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1 Introduction

Infectious diseases represent a pervasive global phenomenon, a�ecting millions of people

each year [36]. Particularly in low-income countries, as de�ned by the World Bank [37],

communicable diseases pose a signi�cant threat, with eight of the ten leading causes

of death in 2021 being classi�ed as communicable [45]. While diseases such as malaria

and tuberculosis record a signi�cant decrease in mortality rates compared to the year

2000 [45], the recent pandemic of SARS-CoV-2 has demonstrated the potential for rapid

disease outbreaks. During the �rst two years after the onset of the pandemic, the World

Health Organization (WHO) has recorded over 14.9 million excess deaths attributed to

COVID-19 [43]. In 2021, COVID-19 emerged as the second leading cause of death glob-

ally [45]. Although COVID-19 is no longer considered to be apublic health emergency of

international concern, the necessity of preparing for future events remains [46]. Contin-

uously changing and evolving viruses and bacteria contribute to the fact that infectious

diseases will emerge and reemerge in the future [13, 36]. The advent of globalization,

in particular the growth in short-term and air travel, has led to a signi�cant potential

for rapid geographical spread of infectious diseases [34, 36], requiring governments to act

swiftly in case of an outbreak.

These reasons make it necessary to comprehend the dynamics involved in the spread

of infectious diseases and to provide useful tools to support decision-making in disease

control. In this regard, mathematical models have proven to be powerful methods [36, 24].

As has been demonstrated in several disease outbreaks and pandemics, they represent an

important tool to support public health policy in designing prevention and intervention

strategies [13, 36].

Compartmental models based on ordinary di�erential equations (ODEs) are among

the earliest and most widely used epidemiological models for describing disease dynamics

within a population [9, 24]. Given the extensive research on these models, they rep-

resent well-established methods for analysis and bene�t from their comparatively low

computational cost.

However, they are based on the assumption that the population is �well-mixed�, im-

plying that all compartments mix in a homogeneous pattern. While individuals in di�er-

ent compartments can have di�erent properties concerning the transmission of the dis-

ease, the �well-mixed� assumption describes the absence of geographical or social barriers

within the population. This assumption is not only overly simpli�ed [25], particularly on
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1 Introduction

a large scale, it also results in the loss of spatial information regarding the population. To

address some of these limitations, we examine models that take the spatial heterogeneity

of the regions into consideration. Spatially resolved models allow for the evaluation of

regional interventions and interventions connected to the movement of individuals [19].

There are multiple modeling approaches for introducing spatial heterogeneity and mo-

bility to epidemiological models. Models that account for spatial heterogeneity incorpo-

rate space in either continuous or discrete form [25]. Continuous modeling of space often

describes the (continuous) motion of individuals and includes partial di�erential equa-

tions of reaction-di�usion type [7, Ch. 15.3]. Considering air travel or sparsely populated

regions, these models often fail to capture the spatial spread of the disease on a larger

scale [3]. For that case, space is often introduced through spatial discretization, of which

metapopulation models are one of the most popular representatives [25]. Metapopulation

models are characterized by the division of the population into multiple distinct subpop-

ulations that interact on some level. When modeling spatial spread, the subpopulations

are identi�ed with spatially separated regions, connected through links that represent

mobility patterns.

In this thesis, we will study two di�erent approaches on integrating mobility to a model.

The �rst approach is represented by a model based on ODEs that incorporates the e�ect

of mobility directly in its equations [40, 23]. In the second approach [20], the authors

proposed to connect decoupled ODE systems for the local regions through a graph. We

evaluate these two approaches on metapopulation models, extend the �rst approach and

analyze all three approaches with regard to practicability, complexity, and predictions.

The structure of this thesis is as follows. The foundation for studying metapopulation

models is laid in Chapter 2 by introducing a �rst compartmental model for describing the

dynamics of infectious diseases. In Chapter 3, we present the metapopulation models,

following the aforementioned equation-based and graph-based approach. Further, we

derive the next generation matrices for the equation-based models to validate them using

the basic reproduction numbers. We examine the implementations of both approaches

and perform a detailed complexity analysis in terms of the number of �oating point

operations required for the calculation of numerical solutions in Chapter 4. Subsequently,

in Chapter 5, the models discussed are compared with regard to their performance based

on numerical simulations. Using the example of North Rhine-Westphalia in Germany,

we compare the predictions of the models for a �ctional scenario. Finally, we draw a

conclusion in Chapter 6 and provide a foundation for future research.
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2 Infection dynamics models based on

ordinary di�erential equations

In this chapter, we derive a simple compartmental model which describes the dynamics

of an infectious disease spread within a population. Afterward, we present possible

extensions to this model and generalize it to take the age structure of a population into

account.

In the process of formulating compartmental models, a population is divided into a

number of distinct classes, which are calledcompartments. Every compartment combines

individuals with a speci�c property which, in the epidemiological context, are often dif-

ferent stages of the disease. Each individual is assigned to a single compartment and can

transition between the di�erent compartments [25].

In compartmental models, the �ows between the compartments are described by dif-

ferential equations [9, p. 807 f.]. The type of the di�erential equation depends on the

purpose and the assumptions of the model, and can vary from ordinary to integro-, partial

or stochastic di�erential equations [13, 2].

One of the earliest compartmental models to describe the dynamics of infectious dis-

eases was proposed by Kermack and McKendrick in 1927 [15]. Following their proposal,

the population is divided into the classesS, I , and R which are de�ned as follows:

ˆ S refers to the group ofsusceptibleindividuals, i.e., those who can be infected with

the disease.

ˆ I contains the infected/ infectious individuals who spread the disease to the suscep-

tible individuals by contact.

ˆ R is the group of recovered/ removed individuals who are not infectious and cannot

be infected by others.

As time progresses, individuals interact with each other and contacts of a susceptible

with an infectious individual lead to a spread of the disease. As individuals get infected,

they move to the I compartment and the population of susceptible individuals decreases

by the same number as the infective population increases. After the infective period, in-

dividuals recover and move to theR compartment. Given that a compartment represents
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2 Infection dynamics models based on ordinary di�erential equations

Susceptible

S

Infected

I

Recovered

R

Figure 2.1: Schematic representation of the �ows in a SIR model. Individuals in the
Susceptible compartment can become infected on contact with infectious individuals
and move to the compartment Infected. After recovery, they move to the Recovered
compartment. The only compartment in which individuals are infectious and able to
spread the infection is the infected compartment, which is highlighted in red.

a share of the population rather than distinct individuals, the movement of individuals

between compartments corresponds to the transition of shares of the population.

The meaning of theR compartment can vary. In the initial formulation by Kermack

and McKendrick [15], these individuals were either individuals who had recovered or

individuals who had died of the disease. However, there are also potential scenarios

where removed individuals are those who have been isolated from the population [7,

p. 23] or immunized, e.g., through vaccination [25, p. 216]. In the following, we will

interpret individuals of the R compartment as fully recovered and omit the possibility

of dying from the disease for the models considered in this thesis. A model which uses

these compartments is called anSIR model. A schematic of these compartmental models

is typically presented as a �owchart. The �owchart of the SIR model can be found in

Fig. 2.1. It shows that individuals in the Recovered compartment cannot move to any

other compartment and remain removed for the rest of the time modeled.

As models are a simpli�cation of reality, it is necessary to make certain assumptions

before formulating a model. The pre�x SIR indicates that individuals progress through

the infection course described above. Thus, the model used varies according to the

disease being studied. For instance, anSIR model is based on the assumption that

individuals are unable to reinfect themselves with the disease, at least within the time

frame under consideration. In the case of diseases which do not confer immunity, an

SIS-type model could be used andSIRS-type models are more suitable for diseases with

temporary, fast waning immunity [7, p. 23]. Here, we will only study epidemic diseases,

which are characterized by a sudden outbreak followed by a period of disappearance [7,

p. 21]. While these diseases may recur, there is often a period of several years between

outbreaks. Given the relatively short temporal scale of a single outbreak, it is reasonable

to neglect birth and natural death rates, maintaining a constant population size N .

In addition, given the short time period, it is acceptable to assume that, for diseases

providing temporary immunity, the immunity does not wane during the speci�ed period.

A further signi�cant assumption is that the population is �well-mixed�, meaning that

every individual has the same probability of contacting any other individual. However,

this is highly simpli�ed at multiple levels, as, e.g., it can be reasonably assumed that
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2.1 A simple ODE-SIR model

individuals meet their colleagues or friends more frequently than strangers. Additionally,

the population of a particular compartment is assumed to be homogeneous, i.e., every

individual within a compartment behaves the same way and has the same properties

concerning the transmission dynamics of diseases. One of the most signi�cant aspects

of heterogeneity in disease modeling is the age structure of populations [7, p. 14]. The

age of individuals has an impact on parameters governing transmission dynamics, such as

transmission rates, recovery rates or death rates [5, 39, 26]. Furthermore, age strongly im-

pacts the contact patterns of the population, with individuals tending to meet preferably

with individuals of a similar age [28]. After constructing a simple compartmental model

for a homogeneous population, we will gradually look at an increasingly heterogeneous

population, starting with a strati�cation by age in Section 2.3.

2.1 A simple ODE-SIR model

In the compartmental models in this thesis, the transitions between compartments are

described by ordinary di�erential equations (ODEs) where S, I and R are functions of

time t 2 R� 0. The number of susceptible individuals at a timet is denoted by S(t).

Respectively, the number of infected and recovered individuals at timet are denoted by

I (t) and R(t). The total population size N satis�es

N = S(t) + I (t) + R(t); 8t 2 R� 0: (2.1.1)

Over time, the infection spreads and shares of the population are transitioned among

compartments. For reasons of readability, we will often dropt from the notation and

write S, I , and R for the number of individuals in each compartment.

Let � 2 R� 0 be the �xed, mean number of contacts an individual has during a unit

time, e.g., a day. The fraction of infected individuals in the total population is I=N ,

which can be interpreted as the probability of meeting an infected individual, given there

is a contact. Accordingly, the mean number of contacts with infected individuals for a

susceptible individual in unit time, is �I=N . For instance, let us assume that an individual

has about four contacts with other individuals per day and that half of the population

is infected. In this scenario, we would assume that the individual has two contacts with

infected individuals during that day, which implies that infected individuals do not tend

to isolate themselves more often than susceptible individuals. Let� 2 [0; 1] be the �xed

probability of infection on contact, i.e., the probability that the pathogen is transmitted

if a contact occurs. This results in ��I=N transmissions per susceptible individual and

��SI=N new transmissions during unit time in total. From these considerations follows:

dS
dt

= � ��
SI
N

: (2.1.2)
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2 Infection dynamics models based on ordinary di�erential equations

The population of susceptible individuals is therefore reduced by the number of new

transmissions during unit time. In some sources, it is assumed that every contact is

e�ective, i.e., if there is a contact with an infected individual, the pathogen is transmitted

with certainty, see e.g., [7, p. 25]. In this case, the probability of infection is� = 1 and

we get �SI=N transmissions. In some other sources, the product of� and � is combined

to a single parameter� = �� of mean number of e�ective contacts, which leads to

dS
dt

= � �
SI
N

(2.1.3)

transmissions in unit time. This form of transmission rate is calledstandard incidence.

If the population size N is constant, we can simplify to

dS
dt

= � b�SI (2.1.4)

by b� = �=N = ��=N . This corresponds to another common assumption, calledmass

action incidence, stating that the incidence is proportional to the product of S and I [25,

p. 37].

Both assumptions agree for a constant population size, but di�er otherwise. Since

� = b�N gives the mean number of e�ective contacts, with increasing population size

the mass action incidence implicitly assumes a higher contact rate [13, p. 602 f.]. In

comparison to this, the standard incidence assumes the number of e�ective contacts

� and the contact probability is determined as �=N . According to [13], the standard

incidence is the more accurate assumption, since the number of contacts and the contact

patterns are often similar in large and small populations.

It is common to assume that the infected individuals leave the Infected compartment

at a constant rate [7] which corresponds to the inverse of the mean infectious period

TI 2 R> 0. With equation (2.1.2) this leads us to the following system of ODEs:

dS
dt

= � ��
IS
N

;

dI
dt

= ��
IS
N

�
1
TI

I;

dR
dt

=
1
TI

I:

(2.1.5)

If the compartment sizes at time zero

S(0) = S0; I (0) = I 0; R(0) = R0 (2.1.6)

such that N = S0 + I 0 + R0 are known, then (2.1.5) and (2.1.6) formulate an initial value

problem.
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2.2 State extensions to the ODE-SIR model

Susceptible

S

Exposed

E

Infected

I

Recovered

R

Figure 2.2: Schematic representation of the �ows in a SEIR model. If an infectious in-
dividual transmits the pathogen to a susceptible individual, it moves to the Exposed
compartment. After the latent period, the individual moves to the Infected com-
partment and eventually recovers, entering the Recovered compartment. The only
compartment in which individuals are infectious and able to spread the infection is
the Infected compartment, which is highlighted in red.

2.2 State extensions to the ODE-SIR model

As mentioned earlier, there are many adaptations and extensions to theSIR model

presented above. The choice of additional compartments or features depends on the

disease being studied, the research question, and the purpose of the model. Extending

the model can make it more realistic and accurate, and can change the conclusions that

we draw from the model [25, p. 91].

A �rst and commonly used extension is the consideration of the latent phase. It is de-

�ned as the time between the exposure to the disease and the onset of infectiousness [27].

Many diseases have a latent phase at the beginning of the course of infection [25, p. 91

f.]. During this phase, individuals are infected but cannot contribute to the spread of

infection since they are not yet infectious. A SEIR model takes this into account by

introducing a fourth compartment E (Exposed) which follows the susceptible stage. The

�owchart for such a model can be found in Fig. 2.2. Since exposed individuals are not

yet infectious, they do not contribute to the number of transmissions and hence to the

change in the Susceptible compartment. As in the Infected compartment, individuals

leave the Exposed compartment at a constant rate which we will denote by1=TE where

TE 2 R> 0 is the mean latent period.

This yields the SEIR model:

dS
dt

= � ��
IS
N

;

dE
dt

= ��
IS
N

�
1

TE
E;

dI
dt

=
1

TE
E �

1
TI

I;

dR
dt

=
1
TI

I:

(2.2.1)

We can further extend this model by adding a compartmentA (Asymptomatic) to

account for asymptomatic cases. Individuals in this compartment are infected and also

infectious, but have not (yet) developed symptoms. This allows to model, for instance,
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2 Infection dynamics models based on ordinary di�erential equations

that symptomatic individuals tend to isolate themselves more often than asymptomatic

individuals, resulting in a di�erent contribution to the spread of the disease. After

this stage, individuals can either develop symptoms or recover directly. Therefore, this

compartment is placed in between the Exposed and Infected compartments, and the

�owchart of the model is shown in Fig. 2.3a.

Susceptible

S

Exposed

E

Asymptomatic

A

Infected

I

Recovered

R

(a) Schematic representation of the �ows in a SEAIR model. After the latent period, individuals move

to the Asymptomatic compartment. Some individuals develop symptoms, moving to the Infected

compartments, others recover directly and move to the Recovered compartment.

Susceptible

S

Exposed

E

Asymptomatic

A

Infected

I

Recovered

R

(b) Schematic representation of the �ows in a SEAIR model in [25, p. 92f.]. After the latent period,

some individuals develop symptoms and move to the Infected compartments while the others move

to the Asymptomatic compartment, following the asymptomatic course of disease.

Figure 2.3: Schematic representations of the �ows in di�erent SEAIR -type models.
The compartments in which individuals are infectious and capable of transmitting the
infection are the Asymptomatic and Infected compartments, which are highlighted
in red.

Another but similar model is described in [25, p. 92f.], where the asymptomatic stage

is not placed before the infected stage. Instead, a fraction of exposed individuals develop

symptoms and all other individuals follow the asymptomatic course of disease. The

�owchart for this model is presented in Fig. 2.3b.

Overall, there are no limits to the kind of extensions: In [17] the authors considered

(partial) vaccinations using additional compartments. The authors of [7, p. 131-133]

describe a model which introduces a compartment for individuals that receive treatment

and recover faster.

