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Abstract Passive seismic ambient noise interferometry (ANI) has shown potential for lunar seismic
exploration, offering the capability to detect near-surface subsurface structures critical for future lunar mission,
such as near-surface ice deposits and lava tubes, without the need for active seismic sources. Performing ANI on
the Moon can be realized with a multi-agent system, in which a network of individual rovers either carry or
deploy seismic receivers. However, these systems have inherent uncertainties in localization and timing.
Additionally, methods used to extract dispersion curves from cross-correlations are fundamentally limited in
achievable time—frequency resolution, which we demonstrate for the continuous wavelet transform (CWT).
Quantifying how these factors propagate into Rayleigh wave velocity estimates is essential for accurate detection
of lunar subsurface features. In this study, analytical error formulas are derived and validated through Monte
Carlo simulations using passive seismic data from the Apollo 17 lunar seismic profiling experiment. Results
indicate that velocity uncertainties due to localization errors remain around an acceptable 2.2 % for realistic
positional standard deviations of 0.9 m at the receiver distance of 56.9 m as in the Apollo 17 Lunar Seismic
Profiling Experiment. Timing errors induced by clock instabilities are negligible. However, uncertainties in
seismic travel-time estimations are significantly dominated by the resolution limits imposed by the CWT. The
developed analytical uncertainty model thus provides a critical foundation for designing autonomous lunar
seismic networks for future lunar missions.

Plain Language Summary Exploring beneath the Moon's surface helps scientific research and
supports future human missions. Detecting hidden ice or lava tubes can provide astronauts with resources and
safe habitats. One way to investigate these hidden structures is through seismic methods, which study vibrations
similar to those from earthquakes. Instead of waiting for moonquakes or artificially creating seismic signals, we
can also measure natural vibrations occurring on the Moon. To measure lunar seismic signals, sensors must be
placed on the surface. We propose using small rovers, called a multi-agent system, to carry or deploy these
sensors. However, small errors in rover positioning and slight differences between their clocks might affect our
measurements. To understand the impact of these uncertainties, we developed analytical formulas and validated
them using data from the Apollo 17 mission. We found that positioning errors introduce only minor uncertainty,
while clock differences have no impact. The main source of uncertainty actually comes from our analysis
method, which inherently limits measurement precision. Overall, our findings confirm that multi-agent rover
systems can support passive seismic exploration on the Moon. Our work helps improve rover networks and
analysis techniques to detect hidden lunar subsurface features.

1. Introduction
1.1. Motivation

Driven by initiatives such as NASA's Artemis program, the Moon has reemerged as a prime target for scientific
exploration and long-term human presence. Therefore, a central element of this initiative is identifying safe
habitation sites and local resources. In particular, near-surface water-ice deposits in permanently shadowed re-
gions near the lunar poles offer possibilities for in situ resource utilization (McClanahan et al., 2024; Reach
et al., 2023). Extracting and processing lunar water could aid life support systems and provide essential com-
ponents for rocket fuel (Spudis, 1999). Additionally, large underground cavities, particularly in the form of lava
tubes, could serve as natural shelters for future astronauts by providing protection from cosmic radiation,
micrometeorite impacts, and extreme temperature variations (Haruyama et al., 2012; Horz, 1985). However, the
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direct detection of these structures remains challenging, with current evidence relying on collapsed pits and low-
resolution orbital gravimetric measurements (Carrer et al., 2024; Chappaz et al., 2017).

Seismic exploration is a widely used technique to investigate subsurface structures on planetary bodies. It offers
the capability of both detecting even small fractions of ice as well as cavities (Kolesnikov & Fedin, 2018;
Kunimasu et al., 2023). Past lunar missions, such as the Apollo Passive Seismic Experiment, provided valuable
insights, for example, into deep lunar structure and moonquake activity (Cooper et al., 1974). Several future lunar
missions are planned or envisioned to bring back seismic stations to the Moon, for example, the Lunar Envi-
ronment Monitoring Station for long-term seismic monitoring in the south polar region (Benna et al., 2020), the
Farside Seismic Suite as a first station on the far side of the Moon (Panning et al., 2022), and the Lunar
Geophysical Network spanning multiple locations around the Moon (Haviland et al., 2022). However, these
concepts are meant for monitoring purposes. Despite the potential of seismic exploration, several challenges must
be addressed. Unlike on Earth, where active seismic sources such as vibrators or explosives are commonly used
(Talwani & Kessinger, 2003), deploying comparable sources on the Moon is far more difficult due to, for
example, launch-mass, mechanical and operational constraints. The Moon's regolith, characterized by low
seismic velocities and high scattering properties, further complicates seismic measurements by inducing wave-
field coda and lowering waveform coherence, making it more difficult to process resulting seismic data
(Blanchette-Guertin et al., 2015; Dainty et al., 1974). Additional challenges arise from the absence of an external
positioning system, communication constraints due to the lack of a networking infrastructure, limited compu-
tational resources on lunar rovers and very high fluctuations in temperature of up to = 300 K in equatorial regions
(Saboia et al., 2024; Williams et al., 2017).

Concepts such as NASA's Cooperative Autonomous Distributed Exploration Rovers (de la Croix et al., 2024)
aim to enhance planetary surface exploration by deploying autonomous, collaborative robotic networks.
These so called multi-agent systems consist of multiple, usually homogeneous, agents with limited compute
capabilities that perform collective exploration via inter-agent communication and local sensing of the
environment (Sahin, 2005). They offer several advantages over single robots, for example, the ability to
cover larger areas and provide redundancy (Schuster et al., 2020). Moreover, agents can self-localize, that is,
determine their own position in (at least) a system-local coordinate system and distribute tasks (Brambilla
et al., 2013).

