
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Figure 6. Properties of heralded three-photons. We investigate (a) fidelity, (b) g
(2)
h and (c) success probability Ph in terms of the

heralding efficiency µh and CAR value, with µs = 1 and other input parameters from table 1. Additionally, the ticks for the
contour values (white, gray, black) are marked in the colorbars. The red-dashed contour line corresponds to the fidelity with an
efficiency in the signal arm of µs = 0.7.

Figure 7. (a) Photon-number parity for a heralded three-photon state in terms of µh, µs and CAR, with the input parameters
listed in table 1. (b) Loss-corrected mean-photon number of the heralded state as a function of CAR for different heralding
detection efficiency.

Table 2. Parameters for the state preparation together with those for describing the heralded state quality leading to characteristics
closest to the target states.

Target state

Figure of merit

|1⟩ |2⟩ |3⟩

CAR 15 23 43
Fh 0.98 0.96 0.95

g(2)h 0.04 0.52 0.675
Ph (%) 6.8 0.15 5× 10−4⟨
Π̂
⟩

−0.95 0.91 −0.89

⟨n̂s⟩(0.4⩽ µh ⩽ 0.6) 1.06− 1.08 2.06− 2.07 3.02− 3.03
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suggest that moderate levels of CAR are favorable, even for the heralding of a single-photon state.
Additionally, detection efficiencies in both the heralding and signal arms significantly influence state quality.
We identified regions in the input parameter space, where several analysis tools indicate high-quality state
preparation, thus providing practical guidance for experimental implementations.

In addition, our results point out that the desired value of CAR is increasing, when going towards a
higher number state. This creates a challenge since at the same time the success probability is strongly
reduced. Earlier studies have reported that there exist a trade-off between the success probability and state
quality [8]. Our analysis can individually address the effect of the different experimental factors. Thus, we
gain information of their interplay in a real experiment and can find the best range for each of these turning

knobs. Including to the analysis of the fidelity and success probability also the analysis of g(2)h and
photon-number parity, we can compare the effect of the imperfections on each figure of-merit. Additionally,
we provide means for the calibration of the heralded state mean photon number solely by the value of the
CAR, which can be highly practical in an experiment.

Altogether, our study emphasizes the importance of the photon-number parity as a versatile and reliable
tool for characterizing photon-number states, surpassing conventional metrics in practical utility and
interpretive power. By identifying optimal regions in the experimental parameter space, this study
contributes to the generation of high-quality heralded photon-number states, laying a foundation for their
deployment in quantum optics tasks and contributing to the development of versatile photon-pair sources.
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Appendix

A.1. Derivation of the POVM presentation in the number state basis
The POVM for an array of N-detectors from which k of them detect a photon is given by [44, 49]

Ôk =:

(
N

k

)
Θ̂N−k

(
Î − Θ̂

)k
: , Θ̂ = exp−µhn̂+ ν

N
, (14)

where Î is the identity operator, and Θ̂ takes into account the efficiency µh of the detectors and the dark
count probability ν. By expanding the binomial from the k-powered term,

Ôk =:

(
N

k

)
Θ̂N−k

k∑
m=0

(
k

m

)
Îk−m

(
−Θ̂

)m
: . (15)

Then rearranging and replacing the Θ̂ operator gives, and noting that Î j = Î ,

Ôk =
k∑

m=0

(
N

k

)(
k

m

)
(−1)m e−

ν
N (N+m−k) : exp−µhn̂

N
(N+m− k) : . (16)

Now, by making used of the identity for ordered exponential operators [20]

: exp{αn̂} :=
∞∑
n=0

(1+α)
n |n⟩⟨n| , (17)

and taking into account that the operator applies on the idler beam, it is possible to get the form presented in
equation (4)

Ôk =
k∑

m=0

(
N

k

)(
k

m

)
(−1)m e−

ν
N (N+m−k)

∞∑
n=0

(
1− µh

N
(N+m− k)

)n
|n⟩i i⟨n| . (18)
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A.2. Effect of the dark counts on the heralded single photon state
From equation (8) one finds that for the heralded single-photon state,

ps1
ps0

=
P1 (n̄)

P0 (n̄)
× (1−µh/N(N− 1))eν/N − (1−µh)

eν/N − 1
, (19)

which corresponds to the ratio between single-photon and vacuum contribution in the heralded state
photon statistics. In the limit of zero dark count probability, the ratio diverges to infinity, implying that the
statistics is highly populated by the single-photon contribution as no vacuum contributions are presented.
Similarly, as ν→∞ the ratio goes to zero, meaning that the population in the vacuum is dominant. In the
region of low dark counts, a first order expansion leads to

ps1
ps0

∝ P1 (n̄)

P0 (n̄)
× µh
ν
, (20)

in which the ratio of the heralding efficiency to the dark count probability governs the quality of the heralded
single photon state by contributing the ratio between single-photon and vacuum contributions and being a
dominant factor for reaching a high fidelity.

A.3. Cross-correlation function
In a similar way to the normalized factorial moments, the high-order cross-correlation function can in
general be computed as

g(n,m) =
Trs,i

{
ρ̂s,i :

(
â†i âi

)n
::
(
â†s âs

)m
:
}

(
Trs,i

{
ρ̂s,iâ

†
i âi

})n(
Trs,i

{
ρ̂s,iâ

†
s âs

})m , (21)

where âs,i (â
†
s,i) is the generalized mode annihilation (creation) operator of the studied pulsed single-mode

PDC process [58]. In terms of the joint photon-number statistics Pj,l,

g(n,m) =

∑
j,l

j!
( j−n)!

l!
(l−m)!Pj,l(∑

j jPj,l

)n (∑
l lPj,l

)m . (22)

Furthermore, as the single-mode twin beams are correlated in the photon-number, the joint photon-number
statistics is diagonal as shown in equation (3), Pj,l = Pj(n̄). Thus, equation (22) simplifies to

g(n,m) =

∑
j

j!
( j−n)!

j!
( j−m)!Pj (n̄)(∑

j jPj (n̄)
)n+m . (23)

From this expression, the CAR value can be computed as in equation (10).

A.4. Normalized high-order factorial moment
In general, the normalized high-order factorial moment for the heralded beam is retrieved from

g(m)
h =

Trs
{
ρ̂s :

(
â†s âs

)m
:
}(

Trs
{
ρ̂sâ

†
s âs

})m , (24)

where ρ̂s is the density matrix of the signal beam in equation (6). This form can be expressed in terms of the
photon statistics of the signal beam, as shown in equation (12).

For completeness, we present in figure 8 the values of g(3)h for the three-photon state. In this case the value

for the target state is g(3)h = 2/9≈ 0.22. However, a more strict condition for the desired state preparation

range was achieved via g(2)h , which is presented in figure 6.
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Figure 8. g(3)h value of heralded three-photons in terms of the heralding efficiency µh and CAR value, with µs = 1 and other
input parameters from table 1.
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