To monitor hospitalized cases, we could extend the model to include a compartment

H (Hospitalized) for severe cases that have to be treated in the hospital. Infected indi-

viduals could either recover or develop a severe course of the disease. From there, it could

be further possible to develop a critical course that demands intensive care, which can

8



2.3 Age strati�cation (Model A)

be, e.g., handled with a compartmentU (for in intensive care units ) afterward. As seen

in the case of COVID-19, there are diseases which, in the worst case, result in death [44].

This could be modeled using a compartmentD (Dead), from which there is no further

transition possible. A model using all the compartments above as well as a compartment

for undetected cases is presented in [16].

Every additional compartment increases the complexity of the model. The focus of

this thesis, however, is the consideration of di�erent spatial resolutions and mobility

realizations, such that we stick here to the simpler epidemiologicalSEIR model (2.2.1).

2.3 Age strati�cation (Model A)

The extensions seen so far consist of additional compartments, re�ecting di�erent stages

of the disease. As mentioned before, age can have a signi�cant impact on infectious

disease transmission and the model. For several diseases, recovery rates or transmission

parameters are highly age-dependent [39, 4, 26]. Moreover, it strongly impacts contact

rates since age groups do not mix heterogeneously [28]. To incorporate the age structure

in our model, we divide the population into J 2 N distinct age groups. Afterward,

every individual is assigned to one of the compartments Susceptible, Exposed, Infected

or Recovered. We denote the group of susceptible individuals of age groupi with Si for

i 2 f 1; : : : ; J g. For the other compartments, we proceed accordingly. The total size of

age groupi is denoted by N i = Si + E i + I i + Ri for i 2 f 1; : : : ; J g. Due to the short

time horizon of days or weeks considered in our simulations, individuals are assumed to

not change between age groups.

Analogously to the in Section 2.1 de�ned parameters, we now de�ne the age-dependent

equivalents. The contact rate depends on the age groups of both individuals involved in a

contact. Therefore, the contact rate� becomes a contact rate matrix� = ( � ij ) i;j 2f 1;:::;J g,

where the entry � ij 2 R� 0 gives the mean number of contacts an individual of age

group i has with individuals from age groupj for i; j 2 f 1; : : : ; J g. Note that the contact

rate matrix is not necessarily symmetric. We furthermore generalize the transmission

probability � i 2 [0; 1] for i 2 f 1; : : : ; J g, now depending on the particular age group of

the susceptible individuals, in order to model age-dependent susceptibility. The change

in the susceptible subpopulation of one age groupi due to an age groupj per unit

time is � i Si � ij I j =Nj for i; j 2 f 1; : : : ; J g. The total number of transmissions per unit

time in age group i is then determined by the sum over all age groups. Moreover, the

age-dependent, mean stay times in the Exposed and Infected compartments are denoted

by TE i 2 R> 0 and TI i 2 R> 0, respectively. As individuals cannot change between age

groups, individuals of an age groupi leave the corresponding Exposed compartment at

a constant rate 1=TE i , entering the Infected compartment of the age groupi . For the

transition of I i to Ri , the transition rate is 1=TI i , accordingly.

9



2 Infection dynamics models based on ordinary di�erential equations

This yields the age resolvedSEIR model:

dSi

dt
= � � i Si

JX

j =1

� ij
I j

N j
;

dE i

dt
= � i Si

JX

j =1

� ij
I j

N j
�

1
TE i

E i ;

dI i

dt
=

1
TE i

E i �
1

TI i

I i ;

dRi

dt
=

1
TI i

I i ;

(2.3.1)

for i 2 f 1; : : : ; J g. For later comparisons, we will call this modelModel A with J 2 N

age groups and denote it byM A
J .

2.3.1 Basic reproduction number for Model A

The basic reproduction number is an important characteristic of an infectious disease. It

is de�ned as the expected number of secondary infections produced by a single infected

individual in a totally susceptible population, and is usually denoted by R 0 [7, p. 6f.].

Aside from its quantitative value, it is often used to consider whether disease dynamics

are expected to take up or to go down. For deterministic models, the threshold value 1

yields if a disease dies out or if an outbreak occurs. In simple compartmental models, it

can be obtained by observing the number of infections in unit time of a single infective

individual and multiplying it by the mean time spent in the infective compartments. In

more complex models which contain sub-compartments with di�erent susceptibility, this

de facto linearization for the calculation of this number requires a more general approach.

In this chapter, we derive the basic reproduction number for Model A withJ 2 N age

groups (2.3.1) to present an approach we can later use for the basic reproduction number

of the spatially resolved ODE models. The generalized approach consists of deriving

the next generation matrix, whose(k; l ) entry yields the number of secondary infections

in compartment k caused by an individual of compartment l [7, p. 182]. The basic

reproduction number is then given by the spectral radius of this matrix [38].

Before considering theSEIR model, we de�ne the necessary quantities based on a

generic compartmental model. We assume to have a model withn 2 N compartments,

wherex(t) = ( x1(t); : : : ; xn (t)) denotes the model state at timet 2 R� 0. Here, xk (t) � 0

denotes the number of individuals in compartmentk. In the following, we will often drop

t from the notation and simply write xk for the number of individuals in this compart-

ment k. To construct the next generation matrix, we distinguish between two kinds of

compartments: infected and non-infected compartments. Individuals in an infected com-

partment do not necessarily have to be infectious, but they currently carry the pathogen

10



2.3 Age strati�cation (Model A)

and are not yet recovered. For instance, theSEIR model has the infected compartments

Exposed and Infected, although individuals in the Exposed compartment cannot con-

tribute to the transmission of the pathogen directly. We denote the subset of indices

corresponding to infected compartments withJ � f 1; : : : ; ng. Furthermore, we de�ne

the set of all disease-free states byX s = f x 2 Rn
� 0 j xk = 0 8k 2 J g .

Next, we distinguish between in�ows from a non-infected compartment to an infected

compartment k 2 J which we denote byFk , and all other in�ows, denoted by V+
k . An

out�ow is denoted by V�
k and we de�ne Vk := V�

k � V +
k . Now, we can write the system

of di�erential equations as:

x0
k (t) = Fk (t) � V k (t); k = 1 ; : : : ; n: (2.3.2)

In Lemma 1 of [38] two matricesF (x � ); V (x � ) 2 Rm� m wherem = jJ j , are de�ned by

F (x � ) :=
�

@Fk

@xl
(x � )

�

k;l 2J
and V(x � ) :=

�
@Vk

@xl
(x � )

�

k;l 2J
; (2.3.3)

for a disease-free equilibrium (DFE)x � 2 X s.

The next generation matrix is then de�ned by F (x � )V (x � ) � 1. The e�ective reproduc-

tion number is obtained by R e� = �
�
FV � 1

�
, where� (�) is the spectral radius. To obtain

the basic reproduction number, we chosex �
0 2 X s to be the DFE of a fully suscepti-

ble population. We refer to [38] for the proof and further information concerning the

derivation of this approach. In the following, we use this theory to compute the basic

reproduction numbers for several ODE models.

We apply this approach to Model A (2.3.1) and compute the matricesF (x � ) and V(x � ),

for a DFE x � 2 X s. To accomplish this, we sort the compartments as follows:

S1; : : : ; SJ ; E1; : : : ; EJ ; I 1; : : : ; I J ; R1; : : : ; RJ : (2.3.4)

Note that the infected compartments areE i and I i for all i 2 f 1; : : : ; J g. Therefore, the

set of corresponding indices is

J = f k j xk 2 f E i ; I i j i = 1 ; : : : ; J gg: (2.3.5)

For a model state

x = ( S1; : : : ; SJ ; E1; : : : ; EJ ; I 1; : : : ; I J ; R1; : : : ; RJ ); (2.3.6)

we observe:

Fk (x) =

8
>>>>>><

>>>>>>:

0; xk = Si ;

� i Si
P J

j =1 � ij
I j
N j

; xk = E i ;

0; xk = I i ;

0; xk = Ri ;

and Vk (x) =

8
>>>>>><

>>>>>>:

� i Si
P J

j =1 � ij
I j
N j

; xk = Si ;
1

TE i
E i ; xk = E i ;

1
TI i

I i � 1
TE i

E i ; xk = I i ;

� 1
TI i

I i ; xk = Ri :

(2.3.7)
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2 Infection dynamics models based on ordinary di�erential equations

Let x � 2 X s be a DFE of (2.2.1). Thenx � is of the form

x � = ( S0; : : : ; SJ ; 0; : : : ; 0; 0; : : : ; 0; N0 � S0; : : : ; NJ � SJ ): (2.3.8)

To construct the matrices F (x � ) and V(x � ) we need to di�erentiate Fk (x) and Vk (x)

with respect to x l , where k; l 2 J , i.e., xk ; x l 2 f E1; : : : ; EJ ; I 1; : : : ; I J g. We have:

f k;l (x � ) =
@Fk

@xl
(x � ) =

8
>>>>>><

>>>>>>:

0; xk = E i ; x l = E j ;

� i Si � ij
1

N j
; xk = E i ; x l = I j ;

0; xk = I i ; x l = E j ;

0; xk = I i ; x l = I j ;

(2.3.9)

for the entries of F (x � ). Consequently,F (x � ) has the form

F (x � ) =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

� 1S1� 11
1

N1
� 1S1� 12

1
N2

� � � � 1S1� 1J
1

N J

� 2S2� 21
1

N1
� 2S2� 22

1
N2

� � � � 2S2� 2J
1

N J
...

...
. . .

...

� J SJ � J 1
1

N1
� J SJ � J 2

1
N2

� � � � J SJ � JJ
1

N J

0

0 0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

: (2.3.10)

For V (x � ), we derive:

vk;l (x � ) =
@Vk

@xl
(x � ) =

8
>>>>>>><

>>>>>>>:

1
TE j

� ij ; xk = E i ; x l = E j ;

0; xk = E i ; x l = I j ;

� 1
TE j

� ij ; xk = I i ; x l = E j ;

1
TI j

� ij ; xk = I i ; x l = E j ;

(2.3.11)

where � ij is the Kronecker delta

� ij =

8
<

:
1; i = j;

0; i 6= j:
(2.3.12)
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2.3 Age strati�cation (Model A)

In matrix form, we get:

V (x � ) =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1
TE 1

0 � � � 0

0 1
TE 2

...
...

. . . 0

0 � � � 0 1
TE J

� 1
TE 1

0 � � � 0 1
TI 1

0 � � � 0

0 � 1
TE 2

... 0 1
TI 2

...
...

. . . 0
...

. . . 0

0 � � � 0 � 1
TE J

0 � � � 0 1
TI J

0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

: (2.3.13)

We need to invert this matrix and then compute F (x � )V (x � ) � 1. The inverse of a block

matrix B with a zero upper right block, i.e.,

B =

 
A 0

C D

!

(2.3.14)

with invertible block matrices A 2 Rn� n and D 2 Rm� m , is

B � 1 =

 
A � 1 0

� D � 1CA � 1 D � 1

!

; (2.3.15)

since

BB � 1 =

 
A 0

C D

!  
A � 1 0

� D � 1CA � 1 D � 1

!

=

 
Idn 0

CA � 1 � CA � 1 Idm

!

= Id n+ m ;

B � 1B =

 
A � 1 0

� D � 1CA � 1 D � 1

!  
A 0

C D

!

=

 
Idn 0

� D � 1C + D � 1C Idm

!

= Id n+ m :

(2.3.16)

Here, Idd is the identity matrix of Rd� d for d 2 f n; m; n + mg.

As the blocks of V (x � ) are diagonal matrices, the inverse of each block is easy to

calculate. Using (2.3.15), we obtain the inverse ofV (x � ):

V (x � ) � 1 =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

TE1 0 � � � 0

0 TE2

...
...

. . . 0

0 � � � 0 TEJ

TI 1 0 � � � 0 TI 1 0 � � � 0

0 TI 2

... 0 TI 2

...
...

. . . 0
...

. . . 0

0 � � � 0 TI J 0 � � � 0 TI J

0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

: (2.3.17)
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2 Infection dynamics models based on ordinary di�erential equations

Multiplying both matrices F (x � ) and V(x � ) � 1 yields:

F (x � )V (x � ) � 1 =

0

B
B
B
B
@

A(x � ) A(x � )

0 0

1

C
C
C
C
A

; (2.3.18)

where

A(x � ) =

0

B
B
B
B
B
@

� 1S1� 11
TI 1
N1

� 1S1� 12
TI 2
N2

� � � � 1S1� 1J
TI J
N J

� 2S2� 21
TI 1
N1

� 2S2� 22
TI 2
N2

� � � � 2S2� 2J
TI J
N J

...
...

. . .
...

� J SJ � J 1
TI 1
N1

� J SJ � J 2
TI 2
N2

� � � � J SJ � JJ
TI J
N J

1

C
C
C
C
C
A

: (2.3.19)

We need to compute the spectral radius, i.e., the largest eigenvalue in absolute value of

this matrix. From [29, Theorem 2.1], we conclude that� (F (x � )V (x � ) � 1) = � (A(x � )) as

the eigenvalues of the lower right block ofF (x � )V (x � ) � 1) are 0. For a single age group,

i.e., J = 1 , a DFE has the form x � = ( S;0; 0; N � S) 2 X s and we obtain the next

generation matrix

F (x � )V (x � ) � 1 =

 
�S� TI

N �S� TI
N

0 0

!

; (2.3.20)

with the eigenvalues� 1 = 0 and � 2 = �S� TI
N . We therefore obtain the e�ective repro-

duction number for the SEIR model without age-resolutionM A
1 (2.2.1)

R e� = �S�
TI

N
: (2.3.21)

To obtain the basic reproduction number, we chose the DFEx �
0 = ( N; 0; 0; 0) and con-

clude

R 0 = �N�
TI

N
= ��T I : (2.3.22)

With increasing number of age groupsJ 2 N, the analytical solution of the eigenvalues

becomes more and more complex, and we do not give these solutions here. ForJ > 1,

we will compute these values numerically. However, for a totally susceptible population

x �
0 = ( N1; : : : ; NJ ; 0; : : : ; 0) we observe thatA(x � ) simpli�es to

A(x � ) =

0

B
B
B
B
@

� 1� 11TI 1 � 1� 12TI 2 � � � � 1� 1J TI J

� 2� 21TI 1 � 2� 22TI 2 � � � � 2� 2J TI J

...
...

. . .
...

� J � J 1TI 1 � J � J 2TI 2 � � � � J � JJ TI J

1

C
C
C
C
A

; (2.3.23)

i.e., its entries and hence the basic reproduction number is independent of the population

size.
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3 Metapopulation models for infectious

disease dynamics

One assumption of the models presented so far is that the population is �well-mixed�, i.e.,

all compartments mix homogeneously. This highly simplifying assumption is generally

incorrect on all scales. The larger the scale, the higher the number of individuals with

which a particular individual does not have any contact at all. Models that account for

this heterogeneity are therefore more accurate and also more useful for evaluating control

strategies which a�ect the movement of individuals [25].

There are essentially two forms of incorporating the spatial component - the discrete

and the continuous form. For the continuous form, e.g., through the use of the di�usion

equation, we refer to [7, Ch. 14.2] or [25, Ch. 15.3]. We will focus on models that use a

discrete spatial discretization, which are calledmetapopulation models. Metapopulation

models divide the total population into groups of subpopulations that interact at some

level. As the total population is then made up of several spatially distributed subpop-

ulations, we call the total population a metapopulation. Each subpopulation lives in

a di�erent area, which will be denoted a patch or region. Depending on the modeling

scale, a patch can be a city, a county, or a country. Naturally existing mobility between

these patches is then considered as links between the patches. This could be some train

connections between cities or air traveling between countries.

We will only consider short-term migration, which means that individuals travel to

another patch for some short time and then return. As we are considering short-term

epidemic models, we will neglect the fact of long-term migration, where individuals move

to another patch and settle there. In the following sections, we present two approaches

for modeling the spatial spread in metapopulation models.