To overcome the need for active seismic sources and the constraints of static and sparse single-station seis-
mometer deployments, we propose using multi-agent systems equipped with seismometers to perform seismic
ambient noise exploration for the mapping of water-ice deposits and lava tubes. In particular, seismic ambient
noise interferometry (ANI) performed by a multi-agent system appears promising.

1.2. Main Contribution

As multi-agent systems have inherent uncertainties in localization and timing, seismic reconstruction results will
be impacted. Additionally, the ANI processing workflow itself introduces uncertainties, most notably those
associated with gathering the time-frequency information. We will demonstrate these for the continuous wavelet
transform (CWT), though other more traditional methods such as the frequency-time analysis of seismic waves
(FTAN) and the short-time Fourier transform (STFT) will have similar or worse behavior. Understanding these
uncertainties will allow us to assess the feasibility of performing ANI with multi-agent networks for lunar seismic
exploration. Additionally, these can be used in creating optimal experimental designs to reposition the agents for
improved sensitivity for our specific goals (Strutz & Curtis, 2024).

Therefore, we use a combination of experimental data, analytical derivations, and simulations to analyze
how localization and timing uncertainties inherent to autonomous rover networks propagate into ANI results
and quantify the additional uncertainty introduced by the CWT. The notation used in this study is presented
in Table 1.

In Section 2, we give an overview on the aspects of multi-agent systems that impact seismic measurements. In
Section 3, we introduce the ideas behind ANI and how the time-frequency information is extracted via the CWT.
In Section 4, we develop the analytical framework to derive the uncertainties related to the localization and timing
errors, the CWT, and a combination of these. Section 5 details the origin and processing of the lunar data used for
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Table 1 our analysis. In Section 6, we show the setup of our uncertainty simulations.
Notation Used in This Study In Section 7, the results of these simulations is given and compared to our
L analytical ones. Section 8 concludes our work and gives an outlook on
Symbol Description . R .
promising directions for future research.
a Scalar
g Nt 2. Multi-Agent Systems
A Matrix o ) ) o
. In the context of a seismic experiment, agents either place or carry seismic
A Random variable . . . s . .
_ receivers. In the following, we therefore give a brief introduction on locali-
El4] LE525 2o if A zation and timing in multi-agent systems and link these aspects to ANI. More
Var[A] Variance of A details on how to assemble a multi-agent navigation system by integrating
b Covariance communication, localization, sensing, and control can be found in Zhang
N@Xx) Normal distribution with mean @ and et al. (2021). The performance of their cooperative navigation in a space-

covariance X analog environment is evaluated by Péhlmann et al. (2023).

2.1. Localization in Multi-Agent Systems

Distance estimation via, for example, radio-frequency signals is the first step

in localization. This is also referred to as ranging. The two-way time of arrival
(TW-TOA) method allows for accurate ranging without requiring prior time synchronization between agents
(Savic & Zazo, 2018). Afterward, the distance estimates are fused to get position estimates via a localization
algorithm (Wymeersch et al., 2009).

For localization, the Cramér—Rao lower bound (CRB) establishes a theoretical lower limit on the error covariance
matrix achievable by an unbiased position estimator (Cramér, 1946; Rao, 1992). It depends strongly on the signal
propagation model, distance measurement type (e.g., TW-TOA), and the multi-agent system geometry (Ash &
Moses, 2008). The accuracy bound corresponds to the covariance matrix from the CRB and can be visualized as
uncertainty ellipses around position estimates (Chang & Sahai, 2006; Shen & Win, 2010). In practice, the mean
square error in position estimation consists of both variance and bias, with bias often dominating in real-world
scenarios (Conti et al., 2012).

In ANI, inter-receiver distances are essential to calculate velocities from the seismic wave traveltimes. However,
rather than relying on RF-based ranging, distances should be derived from the localization algorithm's position
estimates. This ensures the calculation of inter-receiver distances even when RF-based ranging is infeasible, for
example, due to line-of-sight obstructions. Additionally, direct distance measurements only indicate how far
receivers are apart, without providing information about the absolute measurement locations. Nevertheless, errors
in the position estimates, which are fundamentally lower-bounded by the CRB discussed above, propagate into
the inter-receiver distances and consequently affect the ANI results.

2.2. Timing in Multi-Agent Systems

Each agent carries a clock that relies on an oscillator whose frequency depends on the type of oscillator used
(Levine, 1999). The frequency of any oscillator is unstable up to a certain degree due to inherent noise sources and
can be impacted by environmental (e.g., thermal) variations (Sichitiu & Veerarittiphan, 2003). Therefore, syn-
chronizing clocks is critical to enable coherent operation for localization, sensing, and communication tasks
(Staudinger et al., 2021). In the context of ANI, clock instabilities among different receivers result in a non-
uniform temporal reference for the recorded seismic traces, which impacts the cross-correlation of receivers'
seismic traces.