3.1 Spatial resolution and mobility in ODE models

We start by reformulating the ODE system (2.2.1) in order to account for the changed

dynamics due to commuting and spatial heterogeneity. We follow the idea of [40] and

extend their approach to anSEIR model, similar to [23]. To put the focus on the spatial

strati�cation and for the sake of a simple presentation, we will drop the age strati�cation

derived in Section 2.3 in the �rst steps and reintroduce it later.
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3 Metapopulation models for infectious disease dynamics

3.1.1 A �rst metapopulation model (Model B)

We will now derive a �rst ODE-based metapopulation model motivated by [40] and

[23]. The following explanations di�er from these papers in several aspects. Foremost,

both papers use a di�erent assumption about transmission of infection compared to us.

As described in Section 2.1, there are mainly the mass action with coe�cientb� and

the standard incidence assumption with coe�cient �=N . They are very similar, but

the standard incidence is normalized by the population size [25, p. 38]. We recall that
b� implicitly also depends on the population size, so for every patch, we will obtain a

di�erent coe�cient. However, the models of [40] and [23] assume independence of the

patch. To avoid confusion, we use the standard incidence and consider patch sizes in the

equations.

Additionally, the authors of [23] assume that exposed individuals are infectious and

infectious individuals are quarantined immediately after being con�rmed as infected. We

will use the de�nition of exposed individuals being not yet infectious and assume that

there is no quarantining. Therefore, everyE in their equations will be exchanged by an

I in our equations. Moreover, the second focus of [23], in which the model is extended

to consider infections during commuting, is omitted for reasons of simplicity.

We divide the population under study into M 2 N subpopulations which are spatially

separated from each other. The size of the subpopulation at patchPn will be denoted

by Pn for eachn 2 f 1; : : : ; M g. In each patch, the subpopulation is assumed to be �well-

mixed�, i.e., when considering only a single patch, everybody has the same probability of

contacting each other. The spread of the disease is modeled with anSEIR model, so each

subpopulation is further divided into the epidemiological groups Susceptible, Exposed,

Infected and Recovered. We denote the number of susceptible individuals at a patchPn

by Sn for all n 2 f 1; : : : ; M g and proceed analogously for the other compartments. The

total size of the subpopulation at patch Pn at a time t 2 R� 0 satis�es

Pn (t) = Sn (t) + En (t) + I n (t) + Rn (t): (3.1.1)

Two distinct patches Pn and Pm are connected by interaction strengthshnm 2 R� 0

and hmn 2 R� 0 for n; m 2 f 1; : : : ; M g; n 6= m. The interaction strengths are derived by

hnm =
Hnm

Pn
; (3.1.2)

where Hnm 2 R� 0 is the average number of commuters from patchPn to Pm per day.

Therefore, hnm is the share of individuals from patchPn that travels to Pm . We do not

assume that mobility between patches is symmetric, i.e., we allowhnm 6= hmn for two

patchesPn and Pm with n 6= m.

As commuting is not performed explicitly, Pn remains constant throughout the sim-

ulation. Instead, infectious individuals from a patchPn contribute to the spread of the

16



3.1 Spatial resolution and mobility in ODE models

disease by considering their theoretical impact in other patchesPm , which is proportional

to either hnm or hmn . This theoretical impact will be concretized into explicit formulas

in the following.

As time progresses, infections can occur from the following three sources. Consider

two patches Pn and Pm with n; m 2 f 1; : : : ; M g; n 6= m and an individual originating

from Pn . This individual can make contacts with infectious individuals

I. from patch Pn , if it stays at this location,

II. from patch Pm that have commuted to patch Pn , if it stays at this location or

III. from patch Pm , if it travels from Pn to Pm .

The �rst source corresponds to the case where every susceptible individual of the patch

Pn can potentially meet infectious individuals from the same patch. Here, we apply the

basic SEIR model (2.2.1). Note that N is exchanged byPn , as this is the number of

individuals at this location. For the �rst source, we obtain

dSn

dt

(I )

= � ��
Sn I n

Pn
(3.1.3)

transmissions in unit time.

Source II corresponds to the case where infectious individuals originating from patch

Pm travel to patch Pn . Since hmn is the share of individuals traveling from Pm to

Pn , hmn I m is the proportion of infectious individuals from patch Pm which commute to

patch Pn , to eventually spread the infection. Accordingly, for a susceptible individual

from patch Pn , the chance to meet an infectious individual fromPm at patch Pn is

hmn I m =Pn . Therefore, Source II results in

dSn

dt

(II )

= � ��S n

X

m6= n

hmn
I m

Pn
(3.1.4)

transmissions in unit time in the population originating from patch Pn .

Similarly, hnm Sn is the proportion of susceptible individuals from patch Pn which

commute to patch Pm where they can be exposed to infectious individuals at patchPm .

At patch Pm , the chance to meet an infectious individual from that patch is I m =Pm .

This means we have

dSn

dt

(III )

= � ��S n

X

m6= n

hnm
I m

Pm
(3.1.5)

transmissions in unit time due to Source III.

Combining all these terms on new transmissions, via

dSn

dt
=

dSn

dt

(I )

+
dSn

dt

(II )

+
dSn

dt

(III )

; (3.1.6)
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3 Metapopulation models for infectious disease dynamics

we get

dSn

dt
= � ��

Sn I n

Pn
� ��S n

X

m6= n

hmn
I m

Pn
� ��S n

X

m6= n

hnm
I m

Pm

= � ��S n
I n

Pn
� ��S n

X

m6= n

�
hmn I m

Pn
+

hnm I m

Pm

�
(3.1.7)

transmissions per unit time in total. We de�ne hnn = 1=2 for reasons of convenience and

get

dSn

dt
= � ��S n

MX

m=1

�
hmn

Pn
+

hnm

Pm

�
I m : (3.1.8)

The transitions from Exposed to Infected and from Infected to Recovered do not change

compared to the standardSEIR model (2.2.1). As before, individuals leave the Exposed

and Infected compartment at a constant rate. We assume that this rate is independent

of the patch and obtain:

dSn

dt
= � ��S n

MX

m=1

�
hmn

Pn
+

hnm

Pm

�
I m ;

dEn

dt
= ��S n

MX

m=1

�
hmn

Pn
+

hnm

Pm

�
I m �

1
TE

En ;

dI n

dt
=

1
TE

En �
1
TI

I n ;

dRn

dt
=

1
TI

I n ;

(3.1.9)

for all n 2 f 1; : : : ; M g.

Except for the di�erent transmission assumption and the additional Exposed compart-

ment, this model corresponds to the model of [40]. Note that they usehnm for the average

volume of commuters in unit time between patchPn and Pm , which corresponds toHnm

in this thesis. We will refer to the model (3.1.9) asModel B and denote it by M B
1;M , for

M 2 N patches and a single age group.

There are some imprecisions in this model. First, the model describes the scenario of

Source II as the fraction of infectious individuals from other patches traveling to patch

Pn where they can potentially make contact with any susceptible individual originating

from this patch. At the same time, Source III corresponds to the scenario of a frac-

tion of susceptible individuals from patch Pn traveling to other patches, where they can

potentially meet every infectious individual originating from that patch. Summing up

all sources means that infectious individuals contribute to the spread of the disease at

di�erent locations at the same time, which is not correct. Also, we scaled the probability
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3.1 Spatial resolution and mobility in ODE models

of contacting another individual by the total originating population, where some individ-

uals may have left the patchPn and others may have entered due to commuting. As we

did not assume the commuting strengths to be symmetric, it is not accurate to assume

that the number of individuals which are at the patch after out-commuters have left and

in-commuters have entered, is the same as the number of individuals originating from

there. Moreover, at their target patch, the susceptible individuals should be able to catch

the pathogen not only from the infectious individuals originating from that patch, but

also from infectious individuals which are at the patch after commuting. In the following,

we want to revise these imprecisions and present an updated model.

3.1.2 A second model including correct normalization and in and out of
home patch times (Model C)

We start with the same setting of patches and their subpopulations, and divide each

subpopulation again into the four compartments of theSEIR model. As before, these

patches are connected through the mean numbers of commutersHnm and the correspond-

ing commuting strengths hnm (3.1.2). Before we study the infection dynamics between

the patches, we have to make some more observations about the populations. It is im-

portant to see that there is a di�erence between the number of individuals originating

from a certain patch and the number of individuals which actually are at a certain patch.

We consider a �xed patch Pn with a subpopulation of sizePn = Sn + En + I n + Rn as

before. Both Pn and the sizes of compartments are the numbers of individuals before

commuting. Now after commuting, the number of individuals at patch Pn , which we

denote by Nn , is reduced by the number of out-commuters and increased by the number

of in-commuters to patch Pn :

Nn = Pn �
X

m6= n

Hnm +
X

m6= n

Hmn : (3.1.10)

Again, commuting is not performed explicitly. Thus, the distinction between before and

after commuting is purely synthetic, introduced for the sake of enhanced comprehension,

and Nn remains constant.

We apply the basic SEIR model (2.2.1) to the cases resulting from the same three

sources I, II, III as before. In order to address the aforementioned shortcomings, we

determine the respective population sizes at each patch, considering the changes in pop-

ulations due to commuting. The number of susceptible individuals at a patchPn for

n 2 f 1; : : : ; M g di�ers from Sn by the number of individuals who have left the patch for

commuting, as well as those who have entered through commuting.

For Source I, we have to determine the number of susceptible individuals which origi-

nate from patch Pn and stay at their home patch. We, thus, de�ne the share of individuals
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3 Metapopulation models for infectious disease dynamics

staying at patch Pn by:

hnn :=

0

@1 �
X

m6= n

hnm

1

A : (3.1.11)

After commuting, the number of susceptible individuals remaining at patchPn is

Sr
n = Snhnn : (3.1.12)

We de�ne the number of remaining infected individuals I r
n respectively.

Note that the probability of meeting an infected individual at the respective patch is

scaled byNn , as this is the number of individuals which are actually at this patch, while

Pn represents the number of individuals originating inPn . While Nn does not include

the number of individuals which commute to a di�erent patch, it includes that number of

individuals which originate from another patch and which commute to patchPn . Thus,

the number of transmissions due to Source I in unit time is

dSn

dt

(I )

= � ��
Sr

n I r
n

Nn
: (3.1.13)

Source II corresponds to the case where infectious individuals originating from a di�er-

ent patch Pm with m 2 f 1; : : : ; M g; m 6= n travel to patch Pn . The number of infectious

commuters arriving at the destination Pn is de�ned by

I c
n =

X

m6= n

hmn I m : (3.1.14)

There, they can spread the infection among all those susceptible individuals which stayed

in Pn , i.e., Sr
n . This leads to

dSn

dt

(II )

= � ��
Sr

n I c
n

Nn
(3.1.15)

transmissions in unit time due to Source II.

The total number of infectious individuals at a certain patch Pm for m 2 f 1; : : : ; M g is

obtained through the number of infectious individuals originating from Pm and infectious

individuals having commuted from Pl to Pm , for l 2 f 1; : : : ; M g; l 6= m:

I tot
m = I r

m + I c
m

= hmm I m +
X

l6= m

hlm I l

=
MX

l=1

hlm I l :

(3.1.16)
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3.1 Spatial resolution and mobility in ODE models

For simplicity, here, we assume that infectious individuals travel with the same rate as

susceptible individuals, but this assumption could be easily generalized by introducing a

corresponding reduction term.

In the case of Source III, individuals from patchPn travel to patch Pm , where the

number of infectious individuals is I tot
m . As out-commuting individuals then stay for

a certain time in patch Pm , their chance of meeting an infected individual has to be

normalized by Nm instead of Nn . This yields

dSn

dt

(III )

= � ��S n

X

m6= n

hnm I tot
m

Nm
(3.1.17)

transmissions in unit time due to Source III.

We now merge the new transmissions from the three di�erent sources into one single

ODE using (3.1.6):

dSn

dt
= �

��
Nn

Sr
n I r

n �
��
Nn

Sr
n I c

n � ��S n

X

m6= n

hnm I tot
m

Nm

= �
��
Nn

Sr
n I tot

n � ��S n

X

m6= n

hnm I tot
m

Nm

= � ��S n

0

@ 1
Nn

hnn I tot
n +

X

m6= n

hnm I tot
m

Nm

1

A

= � ��S n

MX

m=1

hnm I tot
m

Nm
: (3.1.18)

The aim of this thesis is to compare pure equation-based models such as (3.1.18) to

a semi-discrete hybrid graph-ODE-based model, which is presented in the next section.

For that model, we will assume that individuals stay at home for half a day and, in case

of commuting or traveling, are out of the home patch for the other half of the day. In

the model above, this is not re�ected, as individuals are considered to have out of home

patch contacts for the whole simulation. To better re�ect this discrete real-world e�ect,

we scale equation (3.1.18) by0:5 and add equation (2.1.2) applied to each patch when

neglecting commuting, scaled by0:5 as well.

We then obtain

dSn

dt
= �

1
2

��
Sn I n

Pn| {z }
No commuting, SEIR model

�
1
2

��S n

MX

m=1

hnm I tot
m

Nm
| {z }

Commuting

: (3.1.19)

All of these statements do not a�ect the equations for the other compartments, which

is why the rest of the model is similar to model (3.1.9):
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dSn

dt
= �

1
2

��S n

 
I n

Pn
+

MX

m=1

hnm I tot
m

Nm

!

;

dEn

dt
=

1
2

��S n

 
I n

Pn
+

MX

m=1

hnm I tot
m

Nm

!

�
1

TE
En ;

dI n

dt
=

1
TE

En �
1
TI

I n ;

dRn

dt
=

1
TI

I n ;

(3.1.20)

for all n 2 f 1; : : : ; M g. We call this model Model C and denote it by M C
1;M for M 2 N

patches and a single age group.

We will now extend Model C (3.1.20) by an age resolution. In the numerical experi-

ments, we will then also consider how the strati�cation by age a�ects the runtime in the

di�erent models. To derive the age-resolved equations of Model C, we proceed analo-

gously to Section 2.3. For every patchPn ; n 2 f 1; : : : ; M g, we divide its subpopulation

into J 2 N age groups. Every compartment is now indicated by two indicesi and n

where i = 1 ; : : : ; J enumerates the age groups andn = 1 ; : : : ; M enumerates the patches.

The number of susceptible individuals originating from patchPn and belonging to age

group i is then given by Si;n . We de�ne E i;n ; I i;n and Ri;n accordingly. Also, we observe

that

Pi;n = Si;n + E i;n + I i;n + Ri;n (3.1.21)

is the number of individuals which belong to the age groupi and originate from patch

Pn . For simplicity and due to a lack of more resolved data, we assume the mobility to be

independent of age. As a result, we cannot use equation (3.1.10) to derive the number of

individuals which are actually at a patch and belong to a speci�c age group. Thus, we

compute the commuting strengthshnm as

hnm =
Hnm

P J
i =1 Pi;n

; (3.1.22)

and use

N i;n = Pi;n �
X

m6= n

hnm Pi;n +
X

m6= n

hmn Pi;m (3.1.23)

to obtain the total number of individuals in age group i at patch Pn after commuting

has taken place. Note that with more resolved data, a model generalization is easily

possible. Lastly, we need to set the total number of infected individuals at a patchPm

which belong to age groupi , using (3.1.16):

I tot
i;m =

MX

l=1

hlm I i;l : (3.1.24)
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Using these re�nements, we can set up the age-resolved metapopulation model:

dSi;n

dt
= �

1
2

� i Si;n

JX

j =1

� ij

 
I j;n

Pj;n
+

MX

m=1

hnm I tot
j;m

N j;m

!

;

dE i;n

dt
=

1
2

� i Si;n

JX

j =1

� ij

 
I j;n

Pj;n
+

MX

m=1

hnm I tot
j;m

N j;m

!

�
1

TE i

E i;n ;

dI i;n

dt
=

1
TE i

E i;n �
1

TI i

I i;n ;

dRi;n

dt
=

1
TI i

I i;n ;

(3.1.25)

for all i 2 f 1; : : : ; J g and n 2 f 1; : : : ; M g. As this is the age-resolved version of Model C

we denote model (3.1.25) byM C
J;M .