The frequency stability of oscillators and clocks is often quantified using the overlapping Allan deviation
(OADEV), defined as the square root of the two-sample variance of successive time differences over an averaging
interval 7 (Allan, 1966). It can be understood in a simplified manner as the average instability per second if the
clock is observed over the interval z. Figure 1 shows exemplary OADEVs for different clocks, with lower
OADEVs generally indicating better performance. A region of low OADEV over 7 indicates the most stable
averaging interval. The averaging interval at which the OADEV begins to rise again after a minimum also de-
termines the maximum synchronization interval to still be able to adequately estimate the clocks' states (Stau-
dinger et al., 2021).
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1077 3. Ambient Noise Interferometry
o] ANI has been successfully applied in Earth-based seismology to image
5 10 subsurface structures without the need for active sources (e.g., Lin
= et al., 2007; Yang et al., 2007). Similarly, for example, Larose et al. (2005),
g 1074 — UwB Tanimoto et al. (2008), and Sens-Schonfelder and Larose (2010) perform ANI
s : I)((:;):(% with lunar data to investigate the local, near-surface subsurface, where ther-
iloim‘ — Rubidium mal moonquakes act as the main seismic energy source (Duennebier &
é Sutton, 1974). Although ANI is predominantly used for monitoring, it has
% 107% 4 also been proposed for exploration applications as well (Ma et al., 2024).
3 Recent advancements, such as improved stacking methods, significantly
10724 reduce measurement times and enhance ANI's potential for planetary
exploration (Keil et al., 2024).
107 o 100 10t 102 103 10¢

Averaging Time T (s)

Figure 1. OADEVs for four different clock types. Data from Zhang

et al. (2023) for the ultra-wideband clock, Staudinger et al. (2021) for the
temperature controlled crystal oscillator (TCXO), and Trainotti et al. (2019)
for the oven controlled quartz oscillator (OCXO) and Rubidum oscillator.

ANI is based on the principle that cross-correlations of diffuse wavefields
approximate the empirical Green's function between two receivers, that is, the
Green's function of a propagation model between them (Lobkis &
Weaver, 2001) (Figures 2a—2c). In the seismic applications, ambient seismic
noise can act as the diffuse wavefield, provided it is coherent and propagates
through both receivers. As a result, one receiver effectively acts as a virtual
source, while the other records the seismic response as if the first station had

a) . b) . 9]
—— Receiver A —— Receiver B —— Xcorr(A,B)
0 1 2 3 0 2 3 -2 -1 0 1 2
t(s) t(s) Time lag (s)
) —— Empirical Green's function ) —— 4 Hz (center) ) —— 9 Hz (center)
-3.5 -25 -15 -0.5 -35 -1.5 -0.5 -35 -25 -1.5 -0.5
Time lag (s) Time lag (s) Time lag (s)
9) Scale (1/Hz)
0.24 0.16 0.12 0.10 le—17
-1.05

— —— dispersion curve 9]
2 15T
€48 -1.18 2
> g 3
g4 1352 WMi10§
E 2 :

36 -1.58 ¢ =
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& 30 -1.90 g

0.0
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Figure 2. Main concept of ambient noise interferometry and processing steps. The cross-correlation of simulated isotropic, uncorrelated noise fields measured at
receivers A and B as shown in (a) and (b) results in the emergence of Green's function (c). (d) Shows the empirical Green's function for the cross-correlation of measured
Apollo 17 lunar data and its frequency-dependency in (e) and (f). (g) Depicts a scalogram and the dispersion curve derived using the continuous wavelet transform of the

Green's function from (d).
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emitted an impulsive signal (Sabra et al., 2005). Surface waves, for example, Rayleigh waves, dominate the
Green's function and therefore are the easiest to extract from ambient noise (Shapiro & Campillo, 2004). These
are inherently dispersive, meaning that velocity varies with frequency in non-homogeneous media, as lower
frequencies are sensitive to deeper structures compared to higher-frequency waves (Lin et al., 2007)
(Figures 2d-2f).

To determine frequency-dependent velocities, frequency-dependent traveltimes between the virtual source and
receiver need to be extracted. As these traveltimes correspond to frequency-dependent lag times of Green's
function, time-frequency or time-scale analysis methods are typically used (Bensen et al., 2007). More traditional
time-frequency methods (e.g., FTAN and STFT), face limitations, for example, due to their fixed resolution in
time-frequency space. In contrast, the CWT that we employ in this research offers adaptive resolution, improving
the trade-off between frequency and temporal resolution (Mallat, 2009; Torrence & Compo, 1998). The CWT has
been used in multiple studies related to extracting the velocity of surface waves, for example, Kulesh et al. (2005);
Holschneider et al. (2005); Poggi et al. (2013); Gupta and Mukhopadhyay (2023). It convolves the signal /() with
the complex conjugate of a dilated and translated mother wavelet y(¢). The squared modulus of this convolution is
called scalogram and depicts the energy that specific scales (which are inversely proportional to frequency) have
at certain times (see Appendix A for details on the CWT) (Figure 2g)). Practically, dispersion curves are extracted
directly from the scalogram by identifying per-scale maxima. Compared to FTAN and STFT, the CWTs reso-
lution of the energy is superior (Cohen, 2001). The dispersion curves correspond to the empirical Green's
function, that is, the frequency-dependent traveltimes of the seismic wave (Kulesh et al., 2008). Inter-station
surface-wave velocities are then calculated using the picked traveltimes from the scalogram and the distances
between station pairs (Figure 2g)).

In the context of lunar seismic exploration, Keil et al. (2024) numerically investigated the potential of ANI in
the highly scattering lunar environment. Their results show that inter-receiver distances of up to approximately
60, m are usable within the frequency range of thermal moonquakes. Beyond this distance, a reduction in
signal-to-noise ratio (SNR) obscures the emergence of the empirical Green's function. We consider this
spacing sufficient for exploratory measurements, while also facilitating inter-receiver communication (Stau-
dinger et al., 2023).

4. Methodology

This section (a) develops closed-form expressions that map multi-agent localization uncertainties and wavelet-
based time-lag, that is, travel time, picking errors to the mean and variance of inter-receiver velocity estimates
derived with ANI, and (b) describes a model for ultra-wideband (UWB) clocks that is later used in simulations to
assess the impact of clock instabilities on the velocity reconstruction.

4.1. Localization-Error-Induced Distance Uncertainty

The position of an agents is a random quantity due to errors in the localization method (Section 2.1). Let X and X,
be receiver positions in R? that are carried or placed by agents and therefore have position errors. We quantify the
position estimates as independent, circular-symmetric bivariate normal distributions

X~ NS X~ N E), o

centered on u; and p, with covariance matrices X; = X, = 6/2, I,, where o, is the equal, component-wise

standard deviation of the position estimates (Figure 3).

The inter-receiver distance L can be be computed as

L = [JAX]| = |IX; = Xa|. @
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Figure 3. Two unknown receiver positions with independent, circular-symmetric bivariate normal distributions N (i, ) and
the resulting Rice distribution for the distance estimate.

L is known to be Rice-distributed (Rice, 1945) with the probability density function

2242
hlv,a) = %exp (—(—H/)) Iy (g), 3)

202

scale @ = \/56,, and non-centrality v = ||, — p,||. Its mean is given as

where L/, denotes the Laguerre polynomial (Half) and I, I, are modified Bessel functions of first kind. The
variance can then be computed as

Var[L] =2a* +» — E[L]*. 5)
It follows that the mean and variance of the wave velocity estimates V can then be calculated as

E[V] = a Var[V] = V%Z[L] (6)

where ¢ is a deterministic time lag.

4.2. Clock-Instability-Induced Time-Lag Uncertainty

In the derivation above, we assumed that the time lag ¢ is deterministic. This assumption might be too strong, as
the time lag ¢ results from the cross-correlation of two seismic traces recorded by different agents with clock
instabilities.

To inspect the impact that clock instability has on the retrieval of the Green's function, we inspect UWB clocks as
a conservative, ‘“worst-case” scenario, and due to the benefits of UWB devices in real-world scenarios: being
cheap and providing communication and ranging capabilities. We employ the two-state clock model with con-
stant frequency drift d from Galleani et al. (2003) to simulate the clocks. An iterative solution with constant time
spacing At = 1, — t; forthe state x = [x;,x,] that stacks the clock phase and frequency errors can be derived
by calculating
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1 Ar l 2 aiAt+afATt (T,ZATt
Xir1 = X, + 2 d+Wk, WkNN 0, 2 s (7)
At o2 A o> At
r 2 r

where (rfv, o% are the variances of the white and random-walk frequency noise components, respectively.

4.3. CWT-Induced Time-Lag Uncertainty

Let us now consider a theoretical case where the receiver positions are known, therefore the distance £ is now
deterministic. When using the CWT to extract time-frequency information from the empirical Green's function
(Figure 2), the joint time-frequency resolution of the scalogram is limited due to the Heisenberg-Gabor uncer-
tainty principle (Mallat, 2009). Here, we quantify the impact of this resolution limit on the accuracy of the time-
lag pick 7 as the per-frequency maximum of the scalogram.

The limited joint time-frequency resolution can be understood as energy spreading around a point in the scalo-
gram. For our purpose, we will only consider the spread in time. In our work we employ the Morlet wavelet

W(t) — n—l/4eiw(,le—tz/2 (8)

as mother wavelet () centered at 0, where w,, is the dimensionless central frequency of the Gaussian-windowed
sinusoid and a trade-off parameter between time and frequency resolution. Its energy spread in time is

O, = SO;, 9)
with scale s and time variance

(10)

O, =

Il

(derivation in Appendix A).

From Equation 9, we see that the energy is spread across a larger time interval with increasing scale s, that is,
lower wave frequencies. We model the uncertainty in time-lag pick in the scalogram as normal distributions with
the mean yuj, being the maximum picks, that is, the unmodified dispersion curve, and the standard deviations
og, = 8/ \/5 Since we now treat the time lag 7 as a random variable, its appearance in the denominator of
V = £/T could result in singular inverse moments E[7~'| and Var[T~']. By truncating the normal distribution
T ~N (/,lEJ,O'EYr) at a lower truncation point a, we can approximate IE[T_I] and Var[T_l] using Dawson's
integral as in Hall (1979). This approximation holds as long as

2
(@> <t L (11)

HE+

The mean and variance of the inverse truncated normal distribution can then be approximated by

1 J(oy) - I
B~ vafr] & )T ) _ (@), (12)
KE HE,;
where 61 = og,/jig,, and I and J are derived using Dawson's integral D as such:
e[ V2 (1 1
D(x)=e e dt, I(6,)=—D s J(oy) = —1(e,) = 1]. (13)
0 Ow \/Eo'w Oy
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Figure 4. Array geometry of the Apollo 17 lunar seismic profiling

G1 With the distance ¢ being deterministic, moments of V then follow as
E[V]=7¢E[T"'],  Var[V]=¢*Var|T™]. (14)

4.4. Combined Uncertainties

With both L and T treated as random variables, V follows as the ratio of these
two random variables: V = L/T. Instead of calculating the distribution of V,
we focus solely on the mean and variance of V, as these are easier to derive. As
we will see later, we can neglect the impact of the clock instabilities (Sec. 7),
and therefore only have to account for the moments stemming from the Rice
distribution for L and the inverse truncated normal distribution for 7!