In both models Model B (3.1.9) and Model C (3.1.25), the epidemiological parameters

and the contact patterns do not depend on the patches. This could be easily resolved

by exchanging the contact matrix � by a region-speci�c contact matrix � n , which would

even allow modeling di�erent non-pharmaceutical interventions in di�erent patches. The

same way, we could implement location-speci�c parameters governing the transmission of

the disease or the recovery, for example if some locations have better medical care than

others. Since we will only study dynamics in a part of Germany, we will assume both

the contact patterns and the epidemiological parameters are independent of the patch.

3.1.3 Basic reproduction numbers for Model B and Model C

We now provide the basic reproduction numbers for an age-resolved version of Model B

(3.1.9) and Model C (3.1.25). Here, we make use of the approach based on the next

generation matrix we have already seen for Model A in Section 2.3.

To compute the basic reproduction number for the age-resolved version of Model B

(3.1.9), we use the age-resolved model:

dSi;n

dt
= � � i Si;n

JX

j =1

� ij

MX

m=1

�
hnm

Pj;m
+

hmn

Pj;n

�
I j;m ;

dE i;n

dt
= � i Si;n

JX

j =1

� ij

MX

m=1

�
hnm

Pj;m
+

hmn

Pj;n

�
I j;m �

1
TE i

E i;n ;

dI i;n

dt
=

1
TE i

E i;n �
1

TI i

I i;n ;

dRi;n

dt
=

1
TI i

I i;n ;

(3.1.26)

for all i 2 f 1; : : : ; J g and n 2 f 1; : : : ; M g. As the derivation of (3.1.26) from (3.1.9) is

straightforward and analogous to the previous developments, we refrain from providing
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3 Metapopulation models for infectious disease dynamics

more details. The strati�cation into J 2 N age groups is indicated by an indexJ , i.e.,

(3.1.26) is denoted byM B
J;M .

We start by considering Model B with J 2 N age groups andM 2 N patches and order

the compartments �rst chronologically with respect to (potential) disease progression,

then by age group and then by patch, i.e., a model statex has the form

x = ( S1;1; : : : ; S1;M ; S2;1; : : : ; SJ;M ; E1;1; : : : ; EJ;M ; I 1;1; : : : ; I J;M ; R1;1; : : : ; RJ;M ):

(3.1.27)

The compartments corresponding to an active infection (not necessarily infectious)

in this model are all compartments E i;n and I i;n for i 2 f 1; : : : ; J g, n 2 f 1; : : : ; M g.

Therefore, the set of indices corresponding to infected compartments is

J = f k j xk 2 f E i;n ; I i;n j i = 1 ; : : : ; J; n = 1 ; : : : ; M gg: (3.1.28)

In the following considerations, the superindex represents the association with the

model. For a model statex, we conclude the �ows:

F B
k (x) =

8
>>>>>><

>>>>>>:

0; xk = Si;n ;

� i Si;n
P J

j =1 � ij
P M

m=1

�
hnm
Pj;m

+ hmn
Pj;n

�
I j;m ; xk = E i;n ;

0; xk = I i;n ;

0; xk = Ri;n ;

(3.1.29)

and

VB
k (x) =

8
>>>>>><

>>>>>>:

� i Si;n
P J

j =1 � ij
P M

m=1

�
hnm
Pj;m

+ hmn
Pj;n

�
I j;m ; xk = Si;n ;

1
TE i

E i;n ; xk = E i;n ;

1
TI i

I i;n � 1
TE i

E i;n ; xk = I i;n ;

� 1
TI i

I i;n ; xk = Ri;n :

(3.1.30)

Let x � 2 X s be a DFE. Then it has the form

x � = ( S1;1; : : : ; SJ;M ; 0; : : : ; 0; 0; : : : ; 0; P1;1 � S1;1; : : : ; PJ;M � SJ;M ): (3.1.31)

Next, we di�erentiate F B
k (x) with respect to x l , where k; l 2 J . We have

f B
k;l (x

� ) =
@F B

k

@xl
(x � ) =

8
>>>>>><

>>>>>>:

0; xk = E i;n ; x l = E j;m ;

� i Si;n � ij

�
hnm
Pj;m

+ hmn
Pj;n

�
; xk = E i;n ; x l = I j;m ;

0; xk = I i;n ; x l = E j;m ;

0; xk = I i;n ; x l = I j;m :

(3.1.32)
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In matrix form, F B (x � ) writes:

F B (x � ) =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

F B
1;1(x � ) F B

1;2(x � ) � � � F B
1;J (x � )

F B
2;1(x � ) F B

2;2(x � ) � � � F B
2;J (x � )

...
...

. . .
...

F B
J;1(x � ) F B

J;2(x � ) � � � F B
J;J (x � )

0

0 0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

(3.1.33)

where

F B
i;j (x � ) = � i � ij

0

B
B
B
B
B
B
@

Si; 1

�
h11
Pj; 1

+ h11
Pj; 1

�
Si; 1

�
h12
Pj; 2

+ h21
Pj; 1

�
� � � Si; 1

�
h1M
Pj;M

+ hM 1
Pj; 1

�

Si; 2

�
h21
Pj; 1

+ h12
Pj; 2

�
Si; 2

�
h22
Pj; 2

+ h22
Pj; 2

�
� � � Si; 2

�
h2M
Pj;M

+ hM 2
Pj; 2

�

...
...

. . .
...

Si;M

�
hM 1
Pj; 1

+ h1M
Pj;M

�
Si;M

�
hM 2
Pj; 2

+ h2M
Pj;M

�
� � � Si;M

�
hMM
Pj;M

+ hMM
Pj;M

�

1

C
C
C
C
C
C
A

:

(3.1.34)

For the matrix V B (x � ) we observe:

vB
k;l (x

� ) =
@VB

k

@xl
(x � ) =

8
>>>>>>><

>>>>>>>:

1
TE j

� ij � nm ; xk = E i;n ; x l = E j;m ;

0; xk = E i;n ; x l = I j;m ;

� 1
TE j

� ij � nm ; xk = I i;n ; x l = E j;m ;

1
TI j

� ij � nm ; xk = I i;n ; x l = I j;m ;

(3.1.35)

where � ij is the Kronecker delta.

Therefore, the matrix V B (x � ) is

V B (x � ) =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

1
TE 1

IdM 0 � � � 0

0 1
TE 2

IdM
...

...
. . . 0

0 � � � 0 1
TE J

IdM

� 1
TE 1

IdM 0 � � � 0 1
TI 1

IdM 0 � � � 0

0 � 1
TE 2

IdM
... 0 1

TI 2
IdM

...
...

. . . 0
...

. . . 0

0 � � � 0 � 1
TE J

IdM 0 � � � 0 1
TI J

IdM

0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

;

(3.1.36)
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where IdM is the identity matrix of RM � M .

Using (2.3.15) we get the inverse ofV B (x � )

�
V B (x � )

� � 1
=

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

TE1 IdM 0 � � � 0

0 TE2 IdM
...

...
. . . 0

0 � � � 0 TEJ IdM

TI 1 IdM 0 � � � 0 TI 1 IdM 0 � � � 0

0 TI 2 IdM
... 0 TI 2 IdM

...
...

. . . 0
...

. . . 0

0 � � � 0 TI J IdM 0 � � � 0 TI J IdM

0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

:

(3.1.37)

The next generation matrix of the age-resolved version of Model B (3.1.26) is

F B (x � )
�
V B (x � )

� � 1
=

0

B
B
B
B
@

AB(x � ) AB(x � )

0 0

1

C
C
C
C
A

; (3.1.38)

where

AB (x � ) =

0

B
B
B
B
@

F B
1;1(x � )(TI 1 IdM ) F B

1;2(x � )(TI 2 IdM ) � � � F B
1;J (x � )(TI J IdM )

F B
2;1(x � )(TI 1 IdM ) F B

2;2(x � )(TI 2 IdM ) � � � F B
2;J (x � )(TI J IdM )

...
...

. . .
...

F B
J;1(x � )(TI 1 IdM ) F B

J;2(x � )(TI 2 IdM ) � � � F B
J;J (x � )(TI J IdM )

1

C
C
C
C
A

=

0

B
B
B
B
@

TI 1 F B
1;1(x � ) TI 2 F B

1;2(x � ) � � � TI J F B
1;J (x � )

TI 1 F B
2;1(x � ) TI 2 F B

2;2(x � ) � � � TI J F B
2;J (x � )

...
...

. . .
...

TI 1 F B
J;1(x � ) TI 2 F B

J;2(x � ) � � � TI J F B
J;J (x � )

1

C
C
C
C
A

: (3.1.39)

As in the case of Model A (2.3.1), we see that it su�ces to compute the spectral radius

of AB (x � ). Choosing the DFEx �
0 = ( P1;1; : : : ; PM;M ; 0; : : : ; 0; 0; : : : ; 0; 0; : : : ; 0), we obtain

the basic reproduction number of Model B

R B
0 = �

�
AB (x � )

�
: (3.1.40)

Let us now study the basic reproduction number of Model C. When comparing Model B

(3.1.26) and Model C (3.1.25), we observe thatVB
k = VC

k for all xk 2 J and thus

V B (x � ) = V C(x � ). Hence, we only have to constructF C(x � ) for Model C (3.1.25).
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For a model statex, we observe:

F C
k (x) =

8
>>>>>><

>>>>>>:

0; xk = Si;n ;
1
2 � i Si;n

P J
j =1 � ij

�
I j;n
Pj;n

+
P M

m=1
hnm I tot

j;m
N j;m

�
; xk = E i;n ;

0; xk = I i;n ;

0; xk = Ri;n ;

(3.1.41)

and di�erentiate this with respect to x l for k; l 2 J . Recall that I tot
j;m depends on the

infectious population in each patch and age group via (3.1.24). Leti 2 f 1; : : : ; J g; n 2

f 1; : : : ; M g; k such that xk = E i;n . We reformulate Fk as follows:

F C
k (x) =

1
2

� i Si;n

JX

j =1

� ij

 
I j;n

Pj;n
+

MX

m=1

hnm I tot
j;m

N j;m

!

=
1
2

� i Si;n

JX

j =1

� ij

 
I j;n

Pj;n
+

MX

m=1

hnm
P M

bm=1 h bmm I j; bm

N j;m

!

: (3.1.42)

A DFE x � 2 X s for Model C has the same form as for Model B, i.e., the form (3.1.31).

We can now di�erentiate Fk with respect to x l where k; l 2 J :

f C
k;l (x

� ) =
@F C

k

@xl
(x � ) =

8
>>>>>><

>>>>>>:

0; xk = E i;n ; x l = E j;m ;
1
2 � i Si;n � ij

�
� nm
Pj;n

+
P M

bm=1
hn bm hm bm

N j; bm

�
; xk = E i;n ; x l = I j;m ;

0; xk = I i;n ; x l = E j;m ;

0; xk = I i;n ; x l = I j;m :

(3.1.43)

The matrix form of F C(x � ) is similar to F B (x � ):

F C(x � ) =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

F C
1;1(x � ) F C

1;2(x � ) � � � F C
1;J (x � )

F C
2;1(x � ) F C

2;2(x � ) � � � F C
2;J (x � )

...
...

. . .
...

F C
J;1(x � ) F C

J;2(x � ) � � � F C
J;J (x � )

0

0 0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

; (3.1.44)
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where

F C
i;j (x � ) =

1
2

� i � ij

0

B
B
B
B
B
B
B
B
B
B
@

Si; 1

MP

bm=1

h1 bm h1 bm
N j; bm

Si; 1

MP

bm=1

h1 bm h2 bm
N j; bm

� � � Si; 1

MP

bm=1

h1 bm hM bm
N j; bm

Si; 2

MP

bm=1

h2 bm h1 bm
N j; bm

Si; 2

MP

bm=1

h2 bm h2 bm
N j; bm

� � � Si; 2

MP

bm=1

h2 bm hM bm
N j; bm

...
...

. . .
...

Si;M

MP

bm=1

hM bm h1 bm
N j; bm

Si;M

MP

bm=1

hM bm h2 bm
N j; bm

� � � Si;M

MP

bm=1

hM bm hM bm
N j; bm

1

C
C
C
C
C
C
C
C
C
C
A

+

0

B
B
B
B
B
@

1
Pj; 1

0 : : : 0

0 1
Pj; 2

...
...

. . . 0

0 : : : 0 1
Pj;M

1

C
C
C
C
C
A

:

(3.1.45)

Multiplying F C(x � ) with
�
V C(x � )

� � 1 =
�
V B (x � )

� � 1 yields

F C(x � )
�
V C(x � )

� � 1
=

0

B
B
B
B
B
B
B
B
B
@

AC(x � ) AC(x � )

0 0

1

C
C
C
C
C
C
C
C
C
A

; (3.1.46)

where

AC(x � ) =

0

B
B
B
B
@

F C
1;1(x � )(TI 1 IdM ) F C

1;2(x � )(TI 2 IdM ) � � � F C
1;J (x � )(TI J IdM )

F C
2;1(x � )(TI 1 IdM ) F C

2;2(x � )(TI 2 IdM ) � � � F C
2;J (x � )(TI J IdM )

...
...

. . .
...

F C
J;1(x � )(TI 1 IdM ) F C

J;2(x � )(TI 2 IdM ) � � � F C
J;J (x � )(TI J IdM )

1

C
C
C
C
A

=

0

B
B
B
B
@

TI 1 F C
1;1(x � ) TI 2 F C

1;2(x � ) � � � TI J F C
1;J (x � )

TI 1 F C
2;1(x � ) TI 2 F C

2;2(x � ) � � � TI J F C
2;J (x � )

...
...

. . .
...

TI 1 F C
J;1(x � ) TI 2 F C

J;2(x � ) � � � TI J F C
J;J (x � )

1

C
C
C
C
A

:

(3.1.47)

For x �
0 = ( P1;1; : : : ; PM;M ; 0; : : : ; 0; 0; : : : ; 0; 0; : : : ; 0), the basic reproduction number is

given by

R C
0 = �

�
AC(x � )

�
: (3.1.48)

As in Section 2.3 for Model A, we will not give an analytical solution here but compute

the basic reproduction numbers numerically in Section 5.3.
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3.2 A semi-discrete hybrid graph-based ODE model

(Model D)

Another approach to integrate spatial dynamics inSEIR-type disease models was given

by [20]. In this approach, decoupled ODE systems have been connected by a graph, ob-

taining a hybrid graph-ODE-based approach. In a �rst step, we, again, divide the total

population in M 2 N smaller subpopulations that live in spatially separated areas, which

we call patches. Every subpopulation is further separated intoJ 2 N age groups, as well

as into the four epidemiological groups Susceptible, Exposed, Infected and Recovered.

In line with the equation-based metapopulation models Model B (3.1.26) and Model C

(3.1.25), we denote the number of susceptible individuals of age groupi at patch Pn by

Si;n for i 2 f 1; : : : ; J g and m 2 f 1; : : : ; M g. For the other compartments we proceed

accordingly, obtaining E i;n , I i;n and Ri;n . The spatially separated patches can be con-

nected through migration of one patch to another. As before, only short-term migration

is considered. More precisely, an assumption of this model is that individuals travel after

half a day and return home at the end of the day. In addition, this model allows the

commuting rates to depend on infection states and on the age of an individual. For in-

stance, it can be modeled that infectious individuals travel less than healthy individuals

as they could be isolated. In order to introduce the hybrid graph-ODE-based approach,

we need to introduce some basic graph structures.

A graph G is a pair G = ( V; E), where V is the �nite set of vertices and E the set

of edges[18]. Every edge connects two vertices, soE is a set of 2-element subsets of

V . For a directed graph, every edgee 2 E is associated with an ordered pair(v1; v2),

where v1; v2 2 V , and called a directed edge. A directed graph containing multiple

directed edges which connect the same vertices is called adirected multi-graph [33]. In

the following, the set of all directed edges(v1; v2) connecting two verticesv1; v2 2 V is

called the multi-edge ev1v2 .