Assuming that the random variables L and 7~ are independent, the mean and
variance of V can be exactly computed (Goodman, 1960) as

E[V] = E[L]E[T™]

Var[V] = (Var[L] + E[L]?) (Var[T”] + JE[T*‘]Z) — (BILIE[T"])’
(15)

As this is a strong assumption, we will test if it holds in Section 7. Without the

. . _1 .
experiment, with inter-station distances from Haase et al. (2019) and noise assumption of independence of L and 7", calculating these moments can be

flux direction from Larose et al. (2005).

done using a first-order Taylor series approximation around
6 = (E[L],E[T™"]) (Stuart & Ord, 1994), resulting in

E[V] ~ E[LIE[T™']
(16)
Var[V] ~ E[L]*Var[L] + E[L]*Var[T™'] + 2E[L]E[T~"] Cov[L,T~']

with the covariance term Cov[L,T']

5. Apollo 17 Lunar Seismic Profiling Experiment Data and Processing

We apply our approach to data from the Apollo 17 Lunar Seismic Profiling Experiment (LSPE) (Kovach
et al., 1973) which serve as the basis for our simulations described in Section 6. Four seismic receivers were
deployed in a triangular configuration with a central station (Figure 4, labeled G1-G4). Inter-station distances are
taken from Haase et al. (2019), who corrected the original distances by combining new high-resolution data from
the Lunar Reconnaissance Orbiter with Apollo astronaut photography. The receivers recorded vertical ground
velocity in a usable frequency range of 3-30 Hz with a sampling rate of 118 Hz. For more details on instruments
and recording formats, see, for example Kovach et al. (1973). While the LSPE was primarily set up as an active
source experiment, passive data were also recorded, in particular continuously between 15 August 1976 and 24
April 1977.

For our purpose we used 1 month (19 September—19 October 1976) of passive data from Data ARchives and
Transmission System (DARTS) (see Data Availability Statement) in decoded CSV format. This has been shown
to be a long enough period for the empirical Green's function to converge to the one that would appear if all
8 months of data were used, thereby reducing the computational effort (Keil et al., 2024). We focus on station pair
G3-G4 only, as it has shown to have the highest SNR of the station pairs due to the relatively short inter-station
distance and the closest match of incident direction of the principal seismic noise sources with the G3—G4 setup
(Larose et al., 2005; Tanimoto et al., 2008) (Figure 4).

The raw data were filtered in the frequency range 3 Hz to 30 Hz, the signal's amplitude capped to three times the
root mean square of the raw data, and spectrally whitened. Afterward, the seismic traces between G3-G4 were

NIERULA ET AL.

8 of 18

dny) suonIpuoD pue s | 8Ly 88S *[9202/20/72] U0 ARIGITBUIUO AB|IM “UBWSS ZJOYWRH "q U] Uuyed wrey *N-1n "4 Wniuez yasia Ad Te9r00vaS5202/620T OT/10p/wod’ 43| imA.q 1 putjuo'sgndnbe//sdny wo.y papeojumoq ‘2 ‘9202 ‘¥B0SEEET

0" fo|Im A,

85UBD|T SUOWILLIOD BAI1ER1D 3|aedtjdde 8y Aq peusenob afe Sa[o1ie YO ‘BSN J0 S9N 10} Al 8UlUO AB[IAA UO (SUOTIPUOD-PI



V od |
AGU

ADVANCING EARTH
AND SPACE SCIENCES

Earth and Space Science 10.1029/2025EA004631

i
1
1
i
0.4 |
i
1
1
1
1

AN

0.01

Deviation from 0 (us)

—-0.41

correlated using the python package MSNoise (Lecocq et al., 2014) for

~~" Synchronization 30 min time windows and linearly stacked. Subsequently, the CWT was used

—— Clock G3
Clock G4 to locate the per-frequency-maxima of the correlated signal in the same fre-

quency range of 3.6Hz to 11.4Hz as in Larose et al. (2005) and Sens-
Schonfelder and Larose (2010).

‘ '\M “\/’/ '*M‘*M 6. Simulation Setu
' : p

We perform different simulations to quantify how the different uncertainty
factors impact the velocity results and to confirm the analytical derivations
from Section 4. All of these will rely on the Apollo 17 LSPE data from
Section 5, either by making use of the time lags from the scalogram or by
modifying the seismic traces directly in case of the clock-instability-induced

60

120 180 uncertainties.

Time (s)

First, we simulate the impact of localization uncertainty only, neglecting other

Figure 5. Simulation of the two ultra-wideband clocks that perfectly uncertainties. To this end, we assume o, = 0.9 m, which corresponds to the

synchronize every 50s.

maximum root-mean-square error (RMSE) of two agents in the vicinity of

anchors as observed in experiments by Pohlmann et al. (2023). The Euclidean
distance is then calculated between 100000 random receiver positions X; and X, sampled from the normal
distributions as defined in Equation 1, with means being the original G3 and G4 positions, respectively. The per-
scale velocity estimate is then calculated by dividing the distance samples with time lags picked from the
scalogram.

Second, 1,000 realizations of two UWB clocks are created using Equation 7 with clock parameters
02, =1.02-10755,06? = 1.29- 1078 Hzand d = 1.47 - 10722 Hz (Figure 6). dt is set to be equal to the sampling
period of the original seismometers to allow for easy addition of the simulated instability to the original time-
stamps. We perfectly synchronize the clocks every 50 s (minimum of the OADEYV in Figure 1) by resetting the
clock phase and frequency errors to [0,0]" (Equation 7). Two exemplary clock instability simulations with
synchronization are shown in Figure 5. We then shift the timestamps of the seismic traces of G3 and G4 by the
simulated deviation. To correlate the two seismic traces, we linearly interpolate the data back to the original
timestamps. The modified seismic traces are then processed as the original ones were (Section 5) and the
dispersion curve is extracted.

Third, to ascertain the effect of solely uncertainties in the time lag ¢ due to the energy spread of the CWT, we
generate 100 000 time-lag samples T from the truncated normal distribution N/ (;45’,, o-E,,) per scale s. A truncation
pointof a = 0.055s ((11)) was selected to approximate the moments of the inverse truncated normal distribution
for the time lag, following a manual optimization. The dispersion curve then follows from V = ¢/T with
¢ = 56.9m between G3 and G4.

Fourth, to simulate a combination of uncertainty in position and time we take one distance L and one time-lag
sample T per scale to calculate a single dispersion curve. We repeat this 100 000 times to get the moments of
our velocity estimates (Equation 15). We also check if the assumption on the independence of L and 7~ holds by
numerically estimating the covariance Cov[L, T ’1] and calculating the impact of dropping the covariance term in
the Taylor approximation of Var[V] (Equation 16). Additionally, the difference between the Taylor approxi-
mation and the exact formulation (Equation 15) is calculated.

An overview of the simulation parameters is presented in Table 2. We also assess the impact of different wy
parameters of the Morlet wavelet (Equation 8) by repeating all simulations. Based on these repetitions, we
compare the analytically derived and simulated mean and standard deviation of the velocity estimates V in case of
the combined uncertainty factors.

7. Results and Discussion

In this section, we will first go over the results from the simulations before confirming that our analytical der-
ivations match the moments from the simulations. Please note that the standard deviations shown will stem from
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Table 2
Simulation Parameters for the Different Scenarios
Uncertainty source Parameter Symbol Value/Setting
Localization Std of position error op 0.9m
Receiver means Kk G3 and G4 coordinates
Covariance matrix =% 512712
No. samples 100 000 receiver pairs
Clock instability White noise variance a2 1.02-107s
Random walk variance o2 1.29-107'8 Hz
Drift component d 1.47 1072 Hz
Time step At 8.49.1073s
Sync. interval 50s
No. samples 1,000 clock pairs
CWT Inter-receiver distance ¢ 56.9m
Mean of time-lag HEy Max. pick in scalogram p. scale
Std of time-lag Ok, g /\/5
No. samples 100000 p. scale
Combined Distance sample L From localization
Time-lag sample T From CWT
No. samples 1 p. scale for 100 000 rec. pairs
different kinds of distributions, for example, a scaled Rice distribution the velocity estimates in case of only
localization errors.
Figure 6 shows the scalograms and picked dispersion curves for different wgys of the Morlet wavelet. The main
energy is concentrated between approximately 6 Hz to 8 Hz and how concentrated it is depends strongly on the
choice of w,. Additionally, small differences between the dispersion curves are noticeable for the different ws at
lower and higher frequencies. For w, = 6, the dispersion curve mostly follows the one for w, = 8, with the
exception of around 10 Hz, where the maximum energy is similar to the @, = 4-case. For @, = 6, the dispersion
curve then jumps to another band of slightly higher energy, where it is again more similar to the @, = 8-case. As
we are more concerned with uncertainties than the exact shape of the dispersion curves, we only note here that an
amplitude-scaled scalogram for the ridge detection might be a better choice to pick the dispersion curves (see
Appendix A).
7.1. Localization-Error-Induced Distance Uncertainty
With the assumed 6, of 0.9 m, the standard deviation in distance estimate comes to 4/Var[L] =~ 1.27 m (Equa-
tion 5). The final standard deviations in the velocity estimates come from scaling with the time lags (Equation 6),
le-17
a) b) 9] o
Q 2 a 158
E E4 E4 2
> > 2 g
S G 42 G 42 106
o S S €
CU [ ([
236 236 236 05 e
3 2 2 o
s 530 530 g
0.0
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Figure 6. Scalograms for (a) wy = 4, (b) wy = 6, and (c) w, = 8 with already converted axes (scale to frequency and time to velocity). The dispersion curves are

depicted in red.
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Figure 7. Dispersion curves for different wys with standard deviation of the velocity estimates solely due to uncertainty in
localization (a) and closer look at the standard deviations (b).

which change with frequency and choice of @,. Therefore, the standard deviations mimic the shape of the
dispersion curve (Figure 7). The standard deviations are ~2 % of the mean velocity, indicating that the impact
from positional errors induced by the multi-agent localization method on the velocity reconstruction are only
minor. Nonetheless, this analysis assumed identical, circular-symmetric Gaussian position errors for both re-
ceivers. More realistic shapes of the position error distributions, for example, inspired by the elliptical CRB with
agent-specific covariance matrices would most likely alter the variance in the distance estimate. Additionally, the
RMSE in position estimates of 0.9 m was only the maximum in a specific network configuration and would
change in other scenarios.