Comparing these de�nitions to the model setting, it seems natural to identify the nodes

of a graph with the patches and the edges with the mobility between them. Since we have

not assumed that the mobility is symmetric, i.e., that the number of individuals traveling

from patch Pn to Pm is equal to the number of individuals commuting fromPm to Pn , this

network corresponds to a directed graph. As the commuting rates between the patches

may depend on the infection states and age of individuals, the network is a directed

multi-graph, containing multi-edges which combine edges for each pair of infection state

and age group. The multi-edge connecting two patchesPn and Pm is denoted by enm

and consists ofJ edges per compartment, i.e., of4J edges in total, whereJ 2 N is the

number of age groups. In the simplest case, in which the commuting rates do not depend

on the infection states or the age, every single edge ofenm corresponds tohnm (3.1.2).

The di�erence in this graph-based approach [20] is that we assign a separateSEIR
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3 Metapopulation models for infectious disease dynamics

model to each patch, i.e., the equations of di�erent patches are not coupled to each

other. Instead of one large system of ODEs for all patches, we have many smaller ODE

systems, precisely one for each patch. In a model withM 2 N patches, the approach

presented in Section 3.1 leads to a system of4M coupled ODEs while the graph-based

approach leads toM systems with 4 ODEs each.

In contrast to the equation-based metapopulation models, in which commuting is con-

sidered at any time point throughout the simulation, the graph-based model regards

commuting as a form of human contact behavior, with trips for work at speci�c time

points. At the discrete time points, individuals are explicitly exchanged between patches

by transitioning shares of the population between the corresponding ODE systems. In

between the discrete time points, every ODE model can be considered independent and

can be solved with a common ODE solver. Given the independence of local models,

the solution between the discrete time points can be done in parallel, providing great

parallelization properties.

We now illustrate the numerical procedure for solving the model using an example

with two patches P1 and P2 and the simple case where mobility rates do not depend

on age or infection states. Hence, each single edge ofe12 corresponds to the commuting

strength h12, i.e., the share of individuals from patchP1 commuting to P2, and e21 vice

versa. The numerical procedure is visualized in Fig. 3.1. From a given start datet0 and

corresponding initial values

Si;n (t0); E i;n (t0); I i;n (t0); Ri;n (t0); n = 1 ; 2; and i = 1 ; : : : ; J; (3.2.1)

an arbitrary ODE solver is advanced (in multiple steps) with user-de�ned or adaptive

time stepping from start date t0 to preliminary end time t0 + 1=2. Then, the commuting

is modeled by exchanging the respective number of individuals in each age group and

each infection state. At patch P1, the number of susceptible individuals of an age group

i is reduced byh12Si; 1(t + 0 :5), since this is the mean number of susceptible individuals

commuting to patch P2. Concurrently, the number of susceptible individuals at patch

P2 is increased by the same number. This is done for each compartment and age group,

as well as for the reverse direction. At the same time, the shares of commuting individ-

uals are also stored separately with the current infection states to later extrapolate the

infection states of individuals commuting home. Next, the solver is advanced from the

time point of commuting t0 + 1=2 to the end of the day at time t0 + 1 .

At t0 + 1 , the commuters are expected to return to their home patches. The nature

of the equation-based models, which do not trace individuals, poses a challenge to ade-

quately �nd the developed infection states of the commuters fromt0 +1=2. When adding

individuals to another patch and advancing the solver, information on commuting indi-

viduals is lost in the entire population of the target patch. This e�ect can be problematic,

as the objective is to ensure that the individuals added are those who return at the end
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Figure 3.1: Schematic representation of the numerical solution for the graph-based
metapopulation model. Two patchesP1 and P2 are represented by separateSEIR
models. After advancing a solver for a half day, commuters are exchanged between
patches. Next, the solver is advanced for another half day. Before returning the
commuters, their infection states are estimated using one step of a low-order single-
step method where the populations at the patches are used as contact population
only. Hence, the populations at the patches remain constant during the auxiliary
step, as indicated by the presence of a black border. Once their health status' are
determined, the individuals are returned. This �gure is adopted from [20, Fig. 2].

of the day. We illustrate this issue using the following simpli�ed example.

Let us consider a patchPn where everybody is susceptible, and a patchPm where

everybody is infectious. For simplicity, we assumeenm = 0 , i.e., commuting is only per-

formed in the direction Pm ! P n . During commuting, some infectious individuals from

patch Pm travel to patch Pn . After advancing the solver, we expect several susceptible

individuals from patch Pm to get exposed to the pathogen and upon transmission getting

into the Exposed state. Additionally, we expect some infectious individuals to recover. If

returning is performed in the same way as the initial commuting, this would result in a

returning population consisting of the same distribution as the population at patchPn .

In particular, we would transfer individuals with a susceptible infection state. Since the

initial commuting population consisted only of infectious individuals, these individuals
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3 Metapopulation models for infectious disease dynamics

can only be either in the Infected or the Recovered infection states. We visualize this

example in Fig. 3.2. For simplicity, the visualization ignores the fact that the infection

progresses also in the population at patchPm .

Figure 3.2: Visualization of the necessity of the auxiliary step for handling returning
commuters. We have one population of only susceptible individuals (top) and one
with only infected individuals (bottom). During commuting, individuals from one
population travel to the other, where the infection advances. At the end of the
day, the same fraction of individuals returns. Without further considerations, this
approach leads to the problem that former infectious individuals are now susceptible,
which is not possible in the ODE models under study.

To better extrapolate the returning population's health status', the model performs

an additional step with the commuting population. Using a single-step method, e.g.,

the explicit Euler method, with a step size ofh = 0 :5 days, we estimate the most likely

infection states of the commuters at the end of the day, given the commuting population

at time t0+1=2. To achieve this, we apply theSEIR model to this commuting population,

but use the population of the target patch at time t0 + 1=2 as a contact population. The

single-step method approximates the change in infection states among the commuting

population during their stay at the target location. Consequently, we determine the

numbers of returning individuals in each infection state and update each subpopulation

according to these numbers. After all individuals have returned, the next simulation day

begins with the advancing of all ODE systems representing the patches.

In the following chapters, we will refer to the model derived using the hybrid graph-

ODE-based approach withModel D and denote it by M D
J;M .

The here presented graph-based model o�ers a wide range of options for further ex-

tensions and improvements. For instance, as demonstrated by [19], the incorporation of

commuter testing can enhance the model's realism. A di�erent extension concerns the

accounting of transmissions during commuting, as has been proposed by [47]. However,
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3.2 A semi-discrete hybrid graph-based ODE model (Model D)

since it also introduces greater complexity, we will not consider it for the purposes of this

thesis.

Theoretically, the graph-based approach is not limited to ODE-based models in the

patches. For instance, the patches could also use integro-di�erential equation- (IDE) [42]

or agent-based (ABM) [14] models. Moreover, patches with ODE models and patches

with ABMs can be combined in hybrid models [6]. However, as the focus of this thesis

is the introduction of mobility to ODE models, we will not go into this any further, but

continue with the graph of SEIR models.

While the numerical procedure of the graph-based model has proven to be more chal-

lenging, this approach has also shown better parallelization properties than the equation-

based metapopulation models. We will compare the models in the following chapters on

a theoretical level and based on numerical simulations.
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After having derived the models from a theoretical point of view, we now describe how the

models are put into practice. We will begin with describing the software framework used

by the models and which served as a basis for this thesis. Then, we will explain how the

models are implemented. While the framework o�ers more than 10 di�erent model types,

we will restrict ourselves to the implementations of the ODE metapopulation Model C

(3.1.25) and the graph-based Model D. The complexities of both implementations will

be compared on a theoretical level using the number of �oating point operations (FLOP)

as an indicator.

Both models have been integrated into the software MEmilio [21] which is still under

development. The implementation of the graph-based model approach described in Sec-

tion 3.2 was already contained in the software and will only be explained brie�y. The

implementation of the equation-based metapopulation approach is part of this thesis and

will be described in the following. Our implementation makes wide use of the infras-

tructure provided by the software framework which we will explain beforehand, using

Model A, i.e., the simple ODE SEIR model (2.3.1), as an example. The framework for

the models and their simulations is implemented in C++.

4.1 Existing prerequisites in the software

We start by describing the implementation of Model A (2.3.1) which was already part

of the software. Afterward, we outline which changes had to be made for the ex-

tension to the metapopulation model. Each model has its own folder and namespace

mio::model_space:: containing the classes speci�c to that model, wheremodel_space

is replaced by a model speci�c name. However, these classes often inherit from other

classes which allow a wide range of options and speci�cations through their generic im-

plementation. For many matrix and vector operations, we use the libraryEigen which

provides fast and reliable algorithms for linear algebra in C++ [12].

A model is de�ned by a classModel that inherits from a class FlowModel which is

itself a child class ofCompartmentalModel. Both FlowModel and CompartmentalModel

are generic classes from which various compartmental models are derived. The class

Model is speci�c to the model, which here is Model A. Listing 4.1 shows the headers

of Model and its base classes, including the template parameters, as well as the most
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important members in each class. It is also possible to derive the model class from the

CompartmentalModelclass directly. In the following, we brie�y visualize the di�erence

between aFlowModel and a CompartmentalModelusing the transitions from and to the

Infected compartment as an example. While theCompartmentalModel computes the

derivative in the Infected compartment as

dI
dt

=
E
TE

�
I
TI

; (4.1.1)

the FlowModel will compute

FE ! I = E=TE ;

FI ! R = I=TI ;

dI
dt

= FE ! I � FI ! R :

(4.1.2)

While this may seem more inconvenient, it allows more insight into the explicit �ows,

as the aggregated solution to the �rst computation loses track of the particular in- and

out�ows of the compartments. Moreover, for more complex �ows, theFlowModelrequires

fewer computations, as theCompartmentalModel computes the �ow for both compart-

ments involved.

Model holds a template parameter FP, which determines the �oating point preci-

sion used by the model. In the simulations considered in this thesis,FP is speci�ed

by double. This template parameter is also passed to the base classesFlowModel and

CompartmentalModel. Additionally, FlowModelhas the template parametersComp, Pop,

Paramsand Flows where the �rst three are speci�ed and passed toCompartmentalModel.

We will describe the speci�cations for the template parameters in the following. The tem-

plate parameter Flows is used to de�ne which transitions occur in the model. For the

SEIR model, these are the transitions from Susceptible to Exposed, from Exposed to

Infected and from Infected to Recovered.

The template parameter Compdetermines the compartments of interest, which for

Model A are the compartmentsSusceptible (S), Exposed (E), Infected (I) and Recovered

(R) , accordingly. They are given by an enum classInfectionState that enumerates

these compartments contiguously from 0, ending with a non-compartmentCount which

represents the number of compartments.

Popdetermines how the model population is stored. It is usually speci�ed by a class

Populations which allows splitting a population into smaller categories, such as age

groups or gender, and stores a corresponding value of typeFP, given as a template

parameter. To achieve that an arbitrary number of categories can be implemented,

Populations is a variadic class template which allows using any number of template

parameters and which takes a parameter packCategories as a template parameter.

The class inherits from a classCustomIndexArray that allows multidimensional typesafe
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1 template < typename FP >

2 class Model : publ ic FlowModel <FP , Infect ionState , Populations <FP ,

AgeGroup , Infect ionState >, Parameters <FP >, Flows >

3 {

4 void get_f lows (...) const overr ide ;

5 };

6

7 template < typename FP , class Comp , class Pop , class Params , class Flows >

8 class FlowModel : publ ic CompartmentalModel <FP , Comp , Pop , Params >

9 {

10 virtual void get_f lows (...) const ;

11 void get_der ivat ives (...) const overr ide ;

12 };

13

14 template < typename FP , class Comp , class Pop , class Params >

15 class CompartmentalModel

16 {

17 virtual void get_derivat ives (...) const ;

18 void eval_r ight_hand_side (...) const ;

19 Populat ions populat ions {};

20 ParameterSet parameters {};

21 };

Listing 4.1: Code snippet of the SEIR Model class and its parent classes. Class headers
including templatization and the most important members. The Model class is
speci�c to the SEIR model and inherits from the FlowModel class, which is derived
from the CompartmentalModel class.

indexing into a one-dimensional array. This is achieved with a classIndex , which connects

a size_t with a tag of any type and combines severalIndex objects to obtain indices

of multiple dimensions. Tags are used to �stratify� the population, i.e., for a population

divided into the compartments, the InfectionState enum class serves as a tag. We

can use such a custom index array to store a population divided into, e.g., age groups

and compartments, together with the respective number of individuals. TheIndex class

makes it (near) impossible to confuse indices or index order, as long as the tags are

unique.

The SEIR model describes a population divided into the particular compartments and

age groups. Thus,Pop is speci�ed by Populations<FP, AgeGroup, InfectionState> ,

where InfectionState is the enum from before. AgeGroupis a struct which is derived

from the Index class to provide a dynamically sized tag and to shorten the notation.

Later, we will also use this concept to model regions and then go into more detail.

The last template parameter of theFlowModel is Params, which is speci�ed by a class

Parameters that is speci�c to the model and inherits from a parent classParameterSet.
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ParameterSet holds the parameters of the model, such as the transmission probability

or the mean transition times from Exposed to Infected or from Infected to Recovered,

de�ned through structs passed to it via variadic template parameters. Every parameter

struct has member functions that return the name of the parameter or a default value.

By adding new structs, we can later implement additional parameters very easily and

can use get and set functions without additional e�ort.

As we will use the same structure later on, we will take a look at the parameter

ContactPatterns and its underlying type UncertainContactMatrix . The class provides

a (contact) matrix of size J � J where J is the number of age groups. It gives the con-

tact frequency of individuals depending on their age, i.e., the mean number of contacts

between individuals of age groupi with age group j , for all age groupsi; j 2 f 1; : : : ; J g.

Additionally, the class can hold information to adjust the frequencies during the simula-

tion, for example to model non-pharmaceutical interventions like social distancing.

As an object of a derived class ofCompartmentalModel, the model holds an attribute

populations of type Population that represents the initial population and an attribute

parameters of type Parameters with the model speci�c parameters, compare line 19

and 20 of Listing 4.1. Both the constructor of Population and Parameters depend on

the number of age groups, hence the constructor of the model is called with a parameter

size_t number_age_groups. The model constructor �rst instantiates both Population

and Parameters, then passes them to the constructor of its parent class,FlowModel.

The di�erential equations of the model are formulated through a member function

get_flows() . It implements the values of the �ows between compartments for a current

model state, which then are combined by a functionget_derivatives() to the values of

the derivative, as in (4.1.2). In Section 3.2, we explained the necessity for the additional

step, in which the commuting population's infection states are estimated when returning.

As the population at the target region serves only as a contact population, the imple-

mentation of get_flows() distinguishes between contact and evolving population. For

all other cases without mobility, both populations are the same.

The initial population together with the di�erential equations pose an initial value

problem (IVP) which we solve numerically. For full control on the step size and to keep

the complexity analysis in the following section simple, we will mainly focus on a low-

order, �xed step-size method, i.e., the explicit Euler method. This method approximates

the integration over time of the IVP iteratively in discrete steps via

yk+1 = yk + hf (tk ; yk ): (4.1.3)

Here, f is the right-hand side of the ODE system,yk is the approximation of the solution

to the IVP at time tk = t0 + kh and h is the step size.

In the software, a numerical integration scheme is speci�ed by an implementation

of an interface IntegratorCore , de�ning the respective step function. For the Euler
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1 class EulerIntegratorCore : public IntegratorCore <FP >

2 {

3 public :

4 EulerIntegratorCore () : IntegratorCore <FP >( FP{} , FP {})

5 {

6 }

7

8 bool step ( const DerivFunction <FP >& f ,

9 Eigen ::Ref < const Vector <FP >> yt , FP& t , FP& dt ,

10 Eigen ::Ref <Vector <FP >> ytp1 ) const overr ide

11 {

12 f (yt , t , ytp1 ) ;

13 ytp1 = yt + dt * ytp1 ;

14 t += dt ;

15 return true ;

16 }

17 };

Listing 4.2: Code snippet of the EulerIntegratorCore class. The EulerIntegratorCore is
derived from the IntegratorCore class with empty declarations for the minimal and
maximal step size, as the Euler method uses a �xed step size. Thestep() function
is used to perform a single integration step for a function to be integratedf .

method, the respective implementationEulerIntegratorCore is shown in Listing 4.2.

IntegratorCore manages the minimal and maximal step sizes for adaptive methods and

requires setting these in its constructor. Being an explicit method with �xed step size,

the EulerIntegratorCore inherits from the IntegratorCore with empty declarations

of minimal and maximal step size, compare line 4. The step function performs a single

integration step for a function f to be integrated. Here, the value of f for a current

approximation yt at time point t is computed in line 12 and this value temporarily

stored in the vector of the next result ytp1 . Afterward, the approximation at the next

time point is computed according to (4.1.3) and the current time point is updated by the

step size. In a recent change to the software,Vector was exchanged byEigen::VectorX .

However, this change is not considered in this thesis.

The step() method allows implementing very general integration methods, such as

Runge-Kutta methods. For more realistic comparisons with respect to the time to so-

lution, we use the adaptive Runge-Kutta Cash-Karp 5(4) method. For this, we use the

implemented function runge_kutta_cash_karp54 from Boost [1] in combination with

the implementation ControlledStepperWrapper of IntegratorCore , which allows us-

ing pre-implemented integration schemes.

An IVP is solved by an instance of the OdeIntegrator class, which holds a shared

pointer to an implementation of IntegratorCore . This OdeIntegrator advances from

39



4 Implementation

Figure 4.1: Simpli�ed call graph for the simulation process. Every call from one func-
tion to another is indicated by an arrow, where the arrow is pointed from the caller
to the callee. To run a simulation, the advance() function of the Simulation is
called, which then calls the advance() function of the integrator. The integrator
calls the step() function of the core, which computes the result of the next time
point, using the right-hand side of the ODEs returned by eval_right_hand_side() .
To calculate the right-hand side of the model, eval_right_hand_side() calls
get_derivatives() , which combines the �ows returned by get_flows() . The in-
tegrator lets the core perform steps until tmax is reached, which is indicated by the
dashed box. The boxes with solid borders represent the inheritance of the model
classes.

a time t0 to tmax , letting the core perform steps until tmax . The model and the nu-

merical method with which it is solved is connected through a classSimulation . A

Simulation object uses the model to de�ne the initial values of the problem returned by

get_initial_values() which returns the initial population. Also, it de�nes the right-

hand side of the system via a member functionget_flows() of Model. This forms the

IVP which can be solved by theOdeIntegrator .

To understand the implementation of the simulation process, we can follow the sim-

pli�ed call graph presented in Fig. 4.1. To start a simulation, a function advance() of

the simulation class is called, which then calls the functionadvance() of the integra-

tor. This function repeatedly calls the step function of the IntegratorCore until the

simulation end time is reached, using the right-hand side of the ODE system returned

by eval_right_hand_side() of the CompartmentalModelclass. We omit some technical

details here. In fact, the integrator receives a function object to compute the right-hand

side of the ODE system in order to decouple the model implementation from the nu-

merical method. The right-hand side is inferred byeval_right_hand_side() via the

get_derivatives() and get_flows() functions, as mentioned above. The results are

stored as aTimeSeries, which allows tracing the sizes of compartments over time.
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4.2 Implemented changes for the equation-based

metapopulation Model C

The previous section described the implementation of equation-based models in the soft-

ware MEmilio [21] using the SEIR model as an example. The basic structure of the

implemented equation-based metapopulation model proposed with this thesis is very

similar. It is derived from a FlowModel the same as theSEIR model and gets the same

classInfectionState for the compartments.

To implement commuting, we can make use of the templatization ofPopulation and

ParameterSet. We remember thePopulation class from before and highlight the fact

that it allows splitting a population into more than one category. We can interpret the

home region of an individual as a characteristic, similar to the age of an individual.

Therefore, similar to the struct AgeGroup, we implement a struct Region derived from

the Index class, using the curiously recurring template pattern (CRTP) [41], compare

Listing 4.3. This way, we can call any custom index array of regions withRegion(val)

and can save the extensive formulation with the index class. Note that a region is only

a size_t that is used to index the population and the results.

1 struct Region : public Index <Region > {

2 Region ( size_t val )

3 : Index <Region >( val )

4 {

5 }

6 };

Listing 4.3: Code snippet of the struct Region. Region is a struct that is derived from the
Index class in order to index the population and the results.

We can now specify the template parameterPop of the base classFlowModel with

Populations<FP, Region, AgeGroup, InfectionState> . The model's constructor is

called with the number of regions and the number of age groups. Both parameters are

used to instantiate a Population of the intended strati�cation and a ParameterSet.

Comparing the SEIR model (2.2.1) and Model C (3.1.20), we observe that most of the

parameters remain the same. The metapopulation model implements two additional

parameters: N = ( N i;n ) i 2f 1;:::;J g; n2f 1;:::;M g, whereN i;n represents the number of individ-

uals of age groupi which actually are at a region after commuting and the commuting

strengths and H = ( hnm )n;m 2f 1;:::;M g, where hnm is the share of individuals from region

Pn which commute to regionPm , analogously to what we derived in Section 3.1.2. We

note that we do not need to implement a new parameter forPi;n which denotes the num-

ber of individuals of age groupi originating from region Pn . As this corresponds to the

initial population, this is already represented by m_population of the model.
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The commuting strengths H are implemented as anUncertainContactMatrix of

Regions and added to theParameterSet of the model. We compute the commuting

strengths according to equation (3.1.22) and note that they do not depend on age groups.

Therefore, the matrix H has dimensionM � M where M 2 N is the number of regions.

The share of the individuals staying at a location is obtained by subtracting all fractions

of leaving individuals from the value 1, see (3.1.11). This value is calculated for every

region and saved on the diagonal of the matrix.

The population sizesN are represented by another instance ofPopulation indicated

by Region and AgeGroupand are computed and set at the beginning of a simulation

according to formula (3.1.23).

The biggest modi�cation to the model is the implementation of the equations. This

is done in the function get_flows() and is outlined in lines 3 to 14 of Algorithm 1.

In the beginning, the number of infected individuals per region are computed according

to equation (3.1.16) for every region. Afterward, the right-hand side of the model is

computed according to (3.1.25). In the next section, we will look in more depth at the

algorithm and study the number of �oating point operations.

We remark that we can use a similar implementation for the other equation-based

metapopulation model, Model B, by implementing the respective equations of (3.1.9),

but we will not go into detail here.

4.3 Theoretical complexity analysis

Before comparing results and timings of both models, we will, in this section, study

the computational complexity, considering the number of �oating point operations for

a numerical solver with �xed step size. We will analyze the implementations of both

models in terms of �oating point operations (FLOP) and follow the approach of [22].

As already described there, this approach is simpli�ed, since the number of operations

does not correspond to the number of cycles on a real machine, but still gives an idea of

the complexity of both algorithms. For a model M , we denote its complexity byF(M ).

Frequently, the term FLOPs is used to denote the number of �oating point operations

per second. Therefore, in order to avoid confusion, we will use the term FLOP to denote

the plural form of �oating point operation.

Complexity of Model C Algorithm 1 shows the pseudocode for solving Model C with

the forward Euler method and provides the number of FLOP in each line, which we will

determine in the following. For reasons of readability, we will only consider a single age

group, in which case the model simpli�es to (3.1.20) which we denoted byM C
1;M . Fig. 4.2

shows the resulting �ows between the compartments for a regionPn , n 2 f 1; : : : ; M g.
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Figure 4.2: Schematic representation of the �ows in Model C for a region Pn . The
values of the �ows for each transition are shown above the respective arrow. The
corresponding model equations are found in (3.1.20). The compartment in which
individuals are infectious is highlighted in red.

In order to provide a simpli�ed description of the implementation, Algorithm 1 simpli-

�es certain components which become more complicated for multiple age groups. How-

ever, it summarizes all computations that are performed for solving the model when

considering only one age group. The algorithm uses several parameters, most of which

are part of the parameter set of the model. For the sake of a simpli�ed presentation, we

present those parameters that are used for the computation part of the simulation as in-

put parameters. The regions are given by the structRegion which serves as a shorthand

notation to index the population and all CustomIndexArrays. The commuting strength

matrix H and the population sizes after commutingN have been described above. The

parameters governing the transmission� and � are also part of the parameter set. The

intermediate steps and the results are saved in aTimeSeries. In the algorithm, we

will denote the vector of compartment sizes in thek-th time step with yk . This vector

contains the sizes of each compartmentS, E , I , R for every region and is of the form

yk =
�

Sk
1 ; : : : ; Sk

M ; E k
1 ; : : : ; E k

M ; I k
1 ; : : : ; I k

M ; Rk
1; : : : ; Rk

M

� T
: (4.3.1)

With Sk we further refer to the subvector ofyk which contains the sizes of Susceptible

compartments for all regions, i.e.:

Sk =
�

Sk
1 ; : : : ; Sk

M

� T
: (4.3.2)

The vectors E k , I k and Rk are de�ned accordingly. The initial conditions for all regions

are given by y0. For the simulation, we denote the start time t0 and end time tmax , as

well as a step sizeh for the Euler method. We assume w.l.o.g. that(tmax � t0)=h 2 N.

The �ows between compartments are stored in a vector of size3M which is of the form

F = ( FS1 ! E1 ; : : : ; FSM ! EM ; FE1 ! I 1 ; : : : ; FEM ! I M ; FI 1 ! R1 ; : : : ; FI M ! RM )T

(4.3.3)

and, similar to the vector of the compartment sizes,FS! E denotes the subvector with

entries FSn ! En , n = 1 ; : : : ; M . Once all �ows are computed, we can combine them to

obtain the derivative at the current time step in each compartment.

In the following, we look at the numerical procedure and count the FLOP that are

needed for the computations. Due to the simpli�ed representation, some small helper
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Algorithm 1: Numerical solution of the equation-based metapopulation model.

(2M2+8M) mult., 4M div., (2M 2+7M) add., 3M sub. = 4M2+22M/time step

Input: (Pn )n2f 1;:::;M g, H , N , � , � , y0, t0, tmax , h

1 t  � t0

2 k  � 0

3 while t < t max do

4 I tot
n  � 0

5 for each regionPn do

6 for each regionPm do

7 I tot
n  � I tot

n + hmn I k
m 1 mult., 1 add.

8 I tot
n  � I tot

n =Nn 1 div.

9 eI  � H � I tot M2 mult. + M(M-1) add.

10 for each regionPn do

11 FSn ! En  � 0:5��S n (I k
n =Pn + eI n ) 4 mult., 1 div., 1 add.

12 FEn ! I n  � E k
n =TE 1 div.

13 FI n ! Rn  � I k
n =TI 1 div.

14 yk+1  � 0

15 Sk+1  � Sk+1 � FS! E M sub.

16 E k+1  � E k+1 + FS! E � FE ! I M add., M sub.

17 I k+1  � I k+1 + FE ! I � FI ! R M add., M sub.

18 Rk+1  � Rk+1 + FI ! R M add.

19 yk+1  � yk + h yk+1 4M mult., 4M add.

20 t  � t + h [1 add.]

21 k  � k + 1 [1 add.]
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calculations appear in the pseudocode which do not appear in the implementation. We

will therefore refrain from counting these operations, which are mostly FLOP of order

O(1).

In line 4 to 13 of Algorithm 1, we compute the �ows between the compartments. For

this purpose, in line 4-7, we compute the total number of infectious individuals in each

region, meaning all infected individuals of the respective region which stay there and

the number of infected individuals which commute to this region. This corresponds to

equation (3.1.16) of Section 3.1. In line 7 we count 1 multiplication and 1 addition

which are calledM 2 times each time steph. In line 8, we divide the number of infected

individuals by the population size Nn of region Pn after commuting, resulting in the

probability for meeting an infectious individual, given there is a contact, in this region.

Since this is done for every region, we getM divisions. Line 9 computes the product of

the matrix H with the vector I tot , whose result is stored in a vectoreI . As a matrix-vector

product, line 9 corresponds toM 2 multiplications and M (M � 1) additions. Lines 10

to 18 compute the values of the di�erential equations at the current time t, using the

intermediate results from before. As mentioned, we use a type of model that computes

the �ows before computing the sizes of each compartment at the current time. We begin

with computing the �ow from Susceptible to Exposed. For then-th entry of eI , we observe:

eI n =
MX

m=1

hnm I tot
m

Nm
: (4.3.4)

Comparing (4.3.4) and the �ow from Susceptible to Exposed in Model C (3.1.20),

compare also Fig. 4.2, we obtain line 11. We count 1 division and 1 addition inside

the parentheses, and 4 multiplications outside the parentheses. The computation of the

other �ows from the Exposed to Infected and Infected to Recovered compartments cost

1 division each (lines 12-13). Lines 11-13 are called for every region which leads to4M

multiplications, 3M divisions, and M additions. Next, we can compute the derivatives

in the current time step in line 14-18, combining the values of the �ows. We use the

vector for the next intermediate step yk+1 as a temporary space to store the derivative

and initialize it with 0. Now every �ow is subtracted from a compartment subvector

if it acts as an out�ow to this compartment and added if it acts as an in�ow. The

Susceptible compartment has only one out�ow, i.e.,FS! E and no in�ow. Therefore, we

only subtract the M -dimensional �ow vector from Sk+1 , which gives M subtractions.

For the Exposed and Infected compartment we have an in�ow and out�ow each, yielding

2M additions and 2M subtractions. Furthermore, we getM additions from adding the

�ow from Infected to Recovered to the subvector of the Recovered compartment. The

result for the next time step is computed according to the Euler method in line 18 which

causes4M multiplications and 4M additions.

For a single iteration of the while-loop, ie., a single time step this yields:
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ˆ 2M 2 + 8M multiplications,

ˆ 4M divisions,

ˆ 2M 2 + 7M additions,

ˆ 3M subtractions.

Solving the model with a constant step sizeh requires (tmax � t0)=h steps. In total, the

algorithm requires

F
�
M C

1;M

�
= (4 M 2 + 22M )

(tmax � t0)
h

(4.3.5)

FLOP.

Complexity of Model D We now compare the previously computed complexity to the

complexity of the graph-based Model D with J 2 N age groups andM 2 N regions.

In order to compare the complexity of both models, we also need to take a look at the

implementation of the latter.

The implementation of a graph in the software MEmilio [21] is straightforward: A

Graphis a templatized class that consists of two vectors ofNodes andEdges. Overall, the

implementation is highly templatized, and we will only explain the speci�cations for our

applications. Every node consists of an ID and a simulation of typeSimulation which

we have already seen in the context of Model A in Section 4.1 and which connects the

model and the numerical method that is used. This matches the idea of the model that

contains one (sub)model per region. The (sub)model is speci�ed by theModel class of

the SEIR model which was described in Section 4.1. While it supports strati�cation by

age, we will compute and provide the detailed number of FLOP for a model with only

one age group. The edges of the graph consist of a start and end node represented by

the IDs and a property of type MobilityEdge which provides the infrastructure for the

multi-edges described in Section 3.2. Every multi-edge describes how many individuals

of each age group and in each compartment commute from the start to the end node per

day. The software stores this number after commuting, in order to be able to estimate

their infection state when returning, inside the edge.