7.2. Clock-Instability-Induced Time-Lag Uncertainty

Next, we evaluate the impact of the clock instabilities with wy, = 8, as it has shown the highest velocities
(Figure 7). Naturally, we would expect that the higher the velocity of the seismic wave is, the more accurate the
clocks have to be to capture this dynamic. In Figure 8, we see that the dispersion curves from the 1,000 simu-
lations overlap for all simulations. There is a clear difference between these 1,000 dispersion curves and the one
derived with the original, unmodified data. This difference most likely occurs because we interpolated the small
shifts in the timestamps of the seismic data back onto the original time grid. Here, we allow non-integer amplitude
values. These no longer match the original integer amplitudes, and these changes propagate into the dispersion
analysis. As there is no difference between the 1,000 clock simulations, we can still deduce that clock instabilities
present in multi-agent systems introduce no uncertainties into the ANI
pipeline. This is true even for poorly behaving UWB-clocks.

541
— Uws 7.3. CWT-Induced Time-Lag Uncertainty

—— Unmodified
Now, we consider the uncertainties in the velocity estimates arising solely

IS
©
A

from the CWT and the corresponding Heisenberg-Gabor uncertainty princi-
ple. The results are shown in Figure 9. As expected, with lower frequency (i.
e., larger scale s), the time uncertainty increases (Equation 9) and therefore
the uncertainty in the velocity estimates. The choice of @, also influences the
magnitude of uncertainty, with lower values of w, resulting in smaller un-

N
N
N

Group Velocity (m/s)
w
[}

certainties in time. There is a trade-off however, as the energy-spread in the
frequency domain increases with lower time uncertainty. This might explain
the more flat shape of the w, = 4-dispersion curve: as energy is smeared over
. . . . multiple frequencies, it becomes more difficult to discern between different

4 6 Frequency ?HZ) 10 time lags of affected frequencies (Figure 6).

w
o
!

There is a substantial uncertainty involved in picking the maximum energy,
Figure 8. 1,000 overlapping dispersion curves from ultra-wideband clock that is, time lag, due to the CWT's joint-resolution limit. We therefore inves-
simulations on G3 and G4 with w, = 8 and unmodified dispersion curve. tigate how the theoretical energy spread in time due to Heisenberg-Gabor
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Figure 9. Dispersion curves for different w(s with standard deviation of the velocity estimates solely due to the Heisenberg-
Gabor uncertainty (a) and closer look at the standard deviations (b).

uncertainty compares to the scalogram around the picked time lags. We do this only for w, = 6 by cutting out the
Green's function from the scalogram. Figure 10 exemplary shows the behavior throughout, where for lower fre-
quencies the theoretical energy spread is smaller than the one observed, whereas it matches very well for higher

energy areas in the scalogram (5 Hz to 8 Hz). For even higher frequencies, the main peak of the Green's function is

also well-matched, with close-by side-peaks of lower amplitude appearing. These could stem from a less clear

retrieval of the Green's function due to a worse SNR in combination with a decrease in Heisenberg-Gabor un-

certainty in time. The small mismatch for the lower frequencies could also stem from a less clear retrieval of the
Green's function due to lower SNR or energy contributions from slightly larger traveltimes. These findings

demonstrate that the observed energy spread in the scalogram closely matches the normal distribution N (,u Et GE,,)

predicted by the Heisenberg-Gabor uncertainty principle.

a) b)
8 * Scalogram data (3.6 Hz) 8 * Scalogram data (5.0 Hz)
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Figure 10. Normal distributions derived from Heisenberg-Gabor uncertainty centered on time-lag pick compared to
amplitude-scaled values in the scalogram; derived with @, = 6 for frequencies (a) 3.6 Hz, (b) 5.0Hz, (c) 7.0Hz,
and (d) 11.4 Hz.
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Figure 11. Dispersion curves for different wys with standard deviation of the velocity estimates due to the combination of
localization and Heisenberg-Gabor uncertainty (a) and closer look at the standard deviations (b).

7.4. Combined Uncertainties

Finally, we combine the localization uncertainty and the uncertainty in time-lag estimation. The dispersion
curves and standard deviations of the velocity estimates shown in Figure 11 are very similar to the ones that
are purely due to time-lag uncertainty (Figure 9). The histograms of the velocity samples for w, = 6 in
Figure 12 confirm the observation that the combination of these factors leads to a very similar result as if only
the time-lag induced velocity uncertainties are accounted for. The distribution of the velocity samples are right
skewed for the localization and combined uncertainty cases, which is especially noticeable for smaller fre-
quencies. This is due to the truncated normal distributions of the time lags having their mean closer to zero for
faster seismic velocities.

The calculated covariance between samples of L and 7~" is Cov[L,T~"| = —2.4-107*. This minor covariance
results in a relative error incurred by dropping the covariance term in the Taylor approximation of Var[V]
(Equation 16) of 0.62 %. This indicates that we can assume independence of L and 7~!. We further justify the
usage of Equation 15 by calculating the difference to the Taylor approximation of Var[V]. A relative error of
0.04 % confirms our choice of using Equation 15 with its assumption on independence.