The numerical procedure for solving the model is outlined as pseudocode in Algo-

rithm 2. Similar to Model C, most of the parameters used are member variables in

various classes. For the sake of a simple presentation, they are visualized as input pa-

rameters to the algorithm. The graph that models the metapopulation in a graph as

described in Section 3.2 consists ofM nodes. Since we did not assume that all regions

are connected to another, the graph hasL � M 2 multi-edges. Similar to the other mod-

els, the results are stored in aTimeSeries contained in the Simulation of each node. In
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4.3 Theoretical complexity analysis

the algorithm, we denote the current result, i.e., the current compartment sizes of region

Pn by yk
n . Therefore, it is of the form

yk
n =

0

B
B
B
B
@

Sk
n

E k
n

I k
n

Rk
n

1

C
C
C
C
A

: (4.3.6)

Additionally, the Simulation object is equipped with a start time t0 and an end time

tmax . In Section 3.2 we already described the process of solving the model roughly. Every

model is advanced for a period of time when commuting is performed which leads to two

levels of time steps: One that determines the intervals between commuting and returning

which we denote byhc, and one that is used for the integrator of each model denoted by

hs. We �x hc = 0 :5 such that individuals travel once a day for half a day, as described

before. We assume w.l.o.g. thathc=hs 2 N and (tmax � t0)=hc 2 N.

At the beginning of each iteration, the models are advanced from current timet to

t + hc independently. This is line 5 of Algorithm 2 where we use an Euler method

applied to the system of di�erential equations of the SEIR model. For a current state

yk
n =

�
Sk

n ; E k
n ; I k

n ; Rk
n

�
it computes the next states up to t + hc. The state at time

t + hc is denoted byyk+1
n . The detailed description of the computations is presented in

Algorithm 3.

The rough structure of Algorithm 3 is very similar to that of the Model C, only the

calculation of the equations is much simpler, as every model handles only one region. In

line 4 we compute the �ow from the Susceptible to Exposed compartment, where the

total population size is inferred by the sum over all compartments. Line 4 results in

3 multiplications, 1 division and 3 additions. For the other �ows in line 5 and 6 we

count 1 division each. Since the �ows are only one-dimensional, we get 3 subtractions

and 3 additions for the combination of the �ows in total, compare lines 8-11. The Euler

step in line 12 costs 4 multiplications and 4 additions due to the four compartments. All

intermediate results are stored in the resultTimeSeries for a detailed analysis afterward.

However, we omit them in Algorithm 2 for the sake of a simpli�ed representation. In

total, we need(tmax � t0)=hs time steps, which leads us to

ˆ 7(tmax � t0)=hs multiplications,

ˆ 3(tmax � t0)=hs divisions,

ˆ 10(tmax � t0)=hs additions,

ˆ 3(tmax � t0)=hs subtractions

for the Euler function. In Algorithm 2 this function is called in line 5 and in line 11, each

time with t0 = t and tmax = t + hc. We now continue in Algorithm 2. After the time
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Algorithm 2: Numerical solution of the hybrid graph model

11L + 14hch� 1
s M mult., 3 L + 6hch� 1

s M div., 18 L + 20hch� 1
s M add.,

11L + 6hch� 1
s M sub.

Input: Graph = (nodes (Pn ), multi-edges (enm )), t0, tmax , hs, hc = 0 :5

1 t  � t0

2 k  � 0

3 while t < t max do

4 for each nodePn do

5 Advance the models tot + hc:

yk+1
n  � Euler(yk

n , hs, t, t + hc)

7hch� 1
s mult., 3 hch� 1

s div., 10 hch� 1
s add., 3 hch� 1

s sub.

6 t  � t + hc [1 add.]

7 k  � k + 1 [1 add.]

8 for each multi-edgeenm do

9 Exchange commuters according to commuting factors:

yk
n , yk

m , yk
nm  � Commute(yk

n , yk
m , enm ) 4 mult., 4 add., 4 sub.

10 for each nodePn do

11 Advance the models tot + hc:

yk+1
n  � Euler(yk

n , hs, t, t + hc)

7hch� 1
s mult., 3 hch� 1

s div., 10 hch� 1
s add., 3 hch� 1

s sub.

12 t  � t + hc [1 add.]

13 k  � k + 1 [1 add.]

14 for each multi-edgeenm do

15 Euler step to estimate the most likely infection states of returning

commuters:

yk
n , yk

m  � Returns(yk� 1
nm , yk� 1

m , yk
n , yk

m )

7 mult., 3 div., 14 add., 7 sub.
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4.3 Theoretical complexity analysis

Algorithm 3: Euler-SIR(y0, hs, t0, tmax )

7hch� 1
s mult., 3 hch� 1

s div., 10 hch� 1
s add., 3 hch� 1

s sub.

Input: y0, hs, t0, tmax = t0 + hc

1 t  � t0

2 k  � 0

3 while t < t max do

4 FS! E  � ��S k I k=(Sk + E k + I k + Rk ) 3 mult., 1 div., 3 add.

5 FE ! I  � E k=TE 1 div.

6 FI ! R  � I k=TI 1 div.

7 yk+1  � 0

8 Sk+1  � Sk+1 � FS! E 1 sub.

9 E k+1  � E k+1 + FS! E � FE ! I 1 add., 1 sub.

10 I k+1  � I k+1 + FE ! I � FI ! R 1 add., 1 sub.

11 Rk+1  � Rk+1 + FI ! R 1 add.

12 yk+1  � yk + hs yk+1 4 mult., 4 add.

13 t  � t + hs [1 add.]

14 k  � k + 1 [1 add.]

Output: yk

step is updated, commuting is applied for every multi-edge of the graph. The process of

commuting is outlined in Algorithm 4.

The algorithm uses the populations in each compartment of two regionsyk
n and yk

m

and the respective multi-edge between those twoenm . Every multi-edge consists of four

single edges, one for each compartment, as we consider only a single age group. We

interpret enm as a four-dimensional vector, where each entry gives the share of commuting

individuals from region Pn to Pm for the corresponding compartment. First, the number

Algorithm 4: Commute(yk
n , yk

m , enm )

4 mult., 4 add., 4 sub.

Input: yk
n , yk

m , enm

1 yk
nm  � enm yk

n 4 mult.

2 yk
n  � yk

n � yk
nm 4 sub.

3 yk
m  � yk

m + yk
nm 4 add.

Output: yk
n , yk

m , yk
nm

of commuters from regionPn is determined according to the population and the share

of commuting individuals enm . The multiplication in line 1 of Algorithm 4 is performed

componentwise, so we determine the number of commuting individuals per compartment
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which is denoted byyk
nm and will be needed later to determine the infection states of the

returning individuals. Therefore, yk
nm is returned by the function. Once determined, we

subtract the numbers of commuters from the population of regionP k
n and add it to the

population of regionP k
m . Overall, we have 1 componentwise multiplication, 1 subtraction

and 1 addition of four-dimensional arrays, which leads to

ˆ 4 multiplications,

ˆ 4 additions,

ˆ 4 subtractions

for the commuting in line 7 of Algorithm 2.

After commuting, the models are advanced for anotherhc = 0 :5 days, for which we

have already counted the FLOP. Note that one iteration of the while-loop in Algorithm 2

describes two time steps, since individuals commute after the �rst and return after the

next. In Section 3.2 we already outlined the necessity of the auxiliary step when returning

the commuters. We perform an Euler step where the commuting population from the

commuting step beforeyk
nm contacts the population of its target location right after

commuting, and update the populations of source and target location afterward. This is

detailed in Algorithm 5.

Algorithm 5: Returns(yk� 1
nm , yk� 1

m , yk
n , yk

m )

7 mult., 3 div., 14 add., 7 sub.

Input: yk� 1
nm , yk� 1

m , yk
n , yk

m

1 �  � ��= (Sk� 1
m + E k� 1

m + I k� 1
m + Rk� 1

m ) 1 mult., 1 div., 3 add.

2 FSn ! En  � �S k� 1
nm I k� 1

m 2 mult.

3 FEn ! I n  � E k� 1
nm =TE 1 div.

4 FI n ! Rn  � I k� 1
nm =TI 1 div.

5 yk
nm  � 0

6 Sk
nm  � Sk

nm � FSn ! En 1 sub.

7 E k
nm  � E k

nm + FSn ! En � FEn ! I n 1 add., 1 sub.

8 I k
nm  � I k

nm + FEn ! I n � FI n ! Rn 1 add., 1 sub.

9 Rk
nm  � Rk

nm + FI n ! Rn 1 add.

10 yk
nm  � yk� 1

nm + hc yk
nm 4 mult., 4 add.

11 yk
n  � yk

n + yk
nm 4 add.

12 yk
m  � yk

m � yk
nm 4 sub.

Output: yk
n , yk

m

The factor � of the �rst �ow is calculated by multiplying the transmission probability

with the contact rate and dividing it by the size of the population at the target location
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4.3 Theoretical complexity analysis

right after commuting. This population size is determined by the sum over all com-

partments, which requires 3 additions. The �ow from Susceptible to Exposed is then

computed by multiplying the factor � from the line before with the susceptible com-

muters and the number of infectious individuals after commuting, i.e.,I k� 1
m . Lines 3-10

describe the remaining part of the Euler step but do not depend on the contact popu-

lation. As this is just repetition of what we have already seen in Algorithm 3, we will

not go into more detail here. During this Euler step, the returning population in each

compartment yk
nm is determined. Since the auxiliary step is just an approximation of the

infection states of the commuters, it is possible that the calculated numbers of returning

individuals in a compartment exceed the population of this compartment at the target

location. To ensure non-negative compartments in that case, supernumerary individuals

are subtracted from the biggest compartment. However, given that this does not occur

in every step of the process, it is omitted in our complexity analysis. Next, the popula-

tions at the prior starting and target locations are updated through adding the returning

individuals to the starting location and subtracting them from the target location. Since

we have four-dimensional vectors, this requires 4 additions and 4 subtractions. For the

return process, including the estimation of the infection states of the commuters, we have

ˆ 7 multiplications,

ˆ 3 divisions,

ˆ 14 additions,

ˆ 7 subtractions.

To determine the number of FLOP of Algorithm 2 we have to combine the number of

FLOP of the individual components. Lines 5 and 11 are called for each region, which

is why we multiply these FLOP with the number of regions M . The commuting and

returning is applied to every multi-edge of the graph, so we multiply those FLOP with

the number of edgesL . For Algorithm 2, including all components, we have:

ˆ 11L + 14hch� 1
s M multiplications,

ˆ 3L + 6hch� 1
s M divisions,

ˆ 18L + 20hch� 1
s M additions,

ˆ 11L + 6hch� 1
s M subtractions.

Algorithm 2 makes (tmax � t0)=(2hc) time steps, as the time is updated twice per

iteration of the while-loop. Using hc = 0 :5, this yields:

F
�
M D

1;M

�
=

�
43L + 23h� 1

s M
�

(tmax � t0): (4.3.7)
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In the worst case, all regions are connected to every other region, which results inL = M 2

edges and thus the number of FLOP is:

F
�
M D

1;M

�
=

�
43M 2 + 23h� 1

s M
�

(tmax � t0): (4.3.8)

Comparison of both complexities To compare both models based on the number of

FLOP they require, we assume that the step sizes for the Euler methods in both models

agree, i.e.,hs = h. We �x the step size h = 0 :1 and a simulation time (tmax � t0) of one

day. Furthermore, we assumeL = M 2, i.e., all regions are connected to each other. In

M
F

�
M C

1;M

�
F

�
M D

1;M

�

10(4M 2 + 22M )
�
43M 2 + 230M

�

2 620 674

5 2 120 2 327

10 6 220 6 802

50 111 020 120 002

100 422 020 455 002

400 6 488 020 6 980 002

Table 4.1: Theoretical number of FLOP for Model C and Model D. Exemplary number
of FLOP for di�erent numbers of regions, assuming tmax � t0 = 1 and a step size of
h = 0 :1 for the Euler method. For Model D it is additionally assumed that all regions
are connected to another.

Table 4.1 we give the calculated values for the number of FLOP for a selection of numbers

of regions. We see that the equation-based Model C requires slightly, i.e., 7-10% fewer

operations than the graph-based Model D for the chosen numbers of regions. For more

insights, we provide Fig. 4.3. Here, we visualize the computed number of FLOP as a

function of the number of regions for di�erent values of step sizesh. We see that the step

size h has no signi�cant e�ect on the number of FLOP of Model D, while the opposite

is true for Model C. With a step size of h = 0 :05, Model C requires even more FLOP

compared to Model D.

Another observation we make is about the implementation of the age groups which

we omitted in the calculation of the number of FLOP in both cases. We refrain from

counting the exact number of FLOP for the case of multiple age groups, but provide the

order of the algorithms based on their computational complexity. For a population with

a single age group, the calculation of the total number of infectious individuals at a region

Pm according to (3.1.16) requires a number of FLOP of orderO(M 2), compare lines 5-8

of Algorithm 1. Now consider Model C (3.1.25) for a population divided intoJ 2 N age

groups andM 2 N regions. The number of infectious individuals in each region has to
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Figure 4.3: Theoretical number of FLOP for Model C and Model D. Calculated number
of FLOP with respect to the number of regions for di�erent step sizesh, assuming
tmax � t0 = 1 . For Model D it is additionally assumed that all regions are connected
to another.

be calculated for every age group. Thus, lines 5-8 are calculatedJ times and we obtain

a complexity of order O(JM 2). To calculate the number of transmissions in unit time in

an age groupi , we have to consider the number of contacts an individual from the age

group i has with individuals from this or all other age groupsj; j 2 f 1; : : : ; J g, obtaining

a complexity of O(J 2). As the �ow has to be calculated for every region, we therefore

obtain a computational complexity of order O(J 2M ) for the calculation of the �ow from

Susceptible to Exposed in the implementation of the age-resolved Model C. In total, we

conclude a computational complexity of order

F
�
M C

J;M

�
= O

�
JM 2 + J 2M

�
: (4.3.9)

Recall that in Model D for a population which is divided into J 2 N age groups, every

multi-edge holds a single edge for each combination of infection state and age group.

Hence, the commuting and returning of individuals has to be performed for each age

group, resulting in a complexity of O
�
JM 2

�
. Similar to Model C, the computation

of the �ow from Susceptible to Exposed in a regionPn requires the consideration of

all combinations of age groups. As this �ow has to be computed for every region, we

obtain a complexity of O
�
J 2M

�
for the calculation of the �ows. For the solution of the
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age-resolved version of Model D, we conclude a computational complexity of

F
�
M D

J;M

�
= O

�
JM 2 + J 2M

�
: (4.3.10)

Consequently, forJ 2 N age groups, Model C and Model D require a number of FLOP

of the same order.

The graph-based model o�ers the advantage of eliminating multi-edges with minimal

weight, and thus reducing the computational e�ort. While this is not provided in the

current implementation of the equation-based model, a similar e�ect could be achieved

by implementing a sparse matrix for the commuting strengths.

This chapter's presentation of the implementations of both models has established the

foundation for a comparative analysis of the models through numerical simulations.
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5 Numerical simulations

We now compare the models derived in previous chapters based on numerical simulations.

After analyzing the computational complexities from a theoretical point of view in the

previous chapter, we examine the models with regard to their runtime and behavior for

an adaptive solver. We also examine whether the modi�cations for Model C have yielded

improvements over the basis Model B.

To simulate a scenario of an infectious disease outbreak, we have to equip the models

with meaningful parameters. The parameter values presented in this thesis are based on

the outbreak of SARS-CoV-2 in Germany in 2020. However, for the comparison of the

modeling approaches of mobility, these parameter values are not a primary factor. We

remark that both approaches use the same social, epidemiological and mobility parame-

ters, so we do not need to distinguish between the approaches regarding the parameters.

The simulations that study an age-resolved population use the six age groups which are

de�ned by the data from the Robert Koch Institute (RKI) [32].

For epidemiological parameters we follow [30], which provides age-resolved values for

the mean time spent in each compartment and the mean transition probabilities for a

slightly more complex SECIR model. As the authors consider additional compartments,

we cannot transfer them entirely but have to consider how the parameters of both models

are related. For theSEIR model, the mean times spent in the Exposed compartmentTE i

and in the Infected compartment TI i are required. For the length of the latent stageE,

we adopt the values forTE i . Compared to the SEIR model, the SECIR model has one

additional infectious compartment, the pre- or asymptomatic stage �Carrier�. For the

mean times spent in the infectious compartment of theSEIR model, we have to consider

both compartments C and I of the SECIR model. Only a fraction � I
C of the individuals

in C develop symptoms and remain infectious, whereas the rest recovers directly. On

average, a person remains infectious forTI i = bTCi + � I
C

bTI i days, where bTCi ; bTI i denote

the parameters of theSECIR model. As the transmission probability on contact does

not change with the model, we can adopt these values as well. In some simulations,

the age structure of the populations may be excluded, in which case, age-independent

parameters become necessary. For this, we weight the values in each age group with the

relative share of the age group in the total population according to the demographic data

obtained from [35]. The inferred parameters are given in Table 5.1.

For the mean number of contacts in the age-resolved population, we use a contact
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Parameter 0-4 5-14 15-34 35-59 60-79 80+ Weighted Average

� i 0.03 0.06 0.06 0.06 0.09 0.175 0.0733

TE i 3.335 3.335 3.335 3.335 3.335 3.335 3.335

TI i 8.0097 8.0097 8.2182 8.1158 8.0330 7.985 8.0976

Table 5.1: Age-resolved epidemiological parameters for the simulations of SARS-CoV-2 with a
(metapopulation) SEIR model, adopted from [30]. Age-independent parameters are
inferred through weighting the age-dependent parameters by the relative share of the
age group in the total population according to [35].

matrix (� ij ) i;j 2f 1;:::;j g representing a realistic contact pattern for Germany. The contact

patterns derived from [28, 31, 10] are categorized into the following: �Home�, �School�,

�Work� and �Other�. These categories are then combined to generate a contact matrix

compatible with the speci�ed age groups. A detailed description of the matrix and how

it was derived can be found in [20, p. 5]. For the age-independent simulations, we �x the

mean number of contacts of� = 7 :95, in accordance with [28, p. 384].

The population that is simulated depends on the purpose of our simulations and is

described in each section. The same holds for the parameters concerning the spatial

resolution of the model setting.

5.1 Runtime analysis with a �xed number of steps

We compare both modeling approaches in terms of computation time as a function of

the number of regions. All timing runs were performed on a small-size internal cluster

with 4 � 56 cores. In particular, we conducted all simulations on a single core of an Intel

Xeon �Skylake� Gold 6132 (2.60 GHz). In order to initialize models with any number of

regions, we use a synthetic population, consisting of 60 000 individuals, that is assigned

to every region. To compare the results with the complexity analysis in Section 4.3,

we initially study a population which is not age-strati�ed. All individuals are assigned

to the Susceptible compartment. The infectious disease outbreak then starts with 100

individuals of one region in the Exposed compartment. For simplicity, we assume that

half of each population commutes, with the commuting individuals equally distributed

across all other regions, i.e., forM regions a share of(2M ) � 1 commutes from a region

Pn to another region Pm for all n; m 2 f 1; : : : ; M g with n 6= m. We simulate the spread

of the disease for 20 days with the explicit Euler method presented in Listing 4.2, using a

step size ofh = 0 :1. When analyzing the runtime, the initialization and setup process is

excluded in order to ensure the comparability of the results. Consequently, the analyzed

parts correspond to the parts we have previously analyzed in Section 4.3 with regard to

56



5.1 Runtime analysis with a �xed number of steps

the required number of FLOP. For an appropriate runtime analysis, we perform 10 warm

up runs and then perform 100 runs over which the runtime is averaged.

Figure 5.1: Runtimes for varying numbers of regions with a non-age-strati�ed popula-
tion. The time to solution for both models is shown for a varying number of regions,
with the simulated population being not divided into age groups. Both models are
solved using an explicit Euler method with a step size ofh = 0 :1 and a simulation
time of 20 days.

In Fig. 5.1, we compare the runtimes of both models with respect to varying numbers

of regions. We conduct simulations forM 2 f 1; 5; 10; : : : ; 400g many regions, and the plot

shows the runtime of the equation-based Model C (blue) and the graph-based Model D

(orange). In both models, the runtime increases quadratically with regard to the num-

ber of regions. In line with the lower computed number of FLOP, the equation-based

model consistently performs better, with its runtime being lower across all numbers of

regions. As the number of regions increases, the discrepancy between the two models

also increases.

The obtained runtimes are now compared against the calculated number of FLOP, as

derived in Section 4.3. Fig. 5.2 shows a dual-axis plot, where the left y-axis represents the

mean runtimes and the right y-axis shows the calculated number of FLOP for a simulation

time of 20 days. The x-axis corresponds to the number of regions in both models. Both

the calculated numbers of FLOP and the runtimes follow a quadratic function between

1 and 400 regions. While the number of FLOP for the graph-based Model D increases

approximately 1.075 as fast as the number of FLOP for the equation-based Model C, we
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Figure 5.2: Comparison of theoretical number of FLOP and runtimes for non-age-
strati�ed population. On the left y-axis, we show the mean runtime for the nu-
merical solution of both models, averaged over 100 runs. On the right y-axis, we show
the calculated number of FLOP required for the numerical solution of both models
derived in Section 4.3. The x-axis corresponds to the number of regions in both mod-
els. While the calculated numbers of FLOP diverge only slightly, the discrepancy in
the runtimes is signi�cantly higher.

observe that the ratio of the runtimes is signi�cantly higher. The ratio of the runtime

for Model D to the runtime of Model C stabilizes at approximately 1.75. At 400 regions,

the calculated numbers of FLOP exhibit a slight divergence, with a relative di�erence of

approximately 7.2%. On the contrary, the runtimes diverge signi�cantly, with a relative

di�erence of approximately 56.6% for 400 regions. This observation indicates that the

theoretical complexity analysis in Section 4.3 gives an idea about the complexity of

the algorithms but does not allow drawing conclusions regarding the performance of

both models. The origin of this discrepancy should be discussed in future research.

An examination of the memory consumption in each model and a performance analysis

using tools such asLikwid [11] could provide useful insights. Preliminary investigations

indicate that the graph-based Model D requires a higher bandwidth than Model C. To

draw de�nitive conclusions, a thorough investigation is necessary.

In Section 4.3, we already remarked that the introduction of age groups to the models

does not lead to a signi�cant change in the complexity. In both models, we concluded a
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Figure 5.3: Runtimes for varying numbers of regions with an age-strati�ed population.
The time to solution for both models is shown for a varying number of regions, with
the simulated population being divided into six age groups. Both models are solved
using an explicit Euler method with a step size ofh = 0 :1 and a simulation time of
20 days.

complexity of
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�
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�
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�
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�
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�
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�
: (5.1.1)

Therefore, we expect the runtimes of both models to show a similar pattern for an age-

resolved population as for the non-age-strati�ed population. For this reason, we divide

the population from before into six age groups, with 10 000 individuals each. Fig. 5.3

shows the mean runtime in seconds forM 2 f 1; 5; 10; : : : ; 400g regions, again averaged

over 100 runs. With an increasing number of regions, Model C takes up to 1.3 seconds per

run, whereas Model D has a maximum of approximately 3 seconds per run. Accordingly,

for a simulation of an age-resolved population, the equation-based model performs better

with regard to the runtime, across all numbers of regions until 400.

5.2 Impact and possibilities of the numerical solver

So far, we restricted ourselves to solving both models with an Euler method to ensure an

equal number of steps. A method with a higher order and an adaptive step size control

allows a more e�cient and accurate solution to the model, so as a next comparison, the
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Figure 5.4: Required number of steps of an adaptive solver. Number of steps a Runge-
Kutta Cash-Karp 5(4) solver performs for a simulation of 100 regions and a simulation
time of 10 days with respect to the absolute tolerance for the step size control. For
the graph-based model, the plot shows the minimum and maximum number of steps
across all regions.

behavior of such a solver on both models will be examined. We use a pre-implemented

Runge-Kutta Cash-Karp 5(4) method of the library boost which is one of the standard

methods for solving ODEs [1]. A key di�erence between both modeling approaches is

the semi-discreteness of the graph-based Model D, as information has to be exchanged

between regions every half simulation day. While, in theory, an adaptive solver can

perform arbitrary large steps for Model C, it is forced to make steps smaller or equal to

half a day for Model D. Both models are set up with 100 regions and a population of

60 000 individuals, divided into six age groups with 10 000 individuals each. All except

100 individuals of one region are assigned to the Susceptible compartment, while these

100 individuals are assigned to the Exposed compartment. The commuting strengths

are given by hnm = 0 :005 for all n; m 2 f 1; : : : ; 100g with n 6= m. Each model is

advanced for 10 days, with an initial step size ofh = 0 :1. The minimal step size for

the solver is set to the minimum double value larger than zero for both models. The

maximal step size for the ODE Model C is set to the maximum double value, while it

is set to 0.5 for the graph-based Model D. We now analyze how many steps the solver

performs with respect to a varying tolerance for the step size control, shown in Fig. 5.4.

We recall that in the graph-based model, each region is represented by a di�erentSEIR

model. Consequently, the solver is advanced independently for each region and might

therefore perform a di�erent number of steps, depending on the disease dynamics at the
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corresponding region. For the graph-based Model D, we therefore plot the minimum

and the maximum numbers of steps of all regions (green). We observe that for a large

tolerance between10� 2 to 10� 5, the solver of Model D performs exactly 21 steps in the

hotspot region, as well as in all other regions. As the maximum step size is 0.5 days and

the simulation time is 10 days, we conclude that the solver always chooses the maximum

step size. This outcome is not unexpected given the simplicity of the example and the

mean stay times of several days in each compartment. In the higher tolerance range the

solver requires fewer steps for Model C than for Model D, since its maximum step size is

not restricted to 0.5. For smaller tolerance values, the solver performs a similar number

of steps and Model C does not appear to have an advantage. Since, for more reasonable

and smaller tolerance values, both numerical models make a similar number of steps, we

expect the results regarding the runtime from the previous section to be transferable to

the runtime for simulations with an adaptive solver.

5.3 Basic reproduction numbers

In previous chapters, we derived the next generation matrices for Model A (2.3.1), as well

as the equation-based metapopulation models, Model B (3.1.26) and Model C (3.1.25).

As the solution to the eigenvalue problem yields lengthy and complex formulas, espe-

cially for the metapopulation models, we did not compute the eigenvalues analytically.

Instead, we implement the next generation matrices for all three models and compute

the maximum eigenvalue which represents the basic reproduction number, numerically.

We now examine, how the basic reproduction number behaves for di�erent numbers of

regions. When deriving the metapopulation models, we divided a population into several

subpopulations, representing the regions. The metapopulation models, Model B (3.1.26)

and Model C (3.1.25), are therefore re�nements of the basic Model A (2.3.1). Aggregat-

ing identical disease dynamics over all regions, we expect those models to have the same

basic reproduction number. We use the age-resolved synthetic population of Section 5.1,

which allows us to easily add new regions to the model. This population can be used for

both metapopulation models, and, since every region has the same population sizes, the

population of Model A is determined by multiplying the population of each age group

with the number of regions. Note that the number of regions only a�ects Model A in

terms of its population size. We again assume that half of each metapopulation com-

mutes, and the target locations are equally distributed across all other locations. For each

of the models, we set up the matricesF and V according to the computations we did

earlier. Next, we compute the inverse ofV using the Eigen library [12] and compute the

next generation matrix FV � 1. We use theEigenvalues module of the same library to

compute the eigendecomposition of the next generation matrix and infer the eigenvalues.

The greatest eigenvalue in absolute value is the desired basic reproduction number.
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Number of Regions Model A Model B Model C

1 4.48161 4.48161 4.48161

2 4.48161 5.60213 4.48161

5 4.48161 6.27443 4.48161

10 4.48161 6.49854 4.48161

20 4.48161 6.61059 4.48161

50 4.48161 6.67782 4.48161

Table 5.2: Basic reproduction numbers for di�erent numbers of regions. Comparison of
the basic reproduction numbers of the simpleSEIR Model A (2.3.1) and the metapop-
ulation models, Model B (3.1.26) and Model C (3.1.25), for a varying number of re-
gions. Note that the number of regions only a�ects Model A in terms of population
size. While Model A and C produce an equal, constant basic reproduction number
for all numbers of regions, the basic reproduction number of Model B is signi�cantly
higher.

In Table 5.2, we summarize the calculated values for the basic reproduction numbers for

a varying number of regions. For a single region, both metapopulation models simplify to

the basicSEIR model, so it is evident that the basic reproduction numbers agree. As the

number of regions increases, we observe that the basic reproduction number of Model A

remains constant, which we also noticed in Section 2.3. While the basic reproduction

number of Model C agrees with Model A for all numbers of regions, the one of Model B

diverges from the basic reproduction number of Model A. This suggests that the modeled

disease spreads faster in Model B than in the other models. We will investigate this

further in the next section, which will address how a disease spreads from a hotspot.

5.4 Spreading from the hotspot

In this section, we simulate a scenario where an infectious disease spreads from a hotspot

and compare the resulting disease dynamics of the considered metapopulation models.

As a model setting, we chose the federal state of North Rhine-Westphalia (NRW) in

Germany, where the patches of the metapopulation model are represented by the 52

counties in NRW. The population is set according to [35], from where we infer the number

of individuals in each county by age. We divide this data into the age groups from the

RKI data, in accordance with the parameters above. In the beginning, all persons are

assigned to the Susceptible compartment. We will later implement a hotspot by manually

exposing individuals to the virus. The commuting strength matrix H = ( hnm )n;m 2f 1;:::;52g

is inferred from the German Federal Employment Agency [8]. From there, we get the

mean number of commuters between all 400 counties in Germany, rounded to the next
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multiple of ten. The data is downloaded and preprocessed using thememilio-epidata

package of the software MEmilio [21]. Since we focus on a smaller part of Germany, i.e.,

the federal state of North Rhine-Westphalia, we further adjust the data by discarding

all rows and columns which correspond to counties outside NRW. The epidemiological

parameters can be found in Table 5.1 and have been described already, as is the case for

the contact pattern used.

To start the dynamics, we expose 100 individuals of the county of Gelsenkirchen to

the virus and simulate the outbreak for 100 days, using the adaptive Runge-Kutta Cash-

Karp 5(4) method. We compare the disease dynamics resulting from the graph-based

model, Model D to the ODE metapopulation models, Model B(3.1.26) and Model C

(3.1.25). In Fig. 5.5 we can see the simulated disease progression in all three models,

given as the share of infected individuals in each county of NRW. In the rows of the

�gure we present the outcomes of Model B, Model C and Model D for a particular day,

while the columns correspond to one model over simulation days 10, 30, 50, 70 and 90.

For every simulation day in steps of 20 we provide the infectious shares in logarithmic

scale for Model B, Model C and Model D. At the bottom of the �gure, we provide a

shared color bar for all models, where the color gradient shows the presence of infected

individuals in each county. On day 10, we see that the disease has started to spread from

the hotspot in each of the three models. As time progresses, the disease spreads across

NRW, and more and more individuals become infected. Throughout the �gure, we do

not notice any visual di�erence in the results of Model C and Model D. The dynamics

resulting from Model B, however, show a faster increase in infections compared to the

other models.

This can be even better observed when looking at the compartment sizes aggregated

over all counties, compare Fig. 5.6. The �gure shows the number of individuals in each

compartment across all regions, where the x-axis is given by the time in days. Compared

to the other models, the resulting dynamics of Model B is characterized by a higher

number of infections over a shorter period of time. After day 70, almost all individuals of

the population in Model B have left the Susceptible compartment and have been exposed

to the virus. The more vivid dynamics of Model B can be explained by the fact that

this model does not re�ect the commuting in su�cient detail, see the explanation in

Section 3.1.1. When deriving the ODE models in Section 3.1, we already remarked this

shortcoming of that model, and it is visible in this simulation as well. Furthermore, it is

supported by the basic reproduction number, which is signi�cantly higher than the one

of Model C.

Although Model C and Model D lead to similar results concerning the prognosis of the

disease dynamics, they do not overlap completely. Therefore, we examine the di�erences

between the predicted shares of infectious individuals over time, i.e., for a county we

determine the di�erence between the predicted numbers of infectious individuals and
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