7.5. Analytical Versus Simulation-Derived Moments

In this last step, we validate our analytical derivations. First, the comparison between analytical and simulated
means and standard deviations for the most complex case of combined uncertainties in localization and time-lag
picking is presented in Figure 13. Both the mean and standard deviation show only minor differences (<1 %),
except at the lowest frequencies for w, = 8. In these cases, the relatively large standard deviation combined with
the smaller mean traveltimes leads to violation of Inequality (11), reducing the accuracy of the approximated
inverse moments at these frequencies.
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Figure 12. Histogram of velocity samples at (a) 3.6 Hz, (b) 7.0 Hz, and (c) 11.4 Hz for the three simulations: accounting only for localization uncertainty, only for CWT-
induced time-lag uncertainty and the combination of the two.
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Figure 13. Difference between sampled and analytically calculated moments of the velocity estimates due to combined uncertainties for (a) @, = 4, (b) @y = 6,

and (c) wy = 8.

Since the simulated moments closely match the analytical ones, we conclude that our derivation for the velocity
distribution moments is sound. However, as the approximation for the inverse moments depends on Inequality
(11), some combinations of receiver distance and seismic velocities that could appear in lunar experiments may
not meet this criterion, resulting in larger approximation errors. Addressing this limitation would require either a
different approach to the approximation or explicitly accounting for these errors.

8. Conclusion and Future Work

In this work, we conducted an end-to-end assessment of uncertainties associated with multi-agent lunar seismic
ambient noise exploration, particularly focusing on the impact of localization errors, clock instabilities, and the
limitations of the CWT. Our comprehensive approach to account for both measurement and processing errors
leads to these main finding:

1. Localization uncertainties for realistic agent position standard deviations of 0.9 m translate into velocity
standard deviations below <1.2m/s for Rayleigh-wave velocities up to 54m/s at a receiver distance
of 56.9m. This accuracy level is sufficient for most kind of experiments, for example, to discriminate
between regolith with near-surface ice versus regolith without (Keil, Schimmel, & Igel, 2025,
Figure 7).

2. Clock instabilities are negligible for lunar ANI, even in case of poorly performing UWB clocks with periodic,
but perfect synchronization. However, additional tests are required to validate these findings for more realistic
lunar conditions, for example for potentially thermal-induced variations in clock stability and non-perfect
synchronization algorithms.

3. CWT-induced uncertainties arising from the Heisenberg-Gabor uncertainty principle dominate the overall
velocity uncertainties. The choice of wavelet parameter @, is crucial in determining a balance between
temporal and frequency resolution.

4. Our derived analytical error model accurately reproduces the results of the simulations. This provides an
efficient method to predict uncertainties, allowing for the optimization of seismic network configurations and
processing parameters.

Understanding and quantifying these uncertainties is crucial for two primary reasons. First, reliably detecting
lunar subsurface structures such as ice deposits or lava tubes requires clear differentiation between dispersion
curves from disturbed and undisturbed media. Quantifying uncertainties ensures that identified velocity variations
represent genuine subsurface features rather than measurement artifacts. Currently, parameter studies and sim-
ulations targeting lunar ice and lava tubes are ongoing (Keil, Schimmel, & Igel, 2025; Keil, Sesko, et al., 2025).
Second, the derived analytical framework enables direct optimization of multi-agent network strategies. Spe-
cifically, we could now adjust receiver spacing and wavelet parameters (w;) to minimize velocity uncertainties to
acceptable levels.

To advance this research further, several directions are particularly promising. First, enhance the data processing
method to remove the uncertainty bottleneck in the CWT by for example, exploring super-resolution techniques
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(Moca et al., 2021) or adaptive wavelet dictionaries using a matching pursuit algorithm (Mallat, 2009). Second,
extending our framework to full multi-station arrays with CRB-inspired position errors. Third, we aim to develop
optimal exploration strategies that integrate the uncertainties addressed in this study with additional sources of
uncertainty, such as those induced by terrain and subsurface heterogeneity, within a seismic optimal-
experimental-design framework.

Appendix A: Continuous Wavelet Transform

The CWT employes a normalized mother wavelet y with zero mean

/ w0 di =0, mm=J/ P di=1 (A1)

that satisfies the admissibility criterion

0| ~ 2

Cw=/ de < 0. (A2)
0 [0)

Here, (@) denotes the Fourier transform of w(¢). The (Equation A2) criterion guarantees completeness and

energy conservation of the transform. The wavelet is dilated with scale parameter s > 0 (inversely proportional to

frequency) and translated by u € R to create a wavelet dictionary

D= {wu,s(t) - %w(r - ”)} (A3)

The CWT of a signal f(¢) is then defined by
Wns) = (o) = f S ()i, (Ad)

with 7, (#) the complex conjugate of w, (1).

The scalogram is defined as the squared modulus of wavelet coefficients |Wf(u,s)|2. Typically, these are
calculated as in Equation A4, representing a L?-norm (Torrence & Compo, 1998). It should be noted that it
is also possible to use the L'-norm by using 1/s as a coefficient for w,s(t), which preserves amplitude with
scale, but not energy (Liu et al., 2007). In numerical applications, energy is inherently lost, making it a
viable choice (The MathWorks Inc, 2024). Because part of our treatment is analytic, we utilize the definition
based on the L-norm.

The joint time-frequency resolution of the CWT is limited due to the Heisenberg-Gabor uncertainty principle

1
6,6, > =, (A5)

[\

where, for a unit-energy wavelet,

ol = / Aly))?*dt  and o = f * [ (w)|? dw. (A6)

—00 —00

The Morlet wavelet used in our study has a time variance of
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and therefore a temporal energy spread of

ors =07 = % (A8)

We omit the explicit derivation of the corresponding frequency variance 62 = 1/2, as our focus is on the
temporal uncertainties.
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